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❆❜str❛❝t

❲❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ♥❡✇ ❝♦♠♣✉t❡r ♣r♦❣r❛♠ ✐♥ ❋♦rtr❛♥ ✾✵✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ♥✉♠❡r✐✲

❝❛❧ s♦❧✉t✐♦♥s ♦❢ ❛ s②st❡♠ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❘❡❧❛t✐✈✐st✐❝ ▼❛❣♥❡t♦❤②❞r♦❞②✲

♥❛♠✐❝s ✇✐t❤ ♣r❡❞❡t❡r♠✐♥❡❞ ❣r❛✈✐t❛t✐♦♥ ✭●❘▼❍❉✮✱ ❝❛♣❛❜❧❡ ♦❢ s✐♠✉❧❛t❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢

r❡❧❛t✐✈✐st✐❝ ❥❡ts ❢r♦♠ t❤❡ ❛❝❝r❡t✐♦♥ ❞✐s❦ ♦❢ ♠❛tt❡r ✉♣ t♦ ❤✐s ❡❥❡❝t✐♦♥✳ ■♥✐t✐❛❧❧② ✇❡ ❝❛rr✐❡❞ ♦✉t

❛ st✉❞② ♦♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ❯♥✐❞✐♠❡♥s✐♦♥❛❧ ❋✐♥✐t❡ ❱♦❧✉♠❡✱ ♥❛♠❡❧② ▲❛①✲❋r✐❡❞r✐❝❤s✱

▲❛①✲❲❡♥❞r♦✛✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r ♠❡t❤♦❞ ❛♥❞ ●♦❞✉♥♦✈ ♠❡t❤♦❞s ❞❡♣❡♥❞❡♥t ♦♥ ❘✐❡♠❛♥♥

♣r♦❜❧❡♠s✱ ❛♣♣❧✐❡❞ t♦ ❡q✉❛t✐♦♥s ❊✉❧❡r ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡✐r ♠❛✐♥ ❢❡❛t✉r❡s ❛♥❞ ♠❛❦❡ ❝♦♠✲

♣❛r✐s♦♥s ❛♠♦♥❣ t❤♦s❡ ♠❡t❤♦❞s✳ ■t ✇❛s t❤❡♥ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ♠❡t❤♦❞s ♦❢ ❋✐♥✐t❡ ❱♦❧✉♠❡

❈❡♥t❡r❡❞ ▲❛①✲❋r✐❡❞r✐❝❤s ❛♥❞ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ✇❤✐❝❤ ❛r❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t❤❛t ❤❛✈❡

❛ ❢♦r♠✉❧❛t✐♦♥ ❢r❡❡ ❛♥❞ ✇✐t❤♦✉t ❞✐♠❡♥s✐♦♥❛❧ s❡♣❛r❛t✐♦♥ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ s♦❧✈❡rs✱ ❡✈❡♥ ✐♥

t✇♦ ♦r ♠♦r❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✱ ❛t t❤✐s ♣♦✐♥t✱ ❛❧r❡❛❞② ❛♣♣❧✐❡❞ ✐♥ ❡q✉❛t✐♦♥s ●❘▼❍❉✳ ❆

▲❛①✲❲❡♥❞r♦❢ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ♦❢ ♦r❞❡r ✸✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② ♦❢ ❚♦t❛❧ ❱❛❧✉❡ ❉❡s❝❡♥❞✲

✐♥❣ ✭❚❱❉✮ ✐♥ t✐♠❡ ❛♥❞ s✐③❡ s❡♣❛r❛t✐♦♥✱ ✇❛s ❛❧s♦ ❛♣♣❧✐❡❞ t♦ t❤❡ s❛♠❡ ♣r♦❜❧❡♠✳ ❋✐♥❛❧❧②✱ ✇✐t❤

◆❡ss②❛❤✉ ✲ ❚❛❞♠♦r ♠❡t❤♦❞ ✇❛s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ s♦❧✉t✐♦♥s st❛❜❧❡ ♥✉♠❡r✐❝❛❧ ✲ ✇✐t❤♦✉t

s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ♦r ❡①❝❡ss✐✈❡ ❞✐ss✐♣❛t✐♦♥ ✲ ❢r♦♠ t❤❡ ♣r♦❝❡ss ♦❢ ♠❛❣♥❡t✐③❡❞ ❛❝❝r❡t✐♦♥

❞✐s❦✱ ✐♥ r♦t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❡♥tr❛❧ ❜❧❛❝❦ ❤♦❧❡ ✭❇❍✮ ❙❝❤✇❛r③s❝❤✐❧❞ ❛♥❞ ✐♠♠❡rs❡❞ ✐♥

❛ ♠❛❣♥❡t♦s♣❤❡r❡✱ t♦ t❤❡ ❡❥❡❝t✐♦♥ ♦❢ ♠❛tt❡r ✐♥ t❤❡ ❢♦r♠ ♦❢ ❥❡t ♦✈❡r ❛ ❞✐st❛♥❝❡ ♦❢ ❢♦✉rt❡❡♥

t✐♠❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❇❍✱ ❛ r❡❝♦r❞ ✐♥ t❡r♠s ♦❢ ❛str♦♣❤②s✐❝❛❧ s✐♠✉❧❛t✐♦♥✳

❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ✉♠ ♥♦✈♦ ♣r♦❣r❛♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ❋♦rtr❛♥ ✾✵✱ ❝♦♠

♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞❡

▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛✱ ❝♦♠ ❣r❛✈✐t❛çã♦ ♣ré✲❞❡t❡r♠✐♥❛❞❛ ✭●❘▼❍❉✮✱ ❝❛♣❛③

❞❡ s✐♠✉❧❛r ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ❞❡ ♠❛tér✐❛ ❛té s✉❛

❡❥❡çã♦✳ ❉❡ ✐♥í❝✐♦ ❢❡③✲s❡ ✉♠ ❡st✉❞♦ s♦❜r❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❯♥✐❞✐✲

♠❡♥s✐♦♥❛✐s✱ ❛ s❛❜❡r ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s✱ ▲❛①✲❲❡♥❞r♦✛✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡ ♠ét♦❞♦s

❞❡ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ ❛♣❧✐❝❛❞♦s ♥❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ❝♦♠

✈✐✐



♦ ✐♥t✉✐t♦ ❞❡ ✈❡r✐✜❝❛r ❛s s✉❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❡ ❞❡ ❡❢❡t✉❛r ❝♦♠♣❛r❛çõ❡s ❡♥tr❡

❛q✉❡❧❡s ♠ét♦❞♦s✳ ❊♠ s❡❣✉✐❞❛ ✐♠♣❧❡♠❡♥t♦✉✲s❡ ♦s ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s

▲❛①✲❋r✐❡❞r✐❝❤s ❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ q✉❡ sã♦ ❡sq✉❡♠❛s ♥✉♠ér✐❝♦s q✉❡ ♣♦ss✉❡♠ ✉♠❛ ❢♦r✲

♠✉❧❛çã♦ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧ ❡ ❧✐✈r❡s ❞❡ r❡s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱

♠❡s♠♦ ❡♠ ❞✉❛s ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s❀ ♥❡st❡ ♣♦♥t♦✱ ❥á ❛♣❧✐❝❛❞♦s ♥❛s ❡q✉❛çõ❡s ❞❡

●❘▼❍❉✳ ❯♠ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♦r❞❡♠ ✸✱ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

s❡r ❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡ ✭❚❱❉✮ ♥♦ t❡♠♣♦ ❡ ❝♦♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✱ t❛♠❜é♠ ❢♦✐

❛♣❧✐❝❛❞♦ ♥♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛✳ P♦r ✜♠✱ ❝♦♠ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r

s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❡stá✈❡✐s ✲ s❡♠ ♦s❝✐❧❛çõ❡s ❡s♣úr✐❛s ♥❡♠ ❞✐ss✐♣❛çã♦ ❡①❝❡ss✐✈❛ ✲ ❞❡s❞❡ ♦

♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦ ❞♦ ❞✐s❝♦ ♠❛❣♥❡t✐③❛❞♦✱ ❡♠ r♦t❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦

❝❡♥tr❛❧ ✭❇❍✮ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡ ✐♠❡rs♦ ❛ ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛✱ ❛té ❛ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛ ❡♠

❢♦r♠❛ ❞❡ ❥❛t♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛ ❞❡ q✉❛t♦r③❡ ✈❡③❡s ♦ r❛✐♦ ❞♦ ❇❍✱ ✉♠ r❡❝♦r❞❡ ❡♠

t❡r♠♦s ❞❡ s✐♠✉❧❛çã♦ ❛str♦❢ís✐❝❛✳
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✺✳✸ ❖ ❝ó❞✐❣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✻ ❙✐♠✉❧❛çõ❡s ✶✹✸

✻✳✶ ❊①❡♠♣❧♦ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✻✳✷ ❊①❡♠♣❧♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✻✳✸ ❊①❡♠♣❧♦ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✶✺✾

✼✳✶ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✷ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✻✺

❆♣ê♥❞✐❝❡s ✶✼✺

❆ ❈ó❞✐❣♦ ✶✼✺

①✐



①✐✐



✏❙♦♥❤♦ q✉❡ s❡ s♦♥❤❛ só é só ✉♠ s♦♥❤♦ q✉❡ s❡ s♦♥❤❛ só✱

♠❛s s♦♥❤♦ q✉❡ s❡ s♦♥❤❛ ❥✉♥t♦s é r❡❛❧✐❞❛❞❡✳✑

Pr❡❧ú❞✐♦ ✲ ❘❛✉❧ ❙❡✐①❛s

①✐✐✐



①✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ❙❛♠✉❡❧ ❘♦❝❤❛ ❞❡ ❖❧✐✈❡✐r❛ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♦r✐❡♥t❛çõ❡s ❢❡✐t♦s ♥❡ss❡s ❛♥♦s

❞❡ ❝♦♥✈✐✈ê♥❝✐❛✱ ♣❡❧❛ s✉❛ ❞❡❞✐❝❛çã♦ ❡ s❛❜❡❞♦r✐❛✱ ♣❡❧♦ s❡✉ ❝❛r✐s♠❛✱ ♣❡❧♦ s❡✉ ❝♦♠♣❛♥❤❡✐r✐s♠♦

❡ ♣❡❧❛s ✐♥ú♠❡r❛s ❛❥✉❞❛s r❡❛❧✐③❛❞❛s✳

❆♦s ♠❡✉s ♣❛✐s ✲ ❊❞s♦♥ ❡ ❆✐❧❞❛ ✲ q✉❡ ♥ã♦ ♠❡❞✐r❛♠ ❡s❢♦rç♦s ♣❛r❛ ♠❡ ✐♥❝❡♥t✐✈❛r✱ ❛♣♦✐❛r

❡ ♠❡ s✉st❡♥t❛r ♥♦s ❡st✉❞♦s✱ ♣❡❧❛ ♠❛r❛✈✐❧❤♦s❛ ❡❞✉❝❛çã♦ q✉❡ ✈♦❝ês ♣❛ss❛r❛♠ ♥ã♦ s♦♠❡♥t❡

❛ ♠✐♠✱ ♠❛s ♣❛r❛ t♦❞♦s ♦s s❡✉s ✜❧❤♦s✳

❆♦s ♠❡✉s ✐r♠ã♦s ✲ ❆❧❡①❛♥❞r❡ ❡ ❆❞r✐❛♥❛ ✲ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠✱ ♣♦r t♦❞♦s ❛♦s

❛♥♦s ❞❡ ❛♠✐③❛❞❡ ❡ ♣♦r t✉❞♦ q✉❡ ✈✐✈❡♠♦s ❥✉♥t♦s✳ ❆♦ ❣r❛♥❞❡ ❊♥③♦ q✉❡ ✐♥✐❝✐❛ s❡✉s ♣r✐♠❡✐r♦s

♣❛ss♦s ♥❡st❛ ✈✐❞❛✳

➚ ●r❛❝✐❡❧❡ ♣♦r t♦❞♦ ❛♠♦r✱ ❝❛r✐♥❤♦✱ ❛t❡♥çã♦✱ ♣❛❝✐ê♥❝✐❛✱ r❡s♣❡✐t♦✱ ♣♦r t♦❞♦s ❡ss❡s ♠❛✲

r❛✈✐❧❤♦s♦s ❛♥♦s q✉❡ ❡st❛♠♦s ✈✐✈❡♥❞♦ ❥✉♥t♦s✳ ❆ t♦❞❛ ❧✉t❛ q✉❡ ❡♥❢r❡♥t❛♠♦s ❥✉♥t♦s ❛♦ ❧♦♥❣♦

❞❡ss❡s ❛♥♦s✳ ❊ ❛ t♦❞♦s ♦s ✐♥st❛♥t❡s q✉❡ ❡st❛♠♦s ❥✉♥t♦s✳

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s q✉❡ s❡♠♣r❡ t♦r❝❡r❛♠ ♣♦r ♠✐♠ ✲ ♠✐♥❤❛s t✐❛s ◆✐♥❛✱ ❋át✐♠❛ ❡ ❱✐❧♠❛✱

♠❡✉s t✐♦s ❋♦❝❛✱ ❩é✱ ◆❡♥❡♠ ❡ ◆✉♥❡s✱ ♠❡✉s ♣r✐♠♦s ❊❞♠✐❧s♦♥✱ ❊❞♠✉♥❞♦✱ ●❛❜r✐❡❧✱ ❋❡❧✐♣❡✱

❘♦❞r✐❣♦ ❡ ▲❡♦♥❛r❞♦✱ ♠✐♥❤❛s ♣r✐♠❛s ➱r✐❦❛✱ ❏❛♥❛✐♥❛✱ ❏❛❝②❛r❛ ❡ ❈❛r♦❧✱ ♠❡✉s ❛✈ôs ❇❡♥t♦ ❡

P❡❞r♦ ❡ ♠✐♥❤❛s ❛✈ós ❋❧ôr ❡ ❆✉❧✐❞❛✳

❆ t♦❞♦s ♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s ❙ã♦ P❛✉❧✐♥♦s q✉❡ ❢❛③❡♠ ♣❡r♠❛♥❡❝❡r ❛ ❢♦rç❛ tr✐❝♦❧♦r ❡♠

♥♦ss❛ ❢❛♠í❧✐❛✳

❆♦s ♣r♦❢❡ss♦r❡s✱ ♣❡sq✉✐s❛❞♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈ q✉❡ ❝♦❧❛❜♦r❛r❛♠ ❞✐r❡t❛♠❡♥t❡

♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♣❛r❛ q✉❡ ❡ss❡s ❛♥♦s ❞❡ ❡st✉❞♦s r❡s✉❧t❛ss❡♠ ♥❡st❛ t❡s❡✳

①✈



①✈✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ■♠❛❣❡♠ ♦❜t✐❞❛ ♣❡❧♦ t❡❧❡s❝ó♣✐♦ ❍✉❜❜❧❡ ❞♦ ❥❛t♦ ▼✽✼ ✲ ❢♦♥t❡✿ ◆❆❙❆ ❍✉❜❜❧❡

❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ ■♠❛❣❡s ❬✾✾❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ ◆❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛♠✲s❡ ♦s ❡❧❡♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s ❡♥✲

✈♦❧✈✐❞♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❛str♦❢ís✐❝♦s ❡ à ❞✐r❡✐t❛ ❛ ❡s✲

q✉❡♠❛t✐③❛çã♦ ❞❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ✈❡♥t♦ ♥ã♦ ❝♦❧✐♠❛❞♦✳ ◆❛ s❡❣✉♥❞❛ ❧✐♥❤❛ à

❡sq✉❡r❞❛ tê♠✲s❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦ ❡♠ ✉♠ ❞♦s ♣♦❧♦s ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦

❝❡♥tr❛❧ ❡ à ❞✐r❡✐t❛ ♦ ❥❛t♦ ❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✸ ■♠❛❣❡♥s ❞♦ t❡s❧❡❝ó♣✐♦ ❍✉❜❜❧❡ ❞❛ ❣❛❧á①✐❛ ❈②❣♥✉s ❆ ❬✾✾❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❡♠ ✉♠ q✉❛s❛r ❝✉❥❛ ♠❛tér✐❛

❛❝r❡s❝✐❞❛ ❛❞✈é♠ ❞❛ ❣❛❧á①✐❛ q✉❡ ❤♦s♣❡❞❛ t❛❧ s✐st❡♠❛✳ ❋✐❣✉r❛ ❢♦r❛ ❞❡ ❡s❝❛❧❛✳ ✶✺

✶✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❡♠ ✉♠♠✐❝r♦q✉❛s❛r ❝✉❥❛ ♠❛tér✐❛

❛❝r❡s❝✐❞❛ ❛❞✈é♠ ❞❡ ✉♠❛ ❡str❡❧❛ ❝♦♠♣❛♥❤❡✐r❛✳ ❋✐❣✉r❛ ❢♦r❛ ❞❡ ❡s❝❛❧❛✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✻ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❡♠ ✉♠❛

s✉♣❡r♥♦✈❛ ❝✉❥❛ ♠❛tér✐❛ ❡❥❡t❛❞❛ ❢♦r♠❛ ♦❜❥❡t♦s ❝❤❛♠❛❞♦s ❞❡ ❍❡r❜✐❣✲❍❛r♦ ❡

à ❞✐r❡✐t❛ t❡♠✲s❡ ♦ ♦❜❥❡t♦ ❍❡r❜✐❣✲❍❛r♦ ✹✼ ❝❛♣t❛❞♦ ♣❡❧♦ t❡❧❡s❝ó♣✐♦ ❍✉❜❜❧❡✳

❬✾✾❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✼ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛❝❤❛t❛♥❞♦ ♦

❡♥✈❡❧♦♣❡ q✉❡ ❡♥✈♦❧✈❡ ✉♠ t♦r♦ ❡ à ❞✐r❡t❛ t❡♠✲s❡ ❛ ❛❝r❡çã♦ ❞❡s❡♥✈♦❧✈❡♥❞♦✲s❡

❡ ❞❡❧✐♠✐t❛♥❞♦ ❞✉❛s r❡❣✐õ❡s s❡♣❛r❛❞❛s ♣♦r ✉♠ ❝♦♥❡✿ ✉♠❛ r❡❣✐ã♦ ❞❡ ✐♥st❛✲

❜✐❧✐❞❛❞❡ q✉❡ é ❡✈♦❧✉í❞❛ ♥♦ ♣ró♣r✐♦ ❞✐s❝♦ ❡ s✉❛s ❛❞❥❛❝ê♥❝✐❛s ❡ ✉♠❛ ♦✉tr❛

r❡❣✐ã♦ ❞❡♥tr♦ ❞♦ ❝♦♥❡ q✉❡ ❡①♣❡❧❡ ✉♠❛ ❜❛✐①❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛tér✐❛ ♥ã♦

❝♦❧✐♠❛❞❛ ♣❡❧♦s ♣♦❧♦s ❞♦ ❇❍ ✲ t❛❧ ❡❥❡çã♦ é ❝❤❛♠❛❞❛ ❞❡ ✈❡♥t♦✳ ❙✐♠✉❧❛çõ❡s

❞❡st❛ ♥❛t✉r❡③❛ ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✶✹✱ ✷✹❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

①✈✐✐



✸✳✶ ❆ ✐❧✉str❛çã♦ ♠♦str❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡r❛❧ ❞♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐✲

t♦s✳ ❖s ♣♦♥t♦s xi✬s ✲ ❧♦❝❛❧✐③❛❞♦s ♥♦s ♣♦♥t♦s ♠é❞✐♦ ❞❡ ❝❛❞❛ ✈♦❧✉♠❡ ✜♥✐t♦

Ωi✬s ✲ ❝♦♥st✐t✉❡♠ ♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♦♥❞❡ ♥♦ t❡♠♣♦ tn ❛

s♦❧✉çã♦ ♥✉♠ér✐❝❛ é ❝♦♥❤❡❝✐❞❛ ❡ ♥♦ t❡♠♣♦ tn+1 ❛ s♦❧✉çã♦ é ♦❜t✐❞❛ ❛tr❛✈és

❞♦s ✈❛❧♦r❡s Un
i ✬s ❡ ❞♦s ✈❛❧♦r❡s F n

i+1/2✬s ❞❡✜♥✐❞♦s ♣❡❧❛ ❢✉♥çã♦ ✢✉①♦ ♥✉♠ér✐❝♦✳ ✺✵

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s✳ ❈❛❞❛

♣♦❧✐♥ô♠✐♦ pi ❡stá ❞❡✜♥✐❞♦ ❡♠ s✉❛ r❡s♣❡❝t✐✈❛ ❝é❧✉❧❛ ♠é❞✐❛ ❡ ❝❛❞❛ ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡ ❡stá ❧♦❝❛❧✐③❛❞❛ ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ ✐♥t❡r✈❛❧♦ Ii✱ ✐st♦ é✱ ♥♦ ♣♦♥t♦

xi✳ ◆♦t❛✲s❡ q✉❡ ♦s ✢✉①♦s Fi sã♦ ❞✐r❡t❛♠❡♥t❡ ❡♥❝♦♥tr❛❞♦s✱ ♣♦✐s ❛ s♦❧✉çã♦

♥✉♠ér✐❝❛ é ❝♦♥❤❡❝✐❞❛ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s xi✬s ❡ ❡ss❡s ✢✉①♦s ❡stã♦ r❡♣r❡s❡♥✲

t❛❞♦s ♣♦r ♣♦♥t♦s ×✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦s ❡♠ q✉❡ ❛ ❝♦♥❞✐çã♦

❈❋▲ é s❛t✐s❢❡✐t❛✱ ♣❛r❛ q✉❡ ❛s ❡✈♦❧✉çõ❡s ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞❡♥tr♦ ❞❡ Ii

♥ã♦ ❛t✐♥❥❛♠ ♦s ❡①tr❡♠♦s✳ ❆s r❡t❛s q✉❡ s❛❡♠ ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ xi+1/2

r❡♣r❡s❡♥t❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞❡ tn ❛té tn+1✳ ◆♦

❝❛s♦✱ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ tn+1 é ♦❜t✐❞❛ ❡♠ ✉♠❛ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛

♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✹✷✮ ❛tr❛✈és ❞♦s ♣♦❧✐♥ô♠✐♦s pi ❡ pi+1 ❞❡✜♥✐❞♦s ♥♦ t❡♠♣♦ tn✳ ✻✼

✸✳✹ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s ❡♠ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s

pi✬s sã♦ ❝♦♥st❛♥t❡s ❞❡♥tr♦ ❞❛ ❝é❧✉❧❛s ♠é❞✐❛s Ωi✬s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❝✉❥♦s ♣♦❧✐♥ô♠✐♦s

pi✬s sã♦ r❡t❛s ❞❡♥tr♦ ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s Ωi q✉❡ ♣❛ss❛♠ ♣❡❧♦ ♣♦♥t♦ (xi, w
n
i )✳ ✼✶

✸✳✻ ●rá✜❝♦ ❞❡ β ❡♠ ❢✉♥çã♦ ❞❡ α ❝✉❥♦s ✈❛❧♦r❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❝♦♥❞✐çã♦

❈❋▲ ❡ ❛ ❢✉♥çã♦ ♠✐♥♠♦❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✼ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦ ♠ét♦❞♦ ●♦❞✉♥♦✈ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝✉❥♦s ♣♦❧✐♥ô♠✐♦s

pi✬s sã♦ ❝♦♥st❛♥t❡s ❞❡♥tr♦ ❞❛ ❝é❧✉❧❛s ♠é❞✐❛s Ωi✬s✳ ❊♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ Ii =

(xi, xi+1) t❡♠✲s❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❧♦❝❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

①✈✐✐✐



✸✳✽ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠✱ ❝✉❥❛ ❢✉♥çã♦ w é ❝♦♥st❛♥t❡ ♣♦r ♣❛rt❡s ❡ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦s

pi✬s✳ ❆s ❡✈♦❧✉çõ❡s ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♥❛s ✐♥t❡r❢❛❝❡s

xi+1/2✬s ❡ ♣❛r❛ s❡ ♦❜t❡r ♦s ✢✉①♦s Fi+1/2✬s sã♦ ♥❡❝❡ssár✐♦s r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s

❞❡ ❘✐❡♠❛♥♥✳ ❖ ♣♦♥t♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r × r❡♣r❡s❡♥t❛ ♦♥❞❡ t❡♠♦s ❛ s♦❧✉çã♦

♥✉♠ér✐❝❛ wn+1
i = Un+1

i ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✾ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ✈❡✲

❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✶✵ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ♣r❡ssã♦ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ❡♥❡r❣✐❛

✐♥t❡r♥❛ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✶✶ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡✲

❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈✱ ❝♦♠ ♦ r❡s✲

♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✸✳✶✷ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✶✸ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✶✹ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡

r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✶✺ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✶✻ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✶✼ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲

ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉✲

❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

①✐①



✸✳✶✽ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✶✾ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲

❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✷✵ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛

❞❡ r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✷✶ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✷✷ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✸✳✷✸ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡✲

rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉✲

❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✸✳✷✹ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✷✺ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✷✻ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡

r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✷✼ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✷✽ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

①①



✸✳✷✾ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲

ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉✲

❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✸✵ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✸✳✸✶ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲

❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✸✳✸✷ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛

❞❡ r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✸✳✸✸ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✸✳✸✹ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✸✳✸✺ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ✈❡✲

❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✸✳✸✻ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ♣r❡ssã♦ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ❡♥❡r❣✐❛

✐♥t❡r♥❛ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✸✳✸✼ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡✲

rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉✲

❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✸✳✸✽ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✸✳✸✾ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

①①✐



✸✳✹✵ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡

r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✸✳✹✶ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✸✳✹✷ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠

❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✸✳✹✸ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲

ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉✲

❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✸✳✹✹ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✸✳✹✺ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦

▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲

❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✸✳✹✻ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛

❞❡ r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦

r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✸✳✹✼ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✸✳✹✽ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛

♣❡❧♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘

❝♦♠ ❘❑✸✲❚❱❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✸✳✹✾ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❡

à ❞✐r❡✐t❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡✱ ❛♠❜❛s ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❈♦♥s✐❞❡r❛♠♦s ❛ ❈❋▲ ❞❡ 0, 01✱ q✉❡ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ♠❛✐♦r

❞♦ q✉❡ ❛ ♦s❝✐❧❛çã♦ ♣❛r❛ CFL = 0, 02✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
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✸✳✺✵ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ❞❛ ♣r❡ssã♦ ❡ à

❞✐r❡✐t❛ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ ❛♠❜❛s ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❈♦♥s✐❞❡r❛♠♦s ❛ ❈❋▲ ❞❡ 0, 01✱ q✉❡ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ♠❛✐♦r

❞♦ q✉❡ ❛ ♦s❝✐❧❛çã♦ ♣❛r❛ CFL = 0, 02✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✺✳✶ ❋❧✉①♦❣r❛♠❛ ❞♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✻✳✶ ❉❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡

✶✶✱✽ ❡ à ❞✐r❡t❛ ♥♦ t❡♠♣♦ ✜♥❛❧ ❡♠ ✶✾✱✻✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✻✳✷ ❉❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡

✸✾✱✸ ❡ à ❞✐r❡t❛ ♥♦ t❡♠♣♦ ✜♥❛❧ ❡♠ ✺✽✱✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✻✳✸ ■♥t❡♥s✐❞❛❞❡ ❞♦ ❈❛♠♣♦ ▼❛❣♥ét✐❝♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❡✈♦❧✉çã♦ ❞❛

✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡ ✶✶✱✽ ❡ à ❞✐r❡t❛ ♥♦ t❡♠♣♦

✜♥❛❧ ❡♠ ✶✾✱✻✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✻✳✹ ■♥t❡♥s✐❞❛❞❡ ❞♦ ❈❛♠♣♦ ▼❛❣♥ét✐❝♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❡✈♦❧✉çã♦ ❞❛

✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡ ✸✾✱✸ ❡ à ❞✐r❡t❛ ♥♦ t❡♠♣♦

✜♥❛❧ ❡♠ ✺✽✱✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✻✳✺ ➚ ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ♦ ❣rá✜❝♦ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡ à ❞✐r❡✐t❛

❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✻✳✻ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ♦ ❣rá✜❝♦ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❡ à ❞✐r❡✐t❛

❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ♣r❡ssã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✻✳✼ ❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✻✳✽ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✻✳✾ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✻✳✶✵ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✻✳✶✶ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✻✳✶✷ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳ ✳ ✳ ✳ ✳ ✶✺✶

✻✳✶✸ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳ ✳ ✳ ✳ ✳ ✶✺✶

✻✳✶✹ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✸✳ ✳ ✳ ✳ ✳ ✶✺✷

✻✳✶✺ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳ ✳ ✳ ✳ ✳ ✶✺✷

✻✳✶✻ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

①①✐✐✐



✻✳✶✼ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✻✳✶✽ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✻✳✶✾ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✻✳✷✵ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✻✳✷✶ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✻✳✷✷ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✻✳✷✸ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻
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■♥tr♦❞✉çã♦

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ té❝♥✐❝❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♠

s✐♠✉❧❛çõ❡s ❞❡ s✐st❡♠❛s ❛str♦❢ís✐❝♦s ✈ê♠ s❡♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ✐♥t❡♥s✐✜❝❛❞❛s✱ ❣r❛ç❛s ❛♦s

❛✈❛♥ç♦s ♦❜t✐❞♦s ❡♠ ♣❡sq✉✐s❛s ❞❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✱ ❝♦♠♣✉t❛çã♦ ❝✐❡♥tí✜❝❛✱ ❡st✉❞♦s ❛♥❛❧ít✐✲

❝♦s✱ té❝♥✐❝❛s ♦❜s❡r✈❛❝✐♦♥❛✐s ❡ ❡①♣❡r✐♠❡♥t❛✐s✳ ❈♦♥t✉❞♦✱ ♥♦✈♦s ❝❡♥ár✐♦s✱ ❢❡♥ô♠❡♥♦s✱ ♣r♦✲

♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❞❡s❝♦❜❡rt♦s ❡ ❞❡t❛❧❤❛❞♦s ❝♦❧❛❜♦r❛♥❞♦ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦

❞❡ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s ❡♠ ♣r♦❝❡ss♦s ❛str♦❢ís✐❝♦s✳

❈❡♥ár✐♦s ❝✉❥♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❛tr❛✐ ❛ ♠❛tér✐❛ ❛♦ r❡❞♦r ❡ r❡s✉❧t❛♠ ❡♠ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❣❛♥❤❛♠ ❞❡st❛q✉❡ ♣♦r s❡r❡♠ ❣r❛♥❞❡s ❡♠✐ss♦r❡s ❞❡ ❡♥❡r❣✐❛✱ q✉❡ ✐♥✢✉✲

❡♥❝✐❛♠ ♠✉✐t♦s ♣r♦❝❡ss♦s ❣❛❧á❝t✐❝♦s ❬✶✽❪✳ ❚❛✐s ❢❡♥ô♠❡♥♦s ❛ss♦❝✐❛❞♦s sã♦ ♠♦❞❡❧❛❞♦s ♣❡❧❛s

❡q✉❛çõ❡s ❞❡ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ✶ ❡ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ✭●❘▼❍❉✮ ❬✽✼❪✳

❉✐❛♥t❡ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r✐✉♥❞❛s ❞❡ ●❘▼❍❉✱ ❛

❞✐✜❝✉❧❞❛❞❡ ❞❡ tr❛t❛♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✐♠♣♦st♦ ♣❡❧♦ ❝❛rát❡r ♥ã♦ ❧✐♥❡❛r ❞❛s ❡q✉❛çõ❡s

❡ ♣♦r ❡♥✈♦❧✈❡r ❢❡♥ô♠❡♥♦s q✉❡ ❛t✉❛♠ ❡♠ ❞✐❢❡r❡♥t❡s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛s✱ ♦s ♣r♦❝❡ss♦s

❞❡ ❛❝r❡çã♦ ❡ ❡❥❡çã♦ ❞❡ ♣❧❛s♠❛ ♣❡❧♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❢♦r❛♠ ✐♥✐❝✐❛❧♠❡♥t❡ tr❛t❛❞♦s

s❡♣❛r❛❞❛♠❡♥t❡ ❬✾✱ ✽✱ ✷✸✱ ✼✾❪✳

❙✐♠✉❧❛çõ❡s q✉❡ ❝♦♥s✐❞❡r❛♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦✱ ❛ ❢♦r♠❛çã♦ ❞♦ ❥❛t♦ ❡ s✉❛ ❡❥❡çã♦

❡♠ ✉♠❛ ♠❡s♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✈ê♠ s❡♥❞♦ r❡❝❡♥t❡♠❡♥t❡ ♣❡sq✉✐s❛❞♦s ♣♦r ❑♦✐❞❡ ❬✹✵❪✱

◆✐s❤✐❦❛✇❛ ❬✻✾❪✱ ▼❝❑✐♥♥❡② ❬✻✶❪✱ ❙❤✐❜❛t❛ ❬✸✽❪✱ ❡♥tr❡ ♦✉tr♦s✳ ❊♥tr❡t❛♥t♦✱ ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s

❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❡ss❡s ❢❡♥ô♠❡♥♦s ♣♦r ♠❡✐♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❛✐♥❞❛ r❡♣r❡s❡♥t❛♠ ❞❡✲

s❛✜♦s ♣♦r r❡q✉❡r❡r ♠✉✐t❛ ❛t❡♥çã♦ ❡♠ q✉❡stõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ♦r❞❡♠ ❞❡ ♣r❡❝✐sã♦✱ ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡s ♥❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✱ ❡st❛❜✐❧✐❞❛❞❡ ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ t❡♠♣♦

✶◆❡st❡ t❡①t♦✱ ♦♣t♦✉✲s❡ ♣❡❧❛ ❣r❛✜❛ ❞❡st❛ ♣❛❧❛✈r❛ ❝♦♠♦ ❣❡r❛❧♠❡♥t❡ ❛♣❛r❡❝❡ ♥♦s t❡①t♦s ❞❡ ❋ís✐❝❛✱ ♠❡s♠♦

s❛❜❡♥❞♦ q✉❡ ❛ ❣r❛✜❛ ♦✜❝✐❛❧ é ▼❛❣♥❡t♦✐❞r♦❞✐♥â♠✐❝❛

✶



❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡ ♠❡♠ór✐❛ ✉t✐❧✐③❛❞❛✳

❯♠ ♦✉tr♦ ♣♦♥t♦ ❞❡ ❞✐✜❝✉❧❞❛❞❡ é ♦ ♠♦♠❡♥t♦ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦

❡ ♦ ✐♥í❝✐♦ ❞❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❝♦❧✐♠❛❞♦s✱ ♣♦✐s ♥❡st❛ s✐t✉❛çã♦ ❛s ❣r❛♥❞❡③❛s ❡♥✈♦❧✈✐❞❛s

♣♦ss✉❡♠ ✈❛r✐❛çõ❡s ❜r✉s❝❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❢❡♥ô♠❡♥♦ ❡ ✉♠ tr❛t❛♠❡♥t♦ ♥✉♠❡r✐❝❛♠❡♥t❡

✐♥❛❞❡q✉❛❞♦ ♣♦❞❡ ❛❝r❡s❝❡♥t❛r ♦s❝✐❧❛çõ❡s ❡s♣úr✐❝❛s ♦✉ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ❡①❝❡ss✐✈❛ q✉❡

♣r❡❥✉❞✐❝❛♠ ♦ ❛♥❞❛♠❡♥t♦ ❞❛ s✐♠✉❧❛çã♦✳ ❚❛✐s ❞✐✜❝✉❧❞❛❞❡s ♣♦❞❡♠ s❡r ♣❡r❝❡❜✐❞❛s ❛tr❛✈és

❞❡ ❞♦✐s ❢❛t♦s✿ ❞❡s❞❡ ♦ tr❛❜❛❧❤♦ ♣✐♦♥❡✐r♦ ❞❡ ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ❞❡ ✶✾✾✾ ❬✸✽❪ ❛té ♦s

❞✐❛s ❛t✉❛✐s✱ t❛✐s ♣❡sq✉✐s❛❞♦r❡s ❛✐♥❞❛ ✉t✐❧✐③❛♠ ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ♣r♦♣r✐❡❞❛❞❡

❞❡ s❡r ❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡ ✭❚❱❉✮ ❞♦ t❡♠♣♦✱ ❛❝rés❝✐♠♦ ❞❡ ❱✐s❝♦s✐❞❛❞❡ ❆rt✐✜❝✐❛❧✱ ❝♦♠

s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧ ✭❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✮ ❡ ❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çõ❡s ♣❛r❛ s❡ ❡✈✐t❛r

♦s❝✐❧❛çõ❡s❀ ❡ ♦ ♦✉tr♦ ❢❛t♦ é q✉❡ ♦s ❛t✉❛✐s ❝ó❞✐❣♦s ❡♠ ●❘▼❍❉ ❞✐s♣♦♥í✈❡✐s ♥ã♦ ♣♦ss✉❡♠ ❛

♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ❛té

❛ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛✳

❈♦♠ ♦ ❧❡✈❛♥t❛♠❡♥t♦ r❡❛❧✐③❛❞♦ ♥❡st❛ t❡s❡ s♦❜r❡ ♦s ♣r✐♥❝✐♣❛✐s ❝ó❞✐❣♦s ✉t✐❧✐③❛❞♦s ♣❛r❛

❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✱ ♣❡r❝❡❜❡✉✲s❡ ✉♠❛ ê♥❢❛s❡ ♥♦s ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s

❞❡ r❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❛♥❛❧ít✐❝♦s ♦✉ ❛♣r♦①✐♠❛❞♦s✱ ❝♦♠ s❡♣❛r❛çã♦

❞✐♠❡♥s✐♦♥❛❧ ❡ ❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çõ❡s✱ ♠❡s♠♦ s❛❜❡♥❞♦ q✉❡ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡

●❘▼❍❉ ♣♦ss✉❡♠ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ❛ss♦❝✐❛❞♦s à ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞♦ s✐s✲

t❡♠❛ ❬✷✹❪✳ ❚❛❧ ❢❛t♦ ❧✐♠✐t❛ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ❞❡ss❡ t✐♣♦✳ ❯♠❛ ♦✉tr❛ q✉❡stã♦

r❡str✐t✐✈❛ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡s ♠ét♦❞♦s é ❛ ✉t✐❧✐③❛çã♦ ❞❡ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✱ q✉❡ ♥ã♦ sã♦

r❡❝♦♠❡♥❞❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❝✉❥♦s ❛✉t♦✈❛❧♦r❡s ❛ss✉♠❡♠ ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s ♥❛s ♦r❞❡♥s ❞❡

♠❛❣♥✐t✉❞❡s✳ ❊ss❛s ❞✐❢❡r❡♥ç❛s ❛❝♦♥t❡❝❡♠ ❡①❛t❛♠❡♥t❡ ♥❛ tr❛♥s✐çã♦ q✉❡ ❞❡✜♥❡ ❛ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s✳

◆❡st❡ ❝♦♥t❡①t♦✱ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❡s❡♥✈♦❧✈❡r ✉♠ ♥♦✈♦ ❝ó❞✐❣♦ ❞❡

●❘▼❍❉ ❛♣❧✐❝❛❞♦ ♥❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✱ ❝❛♣❛③ ❞❡ ❞❡s❝r❡✈ê✲❧♦ ❞❡s❞❡ ❛ ❛❝r❡çã♦

❞❡ ♠❛tér✐❛ ❡♠ ❢♦r♠❛ ❞❡ ❞✐s❝♦ ❛té s✉❛ ❡❥❡çã♦ ❝♦❧✐♠❛❞❛✱ ❝❛r❛❝t❡r✐③❛♥❞♦ ✉♠ ❥❛t♦ ❛tr❛✈és

❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠

♦ ✐♥t✉✐t♦ ❞❡ ♠❡❧❤♦r r❡♣r❡s❡♥t❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ss❡ s✐st❡♠❛ ❛str♦❢ís✐❝♦✱ ❝♦♠ ✉♠❛

❡①t❡♥sã♦ ♠❛✐♦r ❞♦ q✉❡ ❛ ❡♥❝♦♥tr❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛❬✹✵✱ ✸✽❪✳

❖s ♦❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s tr❛ç❛❞♦s ❛ ✜♠ ❞❡ s❡ ❛❧❝❛♥ç❛r ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❢♦r❛♠✿

✷



• ■♥✈❡st✐❣❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❞❡♣❡♥✲

❞❡♥t❡s ♦✉ ♥ã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥❀

• ❈♦♠♣❛r❛r ❛s s♦❧✉çõ❡s ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❡♥tr❡ s✐ ❡ ❡♥tr❡ ❛ s♦❧✉çã♦ ❞❡

r❡❢❡rê♥❝✐❛✱ ❡♠ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s❀

• ▼♦❞❡❧❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ❞❡

▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛ ✭●❘▼❍❉✮✱ t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ❛ ❢♦r♠✉❧❛çã♦

