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“The task is not so much

to see what no one yet has seen,

but to think what no body yet has thought
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(Arthur Schopenhauer)

“A tarefa ndo € tanto
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mas pensar o que Ninguém ainda pensou

sobre aquilo que todo mundo vé."
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Resumo

Neste trabalho, apresentamos uma abordagem para o problema de contagem de
semigrupos numeéricos pelo género, usando o fato de que cada semigrupo numérico de
género g possui uma quantidade de lacunas pares v e o nimero n, dos semigrupos de
género g pode ser calculado como a soma dos nimeros N,(g), que denota a quantidade
de semigrupos numéricos de género g e v lacunas pares. Um dos principais resultados do
trabalho ¢ o fato de IV, (g) é constante para «y fixado e g = 3. De forma natural estudamos

o comportamento da sequéncia N.,(37).

Motivados pela similaridade entre as sequéncias de Fibonacci e (n,), estudamos o
comportamento assintético de sequéncias envolvendo os ntimeros n,. Usando as ideias
do Capitulo 2 deste trabalho, estudamos uma generalizacdo natural de semigrupo -
hipereliptico. Ao final do trabalho, introduzimos o conceito de patterns e tentamos entender

como eles podem ser aplicados a problemas envolvendo semigrupos numeéricos.

Palavras-chave: semigrupos numéricos. semigrupos ~-hiperelipticos. género. patterns.



Abstract

In this work, we present an approach to the problem of counting numerical semigroups
by genus, using the fact that each numerical semigroup with genus g has a number of
even gaps 7 and the number ny, that denotes the number of numerical semigroups of
genus g, can be computed as a sum of the numbers N, (g), which denotes the number of
numerical semigroups with genus g and v even gaps. One of the results of this work is the
fact that N, (g) is constant for a fixed v and g > 3. Naturally, we study the behaviour of
the sequence N.,(37).

Motivated by similarity between the Fibonacci and (n,) sequences, we study the
asymptotic behaviour of sequences involving the numbers n,. By using some ideas of
Chapter 2 of this work, we study a natural generalization of ~-hyperelliptic semigroup. At
the end, we introduce the concept of patterns and we try to understand how they can be

applied to the problems involving numerical semigroups.

Keywords: numerical semigroups. y-hyperelliptic semigroups. genus. patterns
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Introduction

A numerical semigroup S is a cofinite submonoid of Ny. The elements of
G(S) := No\S are the gaps of S and the cardinality of G(S5) is the genus of S, denoted by
g(S). The Frobenius number of S, denoted by F(S), is the largest element of G(S), while
the multiplicity of S, denoted by m(S), is the first positive integer in S.

Given a non-negative integer g, what is the number n, of numerical semigroups
with genus ¢g? One can prove that n, is always finite (see Corollary 1.1), but it seems that
determining its exactly value is a difficult task. For instance, ng = 1, since Ny is the only
numerical semigroup with genus 0, n; = 1, since Ng\{1} is the only numerical semigroup

with genus 1 and ny = 2, since No\{1, 2} and Ny\{1, 3} are the numerical semigroups with

genus 2.
In 2007, Bras-Amorés and de Mier (7) used representation of a numerical
1 /2
semigroup by Dyck paths to prove that n, < C; = —i—l( g ), for all g, where Cy is the
) g

Catalan number of order g.

A natural approach to computing n,, is the so called semigroup tree; see (4), (6).
In 2008, Bras-Amords (3) calculated the 50 first elements of that sequence being some of

them 1,1,2,4,7,12,23,39,.... By using these computations, she conjectured the following

statements:
. Ngi+1 1+\/5 .
) lim 2= == 1d tio);
() gljlo}j ng 2 9 (go €N ra 10>,
(1) lim Mg * g1 _ 4
g—0

Ngt2

(III) ny 4+ ng41 < ng4o, for all g positive integer;

Ng+1 +Ng  Ng1 I g TNg+1
Ng+2 Ng+2 Ngi1 Ngy2

Notice that (I) above implies (II), since and

1 (pis aroot of 2 —2 — 1 =0).

|
+
|

I

In 2009, Bras-Amords (4) used some techniques in multisets and the semigroup
tree to prove that 2F, < n, < 1+ 3-297° for all g > 3, where (F,) is the Fibonacci

sequence. Here, the lower and upper bounds are interesting, since they are well known.

In 2010, Elizalde (11) used generating functions and improved the former
bounds. He proved that there are a, and ¢, coefficients of explicit generating functions

such that a, <ny, < ¢y, forall g > 1.



Introduction 16

Also in 2010, Zhao (30) worked on this problem and realized that most of
numerical semigroups with a fixed genus satisfy the following property: the Frobenius
number of the numerical semigroup is less than three times its multiplicity. He defined ¢,
as the number of numerical semigroups S with genus g such that F'(S) < 3 -m(S) and
he conjectured that gh_rgO Z = 1. In that paper, he also proved the interesting fact that
the number of numerical semigroups S with genus g such that F'(S) < 2-m(S) is exactly

F,11, the Fibonacci number of order g + 1.

Finally, in 2013, Zhai (29) proved that Bras-Amords was right about the
asymptotic behaviour of (n,) sequence, confirming Zhao’s conjecture. In fact, he proved

the following;:

(A) If t, is the number of numerical semigroups S with genus g that satisfy F'(S) < 3m(S),
t
then sup —gg < o0. In particular, glirg) —gg = 4 is a real number.
geN @ B

t
B) lim £ = 1. In particular, lim L :
L
g—0 ng g—>0 (Pg

More precisely,

Zhai’s Theorem. Let (n,) be the sequence of number of numerical semigroups with genus

g. Then
Ng

J, D =
where 1 s a constant greater then 3.78.
n n g n
Since gt - Netl ¥ @, one can conclude that lim et o w and
ng SOQ-‘rl ng g—0 ng
n +n
gh_)rglo —otl T 1, as we pointed out before. Although, checking if ny + ny41 < ngy9, for

Ng42
all g remains as an open problem and it seems to be a very hard problem according to its

asymptotic behaviour. In fact, even the weaker version of this problem remains open. We

present it as

Question 1.

Is it true that ng <ngyy for g > 07

We do observe that (I) above implies the existance of a positive constant Cj
such that n, < ng4q holds for g = Cp; however the true value of Cj seems to be out of
reach. Even if we knew (), it would still probably be difficult to answer Question 1. We
can justify this statement as follows: up to 2015, ng; = 377 866 907 506 273 is the greatest

ny known so far; see (12).
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In 2012, some authors worked with other invariant of numerical semigroups

to count them by genus. For instance, Blanco and Rosales (2) considered the following
2g—1

partition of Sy: U S(F, g), where S(F, g) denotes the set of numerical semigroups with
F=g
genus g and Frobenius number F'.
Kaplan (14) counted numerical semigroups by genus and multiplicity. It is

possible to rewrite
ng = Z N(m7 9)7
m=0

where N(m, g) denotes the number of numerical semigroups with multiplicity m and genus
g. He proved that if 29 < 3m, then N(m,g) = N(m—1,g—1)+ N(m —1,g —2) by using

some combinatorial methods; see also (15).

Bras-Amorés (5) counted numerical semigroups by genus and ordinarization

number (see Definition 1.1). It is possible to rewrite

EH
ng = Z Ng,r
r=0

where n,, denotes the number of numerical semigroups with ordinarization number r and

1
genus g. She proved that if r > max {g + 1, {HJ — 14}, then ng, < ng41,. She also

3 2

conjectured that if r > %, then ng, < ngyi,.

In 1997, Torres (27) was interested in some aspects of algebraic curves. He
worked with Weierstrass semigroups at ramified points of double covering of curves of
large genus. The link between this work and computing n, is the so called v-hyperelliptic
semigroups which simply are numerical semigroups having v even gaps. In fact, we compute
ng as follows. Let N, (g) be the number of 7-hyperelliptic semigroups with genus g. Then

(see Lemma 2.1)
| %]
ng = Z N,(9).

In Chapter 1, we present some well-known results about numerical semigroups,

which are fundamental for this work.

In Chapter 2, we present y-hyperelliptic semigroups so we count numerical
semigroups by genus and even gaps. It gives an approach to deal with Question 1. In

particular, we obtain some interesting results about the sequence N, (g) such as:
Theorem 2.1. Let g = 3vy. Then N,(g) = N,(37).

Theorem 2.2. Let g < 3vy. Then N,(g) < N,(37).
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In Chapter 3, motivated by Theorem 2.1 we study the sequence (N, (37)).
Surprisely enough, we prove that it coincides with the sequence (f,) introduced by
Bras-Amords in (5) in connection with ordinarization transform (see Definition 1.1) of a

numerical semigroup. We have

Theorem 3.1. Let v be a non-negative integer. Then f, = N, (37).

Next we compute some particular values of N, (3v) in order to understand the

asymptotic behaviour of the sequence. We prove

Theorem 3.2. Let € > 0. Then
Iy Iy

lim ——— =0 and lim = = oo.
120 (20 + €)Y Y0 27

This result shows that there is a function A such that 27 < A(y) < (2¢)” and

fy ~ A(7y), for large enough . By making some calculations, it seems that A(y) = no,.

More precisely, we conjecture that there is a positive constant C' such that linc}o A =C.
R Noy

We prove the following

Theorem 3.3. If there is a positive constant C' such that lim A = (', then lim f =
Y—Q0 n2’y Y—0 f’y—l

@

By using some other techniques, we also prove the following conditional result

Theorem 3.4. If lim e = ¢?, then lim J;WH
Y—00 =1 Y—00 0 fz

:()0'

In Chapter 4, we present some other Fibonacci-like behaviour of the sequence
(ng). The main technique for those results are based on the proof of Theorem 3.4; in fact,
the following limits hold true (their inspiration comes from some asymptotic properties of

Fibonacci numbers - see Corollary 4.1):

Theorem 4.1. Let (n,) be the sequence of number of numerical semigroups with genus g.

Then
. Ngt1 . Ng1+n
(1) lim 2~ =¢ and lim 2——-2 =1,
g—0 ng g—0 ng+1
2
n
(2) lim —2— =1.
g—® ng+1ng,1
g oM 39,
. i 7 . ) — (3
(3) lim ==2" =¢p. and lim == =1.
9% Ngia 97%C Ngy1
9 2 9 2
. . ns . ! ons 1
(4) lim <=0 = and lim 50—+ = —
g—0 ng g—w0 ng+1 90
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g g .
(5) lim ==0-"*= 2 _ ¢ and lim ==0= 12

g—0 n2g g—0 n29+1

= 1.

We also prove an asymptotic property of the sequence (n,) which is different
2 2

g+1

from Fibonacci sequence. We recall that —2 = 1, for all g. We prove the following

2g+1

Theorem 4.2. Let (n,) be the sequence of number of numerical semigroups with genus g.
Then

2 2
.oy +ngy
lim 42— — /5 > 8.
g—0 n2g+1

In Chapter 5, we generalize ~y-hyperelliptic semigroups by considering (M, v)-
semigroups and proving some analogous results. We also realize that it also generalizes

numerical semigroups containing a fixed integer. In particular, we prove

Theorem 5.1. Let S be a (M, ~)-hyperelliptic semigroup with genus g. Then

29 = (M + 1).

We also prove that, in general, this bound is sharp.

Finally, in Chapter 6, we present patterns on numerical semigroups. In par-
ticular, we study linear patterns with length two; we prove some results in order to try to

characterize the ones which are admitted by a fixed numerical semigroup. Summarizing:

Theorem 6.1. Let S be a numerical semigroup and let p(X,Y) = aX — bY be a pattern
which is not admitted by S. Then either

o a=b=h, with he G(S).

. c(S)
m(S)

>a—b=1, witha and be G(S\PF(S).
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1 Basic results on numerical semigroups

A numerical semigroup S is a cofinite submonoid of Ny, i.e., S is subset of Ny
such that 0 € S, S is closed under addition and the complement of S in Nj is finite. For a
numerical semigroup S, there are some invariants associated to it. We present them below

as following:

o G(S5):=Ny\S is the set of gaps of 5,

g(S) := #G(S) is the genus of S,
e m(S) :=min{s e S : s # 0} is the multiplicity of S,
o ¢(S):=min{se S:s+nesS Vne Ny} isthe conductor of S,

o F(S):=c(S)—1is the Frobenius number of S.

We also consider the set of gaps of a numerical semigroup with genus g as
{¢1 <--- < {,}. To complete our first definitions: S, := {S : g(S) = g} and ny := #S, are
the set of numerical semigroups with genus ¢ and the number of numerical semigroups

with genus g, respectively.

Throughout this chapter, we will recall some properties of numerical semigroups.
A good reference for this topic is (21) and for sake of completeness, we state proofs of the

results. We start with a well-known result:

Proposition 1.1. Let S be a numerical semigroup with genus g. Then 2g + Ny € S.

Proof. If ¢ = 0, then S = Nj and the lemma follows. If ¢ > 1, then there are, at least,
g non-gaps in [1,2¢g| (otherwise, S would have more than ¢ gaps). Let p; <--- < p, be
those non-gaps and suppose that there is some gap ¢ > 2¢g. Then all the numbers ¢ — p;
are gaps (otherwise, S 3 (¢ —p;) + p; =€ ¢ S). Thus, S would have, at least, g + 1 gaps,

which is a contradiction. Hence, all gaps of S are lower than 2g and the result follows. [

Next result proves that each number n, is finite.

29 — 2
ng<(g )
g—1

Corollary 1.1. If g > 1, then



Chapter 1. Basic results on numerical semigroups 21

Proof. Let S be a numerical semigroup with genus g > 1. We know that 1 is a gap of S
and, by Proposition 1.1, all gaps of S are less than 2g. Hence there are exactly 2g — 2

possibilities for other gaps of S so we choose g — 1 as gaps and the result follows. O

We recall that the integer part of a real number z, denoted by |z|, is the
greatest integer which is lower than or equal to x. From this definition, if = is a real
number, then

r—1<|z] <.
Another consequence of Proposition 1.1 is about the generators of a numerical semigroup.
Corollary 1.2. Every numerical semigroup is finitely generated.

Proof. Let S be a numerical semigroup with genus g and write S [0,2g—1] = {a1, ..., a4}
We claim that I' := {ay, ..., 04,29,29 + 1,...,4g — 1} generates S. In fact, let s € S with

g
29 <l < 4g — 1. Thus, s is a linear combination of two elements of I' and we conclude

that the finite set I' generates S. m

s = 4g. Using Euclides algorithm, we rewrite s = (k — 1) -2g + ¢, where k = {28 > 2 and

If S is generated by {ay,...,a,}, then we write S = {ay,...,a,). On the other

hand, given positive integers ay, ..., a,, the set {ay, ..., a,) is a numerical semigroup if and
only if ged(ay, ..., a,) = 1 to ensure condition on the complement of S in Ny. If there is no
subset of {ai,...,a,} that generates S, we say that it is the minimal set of generators. One

can prove that it is unique. The number of elements of the minimal system of generators
of a numerical semigroup S is called embedding dimension of S and it is denoted by e(S).
Notice that the procedure we did in last corollary implies that a numerical semigroup with

genus ¢ satisfies e < 3g.

There are some relations between the genus of a numerical semugroup and

other invariants of it. Now, we do a brief survey:

Proposition 1.2. Let S be a numerical semigroup with genus g and conductor c. Then
g+1<e<2g.