❞❡ ❙❤✐❜❛t❛ ❬✹✵❪❀

• Pr♦❣r❛♠❛r ✉♠ ♥♦✈♦ ❝ó❞✐❣♦ ❡♠ ❋♦rtr❛♥ ✾✵ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞♦ s✐s✲

t❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s q✉❡ ❝♦♠♣õ❡♠ ❛ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛

✭●❘▼❍❉✮❀

• ■♠♣❧❡♠❡♥t❛r ♦s ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s ✲ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ◆❡ss②❛❤✉✲

❚❛❞♠♦r ✲ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ❢♦r♠❛ ❝♦♠♦ ❛ t❡s❡ ❢♦✐ ❝♦♥❞✉③✐❞❛ ♣❛r❛ s❡ ❝❤❡❣❛r ❛♦s ♦❜❥❡t✐✈♦s

❧✐st❛❞♦s✳

◆♦ ❝❛♣ít✉❧♦ ✶ ❢♦✐ ❢❡✐t♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❢❡♥ô♠❡♥♦s ❛ss♦❝✐❛❞♦s

à ❛str♦❢ís✐❝❛ ♠♦❞❡r♥❛ ❝♦♠ ♦ ❢♦❝♦ ❡♠ ❥❛t♦s ❞❡ ❞✐s❝♦s r❡❧❛t✐✈íst✐❝♦s ❡ ❛♣r❡s❡♥t♦✉✲s❡ ♦ ❛t✉❛❧

❝❡♥ár✐♦ ❞❡ ♣❡sq✉✐s❛ ♥❛ ár❡❛✳

❆s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♣❛r❝✐❛✐s ✭❊❉Ps✮✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ❡q✉❛çõ❡s q✉❡ ❝♦♠♣õ❡♠ ❛

♠♦❞❡❧❛❣❡♠ ❞♦ ❝❡♥ár✐♦ ❛str♦❢ís✐❝♦ q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡stã♦

❡①♣♦st❛s ♥♦ ❝❛♣ít✉❧♦ ✷✳

❖ ❝❛♣ít✉❧♦ ✸ ❢♦✐ ❞❡st✐♥❛❞♦ às q✉❡stõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦s ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐✲

t♦s ❛♣❧✐❝❛❞♦s ❡♠ ▲❡✐s ❞❡ ❇❛❧❛♥ç♦ ❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✳ ❖s ♠ét♦❞♦s ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s✱

▲❛①✲❲❡♥❞r♦✛✬s✱ ●♦❞✉♥♦✈ ❝♦♠ r❡s♦❧✈❡❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❘✐❡♠❛♥♥ ❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡ss②❛❤✉✲

❚❛❞♠♦r sã♦ ❞❡t❛❧❤❛❞♦s ❡ ❛♣❧✐❝❛❞♦s às ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ✉♥✐❞✐♠❡s✐♦♥❛✐s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡

❡①♣❧♦r❛r ❡ ❝♦♠♣❛r❛r ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡s❡♥✈♦❧✈✐❞♦s✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❞❡s❡♥✈♦❧✈❡✉✲s❡

❝ó❞✐❣♦s ❡♠ ❖❝t❛✈❡ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ q✉❡ ❞❡s❝r❡✈❡♠ ♦ ❡s❝♦❛✲

♠❡♥t♦ ❞❡ ✢✉✐❞♦s ✐❞❡❛✐s ❡♠ s✐t✉❛çõ❡s q✉❡ sã♦ ❡♥❝♦♥tr❛❞❛s ❡♠ s✐st❡♠❛s ♠❛✐s ❝♦♠♣❧❡①♦s

❝♦♠♦ ♥♦ ❝❛s♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✳

✸



❯♠ ❧❡✈❛♥t❛♠❡♥t♦ s♦❜r❡ ♦s ♣r✐♥❝✐♣❛✐s ❝ó❞✐❣♦s ✉t✐❧✐③❛❞♦s ❡♠ ●❘▼❍❉ ❢♦✐ ❢❡✐t♦ ♥♦ ❝❛♣í✲

t✉❧♦ ✹✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛♣♦♥t❛♠❡♥t♦s q✉❡ ❞❡st❛❝❛♠ ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦ ❝ó❞✐❣♦ ❞❡s❡♥✲

✈♦❧✈✐❞♦ ❡♠ ❋♦rtr❛♥ ✾✵ ♥❡st❛ t❡s❡ ❡ ♦s ❞❡♠❛✐s ❝ó❞✐❣♦s✳

◆♦ ❝❛♣ít✉❧♦ ✺ ❡①♣ôs✲s❡ ❛s ❡q✉❛çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ❡ ❛s ❡str✉t✉r❛s ❞❡ ❋♦rtr❛♥ ✾✵ ✉t✐✲

❧✐③❛❞❛s ♥❛ ♣r♦❣r❛♠❛çã♦✱ t❛✐s ❝♦♠♦ ❛❧♦❝❛çã♦ ❞✐♥â♠✐❝❛ ❞❡ ♠❡♠ór✐❛✱ ❡str✉t✉r❛s ❞❡ ❜❧♦❝♦s

▼♦❞✉❧❛r✱ ❡♥tr❡ ♦✉tr♦s✳

❆s s✐♠✉❧❛çõ❡s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡stã♦ ♥♦ ❝❛♣ít✉❧♦ ✻✳ ❉❡ ✐♥í❝✐♦

✐♠♣❧❡♠❡♥t♦✉✲s❡ ♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠

♦ ✐♥t✉✐t♦ ❞❡ t❡st❛r ❡ ❛✈❛❧✐❛r t❡♥❞ê♥❝✐❛s ♥❛ ❡✈♦❧✉çã♦ ❞❛s s✐♠✉❧❛çõ❡s✳ ❉❡♣♦✐s✱ ✉t✐❧✐③♦✉✲s❡ ♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❚❱❉ ❞❡ três ❡stá❣✐♦s ❝♦♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧

❡ s❡♠ ❧✐♠✐t❛❞♦r ❞❡ ✐♥❝❧✐♥❛çõ❡s ❡ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉ ♥ã♦ ❢♦✐ s✉✜❝✐❡♥t❡

♣❛r❛ ❡st❛❜✐❧✐③❛r ♦ ♠ét♦❞♦✳

P❛rt✐✉✲s❡ ❡♥tã♦ ♣❛r❛ ❛ ✐♠♣❧❡♥t❛çã♦ ❡ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥✲

s✐♦♥❛❧✱ s❡♠ s❡♣❛r❛çã♦ ❞❡ ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s ❡ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ q✉❛tr♦ ❡stá❣✐♦s ♣❛r❛

♦ ❛❝rés❝✐♠♦ ❞♦ t❡r♠♦ ❢♦♥t❡✳ ❈♦♠ ❡st❡ ♠ét♦❞♦✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡s❝r❡✈❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

❞♦ s✐st❡♠❛ ❛str♦❢ís✐❝♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠♣♦st♦ ❞❡ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡♠ r♦t❛çã♦ ❡♠ t♦r♥♦

❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ✭❇❍✮ ❝❡♥tr❛❧ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ✐♠❡rs♦s ❡♠ ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛ ❡♠

q✉❡❞❛ ❝♦♠ r❡❧❛çã♦ ❛♦ ❇❍✳ ▼♦str❛♠♦s q✉❡ t❛❧ s✐st❡♠❛ ♣❛ss♦✉ ♣❡❧❛ tr❛♥s✐çã♦ ❞❡ ❞✐s❝♦ ❞❡

❛❝r❡çã♦ ❡ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛ ❡♠ ❢♦r♠❛ ❞❡ ❥❛t♦ ❝♦♠ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✱ ❝✉❥❛ ❡①t❡♥sã♦

❛t✐♥❣✐✉ ✶✹ ✈❡③❡s ♦ r❛✐♦ ❞♦ ❇❍✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❢♦✐ ❝❛♣❛③ ❞❡ r❡✈❡❧❛r

s✉❜❡str✉t✉r❛s ❢♦r♠❛❞❛s t❛♥t♦ ♥♦ ❥❛t♦ q✉❛♥t♦ ❞♦ ❞✐s❝♦✳

P♦r ✜♠ ♥♦ ❝❛♣ít✉❧♦ ✼ tr❛③ ✉♠ r❡tr♦s♣❡❝t♦ ❞♦s ❡st✉❞♦s r❡❛❧✐③❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ♣r❡❝❡✲

❞❡♥t❡s ❡ ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s r❡❛❧✐③❛❞❛s✳ ❙ã♦ ❛♣r❡s❡♥t❛❞♦s ❛✐♥❞❛✱ s✉❣❡stõ❡s ❞❡ tr❛❜❛❧❤♦s

❢✉t✉r♦s q✉❡ ♣♦ss❛♠ ❝♦♥tr✐❜✉✐r ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ♦✉ ❛ ♠❡❧❤♦r✐❛ ❞♦ q✉❡ ❢♦✐ ♣r♦♣♦st♦✳

✹



❈❛♣ít✉❧♦ ✶

❏❛t♦s ❘❡❧❛t✐✈íst✐❝♦s ✲ ❆s♣❡❝t♦s ❞♦

❋❡♥ô♠❡♥♦

✶✳✶ ❆s♣❡❝t♦s ❤✐stór✐❝♦s

❆ ❆str♦♥♦♠✐❛ é ✉♠❛ ❝✐ê♥❝✐❛ q✉❡ s✉r❣✐✉ ❞❛s ♦❜s❡r✈❛çõ❡s ❞❡ ❝♦r♣♦s ❝❡❧❡st❡s ❞✉r❛♥t❡ ❝❡♥t❡✲

♥❛s ❞❡ ❛♥♦s✳ ❖ ❛❝ú♠✉❧♦ ❞❡ ❞✐✈❡rs❛s ♦❜s❡r✈❛çõ❡s ♣♦ss✐❜✐❧✐t♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t❡♦r✐❛s

q✉❡ ❛✉①✐❧✐❛♠ ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ ❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s✳ ❊♠ ✶✾✶✼✱ ❍❛❜❡r ❈✉rt✐s ♥♦t♦✉ ✉♠❛

❡str✉t✉r❛ q✉❡ ❞❡s❝r❡✈❡✉ ❝♦♠♦ ✉♠ ❝✉r✐♦s♦ r❛✐♦ ❡♠ ❧✐♥❤❛ r❡t❛ ❝♦♥❡❝t❛❞♦ ❛ ✉♠ ♥ú❝❧❡♦✳ ❚❛❧

♦❜❥❡t♦ ❛t✉❛❧♠❡♥t❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❥❛t♦ ▼✽✼ ❡ é ✉♠❛ ❞❛s ❡❥❡çõ❡s ♠❛✐s ❡st✉❞❛❞❛s

❛ss♦❝✐❛❞❛ ❛ ✉♠ ◆ú❝❧❡♦ ❆t✐✈♦ ❞❡ ●❛❧á①✐❛ ✲ ❆●◆✳ ❱❡r ❋✐❣✉r❛ ✶✳✶✳

❋✐❣✉r❛ ✶✳✶✿ ■♠❛❣❡♠ ♦❜t✐❞❛ ♣❡❧♦ t❡❧❡s❝ó♣✐♦ ❍✉❜❜❧❡ ❞♦ ❥❛t♦ ▼✽✼ ✲ ❢♦♥t❡✿ ◆❆❙❆ ❍✉❜❜❧❡
❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ ■♠❛❣❡s ❬✾✾❪✳

✺



❉❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛ ❝♦♥❝❡♣çã♦ ♠♦❞❡r♥❛✱ ♦❜❥❡t♦s ♠❛ss✐✈♦s ❝❡♥tr❛✐s ❡stã♦ ♣r❡s❡♥t❡s ♥❛

♠❛✐♦r✐❛ ❞❛s ●❛❧á①✐❛s ❡ ♣❡r♠❛♥❡❝❡♠ ❛t✐✈♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✉♠❛ q✉❛♥t✐❞❛❞❡ s✉✜❝✐❡♥t❡

❞❡ ♠❛tér✐❛ ❝❛✐r ♥❡❧❡s✳ ❆❧é♠ ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧✱ ◆ú❝❧❡♦s ❆t✐✈♦s ❞❡ ●❛❧á①✐❛s

♥❡❝❡ss✐t❛♠ ❞❡ ✢✉①♦ ❞❡ ♠❛tér✐❛ ❡♠ q✉❡❞❛ ♥❛ ❞✐r❡çã♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛✳ ❊st❡

♠❡❝❛♥✐s♠♦ é ❝❤❛♠❛♥❞♦ ❞❡ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ❡ ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧

❣❡r❛❞♦ ♣❡❧♦ ♦❜❥❡t♦ ❝❡♥tr❛❧✳

◆♦ ✐♥í❝✐♦ ❞❛ ❞é❝❛❞❛ ❞❡ ✶✾✺✵✱ ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❘❛❞✐♦❛str♦♥♦♠✐❛ ✐♥✐❝✐❛r❛♠✲s❡

❡st✉❞♦s s♦❜r❡ ❛s ❡♠✐ssõ❡s ❞❡ r❛❞✐❛çã♦ tér♠✐❝❛ ❡ ♥ã♦ tér♠✐❝❛ ❡✱ t❛♠❜é♠ s♦❜r❡ ❛ ❧✉♠✐♥♦s✐✲

❞❛❞❡ ❞❡ ♦❜❥❡t♦s ❡st❡❧❛r❡s✳ ◆♦ ❡♥t❛♥t♦✱ ♦❜s❡r✈❛çõ❡s ♥❛s ❢❛✐①❛s ❞❡ r❛✐♦✲❳ ❡ r❛✐♦ ❣❛♠♠❛

♣♦ss✐❜✐❧✐t❛r❛♠ ✐♥ú♠❡r❛s ❞❡s❝♦❜❡rt❛s ❞❡ ❢♦♥t❡s ♥ã♦ tér♠✐❝❛s ❞♦ ❯♥✐✈❡rs♦✱ ❝♦♠ ❞❡st❛q✉❡

♣❛r❛ ❛s ❡♠✐ssõ❡s ❞✐❢✉s❛s ❞❡ rá❞✐♦ ❡♠ t♦r♥♦ ❞❡ ❣❛❧á①✐❛s ❛t✐✈❛s✳

❆♣ós ❡ss❛s ❞❡s❝♦❜❡rt❛s✱ r❛♣✐❞❛♠❡♥t❡ t❛✐s ❡♠✐ssõ❡s ❢♦r❛♠ ❛ss♦❝✐❛❞❛s ❛ ❡❥❡çõ❡s ❞❡ ♣❧❛s✲

♠❛s ❝♦❧✐♠❛❞♦s q✉❡ ❡s❝♦❛♠ ♣❛r❛ ❢♦r❛ ❞♦ ♥ú❝❧❡♦ ❣❛❧á❝t✐❝♦ ❬✽❪✳ ❆ ♠❛tér✐❛ ❡①♣❡❧✐❞❛ ♣♦r ❡ss❡s

❥❛t♦s t❡♠ ✉♠❛ ❡♥❡r❣✐❛ ♠✉✐t♦ ❡❧❡✈❛❞❛ ❡ ❡♠ ♠✉✐t♦s ❝❛s♦s✱ ❛ ♣r♦♣❛❣❛çã♦ ❞❛ ❡❥❡çã♦ ❡st❡♥❞❡✲

s❡ ♣♦r ❣r❛♥❞❡s ❞✐stâ♥❝✐❛s ✲ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ r❛✐♦ ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ✲ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s

r❡❧❛t✐✈íst✐❝❛s ❛té ❛♥t❡s ❞❡ ❛t✐♥❣✐r ✉♠ ♣❡r❝❡♣tí✈❡❧ ❢r❡❛♠❡♥t♦ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦ ❝♦♠ ♦ ♠❡✐♦

✐♥t❡r❣❛❧á❝t✐❝♦ ❬✽✱ ✹✺✱ ✺✵❪✳

◆♦ ✜♥❛❧ ❞❛ ❞é❝❛❞❛ ❞❡ ✶✾✻✵✱ ❡✈✐❞ê♥❝✐❛s ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ♦❜❥❡t♦s ❡♠ q✉❡ ♣r♦❝❡ss♦s

❡❧❡tr♦❞✐♥â♠✐❝♦s sã♦ ❞❡❝✐s✐✈♦s ♥❛ ❧✐❜❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ✐♠♣✉❧s✐♦♥❛r❛♠ ♦s ♣r✐♠❡✐r♦s ❡st✉❞♦s

❞❡ ♠♦❞❡❧♦s ❡❧❡tr♦♠❛❣♥ét✐❝♦s ♣❛r❛ ❢♦♥t❡s ❝♦♠♣❛❝t❛s ❬✸✵✱ ✸✼❪✳

❊♠ ✶✾✼✻✱ ❇❧❛♥❞❢♦r❞ ❡ ❩♥❛✐❥❡❦ ❛♣r❡s❡♥t❛♠ ✉♠ ♠❡❝❛♥✐s♠♦ q✉❡ ❡str✉t✉r❛ ♦ ❝❡♥ár✐♦

❜ás✐❝♦ ❞❡ ❡①tr❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❞❡ ✉♠ ❇✉r❛❝♦ ◆❡❣r♦ ✭❇❍✮ ❡♠ r♦t❛çã♦✳ ❚❛❧ ♠❡❝❛♥✐s♠♦ é

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❝❡ss♦ ❞❡ ❇❧❛♥❞❢♦r❞✲❩♥❛✐❥❡❦✱ q✉❡ ❡①♣õ❡♠ s♦❜r❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠

❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❝♦♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ ❞❡

r♦t❛çã♦ ❞♦ ❇❍ ❬✶✵❪✳ ❆ ✐❞❡✐❛ ❝❤❛✈❡ q✉❡ ❡stá ♥❛ ❜❛s❡ t❡ór✐❝❛ ❞❡ t❛❧ ♣r♦❝❡ss♦ é ♦ ❢❛t♦

❞❡ ❝♦♥s✐❞❡r❛r ♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ✲ ✐♠❡rs♦ ❡♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦ ✲ ❝♦♠♦ ✉♠

✐♥❞✉t♦r ✉♥✐♣♦❧❛r✳

■♥✐❝✐❛❧♠❡♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❛♥❛❧ít✐❝❛✱ ❞✐s❝♦s ❞❡ ❛❝r❡çã♦ ❡ ❥❛t♦s ❢♦r❛♠

tr❛t❛❞♦s s❡♣❛r❛❞❛♠❡♥t❡✳ ❚❛✐s t❡♦r✐❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✹❪ ♣❛r❛ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦

❡ ♣❛r❛ ❥❛t♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✾❪✳

✻



❯♠ tr❛t❛♠❡♥t♦ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ❡ ❛s ❧❡✐s ❞❡ ❝♦♥s❡r✲

✈❛çã♦ r❡❧❛t✐✈íst✐❝❛s ❞❡ ♠❛ss❛✱ ♠♦♠❡♥t♦ ❡ ❡♥❡r❣✐❛ ✲ ❝❤❛♠❛♥❞♦ ❞❡ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛

❘❡❧❛t✐✈íst✐❝❛ ✲ ●❘▼❍❉ ✲ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❚❤♦r♥❡✱ Pr✐❝❡ ❡ ▼❛❝❉♦♥❛❧❞ ✭✶✾✽✻✮ ❬✽✼❪✳

❆✈❛♥ç♦s ❡♠ r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❡♠ té❝♥✐❝❛s ❞❡ ❝♦♠♣✉t❛çã♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ♣r♦♣♦r❝✐♦♥❛r❛♠ ✐♠♣❧❡♠❡♥t❛r s✐♠✉❧❛çõ❡s q✉❡ ❛❜r❛♥❣❡♠ ❝❡♥ár✐♦s

❛str♦❢ís✐❝♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❞❡s❞❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦ ❞♦ ❞✐s❝♦ ❛té ❛

♣r♦♣❛❣❛çã♦ ❞♦ ♣❧❛s♠❛ ❡❥❡t❛❞♦✳

❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ✭✶✾✾✾✮ ❬✸✽❪ ✉t✐❧✐③❛r❛♠ ❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ✐❞❡❛❧✱ s❡♠

t❡r♠♦ r❡s✐st✐✈♦✱ ♣❛r❛ ♠♦str❛r ❡♠ s✐♠✉❧❛çõ❡s ♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦ ❞♦ ❥❛t♦ ❛ ♣❛rt✐r ❞♦

❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡♠ ✈♦❧t❛ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧✱ ✐♠❡rs♦ ❡♠ ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛ ❡♠

q✉❡❞❛✳ ❊♠ ✉♠❛ ❞❡ s✉❛s ❝♦♥✜❣✉r❛çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s✱ ♦ ❥❛t♦ ❢♦✐ ❢♦r♠❛❞♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞♦

❞✐s❝♦ ♠♦str❛♥❞♦ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ❡①✐stê♥❝✐❛ t❛♥t♦ ❞❡ ❥❛t♦s q✉❡ s❡ ❢♦r♠❛♠ ♥♦s ♣♦❧♦s ❞♦

❇❍ q✉❛♥t♦ ❥❛t♦s ❡❥❡t❛❞♦s ♣♦r ❞✐s❝♦s✳

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t❡♦r✐❛ ❛♥❛❧ít✐❝❛ ❡ ❞❡ s✐♠✉❧❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦

❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s q✉❡ r❡s✉❧t❛♠ ❡♠ ✉♠ ❥❛t♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❢♦r♠❛❞♦✱ ❜✉s❝❛♠ ❡①♣❧♦r❛r ❛s

♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❡✈✐❞❡♥❝✐❛❞❛s ♣❡❧❛ ♣r♦♣❛❣❛çã♦ ❞❛ ❡❥❡çã♦✳ ◆❡ss❡s ❡st✉❞♦s

t❛♥t♦ ❛s té❝♥✐❝❛s ❛♥❛❧ít✐❝❛s ✈✐❛ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ●r❛❞✲❙❤❛❢r❛♥♦✈

❬✶✷❪ q✉❛♥t♦ ❛s s✐♠✉❧❛çõ❡s ✈✐❛ ●❘▼❍❉ ❬✻✶❪ ♠♦str❛♠ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ ❢♦rt❡ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ❝♦❧✐♠❛çã♦ ❞♦ ❥❛t♦✳

❆✈❛♥ç♦s ♥❛ ár❡❛ ♦❜s❡r✈❛❝✐♦♥❛❧ ✈ê♠ ❛❞✐❝✐♦♥❛♥❞♦ ❡ ❡✈✐❞❡♥❝✐❛♥❞♦ ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❞✐s❝♦

❞❡ ❛❝r❡çã♦✱ ❢♦r♠❛çã♦ ❡ ❡❥❡çã♦ ❞❡ ❥❛t♦s✳ ❆t✉❛❧♠❡♥t❡✱ ❛s ♠♦❞❡❧❛❣❡♥s ♠❛t❡♠át✐❝❛s ❞❡ ❥❛t♦s

q✉❡ ❡♥✈♦❧✈❡♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ ♣❧❛s♠❛s ❛❧t❛♠❡♥t❡ ❡♥❡r❣ét✐❝♦s✱ ❛tr❛✈és ❞❡ t❡♦r✐❛s ❛♥❛❧ít✐❝❛s

❡ s✐♠✉❧❛çõ❡s ❞❡ ●❘▼❍❉✱ ❞❡st❛❝❛♠✲s❡ ♣♦r ❡st❛r❡♠ ❡♠ ❝♦♥s♦♥â♥❝✐❛ ❝♦♠ ❛s ♦❜s❡r✈❛çõ❡s

❬✶✽✱ ✺✽❪✳

❊r✉♣çõ❡s ❡♠ ❢♦r♠❛ ❞❡ ❥❛t♦s r❡♣r❡s❡♥t❛♠ ✉♠❛ ❞❛s ❛♣❛rê♥❝✐❛s ✈ís✐✈❡✐s ❞❛ ❛t✐✈✐❞❛❞❡ ❞❡

♦❜❥❡t♦s ❛str♦❢ís✐❝♦s✳ ❈❡rt❛♠❡♥t❡✱ ❡st❡ é ✉♠ ♠❡❝❛♥✐s♠♦ ✉♥✐✈❡rs❛❧ ❞❡ ❧✐❜❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛

❬✽❪ q✉❡ ✐♥✢✉❡♥❝✐❛ ❡♠ ❞✐✈❡rs♦s ♣r♦❝❡ss♦s ❛str♦❢ís✐❝♦s ❬✶✽❪✳

❈♦♥t✉❞♦✱ ❛♣❡s❛r ❞♦s ❝❡♥ár✐♦s ❢❛✈♦rá✈❡✐s r❡❢❡r❡♥t❡s ❛♦s ❛✈❛♥ç♦s ♥♦s ❡st✉❞♦s ❞❛s t❡♦r✐❛s

❛♥❛❧ít✐❝❛s✱ ❞❛s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❞❛s ♦❜s❡r✈❛çõ❡s ❡ ❞❡ ❡①♣❡r✐ê♥❝✐❛s ❧❛❜♦r❛t♦r✐❛✐s

❞❡ ♣❧❛s♠❛s✱ ❛✐♥❞❛ ♦ ❛ss✉♥t♦ ❛♣r❡s❡♥t❛ ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s ❡ ❞❡s❛✜♦s ♣♦r ❝♦♥t❡r ♠✉✐t❛s

✼



q✉❡stõ❡s ❡♠ ❛❜❡rt♦✳

❆♣ós q✉❛s❡ ❝❡♠ ❛♥♦s ❞❛ ❞❡s❝♦❜❡rt❛ ❞❡ ❍❡❜❡r ❈✉rt✐s✱ ❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❡

♠✉✐t♦s ❥❛t♦s ❡stá✈❡✐s ✲ ❛ ♣r♦♣❛❣❛çã♦ ❞❛ ❡❥❡çã♦ ❞♦ ♣❧❛s♠❛ ❝♦❧✐♠❛❞♦ ♣♦r ❧♦♥❣❛s ❞✐stâ♥❝✐❛s

❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ r❛✐♦ ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ✲ ♣❡r♠❛♥❡❝❡ ✐♥❡①♣❧✐❝❛❞❛✳ ➱ ❢❛t♦

q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦rt❡ ♦r✐✉♥❞♦ ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ t❡♠ s✉❛s ❧✐♥❤❛s ❛❧t❡r❛❞❛s ❛♦

♣♦♥t♦ ❞❡ ❝♦❧✐♠❛r ♦ ❥❛t♦✱ ❞❡ ❞✐r❡❝✐♦♥❛r ❛ ♣r♦♣❛❣❛çã♦ ❞♦ ♣❧❛s♠❛ ❡ ♣❡rs❡r✈á✲❧♦ ❞✉r❛♥t❡ ❛

❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♣♦ré♠ ♣❡sq✉✐s❛s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡s ❞❡ ❥❛t♦s ✭❛♠❜♦s r❡❧❛t✐✈íst✐❝♦s ❡

♥ã♦ r❡❧❛t✐✈íst✐❝♦s✮ ♣♦ss✉❡♠ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ ❬✻✶❪✳

❆♦ ❧♦♥❣♦ ❞❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ♣❡sq✉✐s❛❞♦r❡s ❛♣r❡s❡♥t❛r❛♠ ❝r✐tér✐♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡

❡ té❝♥✐❝❛s ❛♥❛❧ít✐❝❛s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st❛❜✐❧✐③❛r ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❥❛t♦s✱ ♣♦ré♠ ❛té ❛❣♦r❛

♥❡♥❤✉♠❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❢♦✐ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡①♣❧✐❝❛r ❛ ❡①t❡♥sã♦ ❞❡ ❞✐✈❡rs♦s ❥❛t♦s

♦❜s❡r✈á✈❡✐s ❬✽❪✳

❯♠ ♦✉tr♦ ♣♦♥t♦ ✐♥tr✐❣❛♥t❡ sã♦ ❛s s✉❜❡str✉t✉r❛s ❢♦r♠❛❞❛s ❞✉r❛♥t❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡

❥❛t♦s✳ ❊st✉❞♦s ❛♣♦♥t❛♠ q✉❡ ❛s ❢♦r♠❛s ♣♦ssí✈❡✐s ❞❡ ❥❛t♦s ❡ ❞❡ s✉❛s s✉❜❡str✉t✉r❛s sã♦ ✐♥✲

✢✉❡♥❝✐❛❞❛s ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✱ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ❞♦ ♠❡✐♦ ❡♠ q✉❡

♦ s✐st❡♠❛ ❡stá ✐♠❡rs♦ ✭♠❛❣♥❡t♦s❢❡r❛✮ ❬✻✶❪✳ ❊♥tr❡t❛♥t♦✱ ♦s ❛❥✉st❡s ❞❡ ✈❛❧♦r❡s q✉❡ ❡♥tr❛rã♦

♥❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛s ❛♥á❧✐s❡s ❛♥❛❧ít✐❝❛s ❡ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s

❛✐♥❞❛ sã♦ ❞❡s❛✜❛❞♦r❡s ♣♦r ♣❡r♠❛♥❡❝❡r ❞í✜❝✐❧ ❛ ❝♦♠♣❛r❛çã♦ ❞❛ t❡♦r✐❛ ❝♦♠ ♦❜s❡r✈❛çõ❡s

✭❲♦rr❛❧✱ ✷✵✵✾✮ ❬✾✺❪ ❡ ❝♦♠ ❡①♣❡r✐♠❡♥t♦s ❧❛❜♦r❛t♦r✐❛✐s ❞❡ ♣❧❛s♠❛s ✭❈✐❛r❞✐✱ ✷✵✵✾✮ ❬✶✺❪✳

❉✐❛♥t❡ ❞❡st❡ ❝❡♥ár✐♦✱ s✐♠✉❧❛çõ❡s ❡♠ ●❘▼❍❉ s❡❣✉❡♠✲s❡ ❡♠ ❞❡st❛q✉❡ ♥♦ ❡st✉❞♦ ❞❡

♠♦❞❡❧♦s ❞❡ ❥❛t♦s ♠❛✐s r❡❛❧✐st❛s✱ ♣♦ré♠ ❞❡✈❡✲s❡ r❡ss❛❧t❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❡①♣❡r✐ê♥❝✐❛

❛❝✉♠✉❧❛❞❛ ❝♦♠ ♦s ❡st✉❞♦s ❛♥❛❧ít✐❝♦s ❡ ♦❜s❡r✈❛çõ❡s ♣❛r❛ ❛❥✉st❛r ♦s ♣❛râ♠❡tr♦s ❡♥✈♦❧✈✐❞♦s

♥❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❬✽❪✳

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r✐✉♥❞❛s ❞❡ ●❘▼❍❉✱ ❛ ❞✐✜❝✉❧✲

❞❛❞❡ ❞❡ tr❛t❛♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✐♠♣♦st♦ ♣❡❧♦ ❝❛rát❡r ♥ã♦ ❧✐♥❡❛r ❞❛s ❡q✉❛çõ❡s✱ q✉❡

❡♥✈♦❧✈❡♠ ❢❡♥ô♠❡♥♦s q✉❡ ❛t✉❛♠ ❡♠ ❞✐❢❡r❡♥t❡s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛s✱ ✜③❡r❛♠ ❝♦♠ q✉❡ ♦s

♣r♦❝❡ss♦s ❞❡ ❛❝r❡çã♦ ❡ ❞❡ ❡❥❡çã♦ ❞❡ ♣❧❛s♠❛ ♣❡❧♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❢♦ss❡♠ ✐♥✐❝✐❛❧✲

♠❡♥t❡ tr❛t❛❞♦s s❡♣❛r❛❞❛♠❡♥t❡✱ ❬✾❪✱ ❬✽❪✱ ❬✷✸❪✱ ❬✼✾❪✱ ❡♥tr❡ ♦✉tr♦s✳

❙✐♠✉❧❛çõ❡s q✉❡ ❝♦♥s✐❞❡r❛♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦✱ ❛ ❢♦r♠❛çã♦ ❞♦ ❥❛t♦ ❡ s✉❛ ❡❥❡çã♦

❡♠ ✉♠❛ ♠❡s♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✈ê♠ s❡♥❞♦ r❡❝❡♥t❡♠❡♥t❡ ♣❡sq✉✐s❛❞❛s ♣♦r ❑♦✐❞❡ ❬✹✵❪✱
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◆✐s❤✐❦❛✇❛ ❬✻✾❪✱ ▼❝❑✐♥♥❡② ❬✻✶❪✱ ❙❤✐❜❛t❛ ❬✸✽❪✱ ❡♥tr❡ ♦✉tr♦s✳ ❊♥tr❡t❛♥t♦✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ss❡s ❢❡♥ô♠❡♥♦s ♣♦r ♠❡✐♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❛✐♥❞❛ r❡♣r❡s❡♥t❛ ❞❡✲

s❛✜♦s ♣♦r r❡q✉❡r❡r ♠✉✐t❛ ❛t❡♥çã♦ ❡♠ q✉❡stõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ♦r❞❡♠ ❞❡ ♣r❡❝✐sã♦✱ ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡s ♥❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✱ ❡st❛❜✐❧✐❞❛❞❡ ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ t❡♠♣♦

❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡ ♠❡♠ór✐❛ ✉t✐❧✐③❛❞❛✳

◆❛ s❡çã♦ s❡❣✉✐♥t❡ ❛♣r❡s❡♥t❛♠✲s❡ ♦s ❡❧❡♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ r❡s✉❧t❛♠ ❡♠ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s ❛str♦❢ís✐❝♦s✱ t❛♠❜é♠ ❡①♣õ❡♠✲s❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s✳

✶✳✷ ❆ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ❞✐✈❡rs♦s s✐st❡♠❛s ❛str♦❢ís✐❝♦s ✈ê♠ s❡♥❞♦ ❞❡s❝♦❜❡rt♦s ❝♦♠ ❛ ♣r♦✲

♣r✐❡❞❛❞❡ ❞❡ ❣❡r❛r ❡s❝♦❛♠❡♥t♦ ❝♦❧✐♠❛❞♦ ❞❡ ♣❧❛s♠❛✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s q✉❡ ♣♦❞❡♠ ❛♣r♦①✐♠❛r

❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✳

❯♠ ❥❛t♦ é ✉♠❛ ❧✐♥❤❛ ❞❡ ❝♦rr❡♥t❡ ❢♦rt❡♠❡♥t❡ ❝♦❧✐♠❛❞♦ ❞❡ ✢✉✐❞♦✱ ❣ás ♦✉ ♣❧❛s♠❛✳ ❚✐♣✐❝❛✲

♠❡♥t❡✱ ♣♦ss✉❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐st❡♠❛

❡♥✈♦❧✈✐❞♦✱ t❛♠❜é♠ ♣♦❞❡rá ♣♦ss✉✐r ♠♦♠❡♥t♦ ❛♥❣✉❧❛r✳ ❊♠❜♦r❛ ❡①✐st❛♠ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s

♣r♦♣♦st♦s ♣❛r❛ ♣r♦❞✉çã♦ ❞❡ ❥❛t♦s ❝♦❧✐♠❛❞♦s✱ ❛s ✐❞❡✐❛s ♣r✐♥❝✐♣❛✐s ❡stã♦ ❡♠❜❛s❛❞❛s ❡♠ ♠❛❣✲

♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ✭♣❛r❛ ❥❛t♦s ♥ã♦ r❡❧❛t✐✈íst✐❝♦s✮ ❡ ❡♠ ♠❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ r❡❧❛t✐✈íst✐❝❛

✭●❘▼❍❉✮ ✲ ♣❛r❛ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❬✽❪✳

❆s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❢♦r♠❛çã♦ ❡ ♣r♦♣❛❣❛çã♦ ❞❡

❥❛t♦s ❝♦❧✐♠❛❞♦s ❡♠ ❛❝❡❧❡r❛çã♦ ❛té ❛t✐♥❣✐r ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈íst✐❝❛s✱ ❡♥q✉❛♥t♦ ♦❝♦rr❡ ❝♦✲

❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❞✐s❝♦ ❡♠ r♦t❛çã♦ ✐♠❡rs♦ ❡♠ ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛✳ ❆ ♠❛tér✐❛ ❡♠

❛❝r❡çã♦ ❡s❝♦❛ ❡♠ ❞✐r❡çã♦ ❛ ✉♠ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ✐♠♣õ❡ ✉♠❛

❝✉r✈❛t✉r❛ ♣❛r❛ ❛ ❡str✉t✉r❛ ❡s♣❛ç♦✲t❡♠♣♦✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡s❝r❡✈❡✲s❡ ♦s ❡❧❡♠❡♥t♦s ❢✉♥❞❛✲

♠❡♥t❛✐s q✉❡ ❡stã♦ ❡♥✈♦❧✈✐❞♦s ♥❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❛str♦❢ís✐❝♦s ❡st✉❞❛❞♦s✳

❯♠ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❝♦♠ r♦t❛çã♦ ❛tr❛✐ ♠❛tér✐❛ ✐♠❡rs❛ ❡♠ ✉♠ ♠❡✐♦ ❞❡ ❜❛✐①❛

❞❡♥s✐❞❛❞❡ ❡ ❝♦♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦rt❡ ✲ ❝❤❛♠❛❞♦ ❞❡ ♠❛❣♥❡t♦s❢❡r❛✳ ❆ ❝♦♠♣♦♥❡♥t❡

♣♦❧♦✐❞❛❧ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♥✜❧❡r❛ ❛ ♠❛tér✐❛ ✐♠❡rs❛ ❞❡✐①❛♥❞♦✲❛ ❡♠ ❢♦r♠❛ ❞❡ ❞✐s❝♦ ✲

❝❤❛♠❛❞♦ ❞❡ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳

❈♦♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ r♦t❛çã♦ ♥♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✱ ❛ ♠❛tér✐❛ é ❡s❝♦❛❞❛

✾



❡♠ ❞✐r❡çã♦ ❛♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❧❡✈❛♥❞♦ ❝♦♥s✐❣♦ ❛s ❧✐♥❤❛s ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ❆ ♠❛tér✐❛

❞❡♣♦s✐t❛❞❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ é ❡s♣r❡♠✐❞❛ ♣❡❧❛s ❧✐♥❤❛s ❞❡ ❝❛♠♣♦ ❡ ♣❡❧❛

♠❛tér✐❛ q✉❡ ❝♦♥t✐♥✉❛ ❡♠ ❝♦❧❛♣s♦✳ ❆s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞❡ r♦t❛çã♦ ❞♦ ❞✐s❝♦ ♣r♦❞✉③

✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❤❡❧✐❝♦✐❞❛❧ s♦❜r❡ ♦ ❡✐①♦ ❞❡ r♦t❛çã♦ q✉❡✱ ❛❧é♠ ❞❡ ❛♣❡rt❛r ❛ ♠❛tér✐❛

♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦✱ ❞✐r❡❝✐♦♥❛rá ❛ ♠❛tér✐❛ ❝♦♥❢♦r♠❡ ❛s ❧✐♥❤❛s ❞♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦✳

❉❡♣❡♥❞❡♥❞♦ ❞❛ ✐♠♣♦rtâ♥❝✐❛ r❡❧❛t✐✈❛ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ❞❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❞✐s❝♦ ❞❡

❛❝r❡çã♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ♠❡✐♦✱ ❞♦ â♥❣✉❧♦ ❞❡ ❛❜❡rt✉r❛ ❞♦ ❞✐s❝♦ ❡ ❞❛

✈❡❧♦❝✐❞❛❞❡ ❞❡ r♦t❛çã♦ ❞♦ ❞✐s❝♦✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s sã♦ ♣♦ssí✈❡✐s✱ t❛✐s ❝♦♠♦✿ ✉♠

❛♠♣❧♦ ✈❡♥t♦ ♥ã♦ ❝♦❧✐♠❛❞♦❀ ❞♦✐s ❡s❝♦❛♠❡♥t♦s ♥ã♦ r❡❧❛t✐✈íst✐❝♦s s❛✐♥❞♦ ❡♠ ❝❛❞❛ ✉♠ ❞♦s

♣♦❧♦s ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦❀ ✉♠ ❥❛t♦ r❡❧❛t✐✈íst✐❝♦ ❛❧t❛♠❡♥t❡ ❝♦❧✐♠❛❞♦ ♦✉ ❛té ♠❡s♠♦ ✉♠

❥❛t♦ ❢♦r♠❛❞♦ ♥♦ ♣ró♣r✐♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳ ❱❡r ❋✐❣✉r❛ ✶✳✷✳

❙❡♥❞♦ ❛ss✐♠✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣❡❧♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ é ❛ ❧✐❣❛çã♦ ♥❛t✉r❛❧ ❡♥tr❡

♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❡ ♦ ❥❛t♦✱ ✐♥t❡r❧✐❣❛♥❞♦ t❛♠❜é♠ ❛ r♦t❛çã♦ ❞♦ ❞✐s❝♦ ❝♦♠ ❛ r♦t❛çã♦

❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧✳ ❈♦♠♦ ♦ ❡s❝♦❛♠❡♥t♦ ❞❡ s❛í❞❛ ❞♦ ♣❧❛s♠❛ é ❞✐r❡❝✐♦♥❛❞♦ ♣❡❧❛s ❧✐♥❤❛s ❞♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ♦ ✢✉①♦ ❞❡ ❧✐❜❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ♣❡❧♦ ❥❛t♦ t❛♠❜é♠ ♦❝♦rr❡ ❛♦ ❧♦♥❣♦ ❞❛s

❧✐♥❤❛s ❞❡ ❝❛♠♣♦✳ ❆ ♣r♦♣❛❣❛çã♦ ❞♦ ❥❛t♦ ❞❡✜♥❡ ✉♠❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❣❡r❛♥❞♦

❛ss✐♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐♥❞✉③✐❞♦ t♦r♦✐❞❛❧ ❝❛♣❛③ ❞❡ ❡①❡r❝❡r ✉♠❛ ♣r❡ssã♦ ♠❛❣♥ét✐❝❛

q✉❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❛ ❝♦❧✐♠❛çã♦ ❞♦ ❥❛t♦✳

◆♦ ❡♥t❛♥t♦✱ ❞❡✈❡✲s❡ ♥♦t❛r q✉❡ ♥❡st❡ s✐st❡♠❛ ❛str♦❢ís✐❝♦✱ ❛ ❝♦rr❡♥t❡ t♦t❛❧ q✉❡ ✢✉✐ ❛

♣❛rt✐r ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ❞❡✈❡r✐❛ ❞❡s❛♣❛r❡❝❡r✱ ♣♦✐s ❛ ❢♦rç❛ ❞❡ ❆♠♣èr❡ ❞❡s❝♦❧✐♠❛r✐❛ ♦ ❥❛t♦

✉♠❛ ✈❡③ q✉❡ ❛s ❝♦rr❡♥t❡s ❛♥t✐✲♣❛r❛❧❡❧❛s r❡♣❡❧❡♠✲s❡✳ P♦rt❛♥t♦✱ ✉♠ ♠❡✐♦ ❡①t❡r♥♦ s❡ ❢❛③

♥❡❝❡ssár✐♦ ♣❛r❛ ❝♦❧✐♠❛r ❡ ❛❥✉❞❛r ❛ ♠❛♥t❡r ❛ ❝♦❧✐♠❛çã♦ ❞♦ ❥❛t♦ ❢♦r♠❛❞♦✳

❆❧é♠ ❞✐ss♦✱ ✉♠❛ q✉❡stã♦ ✐♥tr✐❣❛♥t❡ ❡ ♥ã♦ tr✐✈✐❛❧ é ✏ s❡ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ✉♠ ❇❍

✐♠❡rs♦ ❡♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦ ❝♦♠♦ ✉♠ ✐♥❞✉t♦r ✉♥✐♣♦❧❛r ✑✳ ❇❧❛♥❞❢♦r❞ ❡ ❩♥❛✐❥❡❦

❬✶✵❪ ❞❡s❡♥✈♦❧✈❡r❛♠ ❛s ❜❛s❡s t❡ór✐❝❛s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ t❛❧ q✉❡stã♦ ❡ ❛t✉❛❧♠❡♥t❡

♣♦❞❡✲s❡ ❝♦♥s✐❞❡r❛r q✉❡ ♦ ❞✐s❝♦ ♠❛❣♥❡t✐③❛❞♦ ❡♠ r♦t❛çã♦ s❡r✈❡ ❝♦♠♦ ✉♠❛ ❜❛t❡r✐❛ q✉❡

❞❡t❡r♠✐♥❛ ❛ ❡♥❡r❣✐❛ ❧✐❜❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ❞❡ ❛❧t❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❬✽❪✳

❊♠❜♦r❛ t❡♥❤❛♠♦s ♦ ❝❡♥ár✐♦ ❢❛✈♦rá✈❡❧ ❞❡s❝r✐t♦ ❛❝✐♠❛ ♣❛r❛ ❛ ❢♦r♠❛çã♦✱ ❝♦❧✐♠❛çã♦ ❡

❡❥❡çã♦ ❞♦ ❥❛t♦✱ ❞❡✈❡✲s❡ ❞❡st❛❝❛r q✉❡ s✉❛ ♠❛♥✉t❡♥çã♦ ♣♦r ❧♦♥❣❛s ❞✐stâ♥❝✐❛s ♥ã♦ é ♥❛❞❛

✶✵



❋✐❣✉r❛ ✶✳✷✿ ◆❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛♠✲s❡ ♦s ❡❧❡♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s ❡♥✲
✈♦❧✈✐❞♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❛str♦❢ís✐❝♦s ❡ à ❞✐r❡✐t❛ ❛ ❡sq✉❡♠❛t✐③❛çã♦ ❞❛
❢♦r♠❛çã♦ ❞❡ ✉♠ ✈❡♥t♦ ♥ã♦ ❝♦❧✐♠❛❞♦✳ ◆❛ s❡❣✉♥❞❛ ❧✐♥❤❛ à ❡sq✉❡r❞❛ tê♠✲s❡ ❛ ❢♦r♠❛çã♦ ❞❡
❥❛t♦ ❡♠ ✉♠ ❞♦s ♣♦❧♦s ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❡ à ❞✐r❡✐t❛ ♦ ❥❛t♦ ❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞♦
❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳

✶✶



tr✐✈✐❛❧ ♣♦✐s ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s ♣❡sq✉✐s❛s ❛♣♦♥t❛♠ ♣❛r❛ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❞❡

✐♥st❛❜✐❧✐❞❛❞❡ q✉❡ ♣♦❞❡♠ r❡s✉❧t❛r ❡♠ ✉♠❛ t♦t❛❧ r✉♣t✉r❛ ❞❛ ❝♦❧✐♠❛çã♦✳

❊①❡♠♣❧♦s ❞❡ ♠♦❞♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ ❡♠ ❥❛t♦s ✐♥❝❧✉❡♠✿ ♠♦❞♦ ❞❡ r❡✢❡①ã♦ r❡ss♦♥❛♥t❡✱

✐♥st❛❜✐❧✐❞❛❞❡ ❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦t③✱ ♠♦❞♦ ❞❡ ❝♦rr❡♥t❡ ❝♦♥❞✉③✐❞❛ ❡ ♠♦❞♦ ❞❡ t♦rçã♦ ❬✽❪✳

❉✐❛♥t❡ ❞✐ss♦✱ ❑r✉s❦❛❧ ❡ ❙❤❛❢r❛♥♦✈ ♦❜s❡r✈❛♠ ✉♠❛ r❡❧❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝r✐tér✐♦ ❞❡

✐♥st❛❜✐❧✐❞❛❞❡ ❞❡ ❑r✉s❦❛❧✲❙❤❛❢r❛♥♦✈ ✲ ❑❙✳

❈r✐tér✐♦ ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ ✲ ❑❙✿ ❏❛t♦s ♠❛❣♥❡t✐③❛❞♦s ❢♦r♠❛❞♦s ♣♦r s✐st❡♠❛s q✉❡

❡♥✈♦❧✈❡♠ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ♠❛❣♥❡t✐③❛❞♦✱ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❡♠ r♦t❛çã♦ ❡

♠❛❣♥❡t♦s❢❡r❛✱ s❡rã♦ ✐♥stá✈❡✐s s❡✱

∣∣∣∣
Bφ

Bθ

∣∣∣∣ >
2πR

r
,

❡♠ q✉❡ Bφ ❡ Bθ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛s ❝♦♠♣♦♥❡♥t❡s t♦r♦✐❞❛❧ ❡ ♣♦❧♦✐❞❛❧ ❞♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦✱ R = rsenθ é ♦ r❛✐♦ ❞♦ t♦r♦ ❡ r é ❛ ❡①t❡♥sã♦ ♣♦❧♦✐❞❛❧ ✭❞✐r❡çã♦ r❛❞✐❛❧✮✳

❖ ❝r✐tér✐♦ ❑❙ ✐♠♣❧✐❝❛ q✉❡ ❥❛t♦s s❡rã♦ ✐♥stá✈❡✐s ❛♥t❡s ❞❡ ❛t✐♥❣✐r γ & 3 ❡♠ r❡❣✐õ❡s ❞❡♣♦✐s

❞❡ r ∼= 100.M ✱ ❡♠ q✉❡ r é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝✐♥q✉❡♥t❛ ✈❡③❡s ♠❛✐♦r q✉❡ ♦ t❛♠❛♥❤♦ ❞♦

r❛✐♦ ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ♥♦ s✐st❡♠❛ (G = c = 1) ❬✻✶❪✳ ❆❧❣✉♥s ❥❛t♦s ♦❜s❡r✈á✈❡✐s s❛t✐s❢❛③❡♠

t❛❧ ❝r✐tér✐♦✱ ♣♦ré♠ ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ é ♦ ❥❛t♦ ▼✽✼✳

■♥st❛❜✐❧✐❞❛❞❡s ♥ã♦ ❢♦r❛♠ ♦❜s❡r✈❛❞❛s ❛♣❡♥❛s ❡♠ ❥❛t♦s✱ ❡st✉❞♦s s♦❜r❡ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦s

t❛♠❜é♠ ❛♣♦♥t❛♠ ♣❛r❛ ✐♥st❛❜✐❧✐❞❛❞❡s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ♠❛❣♥❡t✐③❛❞❛ ✈✐❛

s✐♠✉❧❛çõ❡s ❞❡ ▼❍❉✳ ❚✉r❜✉❧ê♥❝✐❛s ❣❡r❛❞❛s ♣♦r ✐♥st❛❜✐❧✐❞❛❞❡s ♠❛❣♥❡t♦r♦t❛❝✐♦♥❛❧ ✭▼❘■✮

sã♦ ❝❛♣❛③❡s ❞❡ ❞❡s❡str✉t✉r❛r ♦ ❞✐s❝♦ ❡ ❡s♣❛❧❤❛r ♠❛tér✐❛ ♥ã♦ ❝♦❧✐♠❛❞❛ ♣❛r❛ ❢♦r❛ ❞♦ ❞✐s❝♦✱

❝♦♠♦ ♠♦str❛❞♦ ❡♠ s✐♠✉❧❛çõ❡s ❬✷✻❪✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛❝r❡❞✐t❛✲s❡ q✉❡ ❛ ✐♥st❛❜✐❧✐❞❛❞❡ ♠❛❣✲

♥❡t♦r♦t❛❝✐♦♥❛❧ s❡❥❛ ♦ ♣r✐♥❝✐♣❛❧ ♠❡❝❛♥✐s♠♦ q✉❡ ❞✐r❡❝✐♦♥❛ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦s ❛str♦❢ís✐❝♦s

❬✺❪✳

❏❛t♦s r❡❧❛t✐✈íst✐❝♦s sã♦ ♦❜t✐❞♦s ❡♠ s✐st❡♠❛s ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿ ♦ ❞✐s❝♦

❞❡ ❛❝r❡çã♦ ♣♦ss✉✐ ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈íst✐❝❛s ❡ ♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ é ✉♠ ❜✉r❛❝♦ ♥❡❣r♦

♦✉ ✉♠❛ ❡str❡❧❛ ❞❡ ♥ê✉tr♦♥s✳ ❊st❡s sã♦ ❡♥❝♦♥tr❛❞♦s ❡♠ ♥ú❝❧❡♦s ❛t✐✈♦s ❞❡ ❣❛❧á①✐❛s✳

✶✷



✶✳✷✳✶ ❏❛t♦s ❡♠ ❆●◆

❆s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❡♠ ✉♠ ❆●◆✱ q✉❡ sã♦ ❛❝❡✐t❛s ♣❡❧❛

♠❛✐♦r✐❛ ❞♦s ❛str♦❢ís✐❝♦s ❛t✉❛✐s✱ ♣♦❞❡♠ s❡r r❡s✉♠✐❞❛s ❝♦♥❢♦r♠❡ ❡①♣õ❡♠✲s❡ ❛ s❡❣✉✐r✳

◆♦ ❝❡♥tr♦ ❞❛ ❣❛❧á①✐❛ ❡①✐st❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ s✉♣❡r♠❛ss✐✈♦ ♥♦ q✉❛❧ ❛♦ s❡✉ r❡❞♦r ♦❝♦rr❡

❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ❬✼✾✱ ✷✸❪✳ ❙♦♠❡♥t❡ ❝♦♠ ❡st❡ ❝❡♥ár✐♦ é ♣♦ssí✈❡❧ ❡①♣❧✐❝❛r ❛ ❡✜❝✐ê♥❝✐❛ ♠✉✐t♦

❡❧❡✈❛❞❛ ❞❛ ❧✐❜❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❡ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧✱ ♦ q✉❡ ❢♦r♥❡❝❡ ♣❛r❛

♦ ✉♥✐✈❡rs♦ ✉♠❛ ❣r❛♥❞❡ ❢♦♥t❡ ❞❡ ❡♥❡r❣✐❛✳ ❆ ❛t✐✈✐❞❛❞❡ ❞♦ ♥ú❝❧❡♦ ❣❛❧á❝t✐❝♦ é r❡❧❛❝✐♦♥❛❞♦

t❛♥t♦ ❝♦♠ ❛ ❡♥❡r❣✐❛ ❞❡ r♦t❛çã♦ ❞♦ ❇❍ ✈✐❛

Erot =
JrΩ

2

2
∼= 1062

(
M

109M⊙

)(
ΩHrS
c

)2

erg , ✭✶✳✶✮

q✉❛♥t♦ ❛ ❡♥❡r❣✐❛ ❞❡ ♠❛tér✐❛ ❛❝r❡❝✐❞❛✳ ◆❛ ❡q✉❛çã♦ ✭✶✳✶✮✱

rS =
2GM

c2

é ♦ r❛✐♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❞♦ ❇❍✱ Jr é ♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛✱ ΩH é ❛ ✈❡❧♦❝✐❞❛❞❡ ❛♥❣✉❧❛r

❞♦ ❇❍✱ M é ❛ ♠❛ss❛ ❞♦ ❇❍✱ c ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✱ G ❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ ❞❛ ❣r❛✈✐✲

t❛çã♦✱ M⊙
∼= 2.1033g ❛ ♠❛ss❛ ❞♦ ❙♦❧ ❡ ♣❛r❛ q✉❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ s❡❥❛ ❝❧❛ss✐✜❝❛❞♦ ❝♦♠♦

s✉♣❡r♠❛ss✐✈♦ s✉❛ ♠❛ss❛ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞❡ 106 ❛ 109 ✈❡③❡s ❛ ♠❛ss❛ ❞♦ ❙♦❧✳

❆ ❡①✐stê♥❝✐❛ ❞❡ ♦❜❥❡t♦s s✉♣❡r♠❛ss✐✈♦s é ❥✉st✐✜❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❧✉♠✐♥♦s✐❞❛❞❡ ❞❡

❊❞❞✐♥❣t♦♥ é ❞❛❞❛ ♣♦r✱

LEdd
∼= 1047

(
M

109M⊙

)
erg/s , ✭✶✳✷✮

✐st♦ é✱ ❛ ❢♦rç❛ ❣r❛✈✐t❛❝✐♦♥❛❧ q✉❡ ❛❣❡ ♥❛ ♠❛tér✐❛ ❛❝r❡❝✐❞❛ é ❡q✉✐❧✐❜r❛❞❛ ♣❡❧❛ ❢♦rç❛ ❞❡ ♣r❡ssã♦

❞❛ r❛❞✐❛çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❧✉♠✐♥♦s✐❞❛❞❡ ❬✾✼❪✳ ❖s ❆●◆✬s ♣♦ss✉❡♠ ✉♠❛ ❧✉♠✐♥♦s✐❞❛❞❡

❝❛r❛❝t❡ríst✐❝❛ ♣ró①✐♠❛ ❞❡ LEdd ❡ ❛ ❞✉r❛çã♦ ❞❛ ❢❛s❡ ❛t✐✈❛ é ❡st✐♠❛❞❛ ✉s❛♥❞♦✲s❡ ❛s ❡q✉❛çõ❡s

✭✶✳✶✮ ❡ ✭✶✳✷✮✱ ✐st♦ é✱

τ =
Erot

LEdd

,

q✉❡ é ❞❛ ♦r❞❡♠ ❞❡ 107 ❛♥♦s✳
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❆ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ♣❡❧♦ ❇❍ ♣♦ss✉✐ ✉♠❛ ❢♦r♠❛ ❞❡ ❞✐s❝♦ ❡ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦❜s❡r✲

✈❛çõ❡s ❡①♣♦st❛s ♣♦r ▲②♥❞❡♥✲❇❡❧❧ ❬✺✼❪✳ ❆ss✐♠✱ ❛ ❞✐r❡çã♦ ♣r❡❢❡r❡♥❝✐❛❧ ✲ ♦ ❡✐①♦ ❞❡ r♦t❛çã♦ ✲

s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ♥♦ q✉❛❧ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s é ♣♦ssí✈❡❧✳ ❈♦♠♦ ✉♠ ❜✉r❛❝♦

♥❡❣r♦ ♥ã♦ ♣♦ss✉✐ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♣ró♣r✐♦ ✲ ❚❡♦r❡♠❛ s❡♠ ❝❛❜❡❧♦s ✲ ◆♦ ❍❛✐r ❚❤❡♦r❡♠✱ ❛

❣❡r❛çã♦ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ❢♦rt❡s s❡ ❞❡✈❡♠ ❛♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❬✷✸❪✳

❖s ♥ú❝❧❡♦s ❛t✐✈♦s ❞❡ ❣❛❧á①✐❛s ♣r♦❞✉③❡♠ ♦s ♠❛✐♦r❡s ✭❡♠ ❡①t❡♥sã♦✮ ❡ ♦s ♠❛✐s ❡♥❡r❣ét✐❝♦s

❥❛t♦s ❡♥❝♦♥tr❛❞♦s ♥♦ ❯♥✐✈❡rs♦✱ ❡♠❜♦r❛ ❡❧❡s ♥ã♦ ❢♦r♥❡ç❛♠ ♦s ♠❛✐s rá♣✐❞♦s ❡ ♠❛✐s ♣♦t❡♥t❡s

✭♣♦tê♥❝✐❛ ✐♥st❛♥tâ♥❡❛✮✳ ❆s ✈❡❧♦❝✐❞❛❞❡s ♠❡❞✐❞❛s ❡♠ ❥❛t♦s ❞❡ ❣❛❧á①✐❛s ❞❡ rá❞✐♦ ❛ss✉♠❡♠

❢❛t♦r❡s ❞❡ ▲♦r❡♥t③ q✉❡ ✈❛r✐❛♠ ❞❡ γ ∼= 1, 005 ❛té γ ∼= 50 ❬✺✺❪✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ❣❛❧á①✐❛

▼✽✼✱ s❡✉ ❥❛t♦ ❢♦r♠❛❞♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞♦ ♥ú❝❧❡♦ ♣♦ss✉✐ ♥❛ ♠❛✐♦r ♣❛rt❡ ❞♦ ❡s❝♦❛♠❡♥t♦

✈❡❧♦❝✐❞❛❞❡s ❞❡ γ ∼= 6 ❬✸✻❪ ❡ ❡st❡♥❞❡✲s❡ ♣♦r ❧♦♥❣❛s ❞✐stâ♥❝✐❛s✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦ r❛✐♦

❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❬✻✷❪✳

❊♠ ♠✉✐t♦s ❝❛s♦s✱ ❛ ♠❛tér✐❛ ❡①♣❡❧✐❞❛ ♣❡❧♦ ❥❛t♦ ❝♦♥t✐♥✉❛ ♠♦✈❡♥❞♦✲s❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s

r❡❧❛t✐✈íst✐❝❛s ♣♦r ❣r❛♥❞❡s ❞✐stâ♥❝✐❛s✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ r❛✐♦ ❞♦ ❇❍✱ ❛té ❛t✐♥❣✐r ✉♠ ♣❡r✲

❝❡♣tí✈❡❧ tr❛✈❛♠❡♥t♦ ❞❡✈✐❞♦ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ♠❡✐♦ ✐♥t❡r❣❛❧á❝t✐❝♦✳ ◆♦ ❝❛s♦ ❞❛ ❣❛❧á①✐❛

❈②❣♥✉s ❆✱ ❛s ❡①t❡♥sõ❡s ❞♦s ❞♦✐s ❥❛t♦s s✉♣❡r❛♠ 10 ♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ❝♦♠ r❡❧❛çã♦ ❛♦

t❛♠❛♥❤♦ ❞♦ ❇❍ ❝❡♥tr❛❧✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ ✶✳✸✳

❋✐❣✉r❛ ✶✳✸✿ ■♠❛❣❡♥s ❞♦ t❡s❧❡❝ó♣✐♦ ❍✉❜❜❧❡ ❞❛ ❣❛❧á①✐❛ ❈②❣♥✉s ❆ ❬✾✾❪✳

◆♦ ❝❛s♦ ❞❛ ❣❛❧á①✐❛ ▼✽✼✱ ❛ ♣❛rt❡ ♠❛✐s ❧✉♠✐♥♦s❛ ❝♦♥❝❡♥tr❛✲s❡ ❛♦ r❡❞♦r ❞♦ ♥ú❝❧❡♦ ❡✱

❡♠ ♣❛rt❡s✱ ❛♦ ❧♦♥❣♦ ❞♦ ❥❛t♦✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ♣❛rt❡ ♠❡♥♦s ❧✉♠✐♥♦s❛ ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠❛

❣❛❧á①✐❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡❧í♣t✐❝❛✳ ◆❛ ❣❛❧á①✐❛ ❈②❣♥✉s ❆✱ ♦ ❇❍ ❝❡♥tr❛❧ ❡ ❛s s✉❜❡str✉t✉r❛s

✶✹







♦❜s❡r✈❛❞❛ ❡♠ ✶✾✾✹ ❬✻✹❪✳

❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ❞❡ s❡ ❞❡st❛❝❛r ❡♠ ❥❛t♦s ❢♦r♠❛❞♦s ♣♦r ♠✐❝r♦q✉❛s❛r❡s é q✉❡✱ ♥❛

♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ ❜♦❧❤❛s sã♦ ❢♦r♠❛❞❛s ❛ ❣r❛♥❞❡s ❞✐stâ♥❝✐❛s ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧✳ ❆❝r❡❞✐t❛✲s❡

q✉❡ t❛❧ s✉❜❡str✉t✉r❛ ❝❤❛♠❛❞❛ ❞❡ ▲ó❜✉❧♦ s❡❥❛ ❢♦r♠❛❞❛ ♣❡❧♦s ❞✐✈❡rs♦s ❝✐❝❧♦s ❞❡ r♦t❛çã♦ ❞♦

♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧✳ ❱❡r ❋✐❣✉r❛ ✶✳✺✳

❊st✉❞♦s ♦❜s❡r✈❛❝✐♦♥❛✐s ❞❡ ♠✐❝r♦q✉❛s❛r❡s sã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛✳ ❙❛❜❡♥❞♦

q✉❡ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ♣❛r❛ ❡✈❡♥t♦s q✉❡ ♦❝♦rr❡♠ ♣❡rt♦ ❞❛ ❛❝r❡çã♦ ❞❡ ♦❜❥❡t♦s ❝♦♠♣❛❝t♦s

é ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ♠❛ss❛ ❞♦ ♦❜❥❡t♦✱ ♦s ♠✐❝r♦q✉❛s❛r❡s ♣♦ss✐❜✐❧✐t❛♠ ❡✈♦❧✉çõ❡s

❞❡ ❢❡♥ô♠❡♥♦s ♥❛ ❡s❝❛❧❛ ❞❡ ❛♥♦s ♦✉ ❞é❝❛❞❛s ❛♦ ♣❛ss♦ q✉❡ ❡♠ q✉❛s❛r❡s ♦s ❢❡♥ô♠❡♥♦s ❡stã♦

❛ss♦❝✐❛❞♦s ❛ ❡s❝❛❧❛ ❞❡ ♠✐❧❤❛r❡s ❞❡ ❛♥♦s ❬✻✷❪✳

✶✳✷✳✸ ❏❛t♦s ❡♠ ❙✉♣❡r♥♦✈❛s

❊①✐st❡♠ ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡ ❝❡rt♦s t✐♣♦s ❞❡ s✉♣❡r♥♦✈❛s✱ q✉❡ ♥ã♦ ❡st❡❥❛♠ ❡♥✈♦❧✈✐❞❛s ♣♦r ✉♠

❣✐❣❛♥t❡ ❡♥✈❡❧♦♣❡ ✈❡r♠❡❧❤♦✱ ❡①♣❧♦❞❡♠ ❞❡ ❢♦r♠❛ ❛s❢ér✐❝❛✳

❊st✉❞♦s t❡ór✐❝♦s ❡ ♦❜s❡r✈❛❝✐♦♥❛✐s ❛♣♦♥t❛♠ ♣❛r❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ t❛❧ ❛ss✐♠❡tr✐❛

s❡r✐❛ ❝❛✉s❛❞❛ ♣❡❧❛ ❡❥❡çã♦ ❞❡ ❥❛t♦s ❣ê♠❡♦s q✉❡ ♣❛rt❡ ❞♦ ♥ú❝❧❡♦ ❝❡♥tr❛❧ ❞❡ ✉♠❛ s✉♣❡r♥♦✈❛✱

❡♥q✉❛♥t♦ ❝♦❧❛♣s❛ ♣❛r❛ ❢♦r♠❛r ✉♠❛ ❡str❡❧❛ ❞❡ ♥ê✉tr♦♥s✳

❆ ❛❝r❡çã♦ ❞❡ ❣ás ♥❛ ❡str❡❧❛ ❞❡ ♥ê✉tr♦♥s ❝❡♥tr❛❧ ♣♦❞❡ ❝r✐❛r ✉♠ ❞✐s❝♦ q✉❡ ✐♠♣✉❧s✐♦♥❛

❥❛t♦s ❛❧t❛♠❡♥t❡ ❝♦❧✐♠❛❞♦s✱ ✐♠♣✉❧s✐♦♥❛♥❞♦ ❛ ♠❛tér✐❛ ♣❛r❛ ❢♦r❛ ❞❛ ❡str❡❧❛ ❡♠ ✈❡❧♦❝✐❞❛❞❡s

r❡❧❛t✐✈íst✐❝❛s ❡♥tr❡ 0, 25c ❡ 0, 6c✳ ▼❡s♠♦ q✉❡ ❛♣❡♥❛s ✉♠❛ ♣❡q✉❡♥❛ ❢r❛çã♦ ❞❡ s❡✉ ♥ú❝❧❡♦

s❡❥❛ ❡❥❡t❛❞♦ ✲ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 1%✱ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❛ss✉♠❡ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡s ♣❛r❛

❛❧t❡r❛r s✉❜st❛♥❝✐❛❧♠❡♥t❡ ❛ ❡str✉t✉r❛ ❞❡ ❡①♣❛♥sã♦ ❞❛ s✉♣❡r♥♦✈❛ ❡✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ♣♦❞❡

❞❡s❡♠♣❡♥❤❛r ✉♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥❛s ♣ró①✐♠❛s ❢❛s❡s ❞❛ ❡✈♦❧✉çã♦ ❞❡ s✉♣❡r♥♦✈❛s ✳ ❉❡ ❢❛t♦✱

❝♦♠♦ ♦❜s❡r✈❛❞♦✱ ❛ ♣♦tê♥❝✐❛ ❡①♣❧♦s✐✈❛ é ❞❛ ♦r❞❡♠ ❞❡ 1052 ❡r❣s ❡♠ ♣♦✉❝♦s s❡❣✉♥❞♦s ❬✸✾❪ ❡

✐st♦ ♣♦❞❡ ❧✐♠✐t❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛tér✐❛ q✉❡ s❡rá ❛❝r❡s❝✐❞❛ ♣❡❧♦ ♦❜❥❡t♦ ❝❡♥tr❛❧✳

❖❜s❡r✈❛çõ❡s ❞❛ ❝♦❧✐sã♦ ❡♥tr❡ ♦ ❥❛t♦ ❝♦❧✐♠❛❞♦ ❡ ❛ ♠❛tér✐❛ q✉❡ ❝♦♠♣õ❡ ❛ s✉♣❡r♥♦✈❛

♠♦str♦✉ q✉❡ ✉♠❛ ❞❛s ♣♦ssí✈❡✐s s✉❜❡str✉t✉r❛s ❢♦r♠❛❞❛s é ♦ ♦❜❥❡t♦ ❍❡r❜✐❣✲❍❛r♦ ❬✸✷❪✱ ❝♦♠♦

✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✻✳

❯♠❛ ❞❛s ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s ❛t✉❛✐s ♣❛r❛ ♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ♣r♦♣♦st♦s✱ ❥✉♥t❛✲

♠❡♥t❡ ❝♦♠ ❛s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♦r✐✉♥❞❛s ❞❡ ❝ó❞✐❣♦s ❡♠ ●❘▼❍❉✱ é ❝♦♥s❡❣✉✐r

✶✼





◆❡st❡s ❝❛s♦s✱ ♦ ❇❍ ❝❡♥tr❛❧ ♣♦ss✉✐ ✉♠❛ r♦t❛çã♦ ❜❡♠ ❡❧❡✈❛❞❛ ❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s é ❜❡♠ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❞❡ ❆●◆✬s✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣✲

♥ét✐❝♦ ❛ss✉♠❡ ✐♥t❡♥s✐❞❛❞❡s ❡❧❡✈❛❞íss✐♠❛s✱ ❞❛ ♦r❞❡♠ ❞❡ 1015 Gauss✳ ❙♦♠❡♥t❡ ❝♦♠ ❡ss❛

✐♥t❡♥s✐❞❛❞❡ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①♣❧✐❝❛✲s❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❧✐❜❡r❛❞❛ ♣❡❧♦ ❇❍ ❡

❛❝r❡❞✐t❛✲s❡ q✉❡ t❛♠❛♥❤❛ ✐♥t❡♥s✐❞❛❞❡ é ♦❜t✐❞❛ ❛♣ós ♦ ❝♦❧❛♣s♦ ❞♦ ♥ú❝❧❡♦ ❞❛ s✉♣❡r♥♦✈❛ ♦✉

❛♣ós ❛ ❢✉sã♦ ❞❡ ❡str❡❧❛s ❞❡ ♥ê✉tr♦♥s ❬✹✽❪✳

✶✳✸ ❙✐♠✉❧❛çõ❡s

◆❛s ú❧t✐♠❛s ❞✉❛s ❞é❝❛❞❛s✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❝♦♠♣✉t❛çã♦✱ ❞❛ t❡❝♥♦❧♦❣✐❛ ❞❡ ❤❛r❞✇❛r❡s

❡ ❞❡ té❝♥✐❝❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣♦ss✐❜✐❧✐t♦✉ ✉♠ ❣r❛♥❞❡ ❛✈❛♥ç♦ ❡♠ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡

❝❡♥ár✐♦s ❛str♦❢ís✐❝♦s q✉❡ ❛❥✉❞❛♠ ♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ❢❡♥ô♠❡♥♦s ♦❜s❡r✈á✈❡✐s✳

◆♦ ❡♥t❛♥t♦✱ ❛s ♣❡q✉✐s❛s ❛t✉❛✐s ❛✐♥❞❛ ❡♥❝♦♥tr❛♠ ❝❡♥ár✐♦s ❞❡s❛✜❛❞♦r❡s q✉❡ ✐♥✐❝✐❛♠✲s❡ ♥❛

♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ ❞♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ❡♠ q✉❡stã♦✱ ♣❛ss❛♠ ♣❡❧❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛

❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❝❤❡❣❛♥❞♦ ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡ ♥❛ ❝♦♠♣❛r❛çã♦

❝♦♠ ♦❜s❡r✈❛çõ❡s ❡ r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳

❉❡✈✐❞♦ ❛ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ ♦s s✐st❡♠❛s ❛str♦❢ís✐❝♦s ❡♥✈♦❧✈❡♠✱

t❛✐s ❝♦♠♦✿ ❞✐♥â♠✐❝❛ ❞❡ ✢✉✐❞♦s r❡❧❛t✐✈íst✐❝♦s ♠❛❣♥❡t✐③❛❞♦s✱ ❞❡s❝r✐t❛ ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r✲

❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❛❝♦♣❧❛❞❛s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ✲ ❡q✉❛çõ❡s ❞❡ ♠❡❝â♥✐❝❛ ❞❡ ✢✉✐❞♦s ❡

❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ r❡❧❛t✐✈íst✐❝❛s✱ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥✲

st❡✐♥✱ ❞✐♥â♠✐❝❛ ♣❛r❛ ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛✐s✱ ♣r♦❝❡ss♦s ❛❞✐❛tát✐❝♦s ✲ t❡r♠♦❞✐♥â♠✐❝❛✱ ✈✐s✲

❝♦s✐❞❛❞❡✱ r❡s✐st✐✈✐❞❛❞❡✱ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ✲ ❊❖❙✱ ❢ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s✱ r❛❞✐❛çã♦✱ ❡♥tr❡

♦✉tr♦s❀ ♦s ♣r♦❝❡ss♦s ❞❡ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ❡ ♦s ❞❡ ❡❥❡çã♦ ❞❡ ❥❛t♦s ❢♦r❛♠ tr❛t❛❞♦s s❡♣❛✲

r❛❞❛♠❡♥t❡✳

✶✳✸✳✶ ❉✐s❝♦ ❞❡ ❆❝r❡çã♦

▼♦❞❡❧♦s t❡ór✐❝♦s ❞❡ ❛❝r❡çã♦ ❜❛s✐❝❛♠❡♥t❡ ❞❡s❝r❡✈❡♠ ♣r♦♣r✐❡❞❛❞❡s ❡st❛❝✐♦♥ár✐❛s ❞❡ ❞✐s❝♦

❞❡ ❛❝r❡çã♦ ❝♦♠ ✈ár✐❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❛❜❡rt✉r❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s ❡♠❜✉t✐❞❛s✳ ❚❛✐s

♠♦❞❡❧♦s ❛♥❛❧ít✐❝♦s ✐♥✈❡st✐❣❛r❛♠ ✈ár✐♦s ♣r♦❝❡ss♦s ❢ís✐❝♦s ❡♠ ❞✐s❝♦s ❞❡ ❛❝r❡çã♦ ❞❡st❛❝❛♥❞♦✲s❡

❛s ❣r❛♥❞❡③❛s ❢ís✐❝❛s ❡♥✈♦❧✈✐❞❛s ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛✱ ❡♥tr❡t❛♥t♦ ♦s r❡s✉❧t❛❞♦s

✶✾



♦❜t✐❞♦s ♥❡ss❡s ❡st✉❞♦s ❛♣❧✐❝❛❞♦s ❡♠ r❡♣r❡s❡♥t❛çõ❡s ❞❛ ❞✐♥â♠✐❝❛ ✜❝❛♠ ❝♦♥tr❛❞✐tór✐♦s ❬✶✹❪✳

❯♠ ❡①❡♠♣❧♦ ❝♦♥tr❛❞✐tór✐♦ é ♦ ❝❛s♦ ❡♠ q✉❡ ❡st✉❞♦s ❛♥❛❧ít✐❝♦s ❛♣♦♥t❛✈❛♠ ♣❛r❛ ❛ ♥ã♦ ❡①✲

✐stê♥❝✐❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡♠ ♠♦❞❡❧♦s ❞❡ ❞✐s❝♦ ❡♥q✉❛♥t♦ q✉❡ ❡st✉❞♦s ♥✉♠ér✐❝♦s ❡♠ ❞❡✲

s❝r✐çõ❡s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ♠♦str❛♠ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡✱ ❛té ♠❡s♠♦✱

♠♦❞♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡s ❬✺❪✳

❆♣❡s❛r ❞♦ ❛✈❛♥ç♦ ❞❡ té❝♥✐❝❛s ♦❜s❡r✈❛❝✐♦♥❛✐s ✐♥❞✐❝❛r❡♠ q✉❡ ♦s ♠♦❞❡❧♦s ❞✐♥â♠✐❝♦s s✐♠✉✲

❧❛❞♦s ✈✐❛ ♠❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ r❡❧❛t✐✈íst✐❝❛ ❡stã♦ ♠❛✐s ❝♦❡r❡♥t❡s ❝♦♠ ♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s✱

♦s ♠♦❞❡❧♦s ❛♥❛❧ít✐❝♦s s❡r✈❡♠ ♣❛r❛ t❡st❛r ❛s s✐♠✉❧❛çõ❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦

❛ r❡s✉❧t❛❞♦s ❛ss✐♥tót✐❝♦s✳

❉♦✐s ♠♦❞❡❧♦s ❡♠ ❞❡st❛q✉❡ ♣♦r ♣♦ss✉✐r❡♠ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s✱ ♥✉♠ér✐❝♦s ❡ ♦❜s❡r✈❛✲

❝✐♦♥❛✐s ❡♠ ❝♦♥s♦♥â♥❝✐❛ sã♦ ♦s ♠♦❞❡❧♦s ❞❡ ❛❝r❡çã♦ ✐♥✈✐s❝♦s❛ ❞❡ ❲✐❧s♦♥ ❡ ♦ ♠♦❞❡❧♦ ❞❡

❛❝r❡çã♦ ❞❡ ❞✐s❝♦s ✈✐s❝♦s♦s ❞❡ ❈❤❛❦r❛❜❛rt✐ ❬✶✹❪✳

◆♦ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦✱ ❲✐❧s♦♥ ✐♥✈❡st✐❣♦✉ ♥✉♠❡r✐❝❛♠❡♥t❡ ♦ ❛❝rés❝✐♠♦ ❞❡ ♠❛tér✐❛ ✐♥✲

✈ís❝✐❞❛ ❡♠ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❡♠ r♦t❛çã♦✱ ✉t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❛ ❤✐❞r♦❞✐♥â♠✐❝❛ ❞❡✲

♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❬✾✶❪✳ ❈♦♠ ✉♠ ❝ó❞✐❣♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❝✐❧í♥❞r✐❝❛s✱ ♣❛r❛ ❡st✉❞❛r ❛

❢♦r♠❛çã♦ ❞❡ ♦♥❞❛s ❞❡ ❝❤♦q✉❡ ❡ ❞❡ ❡♠✐ssã♦ ❞❡ r❛✐♦s✲❳ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞♦ ❇❍✱ ❲✐❧s♦♥

❢♦✐ ❝❛♣❛③ ❞❡ ❛❝♦♠♣❛♥❤❛r ❛ ❢♦r♠❛çã♦ ❞❡ ❡s♣❡ss✉r❛s ❞❡ ❞✐s❝♦s ❞✉r❛♥t❡ ❛s s✐♠✉❧❛çõ❡s✳

❖ s❡❣✉♥❞♦ ♠♦❞❡❧♦ ♠♦str♦✉ q✉❡ ❛ ❢♦r♠❛çã♦ ❞❡ ♦♥❞❛s ❞❡ ❝❤♦q✉❡ ❡♠ ❞✐s❝♦s ❞❡ ❛❝r❡çã♦

❞❡♣❡♥❞❡ ❢♦rt❡♠❡♥t❡ ❞❛ ✈✐s❝♦s✐❞❛❞❡ ❡ q✉❡ ❞✉❛s r❡❣✐õ❡s ✜❝❛♠ ❜❡♠ ❞✐st✐♥t❛s✿ ✉♠❛ ❛♥t❡r✐♦r

❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❡ ❛ ♦✉tr❛ ♣♦st❡r✐♦r✳ ❆♣ós ❛ ❞✐ss✐♣❛çã♦ ❞❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡✱ ♦ ❞✐s❝♦

t♦r♥❛✲s❡ ❞♦ t✐♣♦ ❑❡♣❧❡r✐❛♥♦ ❝♦♠♦ ♣r❡✈✐st♦ ♣♦r ❡st✉❞♦s ❛♥❛❧ít✐❝♦s✳

❆ ❢♦r♠✉❧❛çã♦ ❞❡ ❲✐❧s♦♥ ❡ s✉❛s ✈❛r✐❛çõ❡s ❢♦r❛♠ ❡①t❡♥s✐✈❛♠❡♥t❡ ✉t✐❧✐③❛❞❛s ❡♠ s✐♠✉✲

❧❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦s ❡s♣❡ss♦s✳ ❖ s✉r❣✐♠❡♥t♦ ❞❡ ♠♦❞♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡s

❢❡③ ❝♦♠ q✉❡ ♦s ♣❡sq✉✐s❛❞♦r❡s ❡♥t❡❞❡ss❡♠ ♠❛✐s s♦❜r❡ ♦ ❛ss✉♥t♦✱ ♣♦ré♠ ❧♦❣♦ ♣❡r❝❡❜❡✉✲s❡ ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐♥❝♦r♣♦r❛r ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ❡ ❛✉t♦✲❣r❛✈✐t❛çã♦ ❬✷✹✱ ✷✺❪✳

❊♠ ✶✾✼✼✱ ❲✐❧s♦♥ ♣r♦♣ôs ✉♠ s✐st❡♠❛ ♥✉♠ér✐❝♦ ♣❛r❛ ●❘▼❍❉ ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦

❞❡ ♣❧❛s♠❛ ❝♦♠ s✐♠❡tr✐❛ ❛①✐❛❧ ♣❡rt♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❑❡rr✱ ♣♦ré♠ ❛♣❡♥❛s ♥♦s ú❧t✐♠♦s

✶✺ ❛♥♦s ❛s s✐♠✉❧❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ●❘▼❍❉ ❢♦r❛♠ ♣♦ssí✈❡✐s ❞❡ s❡r❡♠ ✐♠♣❧❡♠❡♥t❛❞❛s✱

♥❛ t❡♥t❛t✐✈❛ ❞❡ ♦❜t❡r ❡s❝❧❛r❡❝✐♠❡♥t♦s s♦❜r❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ❞✐s❝♦s ♠❛❣♥❡t✐③❛❞♦s ❡♠ r❡❣✐õ❡s

❞❡ ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛✐s ✐♥t❡♥s♦s ❬✺✱ ✶✻✱ ✷✻✱ ✸✸✱ ✻✺❪✳
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◆❡st❡ ❝♦♥t❡①t♦ ❢♦r❛♠ ✐❞❡♥t✐✜❝❛❞♦s ■♥st❛❜❧✐❞❛❞❡s ▼❛❣♥❡t♦r♦t❛❝✐♦♥❛✐s ✲ ▼❘■ ✲ ❡♠ s✐✲

♠✉❧❛çõ❡s q✉❡ ✉t✐❧✐③❛♠ t❛♥t♦ ❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ q✉❛♥t♦ ❛ ❞❡ ❑❡rr✱ ✐♥❞❡♣❡♥❞❡♥t❡

❞♦ ✉s♦ ❞❡ ✉♠ ❝ó❞✐❣♦ ❝♦♠ s✐♠❡tr✐❛ ❛①✐❛❧ ♦✉ ❞❡ ✉♠ tr✐❞✐♠❡♥s✐♦♥❛❧ ♥♦ ❡s♣❛ç♦ ❬✺✱ ✸✸❪✳

❆s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♠ ●❘▼❍❉ ✐❞❡❛❧ ❛♣❧✐❝❛❞♦ ❡♠ ❞✐s❝♦s ❡s♣❡ss♦s ❞❡ ❛❝r❡çã♦

✭✐♥✐❝✐❛❧♠❡♥t❡ ♥❛ ❢♦r♠❛ ❞❡ ✉♠ ❚♦r♦ ♠❛❣♥❡t✐③❛❞♦✮ ♣♦ss✐❜✐❧✐t❛r❛♠ ❞❡s❝r❡✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦✲

❝❡ss♦ ❜ás✐❝♦ ❞❡ ❛❝r❡çã♦✿ ♣r✐♠❡✐r♦✱ ❛ ❝♦♠♣♦♥❡♥t❡ t♦r♦✐❞❛❧ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❝r❡s❝❡

r❛♣✐❞❛♠❡♥t❡ ✐♠♣✉❧s✐♦♥❛❞❛ ♣❡❧♦ ❝✐s❛❧❤❛♠❡♥t♦❀ ❡♠ s❡❣✉✐❞❛ ❛ ✐♥st❛❜✐❧✐❞❛❞❡ ♠❛❣♥❡t♦r♦t❛✲

❝✐♦♥❛❧ ❞❡s❡♥✈♦❧✈❡✲s❡ ❛té ❛t✐♥❣✐r ✉♠❛ s❛t✉r❛çã♦ ❡ ♣♦r ✜♠ ❛ ❛❝r❡çã♦ ❡♥tr❛ ❡♠ ✉♠ r❡❣✐♠❡

q✉❛s❡ ❡st❛❝✐♦♥ár✐♦ ❡♠ q✉❡ ♦ ❞✐s❝♦ é ♠❛♥t✐❞♦ ♣❡❧❛ t✉r❜✉❧ê♥❝✐❛ q✉❡ r❡❞✐str✐❜✉✐ ❛ ❞❡♥s✐❞❛❞❡ ❡

♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❞♦ ❞✐s❝♦✱ ♥♦ ♣ró♣r✐♦ ❞✐s❝♦✱ ✈❡r ❋✐❣✉r❛ ✶✳✼✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧

❞❛ ▼❘■ ❛❝♦♥t❡❝❡ ❞❡♥tr♦ ❞♦ ♣r✐♠❡✐r♦ ♣❡rí♦❞♦ ♦r❜✐t❛❧ ❞♦ ❚♦r♦ ✐♥✐❝✐❛❧✱ ❧♦❣♦ ❛♣ós ♦ ❝r❡s❝✐✲

♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ q✉❡ ❢♦✐ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞✐st♦r❝❡r ♦ ❚♦r♦ ❡ ✐♥✐❝✐❛r ♦ ♣r♦❝❡ss♦ ❞❡

❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ♥♦ ❇❍ ❬✷✺❪✳

❆s ❡❥❡çõ❡s ❞❡ ♠❛tér✐❛ ♣❡❧♦s ♣♦❧♦s ❞♦ ❇❍ ♣♦❞❡♠ s❡r ✐♥t❡♥s✐✜❝❛❞❛s ♣❡❧❛ r♦t❛çã♦ ❞♦ ❇❍✱

♣❡❧❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐♥❝✐❛❧✱ ♣❡❧❛s ❧✐♥❤❛s ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ♣❡❧❛ q✉❛♥✲

t✐❞❛❞❡ ❞❡ ♠❛tér✐❛ ❞♦ ❞✐s❝♦✱ ♣❡❧❛ ❡s♣❡ss✉r❛ ❞♦ ❞✐s❝♦ ❡ ♣❡❧❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞❡♥s✐❞❛❞❡s

❞♦ ❞✐s❝♦ ❡ ❞❛ ♠❛❣♥❡t♦s❢❡r❛ q✉❡ ♣❡r♠❡✐❛♠ ♦ s✐st❡♠❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

❛❞❡q✉❛❞❛s ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❞✐s❝♦ ❞❡s❝r✐t♦ ♥♦ s✐st❡♠❛

❛❝✐♠❛ ✲ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❋✐❣✉r❛ ✶✳✼ ✲ ♣♦❞❡ ❛❧✐♠❡♥t❛r ♦s ❥❛t♦s q✉❡ ♣r♦♣❛❣❛♠✲s❡ ♥❛ r❡❣✐ã♦

✐♥t❡r✐♦r ❞♦ ❝♦♥❡ ❡ q✉❡ sã♦ ❝♦❧✐♠❛❞♦s ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦rt❡✳

✶✳✸✳✷ ❏❛t♦s

❊st✉❞♦s ❞❡ s✐♠✉❧❛çõ❡s q✉❡ ✐♠♣õ❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❢❛✈♦rá✈❡✐s ♣❛r❛ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❥❛t♦s

✈ê♠ s❡♥❞♦ r❡❛❧✐③❛❞♦s ♥❛ t❡♥t❛t✐✈❛ ❞❡ s❡ ♦❜t❡r ♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ❝♦♥✲

tr✐❜✉❡♠ ♣❛r❛ ❛ ❝♦❧✐♠❛çã♦✱ ❡①t❡♥sã♦✱ ✈❡❧♦❝✐❞❛❞❡s ❡ ❢♦r♠❛çã♦ ❞❡ s✉❜❡str✉t✉r❛s r❡❧❛❝✐♦♥❛❞❛s

❝♦♠ ♦ ❥❛t♦✳

P✉❞r✐t③ ✭✷✵✵✵✮ ❬✼✷❪ r❡❛❧✐③♦✉ s✐♠✉❧❛çõ❡s ❞❡ ❥❛t♦s ❛❧✐♠❡♥t❛❞♦s ♣♦r ❞✐s❝♦s ♠❛❣♥❡t✐③❛❞♦s

❞❡ ❛❝r❡çã♦✱ ♥❛ ❞✐r❡çã♦ ❞❡ ✉♠ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♠♣❛r♦✉ ❛ ❣r❛♥❞❡ ❡✜❝✐ê♥❝✐❛ ❞❡ ❧✐❜❡r❛çã♦

❞❡ ❡♥❡r❣✐❛ ❞❡ss❡ s✐st❡♠❛ ❝♦♠ ❞❛❞♦s ♦❜s❡r✈❛❝✐♦♥❛✐s✳

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛s ♣❡sq✉✐s❛s ❝❛♠✐♥❤❛r❛♠ ♣❛r❛ ❡①♣❧♦r❛r ❛s ✈❛r✐❛çõ❡s ❞♦s ♣❛râ✲

✷✶





♠❡tr♦s ❡♥✈♦❧✈✐❞♦s ❞❡st❛❝❛♥❞♦✲s❡ ♣❡❧❛ ❞✐❢❡r❡♥❝✐❛çã♦ ❡♥tr❡ ❞✐s❝♦s ✜♥♦s ❡ ❞✐s❝♦s ❡s♣❡ss♦s✳

❈♦♠ ❛ ♠♦❞❡❧❛❣❡♠ ✐♥✐❝✐❛❧ q✉❡ ❞❡s❡♥✈♦❧✈❡✉ ♣❛r❛ ❥❛t♦s ❞♦♠✐♥❛❞♦s ♣❡❧♦ ✈❡t♦r ❞❡ P♦②t✐♥❣✱

❛❧✐♠❡♥t❛❞♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❞✐s❝♦s ❚♦r♦✐❞❛✐s ❡ ❝♦❧✐♠❛❞♦s ♣♦r ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ❢♦rt❡s ✲

❝♦♠ ❝♦♠♣♦♥❡♥t❡s ♣♦❧♦✐❞❛❧ ❡ t♦r♦✐❞❛❧ ♥ã♦ ♥✉❧♦s✱ ▼❝❑✐♥♥❡② ✭✷✵✵✻✮ ❬✻✵❪ ❝♦♥s❡❣✉✐✉ s✐♠✉❧❛r

❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❞❡ ❧♦♥❣❛ ❡①t❡♥sã♦ ❡✱ t❛♠❜é♠✱ ❛ ❢♦r♠❛çã♦ ❞❡ s✉❜❡str✉t✉r❛s ❝❤❛♠❛❞❛s

❞❡ ▲ó❜✉❧♦✳

❯♠❛ ❛♥á❧✐s❡ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡ s✉❜❡str✉t✉r❛s ❞❡ ❥❛t♦s ❢♦✐ r❡❛❧✐③❛❞❛ ♣♦r ▼✐③✉t❛ ❡t ❛❧

✭✷✵✵✹✮ ❬✺✾❪✱ ♣♦ré♠ ❛s ❡q✉❛çõ❡s ✉t✐❧✐③❛❞❛s ♥ã♦ ❡♥✈♦❧✈❡♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ◆❛ ♠❡s♠❛

❧✐♥❤❛✱ ❡str✉t✉r❛s ✐♥t❡r♥❛s ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡♠ r❡❣✐õ❡s ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡

s❡♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦r❛♠ s✐♠✉❧❛❞❛s ❡♠ ❬✽✺❪✳

❆s ❡st❛❜✐❧✐❞❛❞❡s ❞❡ ❥❛t♦s ❛❧✐♠❡♥t❛❞♦s ♣♦r ❞✐s❝♦s ✜♥♦s ❡♠ r♦t❛çõ❡s r❡❧❛t✐✈íst✐❝❛s ❡stã♦

s❡♥❞♦ r❡❝❡♥t❡♠❡♥t❡ ✐♥✈❡st✐❣❛❞❛s ❡♠ s✐♠✉❧❛çõ❡s ❞❡ ●❘▼❍❉ ♣♦r ❑♦♠✐ss❛r♦✈ ❡t ❛❧ ✭✷✵✵✾✮

❬✹✹❪ ❡ ▼❝❑✐♥♥❡② ❡ ❇❧❛♥❞❢♦r❞ ✭✷✵✵✾✮ ❬✻✶❪ q✉❡ sã♦ ❛♣❧✐❝❛❞❛s t❛♥t♦ ❡♠ ❆●◆✬s q✉❛♥t♦ ❡♠

❡①♣❧♦sõ❡s ❞❡ r❛✐♦s ❣❛♠♠❛✳ ❚❛✐s ❡st✉❞♦s s✐♠✉❧❛r❛♠ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❥❛t♦s ❣ê♠❡♦s ❡ t❛♠✲

❜é♠ ❞❡ ❥❛t♦s ✉♥✐♣♦❧❛r❡s✳ ❊♥tr❡t❛♥t♦✱ ❝♦♠♦ ❛❧❡rt❛ ❲♦rr❛❧✱ ❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ❛ss♦❝✐❛❞❛ ❛

❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡stá ❧♦♥❣❡ ❞❡ s❡r t♦t❛❧♠❡♥t❡ ❝♦♠♣r❡❡♥❞✐❞❛ ❡ ❛t✉❛❧♠❡♥t❡ ❛ ♣❡sq✉✐s❛ ♥❛

ár❡❛ ♥❡❝❡ss✐t❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t❡♦r✐❛s ❛♥❛❧ít✐❝❛s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ s✐♠✉❧❛çõ❡s ♠❛✐s r❡❛❧✐st❛s ❡ ❣❧♦❜❛✐s ✭q✉❡ ❡♥✈♦❧✈❛♠ ♠❛✐s ❢❡♥ô♠❡♥♦s ❛s✲

s♦❝✐❛❞♦s ❛♦ ♣r♦❜❧❡♠❛✮✱ ❞❛❞♦s ♦❜s❡r✈❛❝✐♦♥❛✐s ❡ ❡①♣❡r✐♠❡♥t♦s ❞❡ ♣❧❛s♠❛s ❡♠ ❧❛❜♦r❛tór✐♦s✳

✶✳✸✳✸ ❏❛t♦s ❡ ❉✐s❝♦s

◆❛ ❧✐♥❤❛ ❞❡ s❡ ♦❜t❡r s✐♠✉❧❛çõ❡s ♠❛✐s r❡❛❧✐st❛s✱ ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ✭✶✾✾✾✮ ❬✸✽❪ ❢♦r❛♠

♦s ♣✐♦♥❡✐r♦s ❡♠ s✐♠✉❧❛çõ❡s ❡♥✈♦❧✈❡♠ ❛ ❡✈♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❛str♦❢ís✐❝♦s ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞❛

❛❝r❡çã♦ ❞❡ ❞✐s❝♦s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✜♥♦s ♠❛❣♥❡t✐③❛❞♦s ❛té ❛ ❡❥❡çã♦ ❞❡ ♣❧❛s♠❛ ❝♦❧✐♠❛❞♦

❛tr❛✈és ❞❡ ❥❛t♦s✳

❆ ❢♦r♠✉❧❛çã♦ ❞❡ ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ❞❡s❝r✐t❛ ❡♠ ❬✸✽❪ ♣♦ss✐❜✐❧✐t♦✉ ✐♥✐❝✐❛r ❛ ✐♥✲

✈❡st✐❣❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ♣❛rt✐♥❞♦✲s❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡ ✉♠ ❞✐s❝♦ ✜♥♦

♠❛❣♥❡t✐③❛❞♦ ❡♠ ❛❝r❡çã♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❡♠ r♦t❛çã♦✱ ❛♠❜♦s ❡♥✈♦❧✈✐❞♦s ♣♦r

✉♠❛ ♠❛❣♥❡t♦s❢❡r❛✳ ❚❛❧ ❢♦r♠✉❧❛çã♦ ❞❡st❛❝❛✲s❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❥❛t♦ ♥ã♦ é ✐♠♣♦st♦ ♣❡❧❛s

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞♦ s✐st❡♠❛ ❛str♦❢ís✐❝♦✳
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▼❡s♠♦ ❝♦♠ ✉♠ s✐st❡♠❛ ♠❛✐s ❝♦♠♣❧❡t♦ q✉❡ ♦s ❛♥t❡r✐♦r❡s✱ ❛s s✐♠✉❧❛çõ❡s ❞❡st❡ t✐♣♦

❛✐♥❞❛ ❢♦r❛♠ ♣♦✉❝♦ ❡①♣❧♦r❛❞❛s✳ ❆s s✐♠✉❧❛çõ❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ✐❞❡❛❧ ✲ s❡♠

t❡r♠♦ r❡s✐st✐✈♦✱ s❡♠ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r ❡ ❝♦♠ ❝♦♥❞✉t✐✈✐❞❛❞❡ ✐❞❡❛❧ ✲ ❝♦♠ t❡r♠♦ ❢♦♥t❡ q✉❡

❛❝r❡s❝❡♥t❛ ❛ ❣r❛✈✐t❛çã♦ ♣ré✲❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❜✉r❛❝♦ ♥❡❣r♦✱ sã♦ ❞❡s❝r✐t❛s s❡♠❡❧❤❛♥t❡♠❡♥t❡

às ▲❡✐s ❞❡ ❇❛❧❛♥ç♦ ❬✸✽❪✱ ♣♦ré♠ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞❡♣❡♥❞❡♥t❡ ❞♦

t❡♠♣♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢♦r♠❛ ✉♠ s✐st❡♠❛ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ■ss♦ ❞✐✜❝✉❧t❛ ❛

❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ▼ét♦❞♦s ◆✉♠ér✐❝♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣❛r❛ s❛❜❡r

❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s✱ ✐st♦ é✱ ▼ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ q✉❡ ❞❡♣❡♥❞❡♠

❞❡ ❘❡s♦❧✈❡❞♦r❡s ❞❡ Pr♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ✲ ❝❤❛♠❛❞♦s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ❬✷✹❪✳

❉❡ss❡ ♠♦❞♦ r❡❝♦♠❡♥❞❛✲s❡ ♦ ✉s♦ ❞❡ ❡sq✉❡♠❛s q✉❡ ♥ã♦ ❞❡♣❡♥❞❛♠ ❞❡ ❘❡s♦❧✈❡❞♦r❡s ❞❡

Pr♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ ✐st♦ é✱ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❧✐✈r❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ s❡♥❞♦ ❛ss✐♠✱

♥❡st❡ tr❛❜❛❧❤♦ ✐♠♣❧❡♠❡♥t❛♠♦s ❡ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♥♦✈♦ ❝ó❞✐❣♦ ♣❛r❛ ●❘▼❍❉ ❛♣❧✐❝á✈❡❧

❡♠ s✐♠✉❧❛çõ❡s ❞❡ ❥❛t♦s ✲ ❞❡s❞❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❛❝r❡çã♦ ❛té ❛ ❡❥❡çã♦ ✲ ✉t✐❧✐③❛♥❞♦ ♠ét♦❞♦s

❧✐✈r❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s✲

❝❡♥t❡ ✭❚❱❉✮✱ ❝♦♠ ❱✐s❝♦s✐❞❛❞❡ ❆rt✐✜❝✐❛❧ ❡ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ✉t✐❧✐③❛❞♦s ♣❡❧♦ ❑♦✐❞❡✱

❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ✭✶✾✾✾✮ ❬✸✽❪✱ ♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❛ t❡s❡ ❛♣❧✐❝❛ ♦s ♠ét♦❞♦s ▲❛①✲

❋r✐❡❞r✐❝❤s ❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ❛♠❜♦s s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✳

❆ ♠♦❞❡❧❛❣❡♠ ❞❡ s✐st❡♠❛s ♠❛✐s ❝♦♠♣❧❡①♦s s❡❣✉❡ ❡♠ ❞✐s❝✉ssã♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ r❡✲

s♦❧✈❡r q✉❡stõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ❛❝rés❝✐♠♦ ❞❡ ✉♠ t❡r♠♦ r❡s✐st✐✈♦ ♥❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉

r❡❡s❝r✐t❛s ♣❡❧❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❙❤✐❜❛t❛ ❬✹✵❪✳
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❈❛♣ít✉❧♦ ✷

▼♦❞❡❧❛❣❡♠ ❞❡ ❏❛t♦s ❘❡❧❛t✐✈íst✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❡stã♦ ❡①♣♦st❛s ❛s ❡q✉❛çõ❡s q✉❡ ♠♦❞❡❧❛♠ ❢❡♥ô♠❡♥♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠

❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s ❡❧❡tr✐❝❛♠❡♥t❡ ❝❛rr❡❣❛❞♦s ✭♣❧❛s♠❛s✮✱ ❡♠ r❡❣✐õ❡s ♠❛❣♥❡t✐③❛❞❛s ♥❛

♣r❡s❡♥ç❛ ❞❡ ❝❛♠♣♦s ❣r❛✈✐t❛❝✐♦♥❛✐s✳

◆❛ ♠♦❞❡❧❛❣❡♠✱ ❞❡s❝♦♥s✐❞❡r♦✉✲s❡ ❛ ✈✐s❝♦s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❡ q✉❡ ♦ ✢✉✐❞♦ é ✉♠ ❝♦♥❞✉t♦r

♣❡r❢❡✐t♦✳ ❊st❛s ❛♣r♦①✐♠❛çõ❡s sã♦ ❡①❛t❛♠❡♥t❡ ❛s ❤✐♣ót❡s❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ▼❛❣♥❡t♦✲

❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛ ✐❞❡❛❧ ❝♦♠ ❣r❛✈✐t❛çã♦ ✭●❘▼❍❉ ✐❞❡❛❧✮ ❡ sã♦ ❡st❛s ❡q✉❛çõ❡s

❝♦♥s✐❞❡r❛❞❛s ♥❡st❛ t❡s❡ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❞❡s❞❡ ❛ ❛❝r❡çã♦

❞❡ ♠❛tér✐❛ ✭♣❧❛s♠❛✮ ❡♠ ❢♦r♠❛ ❞❡ ❞✐s❝♦ ❛té s✉❛ ❡❥❡çã♦✳

✷✳✶ ❆s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ✐❞❡❛❧

❆s ❡q✉❛çõ❡s q✉❡ ❢♦r♥❡❝❡♠ ❜❛s❡ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s

❛❞✈ê♠ ❞❛ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛ ✭●❘▼❍❉✮✱ q✉❡ ❝♦♥s✐st❡ ❞❡ ❧❡✐s ❞❡ ❜❛❧❛♥ç♦

✶ r❡❧❛t✐✈íst✐❝❛ ❞❡ ♠❛ss❛✱ ♠♦♠❡♥t♦ ❡ ❡♥❡r❣✐❛✱ ❛❝♦♣❧❛❞❛s ❝♦♠ ❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ❬✽✼❪✱

✶▲❡✐s ❞❡ ❇❛❧❛♥ç♦ sã♦ ▲❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠ t❡r♠♦s ❢♦♥t❡ st✐✛✳
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∇µ(ρU
ν) = 0 , ✭✷✳✶✮

∇µT
µν
g = 0 , ✭✷✳✷✮

∂µFνλ + ∂νFλµ + ∂λFµν = 0 , ✭✷✳✸✮

∇µF
µν = 0 , ✭✷✳✹✮

❡♠ q✉❡ U ν ❡stã♦ ❛ss♦❝✐❛❞♦s às ❝♦♠♣♦♥❡♥t❡s ❞♦ q✉❛❞r✐✈❡t♦r ✈❡❧♦❝✐❞❛❞❡✳ ❖s ❡s❝❛❧❛r❡s ρ✱ p

❡ ǫ sã♦ ❛ ❞❡♥s✐❞❛❞❡ ♣ró♣r✐❛✱ ♣r❡ssã♦ ♣ró♣r✐❛ ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ t♦t❛❧ ♣ró♣r✐❛

ǫ = ρc2 +
p

Γ− 1
,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❝♦♥st❛♥t❡ Γ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ∇ν é ❛ ❞❡r✐✈❛❞❛

❝♦✈❛r✐❛♥t❡✳ ❖ t❡♥s♦r ♠♦♠❡♥t♦✲❡♥❡r❣✐❛ é ❞❡✜♥✐❞♦ ♣♦r

T µν
g = pgνµ + (ǫ+ p)U νUµ + F µ

σ F
νσ − 1

4
gµνF λκFλκ ,

❡♠ q✉❡ gµν ❡ F νµ sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠étr✐❝❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ ❞♦ t❡♥s♦r ❢♦rç❛ ❞♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦ ❝❛s♦ ❞❛ ♠étr✐❝❛ s❛t✐s❢❛③❡r gµν = 0 ♣❛r❛ µ 6= ν✱

t❡♠✲s❡ h0 =
√−g00✱ h1 =

√
g11✱ h2 =

√
g22 ❡ h3 =

√
g33✳

❆s ❡q✉❛çõ❡s ❞❛ ♠♦❞❡❧❛❣❡♠ sã♦ r❡❡s❝r✐t❛s ♣❛r❛ ♣♦ss✉✐r ✉♠❛ ❢♦r♠✉❧❛çã♦ s❡♠❡❧❤❛♥t❡

❛ ✉♠❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦✱ ♣♦ré♠ ❝♦♠ ✉♠ t❡r♠♦ ❢♦♥t❡ ❛❞✐❝✐♦♥❛❧ ❝♦♥❢♦r♠❡ ❛ s❡❣✉✐♥t❡

❡①♣r❡ssã♦✿

❯ = ( D P1 P2 P3 ǫ B1 B2 B3 )T ;

❡♠ q✉❡ D r❡♣r❡s❡♥t❛ ❛ ❞❡♥s✐❞❛❞❡❀ P1✱ P2 ❡ P3 sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♠♦♠❡♥t♦❀ ǫ ❡♥❡r❣✐❛

✐♥t❡r♥❛❀ B1✱ B2 ❡ B3 sã♦ ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦❀ x1✱ x2 ❡ x3 sã♦ ❝♦♦r❞❡♥❛❞❛s

❡s♣❛❝✐❛✐s ❡ h0f ♦ t❡r♠♦ ❢♦♥t❡ ❞❡✈✐❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❖ ✐♥t❡r❡ss❡ ❡♠ ❢♦r♠✉❧❛r t❛✐s

❡q✉❛çõ❡s ♥♦ ❢♦r♠❛t♦ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ❛❞✈é♠ ❞♦ ✉s♦ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s

♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s✳ ❚❛❧ ❢♦r♠✉❧❛çã♦ ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ❬✸✽❪ ♥❛ ❢♦r♠❛ ❝♦♥s❡r✈❛t✐✈❛ ❡ ♦✉tr❛s ❢♦r♠✉❧❛çõ❡s ❡♥❝♦♥tr❛♠✲s❡ ❡♠

✷✻



❬✷✹❪✳

❖❜s❡r✈❛✲s❡ q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦s ✈❡t♦r❡s ✈ ❞❡ ✈❡❧♦❝✐❞❛❞❡✱ ❇ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡

❊ ❞❡ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s ✜❞✉❝✐❛✐s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

vi =
c

γ
hiU

i , ✭✷✳✺✮

Bi = ǫijk
hi

J
F jk , ✭✷✳✻✮

Ei =
1

h0hi

F 0i , ✭✷✳✼✮

❡♠ q✉❡ ♦s í♥❞✐❝❡s i, j, k = 1, 2, 3✱ γ é ♦ ❢❛t♦r ❞❡ ▲♦r❡♥t③ ❡ J = h1h2h3 é ♦ ❏❛❝♦❜✐❛♥♦✳

❆s q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛t✐✈❛s ❡♠ ❝♦♦r❞❡♥❛❞❛s ✜❞✉❝✐❛✐s sã♦ ❞❛❞❛s ♣♦r✱

D = γρ , ✭✷✳✽✮

ǫ = (e+ p)γ2 − p−Dc2 +
1

2

(
B2 +

E2

c2

)
, ✭✷✳✾✮

P =
1

c2
[
(e+ p)γ2✈+ ❊×❇

]
, ✭✷✳✶✵✮

❡ ♦ t❡♥s♦r ♠♦♠❡♥t♦✲❡♥❡r❣✐❛✱

T = p■+
1

c2
(e+ p) γ2✈✈−❇❇− 1

c2
❊❊+

1

2

(
B2 +

E2

c2

)
■ , ✭✷✳✶✶✮

❝♦♠ ❛s ❝♦♠♣♦♥❡♥t❡s s❡♥❞♦✱

T ij = hihjT
ij
g , i, j = 1, 2, 3 .

❖s ✈❡t♦r❡s ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ❝❛♠♣♦ ❡❧étr✐❝♦ sã♦ ♥♦r♠❛❧✐③❛❞♦s ♣❡❧❛ ♣❡r♠❡❛❜✐❧✐❞❛❞❡

♠❛❣♥ét✐❝❛ µ✱ ✐st♦ é✱

❇ =
❇∗√
µ

❡ ❊ =
❊∗√
µ
,

❡♠ q✉❡ ❛s q✉❛♥t✐❞❛❞❡s ❝♦♠ s✉❜í♥❞✐❝❡ ❛st❡r✐s❝♦ ❡stã♦ ❡♠ ✉♥✐❞❛❞❡s ♣❛❞rã♦ ❞♦ s✐st❡♠❛

✐♥t❡r♥❛❝✐♦♥❛❧ ✭❙■✮✳ ❆ss✐♠✱ ❛s ❡q✉❛çõ❡s ✭✷✳✶✮✲✭✷✳✹✮ sã♦ r❡❡s❝r✐t❛s ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛

✷✼



∂✉
∂t

= −q ◦
[

∂

∂x1
(h0b1 ◦ w1) +

∂

∂x2
(h0b2 ◦ w2) +

∂

∂x3
(h0b3 ◦ w3)

]
+ h0f , ✭✷✳✶✷✮

❡♠ q✉❡ ❛ ♦♣❡r❛çã♦ ◦ é ❞❡✜♥✐❞❛ ♣♦r

a ◦ b =




a1
✳✳✳

an


 ◦




b1
✳✳✳

bn


 =




a1b1
✳✳✳

anbn


 .

❆s ✈❛r✐á✈❡✐s ❛♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ sã♦ ❞❡✜♥✐❞❛s ♣❡❧❛s s❡❣✉✐♥t❡s ❡①♣r❡ssõ❡s

♠❛tr✐❝✐❛✐s

✉ =




D

P1

P2

P3

ǫ

B1

B2

B3




, q =




1/J

1/J

1/J

1/J

1/J

h1/J

h2/J

h3/J




, ( b1 | b2 | b3 ) =




h2h3 h3h1 h1h2

h2h3 h3h1 h1h2

h2h3 h3h1 h1h2

h2h3 h3h1 h1h2

h2h3 h3h1 h1h2

0 h3 h2

h3 0 h1

h2 h1 0




❡

( w1 | w2 | w3 ) =




Dv1 Dv2 Dv3

T 11 T 12 T 13

T 21 T 22 T 23

T 31 T 32 T 33

c2(P1 −Dv1) c2(P2 −Dv2) c2(P3 −Dv3)

0 E3 −E2

−E3 0 E1

E2 −E1 0




.

❖ t❡r♠♦ ❢♦♥t❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ é ❞❛❞♦ ♣♦r

✷✽



f =




0

(ǫ+Dc2)G01 +G12T
21 +G13T

31 −G21T
22 −G31T

33

(ǫ+Dc2)G02 +G23T
32 +G21T

12 −G32T
33 −G12T

11

(ǫ+Dc2)G03 +G31T
13 +G32T

23 −G13T
11 −G23T

22

c2(G01P1 +G02P2 +G03P3)

0

0

0




.

◆❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✱ ❛ ❣r❛✈✐t❛çã♦ é ❛❞✐❝✐♦♥❛❞❛ ❛tr❛✈és ❞♦ t❡r♠♦ ❢♦♥t❡ ❡ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❛ ♠étr✐❝❛ ✲ hµ, µ = 0, 1, 2, 3 ✲ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ❝♦♠♣♦♥❡♥t❡s Gµν

❞❡✜♥✐❞❛s ♣♦r

Gµν = − 1

hµhν

(
∂hµ

∂xν

)
, ✭✷✳✶✸✮

♦♥❞❡ µ, ν = 0, 1, 2, 3✳

❖ ✢✉✐❞♦ é ❝♦♥s✐❞❡r❛❞♦ ❧✐✈r❡ ❞❡ ❢♦rç❛s ❡❧❡tr♦♠❛❣♥ét✐❝❛s ❡ ❡st❛ r❡str✐çã♦ é ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ❝♦♥❞✐çã♦ ❢r♦③❡♥✲✐♥ ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✱

❊ = −✈×❇ . ✭✷✳✶✹✮

◆♦t❛✲s❡ q✉❡ ❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ❡ t❡♠♣♦r❛❧ ❡stã♦ s❡♣❛r❛❞❛s✱ ♦ q✉❡ ❞❡✜♥❡ ♦ ❢♦r✲

♠❛❧✐s♠♦ (3 + 1) ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✳ ❈♦♠♦ ❛ ✐♥t❡♥çã♦ é ✉t✐❧✐③❛r t❛✐s ❡q✉❛çõ❡s ♥❛

♠♦❞❡❧❛❣❡♠ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ♠♦❞❡❧♦ ❞❡✈❡ ♣❛rt✐r ❞❡ ✉♠ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦

❝♦♠ r♦t❛çã♦ ❡ ❡♠ q✉❡❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧✱ q✉❡ ♥♦ ❝❛s♦ ❢♦✐ ❝♦♥✲

s✐❞❡r❛❞♦ ✉♠ ❇✉r❛❝♦ ◆❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳

✷✳✷ ▼étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞

❖ ♣r♦❜❧❡♠❛ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ♠♦❞❡❧❛❞♦ é ♦ ❞❡ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦

❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝✉❥❛ ♠étr✐❝❛ é ❡stát✐❝❛✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧ é

✷✾



r❡s♣♦♥sá✈❡❧ ♣♦r t♦❞❛ ❣r❛✈✐t❛çã♦ ❡♥✈♦❧✈✐❞❛ ♥♦ ♣r♦❜❧❡♠❛✳ ▲♦❣♦✱ ♥♦ ♠♦❞❡❧♦ ♦ ✢✉✐❞♦ ♥ã♦

♣♦ss✉✐ ❛✉t♦✲❣r❛✈✐t❛çã♦ ❡ ❡♥tã♦✱ ❛ ❣r❛✈✐t❛çã♦ é t♦t❛❧♠❡♥t❡ ♣ré✲❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡

♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞

ds2 = −α2dt2 +
1

α2
dr2 + r2dθ2 + r2 sin2 θdφ2 ✭✷✳✶✺✮

❞♦♥❞❡

α =

√
1− rs

r
, ❝♦♠ c = G = 1 , M =

1

2
rs (massa BH) ,

h0 = α, h1 =
1

α
, h2 = r , h3 = r sin θ ,

❡♠ q✉❡ α é ❛ ❢✉♥çã♦ ❧❛♣s♦ ❡ rs é ♦ r❛✐♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ✉s❛❞♦ ❝♦♠♦ ✉♥✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛✳

❆s ❝♦♥st❛♥t❡s c ❡ G sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡s ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ ❡ ❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ ❞❛

❣r❛✈✐t❛çã♦✳

❆s ❝♦♦r❞❡♥❛❞❛s (t, r, θ, φ) sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦ t❡♠♣♦✱ ❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧✱ ❛ ❝♦♦r✲

❞❡♥❛❞❛ ♣♦❧❛r ❡ ❛ ❛③✐♠✉t❛❧✳

❉❡♥tr♦ ❞❡st❛ ❣❡♦♠❡tr✐❛ t❡♠✲s❡ ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡♠ r♦t❛çã♦ q✉❡ ♥ã♦

❡stá ❡♠ q✉❡❞❛ ♥❛ ❞✐r❡çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ ✐st♦ é✱ s❡♠ ✈❡❧♦❝✐❞❛❞❡ r❛❞✐❛❧ ✭❞✐r❡çã♦ r✮ ❞❡s❝r✐t♦

❛ s❡❣✉✐r✳

✷✳✸ ❉✐s❝♦ ❞❡ ❆❝r❡çã♦

P❛r❛ q✉❡ s❡ t❡♥❤❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s é ❢✉♥❞❛♠❡♥t❛❧ q✉❡ s❡ t❡♥❤❛ ✉♠ ❞✐s❝♦

❞❡ ❛❝r❡çã♦ ❝✉❥❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ s✉❛ ❡s♣❡ss✉r❛ s❡❥❛ ❣❡♦♠❡tr✐❛♠❡♥t❡ ✜♥♦✳ ❉✐s❝♦s ❡s♣❡ss♦s

sã♦ ❝❛♣❛③❡s ❞❡ ❣❡r❛r ♠♦❞♦s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡ q✉❡ ♣♦❞❡♠ ❡❧✐♠✐♥❛r q✉❛❧q✉❡r ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛ ❡♠ ❢♦r♠❛ ❞❡ ❥❛t♦ ✭✈❡r ❋✐❣✉r❛ ✶✳✼ ✲ s❡çã♦ ✶✳✸✳✶✮✳

❆ ✈❡❧♦❝✐❞❛❞❡ ❞❡ r♦t❛çã♦ ❞♦ ❞✐s❝♦ ❡stá ♥❛ ❞✐r❡çã♦ ❛③✐♠✉t❛❧ ❡ t❛❧ ❝♦♠♣♦♥❡♥t❡ ❞❛ ✈❡❧♦❝✐✲

❞❛❞❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✈❡❧♦❝✐❞❛❞❡ ❑❡♣❧❡r✐❛♥❛ ❬✾❪✱ ✐st♦ é✱

✸✵



vφ = vK =
c√

2

(
r

rs
− 1

) . ✭✷✳✶✻✮

❖ ✢✉✐❞♦ ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡stá ✐♥✐❝✐❛❧♠❡♥t❡ ❧♦❝❛❧✐③❛❞♦ ❡♠

| cot θ| ≤ δ ❡ r ≥ rD = dinrs ✭✷✳✶✼✮

❡♠ q✉❡ din > 1 é ❛ ♣♦s✐çã♦ ❞❛ ❜♦r❞❛ ✐♥t❡r♥❛ ❞♦ ❞✐s❝♦ ❝✉❥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ r♦t❛çã♦ é

vK =
c√

2(din − 1)
.

◆❛ r❡❢❡rê♥❝✐❛ ❬✸✽❪✱ ✉♠ ✈❛❧♦r ❡st✉❞❛❞♦ ♣❛r❛ ❛ ❛❜❡rt✉r❛ ❞♦ ❞✐s❝♦ é δ = 0, 125✱ ✐st♦ é✱

s❡ θ é ♦ â♥❣✉❧♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡q✉❛❞♦r ✲ ❛❜❡rt✉r❛ ❞♦ ❞✐s❝♦ ✲ ♣❡rt❡♥❝❡♥t❡ ❛♦ ✐♥t❡r✈❛❧♦

]0, π/2[ r❛❞✐❛♥♦s✱ ❡♥tã♦ δ = 0, 125 ✐♠♣❧✐❝❛ q✉❡ ♦ ❞✐s❝♦ ♦❝✉♣❛ ✉♠ s❡t♦r ❞❡ ✉♠ ♦✐t❛✈♦ ❞♦

s❡t♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✐♥t❡r✈❛❧♦ ]0, π/2[ ✳

❆ ♠❛tér✐❛ q✉❡ ❡♥✈♦❧✈❡ ♦ s✐st❡♠❛ ❝♦♠♣♦st♦ ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ é

♠❡♥♦s ❞❡♥s❛ ❞♦ q✉❡ ♦ ✢✉✐❞♦ q✉❡ ❝♦♠♣õ❡ ♦ ❞✐s❝♦✳ ❊st❛ ♠❛tér✐❛ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♠❛❣✲

♥❡t♦s❢❡r❛ ❡ ❡stá ❡♠ q✉❡❞❛ ❡♠ ❞✐r❡çã♦ ❛♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ❛ ❝♦♠♣♦♥❡♥t❡

r❛❞✐❛❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❆ss✐♠✱ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s r❡❢❡r❡♥t❡s ❛ ❞❡♥s✐❞❛❞❡

❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♠❛tér✐❛ ❛♦ r❡❞♦r ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ sã♦ ❞❛❞❛s ♣♦r

❉❡♥s✐❞❛❞❡✿

ρ = ρmag + ρdisco ✭✷✳✶✽✮

♦♥❞❡ ρmag é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ♥❛ r❡❣✐ã♦ ❞❛ ♠❛❣♥❡t♦s❢❡r❛ ❡ ρdisco é ❛ ❞❡♥s✐❞❛❞❡ ❞♦

✢✉✐❞♦ ♥❛ r❡❣✐ã♦ ❞♦ ❞✐s❝♦✳ P❛r❛ ❛ ❞❡❧✐♠✐t❛çã♦ ❞♦ ❞✐s❝♦ t❡♠✲s❡

ρdisco =





κρρmag, se r > rD e | cot θ| < δ

0, se r ≤ rD ou | cot θ| ≥ δ
, ✭✷✳✶✾✮

❡♠ q✉❡ κρ é ❛ r❛③ã♦ ❡♥tr❡ ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❞✐s❝♦ ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ♠❛❣♥❡t♦s❢❡r❛✳

❱❡❧♦❝✐❞❛❞❡✿
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(vr, vθ, vφ) =





(0, 0, vK), se r > rD e | cot θ| < δ

(−vmag, 0, 0), se r ≤ rD ou | cot θ| ≥ δ
, ✭✷✳✷✵✮

❞♦♥❞❡ vK é ❛ ✈❡❧♦❝✐❞❛❞❡ ❑❡♣❧❡r✐❛♥❛ ❞❡ r♦t❛çã♦ ❞♦ ❞✐s❝♦✱ vmag é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ q✉❡❞❛ ❞♦

✢✉✐❞♦ ❧♦❝❛❧✐③❛❞♦ ♥❛ ♠❛❣♥❡t♦s❢❡r❛✱ rD é ❛ ❜♦r❞❛ ✐♥t❡r♥❛ ❞♦ ❞✐s❝♦ ❡ δ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠

♦ â♥❣✉❧♦ ❞❡ ❛❜❡rt✉r❛ ❞♦ ❞✐s❝♦✳

■♥✐❝✐❛❧♠❡♥t❡ ♦ ❞✐s❝♦ ♣♦ss✉✐ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣❡❧♦ ❞✐s❝♦ ❡ ♣❛r❛ ✐st♦ ✉t✐❧✐③❛✲s❡

❛ s♦❧✉çã♦ ❞❡ ❲❛❧❞ ♣❛r❛ ❛❞✐❝✐♦♥❛r t❛❧ ♣r♦♣r✐❡❞❛❞❡ ❢ís✐❝❛ ❬✽✾❪✱ ✐st♦ é✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ sã♦ ❞❛❞❛s ♣♦r

❈❛♠♣♦ ▼❛❣♥ét✐❝♦✿




Br = B0 cos θ

Bθ = −αB0 sin θ

Bφ = 0

, ✭✷✳✷✶✮

❡♠ q✉❡ B0 = κB

√
ρDc2 ❡ ρD é ❛ ❞❡♥s✐❞❛❞❡ ♥❛ ❜♦r❞❛ ✐♥t❡r♥❛ ❞♦ ❞✐s❝♦✳

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡t❡r♠✐♥❛r vmag é ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❬✸✽❪✱

α =
H(γ−2 + Γ− 2)

(Γ− 1)γ
, ✭✷✳✷✷✮

♦♥❞❡ ❍ é ❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❡♥t❛❧♣✐❛ ❞♦ ✢✉✐❞♦✱ Γ é ❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛

❝♦♠ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ α é ❛ ❢✉♥çã♦ ❧❛♣s♦ ❡ γ é ♦ ❢❛t♦r ❞❡ ▲♦r❡♥t③✳ ❆ ❡q✉❛çã♦ ✭✷✳✷✷✮

❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ sô♥✐❝♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ γ q✉❡ s❛t✐s❢❛③❡♠ ❛ ✐❣✉❛❧❞❛❞❡✳ ❚❛❧

♣♦♥t♦ s❡♣❛r❛ r❡❣✐õ❡s ❡♠ q✉❡ ♦ ✢✉✐❞♦ ♣♦ss✉✐ ✈❡❧♦❝✐❞❛❞❡s tr❛♥sô♥✐❝❛s ❡ s✉❜sô♥✐❝❛s ❡ ❡st❛

♣r♦♣r✐❡❞❛❞❡ t♦r♥❛ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ♠❛✐s r❡❛❧✐st❛ ❬✾❪✳

◆❛ r❡❣✐ã♦ ❞❛ ♠❛❣♥❡t♦s❢❡r❛ t❡♠✲s❡ ❛♣❡♥❛s ❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡ vr =

−vmag✳ ❙❡♥❞♦ ❛ss✐♠✱ r❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✷✮ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❡♥✲

❝♦♥tr❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ γ ♣❛r❛ ❝❛❞❛ α ❡ ❡♥tã♦ ❞❡t❡r♠✐♥❛✲s❡ vmag ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦ ❞♦

❢❛t♦r ❞❡ ▲♦r❡♥t③✱ ♥❡st❡ ❝❛s♦✱ γ = 1/
√

1− β2 ❡♠ q✉❡ β = vmag/c✳

❈♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦ ❣ás ✭♣❧❛s♠❛✮ é ♣♦❧✐tró♣✐❝♦✱ ✐st♦ é✱ p = ρΓ ❡ q✉❡ ❛ r❛③ã♦ ❡♥tr❡

❛ ❞❡♥s✐❞❛❞❡ ❡ ♣r❡ssã♦ é ❞❛❞❛ ♣♦r ❬✾✱ ✸✽❪✱
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a =
p

ρ
=

Γ− 1

Γ

(
H

αγ
− 1

)
c2 , ✭✷✳✷✸✮

r❡s✉❧t❛ q✉❡ ❛s ❡①♣r❡ssõ❡s ❞❛ ❞❡♥s✐❞❛❞❡ ρq ❡ ❞❛ ♣r❡ssã♦ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

ρmag = a1/(Γ−1) ❡ p = a1 + 1/(Γ−1) . ✭✷✳✷✹✮

❊ss❛s ✐♥❢♦r♠❛çõ❡s sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❝♦♠♣♦r ♦ ❝❡♥ár✐♦ ✐♥✐❝✐❛❧ ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦

♠❛❣♥❡t✐③❛❞♦ ❡♠ r♦t❛çã♦✱ ❡♥✈♦❧✈✐❞♦ ♣♦r ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛✱ ❛♠❜♦s ✐♥✢✉❡♥❝✐❛❞♦s ♣❡❧♦ ❜✉✲

r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❡①♣r❡ssõ❡s ❡♥❝♦♥tr❛❞❛s✱ ❛s

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ●❘▼❍❉ q✉❡ ♠♦❞❡❧❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❢❡♥ô♠❡♥♦✱ ♥❡✲

❝❡ss✐t❛♠ ❞❡ ✉♠❛ ❡①♣r❡ssã♦ q✉❡ r❡❧❛❝✐♦♥❛ ❞❡♥s✐❞❛❞❡✱ ♣r❡ssã♦✱ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ❡♥❡r❣✐❛✱

✐st♦ é✱ s❡rá ♥❡❝❡ssár✐❛ ✉♠❛ ❊q✉❛çã♦ ❞❡ ❊st❛❞♦✳

✷✳✹ ❊q✉❛çã♦ ❞❡ ❊st❛❞♦

❖ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❛❧❣é❜r✐❝❛s✱ q✉❡ r❡❧❛❝✐♦♥❛♠ ❛s ❣r❛♥❞❡③❛s ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉

✉t✐❧✐③❛❞❛s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✱ ❡stá r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s s❡❣✉✐♥t❡s

❡q✉❛çõ❡s

x(x+ 1)
[
Γax2 + (2Γa− b)x+ Γa− b+ dΓ

2
y2
]2

=

= (Γx2 + 2Γx+ 1)
2
[τ 2(x+ 1)2 + 2σy + 2σxy + β2y2] ,

[
Γ(a− β2)x2 + (2Γa− 2Γβ2 − b)x+ Γa− b+ d− β2 + Γ

2
y
]
y

= σ(x+ 1)(Γx2 + 2Γx+ 1) ,

✭✷✳✷✺✮

❡♠ q✉❡

x = γ − 1 , y = γ(✈ ·❇) , a = D + ǫ , b = (Γ− 1)D , d = (1− 0, 5Γ)B2 ,

τ = P , β = B e σ = ❇ ·P.
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◆♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✷✳✷✺✮ ❛s ✐♥❝ó❣♥✐t❛s sã♦ x ❡ y ❡ ♦ ♠♦❞♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ r❡s♦❧✈ê✲

❧♦ ❢♦✐ ❛tr❛✈és ❞♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❬✼✶✱ ✼✺❪✳ ❈♦♠♦ ❛ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧ ❞❛s

❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ é ♥❡❝❡ssár✐♦ r❡s♦❧✈❡r t❛❧ s✐st❡♠❛✱ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ❡①✐❣✐❞❛ ♣❡❧♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ é ❡s❝♦❧❤✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛s s♦❧✉çõ❡s x ❡ y ❡♥❝♦♥tr❛❞❛s ♥♦

♣❛ss♦ t❡♠♣♦r❛❧ ❛♥t❡r✐♦r✳ ❉❡t❛❧❤❡s s♦❜r❡ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✻✸❪ ❡ s❡✉s

❡st✉❞♦s ✐♥✐❝✐❛✐s ❡♠ ❬✼✼❪✳
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❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s

❊st❡ ❝❛♣ít✉❧♦ tr❛t❛ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s

❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❤✐♣❡r❜ó❧✐❝❛s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦✱ q✉❡ ❛✉①✐❧✐❛r❛♠ ♥❛

❡s❝♦❧❤❛ ❞❡ ♠ét♦❞♦s ❝❛♣❛③❡s ❞❡ ♦❜t❡r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✱

❛♣❧✐❝❛❞❛s ♥♦ ❡st✉❞♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✳

❉❡ ✐♥í❝✐♦ ❛♣r❡s❡♥t❛✲s❡ ❛ ❢♦r♠✉❧❛çã♦ ❣❡r❛❧ ❞♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s✳ ❉❡♣♦✐s✱

♦s ♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s✱ ▲❛①✲❲❡♥❞r♦✛✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡ ●♦❞✉♥♦✈ sã♦ ❡①♣♦st♦s ❡

❝♦♠♣❛r❛❞♦s ❡♠ ❡①❡♠♣❧♦s ❞❡ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✳ P♦r

✜♠✱ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧✱ s❡♠ s♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ é ❛♣r❡s❡♥t❛❞♦✳

✸✳✶ ❋♦r♠✉❧❛çã♦ ●❡r❛❧ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦

▲❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ sã♦ ♦❜s❡r✈❛❞❛s ❡♠ ✈ár✐♦s r❛♠♦s ❞❛s ❝✐ê♥❝✐❛s ❡ sã♦ út❡✐s ♣❛r❛ ♦❜t❡r

❡q✉❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ ♣♦ss✉❡♠ ❣r❛♥❞❡③❛s ♦✉ q✉❛♥t✐❞❛❞❡s q✉❡ sã♦

❜❛❧❛♥❝❡❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ♣r♦❝❡ss♦✱ ❞❡♥tr♦ ❞❡ ✉♠❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛✳ ❚❛✐s ❧❡✐s sã♦ r❡♣r❡✲

s❡♥t❛❞❛s ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦✉ ♣♦r ❡q✉❛çõ❡s ✐♥t❡❣r❛✐s q✉❡ sã♦ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦

❡q✉❛çõ❡s ❣♦✈❡r♥❛♥t❡s ♦✉ ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦ ♣r♦❝❡ss♦ ❡♠ q✉❡stã♦✳ ❊st❛s ❡q✉❛çõ❡s

❞❡s❝r❡✈❡♠ ✭❞✐t❛♠✮ ❝♦♠♦ ♦s ♣r♦❝❡ss♦s s❡ ❞❡s❡♥✈♦❧✈❡♠ ❛ ♠❡❞✐❞❛ q✉❡ ❤á ✉♠❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧✳

❆ s❡❣✉✐r ❡♥❝♦♥tr❛♠✲s❡ ❛s ❢♦r♠✉❧❛çõ❡s ✐♥t❡❣r❛❧ ❡ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ❡♠

❡s♣❛ç♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ♠❛✐♦r✳ ❖ t❡①t♦ ❡s❝r✐t♦ ♥❡st❛ s❡çã♦ t❡♠

✸✺



❝♦♠♦ r❡❢❡rê♥❝✐❛s ❬✷✷✱ ✺✻✱ ✼✽✱ ✽✸❪✳

✸✳✶✳✶ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s

❙❡❥❛ u = u(x, t) ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧ x ∈ R ❡ ❞♦ t❡♠♣♦

t ∈ R, t > 0✱ s❡♥❞♦ ❛ss✐♠✱ ♣♦r ❞❡✜♥✐çã♦ u ✈❛r✐❛ s♦♠❡♥t❡ ♥❛ ❞✐r❡çã♦ x ❞❡ t❛❧ ♠♦❞♦ q✉❡

s✉❛ q✉❛♥t✐❞❛❞❡ é ✐❣✉❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ s❡çã♦ tr❛♥✈❡rs❛❧ ❞❡ ár❡❛ ✜①❛ A✳

❙❡ I = [a, b] é ✉♠ ✐♥t❡r✈❛❧♦ ♦♥❞❡ u ❡stá ❞❡✜♥✐❞♦✱ ❡♥tã♦ ❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ❞❡ u ❞❡♥tr♦ ❞♦

✐♥t❡r✈❛♦ I ♥♦ t❡♠♣♦ t é ❞❛❞❛ ♣♦r

utotal =

∫ b

a

u(x, t)Adx .

❆ss✉♠✐♥❞♦ q✉❡ ❡①✐st❡ ❛♣❡♥❛s ♠♦✈✐♠❡♥t♦ ♥❛ ❞✐r❡çã♦ x✱ ♦ ✢✉①♦ φ(x, t) ❞❡ u ♥❛ ♣♦s✐çã♦ x ❡

♥♦ t❡♠♣♦ t é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ u q✉❡ ❡s❝♦❛ ❛tr❛✈és ❞❡ ❆ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ➪r❡❛✱ ♣♦r ✉♥✐❞❛❞❡

❞❡ t❡♠♣♦✳ ❆ss✐♠✱ ❡♠ ✉♠ t❡♠♣♦ t ❛ t❛①❛ ❧íq✉✐❞❛ ❞❡ u ♥♦ ✐♥t❡r✈❛❧♦ I é ❛ t❛①❛ ❝♦♠ q✉❡ u

❛tr❛✈❡ss❛ ♣❛r❛ ❞❡♥tr♦ ❞❡ I ❡♠ x = a ♠❡♥♦s ❛ t❛①❛ ❝♦♠ q✉❡ u ❡s❝♦❛ ♣❛r❛ ❢♦r❛ ❞❡ I ❡♠

x = b✱ ✐st♦ é✱

t❛①❛ ❧íq✉✐❞❛ = Aφ(a, t)− Aφ(b, t) .

❉❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ I ❛ ❣r❛♥❞❡③❛ u ♣♦❞❡ s❡r ❛❝r❡s❝✐❞❛ ♦✉ ♣❡r❞✐❞❛ ♣♦r ✉♠❛ ❢♦♥t❡ q✉❡

é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❢♦♥t❡ ♦✉ t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡ t❡r♠♦ ❢♦♥t❡✳ ❚❛❧ t❡r♠♦ é

✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧ q✉❡ ❛t✉❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ (a, b) ♣♦❞❡♥❞♦ ❞❡♣❡♥❞❡r ❞❡ x✱t✱ u ❡ ❞❛s

❞❡r✐✈❛❞❛s ❞❡ u ❡ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r s = s(x, t, u)✱ s❡♥❞♦ ❛ss✐♠✱ f é ❛ t❛①❛ ❝♦♠ q✉❡

u é ❛❝r❡s❝❡♥t❛❞❛ ♦✉ ❞✐♠✐♥✉í❞❛ ♥❛ ♣♦s✐çã♦ x ❡ ♥♦ t❡♠♣♦ t ♣♦r ✉♥✐❞❛❞❡ ❞❡ ✈♦❧✉♠❡✳ ❙❡ s

é ♣♦s✐t✐✈♦ t❡♠✲s❡ ✉♠❛ ❢♦♥t❡ ❡ s❡ s é ♥❡❣❛t✐✈♦ t❡♠✲s❡ ✉♠ s✉♠✐❞♦✉r♦✳ ❈♦♥t✉❞♦✱ ♣♦❞❡✲s❡

❝❛❧❝✉❧❛r ❛ t❛①❛ ❝♦♠ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ❞❡ u é ❛❝r❡s❝❡♥t❛❞❛ ✭♦✉ r❡t✐r❛❞❛✮ ❞❡ ■✱

t❛①❛ q✉❡ ✉ é ♣r♦❞✉③✐❞❛ =

∫ b

a

s(x, t, u)Adx .

❆ ▲❡✐ ❞❡ ❇❛❧❛♥ç♦ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠✉❧❛❞❛ ♣❛r❛ ❛ q✉❛♥t✐❞❛❞❡ u ❡♠ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦

I é ❞❛❞♦ ♣♦r✿ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ utotal ❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ é ✐❣✉❛❧ ❛ t❛①❛ ❧íq✉✐❞❛

✸✻



❞❡ u ❡s❝♦❛❞❛ ❡♠ I ♠❛✐s ❛ t❛①❛ ❝♦♠ q✉❡ u é ♣r♦❞✉③✐❞❛ ♥♦ ✐♥t❡r✐♦r ❞❡ I✳ ▲♦❣♦✱ ❛ ▲❡✐ ❞❡

❇❛❧❛♥ç♦ ❡♠ ♥♦t❛çã♦ ✐♥t❡❣r❛❧ é r❡♣r❡s❡♥t❛❞♦ ♣♦r✱

d

dt

∫ b

a

u(x, t) = φ(a, t)− φ(b, t) +

∫ b

a

s(x, t, u)dx . ✭✸✳✶✮

❆ ❡q✉❛çã♦ ✭✸✳✶✮ ❞❡✜♥❡ ❛ ❢♦r♠✉❧❛çã♦ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❙❡ ❛s ❢✉♥çõ❡s u✱ φ ❡ s sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ R2 ❡♥tã♦ ♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠❛

❢♦r♠✉❧❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ ❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮✳

❙❡❥❛♠ u✱ φ ❡ s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ R2✳ ❘❡❝♦rr❡♥❞♦ ❛♦ ❛✮ t❡♦r❡♠❛ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦ ❡ ❜✮ ❛♦ t❡♦r❡♠❛ ❞❡ ▲❡✐❜♥✐③✱

❛✮ ∫ b

a

φx(x, t)dx = φ(b, t)− φ(a, t) ;

❜✮
d

dt

∫ b

a

u(x, t)dx =

∫ b

a

ut(x, t)dx ,

❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♣♦r

∫ b

a

[ut(x, t) + φx(x, t)− s(x, t, u)] dx = 0 ,

❡♠ q✉❡ ( )w ≡ ∂
∂w

( )✳ ❈♦♠♦ ♦ ✐♥t❡❣r❛♥❞♦ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡ x ❡ ♦ r❡s✉❧t❛❞♦ ❞❡

s✉❛ ✐♥t❡❣r❛❧ ❞❡✜♥✐❞❛ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ I = [a, b] é ✐❣✉❛❧ ❛ ③❡r♦✱ ❡♥tã♦

ut(x, t) + φx(x, t) = s(x, t, u) . ✭✸✳✷✮

❆ ❡q✉❛çã♦ ✭✸✳✷✮ é ❛ ❢♦r♠✉❧❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ▲❡✐ ❞❡ ❇❛❧❛♥ç♦✱ ✐st♦ é✱ ✉♠❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛ ♣❛r❝✐❛❧ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦✳ ❙❡ ♦ ✐♥t❡r✈❛❧♦ I = [a, b] ❢♦r ✉♠ ✐♥t❡r✈❛❧♦

q✉❛❧q✉❡r ❞♦s Reais✱ ❡♥tã♦ ❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ t❛♥t♦ ♥❛ s✉❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ✲ ❡q✉❛çã♦ ✭✸✳✶✮ ✲

q✉❛♥t♦ ♥❛ s✉❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ✲ ❡q✉❛çã♦ ✭✸✳✷✮ ✲ ✈❛❧❡ ♣❛r❛ t♦❞♦ x ∈ R ❡ ♣❛r❛ t♦❞♦ t > 0✳

❆s ❧❡✐s ❞❡ ❜❛❧❛♥ç♦ t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❡♥tr♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ tã♦ ♣❡q✉❡♥♦

q✉❛♥t♦ s❡ q✉❡✐r❛✱ ✐st♦ é✱ ✉♠ ✐♥t❡r✈❛❧♦ I = [x, x+∆x] ❝♦♠ ∆x → 0✳ ❆ss✉♠✐♥❞♦ s✉❛✈✐❞❛❞❡

❞❛s ❢✉♥çõ❡s u✱ φ ❡ s t❡♠♦s ❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ ♥♦ ✐♥t❡r✈❛❧♦ I ❞❛❞♦ ♣♦r

✸✼



∂

∂t
(u(ξ, t)A∆x) = Aφ(x, t)− Aφ(x+∆x, t) + s(η, t, u(η, t))A∆x ,

❡♠ q✉❡ ξ ❡ η sã♦ ♣♦♥t♦s ❞❡ (x, x + ∆x)✱ ❣❛r❛♥t✐❞♦ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ♠é❞✐♦✳ ❆❣♦r❛

❞✐✈✐❞✐♥❞♦ ❛ ❡①♣r❡ssã♦ ♣♦r A∆x ♦❜tê♠✲s❡

∂

∂t
u(ξ, t) =

φ(x, t)− φ(x+∆x, t)

∆x
+ s(η, t, u(η, t)) ,

❡ ♣❛r❛ ∆x → 0✱ t❡♠✲s❡

∂

∂t
u(x, t) +

∂

∂x
φ = s(x, t, u) ♦✉ ut + φx = s .

❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♦❜t❡♠✲s❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❢♦rt❡ ♣❛r❛ ❛s ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✱ ✈á❧✐❞❛s

♣❛r❛ t ∈ (0, T ∗)✳

❙❡ ♥❛s ❧❡✐s ❞❡ ❜❛❧❛♥ç♦ ❞❡✜♥✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✶✮ ❡ ✭✸✳✷✮ ❛s ❢✉♥çõ❡s φ ❡ s ❢♦r❡♠

❞❡✜♥✐❞❛s ♣♦r φ = f(u) ❡ s = 0 ✭s❡♠ t❡r♠♦ ❢♦♥t❡ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ ■✮✱ ❡♥tã♦ t❛✐s ❧❡✐s

❞❡✜♥❡♠ ❛s ❢♦r♠✉❧❛çõ❡s ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♣❛r❛ ❛s ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❙❡❥❛ u = u(x, t) ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♣❡♥❞❡♥t❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧

x ∈ I ⊂ R ❡ ❞♦ t❡♠♣♦ t ∈ R, t > 0✳ ❙❡ ❛ q✉❛♥t✐❞❛❞❡ u s❛t✐s❢❛③ ❛ ❡q✉❛çã♦

d

dt

∫ b

a

u(x, t) = f(u(a, t))− f(u(b, t)) , ✭✸✳✸✮

❡♥tã♦ ❛ q✉❛♥t✐❞❛❞❡ u é ❝♦♥s❡r✈❛❞❛✳ ❆ ❡q✉❛çã♦ ✭✸✳✸✮ ❞❡✜♥❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ✐♥t❡❣r❛❧

♣❛r❛ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ♣❛r❛ q✉❛♥t✐❞❛❞❡s q✉❡ s❡ ❝♦♥s❡r✈❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❡①♣r❡ssã♦

✭✸✳✸✮✳

◆❛ ❞❡✜♥✐çã♦ ✱ ❛ ❢✉♥çã♦ u é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡✳

❉❡✜♥✐çã♦ ✸✳✶✳✷ ❙❡❥❛ u = u(x, t) ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♣❡♥❞❡♥t❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧

x ∈ I ⊂ R ❡ ❞♦ t❡♠♣♦ t ∈ R, t > 0✳ ❙❡ u ❡ f = f(u) sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ❞❡r✐á✈❡✐s

❡♠ I✱ ❡♥tã♦ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✶ ♣♦❞❡✲s❡ ♦❜t❡r ✉♠❛ ❢♦r♠✉❧❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛

✸✽



▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✱ ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

∂

∂t
u(x, t) +

∂

∂x
f(u(x, t)) = 0 ♦✉ ut + f(u)x = 0 . ✭✸✳✹✮

❙❡ q✉❛♥t✐❞❛❞❡ u s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ❡♥tã♦ u é ❝♦♥s❡r✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❡①♣r❡ssã♦

✭✸✳✹✮✳

❆ss✐♠✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♣❛r❝✐❛✐s✱ ❡♠ q✉❡ ❝❛❞❛ ❊❉P s❛t✐❢❛③ ❛

❞❡✜♥✐çã♦ ✸✳✶✳✷✱ ❞❡✜♥❡ ✉♠ s✐st❡♠❛ ❞❡ ▲❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✸ ✭▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✮ ❯♠ s✐st❡♠❛ ❞❡ ♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐✲

❛✐s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ sã♦ ❝❤❛♠❛❞❛s ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ s❡ ♣✉❞❡r

s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱

∂t❯+ ∂x❋(❯) = 0 ,

♦♥❞❡

❯ =




u1

✳✳✳

um


 , ❋(❯) =




f1
✳✳✳

fm


 ,

❝♦♠

U = ❯(x, t) : Ω× [0, T ] → Um

❋ = ❋(❯) : Um → Rm
,

❡♠ q✉❡ ♦s sí♠❜♦❧♦s Ω ⊂ R r❡♣r❡s❡♥t❛ ♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❞❡ ✐♥t❡r❡ss❡ ❡ Um ⊂ Rm é ♦

❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ❢ís✐❝♦s ❛❞♠✐ssí✈❡✐s ✭❡s♣❛ç♦ ❞❡ ❢❛s❡✮✳

◆❛ ❞❡✜♥✐çã♦ ✸✳✶✳✸✱ ❯ é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s ❝♦♥s❡r✈❛❞❛s✱ ❋ = ❋(❯) é

❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ✢✉①♦ ❡ fi ♣❛r❛ i = 1, · · · ,m sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢✉♥çõ❡s ✢✉①♦✳

❯♠❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❛ss♦❝✐❛❞❛ ❛♦s s✐st❡♠❛s ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ❡stá r❡❧❛❝✐♦♥❛❞❛

❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s✱ q✉❡ ❞❡✜♥❡♠ s✉❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✳ ❆❧❣✉♥s ♠ét♦✲

❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❢♦r❛♠ ❝r✐❛❞♦s ❞❡ ♠♦❞♦ ❛ ✉t✐❧✐③❛r t❛❧ ❝♦♥❥✉♥t♦✱ ♣❛r❛ ♦❜t❡r ♠❛✐s

✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ♠♦❞❡❧❛❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t♦r♥❛r❡♠✲s❡ ♠ét♦❞♦s ♠❛✐s

✸✾



❡✜❝❛③❡s ❡♠ ❛❧❣✉♠ s❡♥t✐❞♦✳ P❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ s❡r ❤✐♣❡r❜ó❧✐❝♦ ❞❡✈❡✲s❡

s❛t✐s❢❛③❡r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✶✳✹ ✭▼❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ ✢✉①♦✮ ❆ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞♦ ✈❡t♦r ✢✉①♦ ❋

❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✸ é r❡♣r❡s❡♥t❛❞❛ ♣♦r

A(❯) =
∂F

∂U
= ∂UF =




∂f1
∂u1

· · · ∂f1
∂um

✳✳✳
✳ ✳ ✳

✳✳✳

∂fm
∂u1

· · · ∂fm
∂um


 .

❉❡✜♥✐çã♦ ✸✳✶✳✺ ✭❙✐st❡♠❛ ❍✐♣❡r❜ó❧✐❝♦✮ ❯♠ s✐st❡♠❛ ❞❡ ♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♥❛

❢♦r♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ ♥♦ ♣♦♥t♦ (x, t) ∈ Ω × [0, T ]✱ s❡ ❛ ♠❛✲

tr✐③ ❥❛❝♦❜✐❛♥❛ A ❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✹ t✐✈❡r ♠ ❛✉t♦✈❛❧♦r❡s ❘❡❛✐s✱ λ1, · · · , λm ❡✱ t❛♠❜é♠ s❡

♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❞✐r❡✐t❛✱ ❑(1), · · · ,❑(m)✱ ❢♦r♠❛r ✉♠ ❝♦♥❥✉♥t♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❙❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✺ ❢♦r❡♠ t♦❞♦s ❞✐st✐♥t♦s✱ ❡♥tã♦ ♦ s✐st❡♠❛ ❤✐♣❡r❜ó❧✐❝♦ é

❝❤❛♠❛❞♦ ❞❡ ❙✐st❡♠❛ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ◆♦t❛✲s❡ q✉❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❡str✐t❛ ✐♠♣❧✐❝❛

❡♠ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ♣♦✐s ❛✉t♦✈❛❧♦r❡s r❡❛✐s ❡ ❞✐st✐♥t♦s ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s ❛♦s ❛✉t♦✈❛❧♦r❡s ❞♦ s✐st❡♠❛ ❤✐♣❡r❜ó❧✐❝♦

❬✷✷✱ ✽✸❪✳

❯♠❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s q✉❡ ✉t✐❧✐③❛♠ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ❛✉t♦✈❛❧♦r❡s ❡ ❛✉✲

t♦✈❡t♦r❡s ❡♠ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ sã♦ ♦s ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈✳ ❚❛✐s ♠ét♦❞♦s ♥❡❝❡ss✐t❛♠

❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ q✉❡ ❢❛③ ✉s♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ♦❜t✐❞♦s ❞❛ ♠❛tr✐③

❏❛❝♦❜✐❛♥❛✱ ♣❛r❛ ❞❡✜♥✐r ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞♦ t✐♣♦✿ ♦♥❞❛s ❞❡ ❝❤♦q✉❡✱

❞❡ r❛r❡❢❛çã♦ ❡ ❞❡ ❝♦♥t❛t♦✳ ▼ét♦❞♦s q✉❡ ♥ã♦ ♥❡❝❡ss✐t❛♠ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡✲

♠❛♥♥ ♠✉✐t❛s ✈❡③❡s sã♦ ❝❤❛♠❛❞♦s ❞❡ ▼ét♦❞♦s ❧✐✈r❡s ❞❡ r❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡

❘✐❡♠❛♥♥✳

❯♠ s✐st❡♠❛ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥❢♦r♠❡ ❛s ❞❡✜♥✐çõ❡s ✸✳✶✳✸ ❡ ✸✳✶✳✺ ♣♦ss✉✐ ✐♥✜♥✐t❛s s♦❧✉çõ❡s s❡

♥❡♥❤✉♠❛ ❝♦♥❞✐çã♦ ❢♦r ❛❝r❡s❝❡♥t❛❞❛ ♥❛ ❢✉♥çã♦ ❯✱ s❡♥❞♦ ❛ss✐♠✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ✐♥✈❡st✐✲

❣❛r ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s✱ ❛❞✐❝✐♦♥❛♠✲s❡ ❝♦♥❞✐çõ❡s

✹✵



❛❞❡q✉❛❞❛s ❛♦ s✐st❡♠❛ ♣❛r❛ t♦r♥á✲❧♦ ❜❡♠ ♣♦st♦✳ ❉✐s❝✉ssõ❡s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐✲

❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛s P❛r❝✐❛✐s ❡✱ t❛♠❜é♠✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ ▲❡✐s ❞❡

❈♦♥s❡r✈❛çã♦ ❡♥❝♦♥tr❛♠✲s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✷✷✱ ✸✺✱ ✺✻✱ ✽✸❪✳

❉❡✜♥✐çã♦ ✸✳✶✳✻ ✭Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✮ ❖ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧ ♣❛r❛ ❛ ❞❡✜♥✐çã♦

✸✳✶✳✸✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r





∂t❯+
n∑

i=1

∂xi
❋i(❯) = 0, ∀① ∈ Rn, t ∈ (0, T ),

❯(①, 0) = ❯0(①), ∀① ∈ Rn

✭✸✳✺✮

❡♠ q✉❡ ❯0(①) ∈ C0(Rn,Um)✱ ❋i ∈ C1(Um,R
m) ❡ ① ∈ Rn é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❜❧❡♠❛ ❞❡

❈❛✉❝❤②✳ ❙❡ ❯ ∈ C1(Rn × [0, T ],Um) s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✱ ❡♥tã♦ ❯ é ✉♠❛

s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✳

❙✐st❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s ♥ã♦ ❧✐♥❡❛r❡s tê♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❞❡s❡♥✈♦❧✈❡r ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s

❛♦ ❧♦♥❣♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♠❡s♠♦ q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② s❡❥❛

s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ❡s♣❡r❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❝❧áss✐❝❛s ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❛♣❡♥❛s ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✳ P♦rt❛♥t♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ s❡ ♦❜t❡r

s♦❧✉çõ❡s ❣❧♦❜❛✐s ✭♣❛r❛ q✉❛❧q✉❡r t❡♠♣♦ t > 0✮✱ ♥❡❝❡ss✐t❛✲s❡ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❝♦♥❝❡✐t♦

❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✳

❆ s❡❣✉✐r✱ ❡①❡♠♣❧✐✜❝❛✲s❡ t❛❧ s✐t✉❛çã♦ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❡♠ ✉♠❛ ❡q✉❛çã♦

❤✐♣❡r❜ó❧✐❝❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❊①❡♠♣❧♦ ✸✳✶✳✶ ✭❊q✉❛çã♦ ❞❡ ❇✉r❣❡r s❡♠ ✈✐s❝♦s✐❞❛❞❡✮ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜✲

❧❡♠❛ ❞❡ ❈❛✉❝❤②✱ 



∂tu + u∂xu = 0

u(x, 0) = u0(x)

❡♠ q✉❡

u0(x) =





1 se x < 0

1− x se 0 ≤ x ≤ 1

0 se x > 1

.

✹✶



❆ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ ❡①❡♠♣❧♦ ✸✳✶✳✶ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ 0 ≤ t < 1 é ❞❛❞❛ ♣♦r

u(x, t) =





1 se x < t < 1
1− x

1− t
se t ≤ x < 1

0 se t < 1 ≤ x

.

◆♦t❡ q✉❡ ♥♦ ❡①❡♠♣❧♦ ✸✳✶✳✶✱ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❝♦♥tí♥✉❛ ❡ ❛ s♦❧✉çã♦ é ❝♦♥tí♥✉❛ ❛♣❡♥❛s

♣❛r❛ t ∈ [0, 1)✳ P❛r❛ t = 1 ❛ s♦❧✉çã♦ é ❞❡s❝♦♥tí♥✉❛ ❡♠ x = 1✱ ♦ q✉❡ ❡①❡♠♣❧✐✜❝❛ q✉❡

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❝♦♥tí♥✉❛s ♣♦❞❡♠ ❣❡r❛r s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s✳ P❛r❛ ❞❡t❛❧❤❡s ❞♦ ❡①❡♠♣❧♦

✸✳✶✳✶ ✈❡r ❬✸✺❪✳

❆ ♣❛rt✐r ❞♦ t❡♠♣♦ t ≥ 1 ♦ ❡①❡♠♣❧♦ ✸✳✶✳✶ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ❝❧áss✐❝❛✱ t♦r♥❛♥❞♦✲s❡

♥❡❝❡ssár✐♦ ❣❡♥❡r❛❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ s♦❧✉çã♦✳ ❚❛❧ ❣❡♥❡r❛❧✐③❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦

❢r❛❝❛ ❬✺✷❪✳

❯♠❛ ♦✉tr❛ ❝❛r❛❝t❡ríst✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦s s✐st❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s é q✉❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

❞❡s❝♦♥tí♥✉❛s ♣♦❞❡♠ ❡✈♦❧✉✐r ♣❛r❛ s♦❧✉çõ❡s ❝♦♥tí♥✉❛s✱ ♣♦ré♠ ♥❡st❡ ❝❛s♦✱ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

♥ã♦ é ❞❡ ❝❧❛ss❡ C1 ❡ ♣♦rt❛♥t♦ ♥ã♦ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞❛ ❞❡✜♥✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❈❛✉❝❤②✳ ❊♥tr❡t❛♥t♦✱ s✐st❡♠❛s ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡s❝♦♥tí♥✉❛s ❡♥q✉❛❞r❛♠✲s❡ ❡♠ ✉♠❛

♦✉tr❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s✳

❉❡✜♥✐çã♦ ✸✳✶✳✼ ✭Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✮ ❯♠ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧ ♣❛r❛ ❛ ❞❡✜♥✐çã♦

✸✳✶✳✸✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r





∂t❯+
n∑

i=1

∂xi
❋i(❯) = 0, ∀① ∈ Rn, t > 0

❯(①, 0) = ❯0(①), ∀① ∈ Rn

✭✸✳✻✮

❡♠ q✉❡

❯0(①) =





❯L(①), se x < 0

❯R(①), se x > 0

é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳

❈♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é ♣♦ssí✈❡❧ ❡①❡♠♣❧✐✜❝❛r ✉♠ ♣r♦❜❧❡♠❛ ♥♦

q✉❛❧ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❞❡s❝♦♥tí♥✉❛ ❡✱ ❝♦♥❢♦r♠❡ ❛❝♦♥t❡❝❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❛ s♦❧✉çã♦

♣❛ss❛ ❛ s❡r ❝♦♥tí♥✉❛✳

✹✷



❊①❡♠♣❧♦ ✸✳✶✳✷ ✭❊q✉❛çã♦ ❞❡ ❇✉r❣❡r s❡♠ ✈✐s❝♦s✐❞❛❞❡✮ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜✲

❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✱ 



∂tu + u∂xu = 0

u(x, 0) = u0(x)

❡♠ q✉❡

u0(x) =





0 se x < 0

1 se x > 0
.

◆♦ ❡①❡♠♣❧♦ ✸✳✶✳✷✱ ❛ s♦❧✉çã♦ ❞❡✜♥✐❞❛ ♣❛r❛ t > 0 é ❞❛❞❛ ♣♦r

u(x, t) =





0 se x < 0, t ≥ 0
x

t
se 0 ≤ x ≤ t, t 6= 0

1 se x > t ≥ 0

.

❆ s♦❧✉çã♦ ❞♦ ❡①❡♠♣❧♦ ✸✳✶✳✷ é ❝♦♥tí♥✉❛ ♣❛r❛ t > 0✱ ♠❡s♠♦ q✉❡ s❡ t❡♥❤❛ ✉♠❛ ❝♦♥❞✐çã♦

✐♥✐❝✐❛❧ ❞❡s❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱ ❛♦ s❡ ❢❛③❡r ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ s♦❧✉çã♦✱ ♣❡r❝❡❜❡✲s❡

q✉❡ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐♥✐❝✐❛❧ ♥ã♦ ❢♦✐ ♣r♦♣❛❣❛❞❛ ❡ q✉❡ ❛♣❡♥❛s t❡♠✲s❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥❛s

❞❡r✐✈❛❞❛s✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ é ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❢❡♥ô♠❡♥♦s ♣✉r❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r❡s✱

♠❛✐s ❞❡t❛❧❤❡s ❡ ❡①❡♠♣❧♦s ❞❡ t❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✷✷❪✱ ❬✺✻❪ ❡ ❬✸✺❪✳

✸✳✶✳✷ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦

❊♠ ✉♠ ❊s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ ♥ ❞✐♠❡♥s✐♦♥❛❧ ✲ Rn ✲ ♣♦❞❡✲s❡ ❢♦r♠✉❧❛r ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦

❜❛s❡❛❞❛s ♥❛s ❡①♣r❡ssõ❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

❙❡❥❛♠ x = (x1, . . . , xn) ∈ Rn ❡ u = u(x, t) ✉♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❞♦♠í♥✐♦

D ⊂ Rn✳ ◆❡st❡ ❞♦♠í♥✐♦ s❡❥❛ V ✉♠❛ r❡❣✐ã♦ ❛r❜✐trár✐❛ ❝♦♠ ✉♠❛ ❢r♦♥t❡✐r❛ s✉✜❝✐❡♥t❡♠❡♥t❡

s✉❛✈❡ ❞❡♥♦t❛❞❛ ♣♦r ∂V ✳ ❆ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ❞❡ u ❡♠ V é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧

✈♦❧✉♠étr✐❝❛✱

utotal =

∫

V

u(x, t)dV ,

♦♥❞❡ dV é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✈♦❧✉♠❡ ❞❡ V ✳ ❙❡ s = s(x, t, u) ❞❡♥♦t❛ ♦ t❡r♠♦ ❢♦♥t❡ ❝♦♥t✐❞♦

✹✸



❡♠ V ✱ ❡♥tã♦ ❛ t❛①❛ ❝♦♠ q✉❡ u é ♣r♦❞✉③✐❞❛ ♦✉ ❝♦♥s✉♠✐❞❛ ❡♠ V é ❞❛❞❛ ♣♦r

t❛①❛ ❞❡ ♣r♦❞✉çã♦ ❞❡ ✉ =

∫

V

s(x, t, u)dV .

❙❡ ♥(x) é ✉♠ ✈❡t♦r ✉♥✐tár✐♦ ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ ❞❛ s✉♣❡r❢í❝✐❡

∂V ✱ ❡♥tã♦ ❛ t❛①❛ ❧íq✉✐❞❛ ❝♦♠ q✉❡ ♦ ✈❡t♦r ✢✉①♦ φ(x, t) ❛tr❛✈❡ss❛ ❛ ❢r♦♥t❡✐r❛ ∂V é ❢♦r♥❡❝✐❞❛

♣❡❧❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧ ❞❡ s✉♣❡r❢í❝✐❡

t❛①❛ ❧íq✉✐❞❛ =

∫

∂V

φ(x, t) · ♥(x)dS .