Proof. Proposition 1.1 ensures the upper bound, since ¢ < 2¢g. For computing the lower
bound, suppose that there is a numerical semigroup with conductor ¢ and genus ¢ satisfying
¢ < g. Then the number of gaps of it would be, at most, g — 1 and this is a contradiction.
Hence ¢ = g + 1. L]

Remark 1.1. In general, those bounds are sharp. In fact, Sg41 = {0,9 + 1,—} has
conductor g + 1 and genus g and H, = {0,2,4,...,29,—} has conductor 2g and genus g.
The numerical semigroups Sq1 and Hy are called ordinary semigroup with genus g and

hyperelliptic semigroup with genus g, respectively.
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Remark 1.2. Numerical semigroups with genus g and concuctor ¢ that satisfy ¢ = 2g are
called symmetric semigroups. The ones that satisfy ¢ = 2g — 1 are called pseudo-symmetric
semigroups. Notice that all hyperelliptic semigroups are symmetric semigroups, but the
converse is false. For instance, {0,3,4,6,—} has genus 3 and conductor 6, thus it is

symmetric.

Observe that the hyperelliptic semigroup with genus g can be written as
(2,29 + 1) and {0, 3,4, 6, —} can be written as (3,4); both of them have two generators.
A well known result by Sylvester (24) is about genus and conductor of two-generated
semigroups: let a and b be coprime integers. If S = (a, b), then ¢(S) = (a — 1)(b — 1) and
g(S) = (a — 1)(b — 1)/2. This proves that two-generated numerical semigroups are always
symmetric. On the other hand, {(4,6,7) is not a two-generated numerical semigroup, but

it is symmetric (g = 5 and ¢ = 10).

There is a construction by Kunz and Waldi (16) that shows us a way to find
all symmetric semigroups containing an integer p > 3. In fact, one can prove that, looking
at numerical semigroups containing an integer p as integer points of a polyhedral at R”
(under a bijective map), symmetric semigroups are associated with points of some faces of

this polyhedral.

Next result relates the multiplicity and the genus of a numerical semigroup.

Proposition 1.3. Let S be a numerical semigroup with genus g and multiplicity m. Then
m< g+ 1.

Proof. If a numerical semigroup has multiplicity m and genus ¢ satisfying m > g + 2,
then the number of gaps would be, at least, g + 1 and this is a contradiction. Hence
m< g+ 1. O

Remark 1.3. Ordinary semigroups attain maximum multiplicity.

The Apéry set of an element k of a numerical semigroup S is

Ap(S k) :={seS:s—k¢S}.

A consequence of this definition is that #Ap(S,k) = k. In fact, for each
i€ [0,k—1],let s; :=min{f € S: £ =1i (mod k)}. Then, Ap(S,k) = {so =0,51,...,8k 1}

It is natural considering the Apéry set of the multiplicity of a numerical
semigroup. This set has m elements and {m} u Ap(S, m)\{0} generates S, since each
element s € S can be written as s = k1 -m+1i = kg -m + s;, for some ¢. Thus, e < m. Using

Proposition 1.3, we conclude that a numerical semigroup with genus g and embedding
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dimension e satisfies e < g + 1. In fact this bound is sharp, since the ordinary semigroup

of genus g has embedding dimension ¢ + 1; it can be written as (g + 1,9+ 2,...,2g + 1).

On the other hand, 1 is a lower bound for embedding dimension of a numerical
semigroup. The unique numerical semigroup with embedding dimension 1 is Ny and, for
each k = 2, there are infinitely many numerical semigroups with embedding dimension
k (if a,...,a; are coprime, then {ai,...,ax) is a numerical semigroup). Looking for a
better lower bound for embedding dimension of a numerical semigroup S depending
on its invariants seems to be an interesting problem and, in fact, it is an old one. In
1978, Wilf (28) conjectured that F(S) + 1 < e(S)n(S), for every numerical semigroup

F 1
S, where n(S) = #S n [0, F(S)]. It can be written as e(S) > F(S) (f)lt 9(5)’

n(S) = F(S) +1—g(S). Several authors investigated this problem, giving partial answers,

since

but it remains as an open problem, up to now.

Bras-Amor6s (5) introduced the notion of ordinarization transform of a nu-
merical semigroup. Let S be a non-ordinary semigroup with Frobenius number F(.S)
and multiplicity m(S). The ordinarization transform of S is the numerical semigroup
S"={F(S)}uS\{m(S)} which has also genus g. For example, if S = Ny\{1,2,3,6, 7}, then
S" = No\{1,2,3,4,6}, since F(S) =7 and m(S) = 4. Clearly, if we make this operation
several times, we obtain an ordinary semigroup. Hence, for a fixed .S, we can consider the
least number 7(.S) of such operations we should do to obtain an ordinary semigroup. This
number is called ordinarization number of S. Naturally, the ordinarization number of an

ordinary semigroup is 0. More precisely:

Definition 1.1. Let S, be the set of all numerical semigroups with genus g and let Syiq
be the ordinary semigroup with genus g. Consider the map:
T @ S\{Sgs1} — S
S = (Su{FE)H\m9)},
The image T(S) is the ordinarization tranform of S and the integer r(S) := min{r € N :
T"(S) = Syt1} is the ordinarization number of S. Naturally, r(Sy41) := 0.

In that paper, she proved that

Proposition 1.4. (5, Lemma 2) Let S be a numerical semigroup with genus g and

ordinarization number r. Then r < ng

Proof. We recall that an ordinary semigroup has multiplicity g + 1. Writing S n [1,g] =
{s1 < -+ < sk}, we conclude that k& is exactly the number of ordinarization of 5, since all
numbers less than g must be changed with all gaps greater than g for some ordinarization

step. Hence, » = k. Notice that

S81y.-38,81+ Spy ..., S+ Sy
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are 2r different non-gaps of S greater than 0 and less than 2g. Since S n [1,2¢g] = g, we
conclude that 2r < g. Thus, r < [gJ (because r is an integer). O

Remark 1.4. (5, Lemma 4) This bound is sharp, since the hyperelliptic semigroup with

genus g has ordinarization number r = EJ

The so called semigroup tree is an useful combinatorial object in this theory.
First evidences for it are (20) and (22). In 2009, Bras-Amor6s (4) introduced formally the
semigroup tree. Each numerical semigroup is represented once and the construction is
inductive. This representation is interesting, since it splits numerical semigroups by genus

in each depth.

Here, we give an idea of its construction, following (4), where the set of minimal
generators and Frobenius number of a numerical semigroup play an important role. The root
of this tree is Ny, which is the unique numerical semigroup of genus 0 and can be written as
{1). The unique generator of this numerical semigroup is 1 and it is greater than Frobenius
number —1 (it is a convention). For next depth, we take out 1 of numerical semigroup,
creating the semigroup (2,3). The Frobenius number of this numerical semigroup is 1
and all minimal generators are greater than 1. By taking out 2, we obtain the numerical
semigroup (3,4, 5) and by taking out 3, we obtain the numerical semigroup (2,5). We can
do this procedure as many times as we want. One can contruct all numerical semigroups

with genus up to 4.

Y

1

2,3
/&

(3.4,5) (2.5)
/4‘ K K
{4,5,6,7)  (3,5,7) (3,4) (2,7

(5,6,7,8,9) (4,6,7,9) (4,5,7> {4,5,6)  (3,7,8) (3,5) (2,9)



25

2 Counting numerical semigroups by genus

and even gaps

In this chapter, we deal with Question 1 by taking into consideration the effect
of even gaps on the structure of numerical semigroups (cf (27)). Thus we use y-hyperelliptic
semigroups, which simply are numerical semigroups with v even gaps. This terminology
comes from theory of double covering (cf (25)). Some examples are (2,2¢g + 1), which are
the only O-hyperelliptic semigroups (also named hyperelliptic) and Ng\{1,2}, which is
1-hyperelliptic. Notice that a vy-hyperelliptic semigroup with genus g satisfies v < g. For ¢

and v non-negative integers, we set
S,(9) ={5€S;:v(S) =~} and N,(g9):=#S,(9).

Each numerical semigroup S with genus g has a number of even gaps that lies

in [0, 9] N Z. Then we can write
9 9
Sy = U Sy(9) and ny = Z Ny (9)- (2.1)
~v=0 ~v=0

By using this approach, finding out precise values or even lower and upper

bound for N,(g) are of interest. In this chapter we prove the following:

Theorem 2.1. Let g = 3vy. Then N,(g9) = N,(37).

This result states that, for a fixed 7, the sequence (N,(g)), is constant for
g = 37 and it is equal to N, (37). Another result we prove in this chapter is:

Theorem 2.2. Let g < 3vy. Then N,(g9) < N,(37).

2.1 On ~-hyperelliptic semigroups

In this section, we recall some important results about ~-hyperelliptic semi-
groups. Some of them can be found in (27), where there is a geometric interest; see also (18)

and (19). Here, we are interested only in arithmetic properties of numerical semigroups.

Lemma 2.1. (27, Lemma 2.1) Let S be a y-hyperelliptic semigroup with genus g. Then

2g = 3.
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Proof. If g = 27, then 2g > 4y > 37 and the lemma follows. Assume g < 2y — 1. The
numerical semigroup S has 7 even gaps and g — v odd gaps in [1,2g — 1]. Hence, S has
g — 7 even non-gaps and v odd non-gaps in [1,2g]. Let ¢; < --- < ¢, be the even gaps of
S and let 7, < --- < r; be the odd non-gaps in S N [1,2¢g]. Notice that ¢, —r; ¢ S, for all
ie{l,...,7} (otherwise, S 3 r; + (¢ — i) = ¢, ¢ S). For each i such that ¢, —r; > 1, all

numbers g, — r; are odd gaps.

Claim. ¢, <4g —4y.
Suppose ¢, = 4g — 4y + 2. Since r; < 2g —2i + 1, then for all i > 2y — g (= 1),

¢ —ri = (dg—4y+2)—(29—2i+1)
= 29—4yv+1+4+2
= 29—4y+1+4y—-29=1.

We proved that all numbers ¢, — r9,—4 < --- < ¢, — 1, are different gaps of S, so there
are, at least, v — (2y — g) + 1 = g — v + 1 different odd gaps in S n [1,2g], which is a
contradiction. Hence, ¢, < 4g — 4.

There are 2g — 27 even numbers in [2,4g — 4v], which 7 of them are gaps.
Hence, 2g — 2y = v and we conclude that 2g > 3. [

Remark 2.1. If v is even, then No\({2,4,...,27} v {1,3,...,7 — 1}) is a numerical
semigroup with genus g = v + %, i.e, 29 = 3. This proves that the bound found in Lemma
2.1 is sharp. All those numerical semigroups are of maximal embedding dimension and

they can be described as (y + 1,7+ 3,...,3v+ 1) (see example 2.1 for uniqueness).

Using Lemma 2.1, we can rewrite (2.1) as

| %]
= USW(g) and ny = ZN

Definition 2.1. The one half of a numerical semigroup S is S/2 := {s € Ny : 2s € S}.

Proposition 2.1. Let S be a y-hyperelliptic semigroup. Then 4v + 2Ny € S.
Proof. We prove that S/2 is a numerical semigroup with genus -:

e S/2 < Ny by definition;
e 0€ 5/2: it follows from the fact that 0 = 2-0;

e a,be S/2 = a+0be S/2: by definition 2a and 2b € S. Since S is a numerical
semigroup, then 2a + 2b = 2(a + b) € S and it proves that a + b€ S/2.
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e Np\(5/2) has v elements: notice that No\(5/2) = {{ € Ny : 2¢ ¢ S}. Those elements

are the even gaps of S and we know that there are exactly v of them.
By Lemma 1.1, 2y + Ny € S/2. Then 4y + 2N, < 2(S5/2) < S and the result follows. [

From now on, we assume g and -y non-negative integers such that 2g > 3. We

have a natural parametrization of the family S, (g) onto S, given by
X+ Sy(g) = S
S - S/2

which is a surjective map. In fact, given 7' € S,, we have x,(S5) = T, for

S:=2T'u{29g—2v+i:ieN}eS(g),
being 27" := {2t : t € T'}. If g = 37y, we denote x := x3,,.
Remark 2.2. Indeed, any S € S,(g) can be uniquely written as

S =2(5/2)ufo, <...<o01} U Sy

where 0., ...,01 are certain odd numbers in [1,2g — 1].

Remark 2.3. For g and v non-negative integers, we can write

N,(g) = ), #x,(T).

TeSy

Let S € S,(g). Remark 2.2 tell us that there is natural way to obtain the even
gaps (and non-gaps) of S from a numerical semigroup T € S, if {2¢y, ..., 2¢,} is the set of
even gaps of S, then it can be obtained by duplicating the gaps from No\{¢1,...,¢,} € S,.
Moreover, T is uniquely determined (7" = S/2).

Reciprocally, given T' € S, we can obtain a y-hyperelliptic semigroup S of some
genus g by duplicating the gaps of T" and making a suitable choice on the odd numbers that
are gaps or non-gaps of S. Notice that not all choices for odd integers return numerical
semigroups (some sets are not closed under addition) and in general S is not uniquely

determined (in general, the fiber x,'(T) has more than one element).

Now we look for conditions that a y-hyperelliptic semigroup with some genus

g = 37/2 has to attain. In fact, let '€ S, and consider all sets
S =2Tu{o, <...<o01}U Sy,

where the numbers o; are odd integers in [1,2g — 1].
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From definition, S € Ny, 0 € S and Np\S has v even elements. There are g odd
numbers in [1,2g — 1], such that 7 of them lies in S; thus Ny\S has g — v odd elements
and #(No\S) = g. Hence, we conclude that S € S,(g) if, and only if, S is closed under

addition. Moreover, the even part of S is closed under addition, since T’ is.

We look for necessary conditions on S so it is a numerical semigroup. Let
T eS,. Writing T'= No\{q1,...,¢,} and T'n [0,27] = {txc = 0,t1,...,t, = 27}, we have
that 2¢p = 0 < 2¢; < --- < 2t,_; < 2t, = 47y are even non-gaps of S and 2¢; < --- < 2¢,

are the even gaps of S.

Here we write the first odd number in S, o,, as O = 2k + 1. By closed under
addition condition, we conclude that O + 2¢; must be a non-gap of S, for all 7, and
(O +4v) + Ny € S. Notice that, at first, there are no necessary conditions on each number
O + 2q;. We illustrate it below:

0 =2t 2t cee 2tﬂ)_1 22;/ = 4

b Sl

2k —1 O+2q O+2(1ﬁ’v
T 0=2%+1 O+ 2t - O0+2,, Oty

Figure 1 — Configuration of a «y-hyperelliptic semigroup

By computing these conditions, we can obtain upper and lower bounds for the

first odd integer in a v-hyperelliptic semigroup S with genus g only depending on v and g.

Lemma 2.2. Let S be a y-hyperelliptic semigroup with genus g and let O be the first odd
number in S. Then

20—4y+1<0<29—-2y+ 1

Proof. Write O = 2k + 1 and let 2¢y, ..., 2q, be the even gaps of S. Then the £ numbers
1,3,...,2k — 1 are odd gaps of S and the only possibilities for other gaps of S are
O+2q,...,0+4+2q,. Thus y+k < g <2y+k. Hence g—2v < k < g—+ and we conclude
that 29 — 4y +1 <0 =2k+1<29—2v+ 1. O

Proposition 2.2. Let S be a vy-hyperelliptic semigroup with genus g such that g < 2y —1
and let O be the first odd number in S. Then O = 4v —2g + 1.

Proof. Consider o, < -+ < 04y_94 as the first odd integers of S. Then the numbers

0y + 0y < -+ < 0y + 04y-24 are 29 — 37 + 1 even elements of S. By the Claim in the proof
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of Lemma 2.1, we have that the largest even gap of S is at most 4g — 4y and there are
2g — 37 even numbers in [2,4g — 4v] n S. Hence, 0, + 0472, is an even non-gap of S
greater than or equal to 4g — 4y + 2. Also, for all i € {1,...,4v — 2¢g}, 0; <29 — (2i — 1).
Hence, 0, = (49 — 47+ 2) — (29 — 2(4y —29) + 1) =4y —2¢ + 1. O

Remark 2.4. We can rewrite the bounds of Lemma 2.2 as |2g—4y|+1 < O < 2g—27y+1.

Example 2.1. We study v-hyperelliptic semigroups S with genus g that attain extremal
cases for the inequality 2g = 3. In particular, we prove that N,(3v/2) =1, if v is even
and N,((3y +1)/2) = (v +3)/2 if v is odd (see Tables 1, 2 and 3 for more details).

Case v even. We look for 2g = 3v. If v = 0, then g = 0 and the numerical semigroup
is Ng. By Remark 2.4, we conclude that v +1 < O < v+ 1, ie., O = v+ 1. In the
interval [y + 1,29 — 1] = [y + 1,37y — 1], there are v odd numbers. Hence, we conclude
that (0,,...,01) = (y+1,...,3y — 1). By closed under addition property of numerical
semigroups, we conclude that {27 + 2i : i € N} < S and the set of even gaps of S is
{2,...,2v}. Hence there is exactly one v-hyperelliptic semigroup with genus 3v/2.

Case v odd. We look for 2g = 37 + 1. By Remark 2.4, we conclude that v < O < v + 2,
i.e., O =~ or O =+ 2. By Claim in proof of Lemma 2.1, the largest even gap is at most
4g — 4y = 2y + 2. Thus, {27+ 2i + 2 : i€ N} c S and the v even gaps of S are elements
of {2,...,2y + 2}, i.e., there is exactly one even non-gap in that set.

Case O = 7 + 2. The interval [y + 2,29 — 1] = [y + 2,37] contains exactly v odd
numbers. Thus, (0,,...,01) = (v +2,...,37). The possibilities for that even non-gap are
v+ 3,7+ 5,...,2y + 2 (if we choose some = < v+ 1, then 2z < 27 4+ 2 would lies in S
and S would not be y-hyperelliptic). Hence, there are exactly (v + 1)/2 y-hyperelliptic
semigroup with genus (3y + 1)/2 and O =~ + 2.

Case O = ~. In this case, we conlude that 2y € S. Hence, the set of even gaps is
{2,...,2y—2,2y +2}. If ¥ + 2 is an odd non-gap, then v + (v + 2) = 2y + 2 is a non-gap
and this is a contradiction. Hence, (0,,...,01) = (7,7 +4,...,37) and there is exactly
one y-hyperelliptic semigroup with genus (3y + 1)/2 and O = ~.

2.2 Proofs of Theorems 2.1 and 2.2

We introduce a definition we use in this section.

Definition 2.2. Let t € Z. The t-translation of a numerical semigroup S is the map
®, : S —> 7Z defined by
s if s=0 (mod 2),

s — 2t otherwise.
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For t = g — 37, we denote @, by ®.

Proposition 2.3. If S € S,(g), then (5) € S,(3v).
Proof. Let t = g — 3y and O be the first odd integer in S. From the definition, ®(S) has

even gaps. By making ¢-translation, we observe that the first odd number in ®(5) is O —2¢

and number of odd gaps in ®(S) is (¢ — ) —t = g — v — g + 37 = 2v. Hence, the genus of
®(5) is 3. Finally, we prove that ®(S) is closed under addition. Let a and b € ®(S). If a

and b even numbers, then a +b € ®(5). If a is even and b = ¢ — 2t is odd, with ¢ € S, then
a+b=a+c—2t=d—2t, with de S, since S is closed addition. Hence, a + b e ®(S5). If

a = c—2t and b = d—2t are odd, then a+b = (c+d)—4t = 2(29—4y+1)—4(9—37) = 4y+2,
since, by Lemma 2.2, ¢,d = O > 2g — 4y + 1. Hence, a + b € ®(S5) and we conclude that
Ll

D(S) € 5,(3y).
Definition 2.2, with t = g — 37, induces the map

S’y(g) - 87(37)

P
S B(S).

It is clear that for different y-hyperelliptic semigroups with same genus g, they
have, at least, one different gap from each other. Hence, the images of those numerical
semigroups under ® are also different. Hence, ® is an injective map and we conclude that
#5,(9) = N,(9) < N,(37) = #5,(37), for all g.

In general, Definition 2.2 induces a map ®; : S,(g) — S,(g —t) for any t € Z
g

such that 2(g —t) = 3. This map can be seen as follows in next figure, where S € S,(g).

2q; C 2¢,
0=2t 2t ce 2t 2, =4y
Q ! O —t" 2t O ‘H’ Qt,\,_l,l (@) —|—It 4")/
%qllll ll’ ) 1” ) %q’l‘; ll Al
0= 2t() I’ 1’ 2tl !‘ e 2t”,*l I‘ 2th‘7 = 4’7{
L2kl i B
O—2t O—-2t+2t; ...0—-2t+2t, O — 2t + 4y

Figure 2 — Map ®,, with ¢ > 0
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Before proving Theorem 2.1, we explain why we have to consider g > 3.
Observe the Figure 1: in that case, Lemma 2.2 implies that O = 2y +1 > ¢, > ¢, for all 4
and there is no situations like ¢; = O + 2¢; or ¢; = O + 2t;. If ¢; = O + 2g;, then a green
point O + 2¢; on Figure 2 is automatically a red point, changing the global configuration.
If ¢ = O + 2t;, then a blue point O + 2t; on Figure 2 is also a red point g;, which leads to
a contradiction. Also, all sum of odd non-gaps lies in the numerical semigroup, since, for
O; and O, odd non-gaps, O1 + Oy = 20 > 4~ + 2.

Theorem 2.1. Let g = 3vy. Then N,(g) = N,(37).

Proof. We only have to prove that map ® defined above is surjective. For a given T' € S, (37),
natural candidate for pre-image of it under ® is S, which is obtained from T by a (—t)-
translation (¢ := g — 3y = 0). Notice that:

® g(5) =g(SBY) +t=3v+(g—37) =g;
e ¥(S) =1, since 7(5(37)) =

e S is closed under addition, since 7" is closed under addition and the first odd integer

in S is greater than or equal to the first odd integer in 7.

Thus, S € S,(37).

For a given g, we can rewrite ny, and ng4q as

and

Theorem 2.1 states that N,(g) = N,(g + 1), for v <

equivalence to Question 1.

. Then we have the following

%] e
Corollary 2.1. ng < ngyq if, and only if, N,(g) < Z N,(g+1).

I ol

By using GAP (13) and the package NumericalSgps (10), we computed, with
help of Maria Bras-Amorés and Pedro A. Garcia-Sanchez, a few values of N, (g). We thank

them for their valuable contribution.



01 2 3 4 3 6 7 8 9 10 11 12 13 14 15 16 Ng
0 1 1
1 1 1
2 1 1 2
3 1 2 1 4
4 1 2 4 7
) 1 2 6 3 12
6 1 2 7 12 1 23
7 1 2 7 19 10 39
8 1 2 7 21 32 4 67
9 1 2 7 23 51 33 1 118
10 |1 2 7 23 62 91 18 204
11 |1 2 7 23 65 142 98 D 343
12 |1 2 7 23 68 174 257 59 1 592
13 |1 2 7 23 68 192 412 271 25 1001
14 |1 2 7 23 68 197 514 678 197 6 1693
5 (1 2 7 23 68 200 570 1100 793 92 1 2857
16 (1 2 7 23 68 200 602 1409 1855 606 33 4806
17 |1 2 7 23 68 200 609 1595 2999 2191 343 7 8045
8 |1 2 7 23 68 200 615 1693 3890 4993 1836 138 1 13467
19 |1 2 7 23 68 200 615 1744 4472 8126 6033 1130 43 22464
20 |1 2 7 23 68 200 615 1756 4797 10723 13317 5335 544 8 37396
21 |1 2 7 23 68 200 615 1764 4959 12528 21764 16447 3624 191 1 62194
22 |1 2 7 23 68 200 615 1764 5034 13616 29209 35392 15365 1897 53 103246
23 |1 2 7 23 68 200 615 1764 5053 14191 34628 57925 44575 11098 804 9 170963
24 |1 2 7 23 68 200 615 1764 5060 14469 38096 78602 93919 43262 6485 254 1 | 282828

Table 1 — A few values for N, (g) (part 1)

sdpb uano puv snuab fiq sdnosbruos Jporuwny bugunoy) g 43doy))
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012 3 4 5 6 7 8 9 10 11 12 13 14 15 16
25 |1 2 7 23 68 200 615 1764 5060 14589 40098 94469 154077 119669 33525 3013 64
26 |1 2 7 23 68 200 615 1764 5060 14611 41086 105074 211576 247756 120881 20945 1153
2r |1 2 7 23 68 200 615 1764 5060 14626 41541 111426 257734 407238 320649 98104 10873
28 |1 2 7 23 68 200 615 1764 5060 14626 41725 114889 290192 565331 652952 ? ?
29 |1 2 7 23 68 200 615 1764 5060 14626 41765 116546 310511 697502 1073955 853254 ?
30 |1 2 7 23 68 200 615 1764 5060 14626 41785 117238 322103 794314 1504305 1714253 ?
31 |1 2 7 23 68 200 615 1764 5060 14626 41785 117497 328098 858020 1877733 2822586 2264348
32 |1 2 7 23 68 200 615 1764 5060 14626 41785 117555 330854 895949 2162304 3988248 4493022
33 |1 2 7 23 68 200 615 1764 5060 14626 41785 117573 331977 916624 2356790 5034455 7403032
34 |1 2 7 23 68 200 615 1764 5060 14626 41785 117573 332373 926905 2477817 5861266 10542852
35 |1 2 7 23 68 200 615 1764 5060 14626 41785 117573 332439 931437 2546526 6448122 13450037

Table 2 — A few values for N, (g) (part 2)

sdpb uano puv snuab fiq sdnosbruos Jporuwny bugunoy) g 43doy))

€¢



17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 Ng

25 467224
26 10 770832
27 335 1 1270267
28 ? ? 2091030
29 ? ? 11 3437839
30 ? ? 701 5646773
31 ? ? 77 9266788
32 ? ? 7 12 15195070
33 5987936 ? o771 24896206
34 | 11753434 ? T ? 40761087
35 | 19377030 15796993 7 7 13 66687201

Table 3 — A few values for N, (g) (part 3)

sdpb uano puv snuab fiq sdnosbruos Jporuwny bugunoy) g 43doy))
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Using this table, we conjecture a stronger condition in relation to any of the

equivalences in last Corollary.

Conjecture 2.1. Let v be a non-negative integer. Then

Ny(g) < Ny(g +1),Vg.

Notice that Theorem 2.1 ensures that, when ~ is fixed, then Conjecture 2.1 is

true for all g = 3. Now we prove Theorem 2.2.

Theorem 2.2. Let g < 3vy. Then N,(g) < N,(37).

Proof. If v = 0 or 1, then first two columns on Table 1 ensure the condition. Suppose

v = 2. We prove that ® is not surjective. Let
T =No\({2,6,..., 4y =2} u{1,3,...,2y — 1,2y + 3,2y + 7,...,6y — 1}) € S,(37),

which has first odd non-gap O = 2y + 1 and 4y — 2 as a gap that is greater than or equal
to 6. Suppose that there is S € S,(g) such that ®(S) = T and let ¢ := g — 3. If g < 27,
then 1 or 3 is the first odd number in S. If g = 27, then O + 2t = 29 — 4y + 1 is the first
odd number in S. Then

S32-(29—4y+1)=4(g—2y)+2¢ 5, if2y<g<3y
S51+1=2¢SorSa3+3=6¢8,  if3y/2<g<2y

and this is a contradiction. Hence, there is no S € S,(g) such that ®(S) = 7. O

To end up this section, we prove a result about symmetric semigroups. At first,

it will not contribute for solving Conjecture 2.1, but it is an interesting result in itself.

Proposition 2.4. Let g = 3. Then there are, at least, n., y-hyperelliptic semigroups with

genus g which are symmetric.

Proof. Let T' € S, and write T' = No\{q1, . .., ¢,}. We prove that if
S:=2Tu{29—1—-2t:teZ\T},

then S € S,(g) and it is symmetric.

e S has v even gaps, since 27" = 2No\{2qy, . . ., 2¢, }.
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o £\S) = ¢
We showed that S has 7 even gaps. We have to prove that S has g — v odd gaps.
Since Z\T ={...,—2,—1,q1,...,¢,}, then odd gaps of S'is {29 — 1 —2¢,,...,29 —
1 —2¢,2¢9 + 1,—}. Notice that 29 — 1 —2¢, = 2y + 1 > 1, since g > 37 and
¢y < 27 — 1 (here, it would be enought g > 2v). Then the set of odd gaps of S is
([1,29 =11 n (2Z + 1))\{2g — 1 — 2¢,,...,29 — 1 — 2y}, which has g — 7 elements.

e S is a numerical semigroup:
We already proved that No\S is a finite set. Since 0 € 7', then 0 = 2-0€ 2T < S. We
show that S is closed under addition. Let 2¢; and 2t,, with ¢; and ¢, € T', be even
elements of S. Then 2t; + 2ty = 2(t; + t3) € S, since T is closed under addition. Let
2ty and 2g — 1 — 2t5, with ¢; € T and t5 € Z\T, be an even element of S and an odd
element of S, respectively. Then a := 2t; + (29 — 1 —2ts) = 29— 1 —2(ty —t1). Notice
that to — t; € Z\T. Otherwise, T' 3 (ty — t1) + t; = t2 ¢ T. Hence a € S. Finally, let
2g — 1 —2t; and 2g — 1 — 2ty, with ¢; and t3 € Z\T', be odd elements of S. Then
b:=(2g—1—2t;) + (29 — 1 — 2ty) = 2(29 — (t; +t2) — 1). Since t1,t, < 2y —1 and

g = 3y, then 2g — (t; + t3) — 1 > 2y + 1. Hence, b >4y +2and be S.

e S is symmetric:
We proved that the odd part of S is

{20 —1—-2¢, <...<29—1—-2¢q <29 +1,—-}.

Since q; > 0, then 29 — 1 ¢ S. Hence, Frobenius number of S is 2g — 1 and we

conclude that S is symmetric.

There are exactly n, possibilities for 7" under this construction, hence the result
follows. o

Remark 2.5. In this construction, we chose o; = 2g — 1 — 2q;.

Corollary 2.2. Let g and vy be non-negative integers such that g = 3. Then N,(g) = n.,.

Proof. By Remark 2.3 and Proposition 2.4, we have

N, (g9) = Z #X;(T) = Z L=n,.