▲♦❣♦✱ ❛ ❢♦r♠✉❧❛çã♦ ✐♥t❡❣r❛❧ ❞❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦ ♣❛r❛ ❛ q✉❛♥t✐❞❛❞❡ u ♥❛ r❡❣✐ã♦ V é ❞❛❞❛

♣♦r

d

dt

∫

V

u dV = −
∫

∂V

φ · ♥ dS +

∫

V

s dV . ✭✸✳✼✮

❙❡ u ❡ φ sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡s✱ ♣♦❞❡✲s❡ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ❞♦ ❉✐✈❡r❣❡♥t❡✱

∫

V

div φ dV =

∫

∂V

φ · ♥ dS ,

❡♠ q✉❡ ❞✐✈ é ♦ ♦♣❡r❛❞♦r ❞✐✈❡r❣❡♥t❡✱ ♣❛r❛ r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✼✮

∫

V

ut dV = −
∫

V

u dV +

∫

V

s dV

❡ ♦❜t❡r ❛ ❢♦r♠✉❧❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦✱

ut + div φ = s(x, t, u) ∀x ∈ D, t > 0 . ✭✸✳✽✮

❙❡ ♥❛s ❧❡✐s ❞❡ ❜❛❧❛♥ç♦ ❞❡✜♥✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✼✮ ❡ ✭✸✳✽✮ ❛s ❢✉♥çõ❡s φ ❡ s ❢♦r❡♠

❞❡✜♥✐❞❛s ♣♦r φ = (f1(u), . . . , fn(u)) ❡ s = 0 ✭s❡♠ t❡r♠♦ ❢♦♥t❡ ❞❡♥tr♦ ❞❡ ❱✮✱ ❡♥tã♦ t❛✐s ❧❡✐s

❞❡✜♥❡♠ ❛s ❢♦r♠✉❧❛çõ❡s ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♣❛r❛ ❛s ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✽ ❙❡❥❛ u = u(x, t) ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♣❡♥❞❡♥t❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧

✹✹



x ∈ D ⊂ Rn ❡ ❞♦ t❡♠♣♦ t ∈ R, t > 0✳ ❙❡ ❛ q✉❛♥t✐❞❛❞❡ u s❛t✐s❢❛③ ❛ ❡q✉❛çã♦

d

dt

∫ b

a

u(x, t) = −
∫

∂V

φ(x, t) · ♥(x)dS , ✭✸✳✾✮

❡♥tã♦ ❛ q✉❛♥t✐❞❛❞❡ u é ❝♦♥s❡r✈❛❞❛✳ ❆ ❡q✉❛çã♦ ✭✸✳✾✮ ❞❡✜♥❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ✐♥t❡❣r❛❧

♣❛r❛ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ♣❛r❛ q✉❛♥t✐❞❛❞❡ q✉❡ s❡ ❝♦♥s❡r✈❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❡①♣r❡ssã♦

✭✸✳✾✮✳

❉❡✜♥✐çã♦ ✸✳✶✳✾ ❙❡❥❛ u = u(x, t) ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♣❡♥❞❡♥t❡ ❞❡ x ∈ D ⊂ Rn ❡ ❞♦ t❡♠♣♦

t ∈ R, t > 0✳ ❙❡ u ❡ ❛s fi = fi(u)✱ ❝♦♠ i = 1, . . . , n✱ sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ❞❡r✐á✈❡✐s ❡♠

D✱ ❡♥tã♦ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✽ ♣♦❞❡✲s❡ ♦❜t❡r ✉♠❛ ❢♦r♠✉❧❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛

▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

∂

∂t
u(x, t) + div (f(u(x, t))) = 0 ♦✉ ut + div(f(u)) = 0 . ✭✸✳✶✵✮

❙❡ q✉❛♥t✐❞❛❞❡ u s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✱ ❡♥tã♦ u é ❝♦♥s❡r✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❡①♣r❡ssã♦

✭✸✳✶✵✮✳

❯♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ♣♦❞❡ ❝♦♥st✐t✉✐r

✉♠ s✐st❡♠❛ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ s❡ s❛t✐s✜③❡r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✵ ✭▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✮ ❯♠ s✐st❡♠❛ ❞❡ ♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r✲

❝✐❛✐s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ sã♦ ❝❤❛♠❛❞❛s ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ s❡ ♣✉❞❡r s❡r r❡❡s❝r✐t♦

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

∂t❯+ div (❋) = 0 , ✭✸✳✶✶✮

❞♦♥❞❡

❯ =




u1

✳✳✳

um


 , ❋ = [❋1(❯)| · · · |❋n(❯)] , ❋i(❯) =




f(i)1
✳✳✳

f(i)m


 ,

Ωn ⊂ Rn r❡♣r❡s❡♥t❛ ♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❞❡ ✐♥t❡r❡ss❡ ❡ Um ∈ Rm é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s

❢ís✐❝♦s ❛❞♠✐ssí✈❡✐s ✭❡s♣❛ç♦ ❞❡ ❢❛s❡✮ ❝♦♠

uj = uj(①, t) ∈ Um , ① = ①(x1, · · · , xn) ∈ R
n , t ∈ [0, T ] ⊂ R e ❋i ∈ R

m

✹✺



♣❛r❛ i = 1, · · · , n✳

◆❛ ❞❡✜♥✐çã♦ ✸✳✶✳✶✵✱ ❯ : Ωn × [0, T ] → Um é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s ❝♦♥✲

s❡r✈❛❞❛s ❡ ❋i(❯) : Um → Rm sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❡t♦r❡s ❞❡ ✢✉①♦s ♦✉ ❢✉♥çõ❡s ✢✉①♦s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❡st❛❝❛♠✲s❡ ❛s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ s✐st❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s ❞❡♣❡♥❞❡♥t❡s

❞♦ t❡♠♣♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✶ ✭❙✐st❡♠❛ ❍✐♣❡r❜ó❧✐❝♦✮ ❯♠ s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ é ❞✐t♦

❤✐♣❡r❜ó❧✐❝♦ ❡♠ Gm s❡ ♦ ❏❛❝♦❜✐❛♥♦ ❞❡ ❝❛❞❛ ❢✉♥çã♦ ✢✉①♦ ❞❛ ❞❡✜♥✐çã♦ ✸✳✶✳✶✵✱

A❡(❯) :=
n∑

i=1

D❋i(❯)ei

é ❞✐❛❣♦♥❛❧✐③á✈❡❧ ❡♠ Rm ❝♦♠ s❡✉s ❛✉t♦✈❛❧♦r❡s ❘❡❛✐s✱ ♣❛r❛ t♦❞♦ U ∈ Gm ❡ ♣❛r❛ t♦❞♦

❡ ∈ Sn−1 := {(e1, · · · , en) ∈ Rn|
∑n

i=1 e
2
i } . ❈❛❞❛ ♠❛tr✐③ D❋i é ♦ ❥❛❝♦❜✐❛♥♦ ❝♦rr❡s♣♦♥❞❡♥t❡

❞♦ ✢✉①♦ ❋i .

✸✳✷ ❋♦r♠✉❧❛çã♦ ●❡r❛❧ ❞❡ ▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s

❯♥✐❞✐♠❡♥s✐♦♥❛✐s

❊st❛ s❡çã♦ tr❛t❛ ❞❛ ❢♦r♠✉❧❛çã♦ ❣❡r❛❧ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❛♣❧✐❝❛❞♦s ❡♠ ❧❡✐s ❞❡

❝♦♥s❡r✈❛çã♦ ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✳

❆s ✐❞❡✐❛s ❜ás✐❝❛s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ t❛✐s ♠ét♦❞♦s sã♦ ♦❜t✐❞♦s ♣❡❧❛ s✉❜❞✐✈✐sã♦ ❞♦

❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❡♠ ✐♥t❡r✈❛❧♦s ❝❤❛♠❛❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ♦✉ ❝é❧✉❧❛s ❞❛ ♠❛❧❤❛✳

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ❞♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧

Ωx : x1 < · · · < xi < · · · < xN+1 ,

❝♦♠ N s✉❜✐♥t❡r✈❛❧♦s ❡♠ q✉❡

∆x =
xi+1 − xi

N
,

♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ i ❡①✐st❡♥t❡✳ ❆ ✐✲és✐♠❛ ❝é❧✉❧❛ ♠é❞✐❛ ♦✉ ♦ ✐✲és✐♠♦ ✈♦❧✉♠❡ ✜♥✐t♦ é

❞❡✜♥✐❞♦ ♣♦r✱ Ωi = (xi−1/2, xi+1/2) ♦♥❞❡ xi+1/2 =
xi+1 + xi

2
✱ ♥♦t❛✲s❡ q✉❡ ❝❛❞❛ ❝é❧✉❧❛ ♠é❞✐❛

✹✻



t❡♠ ♦ t❛♠❛♥❤♦ ❞♦ ❡s♣❛ç❛♠❡♥t♦ ∆x✱ ♣♦✐s xi+1/2 − xi−1/2 = ∆x ✳

❙❡❥❛♠ u = u(x, t) ✉♠❛ ❢✉♥çã♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❣r❛♥❞❡③❛ ❢ís✐❝❛ ❞❡✜♥✐❞❛ ❞♦ ❞♦♠í♥✐♦

❡s♣❛❝✐❛❧ Ω ❡ Ωx ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ❞❡ Ω✳ ❙❡ u é ❝♦♥s❡r✈❛❞❛ ❡♠ Ω✱ ❡♥tã♦ ♣❡❧❛ ❞❡✜♥✐çã♦

✸✳✸ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ é s❛t✐s❢❡✐t❛ ❡♠ ❝❛❞❛ ❝é❧✉❧❛ ♠é❞✐❛ ♦✉ ✈♦❧✉♠❡ ✜♥✐t♦ Ωi✱ ✐st♦ é✱

d

dt

∫

Ωi

u(x, t)dx = f(u(xi−1/2, t))− f(u(xi+1/2, t)) . ✭✸✳✶✷✮

❆♦ ❞❡✜♥✐r ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ t ❡♠ q✉❡ ∆t = tn+1− tn✱

✉♠ ❛❧❣♦rít♠♦ ❡①♣❧í❝✐t♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ú♥✐❝♦ ♣❛ss♦ é ♦❜t✐❞♦ ✐♥t❡❣r❛♥❞♦ ✭✸✳✶✷✮

♥♦ t❡♠♣♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s tn ❡ tn+1 ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱

∫

Ωi

u(x, tn+1)dx−
∫

Ωi

u(x, tn)dx =

∫ tn+1

tn

f(u(xi−1/2, t))dt−
∫ tn+1

tn

f(u(xi+1/2, t))dt ,

r❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s ❡ ❞✐✈✐❞✐♥❞♦ ❛ ❡①♣r❡ssã♦ ♣♦r ∆x✱ t❡♠✲s❡

1

∆x

∫

Ωi

u(x, tn+1)dx =
1

∆x

∫

Ωi

u(x, tn)dx +

− 1

∆x

[∫ tn+1

tn

f(u(xi+1/2, t))dt−
∫ tn+1

tn

f(u(xi−1/2, t))dt

]
.

✭✸✳✶✸✮

❆ ❡q✉❛çã♦ ✭✸✳✶✸✮ ❢♦r♥❡❝❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ u ♥♦ t❡♠♣♦

tn+1✱ ♥♦s ♣♦♥t♦s xi✳ ◆♦t❛✲s❡ q✉❡ t❛❧ ❡q✉❛çã♦ ✐♥t❡❣r❛❧ é ❡①❛t❛ ✭♥ã♦ ♣♦ss✉✐ ❛♣r♦①✐♠❛çõ❡s✮

❡ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ s✉❜✐♥t❡r✈❛❧♦ ❞❡ Ω✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s❡ ♦❜t❡r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ ❛ ❢♦r♠✉❧❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ❞❛ ▲❡✐ ❞❡ ❈♦♥s❡r✈❛çã♦ ✲ ❞❡✜♥✐çã♦ ✸✳✶✳✶ ✲ ❛s ✐♥t❡❣r❛✐s

1

∆x

∫

Ωi

u(x, tn+1)dx ❡
1

∆x

∫

Ωi

u(x, tn)dx ,

sã♦ ✈✐st❛s ❝♦♠♦ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❛ ❣r❛♥❞❡③❛ u r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥♦s t❡♠♣♦s tn ❡ tn+1✱ s♦❜r❡

♦ ♣♦♥t♦ xi ❞❛ ❝é❧✉❧❛ Ωi✳

✹✼



❆s ú❧t✐♠❛s ✐♥t❡❣r❛✐s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✸✮ t❛♠❜é♠ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦

✈❛❧♦r ♠é❞✐♦ ❞♦ ✢✉①♦ f(u) ♥♦s ♣♦♥t♦s xi+1/2 ❡ xi−1/2✱ ♣♦ré♠ ❡♠ ❣❡r❛❧ ♥ã♦ s❡ ♣♦❞❡ ❝❛❧❝✉❧❛r

t❛✐s ✐♥t❡❣r❛✐s ♣♦rq✉❡ ♦s ✈❛❧♦r❡s ❞❡ u ♥♦s ❡①tr❡♠♦s ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s ♥ã♦ sã♦ ❝♦♥❤❡❝✐❞♦s✳

❇❛s✐❝❛♠❡♥t❡ ❡①✐st❡♠ ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ❛♣r♦①✐♠❛r f(u(xi1/2), t) ♣❛r❛ r❡s♦❧✈❡r ❛s ✐♥t❡✲

❣r❛✐s ❡♥tr❡ ♦s ✐♥t❡r✈❛❧♦s tn ❡ tn+1✳ ❯♠❛ ❞❡❧❛s é ❛♣r♦①✐♠❛r ❛ ✐♥t❡❣r❛❧ ♣♦r ✉♠ ♠ét♦❞♦ ❞❡

✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❡ ❞❡♣♦✐s ✉t✐❧✐③❛r ❛ sér✐❡ ❞❡ ❚❛②❧♦r ♣❛r❛ ❛♣r♦①✐♠❛r ♦s ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦

♥♦s ❡①tr❡♠♦s ❞❛ ❝é❧✉❧❛ ♠é❞✐❛ ❡ ♦❜t❡r ✉♠ ✈❛❧♦r ❞♦ ✢✉①♦ ♠é❞✐♦ ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ ✈♦❧✉♠❡

✜♥✐t♦✳ ■st♦ ❞❡✜♥❡ ♦s ▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s q✉❡ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ♠ét♦❞♦s

❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❝✉❥♦s ✈❛❧♦r❡s ♠é❞✐♦s ❡stã♦ ❝❡♥tr❛❞♦s ♥♦s x′
is ❡ q✉❡ sã♦ ❝❤❛♠❛❞♦s ❞❡

▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❞♦ t✐♣♦ ❈❡♥tr❛❞♦✳ ◆❛ s❡çã♦ ✸✳✺ sã♦ ❛♣r❡s❡♥t❛❞♦s ❡ ❞❡t❛❧❤❛❞♦s

♠ét♦❞♦s ❝♦♠ ❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s✳

❖ ♦✉tr♦ ❝❛s♦ é ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡✜♥✐❞❛ ❡♠ t♦❞♦ x ∈ Ωi ♣❛ss❛♥❞♦

♥♦ ♣♦♥t♦ (xi, u(xi, t))✳ ❆♦ ❡①tr❛♣♦❧❛r t❛❧ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ♥♦s ♣♦♥t♦s xi+1/2 ❡ xi−1/2

♦❜tê♠✲s❡ ♦s ✈❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s ❞❡ u(xi+1/2, t) ❡ u(xi−1/2, t)✳ ❊♥tr❡t❛♥❞♦✱ ♥♦t❛✲s❡ q✉❡ ❡♠

❝❛❞❛ ✐♥t❡r❢❛❝❡ ❞❡✜♥✐❞❛ ♣❡❧♦s ❡①tr❡♠♦s ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s ❤á ❞♦✐s ✈❛❧♦r❡s ♣❛r❛ u✱ ❧♦❣♦ ♣❛r❛

❡♥❝♦♥tr❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ f(u) é ♥❡❝❡ssár✐♦ r❡s♦❧✈❡r ✉♠ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❡♠

❝❛❞❛ ✐♥t❡r❢❛❝❡ xi+1/2✳ ❚❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞❡✜♥❡♠ ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s

❋✐♥✐t♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❡ ♥♦ ❝❛s♦ ❞❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ✈♦❧✉♠❡ ❞❡

❝♦♥tr♦❧❡ Ωi✱ t❡♠✲s❡ ♣✉r❛♠❡♥t❡ ✉♠ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈✳ ◆❛ s❡çã♦ ✸✳✻ sã♦ ♠♦str❛❞♦s

♠ét♦❞♦s ❝♦♠ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s✳

■♥❞❡♣❡♥❞❡♥t❡ ❞❛s ❛♣r♦①✐♠❛çõ❡s ❡s❝♦❧❤✐❞❛s✱ ❡♠ ❛♠❜❛s ❛s ❝❧❛ss❡s ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s

✜♥✐t♦s tê♠✲s❡

Un
i
∼= 1

∆x

∫ xi+1/2

xi−1/2

u(x, tn)dx =
1

∆x

∫

Ωi

u(x, tn)dx ✭✸✳✶✹✮

❡

F n
i+1/2

∼= 1

∆t

∫ tn+1

tn

f(u(xi+1/2, t))dt . ✭✸✳✶✺✮

❖s ✈❛❧♦r❡s Un
i ❡ F n

i+1/2 sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦ ✈❛❧♦r ♠é❞✐♦ ❛♣r♦①✐♠❛❞♦ ❞❛ q✉❛♥t✐❞❛❞❡

u s♦❜r❡ ♦ ✈♦❧✉♠❡ ✜♥✐t♦ Ωi ♥♦ t❡♠♣♦ tn ❡ ♦ ✈❛❧♦r ♠é❞✐♦ ❞♦ ✢✉①♦ q✉❡ ❛tr❛✈❡ss❛ xi−1/2 ❡♥tr❡

♦s t❡♠♣♦s tn ❡ tn+1✳
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◆♦ ❝♦♥t❡①t♦ ❞❛s ❛♣r♦①✐♠❛çõ❡s ✭✸✳✶✹✮ ❡ ✭✸✳✶✺✮ ♣♦❞❡✲s❡ r❡❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ✭✸✳✶✷✮ ❡

♦❜t❡r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s ♣❛r❛ ❛ ▲❡✐ ❞❡ ❈♦♥s❡r✈❛çã♦ ♥❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧✱ ♦✉

s❡❥❛✱

Un+1
i = Un

i − ∆t

∆x

[
F n
i+1/2 − F n

i−1/2

]
. ✭✸✳✶✻✮

❡♠ q✉❡ F n
i+1/2 = F(Un) é ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✈❛❧♦r❡s ❞❡ U ♦❜t✐❞♦s ♥♦ t❡♠♣♦ tn✳

❙❡ ❞❡ ❢❛t♦ é ♣♦ssí✈❡❧ ❛♣r♦①✐♠❛r t❛❧ ✢✉①♦ ♠é❞✐♦ ❛tr❛✈és ❞♦s ✈❛❧♦r❡s ❞❡ Un✱ ❡♥tã♦ ❛ ❡q✉❛çã♦

✭✸✳✶✻✮ r❡♣r❡s❡♥t❛ ✉♠ ♠ét♦❞♦ ❞✐s❝r❡t♦ ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❬✺✸❪✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡

❞❡✜♥✐r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝♦♥s❡r✈❛t✐✈♦s✳

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❙❡ F é ✉♠❛ ❢✉♥çã♦ ❞❡ (p+ q + 1) ❛r❣✉♠❡♥t♦s ❞❡ t❛❧ ♠♦❞♦ q✉❡

F n
i+1/2 = F(Un

i−p, Ui−p+1, · · · , Un
i+q) ,

❡♥tã♦ ❛ ❢♦r♠❛ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝♦♥s❡r✈❛t✐✈♦ é ❞❛❞❛ ♣♦r

Un+1
i = Un

i − ∆t

∆x

[
F(Un

i−p, Ui−p+1, . . . , U
n
i+q)−F(Un

i−p−1, Ui−p, . . . , U
n
i+q−1)

]
, ✭✸✳✶✼✮

❡♠ q✉❡ F é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ✢✉①♦ ♥✉♠ér✐❝♦✱ ∆x = xi+1 − xi é ♦ ❡s♣❛ç❛♠❡♥t♦ ❞❡ ✉♠❛

♣❛rt✐çã♦ r❡❣✉❧❛r ❞♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❡ ∆t = tn+1 − tn é ♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ❞♦✐s t❡♠♣♦s

❝♦♥s❡❝✉t✐✈♦s✳ ❱❡r ❋✐❣✉r❛ ✸✳✶✳

◆♦t❛✲s❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ ❞❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶ é ❛ ❢♦r♠❛ ❞✐s❝r❡t❛ ❞❛ ❧❡✐ ❞❡ ❝♦♥s❡r✲

✈❛çã♦ ❞❡s❝r✐t❛ ♣❡❧❛ ❞❡✜♥✐çã♦ ✸✳✶✳✷✳ ◆❛ ❋✐❣✉r❛ ✸✳✶✱ ❡♠ ❝❛❞❛ ❝é❧✉❧❛ Ωi t❡♠✲s❡ ✉♠❛ ❧❡✐ ❞❡

❝♦♥s❡r✈❛çã♦ ❞✐s❝r❡t❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ ❡ ♦ q✉❡ ❞✐❢❡r❡♥❝✐❛ ♦s ♠ét♦❞♦s ❞❡

✈♦❧✉♠❡s ✜♥✐t♦s é ❛ ❢♦r♠❛ ❝♦♠ q✉❡ F é ♦❜t✐❞❛ ♦✉ ❛♣r♦①✐♠❛❞❛✳

❖ ♠ét♦❞♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ ❞❡✜♥❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s

✜♥✐t♦s ❡①♣❧í❝✐t♦s ❞❡ ✉♠ ♣❛ss♦✱ ✐st♦ é✱ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ Un+1
i sã♦ ♦❜t✐❞♦s ❡①♣❧✐❝✐t❛♠❡♥t❡

❞♦s ✈❛❧♦r❡s ❞❡ Un
i ✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ t❛✐s ♠ét♦❞♦s ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞♦s ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛

Un+1 = QUn ,

✹✾





Un+1 = QUn +∆tGn , ✭✸✳✶✾✮

❡♠ q✉❡ Gn é ♦ t❡r♠♦ ❢♦♥t❡ ♥♦ t❡♠♣♦ tn✳

❆s ❡q✉❛çõ❡s ✭✸✳✶✼✮ ❡ ✭✸✳✶✽✮ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s t❛♥t♦ ❛tr❛✈és ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✈♦❧✉♠❡s

✜♥✐t♦s q✉❛♥t♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s q✉❡ ❛❞✈é♠ ❞❡ sér✐❡s ❞❡ ❚❛②❧♦r✱ s❡♥❞♦

❛ss✐♠✱ ❛s ❛♥á❧✐s❡s ❡ r❡s✉❧t❛❞♦s ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❡ ❞❡ ♠ét♦❞♦s ❞❡

❞✐❢❡r❡♥ç❛s ✜♥✐t❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❆ ✐❞❡✐❛ é ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ ❡ U ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧ ❛

u ❡♠ ❛❧❣✉♠ s❡♥t✐❞♦ ❡ ❛ss✐♠✱ U ❝♦♥st✐t✉✐ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✹✮

q✉❡ r❡♣r❡s❡♥t❛ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ♥❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠✲s❡ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ ❢♦r♥❡❝❡♠ ❝♦♥❞✐çõ❡s ♣❛r❛ ❛✈❛❧✐❛r ❛s

♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♦❜t✐❞❛s ♣❡❧♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s

✜♥✐t♦s✳ ❚❛✐s r❡s✉❧t❛❞♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✱ ❈♦♥s✐stê♥❝✐❛

❡ ❊st❛❜✐❧✐❞❛❞❡✳

✸✳✸ ❈♦♥✈❡r❣ê♥❝✐❛✱ ❈♦♥s✐stê♥❝✐❛ ❡ ❊st❛❜✐❧✐❞❛❞❡

◆❡st❛ s❡çã♦ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ s♦❧✉çõ❡s ♥✉♠ér✐✲

❝❛s sã♦ ❡①♣❧♦r❛❞♦s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ✐♥✈❡st✐❣❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ t❛✐s

s♦❧✉çõ❡s✱ q✉❛♥❞♦ ✉t✐❧✐③❛❞❛s ❝♦♠♦ ❛♣r♦①✐♠❛çõ❡s ❞❡ s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✲

✈❛çã♦ ♦✉ ❞❡ ▲❡✐s ❞❡ ❇❛❧❛♥ç♦✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s t❡ór✐❝❛s ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛

✈❡r✐✜❝❛r s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ❡ ❡♠ q✉❡ s❡♥t✐❞♦ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦

❛♥❛❧ít✐❝❛ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳ ❚❛❧ ❝♦♥✈❡r❣ê♥❝✐❛ é ❛♥❛❧✐s❛❞❛ ❛tr❛✈és ❞♦s ❝♦♥❝❡✐t♦s ❞❡

❝♦♥s✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡✱ q✉❡ é ❡♠❜❛s❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r ♦✉ s✐♠♣❧❡s✲

♠❡♥t❡ ❚❡♦r❡♠❛ ❞❡ ▲❛①✱ ❝✉❥❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡♣❡♥❞❡ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦✳

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ s❡çã♦ s❡❣✉❡ ❛ ♥♦t❛çã♦✿ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ✭❊❉P✮

é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ Lu = F ❡ ✉♠ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s ✭♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s

✜♥✐t❛s ♦✉ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s✮ ❛ss♦❝✐❛❞♦ ❛ ❊❉P é Ln
i U

n
i = Gn

i ✱ ❡♠ q✉❡ L é ✉♠

♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ q✉❡ ❡♥✈♦❧✈❡ t❡r♠♦s ❡s♣❛❝✐❛✐s ❡ t❡r♠♦ t❡♠♣♦r❛❧✱ Ln
i é ❛ ❞✐s❝r❡t✐③❛çã♦

✺✶



❞♦ ♦♣❡r❛❞♦r L✱ u é ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❛ ❊❉P✱ Un
i é ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♦❜t✐❞❛

♣❡❧♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦✱ F é ♦ t❡r♠♦ ❢♦♥t❡ ❞❛ ❊❉P ❡ Gn
i é ♦ t❡r♠♦ ❢♦♥t❡ ❞✐s❝r❡t✐③❛❞♦✳ ❖

s❡❣✉✐♥t❡ t❡①t♦ ❜❛s❡❛✲s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✸✹✱ ✺✷✱ ✺✸✱ ✽✷✱ ✽✻✱ ✽✽❪✳

✸✳✸✳✶ ❈♦♥✈❡r❣ê♥❝✐❛

❆♦ ❡st✉❞❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s é ♥❛t✉r❛❧ q✉❡st✐♦♥❛r s❡

❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣♦r t❛❧ ♠ét♦❞♦ é ❛❞❡q✉❛❞❛ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✳ ❊ss❡s

q✉❡st✐♦♥❛♠❡♥t♦s r❡♠❡t❡♠✲s❡ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ✐st♦ é✱ s❡

❛s s♦❧✉çõ❡s ♣r♦❞✉③✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡stã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛s ❞❛ s♦❧✉çã♦

❛♥❛❧ít✐❝❛✳

❉❡ ✐♥í❝✐♦✱ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♦❜t✐❞❛s ❞❡ ♠ét♦❞♦s

♥✉♠ér✐❝♦s sã♦ ❞❡✜♥✐❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❈❛✉❝❤②✳ ❆ss✐♠✱ ♣❛r❛ ❛s ❞❡✜♥✐çõ❡s ❛ s❡❣✉✐r

❝♦♥s✐❞❡r❛✲s❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥♦

❡s♣❛ç♦✱ ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱





Lu = F , ∀x ∈ R, t ∈ (0, T ) ⊂ R

u(x, 0) = f(x) , ∀x ∈ R

.

❉❡✜♥✐çã♦ ✸✳✸✳✶ ✭❈♦♥✈❡r❣ê♥❝✐❛ P♦♥t✉❛❧✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ é ♣♦♥t✉❛❧♠❡♥t❡ ❝♦♥✲

✈❡r❣❡♥t❡ s❡ ♣❛r❛ t♦❞♦ (x, t) ❝♦♠ (i∆x, (n+ 1)∆t) → (x, t) ✈❡r✐✜❝❛✲s❡ q✉❡

Un+1
i → u(x, t) , q✉❛♥❞♦ ∆t → 0 ❡ ∆x → 0 ,

❡♠ q✉❡ {Un+1} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ u ✲ q✉❡ s❛t✐s❢❛③ Lu = F ✲

♦❜t✐❞❛ ♣♦♥t✉❛❧♠❡♥t❡ ♣❡❧♦ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ Ln
i U

n
i = Gn

i ✳

◆♦t❛✲s❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ✸✳✸✳✶ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ t♦❞❛s ❛s s♦❧✉çõ❡s Un+1 s❡❥❛♠

s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ u❀ t❛❧ ❞❡✜♥✐çã♦ só ❣❛r❛♥t❡ q✉❡ ♥♦ ❧✐♠✐t❡ t❡♠✲s❡ Un+1 s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ♣ró①✐♠❛ ❞❡ u✳ ❚❛♠❜é♠✱ ♣♦❞❡♠♦s t❡r s✐t✉❛çõ❡s ❡♠ q✉❡ Un+1
i ❡st❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡

♣ró①✐♠♦ ❞❡ u ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ i ❡ ♣❛r❛ ♦✉tr♦s ♥ã♦✳ ❈♦♥t✉❞♦✱ ✉♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ❡s❝r✐t❛ ♣❛r❛ ❢♦r♥❡❝❡r ❛ ✐❞❡✐❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡✳

✺✷



❉❡✜♥✐çã♦ ✸✳✸✳✷ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❯♥✐❢♦r♠❡✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ Ln
i U

n
i = Gn

i q✉❡

♣r♦❞✉③ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ Lu = F é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ♥♦ t❡♠♣♦ t s❡

♣❛r❛ t♦❞♦ t ❝♦♠ (n+ 1)∆t → t✱ t❡♠✲s❡

‖❯n+1 − ✉n+1‖ → 0 , q✉❛♥❞♦ ∆t → 0 ❡ ∆x → 0 ,

♥❛ ♥♦r♠❛ ❞♦ s✉♣ ❞♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ (l∞, ‖. ‖) , ❡♠ q✉❡ l∞ é ♦ ❡s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s

❧✐♠✐t❛❞❛s✱ ❯n = {Un
k }✱ ✉n = {u(i∆x, n∆t)} ∈ l∞✳

❈♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♣♦❞❡✲s❡ q✉❡st✐♦♥❛r s♦❜r❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ ♣❛r❛ ✐ss♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✸ ✭❖r❞❡♠ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ Ln
i U

n
i = Gn

i q✉❡

♣r♦❞✉③ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ Lu = F é ✉♠ ❡sq✉❡♠❛ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ♦r❞❡♠ ✭♣✱q✮✱ s❡

♣❛r❛ q✉❛❧q✉❡r t✱ ❝♦♠ (n+ 1)∆t → t✱ t❡♠✲s❡

‖❯n+1 − ✉n+1‖ = O(∆xp) +O(∆tq) , q✉❛♥❞♦ ∆t → 0 ❡ ∆x → 0 .

❆ss✐♠✱ ❞✐③❡♠♦s q✉❡ ♦ ❡sq✉❡♠❛ é ❞❡ ♦r❞❡♠ ♣ ♥♦ ❡s♣❛ç♦ ❡ ❞❡ ♦r❞❡♠ q ♥♦ t❡♠♣♦✳

❆s ❞❡✜♥✐çõ❡s ✸✳✸✳✶✱ ✸✳✸✳✷ ❡ ✸✳✸✳✸ ❞❡s❝r✐t❛s ❛té ❛❣♦r❛ r❡❢❡r❡♠✲s❡ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥✲

✈❡r❣ê♥❝✐❛ ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧ ✭P❱■✮✱ ♥♦s q✉❛✐s ❛ s♦❧✉çã♦ ❡stá ❞❡✜♥✐❞❛ ❡♠

t♦❞❛ r❡t❛ ❘❡❛❧✳ ❊♥tr❡t❛♥t♦ ❡♠ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❡✱ t❛♠❜é♠✱ ❡♠ ❞♦♠í♥✐♦s ❝♦♠♣✉t❛✲

❝✐♦♥❛✐s tê♠✲s❡ r❡str✐çõ❡s q✉❡ ❧✐♠✐t❛♠ ♦ t❛♠❛♥❤♦ ❞♦ ❞♦♠í♥✐♦✳ ❚❛❧ s✐t✉❛çã♦ ❡①✐❣❡ q✉❡ s❡

❛❝r❡s❝❡♥t❡♠ ❝♦♥❞✐çõ❡s ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❞♦♠í♥✐♦ tr❛♥s❢♦r♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠ ♣r♦❜✲

❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦rt♦r♥♦ ✭P❱■❈✮✱ s❡♥❞♦ ♥❡❝❡ssár✐❛ ✉♠❛ ❞❡✜♥✐çã♦

♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ P❱■❈✱





Lu = F , x ∈ Ω ⊂ R, t ∈ (0, T ) ⊂ R

u(x, 0) = f(x) , x ∈ Ω ⊂ R

u|∂Ω = h

❡♠ q✉❡ u|∂Ω é ✉♠❛ r❡str✐çã♦ à ❢✉♥çã♦ u ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Ω ❝♦♥❤❡❝✐❞❛✳ ❚❛✐s ❝♦♥❞✐çõ❡s

♣♦❞❡♠ s❡r ❞♦ t✐♣♦✿ ❝♦♥❞✐çõ❡s ❞❡ ❉✐r✐❝❤❧❡t✱ ❞❡ ◆❡✉♠❛♥♥ ♦✉ ❞❡ ❘♦❜✐♥✳
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❙❡❥❛ Ω∆xj
✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ❞❡s❝r✐t❛ ♣❡❧♦ ❡s♣❛ç❛♠❡♥t♦ ∆xj ❞♦ ❞♦♠í♥✐♦ Ω✳ P❛r❛

❝❛❞❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ❛♣❧✐❝❛❞❛ ♣❛r❛ ❞✐s❝r❡t✐③❛r ♦ ❞♦♠í♥✐♦ ❞❡ s♦❧✉çã♦ t❡♠✲s❡ ✉♠❛ s♦❧✉çã♦

❛♣r♦①✐♠❛❞❛ ♦❜t✐❞❛ ♣♦r ✉♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝❛ ❞❡ Lu = F ❞❛❞♦✳

❆ss✐♠✱ s❡❥❛ Xj ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♥t❡♥❞♦ ❛s s♦❧✉çõ❡s ❛ss♦❝✐❛❞❛s

❛♦ ✐♥❝r❡♠❡♥t♦ ∆xj ❝✉❥❛ ♥♦r♠❛ s❡❥❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ‖. ‖j✳ ❙❡ {∆xj}∞1 é ✉♠❛ s❡q✉ê♥❝✐❛

q✉❛❧q✉❡r ❞❡ ♣❛rt✐çõ❡s t❛❧ q✉❡ ∆xj ⇒ 0 q✉❛♥❞♦ j → ∞✱ ❡♥tã♦ ❞❡✜♥❡✲s❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡

P❱■❈ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

❉❡✜♥✐çã♦ ✸✳✸✳✹ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❡♠ P❱■❈✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ é ❞✐t♦ ❝♦♥✈❡r❣❡♥t❡

♥♦ t❡♠♣♦ t s❡ ♣❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ❞❡ ♣❛rt✐çõ❡s {∆xj} ❝♦♠ (n+ 1)∆t ⇒ t✱ t❡♠✲s❡

‖Un − un‖j → 0 , q✉❛♥❞♦ j → ∞ ❡ ∆t → 0 ,

❡♠ q✉❡ U ❡ u sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❡ ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞♦ P❱■❈✱ ♥♦

❞♦♠í♥✐♦ ❞✐s❝r❡t✐③❛❞♦✳

❊♠ ❣❡r❛❧✱ ♣r♦✈❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦

é tr❛❜❛❧❤♦s♦✱ ❡♥tr❡t❛♥t♦ ❡①✐st❡♠ ❞♦✐s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s q✉❡ ♣♦❞❡♠ ❛✉①✐❧✐❛r ♥❡st❛

t❛r❡❢❛✿ ❛ ❝♦♥s✐stê♥❝✐❛ ❡ ❛ ❡st❛❜✐❧✐❞❛❞❡✳

✸✳✸✳✷ ❈♦♥s✐stê♥❝✐❛

❉❡✜♥✐çã♦ ✸✳✸✳✺ ✭❈♦♥s✐stê♥❝✐❛ P♦♥t✉❛❧✮ ❯♠ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s Ln
i U

n
i = Gn

i é

♣♦♥t✉❛❧♠❡♥t❡ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ Lu = F ❡♠ ✉♠ ♣♦♥t♦ (x, t) q✉❛❧q✉❡r✱

s❡ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ φ = φ(x, t) t❡♠✲s❡

(Lφ− F )ni − [Ln
i φ(i∆x, n∆t)−Gn

i ] → 0 ,

q✉❛♥❞♦ ∆x,∆t → 0 ❡ (i∆x, (n+ 1)∆t) → (x, t)✳

❙❡ ♦ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❞❛ ❢♦r♠❛ Ln
i U

n
i = Gn

i ❢♦r ❞❡ ✉♠ ú♥✐❝♦ ♣❛ss♦✱ ✐st♦ é✱ ♣❛r❛

❞❡t❡r♠✐♥❛r ❛ s♦❧✉çã♦ ♥♦ t❡♠♣♦ tn+1 = (n + 1)∆t é ♥❡❝❡ssár✐♦ ❛♣❡♥❛s ❝♦♥❤❡❝❡r ❛ s♦❧✉çã♦

✺✹



❞♦ t❡♠♣♦ tn✱ ❡♥tã♦ ♣♦❞❡✲s❡ r❡❡s❝r❡✈ê✲❧♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

Un+1 = QUn +∆tGn , ✭✸✳✷✵✮

♦♥❞❡ Q é ✉♠ ♦♣❡r❛❞♦r q✉❡ ❛t✉❛ ♥♦ ❡s♣❛ç♦ ❞❛s s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ ✉♠ ♠ét♦❞♦

❡s♣❡❝í✜❝♦✳

❆♦ s✉❜st✐t✉✐r ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♥♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✵✮

❛ ✐❣✉❛❧❞❛❞❡ ♥ã♦ é s❛t✐s❢❡✐t❛✱ ♣♦✐s ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❊❉P✳ ▲♦❣♦✱

t❡♠✲s❡ ✉♠ ❡rr♦ ✐♥trí♥s❡❝♦ ❛♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦✳ ❆♦ ❛❞✐❝✐♦♥❛r t❛❧ ❡rr♦ ❡♠ ✭✸✳✷✵✮✱ ❛ ❡q✉❛çã♦

é s❛t✐s❢❡✐t❛ q✉❛♥❞♦ ❛♣❧✐❝❛✲s❡ ❛ ✈❛r✐á✈❡❧ u ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥s✐stê♥✲

❝✐❛ ♠❛✐s ❡①✐❣❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✸✳✻ ✭❈♦♥s✐stê♥❝✐❛ ❯♥✐❢♦r♠❡✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❞❛ ❢♦r♠❛ Un+1 =

QUn+∆tGn é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞❛ ♥❛ ♥♦r♠❛

‖. ‖✱ s❡ ❛ s♦❧✉çã♦ u ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ s❛t✐s❢❛③✱

un+1 = Qun +∆tGn +∆tτn ✭✸✳✷✶✮

❡

‖τn‖ → 0 ,

q✉❛♥❞♦ ∆x,∆t → 0✳ ❖ t❡r♠♦ τn ♦✉ ‖τn‖ é ❝❤❛♠❛❞♦ ❞❡ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧✳

❯♠❛ ✈❛r✐❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥s✐stê♥❝✐❛ ✉♥✐❢♦r♠❡ ✉t✐❧✐③❛ ❛ ♦r❞❡♠ ✭♣✱q✮ ❞❡ ♣r❡❝✐sã♦

❝♦♠ q✉❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ t❡♥❞❡ ❛ ③❡r♦✳ ❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛✲s❡ t❛❧ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✼ ✭❈♦♥s✐stê♥❝✐❛ ❯♥✐❢♦r♠❡✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❞❛ ❢♦r♠❛ Un+1 =

QUn +∆tGn ♣♦ss✉✐ ✉♠❛ ♦r❞❡♠ ✭♣✱q✮ ❞❡ ♣r❡❝✐sã♦ ❛ ✉♠❛ ❞❛❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ s❡

‖τn‖ = O(∆xp) +O∆(tq),

❡♠ q✉❡ τn ♦✉ ‖τn‖ é ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞❛ ❞❡✜♥✐çã♦✳

✺✺



❉✐③❡r q✉❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ss♦❝✐❛❞❛✱

s✐❣♥✐✜❝❛ q✉❡ ❛ s♦❧✉çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ é ✉♠❛ s♦❧✉çã♦ ❛♣r♦✲

①✐♠❛❞❛ ♣❛r❛ ♦ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦✳

❆ ❝♦♥s✐stê♥❝✐❛ é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ❛ s♦❧✉çã♦

❛♥❛❧ít✐❝❛✱ ♣♦ré♠ ♥ã♦ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡✳ ❊①❡♠♣❧♦s ❞❡ ♠ét♦❞♦s ❝♦♥s✐st❡♥t❡s q✉❡

♥ã♦ sã♦ ❝♦♥✈❡r❣❡♥t❡s ❡♥❝♦♥tr❛♠✲s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✽✷✱ ✽✻❪✳ ❈♦♥t✉❞♦✱ ❛❧é♠ ❞♦ ❡sq✉❡♠❛

s❡r ❝♦♥s✐st❡♥t❡ é ♥❡❝❡ssár✐♦ q✉❡ ♦ ♠ét♦❞♦ t❛♠❜é♠ s❡❥❛ ❡stá✈❡❧✳

✸✳✸✳✸ ❊st❛❜✐❧✐❞❛❞❡

❉❡ ❝❡rt♦ ♠♦❞♦✱ ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s r❡♠❡t❡✲s❡ ❛

❞❡✜♥✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❙❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s Un
i ❝♦♥✈❡r❣❡♠ ♣❛r❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛

u✱ ❡♥tã♦ ❝❡rt❛♠❡♥t❡ Un
i é ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ ❛♥❛❧✐s❛r ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❡sq✉❡♠❛s ♥✉♠ér✐✲

❝♦s s✐❣♥✐✜❝❛ ✐♥✈❡st✐❣❛r s❡ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❞❛❞♦ ♣r♦❞✉③ s♦❧✉çõ❡s ❧✐♠✐t❛❞❛s ❡♠ ❛❧❣✉♠

s❡♥t✐❞♦✳

❙❡❥❛

Un+1 = QUn ✭✸✳✷✷✮

✉♠ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s ❛ss♦❝✐❛❞♦ ❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❝✉❥❛ ❊❉P s❡❥❛ ❧✐♥❡❛r

❡ ❤♦♠♦❣ê♥❡❛✳ ❉❡✜♥❡✲s❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❞♦ t✐♣♦ ✭✸✳✷✷✮✱ ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛

❉❡✜♥✐çã♦ ✸✳✸✳✽ ✭❊st❛❜✐❧✐❞❛❞❡✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❝♦♥❢♦r♠❡ ❛ ❡q✉❛çã♦ ✭✸✳✷✷✮✱ ❛s✲

s♦❝✐❛❞♦ ❛ ✉♠ P❱■ ❝✉❥❛ ❊❉P é ❧✐♥❡❛r ❡ ❤♦♠♦❣ê♥❡❛ é ❝❤❛♠❛❞♦ ❡stá✈❡❧ s❡ ❡①✐st❡♠ ❝♦♥✲

st❛♥t❡s ♣♦s✐t✐✈❛s ∆x0 ❡ ∆t0✱ ❡ ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛s K ❡ β t❛✐s q✉❡✱

‖Un+1‖ ≤ Keβt‖U0‖ ✭✸✳✷✸✮

♣❛r❛ 0 ≤ t = (n+ 1)∆t✱ 0 < ∆x ≤ ∆x0 ❡ 0 < ∆t ≤ ∆t0✳

◆❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♠ ♦✉tr❛s ❢♦r♠❛s ❞❡ ❞❡✜♥✐r ❛ ❡st❛❜✐❧✐❞❛❞❡✱ ♣♦ré♠ t♦❞❛s ❛s ❞❡✜♥✐çõ❡s

♠❛♥tê♠ ❛ ❡ssê♥❝✐❛ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❯♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦ ❝♦♠✉♠ é s✉❜st✐t✉✐r

❛ ✐♥❡q✉❛çã♦ ✭✸✳✷✸✮ ♣❡❧❛

✺✻



‖Un+1‖ ≤ KT‖U0‖ ✭✸✳✷✹✮

❝♦♠ ♦✉ s❡♠ ❛ r❡str✐çã♦ ❞❡ q✉❡ (n+ 1)∆t ≤ T ✳

❆ ❞❡✜♥✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s é s✐♠✐❧❛r à ❞❡✜♥✐çã♦ ❞❡ ♣r♦❜❧❡♠❛

❜❡♠ ♣♦st♦ ♣❛r❛ P❱■✳ ❉❡ ❢❛t♦✱ ✈❡❥❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✸✳✾ ✭❇❡♠ P♦st♦✮ ❖ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❝✉❥❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

♣❛r❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ❞❛❞❛ ♣♦r Lu = 0✱ é ❝❤❛♠❛❞♦ ❞❡ ❜❡♠ ♣♦st♦ s❡ ♣❛r❛ q✉❛❧q✉❡r

t❡♠♣♦ T ≥ 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ KT t❛❧ q✉❡ q✉❛❧q✉❡r s♦❧✉çã♦ u = u(x, t) s❛t✐s❢❛③

∫ +∞

−∞

|u(x, t)|2dx ≤ KT

∫ +∞

−∞

|u(x, 0)|2dx , ♣❛r❛ 0 ≤ t ≤ T .