TeSy TeS,
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3 On the sequence (N~(37))

Bras-Amorés (5) introduced the ordinarization transform of a numerical semi-
group. By making some calculations, she obtained a sequence (f,). After some nice

discussions with Maria Bras-Amoros, we prove the following:

Theorem 3.1. Let v be a non-negative integer. Then f, = N.(37).

At first, these sequences do not seem to have a closely relation. We also prove

an asymptotic result for the sequence f:

Theorem 3.2. Let € > 0. Then
fy

lim ——— =0 and lim = = oo.
120 (2 + €)Y 0 27

Finally, we prove two conditional results based on the following conjecture we

did on the sequence (f).

Conjecture 3.1. There is a positive constant C such that ,thgo Ril =C.
— 7127

Theorem 3.3. If Conjecture 3.1 holds, then lim 5 = ¢?.

y—00 f

v—1
Theorem 3.4. If lim L = ©?, then lim fJH =
=0 fl =% Yo fi

3.1 A relation with Bras-Amoros’ sequence

2 g
< < P B
" [2J

then the number of numerical semigroups with genus ¢ and ordinarization number r

Bras-Amor6s (5) proved that if g and r are integers such that J

depends only on v := gJ — r. She constructed a sequence (f,) that returns this number
of numerical semigroups. In this section, we prove that her sequence (f,) and our sequence

(N,(37)) are the same. Before that, we recall some definitions.

Definition 3.1. (5, p. 2514) Let S be a numerical semigroup.

(1) A finite set B < Ny is called S-closed if forbe B and s € S we have either b+ s € B
or b+ s > max(B).

(2) We let C(S,i) denote the collection of S-closed sets B such that 0 € B and #B = i.
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Observe that if B € C(S,1), then we can write B = {0 =0y < --- < b; 1 =
max B}.

Proposition 3.1. Let S€ S,. If Be C(S,v + 1), then max B < 2.

Proof. Suppose that max B > 2v. Since 0 € B, then, for all s€ S, we have 0+ s =s€e B
or 0+ s =s > 2. Hence, S n [0,2v] < B\{max B}. Notice that #(B\{max B}) = v and
#(S " [0,27]) =~ + 1, since g(S) = 7 and this is a contradiction. O

If v in a non-negative integer, then f, is defined as

fri= D #C(S v+ 1),

SeSy

Now we are ready to conclude that the sequences coincide.

Theorem 3.1. Let v be a non-negative integer. Then f, = N, (37).

Thy

Proof. For a fixed v, let S, = U T;, where each numerical semigroup with genus 7 is
i=1

represented by exactly one 7T;. We can write

f’y = #C(Tlafy + 1) +oee #C(an’)/ + 1)7
and, by Remark 2.3,
N,(37) = #x (1) + - + #x7 1 (Tn,).

We prove that #C(T;,y + 1) = #x~!(T;), for each i € {1,...,n,} and the result follows.

Following Bras-Amords construction, in (5, Theorem 13), define, for each

ied{l,...,n.},

i C(Ti,y + 1) — x (T})
B={0=by<---<by,} — 21, 0{20—2b,+6y+1:be B} u (6y+3+Ny).

Now we prove that ¢; is a bijection.
e (; is injective:
Clearly, for By # Bs, we have ¢;(By) # ;(B2).
o (o, is well defined:

* ;(B) has 7 even gaps, since T; has genus 7 and all even gaps of ;(B) lies in
2T;.
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* ;(B) has 2y odd gaps:

First of all, notice that, from Proposition 3.1
2b—2b,+67y+122-0—-2-2y+67y+1=27+1.

Hence, condition on the first odd integer in ;(B) is verified (this proves that
for ¢ < 3v the construction is not good). There are 3y + 1 odd numbers in
[1,67 + 1], which 7 + 1 belongs to B. Hence, S has 2y odd gaps.

* ;(B) is closed under addition:
We already know that even part of ¢;(B) is closed under addition, since T;
is a numerical semigroup. Let 2t be an even number in ;(B) (t € T;) and
2b —2b, + 6y + 1 and 20" — 2b, + 67 + 1 be odd numbers in S (b,b’ € B). Then

-a:=2t+(2b—2by, +6y+1)=2(t+b) —2b, +6y+ 1. Sincet +be B or
t+ b= by, we conclude that a € {20 — 2b, + 67+ 1 : b e B} < ¢;(B) or
a = 6y + 1 (then a € ¢;(B)).

-c:=(20—2b, +6y+1)+ (20" =20, + 67+ 1) =2(b+b) —4b, + 12y +2 >
2-0—8y+ 12y + 2 = 4+ + 2. Since T; has genus 7, then, by Proposition
2.1, ce p;(B).

e (o, is surjective:
Let S € x}(T). Since the genus of S is 3y, we conclude that (67 + 1) + Ny < S.
There are 3y odd numbers in [1,6y — 1], which v are non-gaps and 2v are gaps.
Hence, we can write S = 27; U {Oy < ... < O, = 67+ 1} U (67 + 3 + Ny). We prove
that S = ¢;(B), where

Bz{Oi;Oo:z’e{O,...,fy}}.

Notice that ;(B) is equal to

0;,— 0O 0,—0 :
T 0—2-'y2°+67+1:ze{0,...,7}}u(67+3+N0)

= 2T, u{(0; —Op) — (67 +1—=0p) +6y+1:i€{0,...,7}} U (6v+ 3+ Ny)
= 2T, 0{0; :ie{0,...,7}} U (6y+3 +Ny) = S.

2Tiu{2

To finish, we prove that B € C(T;,v + 1). In fact, (Oy — Op)/2 = 0 € B and
#B = #{0,...,7} = v+ 1. Also, B is a T;-closed set: we prove that by +t € B or
by +t > b, where b, = (O — Op)/2 € B and t € T;.

O — O Or— 0O O;,—0
%—l—teB@HjsuChthat%—i—t: 32 0

<:>Ok+2t=Oj

and O — O 0. -0
%+t>%0@0k+2t>07=67+1.
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Since S is closed under addition, we conclude that one of situations above occur.

Hence, B is a T;-closed set.

3.2 Bounds for f,

In Section 2.2, we proved that N, (g) is constant for g > 37y and it is equal to
N, (37). In last section, we proved that f, = N,(3v), where (f,) is the sequence introduced
by Bras-Amorés (5). In this section, we are interested in finding bounds for the sequence

f+ (in sense of N, (37) definition), specially to estimate its asymptotic behaviour.

We recall that x : S,(37) — S, 5 — S/2, is a surjective map and computing

#x1(T), for each T, is enough to calculate f,, since

= 3 D). (3.1)

TeS,

Let S € §,(3y). There are T' € S, and 0, < --- < 01 odd integers in [27 +
1,6+ — 1] such that
S=2Tu{o, < - <o01}uUSs,. (3.2)

Question 3.1. Which sets given by (3.2), with T € S, and 0, < --- < 01 odd integers in

[2y + 1,6y — 1], are in fact numerical semigroups?

Proposition 3.2. A necessary and sufficient condition on S given in (5.2) so it lies in

S,(37) is checking the properties 2t + 0; = 0; or 2t + 0; = 67 + 1, for allt € T and
i,7€{l,...,v}.

Proof. By construction, S € Ny, 0 € S, #(Ng\S) = 3v, #(2No\2T') = v, 2T + 2T < 2T
and o0; + 0; = 20, = 4y + 2 (thus, 0; + 0; € 2T). Hence, a necessary and sufficient condition
so S € S,(37y) is that 2T+ {o; : j € {1,...,7}} < S and it is equivalent to 2t + o; = o; or
2t +0;=26v+ 1, forallte T and 7,5 € {1,...,~}. ]

Remark 3.1. In our opinion, Proposition 3.2 is the main connection between the sequences

(Nv(g'V)) and (fv)

If SeS,(3y) given in (3.2), then, by Lemma 2.2, 2y + 1 < 0, < 47 + 1. Hence,

we can write o, = 2y + 2i + 1, for some ¢ € {0,...,v}. It is natural to define, for each 1,

x YT :={Sex | (T):0,(5) =2y +2i + 1},
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and we can rewrite equation (3.1) as

fy= D) D #xN T, (3.3)

TeSy i=0
Proposition 3.3. Let T € S,. Then #x ' (T") = 1, for all i € {0,...,7}.
Proof. For T'€ S, and o, = 2y + 2i + 1, rewrite the set S as
S=2Tuvfo,+2t:teTandt <2y—i—1} U X US;,.

If X has the largest odd integers of the set [2y+1,67—1|\{o,+2t : t € T and t < 2y—i—1}
such that #X + #{o, + 2t :te T and t <2y —i— 1} =, then S e x '(T") and the the

result follows. O

Corollary 3.1. Let v be a non-negative integer. Then f, = (v + 1) - n,.

Proof. By (3.3),
[ = Z 21: (v+1)-n,.

TeS,, i=0

Remark 3.2. We have #x '(T%) =1 = #x"'(T7), for all T € S,

1) Leti=0. One can easily see that
fo, < <o} ={2y+1+t:teT andt < 2vy—1},
since #T N [0,2y — 1] = 7.
2) Let i = . One can easily see that

{o, < <o} ={4y+1,4v+3,...,6y—1}.

In particular, fo = Z l=n9g=1and f; = Z 2 =2n, =2.
TGSO TeS:

Now we point out other approach to Question 3.1. The interval [2y + 1,67 — 1]

has 2+ odd integers and we can write

27+ 1,6y —1]n(2Z+1) ={o, < <o} u{w < - <w,}.

We keep the notation o, = 27 + 2i + 1 and now we assume 1 <7 <y — 1. By

construction, we conclude that

(Wi, .oy wi) =2y +1,...,2y+2i —1).
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Hence, for each i € [1,7 — 1] n Z, we have to look for good choices for odd
integers {wj41,- - ,w~,} in the following context: given T € S,, we have to check which
choices for {w;;1 < ... < w,} (from the set {o, +2¢: g€ G(T) and ¢ < 2y — 1 — 1}, by
Proposition 3.2) such that

[27+1,67v=1]n2Z+1\{27+1 < -+ - <2y+2i—1 <w;y1 < -+ <wy} = {o, < --- < 01}

gives a positive answer to Question 3.1.

At first, it gives an upper bound to #x *(T"), for all i and 7.
Proposition 3.4. Let T € S,. Then #x '(T") < (7) , forallie {0,...,~}.
i

Proof. If 1 <i <~y —1,then #{o, +2¢:qe G(T) and ¢ <2y —i—1} < #{o, +2¢:q€

G(T)} = 7. Thus, there are, at most, ( 7 ) possibilities for choosing w}s. The symmetry
v =i
of binomial coefficient and Remark 3.2 complete the proof. n

Corollary 3.2. Let v be a non-negative integer. Then f, <27 - n,.

Proof. By (3.3),

Putting together Corollaries 3.1 and 3.2, we obtain

Proposition 3.5. Let v be a non-negative integer. Then

ny-(v+1) < f,<n,-27.

Corollary 3.3. Let ¢ be the golden ratio. Then

1) lim b o0;
Y—>00 QO’Y
2) fore>0 thzo
=% (20 + €)Y

Proof. We recall that (29, Theorem 1), ’thIOlO n—z is a real number .
s
1) By Proposition 3.5,

Ny
The right-hand of this inequality goes to o0 as 7y goes to oo, so result follows.
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2) By Proposition 3.5, for each € > 0,

fr _ny 9720 ny 20 Y]
204+¢)

2e+e) @ 2pter ¢l

The right-hand of this inequality goes to 0 as 7 goes to oo, so result follows.

]

Remark 3.3. We can make a similar procedure to compute N,(g), for any g such that
29 = 3. In fact, consider x,: S,(g9) — S, S — S/2. We know that calculating #x~"(T),

for each T € S,, is enough to calculate N,(g), since

= > #x, (1)

TeS,

Given S € S,(g), there are T € S, and 0, < --- < 01 odd integers in [2g — 4y +
1,29 — 2y — 1] such that

S=2Tu{o, <...<01}USy.

Notice that if g = 3v, then 29 — 4y + 1 = 2v + 1. Then all possible 0;’s are
greater than or equal to 2y + 1. Hence, all elements of the set {o; : i € {1,...,v}} satisfy
0; +0; = 4y + 2, hence o; + 0; € 2T. It gives us a way to see what is t-translation, in
Definition 2.2. If g < 3, we can have situation such as 0o; <2y —1 and o; + 0; ¢ 2T. It

gives us a way to see that not all t-translations work well in this case.

Remark 3.4. Forgetting for a moment our results from Section 2.1, we observe that, with
this construction, Proposition 3.5 can be extended for all g = 3. In particular, inequality
N,(g9) < n., - 27 stil holds for all g = 3~. Notice that upper bound does not depend on
g. It implies that for a fized vy, N,(g) is an integer and a bounded sequence. By using
Bolzano- Weierstrass theorem, we conclude that there is an integer sequence {g,} such that

N,(gi) = N,(gj). It could be a previous evidence for Theorem 2.1.

In general, we have a self-inclusion {w;11 < -+ < w,} C {07 +2q¢:qc€
G(T) and ¢ < 2y —i — 1}. In these cases, choosing the numbers w; 1 < -+ < w, implies,
automatically, in the existence of ¢ € G(T) and ¢ < 2y — ¢ — 1 such that o; = o, + 2¢.
Depending on the index ¢ and the numerical semigroup 7', it is possible that exist more

than one ¢ in this situation.

Thus, we are again concerned with closed under addition condition. We have to
check, among the elements of the form o, + 2¢, with ¢ € G(T') and ¢ < 2y —i— 1, for which
of them there are t € T and ¢ € G(T') and ¢ < 2y —i — 1 such that o, + 2¢ + 2t = 0, + 2¢?

Last equality is equivalent to t = § — ¢ and implies the following
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Proposition 3.6. Let T € S, and g€ G(T'), with ¢ <2y —i— 1. If there aret € T and
g€ G(T), with ¢ <2y —1i—1, such that ¢ — q = t, then

0y + 24 € {wis1, ..., wy} implies that o, + 2q € {wiy1, ..., w,}.

Hence, it is important to compute all positive differences of elements in G(7T').
We introduce a graph related to T'. The vertex of this graph are the elements of G(T).
There is an edge connecting two vertex if, an only if, the difference between the numbers

represented by its vertex lies in 7.

Example 3.1. Consider T'= No\{1,2,3,6} € S4. The graph related to T is the following

Figure 3 — Graph related to T' = Ny\{1, 2, 3, 6}

We want to construct all numerical semigroups of the form
SZQTU{O4<03<02<01}USQ4.

Observe that 2y +2i +1=9+2i, 2y —i—1=T7—1 and

(t=1): {11+2¢:qe G(T) and g < 6} = {13,15,17,23},
(i=2): {13+2¢:qe G(T) and q < 5} = {15,17,19},

(i=3): {15+2¢:qe G(T) and q <4} = {17,19,21}.

In (i = 1), we have to choose {ws < ws < wa} from {13,15,17,23} with the
Jollowing restriction: if 23 € {ws < w3 < wy}, then 13 and 15 € {ws < wy < wy}. Hence, if
wy = 23, then 0o = 13 and o3 = 15. If wy # 23, then oy, = 17, 03 = 15 and 0y = 13. Thus,
#x T = 2.

In (i =2), we have to choose {ws < wy} among {15,17,19} with no restriction.

Thus, #x"1(T?) = (‘Z) =3.

In (i = 3), we have to choose {ws} among {17,19, 21} with no restriction. Thus,
3
#xHT?) = (1) = 3.
4

Hence, we conclude that #x*(T) = Z #xHT)=1+2+3+3+1=10.
i=0
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Following same idea in Example 3.1, we compute f.

Example 3.2. (y=2 and g =6)
Numerical semigroups with genus 2 are (3,4,5) = No\{1, 2} and (2,5) = No\{1, 3}. Observe
that 2v +214+1=5+2¢, 2y —1—1=3—1.

The graph related to Ay := No\{1, 2} is the following

1 2

Figure 4 — Graph related to A; = No\{1, 2}

Now, we compute #x *(A7). Observe that {7 +2q : ¢ € G(T) and q <

2} = {9,11}. Hence, we have to choose {ws} among {9,11} with no restriction. Thus,
2

#x 1A} = (i) = 2 and we obtain #x '(A;) = Z #x N A =1+2+1=4,

i=0
The graph related to As := No\{1, 3} is the following

1 3

Figure 5 — Graph related to As = No\{1, 3}

Now, we compute #x '(A3). Observe that {7+2q: qe G(T) and q < 2}

1
Hence, we have to choose {ws} among {9} with no restriction. Thus, #x 1)

2
and we obtain #x '(A;) = Z #x (A =1+1+1=3.
i=0

Thus, we conclude that fo = #x (A} + #x1(Ay) =4+ 3=1.

With a similar process for other values of v we obtain the following table:
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Ty + D) | S |0y 2
0 1 1 1

1 2 2 2

2 6 7 8

3 16 23 32
4 35 68 112
) 72 200 384
6 161 615 1472
7 312 1764 | 4992
8 603 5060 | 17152

Table 4 — First bounds for f,

First values of v show us that the bounds obtained in Proposition 3.5 are far

from f,, so it is of interest getting better bounds.

For v > 2, we define, for each k€ {0,...,v — 1},

Te =No\{l,....,y—1,v+k} €S,

For a fixed k, we are interested in finding out which sets of the form
S =2T,u{oy, <---<o01}uUSs,

with o, < ... < 0y odd integers in |2y 4 1,6y — 1] are numerical semigroups, i.e., which of

them returns a positive answers to Question 3.1, with 1" = Tj.

As usually, we write o, = 2y + 2i + 1, for some ¢ € {0,...,v}. With same
procedure we did, we know that it is equivalent to find out, for a fixed T}, which choices
for {w;11 < -+ < w,} from the set {0, + 2¢ : ¢ € G(1}) and ¢ < 2y — i — 1} such that
[27+1,67y=1]n2Z+1)\{27+1 <+ <2942i—1 < w41 < - <wy} = {0y, <+ <01}

gives a positive answer to Question 3.1.

For all i € {0,...,~}, one has
fo, +2,...,0,+2y—2,0,+2v+ 2k} 2 {0, +2¢:q€ G(T};) and ¢ < 2y — i — 1}

and

{o,+2¢:qeG(T) and g <2y —i—1} 2 {0, +2,...,0, + 27— 2}.
Observe that
1. Ifyv+k<2y—i—1,ie,i<~v—k—1, then

{o, +2¢:qeG(Ty) and ¢ <2y —i—1} ={o, +2,...,0y + 2y — 2,0, + 27 + 2k} .

7 elements
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2. Otherwise, i.e., i >y —k—1,

{o, +2¢:qeG(Ty)and ¢ <2y —i—1} ={o, +2,...,0, + 27 — 2}.
'y—le‘lgments

The graph associated to T}, is the following:

1 E k+1 v—1

v+ k

Figure 6 — Graph related to T, = No\{1,...,v— 1,7+ k}

By using this graph, we conclude that if # <y —k — 1, then

s - (o) (2 () (500

1 1
Here, o ) means that v+ k ¢ {wi41,...,w,} and (1) means that v+ &k € {wiy1,...,w,}.

The graph tells us that there is no restriction in the first case and it tells us that

1,...,k, v+ k} © {wis1,...,w,} in the second case.
g

If?e>~v—k—1, then

HxN(TF) = (7 B 1.)-

v —1
Thus, we have

Proposition 3.7. For all k€ {0,...,v— 1},

@) = Y =2 (1 )

1=0
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Proof. By last computations, we have

AT = YA (@)

O
Corollary 3.4. Let M, := 2" (1 + %) — 1. Then
My +(ny =)y +1) < fy <M, +(ny,—7)-2
v—1
Proof. 1t follows from the equality M, = Z #x 1(T}) and Proposition 3.5. O
k=0

With those bounds, we construct the following table:

YIM 4y =) v+ | fy [ Mo+ (ny—7)-27
0 1 1 1

1 2 2

2 7 7 7

3 23 23 27

4 62 68 95

5 153 200 266

6 374 615 1343

7 831 1764 4671

8 1810 5060 16383

Table 5 — Better bounds for f,

For v = 3, we can make a similar procedure with the numerical semigroups
Uk = NO\{]-)a,y_ 2,7,'7""]{:} € S"/)

for ke {1,...,v—1}\{y—2}.
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It is possible to show that, in this case,

= 3y 5
Z #x (Uy) + #x (U, 1) =27 (7 — ) - 3.
k=1

However, asymptotic behaviour of this function is still of type v - 27 and we cannot get

significantly better bounds.

Nevertheless, we can use Corollary 3.4 to prove the following:

Corollary 3.5.

Iy (7 1 n, Y +y
2 p T Ot -
v 1 49

O

Corollaries 3.3 and 3.5 can be put together and we have the following result

about the asymptotic behaviour of f:

Theorem 3.2. Let € > 0. Then
o h ot
lim =0 and lim = = oo.

1=® (20 + €)Y 7= 27

This result ensures that if f, grows exponentially, then it grows like 37, for

some 3 € (2,2¢]. We construct a table with a few values of f, and f,/f,_1:
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g f'y f’y/f'yfl
0 1
1 2 2.00
2 7 3.50
3 23 3.29
4 68 2.96
5 200 2.94
6 615 3.08
7 1764 2.87
8 5060 2.87
9 14626 2.89
10 | 41785 2.86
11| 117573 2.81
12 | 332475 2.83
13 | 933891 2.81
14 | 2609832 2.79

Table 6 — A few values of f, and f,/f,-1
By using those values, we suspect that 711_{1010 L = p* ~ 2.618 and this is a

v—1

previous evidence that 3 = ¢*. Next table shows us that first values of f, are closely to

ny,. We recall that from Zhai’s Theorem, the sequence (ny,) grows like ¢*7.

precisely:

v fy Moy fr/nay
0 1 1 1.00
1 2 1.00
2 7 7 1.00
3 23 23 1.00
4 68 67 1.01
5 200 204 0.98
6 615 592 1.04
7 1764 1693 1.04
8 5060 4806 1.05
9 | 14626 13467 1.09
10 | 41785 37396 1.12
11 | 117573 | 103246 1.14
12 | 332475 | 282828 1.18
13| 933891 | 770832 1.21
14 | 2609832 | 2091030 | 1.25

Table 7 — A few values of f,,no, and f,/ng,

By using Table 7, we conjecture that the sequence f., grows like ny,. More
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Conjecture 3.1. There is a positive constant C such that

lim ﬁ =C.

y—00 nQ'Y

Proposition 3.8. Conjecture 3.1 is equivalent to the following: there is a positive constant
C such that

lim f—; - C
Y00 © Y
2y
Proof. On one hand, we write f—; = ﬂ . H—Z On the other hand, ﬁ = f—; . (’D—. Now,
2 Ngy P N2y P77 Moy
we use Zhai’s Theorem and the proof follows. m

3.3 Further results

In Section 3.2, we conjectured an item about the asymptotic behaviour of f,. In
this section, we prove some conditional results based on that conjecture. Those suspecting

get stronger when we look at the following table:

R
v Iy N2y Fol Fy=1 | fo/nay fw+1/2 fi
=0

0 1 1 1.00 2.00

1 2 2.00 1.00 2.33

2 7 7 3.50 1.00 2.30

3 23 23 3.29 1.00 2.06

4 68 67 2.96 1.01 1.98

5 200 204 2.94 0.98 2.04

6 615 592 3.08 1.04 1.93

7 1764 1693 2.87 1.04 1.89

8 5060 4806 2.87 1.05 1.89

9 | 14626 13467 2.89 1.09 1.87

10 | 41785 37396 2.86 1.12 1.83

11 | 117573 | 103246 2.81 1.14 1.83

12 ] 332475 | 282828 2.83 1.18 1.82

13 | 933891 | 770832 2.81 1.21 1.80

14 | 2609832 | 2091030 | 2.79 1.25

2
Table 8 — A few values of f,, noy, f+/fy—1, f/n2, and f%l/z fi

i=0

Theorem 3.3. If Conjecture 3.1 holds, then Whrrolo ffw = ¢

n Noye1  Mo(y_
Proof. We can rewrite LT T L VR S G Y Then

~y—1 Noy  Noy—1 MN2y—2 fw—l
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ng,y

lim G = lim 22 . lim i 2L gy 20D

)
Y—00 f’y—l VO Mgy VDR Ny TP Ngy_g VD f’y—l

since all limits involved exist. Hence,

oy 1,
A
]
Theorem 3.4. If lim A = ¢?, then lim Syt =
120 fo ’ oo 3T f;

1 1 1
Proof. First of all, notice that — ~ 0.382. Since lim f = —, let, for each € € (0, ),
@ O fr @ 3

1 fi
€):=min{ieN: — —¢ < -2
70() { @? fj+1

1
<2+€,VJ>Z}
¥

For v > vo(€) = o,

fot -+ foa+t ot 1y _ f0+"'+f’yofl+f’}’0 +f70+1+--'+ fy
Jyi S Frr o fyn Fr
B fo+-+ [y o o Sfront Iy
= + . +
f7+1 f'yo+1 f70+2 f7+1
Jror1 Jroe2 h Fy
+ : oot
f'yo+2 f70+3 fv+1 f"Y“
T 1 Tt
< b f”°1+(2+e> +
f'erl 2

1 Y—"70 1

1
For each € € (O, 3), fo+ =+ fye-1 is a finite number. Also, by hypothesis,

(f,) is an increasing sequence, for large enough ~. If the sequence is bounded, then it

converges to a number. Thus lim I = 1, which is a contradiction. Hence, the sequence

y—00 f’y—l
is not bounded and we conclude that lingo fy = o0 and
’y—)

lim Jot o+ froo-1

y—00 f’Y"rl

= 0.

Notice that
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1
is the geometric series with radius — + € that lies in (0.38,0.72). Thus, this value is

¥
st o 1+ey?
1— é—i—e) @ — (1 +ep?)
4o+ B 1 7—0+1 1 Y0 1
Hence, if A(e, ) := fo Fro 1—1—(2-1-5) +(2+5) +...+<2+€)7
S @ @ @
then, for each e € { 0, 3)
fot -t ho@-1thot ot Afe,y) 2% LT e’
f'y+1 ’ 902 - (1 + 6902).
By making similar process, we conclude that
fo_|_..._|_J",YO(€)_1_|_fﬁ/0(e)_|_..._|_f,7 - f0_|_..._|_f’m(e)_1 N (1_6)"/’70+1+
f7+1 f7+1 902
1 =70 1
+(— —e R
(=) (e
Y—0 ]. - 6@2

©? — (1 —ep?)’

1
Observe that, in this case, the geometric series radius is — — € that lies in
2

(0.04,0.39).

Hence, for all € € (0, ;)

1 —ep? + ot 1+ ep?
: €p : <1imf° fvg : €p -
©? — (1 —ep?) "= fi ©? — (14 ep?)

By making € — 0, we conclude that
Z:o fi 1

li !
m = = —
Yo®© f'y+l 902 -1 2

9

thus
. f'y+1

lim

= ¢,
R Z;‘Y:O fi

completing the proof.



4 Fibonacci like and not like behaviour of

(ng)

Let (F,,) be the Fibonacci sequence, i.e., Fyp =0, Fy =1 and Fy,,o = F, 11 + F),
for all n € Ny. The first few numbers in this sequence are (0, 1,1, 2,3, 5,8, 13,21, 34, 55,89, .. .).

We recall that Bras-Amords (3) conjectured two items about asymptotic be-
haviour of (n,) (being them similar to Fibonacci sequence) and Zhai (29) proved that she

was right.

In this chapter, we prove some other asymptotic properties of (n,) sequence
that are the same as Fibonacci sequence. We also prove an asymptotic property of (n,)

that is different from Fibonacci sequence.

4.1 Fibonacci like behaviour of (n,)

In this section, we prove analogous asymptotic properties of sequence (n,) that

are similar to Fibonacci sequence.

Proprieties. Let (F,,) be the Fibonacci sequence. Then

(1) F, = cp—\(/gp) (Binet’s formula). (4) Fy + Ff + -+ F? = F,F.1.
(2) F2 = Fy 1 Fy 1+ (=1)" (5) Fo+ Fod -+ Fop = Fop 1.

3) b +Fi+- -+ F,1=F,—1
Corollary 4.1. Let (F},) be the Fibonacci sequence. Then

. Fn+1 . anl + Fn
1) 1 = d lim —— =1.
(1) Jim =g = =pand - lim ==
F2
(2) lim o =1.
n—w n+1Fn—1
" F K )
(3) lim Zizo Fi =¢ and lim Zizo Fi =1.
r O F? "OF?2 1
(4) lim 72’:02 ~“=¢ and lim 21220 2= —.
n— o0 Fn n—ao0 ntl 90
(5) lim 2izo P =¢ and lim 2o P =1.

n—aoo n—ao

2n 2n+1
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Theorem 4.1. Let (n,) be the sequence of number of numerical semigroups with genus g.

Then
-1+
(1) lim fgt1 _ ¢ and lim Bg=t TNy _
g—0 ng g—0 ng+1
2
n
2) lim —9% — =1,

g—0 ng+1ng,1

g . g—l )
(3) lim im0 _ p. and lim 2izo i = 1.

g—0 ng+1 g—0 nngl
g 2 g 2
. oM ) N o 1
(4) lim <=0—" = and lim 50—+ = —
g—0 ng g—0 ng+1 90
g g
. 0 124 . —o T2q
(5) lim &= = and lim &== =1,
g—0 n29 g—0 n29+1

Item (1) is a consequence of Zhai’s Theorem, noticed by him. Item (2) is a
consequence of (1). For items (3),(4) and (5), we use same ideas we used in proof of
Theorem 3.4.