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠♣♦rt❛♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ é q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✷✸✮

♣❡r♠✐t❡ q✉❡ ♦ ❡rr♦ ❝♦♠❡t✐❞♦ ♣❡❧♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ♣♦ss❛ ❝r❡s❝❡r ❝♦♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦✲

r❛❧✱ ❡♥tr❡t❛♥t♦ s❡✉ ❝r❡s❝✐♠❡♥t♦ ♥ã♦ ❡①❝❡❞❡ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛❞❛ ♣❡❧❛

❞❡✜♥✐çã♦ ✸✳✸✳✽✳ ▲♦❣♦✱ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❝♦♠ r❡❧❛çã♦ ❛ ❡st❡ ❢❛t♦ é ♠✉✐t♦

❝♦♠✉♠ ❡ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✷✮ é ❡stá✈❡❧ ❝♦♠

r❡❧❛çã♦ ♥♦r♠❛ ‖. ‖ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ∆x0✱ ∆t0 ❡ ❝♦♥st❛♥t❡s

♥ã♦ ♥❡❣❛t✐✈❛s✱ K ❡ β t❛❧ q✉❡

‖Qn+1‖ ≤ Keβt

❉❡♠♦♥str❛çã♦✿

❆ ❞❡♠♦str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♥♦r♠❛ ❞❡ ♦♣❡r❛✲

❞♦r❡s✱ ✐st♦ é✱

‖T‖ = sup
x 6=0

‖Tx‖
‖x‖ ,

❞♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✷✷✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♣♦r Un+1 = Qn+1U0 ❡ ❞❛ ❞❡✜♥✐çã♦

✸✳✸✳✽✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❞❡♠♦str❛çã♦ ✈❡❥❛ ❛ r❡❢❡rê♥❝✐❛ ❬✽✻❪ ❡ ♣❛r❛ ❞❡t❛❧❤❡s s♦❜r❡

❡s♣❛ç♦s ❞❡ ♦♣❡r❛❞♦r❡s ✈❡❥❛ ❬✹✻❪✳

✺✼



◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❊❉P é ❧✐♥❡❛r✱ ❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♠ét♦❞♦ ❝♦♥s✐st❡♥t❡

❝♦♠ ❛ ❊❉P ❝♦♥s✐st❡ ❡♠ ✉♠ tr❛❜❛❧❤♦ ♠❛✐s s✐♠♣❧❡s ❞❡ s❡ ❢❛③❡r✱ ❞♦ q✉❡ ❛♥❛❧✐s❛r ❞✐r❡t❛♠❡♥t❡

❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❊♥tr❡t❛♥t♦✱ ♥♦ ❝❛s♦ ❞❡ ❊❉P✬s ♥ã♦ ❧✐♥❡❛r❡s ❡✱ t❛♠❜é♠ s✐st❡♠❛s ❞❡ ❊❉P✬s✱

❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ t♦r♥❛✲s❡ ❞✐❢í❝✐❧ ❞❡ s❡ r❡❛❧✐③❛r✳ P♦ré♠✱ ❡♠ ❛♠❜❛s ❛s s✐t✉❛çõ❡s ♦

❝♦♥❝❡✐t♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ t❡♠ ♠❛✐s r❡❝✉rs♦s ❡ r❡s✉❧t❛❞♦s✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❝♦♥❝❡✐t♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✳

❯♠ ✐♠♣♦rt❛♥t❡ t❡♦r❡♠❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❞❡✜♥✐çõ❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♥s✐stê♥❝✐❛ ❡

❡st❛❜✐❧✐❞❛❞❡ é ❡♥✉♥❝✐❛❞♦ ❛ s❡❣✉✐r✳

✸✳✸✳✹ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r

❚❡♦r❡♠❛ ✸✳✸✳✶ ✭❚❡♦r❡♠❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✮ ❯♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦

❝♦♥s✐st❡♥t❡ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❞❡ ✉♠ P❱■ ❜❡♠ ♣♦st♦ é ❝♦♥✈❡r✲

❣❡♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❢♦r ❡stá✈❡❧✳ ❬✽✷❪

P❛r❛ ❞❡♠♦str❛r t❛❧ t❡♦r❡♠❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢♦rt❡✳

❚❡♦r❡♠❛ ✸✳✸✳✷ ✭❚❡♦r❡♠❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✮ ❙❡❥❛ Un+1 = QUn + ∆tGn ✉♠ ❡s✲

q✉❡♠❛ ❞❡ ♦r❞❡♠ ✭♣✱q✮ ♥❛ ♥♦r♠❛ ‖. ‖ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❧✐♥❡❛r ❡ ❜❡♠ ♣♦st♦✳

❙❡ ♦ ❡sq✉❡♠❛ é ❡stá✈❡❧ ♥❛ ♥♦r♠❛ ‖. ‖✱ ❡♥tã♦ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ u = u(x, t) ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■✳ ❈♦♠♦ ♦ ❡sq✉❡♠❛ é ❝♦♥s✐st❡♥t❡ ❡♥tã♦

un+1 = Qun +∆tGn +∆tτn ,

❝♦♠ ‖τn‖ = O(∆xp) +O(∆tq)✳ ❙❡❥❛ vk = uk − Uk✱ ❡♥tã♦ vk s❛t✐s❢❛③

vn+1 = Qvn +∆tτn = Qn+1v0 +∆t

n∑

i=0

Qiτn−i .

❈♦♠♦ v0 = u0 − U0 = 0✱ ❡♥tã♦

✺✽



‖vn+1‖ ≤ ∆t

n∑

i=0

‖Qi‖‖τn−i‖ .

P♦r ❤✐♣ót❡s❡ ♦ ❡sq✉❡♠❛ é ❡stá✈❡❧✱ ❧♦❣♦ s❛t✐s❢❛③ ❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✶✳ ❆ss✐♠✱

‖vn+1‖ ≤ ∆tKeβ(n+1)∆t

n∑

i=0

‖τn−i‖ .

❈♦♠♦ ♦ ❡sq✉❡♠❛ é ❝♦♥s✐st❡♥t❡✱ t❡♠✲s❡ q✉❡

‖τn−i‖ = O(∆xp) +O(∆tq) ,

✐st♦ é ‖τn−i‖ → 0✱ q✉❛♥❞♦ ∆t → 0 ❡ ∆x → 0✳

P♦rt❛♥t♦✱ ‖un+1 − Un+1‖ → 0✱ q✉❛♥❞♦ ∆t → 0 ❡ ∆x → 0✱ ♦✉ s❡❥❛✱ ♦ ❡sq✉❡♠❛ é

❝♦♥✈❡r❣❡♥t❡✳

◆♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠

t❡♦r❡♠❛ s✐♠✐❧❛r✳

❚❡♦r❡♠❛ ✸✳✸✳✸ ✭❚❡♦r❡♠❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✮ ❙❡❥❛ Un+1 = QUn + ∆tGn ✉♠ ❡s✲

q✉❡♠❛ ❞❡ ♦r❞❡♠ ✭♣✱q✮ ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥♦r♠❛s ‖. ‖j ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

❧✐♥❡❛r ❡ ❜❡♠ ♣♦st♦✱ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ❙❡ ♦ ❡sq✉❡♠❛ é ❡stá✈❡❧ ❝♦♠ r❡❧❛çã♦ ❛

s❡q✉ê♥❝✐❛ ❞❡ ♥♦r♠❛s✱ ❡♥tã♦ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ❝♦♥✈❡r❣❡♥t❡✳

❯♠ ♦✉tr♦ r❡❝✉rs♦ ♣❛r❛ ✈❡r✐✜❝❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡♥✈♦❧✈❡ ❛ ❛♣❧✐✲

❝❛çã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r✱ ❡♠ ❡st✉❞♦ ❞❡ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s q✉❡ r❡s✉❧t❛♠

❡♠ ❡sq✉❡♠❛s ❡stá✈❡✐s✳ ❚❛❧ ✉s♦ é ❝❤❛♠❛❞♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥ ❡ s✉❛ ❛♣❧✐❝❛çã♦

r❡q✉❡r q✉❡ t❛♥t♦ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ q✉❛♥t♦ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ s❡❥❛♠ ❧✐♥❡❛r❡s✳

✸✳✸✳✺ ❆ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥

P❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ r❡❣✐ã♦ q✉❡ ❞❡t❡r♠✐♥❛ r❡❧❛çõ❡s ❡♥tr❡ ♦s ❡s♣❛ç❛♠❡♥t♦s ∆x ❡ ∆t q✉❡

♠❛♥tê♠ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❛♥❛❧✐s❛❞♦ ❡stá✈❡❧✱ ❛♣❧✐❝❛✲s❡ ❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r

♦✉ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥✱ ❝✉❥❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡♣❡♥❞❡ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r✲

❡♥❝✐❛❧✳ ❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ é r❡♣r❡s❡♥t❛r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♣♦r sér✐❡s ❞❡ ❋♦✉r✐❡r ❞✐s❝r❡t❛s✱

✺✾



s✉❜st✐t✉✐✲❧❛ ♥♦ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❡ ❛✈❛❧✐❛r ♦s ✈❛❧♦r❡s ❞❡ ∆x ❡ ∆t✱ q✉❡ ♠❛♥tê♠ ♦s ♠♦❞♦s

❞❡ ❋♦✉r✐❡r ❧✐♠✐t❛❞♦s✳

◆❡st❡ ❝❛s♦ ❛ s❡♠✐❞✐s❝r❡t✐③❛çã♦ ❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ sér✐❡ ❞❡ ❋♦✉r✐❡r

❞✐s❝r❡t❛ ♥♦ ❡s♣❛ç♦ ❬✽✷✱ ✽✻❪✱ ✐st♦ é✱

uj(x, t) =

N/2∑

m=−N/2

ûm(t) e
iωmj∆x. ✭✸✳✷✺✮

P❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ s✉♣❡r♣♦s✐çã♦ ❬✽✷✱ ✽✻❪✱ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❛♣❡♥❛s ❝♦♠ ✉♠ t❡r♠♦ ❞❛

sér✐❡✱ ❡♥tã♦ ❝♦♥s✐❞❡r❛✲s❡

uj(x, t) = ûm(t) e
ijθm , ✭✸✳✷✻✮

❡♠ q✉❡ θm = ωm∆x ❡ m = −N/2, . . . , N/2✳

❙❡ ♦ ♦♣❡r❛❞♦r ❡s♣❛❝✐❛❧ ❞✐s❝r❡t♦ L ❞❡ ✉♠ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ❞❛❞♦ é ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

❞❡ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞✐s❝r❡t❛✱ ❡q✉❛çã♦ ✭✸✳✶✼✮✱ ❡♥tã♦

L(uj−r, . . . , uj+s) = z(θm) . ✭✸✳✷✼✮

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s❡♠✐❞✐s❝r❡t✐③❛çã♦ t❡♠♣♦r❛❧ ♦❜t✐❞❛ ❞❡ ✉♠ ❡sq✉❡♠❛ ❡①♣❧í❝✐t♦✱ ❛

s♦❧✉çã♦ ♥♦ t❡♠♣♦ tn+1 = (n+ 1)∆t é r❡♣r❡s❡♥t❛❞❛ ♣♦r

un+1
j = g(ẑm)u

n
j , ẑm = −σz(θm) , m = −N/2, . . . , N/2 , n ≥ 1, ✭✸✳✷✽✮

❡♠ q✉❡ g é ♦ ❢❛t♦r ❞❡ ❛♠♣❧✐✜❝❛çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ θm ❡

σ =
∆t

∆x
.

❆ss✐♠✱ ✉♠ ♠ét♦❞♦ ❞❡ ❞✐s❝r❡t✐③❛çã♦ ❡s♣❛❝✐❛❧ ❛❝♦♣❧❛❞♦ ❡♠ ✉♠ ♠ét♦❞♦ ❞❡ ❞✐s❝r❡t✐③❛çã♦

❞♦ t❡♠♣♦ s❡rá ❡stá✈❡❧ s❡ ♦ ❢❛t♦r ❞❡ ❛♠♣❧✐✜❝❛çã♦ s❛t✐s✜③❡r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✱

|g(−σz(θ))| ≤ 1 , ∀θ ∈ [0, 2π]. ✭✸✳✷✾✮

❊st❛ ❝♦♥❞✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✐♠♣õ❡ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ σ q✉❡ ♠❛♥té♠ ♦ ♠ét♦❞♦

✻✵



❧✐♥❡❛r♠❡♥t❡ ❡stá✈❡❧✳ ❆ss✐♠✱ s❡ ♦ ❞♦♠í♥✐♦ ❞❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧ ❢♦✐ ❞✐s❝r❡t✐③❛❞♦ ♣♦r ✉♠

❡s♣❛ç❛♠❡♥t♦ r❡❣✉❧❛r ∆x✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r ♣❛r❛ ♦

❡s♣❛ç❛♠❡♥t♦ t❡♠♣♦r❛❧ ∆t✱ q✉❡ ♠❛♥té♠ ♦ ♠ét♦❞♦ ❡stá✈❡❧✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❣❛r❛♥t❡ ♦ ✉s♦ ❞♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞❡s❝r✐t♦s ♣❛r❛ ✐♥✈❡st✐❣❛r ❛ ❡s✲

t❛❜✐❧✐❞❛❞❡ ♠♦str❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ s❡ t❡r ❡st❛❜✐❧✐❞❛❞❡ ❞❡

♠ét♦❞♦s ♥✉♠ér✐❝♦s✳

❚❡♦r❡♠❛ ✸✳✸✳✹ ✭❊st❛❜✐❧✐❞❛❞❡ ▲✐♥❡❛r✮ ❯♠ ❡sq✉❡♠❛ ❞❡ ♣❛ss♦ ú♥✐❝♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s

❝♦♥st❛♥t❡s é ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❑ ✭✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ θ✱ ∆t ❡

∆x✮ ❡✱ t❛♠❜é♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ∆x0 ❡ ∆t0 t❛❧ q✉❡

|g(θ,∆x,∆t)| ≤ 1 +K∆t ,

♣❛r❛ t♦❞♦ θ✱ 0 < ∆t ≤ ∆t0 ❡ 0 < ∆x ≤ ∆x0✳ ❙❡ ♦ ❢❛t♦r ❞❡ ❛♠♣❧✐✜❝❛çã♦ g é ✐♥❞❡♣❡♥❞❡♥t❡

❞❡ ∆x✱ ❡♥tã♦

|g(θ)| ≤ 1 .

❆ ❛♣❧✐❝❛çã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥ é ❢❡✐t❛ ❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s

❧✐♥❡❛r❡s✳ ▼❛✐s ❞❡t❛❧❤❡s ❞♦ ❡st✉❞♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❛tr❛✈és ❞❛ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥

❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✽✷✱ ✽✻❪✳ ◆❡ss❛s r❡❢❡rê♥❝✐❛s t❛♠❜é♠ ❡♥❝♦♥tr❛♠✲s❡ ❞❡t❛❧❤❡s ♣❛r❛ ❛ ❛♥á❧✐s❡

❞❡ ❋♦✉r✐❡r✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♦✉ ♦ s✐st❡♠❛ ❞❡ ❊❉P✬s é ❤✐♣❡r❜ó❧✐❝♦✱

t❡♠✲s❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ ❛✉①✐❧✐❛♠ ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡

♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ❯♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ s✉r❣❡ ♥❡st❡ ❝♦♥t❡①t♦ é ❛ ❝♦♥❞✐çã♦ ❞❡ ❈♦✉r❛♥t✲

❋r✐❡❞r✐❝❤s✲▲❡✇②✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❈❋▲✳ ❆ ❈❋▲ ❞❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ♦ ✈❛❧♦r ♠á①✐♠♦

❞❡ σ q✉❡ s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✹✳

✸✳✸✳✻ ❊st❛❜✐❧✐❞❛❞❡ ♥ã♦ ❧✐♥❡❛r

❊♠ ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦✉ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s sã♦ ♥ã♦ ❧✐♥❡❛r❡s✱

❞♦✐s ❝❛♠✐♥❤♦s sã♦ ❝♦♠✉♠❡♥t❡ r❡❛❧✐③❛❞♦s ♣❛r❛ ❢❛③❡r ❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✿ ✉♠ r❡❛❧✐③❛ ❛

✻✶



❧✐♥❡❛r✐③❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡ ❛♣❧✐❝❛ ❛ ❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥ ❡ ♦ ♦✉tr♦ ✉t✐❧✐③❛ ♦

❝♦♥❝❡✐t♦ ❞❡ ❱❛❧♦r ❚♦t❛❧✳ ❊st❛ s✉❜s❡çã♦ ❞❡st✐♥❛✲s❡ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡

✭❚❱❉✮✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✵ ✭❱❛❧♦r ❚♦t❛❧✮ ❙❡❥❛ q : R → R✱ q = q(x) ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r✳ ❖

❱❛❧♦r ❚♦t❛❧ ❞❡ q é ❞❛❞♦ ♣♦r

TV (q) = sup
n∑

i=1

|q(xi)− q(xi−1)| ✭✸✳✸✵✮

❡♠ q✉❡ ♦ s✉♣r❡♠♦ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s s✉❜❞✐✈✐sõ❡s ❞❛ r❡t❛ ❘❡❛❧✳ ❖✉tr❛ ♣♦ssí✈❡❧

❞❡✜♥✐çã♦ é

TV (q) = lim
ǫ→0

sup

{
1

ǫ

∫ ∞

−∞

|q(x)− q(x− ǫ)| dx
}
. ✭✸✳✸✶✮

❙❡ q é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡♥tã♦

TV (q) =

∫ ∞

−∞

∣∣∣q′

(x)
∣∣∣ dx . ✭✸✳✸✷✮

❙❡ ❛ ❢✉♥çã♦ q ❡st✐✈❡r ❞❡✜♥✐❞❛ ❞❡♥tr♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ♣❛rt✐❝✐♦♥❛❞♦ ♣♦r x0 < x1 < . . . < xN ✱

❡♥tã♦

TV (Q) =
N∑

i=1

|Qi −Qi−1| , ✭✸✳✸✸✮

❡♠ q✉❡ Qi = q(xi)✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✶ ✭❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡✮ ❯♠ ❡sq✉❡♠❛ é ❞✐t♦ s❡r ❱❛❧♦r ❚♦t❛❧ ❉❡✲

❝r❡s❝❡♥t❡ ✭❚❱❉✮ s❡✱ ♦s ✈❛❧♦r❡s ❝♦♠♣✉t❛❞♦s ❡♠ q✉❛✐sq✉❡r ♣❛ss♦s ❝♦♥s❡❝✉t✐✈♦s tn ❡ tn+1

s❛t✐✜③❡r❡♠

TV (Qn+1) ≤ TV (Qn) . ✭✸✳✸✹✮

✸✳✹ ❉✐s♣❡rsã♦ ❡ ❉✐ss✐♣❛çã♦

■♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❢♦r♠✉❧❛çã♦ ❝❧áss✐❝❛ ♦✉ ❞❡s❧♦❝❛❞❛ ❞♦ ♠ét♦❞♦ ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s✱ ❛♠❜♦s

♦s ❝❛s♦s tê♠ ❡①❝❡ss✐✈❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ♣❛r❛ ❡✈♦❧✉çõ❡s t❡♠♣♦r❛✐s q✉❡ ❡①✐❣❡♠ ♠✉✐t❛s

✐t❡r❛çõ❡s✳ ❆ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s✉❛✈✐③❛r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛✱ ♦

✻✷



q✉❡ ♣♦❞❡ ❢❛③❡r ❝♦♠ q✉❡ ❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡✐①❡ ❞❡ t❡r ❞❡t❛❧❤❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦

❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❢❡♥ô♠❡♥♦ ❡♠ q✉❡stã♦✳

❯♠ ♠ét♦❞♦ q✉❡ ♣♦ss✉✐ ✉♠❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ♠❡♥♦r ❞♦ q✉❡ ♦ ▲❛①✲❋r✐❡❞r✐❝❤s é ♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ✲ s❡çã♦ ✸✳✺✳✸✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s❡ ♦❜t❡r ✉♠❛ ♠❛✐♦r ♦r❞❡♠ ❞❡ ♣r❡✲

❝✐sã♦ ♥❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✱ ♦ ❡sq✉❡♠❛ ❞❡ ❢❛t♦ ❝♦♥s❡❣✉❡ r❡❞✉③✐r ❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛✱ ♣♦r

♦✉tr♦ ❧❛❞♦✱ ❛❝r❡s❝❡♥t❛ ❞✐♣❡rsã♦ ♥✉♠ér✐❝❛ q✉❡ ♣♦❞❡ ❝❛✉s❛r ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♠ét♦❞♦ ❞❡✐①❛ ❞❡ s❡r ❡stá✈❡❧ ❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✜❝❛ ❝♦♠♣r♦♠❡t✐❞❛✳

◗✉❛♥❞♦ ❞❡s❡❥❛✲s❡ ♦❜t❡r ♥♦✈♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ é ♥❡❝❡ssár✐♦ t❡r ❡♠ ♠❡♥t❡ q✉❡✱

♠❡s♠♦ s❛t✐s❢❛③❡♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ▲❛① q✉❡ ❣❛r❛♥t❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♥✉♠ér✐❝❛✱ ♥ã♦ é ♣♦ssí✈❡❧

❡✈✐t❛r t♦t❛❧♠❡♥t❡ ❛ ❞✐ss✐♣❛çã♦ ❡ ❞✐s♣❡rsã♦ ♥✉♠ér✐❝❛s ❞❡✈✐❞♦ ❛s ❛♣r♦①✐♠❛çõ❡s r❡❛❧✐③❛❞❛s✳

❊①❡♠♣❧♦s ❝♦♠ ❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s ❡stã♦ ♥❛ s❡çã♦ ✸✳✼ ❡ ❞❡t❛❧❤❡s s♦❜r❡ ❞✐ss✐♣❛çã♦ ❡

❞✐s♣❡rsã♦ ❡♠ ♠ét♦❞♦s ♥✉♠ér✐❝♦s sã♦ ♦❜t✐❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ❬✺✸✱ ✽✻❪✳

✸✳✺ ▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s

◆❛ s❡çã♦ ✸✳✷ ❢♦✐ ❞❡s❝r✐t❛ ❛ ❢♦r♠✉❧❛çã♦ ❣❡r❛❧ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

◆❛ ♦❝❛s✐ã♦✱ ♦❜t❡✈❡✲s❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❡①❛t❛

1

∆x

∫

Ωi

u(x, tn+1)dx =
1

∆x

∫

Ωi

u(x, tn)dx +

− 1

∆x

[∫ tn+1

tn

f(u(xi+1/2, t))dt−
∫ tn+1

tn

f(u(xi−1/2, t))dt

]
.

✭✸✳✸✺✮

❙❡ ❛s ✐♥t❡❣r❛✐s ❡s♣❛❝✐❛✐s ❢♦r❡♠ ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ♠é❞✐❛s✱ ❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛

❝♦♠♦

u(x, tn+1) = u(x, tn)−
1

∆x

[∫ tn+1

tn

f(u(xi+1/2, t))dt−
∫ tn+1

tn

f(u(xi−1/2, t))dt

]
. ✭✸✳✸✻✮

❈♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ ❞❡t❡r♠✐♥❛r ✈❛❧♦r❡s ♣❛r❛ u ♥♦s ♣♦♥t♦s xi+1/2✬s✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠á✲

❧♦s ♣♦r ♣♦❧✐♥ô♠✐♦s✳ ❙❡❥❛ w ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s ♥♦ t❡♠♣♦ tn ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

✻✸



w(x, tn) =
∑

ωj(x)pj(x) ✭✸✳✸✼✮

❡♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ pj = pj(x) ❡stá ❞❡✜♥✐❞♦ ♥❛ ❝é❧✉❧❛ Ωj = (xj−1/2, xj+1/2) ❡ ❝❡♥tr❛❞♦ ♥♦

♣♦♥t♦ ♠é❞✐♦ xj ❞❡ Ωj✳ ❉❡s❡❥❛✲s❡ q✉❡ w s❡❥❛ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ u✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s ♥❛ ❡q✉❛çã♦ ✭✸✳✸✻✮✱ ♦❜té♠✲s❡

w(x, tn+1) = w(x, tn)−
1

∆x

[∫ tn+1

tn

f(w(xi+1/2, t))dt−
∫ tn+1

tn

f(w(xi−1/2, t))dt

]
. ✭✸✳✸✽✮

◆♦t❛✲s❡ q✉❡ ♦s ♣♦♥t♦s xi+1/2✬s ❝♦♥tê♠ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✱ ♣♦✐s w é ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦✲

♠✐❛❧ ♣♦r ♣❛rt❡s ❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ pj ❡stá ❞❡✜♥✐❞♦ ♥♦ ✈♦❧✉♠❡ ✜♥✐t♦ Ωj✳

▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s ❜❛s❡❛♠✲s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ t❛✐s ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡s ♣♦s✐❝✐♦♥❛♠✲s❡ ♥♦s ♣♦♥t♦ ♠é❞✐♦s ❞❡ ✐♥t❡r❧❛✈♦s✱ ♣❛r❛ ✐st♦ ❝♦♥s✐❞❡r❛✲s❡ ❛s ❝é❧✉❧❛s

♠é❞✐❛s ❞❡s❧♦❝❛❞❛s ❞❡ ♠❡t❛❞❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ✐♥t❡r✈❛❧♦✱ ✐st♦ é✱ ♣❛r❛ ♣❛rt✐çõ❡s r❡❣✉❧❛r❡s ❛s

❝é❧✉❧❛s ♠é❞✐❛s ❡st❛rã♦ ❞❡s❧♦❝❛❞❛s ❞❡ ♠❡t❛❞❡ ❞♦ ❡s♣❛ç❛♠❡♥t♦ ∆x✳ ❈♦♥t✉❞♦✱ ♦s ✐♥t❡r✈❛❧♦s

Ii = (xi, xxi+1
)

sã♦ ❛s ❝é❧✉❧❛s ♠é❞✐❛s ❞❡s❧♦❝❛❞❛s ❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s t❡♠ ❞❡✜♥✐❞❛ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦

w(xi+1/2, tn+1) = w(xi+1/2, tn)−
1

∆x

[∫ tn+1

tn

f(w(xi+1, t))dt−
∫ tn+1

tn

f(w(xi, t))dt

]
.

✭✸✳✸✾✮

❆ ❡q✉❛çã♦ ✭✸✳✸✾✮ é ✉♠❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❡♠ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ Ii ⊂ Ω✳ ❆s ❝é❧✉❧❛s

♠é❞✐❛s ❞❡s❧♦❝❛❞❛s ♣❡r♠✐t❡♠ ♦❜t❡r ❞✐r❡t❛♠❡♥t❡ ♦s ✢✉①♦s ♥❛s ✐♥t❡r❢❛❝❡s✱ ♣♦✐s ❛❣♦r❛ ♦s

❡①tr❡♠♦s ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s sã♦ ♦s ♣♦♥t♦s xi✬s✳ ❊♥tr❡t❛♥t♦✱ s✉r❣❡ ✉♠❛ q✉❡stã♦ r❡❢❡r❡♥t❡

❛♦ ✈❛❧♦r ♠é❞✐♦ w(xi+1/2, tn)✿ ❝♦♠♦ ♦❜tê✲❧♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r w(xi+1/2, tn+1) ❄

❆ r❡s♣♦st❛ ✈❡♠ ❛♦ r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✸✾✮ ❡♠ t❡r♠♦ ❞♦s ✈❛❧♦r❡s wn
i ❡ ♣❛r❛ ❢❛③❡r

✐ss♦✱ t❡♠♦s ❞♦✐s ♣r♦❝❡❞✐♠❡♥t♦s✿

• Pr✐♠❡✐r♦✱ ✉t✐❧✐③❛✲s❡ ♦s ✈❛❧♦r❡s wn
i ♣❛r❛ ♦❜t❡r w(x, tn) ♣❛r❛ t♦❞♦ x ∈ Ω ❛tr❛✈és ❞❛

✻✹



❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s ❞❡✜♥✐❞❛ ♣♦r

w(x, tn) =
∑

i

ωi(x)pi(x) , ❝♦♠ pi(xi) = wn
i ❡ ωi = 1 . ✭✸✳✹✵✮

❆ss✐♠✱ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ w(x, tn) ❞❡✜♥✐❞♦ ♥❛ ❝é❧✉❧❛ ♠é❞✐❛ ❞❡s❧♦❝❛❞❛ Ii = (xi, xi+1)

é ❞❛❞♦ ♣♦r

wn
i+1/2 =

1

∆x

[∫ xi+1/2

xi

pi(x)dx+

∫ xi+1

xi+1/2

pi+1(x)dx

]
. ✭✸✳✹✶✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✶✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✸✾✮ ♦❜té♠✲s❡

wn+1
i+1/2 =

1

∆x

[∫ xi+1/2

xi

pi(x)dx+

∫ xi+1

xi+1/2

pi+1(x)dx

]
+

− 1

∆x

[∫ tn+1

tn

f(w(xi+1, t))dt−
∫ tn+1

tn

f(w(xi, t))dt

]
.

✭✸✳✹✷✮

• ❙❡❣✉♥❞♦✱ r❡❛❧✐③❛✲s❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ wi✱ ❞♦ t❡♠♣♦ tn ❛té tn+1 ❛tr❛✈és ❞❛

❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ q✉❡ ❣♦✈❡r♥❛ ♦ ❢❡♥ô♠❡♥♦✱ ♥♦ ❝❛s♦

wt + f(w)x = 0, ❝♦♠ w(x, tn) = pi(x) ❡ x ∈ Ii .

❊ss❡s ♣r♦❝❡❞✐♠❡♥t♦s ❢❛③❡♠ ♣❛rt❡ ❞❡ ✉♠ ❛❧❣♦rít♠♦ ❝❤❛♠❛❞♦ ❞❡ ❘❊❆ ✲ ❘❡❝♦♥str✉❝t✲

❡✈♦❧✈❡✲❛✈❡r❛❣❡ q✉❡ ❝♦♥s✐st❡ ❞♦s ♣❛ss♦s ❞❡ ❘❡❝♦♥str✉çã♦✱ ❊✈♦❧✉çã♦ ❡ ❆t✉❛❧✐③❛çã♦ ❞❛ ❝é❧✉❧❛

▼é❞✐❛✳ ❊ss❛s ✐❞❡✐❛s ❢♦r❛♠ ♣r♦♣♦st❛s ♣♦r ●♦❞✉♥♦✈ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ ❝♦♥t❡①t✉❛❧✐③❛r ❛

❡✈♦❧✉çã♦ ❛tr❛✈és ❞❡ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛ ✭❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s✮ ♦✉ ❛tr❛✈és ❞❛ ❡✈♦❧✉çã♦

❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ✭❱♦❧✉♠❡s ❋✐♥✐t♦s ❞❡♣❡♥❞❡♥t❡ ❞❡ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✮✳

❊♠ ❛❧❣✉♥s t❡①t♦s✱ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s q✉❡ ✉t✐❧✐③❛♠ ♦ ❛❧❣♦rít♠♦ ❘❊❆ sã♦

❝❤❛♠❛❞♦s ❞❡ ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❡ ❞✐❢❡r❡♥❝✐❛♠✲s❡ ❞♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ❝❡♥tr❛❞♦s

♣❡❧♦ ❢❛t♦ ❞❡ ❞❡♣❡♥❞❡r❡♠ ❞❡ r❡s♦❧✈❡❞♦r❡s ❞❡ Pr♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ✭❝❤❛♠❛❞♦s ❞❡ ❘✐❡♠❛♥♥

❙♦❧✈❡rs✮✱ ❝✉❥❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ t♦♠❛ ❝♦♠♦ ❜❛s❡ ❛ ❞✐s❝r❡t✐③❛çã♦ ❯♣✇✐♥❞✳

❖s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦ ✐♥❞❡♣❡♥❞❡♠ ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ✭❝❤❛♠❛❞♦s

❞❡ ♠ét♦❞♦s ❝❡♥tr❛❞♦s ♦✉ ♠ét♦❞♦s ❧✐✈r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✮ ❝✉❥❛ ❡✈♦❧✉çã♦ ❜❛s❡✲❛

✻✺









❡♠ q✉❡ pi(x) = U0
i = u(x, 0) ❝♦♠ x ∈ (xi−1/2, xi+1/2)✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✳

❉❡ss❡ ♠♦❞♦✱ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✸✳✹✷✮ t❡♠✲s❡

wn+1
i+1/2 =

1

∆x

[∫ xi+1/2

xi

Un
i dx+

∫ xi+1

xi+1/2

Un
i+1dx

]
+

− 1

∆x

[∫ tn+1

tn

f(w(xi+1, t))dt−
∫ tn+1

tn

f(w(xi, t))dt

]
.