Proof. (of item (2)) We only have to observe that

2
"y _ Mg Mg goo

Ng+1Mg—1 Ng+1  MNg—1
—

-1 -
@

Proof. (of item (3)) We enumerate the steps of the proof:

1
I lim —2 = — ~ 0.62.
g—0 ng+1 gp
II. For each e € [ 0, = | define go(€) :=min{ie N: — —¢e < <—+4eVji=ip.
3 @ Njy1 @
III. For g » 0, (n,) is increasing. Since lim Mo 4 1, then lim n, = oo.
g—0 ng+1 g—x0
IV. For g > go(€) = go,
—go+1
o+ A Mgyt gy £ bRy Mok g (1+6>9 % N
Ng+1 Ngt1 2
1 9—90 1
—i—(—i—e) —i—---—i—(—i—e)
¥ ¥
g0 1+ep

o — (14 ep?)
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and
no+ -+ Ng_1+Ng, ++n no+ -+ Ngy— 1 9901
0 go—1 go g - 0 90 1+(_€) +
Ng+1 Ng+1 2
1 g—go 1
+<_6) by <_)
2 2
g—0 1 - 690
p—(1—ep?)
1
V. Hence, for all e e | 0, 3)
1—ep <hmno—i—---—i—ng< 1+ep .
p—(l—ep) 97 ngy o —(1+ep)
. . ?:0 T 1
VI. By making ¢ — 0, we conclude that lim = = (.
g_KD nngl SO - 1
To the other part, notice that
n0+---+ng_no+---+ng_1+ Ng
Ng+1 Ng+1 Ng+1 .
—p _)l
©
Hence o1
i n; 1
lim 721:0 =p——=1,
g—x nngl (p
compliting the proof. O

Proof. (of item (4)) We enumerate the steps of the proof:

1
I lim 49 — = ~ 0.62.

97%C Ng 11 ¥

1 1 ; 1
II. For each e € { 0, ) define gp(€) := min {z eN:——e<—2 -y €,Vj > i}.
3 2 Njy1 @

n
III. For g » 0, (n,) is increasing. Since lim —— % 1, then lim n, = oo.
g—0 ng+1 g—a0
IV. For g > go(€) = go,
° 2 ° < 3 e + — +c +
ng ng 90
1 271990 1 2
+ (—i—e) + - —i—(—i—e) +1
¥ ¥
g—0 @2

02 — (1 + 2pe + p2e2)



Chapter 4. Fibonacci like and not like behaviour of (ng) 57

and
2 2 2 2 2 279901
ng 4+ Fng g Fng A ng ng 4 ng g 1 N
n2 > n2 + ;—E
g g
g—g
1 2 0 1 2
+ (| ——¢€ +-+ | ——€) +1
2 2

g—0 QO

V. Hence, for all € € (O, ;),

2 ng+---+n? 2
2 - oy < : 2 < 2 - 2.2\
©? — (1 — 2pe + @2€2) ~ g n? ©? — (1 4 2pe + @2€?)
9 n? 2 2
VI. By making ¢ — 0, we conclude that lim 1=g L= ;0 . ©.
g—0 n —1
g 2 ¥
9 2 9 2 2 9 2
, A an; on o n; 1 1
Since =450 % Zz:g L. =% then lim =50— = - ;= ]
Mg 1 ng Ngt1 g—® Ngt1 ' 2

1 1 j 1
II. For each e e (0, 3) define go(€) := min {z €2N:— —e< U, +€eVi= Z}
¥

. : . .o .
III. For g » 0, (n,) is increasing. Since lim # 1, then lim n, = 0.
g—0 ng+1 g—0

IV. For g > go(€) = go,

97970
n0+n2---+ngo,2+n90+---+nzg < n0+"'+ng02+(12+6) 2 +
Nag Nog ¥
1o\ 1
+(2+6) ++(2+€)+1
¥ ¥
gro0 Y
©* — (14 ¢%)
and
g,@
Ng +Ng -+ Ngg—a + Ngy + -+ Nyg S n0+"'+ng0—2+(12_6) ’ +
ngg n29 2
1 \E 1
' ¥
2
g—0 90
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V. Hence, for all € € (O, ;),

2

L <limn0+“.+n29< L4
02— (1 — %) g Nag ©? — (1 4 p2e)
9 s 2 2
VI. By making € — 0, we conclude that lim iz ™2 = ;0 _¥ _ ©.
970 Nag p*—1 %2
Since Lizo ™2 ZZFO AN , then limﬁzgo-—zl. O
N2g+1 Nag N2g+1 970 Nggy1 2

4.2 Fibonacci not like behaviour of (n,)

Zhai’s Theorem shows us that

where p is a constant greater than 3.78. By Binet’s formula, we have

lim — = — ~ 0.45.
V5

nﬁa)¢n

It shows us that (n,) and (F,) are not (asymptotically) the same. In Theorem 4.1,
we obtained some asymptotic properties of sequence (n,) that are exactly the same as
the Fibonacci sequence. Now we prove an asymptotic property that (n,) satisfy that is
different from Fibonacci sequence. We know that F2 + F> | = Fy,41, for all n. Thus,
Fr+ Fr

2n+1

lim
n—>o0

= 1. We prove

Theorem 4.2. Let (n,) be the sequence of number of numerical semigroups with genus g.
Then

2 2

.ong+ngy

lim —4—* — /5y > 8.
9P Naggyt

Proof. We can rewrite

2, 2 2 2g+1 2 2g+1
Mg + Mg g ¥ 1 Ngt1_ ¥

Nogy1 0% nggyr @ @D ngg 4

2 2
_ (ng) . p20+1 1 N (ng+1) . 20+l ;
wI Nogy1 @Itt Nog41
wQ_/ —— —_——— ——

1 1
— S — 1
u » I

. |
25 u<¢+s0)=u\/5>87

completing the proof. O
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5 A generalization of ~-hyperelliptic semi-

groups

In this chapter, we generalize the idea of y-hyperelliptic semigroups (cf. (26))
and prove some basic results which naturally generalizes results from Chapter 2. Torres
(26) studied some arithmetic properties of generalized ~-hyperelliptic semigroups, when he
was dealing with M-sheeted covering of curves (in particular, it generalizes the double

covering of curves).

Let S € S, with set of gaps G(S). For a positive integer M, we define
ym(S) =#{keG(S): k=0 (mod M)}.

If v (S) = v, we say that S is a (M, vy)-hyperelliptic semigroup. Notice that a (1,7)-
hyperelliptic semigroup is a numerical semigroup with genus v and a (2, v)-hyperelliptic

semigroup is a y-hyperelliptic semigroup.

Let 7, g and M non-negative integers. We define S(pr4)(g) 1= {S € Sy : 7m(S) =
v} and Ny (9) := #S)(g). Throughout this chapter M is an integer greater than or
equal to 2 and we write (=) i) to denote the set of integers congruent to ¢ modulo M

and (s, 1) for its complement in Z.

Proposition 5.1. Let S be a (M,~)-hyperelliptic semigroup with genus g. Then
29
< |-

2
Proof. The gaps of S lies in [1,2g], but there are L\jJ multiples of M in that interval;
the result follows. O

In order to generalize last proposition, we follow the ideas of Lemma 2.1 to get

a sharper bound relating v, g and M for (M, ~)-hyperelliptic semigroups with genus g.
Theorem 5.1. Let S be a (M, ~)-hyperelliptic semigroup with genus g. Then

2g = (M + 1)y.

Proof. 1f 2g = 2M~, then 2g = (M + 1)v, since 2M > M + 1, for all M > 1. Suppose
2 2
2g < 2M~. In [1,2g], there are L\jJ numbers (=), 0), which « are gaps and L\jJ — 7y are
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2 2
non-gaps, and 2g — L\jJ numbers (), 0), which g —~ are gaps and g — L\§| + v are non-

gaps. Let ¢; < -+ < ¢, be the gaps (=) 0) of S and Tgm|22 |4+ < .-+ <7y be the non gaps
M
(#m 0) in [1,2g]. Notice that ¢, —r; ¢ S, for all ¢ (otherwise, S 3 r; + (¢ — i) = ¢, ¢ 5).

For ¢ such that ¢, — r; = 0, all numbers ¢, — r; are gaps (£ 0). Notice that

-y S 29— (MO+1) =29 — [(M —1)(+1] -4
JRCTSEE <29 —(Ml+2)=29—[(M—-1)¢+2] -1

[ "—Der-1 S 29 — (Ml+M—-1)=29g—[(M—-1)+M-—-1]—¢
Writing ¢ = (M — 1)¢ + k, with k€ {1,..., M — 1}, we conclude that

1
<29—1—
r qg—1 {M—lJ—i_e

where e =0,if k #M —1lande=1,if k=M — 1.

M
Claim. ¢, < 2(g — )
aim. ¢, <2(g 7)1
We follow the idea of the proof of the Claim in Lemma 2.1: we suppose
M
¢, = 2(g — 7)M . + 1 and we construct ¢ — v + 1 gaps (£ 0), which leads to a
contradiction.
: 29 29 :
We know that for 7 € { 2y — w9y + ¢, gy —riisagap (Fum 0).

2
For all 1+ > 2y — Mg , we obtain

¢ -1 > [2(9—7)M]\{1+1]—[2g—i—{Mi_1J+6]

| i
= 2(g W)M_l—i—l—Qg—i—z—i—{M_lJ—e
oM oM 29 2y - [3])

> - 129+ (27— |2 i

M1 m—1"" 9+<7 {MJ)JF{ M—-1 | €

M M 2y - 5]

2 —1]-2 —1)+1- M2 _1-

~ g(M—l ) 7(M—1 )+ M+ M1 ‘

1 1 29 2y | 2|
> 2 9 .
9<M—1) 7<M—1) MTM-1 M-1 ¢
1 1 29
> 2 S
9<M—1 M) MM —1) €
1 1
> 2 1
g (M(M— 1) M(M— 1))
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2
Thus, ¢,—r; = 0, forall i > 2y— L\jJ Then, there are, at least, g—v+1 different

gaps (£ 0). In fact, we proved that all numbers ¢, — Top|28] <0<y T Ty |24y ATC
M
different gaps (#,s 0) and this is a contradiction. Thus, ¢, < 2(g — 7)M T
There are {(9]\})1\4_1‘ = {](\Z_Z)J numbers (=, 0) in [M, 2(g — V)M — 1],
2(g — 2(g —
where v are gaps. Thus, ](\j' Z) > { ](\j' ¥)| > v and we conclude that 2g — 2v >

(M — 1)y. Hence, 2g = (M + 1).

Proposition 5.2. Theorem 5.1 is sharp.

Proof. We construct a (M, ~)-hyperelliptic semigroup with genus ¢ that satisfies the
equality 2g = (M + 1)y. We consider two cases: vy even and 7 odd.

o If v is even:

In this case, a numerical semigroup satisfying 2g = (M + 1)~ is

M-1

S := Np\ <{M,2M,...,M'y}u | {z,M+z,..‘,M(g—1)+z'}>.

i=1
Notice that 0 € S and S has v gaps (=) 0). For each i € {1,..., M — 1}, there are /2
gaps (= 7). Hence, g(S) = v+ (M —1)7/2 = (M + 1)v/2.

For each i #), 0, the first non-gap (=) ¢) is Mv/2 + i and all numbers

M~/2 + ki, with k € N are non-gaps. The first non-gap (=, 0) is M(y + 1). Hence, for all
a,be S, it follows that a + b > M~/2 + M~/2 = M~y and a+be S.

o If v is odd:

In this case, M must be odd (otherwise, equality does not occur). Let

M—1
-1
S = N\ ({M,QM,...,My}u U {z’,MH‘,...,M(”Q—l) +z}> .
i=1

With a similar procedure to the other case, we obtain g(S") = v+ (M —1)(y —
1)/2 = (M +1)(y —1)/2 + 1. We want to construct S turning some non-gaps of S’ into
gaps of S such that ¢(S) = (M + 1)v/2. Hence, we have open (M — 1)/2 non-gaps (%, 0)
carefully. In order to obtain a closed under addition set, we can open first (M — 1)/2

numbers of form M (y —1)/2 + i. Hence,

S:S’\{WH,...,

M(y-1) M-1
> T }
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Now we show that S is, in fact, closed under addition. Let a,b € S with a =), ¢
and b =), 7J.
* Ifi=7=0,thena+be S, sincea+b=y 0and a+b>= M(y+1).
x Ifi=0and j#0,thena+be S, sincea+b=), janda+b=b.

*» If0<id,j < (M—1)/2, thena = M(y+1)/2+7iand b = M(y +1)/2 4+ j. Thus,
a+b=MH+1)+(i+j)eS.

*» f0<i<(M—-1)/2<j<M-—1,thena=M(y+1)/2+iandb= M(y—1)/2+ .
Thus, a + b= M~y + (i + j) € S.

* If 4,7 > (M —1)/2, then @« = M(y—1)/2+ ¢ and b = M(y —1)/2 + j. Thus,
a+b=MH—-1)+(+j)>MFHr—-1)+(M—1) = M~ —1. Since i + j #p 0,
a + b > M~ and we conclude that a + b€ S.

O

Remark 5.1. Theorem 5.1 improves the Proposition 5.1. For example, if M = 3, Propo-
3
sition 5.1 gives g = % and Theorem 5.1 gives 2g > 4, i.e., g = 2.

Definition 5.1. The quocient of a numerical semigroup S by a positive integer M is

S/M :={seNy: Mse S}.

Let v be a non-negative integer. There is a natural parametrization of the

family Sar4)(g) onto S, given by

XM,g . S(Mﬁ)(g) — S,Y
S S/M

which is a surjective map.

Remark 5.2. Indeed, any S € S (g) can be uniquely written as
S = M(S/M) U {Og_,'_,y_l%J < e < 01} )/ Sgg

where o ,...,01 are certain numbers (£qo M) in [1,2g — 1].

v

Remark 5.3. For g and v non-negative integers, we write

Naroy(9) = D #xarg(T):

TesS,
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Let S € S(uy)(g9)- Remark 5.2 tell us that there is natural way to obtain the
gaps and non-gaps (=, 0) of S from a numerical semigroup T € S,: if {Mq,...,Mgq,} is
the set of gaps (=j; 0) of S, then it can be obtained by multiplying by M the gaps from
No\{a1,...,¢,} € S,. Moreover, T' is uniquely determined (7' = S/M).

Reciprocally, given T' € S, we can obtain a (M, )-hyperelliptic semigroup S
of some genus g by multiplying by M the gaps of T" and making a suitable choice on the
numbers (#); 0) that are gaps or non-gaps of S. Notice that not all choices for those
integers return numerical semigroups (some sets are not closed under addition) and in
general S is not uniquely determined (in general, the fiber X]T;,Q(T) has more than one

element).

Now we look for conditions that a (M, y)-hyperelliptic semigroup with some
genus ¢g = (M + 1)v/2 has to attain. In fact, let 7" € S, and consider all sets

S=MTu{o J<...<01}uSgg,

where the numbers o; are numbers (%, 0) less than 2g.

From definition, S € Ny, 0 € S and Ny\S has v elements (), 0). There are

2 2
29 — L\jJ numbers (£, 0) in [1,2g — 1], such that g + v — l]\/g[J of them lies in S. Thus

No\S has g — v elements (£, 0) and #(Ny\S) = g. Hence we conclude that S € Siur.4)(g)
if, and only if, S is closed under addition. Moreover, the part (=5, 0) of S is closed under

addition, since T is.

Let T € S,, where T' = No\{q1,...,qy} and T'n [0,27y] = {to = 0,t1,...,t, =
27}, we have that Mty =0 < Mt <--- < Mty < Mt, = 2M~ are non-gaps (= 0) of
S and Mg, <...< Mg, are the gaps (£ 0) of S.

Let O; :=min{se S :s=1¢ (mod M)} = Mk; +i, for i € {1,...M — 1}. By
closed under addition condition, we conclude that O; 4+ 2¢; must be a non-gap of S, for all

i and j and (O; +2M~y) + Ny < S, for all j. Notice that, at first, there are no necessary

conditions on each number O; + Mg;. We illustrate it below:
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Maq, ce Mg,
0=Mt, Mt, . Mt, Mt, = 20
1 01 — M Ol + ]\/[(]l ... Ol + ]quﬁy
) ) O, 01 + Mty S 01 + Mtn/_l O + QM,-}/
M—-1 Opy1—M Op-1+ Mg o On1 + Mg,
) ) On-1 Opy_1+ Mty -+ Opq+ Mtﬂy_l On—1+ 2M~y

Figure 7 — Configuration of a (M, ~)-hyperelliptic semigroup

We obtain upper and lower bounds for the sum of the numbers O;’s in a

(M, ~)-hyperelliptic semigroup S with genus g only depending on v, g and M.

Proposition 5.3. Let S be a (M,~)-hyperelliptic semigroup with genus g and
O;:=min{se€ S:s=i (mod M)}, forie{l,...,M —1}. Then

M & M
Mg—MnyJr(Q) <) Oi<Mg—M7+(2).
i=1

Proof. For each i, let O; = Mk; +1iand Mgqy, ..., Mg, be the gaps (=5 0) of S. Then the
k; numbers i, ..., Mk; — (M — i) are gaps (= i) of S and the only possibilities for other
gaps (= 1) of S are O; + Mq,...,0;+ Mgq,. Thus ’y—i—Zk ”y—l—Zk-—i—

and g — M~ < Z ki < g —~. Multiplying last inequality by M and adding Z 1, we obtain

1 M—-1

M-—1 M—
+ i< > (Mki+i) < Mg—My+ > i, ie
=1

i=1 i=1

<)) OigMg—M%L(Q).

i=1

M

Mg—M27+(2

N——

O

In particular, last result improves an immediate consequence of (26, Lemma
2.1). He proves that for in an integer O in a (M, ~)-hyperelliptic semigroup with genus g
such that ged(O, M) = 1, the following holds
2g — 2M~

0=
M—-1

+ 1.
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This implies that
M—1
0= 29— 2My+ (M - 1).
=1

Remark 5.4. Notice that our (M,0)-hyperelliptic semigroups are those considered by
Kunz-Waldi (16, p.1). In fact, Naoy(g) is the number of numerical semigroups with genus

g containing the integer M.

We recall that a quasipolynomial of degree d is a function f : N — C of the form
f(n) = ca(n)n® + cq_1(n)n* + ... + co(n) such that each ¢;(n) is a periodic functions,
with integer periods and c¢; # 0. This means ¢; depends only on the congruence class

modulo an integer.

Using Kunz and Waldi (16) results, we conclude that N0)(g) agrees with a

quasipolynomial of degree M — 2. For instance,

2
9 9 9
Neo(9) =1, Ngoylg) = {gJ +1 and  Nyugy(g) = {12 + QJ +1.

We compute some values of N .y(g) and Ny .)(g) with GAP (13) and the
package NumericalSgps (10). There are two tables with those computations in the end of

this chapter.

We would not be a surprise if the following holds: let v be a non-negative
integer. Then, for all M = 2, Ny1)(9) < Ny (g + 1), for all g.

Remark 5.5. If there is some M such that

Nouy(9) < Ny (g + 1), for all g,

then ng < ngy1, for all g, since




0 1 2 3 4 ) 6 7 8 9 10 11 12 13 Ng
0 1 1
1 1 1
2 1 1 2
3 2 2 4
4 2 4 1 7
5 2 4 6 12
6 3 6 12 2 23
7 3 8 19 9 39
8 3 8 26 28 2 67
9 4 10 33 57 14 118
10 |4 12 41 94 51 2 204
11 |4 12 49 127 132 19 343
12 |5 14 57 170 255 88 3 592
13 |5 16 66 208 414 263 29 1001
14 |5 16 74 250 591 618 136 3 1693
15 |6 18 82 300 787 1153 478 33 2857
16 [6 20 91 345 998 1858 1282 203 3 4806
17 |6 20 99 388 1199 2688 2800 801 44 8045
18 |7 22 107 440 1423 3622 5153 2406 283 4 13467
19 |7 24 116 485 1671 4632 8345 5885 1244 55 22464
20 |7 24 124 529 1898 5694 12266 12285 4174 391 4 37396
21 |8 26 132 581 2142 6787 16814 22260 11502 1878 64 62194
22 |8 28 141 626 2398 7962 21818 36073 26731 6951 506 4 103246
23 |8 28 149 670 2630 9176 27162 53527 53950 20882 2707 74 170963
24 |9 30 157 722 2876 10406 32819 74283 96496 53441 10926 658 ) 282828
25 |9 32 166 767 3133 11665 38677 97756 156275 118854 36000 3796 94 467224
26 |9 32 174 811 3365 12936 44744 123272 233470 234058 100478 16633 845 5 | 770832

Table 9 — A few values for N3.(g)

sdnoubiwos on1dyjasadiiy-L fo uoyvzyvlouab 7 ¢ 43dny))

99



0 1 2 3 4 5 6 7 8 9 10 Ng
0 1 1
1 1 1
2 2 2
3 3 1 4
4 4 3 7
5 5 9 2 12
6 7 10 6 23
7 8 16 15 39
8 10 22 33 2 67
9 12 31 58 17 118
10 |14 42 96 49 3 204
11 |16 52 141 118 16 343
12 |19 65 205 247 26 992
13 |21 80 285 441 171 3 1001
14 124 94 378 735 425 37 1693
15 |27 111 487 1122 939 167 4 2857
16 |30 130 618 1627 1838 532 31 4806
17 | 33 148 757 2238 3239 1470 470 8045
18 |37 169 913 3036 5331 3437 540 4 13467
19 |40 192 1089 3971 8215 7141 1752 64 22464
20 |44 214 1275 5065 12043 13515 4838 397 5 37396
21 |48 239 1476 6325 16971 23554 11916 1614 51 62194
22 |52 266 1699 7735 23097 38547 26180 5383 287 103246
23 |56 292 1929 9301 30480 59635 52515 15452 1298 5 170963
24 |61 321 2177 11028 39281 88113 97443 39302 5004 98 282828
25 | 65 352 2444 12909 49572 125218 168717 90543 16632 766 6 | 467224

Table 10 — A few values for Ni4(g)

sdnoubiwos on1dyjasadiiy-L fo uoyvzyvlouab 7 ¢ 43dny))

L9
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6 Patterns on numerical semigroups

In this chapter, we discuss another topic related to numerical semigroups. We
forget, for a moment, the problem of counting numerical semigroups by genus and we now
study the concept of Patterns. It was introduced by Bras-Amorés and Garcia-Sénchez (8)
as a generalization of Arf semigroups (numerical semigroups S that satisfies the following:
forall z >y > 2z, with z,y and z€ S, z +y — z € 5); see (1) and (17). A linear pattern is
a linear homogeneous polynomial with non-zero and integer coefficients. In 2013, Bras-
Amorés, Garcia-Sanchez and Vico-Oton (9) introduced non-homogeneous patterns and in

2016, Stokes (23) worked with patterns of ideal of numerical semigroups.

6.1 Some definitions and previous results on patterns

In this section, we present definitions and important results. Some of them can
be found in (8) and (23).

Following (8), a pattern p of length n is a homogeneous linear polynomial

p= 2 a; X;, where a; € Z\{0} and the set {p(s1,...,8,) 181 = -+ = S, s; € S} is denoted
i=1
by p(S). A numerical semigroup S admits a pattern p if p(S) < S and a pattern p is said

admissible if there is a numerical semigroup S that admits p.

Lemma 6.1. (8, Theorem 12) Let p = Z a; X; be a pattern. The following are equivalent:
i=1

1) p is admissible.
2) Zai > 0, for all n’ < n.

=1

=

3) p(No) € No.

7

Proof. 1) = 2) : Suppose that there is n’ such that Z a; < 0. If S is a numerical semigroup
i=1

nl

and s is a non-zero element of S, then p(s,...,s,0,...,0) = s- Z a; < 0, thus not in S.
- i=1

n/

Hence, p is not admissible.
2) = 3) : Let z; = --- = z, be non-negative integers. Then p(z1,...,2,) = 2, - Z a; = 0,

thus a non-negative integer.
3) = 1) : It follows from the fact that Ny admits p. O
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A pattern p is strongly admissible if p and p’ are admissible, where

= p— T, ifa; > 1
p(0, 1, ..., 2,—1), otherwise.

Lemma 6.2. (23, p. 186) Let p = Z a; X; be a pattern. Then p is a strongly admissible
i=1

pattern if, and only if, Z a; =1, for alln' < n.
i=1

n/

Proof. By Proposition 6.1, we have Z a; = 0,Yn' < n.
i=1

o Let a; = 1:

! 7

Since p' = Z a; X;_1 is admissible, then Z a; = 0,Yn' < n. Thus, Z a; = 1,¥n < n.

=2 =2 i=1

o Let a; > 1:

7

Since p’ = (a; — 1) X, + Z a; X; is admissible, then —1 + Z a; = 0,Yn' < n. Thus,

=2 i=1

n/
Zai > 1,0’ < n.
i=1

!

Now assume that Z a; = 1> 0, for all n’ < n. By Lemma 6.1, p is admissible. Next we
i=1
show that p’ is also admissible.

o Let a; = 1:

n n’
In this case, p’ = Z a; X;_1. Then Z a; = 1—a; =0, for all n’ such that 2 < n’ < n.
i=2 i=2
Thus, p’ is admissible.

o Let a; > 1:

7

In this case, p' = (a; — 1) X7 + Z a;X;. Then —1 + Z a; = 0, for all n’ < n. Thus,
i—2 i=1
p’ is admissible.

]

Let S be a numerical semigroup and let p be a pattern (from now on, a pattern
means an admissible pattern). Now, we look for conditions on the set p(S) so it is a
numerical semigroup. Notice that p(S) < Ny, 0 = p(0,...,0) € p(S) and p(S) is closed
under addition. In fact, if sy = --- > s, and ry = --- = r,, with s; and r; € S, then

S1+711 =+ = 8,41, are all elements in S; since p is linear, p(sy,...,$,) +p(ri, ..., 1) =
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p(s1+71,..., 8, + 1) €S. Thus, p(S) is a numerical semigroup if, and only if, No\p(S) is
finite.

n n
A pattern p = Z a; X; is premonic if there is n’ < n such that Z a; = 1 and it
i=1 i=1
is monic if a; = 1. In particular, all monic patterns are also premonic.
Lemma 6.3. (8, Proposition 22) Let p be a premonic pattern and S be a numerical

semigroup. Then p(S) is a numerical semigroup.

Proof. We show that S < p(S) and then No\p(S) < Ny\S, being the last one a finite set,
smce S is a numerical semlgroup Let s € S and observe that there is n’ < n such that

Zaz—l Then s = s - 1—1—0—2@1 s+ Z a;-0=p $,0...,0). O

7

i=n'+1
n

Corollary 6.1. Let p be a premonic pattern admitted by a numerical semigroup S. Then

p(S) = 5.

Proof. 1t follows from the inclusion p(S) < S. O

n
A pattern p = Z a; X; is primitive if ged(aq, ..., a,) = 1. By ged properties, a
i=1
premonic pattern is also a primitive pattern. Next result improves Proposition 6.3.

Lemma 6.4. (23, Corollary 4) Let p = ZaiXi be a pattern and S be a numerical
i=1
semigroup. The set p(S) is a numerical semigroup if, and only if, p is primitive.

Proof. We only have to prove that No\p(S) is finite if, and only if, p is primitive.

Suppose p not primitive, i.e., ged(ay,...,a,) = d > 1. Then p(S) < dN; and
No\p(S) is an infinite set. On the other hand, suppose p primitive.

Claim. p(S) & dZ, for all d > 1.

Let d be an integer greater than 1, ¢ = ¢(S) be the conductor of S and s € SNdZ,
with s = ¢. By hypothesis, s + d > s + 1 > s are elements of S, with d | s,d | s + d and
s+1=1 (mod d). Also, there is a; such that d { aj. Then,

p(S)ap(s+d,....,s+d,s+1,s....8) =ap(s+1)=a, £0 (mod d)
[\ ~ J | S —

k—1 n—k

and the Claim follows.

Now, since p(S) is closed under addition and p(S) ¢ dZ, for all d > 1, it follows
that p(S) has finite complement in S. O
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Next, we obtain a condition involving the multiplicities of the numerical semi-
groups S and p(S).
Proposition 6.1. Let S be a numerical semigroup of multiplicity m(S) = m and p =

Z a; X; be a strongly admissible primitive pattern. Then m | m(p(S)).
i=1

Proof. First of all, notice that p(S) is a numerical semigroup, since p is primitive. We
J
show that there is j € {1,...,n} such that m(p(S)) = m - Zai. Let k€ {1,...,n} and

=1
S1y ..., 5, € S\{0} such that s; = -+ = s;. Then

p(Sl,...,Sk,O,...,O) @181 + agSo + -+ - + Qg Sk

A\

(a1 + ag)ss + agss + -+ + apsi

\Y

(a1 + ao +a3)53 + .-+ agSg

\
£
+
+
S
Z
YA
B

v
3
g
2

J k
Let j € {1,...,n} such that Zai < Zai, for all k. Thus, p(m,...,m,0,...,0) <
i=1 i=1 T
J
p(m,...,m,0,...,0) and we conclude that m(p(S)) = p(m,...,m,0,...,0) = m-Zai.
i—1

]

Let P;f (S) be the set of patterns of length at most n and degree at most d
admitted by S. We write P,(S) to denote the set of linear patterns of length at most n

admitted by a numerical semigroup S.

Lemma 6.5. (23, Lemma 31) The set P4(S) with the usual sum is a monoid, for all

numerical semigroups S.

Proof. Let S be a numerical semigroup. It is clear that 0 is admitted by S. Let p and
q € Pg(s) Since (p+q)(31""78n) :p(817"'78n)+Q(817"'737L) € Savsl = = Sny
with s; € S, then p + ¢ is also admitted by S. O]
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6.2 Linear patterns of length two

In this section, we present results we obtain after some nice discussions with
Klara Stokes.

Let S be a numerical semigroup. We observe that P, (S) € P,+1(S), Po(S) =
{0} and P1(S) = {aX : a = 0} (otherwise, if 0 # s € S € Ny, then p(s) = as < —s < 0).
We can identify P;(S) with Np.

Proposition 6.2. Let S be a numerical semigroup. Then P,(S) < P,(Np).

Proof. 1f p € P,(S), then p is admissible. By Proposition 6.1, Ny admits p. O

We have P,(Ng) = {Z a; X Z a; = 0,Vn' < n} and we can identify P, (Ny)

with integer points (aq,...,a,) at R" such that Z a; = 0, for all n’ < n. From now on,

i=1
n!

we identify P, (Ng) with ©,, := < (a1,...,a,) € Z" : Z a; = 0,Yn' < np and P,(S) with
i—1

Q,(9) :={(a1,...,an) €Z" : a1y X1 + ... + a, X, € Pn(5)}. Notice that N} < Q,,(5) < €,

for all numerical semigroups S.

CL1:0

a1+a2:O

Figure 8 — ), consists of integer points at green’s region

Let S be a numerical semigroup. Computing 25(S) is equivalent to check
which patterns p(X,Y) = aX + bY are admitted by S. We consider the case a # 0 and
b # 0 (otherwise, we obtain patterns of length 0 or 1). We have to check which points of
Q5 (9) :=={(a,b) € Z*:a > 0,a+b >0 and b < 0} also lies in Q5(S). Since the coefficient
of Y has to be negative, we consider patterns of the form p(X,Y) = aX —bY, with a,b > 0
and a — b = 0.

Proposition 6.3. Let S be a numerical semigroup and p(X,Y) = aX — bY such that
a,b=1and a—b=0. Then p is admitted by S if, and only if, a € S.
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Proof. Rewrite p(X,Y) = a(X —Y) + (a—b)Y and let s; and sy € S, with s; = so. Then
p(s1,82) = a(sy — s2) + (@ — b)sy = a(s1 — s2).

(=) Since s; and sy are arbitrary numbers in S, we can choose them such that s; — sy = 1
(for example, s5 is the conductor of S and s; = so + 1 ). In this case, p(si, s2) = a. Since p
is admitted by S, we conclude that a € S.

(<) Since a € S and s; = sy, then p(sy, s3) = a(s; — s2) € S. Then, p is admitted by S. [

Next result characterizes all patterns of length two admitted by hyperelliptic

or ordinary semigroups.

Proposition 6.4. If S is hyperelliptic or ordinary, then the only patterns of length two
not admitted by S are of the form

p(X,Y) =hX — hY, with h € G(S).

Proof. Let p(X,Y) = aX — bY be an admissible pattern (so a > 1,b> 0 and a — b > 0).
For s € S, p(s,s) = (a —b)s € S. Let s; and sy € S, with s; > so. Write p(s1,s9) =
a(sy — s2) + (a —b)sa.

e Ifa,b>1and a — b =0, then we can apply Proposition 6.3. We conclude that p is
not admitted by S if, and only if, p(X,Y) = hX — hY, with h € G(S5).

e Ifa,b>1and a—b =1, then p(sy1,s2) = a(s; — s2) + (a —b)sy = s1. If S is ordinary,
then s; = ¢(9), for all s; € S (notice that s; > sy implies s # 0), hence p(s, s2) € S
and p is admitted by S. If S is hyperelliptic, then there are two possibilities for s;:
s1 = ¢(S), which is similar to the previous case, or s; even, which implies that s; is
also even and we conclude that p(sy, s2) is also even. Thus p(s1, s2) € S. Hence p is

always admitted by S.

By using similar proof, we generalize the last result.

Corollary 6.2. Let A be a positive integer and S := ANy v {c(S), —}. Then the only
patterns of length two not admitted by S are of the form

p(X,Y) = hX — hY, with h € G(S).

Remark 6.1. The numerical semigroup S = (3,4) does not admit p(X,Y) = 2X - Y,
since p(4,3) =5 ¢ S. This is an example of a numerical semigroup that does not admit a
pattern of length two different from p(X,Y) = hX — hY', with h € G(S).
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Proposition 6.5. Let S be a numerical semigroup and p(X,Y) =aX —bY. Ifae S or
be S, then p is admitted by S.

Proof. If a € S, write p(X,Y) = a(X —Y) + (a —b)Y. Let 51 = s9, with s; and s9 € S.
Then

p(s1,82)=_a (s1—s3)+(a—b) sy €8.
es >0 >0 eS

Ifbe S, write p(X,Y) = (a —b)X + b(X —Y). Let s1 = so, with 51 and so € S. Then

p(s1,s2) =(a—0b) s1 +_ b (s1—s3)€08.

>0 es €S >0

]

We have already characterized all patterns p(X,Y) = aX — bY admitted by
all numerical semigroup with a = 0. From now on, we assume a — b > 1, in other words,

that p is strongly admissible.

We recall that the pseudo-Frobenius set of a numerical semigroup S is
PF(S)={r€Z:x¢ S and x +s€ S,Vs e S\{0}}.
In particular, F(S) e PF(S).

Lemma 6.6. Let z € PF(S) and k be a non-negative integer. Then kz € PF(S) orkz e S.

Proof. If k = 0, then kz+ s =s€ S, forall se S.If k = 1 and kz € S, then we are
done. Now, suppose k > 1 and kz ¢ S. We proceed by induction on k. Let £ = 1. Since
z € PF(S), then for all s e S\{0}, z + s € S. For any positive integer k and all s € S, we
write kz + s = (k — 1)z + s + z. By induction hypothesis, (k — 1)z + s € S and the proof
follows. 0

Proposition 6.6. Let S be a numerical semigroup and p(X,Y) = aX —bY, witha—b > 1.
If ae PF(S) orbe PF(S), then p is admitted by S.

Proof. If a € PF(S), write p(X,Y) = a(X —Y) + (a — b)Y. Let s; > sy, with s; and
s9 € 5. Then

p(Sl 52) = a (81 — 82) + (CL - b) Sy € S.
’ S~—— W_J W_J
ePF(S) >0 >1 €S
- ~ ~/ - ~~ ~/
€S or ePF(S), by Lemma 6.6 es

If b e PF(S), write p(X,Y) = (a — b)X 4+ b(X —Y). Similarly, for s; > so,
with s; and sg € S p(s1,82) = (a —b)s; + b(s; — s2) € 5. O
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Proposition 6.7. Let p(X,Y) = aX — bY be a pattern and S be a numerical semigroup,
with conductor ¢(S) and pseudo-Frobenius set PF(S). If a(s; — s2) € S u PF(S), for all

S1 > 89 €S with 59 < C(S)b, then p is admitted by S.
a J—
: c(9)
Proof. Rewrite p(X,Y) = a(X—=Y)+(a—b)Y . If s > ——, then (a—b)ss = ¢(5). Hence,

a—>b
for all s1 = s9, p(s1,82) = a(s; — s2) + (a—b)sg € S. If 55 < ;(ig)b, then (a —b)sy € S,

because a —b = 0 and s9 € S. Since a(s; — s2) € S U PF(S), then p(si, s2) is the sum of a

pseudo-Frobenius (or an element of S) and an element of S, hence, by Lemma 6.6, it lies

in S. O
Proposition 6.8. Let p(X,Y) = aX —bY be a pattern and let S be a numerical semigroup
S
with conductor ¢(S) and multiplicity m(S). If a —b > C((S)), then p is admitted by S.
m

Proof. Let s; = s9, with 51 and s9 € S. If s5 = 0, then p(s1,s2) = as; € S. Otherwise,
rewrite p(X,Y) = a(X —=Y) + (a—b)Y. Then p(sy, s2) = a(s; — s2) + (a — b)m(S) = ¢(5)
and the proof follows. n

We can summarize the results obtained in this section as

Theorem 6.1. Let S be a numerical semigroup and let p(X,Y) = aX — bY be a pattern
which is not admitted by S. Then either

o a=b=h, with he G(S).

. c(S)
m(S)

>a—0b=1, witha and b e G(S)\PF(S5).

Remark 6.2. If S is a numerical semigroup, then all patterns p(X,Y) = hX — hY', with
h e G(S), are not admitted by S.

Theorem 6.1 provides an algorithm to decide which patterns p of length two

are admitted by a fixed numerical semigroup S.

Example 6.1. Let S = (3,4). Then G(S) = {1,2,5}, PF(S) = {5},¢(S) = 6,m(S) =3
and ¢(S)/m(S) = 2. All possible patterns that do not admit S are

X-Y
2X =Y 2X-2Y
* * 5X —dY

Remark 6.2 ensures that X —Y,2X — 2Y and 5X — 5Y are not admitted by S. Also,
2X —Y is not admitted, since 2-4—3=5¢S.
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With this algorithm, we can compute lower and upper bounds for the quantity
of linear patters of length two which are not admitted by a fixed numerical semigroup S.
We recall that the type of a numerical semigroup is the number of elements in PF(S) and
it is denoted by #(5).

Proposition 6.9. Let S be a numerical semigroup and define N,(S) as the number of

patterns of length two not admitted by S. Then

Proof. We justify the lower bound by using Proposition 6.3. If p(X,Y) = aX —bY is a
pattern not admitted by S, then a =b=he G(S) ora—b > 1 and a,b e G(S)\PF(S).

—1
There are exactly g(S) + (g(S) 5 (S)) of such elements. O

Remark 6.3. Hyperelliptic semigroups and ordinary semigroups reach the lower bound

and {(3,4) reaches the upper bound.

6.3 Aninterplay between patterns, the counting problem and (M, 7)-

hyperelliptic semigroups

As we mentioned before, Zhao and Zhai considered numerical semigroups S
with genus g such that F/(S) < 3-m(9), i.e., ¢(S)/m(S) < 3. We recall that the number

of those numerical semigroups is denoted by ¢,. Zhai proved that lim -~ = 1. Hence, for

g—0 n

g » 0, most of numerical semigroups S satisfy ¢(S)/m(S) < 3. It is clear ’zhat hyperelliptic
semigroups S with genus ¢ satisfy ¢(S)/m(S) = ¢. Thus, if g > 4, then ¢, < n,. For
hyperelliptic semigroups, Proposition 6.4 ensures that the patterns not admitted by them
are p(X,Y) = hX — hY, with h € G(S).

Proposition 6.8 shows that for numerical semigroups S such that ¢(S)/m(S) < 3
the only possibilities for patterns of length two not admitted by S are p(X,Y) = aX —bY,
where a — b € {1,2} and a,b e G(S)\PF(S).

In this way, patterns p(X,Y) = aX — bY, with a — b > 3, not admitted by a
numerical semigroup can be rare. In fact, the only possibilities for that is if the numerical
semigroup does not satisfy ¢(5)/m(S) < 3. However, next proposition comes to show that
we can obtain pattern p(X,Y) = aX — bY not admitted by a numerical semigroup, with

a — b arbitrarily large. It also generalizes Example 6.1.

Proposition 6.10. Let S =<k + 1,k + 2), with k = 1. Then p(X,Y) = kX —Y is not
admitted by S.



Chapter 6. Patterns on numerical semigroups 7

Proof. Notice that m(S) = k+ 1,¢(S) = k(k + 1) and ¢(S)/m(S) = k. We show that
p(k + 2,k + 1) is the Frobenius number of S. In fact, p(k +2,k+1) = k(k+2)—(k+1) =
k* + k — 1. On the other hand, F(S) = k(k +1) —1 = k* + k — 1 and we are done. [

Remark 6.4. Proposition 6.8 shows that there is no pattern p(X,Y) = aX — bY, with
a — b=k not admitted by the numerical semigroup presented Proposition 6.10. Thus, the

pattern presented there is extremal.

To end up this chapter we propose an approach to compute (M, «)-hyperelliptic

semigroups by using patterns, as follows.

Let p(Xq,...,X,) = ZaiXi be a linear admissible pattern and S be a
numerical semigroup with genus 7. By Lemma 6.4, p(S) is a numerical semigroup if,
and only if, ged(ayq, ..., a,) = 1. In those cases, it is clear that all numbers of the form
aj - s € p(9), for s € S. Hence, we can think p(S) as a (aj,7)-hyperelliptic semigroup,

where 4 < ~. For instance, if a; = 2, then we are dealing with y-hyperelliptic semigroups.

Let S be a numerical semigroup and p(X,Y) = 2X — bY be an admissible
primitive pattern, i.e., b is odd and b < 1. One can prove that if b # 1, then p is always
admitted by S, i.e., p(S) € S. Hence, when we start with a numerical semigroup S and
we apply the pattern p, we obtain a numerical semigroup p(S) such that g(p(S)) = g(5).
For the cases that b = 1, the pattern 2X — Y is premonic and it is also equivalent to the
Arf pattern. Hence, if S is an Arf semigroup, then p(S) = S. By this reason, the interest
seems to be working with non-Arf semigroups A. In those cases, p(A) & A. For instance,
if A={3,4)=No\{1,2,5}, then p(A) = (3,4,5) = No\{1, 2} .
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7 Main results and future work

We left some open questions in this work. Here we summarize our contribution

and what remains open. We also give some ideas that can be useful to solve them.

Chapter 2

We proved that the sequence N, (g) satisfy the following:

o If g > 3, then N,(g9) = N,(37).

o If g < 37, then N,(g9) < N,(37).

3
At first, we cannot compare the numbers N, (g;) and N,(gs), if il

< g1 <
g2 < 3. It seems that, under this hypothesis, N,(g1) < N,(g2). We tried some similar
techniques to prove it, but we could not solve the problem completely. It remains as an
open problem. It is important to recall that if one can prove that, then it implies that the

sequence (n,) is increasing, giving a positive answer to Question 1.

An interesting fact arises when we do observe Tables 1, 2 and 3 is the following:
when g is fixed, the sequence (N,(g)), seems to be increasing up to EJ and decreasing

then. A future work is studying it.

Chapter 3

We studied the sequence (N, (37)) and we proved that it coincides with the
sequence (f~) considered by Bras-Amords. We also proved some asymptotic properties of
this sequence (¢ is the golden ratio and € is any positive number):

5

e

e lim ﬁ = 0.
y—0 QY
It means that the sequence f, grows more quickly than 27 and more slowly
than or equal to (2¢)?. Some computational experiments suggest that f, grows like ¢*7.

Proving it remains as an open problem.

We also proved that if f, grows like %7, then the following asymptotic properties
of f, holds true:
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oy 2
e lim = °.
Y—0 fv—l QO

. fyn
e lim
=0 3 ]

Chapter 4

This chapter was constructed just after we realized that the ideas of the proof
of Theorem 3.4 could be applied on some Fibonacci like asymptotic properties of the
sequence (n,). We also realized that there is an asymptotic property of it that do not
coincides with the Fibonacci sequence. As a future work, we can compare some other

properties between those sequences.

Chapter 5

We studied a natural generalization of ~-hyperelliptic semigroups, the so called
(M, ~)-hyperelliptic semigroups. We proved that all those semigroups with a fixed genus g
satisfy

e 29 > (M + 1)y and this bound is sharp.

We also prove that if O; is the first element congruent to ¢ modulo M in a

(M, ~)-hyperelliptic semigroup with genus g, then

AN M
. Mg_M27+(2) < ZOigMg—M’y+(2).
i=1

We also realized that this generalization can be applied to deal with the problem
of deciding if the sequence (ng) is increasing by considering the numbers N,)(g). Some
computational experiments we did with M = 3 and M = 4 suggest that, when ~ is fixed,
the sequence (N(ar)(9))g is increasing. If this sequence is in fact increasing for some

integer M, then it implies that the sequence (n,) is also increasing.

As a future work, we can approach this problem by trying to find a bijection
with Kunz and Waldi’s approach to deal with numerical semigroups that contain a fixed

integer M.
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Chapter 6

In this chapter, we deal with patterns on numerical semigroups, specially the
ones that can be written as p(X,Y) = aX — bY, with non-negative integers a > b. We

proved that if p is not admitted by a fixed numerical semigroup S, then either

e a=b=nh, with he G(S);

c(S)

. m(9) >a—b>=1, with a and b € G(S)\PF(S).

We also prove that there are numerical semigroups that attains last upper

bound. More precisely,
o (k+1,k+2) with £ > 1 does not admit p(X,Y) =kX —Y.

As a future work, we can consider admissible primitive patterns p(X,Y) =
MX —bY (and in general, p = M X, + Z a; X; with length greater than 2) to construct
numerical semigroups. In fact, p(S) is a (M, 7)-hyperelliptic semigroup, with 4 < ¢(5). Is
it possible to apply those ideas on the problem of the sequence (n,)?
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