❈♦♠♦ ♦s ✐♥t❡❣r❛♥❞♦s sã♦ s✉❛✈❡s✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ❞❡ ✐♥t❡❣r❛çã♦ ♣❛r❛ ❞❡t❡r✲

♠✐♥❛r t❛✐s ✐♥t❡❣r❛✐s✱ ❛ss✐♠ ❛♣❧✐❝❛♥❞♦ ❛ ✐♥t❡❣r❛çã♦ r❡t❛♥❣✉❧❛r q✉❡ ❡♥✈♦❧✈❡ ♣♦♥t♦s ♠é❞✐♦s

❬✹✼✱ ✾✻❪ t❡♠✲s❡ ∫ tn+1

tn

f(w(xi+1, t))dt = ∆t.f
(
U

n+1/2
i+1

)
+O(∆t2)

❡ ∫ tn+1

tn

f(w(xi, t))dt = ∆t.f
(
U

n+1/2
i

)
+O(∆t2) ,

❡st❛ ✐♥t❡❣r❛çã♦ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❡❣r❛ r❡t❛♥❣✉❧❛r ❞♦ ♣♦♥t♦ ♠é❞✐♦ ♦✉ s✐♠♣❧❡s✲

♠❡♥t❡ r❡❣r❛ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❬✾✻❪✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦❜té♠✲s❡✱

Un+1
i+1/2 =

1

2

[
Un
i+1 + Un

i

]
− ∆t

∆x

[
f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i

)]
, ✭✸✳✹✸✮

❞❡ ♦r❞❡♠ (2, 1)✳

❆ ❡q✉❛çã♦ ✭✸✳✹✸✮ ♣♦ss✉✐ t❡r♠♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ t❡♠♣♦ ✐♥t❡r♠❡❞✐ár✐♦ tn+1/2 =

tn + 1
2
∆t ❡ ♣❛r❛ s❡ ♦❜t❡r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❡♠ ✉♠ t❡♠♣♦ ✐♥t❡r♠❡❞✐ár✐♦ ✉t✐❧✐③❛✲s❡ ✉♠

♠ét♦❞♦ ❞♦ t✐♣♦ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ♦✉ ♣♦❞❡✲s❡ ❡①♣❛♥❞✐r ❛ s♦❧✉çã♦ ❡♠ sér✐❡s ❞❡ ❚❛②❧♦r ♣❛r❛

❞❡t❡r♠✐♥❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♥♦ t❡♠♣♦ ✐♥t❡r♠❡❞✐ár✐♦✳ ❈♦♥t✉❞♦✱ ❞❡✜♥✐♠♦s ♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✳

▲❛①✲❋r✐❡❞r✐❝❤s ❞❡s❧♦❝❛❞♦✿

Un+1
i+1/2 =

1

2

[
Un
i + Un

i+1

]
− ∆t

∆x

[
f
(
Un
i+1

)
− f (Un

i )
]
. ✭✸✳✹✹✮

❙❡ ♦ ♦❜❥❡t✐✈♦ é tr❛❜❛❧❤❛r ❛♣❡♥❛s ❝♦♠ ♦s ♣♦♥t♦s ❞❛ ❞✐s❝r❡t✐③❛çã♦ ❞❛ ♠❛❧❤❛ ❞❡✜♥✐❞❛

✻✾



♣❡❧♦s ♣♦♥t♦s ❞❛ ♣❛rt✐çã♦ r❡❣✉❧❛r✱ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✹✹✮ ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦

✈✐❛ sér✐❡s ❞❡ ❚❛②❧♦r✳ ❖ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s s❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛ ♣♦❞❡ s❡r ♦❜t✐❞♦

❞✐r❡t❛♠❡♥t❡ ❞❛s sér✐❡s ❞❡ ❚❛②❧♦r✱ ❛tr❛✈és ❞♦ ▼ét♦❞♦ ❞❡ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s ❬✺✷✱ ✺✸✱ ✽✻✱ ✽✷❪✳

❊st❡ ♠ét♦❞♦ é ❝❤❛♠❛❞♦ ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s ❈❧áss✐❝♦ ❡ q✉❛♥❞♦ ❛♣❧✐❝❛❞♦ ❡♠ ✉♠❛ ▲❡✐ ❞❡

❈♦♥s❡r✈❛çã♦ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♥❛ ❢♦r♠❛ ❝♦♥s❡r✈❛t✐✈❛✳

▲❛①✲❋r✐❡❞r✐❝❤s ❈❧áss✐❝♦✿

Un+1
i =

1

2

(
Un
i−1 + Un

i+1

)
− ∆t

2∆x

[
Fi+1/2 − Fi−1/2

]

Fi+1/2 = F (Un
i , U

n
i+1) =

∆x

2∆t

(
Un
j − Un

j+1

)
+

1

2

(
f(Un

j ) + f(Un
j+1)

)
. ✭✸✳✹✺✮

❯♠❛ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s é ❝♦♥s✐❞❡r❛r w ❧✐♥❡❛r ♣♦r ♣❛rt❡s✱

✐st♦ é✱ ♦s ♣♦❧✐♥ô♠✐♦s pi✬s s❡♥❞♦ r❡t❛s ❞❡✜♥✐❞❛s ❡♠ s❡✉s r❡s♣❡❝t✐✈♦s ✐♥t❡r✈❛❧♦s Ii✳ ◆❛

♣ró①✐♠❛ s❡çã♦ ❞❡st❛❝❛♠♦s t❛❧ ♠ét♦❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✸✳✺✳✷ ❖ ▼ét♦❞♦ ❞❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r

◆♦ ❡sq✉❡♠❛ ❞❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r t❡♠✲s❡ w ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ♣♦r ♣❛rt❡s ❬✻✽❪✳

❈❛❞❛ ♣♦❧✐♥ô♠✐♦ pi é ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ❞❡✜♥✐❞❛ ❡♠ Ωi q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ (xi, w
n
i ) ❝✉❥❛

✐♥❝❧✐♥❛çã♦ é mi✱ ✈❡r ❋✐❣✉r❛ ✸✳✺✳ ❉❡ss❡ ♠♦❞♦✱ pi ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

pi(x) = wn
i +mi (x− xi) . ✭✸✳✹✻✮

❆ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ ✭✸✳✹✻✮ é ♦❜t✐❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❡❧❛ sér✐❡ ❞❡ ❚❛②❧♦r ♦✉ ♣❡❧❛ ✐♥t❡r✲

♣♦❧❛çã♦ ❧✐♥❡❛r✱

wx(xi, tn) =
1

∆x

(
wn

i+1 − wn
i

)
+O(∆x) ,

❛ss✐♠✱

mi =
1

∆x
Dwi , ✭✸✳✹✼✮

❡♠ q✉❡ Dwi é ✉♠❛ ✈❛r✐❛çã♦ ❝♦♥✈❡♥✐❡♥t❡ ❞❛ ❣r❛♥❞❡③❛ w r❡❧❛❝✐♦♥❛❞❛ ❝♦♠
(
wn

i+1 − wn
i

)
✳

✼✵





wn+1
i+1/2 =

1

2

(
wn

i+1 + wn
i

)
+

1

8
(Dwi −Dwi+1)−

∆t

∆x

[
f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i

)]
. ✭✸✳✺✵✮

◆♦✈❛♠❡♥t❡✱ ❛ ❡q✉❛çã♦ ✭✸✳✺✵✮ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❡♠ ✉♠ ♣❛ss♦

✐♥t❡r♠❡❞✐ár✐♦ ♥♦ t❡♠♣♦✳ ❯t✐❧✐③❛♥❞♦ ❛ sér✐❡ ❞❡ ❚❛②❧♦r ❡ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦✱ s❡❣✉❡ q✉❡

w(xi, tn+1/2) = w(xi, tn) +
∆t

2
wt +O(∆t2) , ✭✸✳✺✶✮

❡♠ q✉❡ wt = −f(w)x✳

❈♦♥t✉❞♦✱ ♦❜té♠✲s❡ ♦ s❡❣✉✐♥t❡ ♠ét♦❞♦ ❞♦ t✐♣♦ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✱

Un+1
i+1/2 =

1

2

(
Un
i+1 + Un

i

)
+

1

8
(DUi −DUi+1)−

∆t

∆x

[
f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i

)]

❝♦♠ U
n+1/2
i = Un

i − ∆t

∆x
Df (Un

i ) .

✭✸✳✺✷✮

P❛r❛ s❡ ❝❤❡❣❛r ♥♦ ♠ét♦❞♦ ❞❡ ◆❡ss②❛❤✉ ❡ ❚❛❞♠♦r ❬✻✽❪✱ ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ✈❛r✐❛çã♦

Dwi é ♥❡❝❡ssár✐❛ ♣♦✐s ❛ s✐♠♣❧❡s ❞❡✜♥✐çã♦ Dwi =
(
wn

i+1 − wn
i

)
♣♦❞❡ s❡r ❞❡s❛str♦s❛ ♥♦

s❡♥t✐❞♦ ❞❡ ♣r♦❞✉③✐r ♠ét♦❞♦s ❡①tr❡♠❛♠❡♥t❡ ♦s❝✐❧❛tór✐♦s✳

❆ ✈❛r✐❛çã♦ Dwi ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛

pi(x) = wn
i +

Dwi

∆x
(x− xi)

❡ ♣❛r❛ s❡ ♦❜t❡r ✉♠ ♠ét♦❞♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥ã♦ ♦s❝✐❧❛tór✐♦✱ ❛ ✐♥❝❧✐♥❛çã♦ Dwi

∆x
❞❡✈❡ s❡r

✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❡s♣❛❝✐❛❧ ❞❡ w✱ ♦✉ s❡❥❛✱ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡✈❡ s❡r

s❛t✐s❢❡✐t❛✿

1

∆x
Dwi =

∂

∂x
w (xi, tn) +O(∆x) . ✭✸✳✺✸✮

❆ ❡q✉❛çã♦ ✭✸✳✺✸✮ ❢♦r♥❡❝❡ r❡str✐çõ❡s às r❡t❛s pi✬s✱ ❛s ✐♥❝❧✐♥❛çõ❡s ❞❛s r❡t❛s pi✬s ❞❡✈❡♠ s❡r

✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❡s♣❛❝✐❛❧ ❞❡ w✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ ♠❡s♠♦ s✐♥❛❧ ❞❡ ✐♥❝❧✐♥❛çã♦✳

✼✷



P❛r❛ ❣❛r❛♥t✐r t❛✐s r❡str✐çõ❡s ❡ ❛✐♥❞❛ ♠❛♥t❡r ♦ ♠ét♦❞♦ ♥ã♦ ♦s❝✐❧❛tór✐♦ ❬✻✽❪✱ ❛ ❞❡r✐✈❛❞❛

♥✉♠ér✐❝❛ ❞❡✈❡ s❛t✐s❢❛③❡r

0 ≤ Dwi.sinal(∆wi±1/2) ≤ α
∣∣MM

{
∆wi+1/2,∆wi−1/2)

}∣∣ . ✭✸✳✺✹✮

❆ss✐♠✱ ❜❛st❛ t♦♠❛r

Dwi = MM{∆wi+1/2,∆wi−1/2} , ✭✸✳✺✺✮

❡♠ q✉❡ ❛ ♦♣❡r❛çã♦ MM{. , . } é ❛ ✉s✉❛❧ ❢✉♥çã♦ ♠✐♥♠♦❞ ❞❡✜♥✐❞❛ ♣♦r

MM{x, y} = minmod{x, y} =
1

2
[sinal(x) + sinal(y)]min {|x|, |y|} ✭✸✳✺✻✮

❡ ∆wi+1/2 = wi+1 − wi✳

❆ ❡s❝♦❧❤❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✺✺✮ ♥ã♦ é ú♥✐❝❛✱ ♥♦t❡ q✉❡ ❛ ❡q✉❛çã♦ t❡♠ ✉♠❛ ❝♦♥st❛♥t❡ α✳

P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ α ∈ (0, 2) t❡♠✲s❡ ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞♦r❛ ❞❡ ✐♥❝❧✐♥❛çã♦ q✉❡ r❡s✉❧t❛ ❡♠

✉♠ ♠ét♦❞♦ ♥ã♦ ♦s❝✐❧❛tór✐♦ ❬✺✸✱ ✻✽✱ ✽✽❪✳

P♦rt❛♥t♦✱ ❝❤❡❣❛✲s❡ ♥❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡♠ ♠❛❧❤❛

❞❡s❧♦❝❛❞❛✳

◆❡ss②❛❤✉✲❚❛❞♠♦r ❞❡s❧♦❝❛❞♦✿

Un+1
i+1/2 =

1

2

(
Un
i+1 + Un

i

)
+

1

8
(DUi −DUi+1)−

∆t

∆x

[
f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i

)]

❝♦♠ U
n+1/2
i = Un

i − ∆t

∆x
Df (Un

i ) , DUn
i = MM{∆Un

i+1/2,∆Un
i−1/2},

Df(Un
i ) = MM{∆f(Un

i+1/2),∆f(Un
i−1/2)} , ∆Un

i+1/2 = Un
i+1 − Un

i ,

❡ ∆f
(
Un
i+1/2

)
= f

(
Un
i+1

)
− f (Un

i )

.

✭✸✳✺✼✮

❈❛s♦ s❡❥❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠ ❛ ♠❛❧❤❛ s❡♠ ❞❡s❧♦❝❛♠❡♥t♦✱ ♦ ♠ét♦❞♦

◆❡ss②❛❤✉✲❚❛❞♠♦r ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛ ❬✻✽❪✿

✼✸



◆❡ss②❛❤✉✲❚❛❞♠♦r s❡♠ ❞❡s❧♦❝❛♠❡♥t♦✿

Un+1
i =

1

2

(
Un
i+1 + Un

i−1

)
+

1

4
(DUi−1 −DUi+1)−

∆t

2∆x

[
f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i−1

)]

❝♦♠ U
n+1/2
i = Un

i − ∆t

∆x
Df (Un

i ) , DUn
i = MM{∆Un

i+1/2,∆Un
i−1/2},

Df(Un
i ) = MM{∆f(Un

i+1/2),∆f(Un
i−1/2)} , ∆Un

i+1/2 = Un
i+1 − Un

i ,

❡ ∆f
(
Un
i+1/2

)
= f

(
Un
i+1

)
− f (Un

i )

.

✭✸✳✺✽✮

❖❜s❡r✈❛çõ❡s✿

✶✮ ◆♦t❡ q✉❡✱ s❡ ♥♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ♦s ♣♦❧✐♥ô♠✐♦s ♥ã♦ t✐✈❡r❡♠ ✐♥❝❧✐♥❛çã♦✱

✐st♦ é✱ s❡ ❛ ✐♥❝❧✐♥❛çã♦ ❢♦r ♥✉❧❛✱ ❡♥tã♦ DUi = 0 ❡ Df(Ui) = 0✳ ▲♦❣♦✱ ❛♦ s✉❜st✐t✉✐r

♥❛s ❡q✉❛çõ❡s ✭✸✳✺✼✮ ❡ ✭✸✳✺✽✮✱ ♦s ♠ét♦❞♦s ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s sã♦ r❡s❣❛t❛❞♦s❀

✷✮ ❆ ❝♦♥❞✐çã♦ ❈❋▲ ❞❡s❝r✐t❛ ♥♦ ▲❛①✲❋r✐❡❞r✐❝❤s ♣❡r♠❛♥❡❝❡ ❛ ♠❡s♠❛ ❞❛ s❡çã♦ ✸✳✺✱

∆t.Si ≤
1

2
∆x .

❊♥tr❡t❛♥t♦✱ ❛ r❡❢❡rê♥❝✐❛ ❬✻✽❪ ❞❡s❡♥✈♦❧✈❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r Si s❡♠

❝❛❧❝✉❧❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛❀

✸✮ ❖ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ♣♦❞❡ ✉t✐❧✐③❛r ✉♠❛ ❢✉♥çã♦ ♠✐♥♠♦❞ ♠❛✐s ❣❡r❛❧✱ q✉❡

❡♥✈♦❧✈❡ α ∈ (0, 2)✱ ❞♦ q✉❡ ❛ ❢✉♥çã♦ ♠✐♥♠♦❞ ❡①♣♦st❛ ♥❛ ❡q✉❛çã♦ ✭✸✳✺✺✮✳ ❆ ♣❛rt✐r ❞❛

❡q✉❛çã♦ ✭✸✳✺✹✮✱ ♦❜té♠✲s❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ ❧✐♠✐t❛❞♦r❛ ❞❡ ✐♥❝❧✐♥❛çã♦✱

Dwi = MM

{
α
(
wn

i+1 − wn
i

)
,
1

2

(
wn

i+1 − wn
i−1

)
, α

(
wn

i − wn
i−1

)}
, ✭✸✳✺✾✮

✼✹



❡♠ q✉❡

MM{x1, x2, . . . , xn} =





min
i
{xi}, se xi > 0, ∀ 1 ≤ i ≤ n,

max
i

{xi}, se xi < 0, ∀ 1 ≤ i ≤ n,

0, ❝❛s♦ ❝♦♥trár✐♦.

✹✮ ❆ ❡q✉❛çã♦ ✭✸✳✺✾✮ ❢❛③ ✉♠❛ ❡s❝♦❧❤❛ ❡♥tr❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❛✈❛♥ç❛❞❛✱ ✉♠❛ ❝❡♥tr❛❞❛

❡ ✉♠❛ ❛tr❛s❛❞❛✳ ❊♠ q✉❛❧q✉❡r ✉♠❛ ❞❛s ❡s❝♦❧❤❛s ♣❡❧❛ ❢✉♥çã♦ ♠✐♥♠♦❞✱ ❛ s❡❣✉✐♥t❡

❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛

Dwi

∆x
=

∂

∂x
w(xi, tn) +O(∆x) ,

❝♦♥❢♦r♠❡ ❛ ❡q✉❛çã♦ ✭✸✳✺✸✮✳

✺✮ ❆ ❢✉♥çã♦ ❧✐♠✐t❛❞♦r❛ ❞❡ ✐♥❝❧✐♥❛çã♦ ♠✐♥♠♦❞ ❣❛r❛♥t❡ q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r

é ❚❱❉ s❡ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❈❋▲ ❢♦r s❛t✐s❢❡✐t❛✱

∆t

∆x

∣∣∣∣∣∣

f
(
U

n+1/2
i+1

)
− f

(
U

n+1/2
i

)

U
n+1/2
i+1 − U

n+1/2
i

∣∣∣∣∣∣
≤ β

❡♠ q✉❡ β ≤ 1
2α

(√
4 + 4α− α2 − 2

)
❬✻✽❪✳ ❆ss✐♠ ♣❛r❛ ❛ ✐❣✉❛❧❞❛❞❡ s❛t✐s❢❡✐t❛✱ t❡♠✲s❡

♦ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✸✳✻❀

✻✮ ❆ ♦r❞❡♠ ❞♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r é ❞❛❞♦ ♣♦r

‖τn‖ = O(∆x3) +O(∆t2) ,

✈❡r r❡❢❡rê♥❝✐❛ ❬✻✽❪ ♣❛r❛ ❞❡t❛❧❤❡s✳

✸✳✺✳✸ ❖ ♠ét♦❞♦ ❞❡ ▲❛①✲❲❡♥❞r♦✛

◆❛ ❧✐t❡r❛t✉r❛✱ ✉♠ ♠ét♦❞♦ q✉❡ ✈❡♠ s✉❜s❡q✉❡♥t❡ ❛♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s✱ ❝♦♠ ♦ ✐♥t✉✐t♦

❞❡ ❛✉♠❡♥t❛r ❛ ♦r❞❡♠ ❞❡ ♣r❡❝✐sã♦ ❞❛ ❞✐s❝r❡t✐③❛çã♦ t❡♠♣♦r❛❧ é ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛

❬✽✻❪✳ ❚❛❧ ♠ét♦❞♦ ❛❝r❡s❝❡♥t❛ ❝♦♥❞✐çõ❡s ♥♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❝❡♥tr❛❞♦ ♥♦ ❡s♣❛ç♦

✼✺





❡♠ q✉❡ L(U) é ❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❡s♣❛❝✐❛❧✳

❖♣❡r❛❞♦r ❡s♣❛❝✐❛❧ ✭❞✐s❝r❡t✐③❛❞♦✮✿

L(U) = − 1

∆x

(
f(U

n+1/2
i+1/2 )− f(U

n+1/2
i−1/2 )

)
.

❘✉♥❣❡✲❑✉tt❛ ❞❡ ♦r❞❡♠ ✸ ✭❚❱❉✮✿

u(1) = un +∆tL(U)

u(2) = 3
4
un + 1

4
u(1) + 1

4
∆tL(u(1))

un+1 = 1
3
un + 2

3
u(2) + 2

3
∆tL(u(2))

.

❆ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉ ❞♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ❞❡✜♥✐❞♦ ❝♦♠ ♦ ▲❛①✲❲❡♥❞r♦✛ ♣♦❞❡ s❡r

✈❡r✐✜❝❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻✼❪✳

✸✳✻ ▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈

◆❡st❛ s❡çã♦ ❡stã♦ ❡①♣♦st♦s ❛❧❣✉♠s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s q✉❡ tr❛❜❛❧❤❛♠ ❞✐r❡t❛♠❡♥t❡

❝♦♠ ❛ ❝é❧✉❧❛ ♠é❞✐❛ Ωi = (xi−1/2, xi+1/2) s❡♠ ❞❡s❧♦❝á✲❧❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠ ✐♥❣r❡❞✐✲

❡♥t❡ ❛ ♠❛✐s é ❛❝r❡s❝❡♥t❛❞♦ ❛♦ ♠ét♦❞♦ ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s✱ ♦s ❝❤❛♠❛❞♦s r❡s♦❧✈❡❞♦r❡s ❞❡

Pr♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ♥❛s ✐♥t❡r❢❛❝❡s xi+1/2✬s✳ ❊♠ ❝❛❞❛ ♣♦♥t♦ xi+1/2 t❡♠✲s❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞❡✜♥✐❞❛s ❡ ♥❡❝❡ssár✐❛s ❞❡ s❡r❡♠ r❡s♦❧✈✐❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♦✉ ♥✉♠❡r✐✲

❝❛♠❡♥t❡✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡♥❝♦♥tr❛r ♦ ✢✉①♦ ♥✉♠ér✐❝♦ Fi+1/2 ❡ só ❛ss✐♠ ❝♦♥s❡❣✉✐r ♦❜t❡r ❛

s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❡♠ ✉♠ ♣❛ss♦ ❝♦♥s❡❝✉t✐✈♦✳

P❛r❛ ♦❜t❡r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❝♦♠ t❛✐s ❝❛r❛❝t❡ríst✐❝❛s ✈♦❧t❡♠♦s ♥❛ s❡çã♦ ✸✳✷ ♦♥❞❡ ❢♦✐

❞❡s❝r✐t❛ ❛ ❢♦r♠✉❧❛çã♦ ❣❡r❛❧ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳ ◆❛ ♦❝❛s✐ã♦✱

♦❜t❡✈❡✲s❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❡①❛t❛

✼✼



1

∆x

∫

Ωi

u(x, tn+1)dx =
1

∆x

∫

Ωi

u(x, tn)dx +

− 1

∆x

[∫ tn+1

tn

f(u(xi+1/2, t))dt−
∫ tn+1

tn

f(u(xi−1/2, t))dt

]
.

✭✸✳✻✵✮

■♥t❡r♣r❡t❛♥❞♦ ❛s ✐♥t❡❣r❛✐s ❡s♣❛❝✐❛✐s ❝♦♠♦ ♠é❞✐❛s✱ ❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

u(x, tn+1) = u(x, tn)−
1

∆x

[∫ tn+1

tn

f(u(xi+1/2, t))dt−
∫ tn+1

tn

f(u(xi−1/2, t))dt

]
. ✭✸✳✻✶✮

❈♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ ❞❡t❡r♠✐♥❛r ✈❛❧♦r❡s ♣❛r❛ u ♥♦s ♣♦♥t♦s xi+1/2✬s✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠á✲❧♦

♣♦r ♣♦❧✐♥ô♠✐♦s✳ ❙❡❥❛ w ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s ♥♦ t❡♠♣♦ tn ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛

w(x, tn) =
∑

ωj(x)pj(x) ✭✸✳✻✷✮

❡♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ pj = pj(x) ❡stá ❞❡✜♥✐❞♦ ♥❛ ❝é❧✉❧❛ Ωj = (xj−1/2, xj+1/2) ❡ ❝❡♥tr❛❞♦ ♥♦

♣♦♥t♦ ♠é❞✐♦ xj ❞❡ Ωj✳ ❉❡s❡❥❛✲s❡ q✉❡ w s❡❥❛ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ u✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s ♥❛ ❡q✉❛çã♦ ✭✸✳✻✶✮✱ ♦❜té♠✲s❡

w(x, tn+1) = w(x, tn)−
1

∆x

[∫ tn+1

tn

f(w(xi+1/2, t))dt−
∫ tn+1

tn

f(w(xi−1/2, t))dt

]
. ✭✸✳✻✸✮

◆♦t❛✲s❡ q✉❡ ♥♦s ♣♦♥t♦s xi+1/2✬s ❤á ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✱ ♣♦✐s w é ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧

♣♦r ♣❛rt❡s ❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ pj ❡stá ❞❡✜♥✐❞♦ ♥♦ ✈♦❧✉♠❡ ✜♥✐t♦ Ωj✳

▼ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❜❛s❡❛✲s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛s ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡s ❡stã♦ ♣♦s✐❝✐♦♥❛❞❛s ♥♦s ❡①tr❡♠♦s ❞♦ ✈♦❧✉♠❡ ❞❡ ❝♦♥tr♦❧❡✱ ✐st♦ é✱ ♥♦ ❝❛s♦ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧ ❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡stã♦ ♥♦s ❡①tr❡♠♦s ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s Ωi = (xi−1/2, xi+1/2)✱

♦♥❞❡ ❛♣❧✐❝❛♠✲s❡ ❛s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ❡♠ q✉❡stã♦✳ ❆ss✐♠✱ s❛❜❡♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

✢✉①♦s f(w(x, t)) ♥♦s ♣♦♥t♦s xi+1/2✬s✱ ❛ ✈❛r✐❛çã♦ ❞❛ ❣r❛♥❞❡③❛ ❡♠ ❡st✉❞♦ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛✲

r✐á✈❡❧ t❡♠♣♦r❛❧ é ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ♣❡❧❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❡✱ ❡♥tã♦✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

✼✽





❡♠ q✉❡

wn(x) =





pi(x) = Un
i , se x < xi+1/2

pi+1(x) = Un
i+1, se x > xi+1/2

. ✭✸✳✻✺✮

❊♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s✱ ♠✉✐t❛s ✈❡③❡s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❡♠ ❝❛❞❛ Ii é r❡♣r❡s❡♥t❛❞♦

♣♦r✿





wt + f(w)ξ = 0, ξ ∈ (−∆x,∆x)

w(ξ, 0) = w0(ξ)
✭✸✳✻✻✮

❡♠ q✉❡

w0(ξ) =





UL, se ξ < 0

UR, se ξ > 0
. ✭✸✳✻✼✮

❘❡♣r❡s❡♥t❛♥❞♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣♦r w̃✱ ❛ ❡q✉❛çã♦ ✭✸✳✻✸✮ t♦r♥❛✲s❡

w(x, tn+1) = w(x, tn)−
1

∆x

[∫ tn+1

tn

f(w̃(xi+1/2, t))dt−
∫ tn+1

tn

f(w̃(xi−1/2, t))dt

]
. ✭✸✳✻✽✮

❆ ❡q✉❛çã♦ ✭✸✳✻✽✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝♦♥s❡r✈❛t✐✈❛ ❝♦♥❢♦r♠❡ ❛ ❞❡✜♥✐çã♦ ✸✳✷✳✷✱

❡♥tã♦ t♦♠❛♥❞♦ x = xi

Un+1
i = Un

i − ∆t

∆x

[
Fi+1/2 − Fi−1/2

]
, ✭✸✳✻✾✮

❡♠ q✉❡

Un
i = w(xi, tn) ∼=

∫

Ωi

u(x, tn)dx ❡ Fi+1/2
∼= 1

∆t

∫ tn+1

tn

f (ũ(x, t)) dt .

■♥❞❡♣❡♥❞❡♥t❡ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ r❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❛♥❛❧ít✐❝♦s

♦✉ ♥✉♠ér✐❝♦s✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s sã♦ ♥❡❝❡ssár✐♦s ❝♦♥❤❡❝❡r ♦✉ ❡st✐♠❛r ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡

♣r♦♣❛❣❛çã♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞❡✜♥✐❞❛s ♣❡❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✳ ❊♠ s✐st❡♠❛s ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡♠ ❢♦r♠❛ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ✲ ❞❡✜♥✐çã♦ ✸✳✶✳✸✱ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡

♣r♦♣❛❣❛çã♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡stã♦ ❛ss♦❝✐❛❞❛s ❛♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ✲

❞❡✜♥✐çã♦ ✸✳✶✳✹ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ q✉❛s❡ ❧✐♥❡❛r✿

✽✵



Ut +A(U).Ux = 0 ,

❡♠ q✉❡ A é ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳

❆ss✐♠✱ ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ♦✉ ♠ét♦❞♦s ❯♣✇✐♥❞ ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ♥❡❝❡ss✐t❛♠

❞❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❛ ♠❛✐s ♣❛r❛ s❡ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✳

❈♦♠♦ ❡ss❡s ♠ét♦❞♦s sã♦ ❞❡♣❡♥❞❡♥t❡s ❞❡ ❘❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ Pr♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱

❡❧❡s ❞❡♣❡❞❡♥❞❡♠ ❞❛ ♦❜t❡♥çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳

❊st✉❞♦s ❛♥❛❧ít✐❝♦s r❡❧❛❝✐♦♥❛❞♦s às ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡

s♦❜r❡ s✐st❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡♥❝♦♥tr❛♠✲s❡ ♥❛s s❡❣✉✐♥t❡s r❡❢❡rê♥❝✐❛s✿ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs

❬✷✷✱ ✸✺✱ ✺✸✱ ✺✻✱ ✽✸✱ ✽✽❪✱ ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ✲ ❍✐❞r♦❞✐♥â♠✐❝❛ ■❞❡❛❧ ❬✺✷✱ ✺✸✱ ✽✽❪✱ ▼❛❣♥❡t♦✲

❤✐❞r♦❞✐♥â♠✐❝❛ ❬✶✶✱ ✾✵❪ ❡ ❡♠ ✢✉✐❞♦s r❡❧❛t✐✈íst✐❝♦s ❬✷✱ ✷✺❪✳

◆❡ss❡s ❡st✉❞♦s t❛✐s ✈❡❧♦❝✐❞❛❞❡s ❡stã♦ ❛ss♦❝✐❛❞❛s ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦♥❞❛s ❝❤❛♠❛❞❛s ❞❡

♦♥❞❛s ❡❧❡♠❡♥t❛r❡s✳ ◆♦ ❝❛s♦ ❞♦ s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ s❡r ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱

t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❞✐st✐♥t♦s ❡✱ ❡♥tã♦✱ t♦❞❛s ❛s ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s sã♦ ❞✐st✐♥❣✉í✈❡✐s✳

◆♦ ❝❛s♦ ❞❡ ❛❧❣✉♠ ❛✉t♦✈❛❧♦r ♣♦ss✉✐r ❞❡❣❡♥❡r❡❝ê♥❝✐❛✱ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥

t♦r♥❛✲s❡ ♠❛✐s tr❛❜❛❧❤♦s❛✳ P❛r❛ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❘❡❧❛t✐✈✐❞❛❞❡ ❊s♣❡❝✐❛❧ ♦✉ ❘❡❧❛✲

t✐✈✐❞❛❞❡ ●❡r❛❧✱ ❡①✐st❡♠ ❛✉t♦✈❛❧♦r❡s ❛ss♦❝✐❛❞♦s ❛ ♦♥❞❛s ♥ã♦ ❢ís✐❝❛s ♦ q✉❡ ❛❝❡♥t✉❛ ❛✐♥❞❛

♠❛✐s ❛ ❞✐✜❝✉❧❞❛❞❡✱ ♣♦✐s ❡st❛s ♦♥❞❛s ♣r❡❝✐s❛♠ s❡r r❡♠♦✈✐❞❛s ♣❛r❛ s❡ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s

❞❡ ❘✐❡♠❛♥♥ ❬✹✶✱ ✹✸❪✳ ❊st✉❞♦s s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❡♠ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛

❘❡❧❛t✐✈íst✐❝❛ ❡♥❝♦♥tr❛♠✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✼✹❪ ❡ ❛✐♥❞❛ ❝♦♥t✐♥✉❛♠ ❡♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳

❆té ♠❡s♠♦ ♦s r❡s♦❧✉❝✐♦♥❛❞♦r❡s ♥✉♠ér✐❝♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ t❛♠❜é♠ ❝❤❛♠❛✲

❞♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❛♣r♦①✐♠❛❞♦s✱ ♣♦ss✉❡♠ ❞✐✜❝✉❧❞❛❞❡s q✉❛♥❞♦ ♦s ❛✉t♦✈❛❧♦r❡s

♥ã♦ sã♦ t♦❞♦s ❞✐st✐♥t♦s ❡✴♦✉ q✉❛♥❞♦ tr❛t❛✲s❡ ❞❡ ●❘▼❍❉ ❬✷✺❪✳

❯♠❛ ❞❛s ✜♥❛❧✐❞❛❞❡s ❞❡ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ é ❝♦♥str✉✐r ♦ ✢✉①♦ ♥✉♠ér✐❝♦

Fi+1/2 ❞❛ ❡q✉❛çã♦ ✭✸✳✻✾✮ ❛tr❛✈és ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✳ ❆ss✐♠ ❛❧é♠ ❞❡ s❡ r❡s♦❧✈❡r ♦s

♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ ♦ ✢✉①♦ ♥✉♠ér✐❝♦ Fi+1/2 ❞❡✈❡ s❡r ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ✢✉①♦

f(u(xi+1/2, t)) ❞❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ut + f(u)x = 0✳

❉✐❢❡r❡♥t❡s ✢✉①♦s ♥✉♠ér✐❝♦s ❝❛r❛❝t❡r✐③❛♠ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❞❡♥tr♦ ❞❛ ❝❧❛ss❡ ❞❡

♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈✳ ▲♦❣✱ ❞✐❢❡r❡♥t❡s ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ❞✐❢❡r❡♥t❡s

✢✉①♦s ♥✉♠ér✐❝♦s✳ ❊①❡♠♣❧♦s ♠❛✐s ❝♦♠✉♥s ❞❡ r❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥

✽✶



sã♦✿ ❞❡ ❘♦❡ ❬✼✸❪✱ ❞❡ ❖s❤❡r ❬✷✶❪✱ ❞❡ ❍❛rt❡♥✲▲❛①✲▲❡❡r ✭❍▲▲✮ ❬✸✶❪✱ ❍▲▲ ❝♦♠ ❈♦♥t❛t♦ ✭❍▲▲❈✮

❞❡ ❚♦r♦ ❬✽✽❪ ❡ ❞❡ ❘✉s❛♥♦✈ ❬✼✻❪✳

❖❜s❡r✈❛çõ❡s✿

✶✮ ❈♦♥❞✐çã♦ ❈❋▲✿ ❆s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡♠ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❞♦ t✐♣♦ ●♦✲

❞✉♥♦✈ ❡stã♦ ❝♦♥❝❡♥tr❛❞❛s ♥♦s ♣♦♥t♦s xi+1/2✬s ❝♦♥❢♦r♠❡ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✽✳

❚❛✐s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♣♦ss✉❡♠ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❧❡tr❛

Sk✱ q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳ ❆♦ r❡❛❧✐③❛r

✉♠ ♣❛ss♦ t❡♠♣♦r❛❧ ∆t ❞❡ ♠♦❞♦ q✉❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥ã♦ ❛t✐♥❥❛

♦s ♣♦♥t♦s ♠é❞✐♦s xi✬s✱ ❞❡✜♥✐❞♦s ♣♦r ❝❛❞❛ ❝é❧✉❧❛ ♠ét✐❞❛ Ωi✱ ♦s ✈❛❧♦r❡s ❞❛s ❣r❛♥❞❡③❛s

❞❡✜♥✐❞❛s ♥♦s ♣♦♥t♦s xi✬s ♥ã♦ s❡rã♦ ❛❢❡t❛❞♦s ♣❡❧❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s q✉❡ ♣r♦♣❛❣❛♠✲s❡

♥♦ ✐♥t❡r✐♦r ❞♦s Ωi✬s✳ ❆ss✐♠✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛s ❣r❛♥❞❡③❛s ❞❡✜♥✐❞❛s ♥♦s ♣♦♥t♦s

xi✬s ♥ã♦ sã♦ ❛❢❡t❛❞❛s ♣❡❧♦s ✢✉①♦s ❞❡✜♥✐❞♦s ♥❛s ❡①tr❡♠✐❞❛❞❡s ❞❡ Ωi s❡ s❛t✐s❢❛③❡♠ ❛

s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ❈❋▲

∆t.Si ≤
1

2
∆x ,

✈❡r ❋✐❣✉r❛ ✸✳✽❀

✷✮ ■♥t❡r♣♦❧❛çã♦✿ ❉❡✈✐❞♦ ❛♦ ✉s♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ♣♦r ♣❛rt❡s✱ ❛ ❝♦♥s✐stê♥❝✐❛

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ sã♦ ♦❜t✐❞♦s ❞✐r❡t❛♠❡♥t❡ ❞♦ ❡rr♦ ❞❡

✐♥t❡r♣♦❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧❀

✸✮ ❋❧✉①♦s✿ ❊♠ ❝❛❞❛ ✐♥t❡r❢❛❝❡ xi+1/2 é ♥❡❝❡ssár✐♦ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

♣❛r❛ ❞❡♣♦✐s ♦❜t❡r ♦ ✢✉①♦ Fi+1/2✳ ◆♦t❡ q✉❡ ❛ ❡✈♦❧✉çã♦ ❞❡ ❝❛❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛

Un
i ❞❡♣❡♥❞❡ ❞♦s ✢✉①♦s Fi+1/2 ❡ Fi−1/2✱ ♣♦rt❛♥t♦ ❞♦✐s ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ sã♦

♥❡❝❡ssár✐♦s ♣❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ Un
i ❛té Un+1

i ❀

✹✮ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❡str✐t❛✿ ◆♦ ❝❛s♦ ❞♦ s✐st❡♠❛ ❞❡ m ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ s❡r ❡str✐✲

t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ❛ ♠❛tr✐③ A é ❞✐❛❣♦♥❛❧✐③á✈❡❧✳ ▲♦❣♦✱ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ♣♦❞❡

s❡r s✉❜st✐t✉í❞♦ ♣♦r ✉♠ s✐st❡♠❛ q✉❛s❡ ❧✐♥❡❛r✿

∂t❯+ ∂xF (❯) = 0 ⇔ ∂t❲+ Λ❲x = 0 ,

✽✷





❡♠ q✉❡ A = KΛK−1✱ K =
[
K(1)| · · · |K(m)

]
✱ AK(i) = λiK

(i)✱ A = diag(λi) ♠❛tr✐③

❞✐❛❣♦♥❛❧ ❡ ❯ = K❲❀

✺✮ ❈❛♣t✉r❛ ❞❡ ❈❤♦q✉❡s✿ ❉❡✈✐❞♦ ❛♦ ✉s♦ ❞♦s ❛✉t♦✈❛❧♦r❡s✱ ♦s ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦✲

❞✉♥♦✈ ❝♦♥s❡❣✉❡♠ t❡r ✉♠ ♠❡❧❤♦r ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s q✉❛♥❞♦

❝♦♠♣❛r❛❞♦s ❛♦s ♠ét♦❞♦s ❧✐✈r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✳ ❊♥tr❡t❛♥t♦✱ ❝♦♥❤❡❝❡r

♦s ❛✉t♦✈❛❧♦r❡s ❛✉♠❡♥t❛ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♠ét♦❞♦ ❡ r❡str✐♥❣❡ ❛ ❛♣❧✐❝❛❜✐✲

❧✐❞❛❞❡ ❞♦s ♠ét♦❞♦s t♦r♥❛♥❞♦✲♦s ♠❡♥♦s r♦❜✉st♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❛♦s ♠ét♦❞♦s

❝❡♥tr❛❞♦s✳

✻✮ ❖♥❞❛s ❊❧❡♠❡♥t❛r❡s✿ ❆♦ s❡ ✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ q✉❡ ♥❡❝❡ss✐t❛ ❞❡ r❡✲

s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ ❛s ❡str✉t✉r❛s ❢ís✐❝❛s ❞❛s ♦♥❞❛s q✉❡ s❡ ♣r♦♣❛❣❛♠

♥♦ ✢✉✐❞♦ sã♦ ❝♦♥❤❡❝✐❞❛s✱ ❞❡✈✐❞♦ ❛♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❡ ❡ss❛s ✐♥❢♦r♠❛çõ❡s

♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞❛s ♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❞❡s❝r✐çã♦ ❡ ❡♥t❡♥❞✐♠❡♥t♦ ❢ís✐❝♦ ❞♦s ❢❡♥ô♠❡♥♦s

❡♠ ❡st✉❞♦✳

✸✳✼ ❈♦♠♣❛r❛çõ❡s

◆❡st❛ s❡çã♦ sã♦ ❢❡✐t❛s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ♦s ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❡①♣♦st♦s ♥❡st❡

❝❛♣ít✉❧♦✳ ❖ ♣r♦❜❧❡♠❛ ❡s❝♦❧❤✐❞♦ ❢♦✐ ♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ✉♠ ✢✉✐❞♦✱ ❞❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡

❊✉❧❡r ❯♥✐❞✐♠❡♥s✐♦♥❛❧✱

∂

∂t
ρ+

∂

∂x
(ρv) = 0 ✭❡q✉❛çã♦ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡✮ ✭✸✳✼✵✮

∂

∂t
ρv +

∂

∂x

(
ρv2 + p

)
= 0 ✭❡q✉❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦✮ ✭✸✳✼✶✮

∂

∂t
E +

∂

∂x
(v (E + p)) = 0 ✭❡q✉❛çã♦ ❞❛ ❡♥❡r❣✐❛✮ ✭✸✳✼✷✮

❡♠ q✉❡

✽✹



ρ = ρ(x, t) ✭❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❡♠ ❡s❝♦❛♠❡♥t♦✮

v = v(x, t) ✭✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦✮

p = p(x, t) ✭❞✐str✐❜✉✐çã♦ ❞❡ ♣r❡ssã♦ ♥♦ ✢✉✐❞♦✮

E = E(x, t) ✭❡♥❡r❣✐❛ t♦t❛❧ ❞♦ ✢✉✐❞♦✮

ǫ = ǫ(x, t) ✭❡♥❡r❣✐❛ ✐♥t❡r♥❛ ❞♦ ✢✉✐❞♦✮

γ ✭❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ✢✉✐❞♦✮

❝♦♠

E =
1

2

(
ρv2 + ǫ

)
❡ ǫ =

p

(γ − 1)ρ
.

◆♦t❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ❡stã♦ ❡s❝r✐t❛s ♥❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✲

✈❛çã♦✱ ❞❡✜♥✐çã♦ ✸✳✶✳✸✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ❛♦ r❡❛❧✐③❛r ❛ ❞✐s❝r❡t✐③❛çã♦ ❞❡ t❛✐s ❡q✉❛çõ❡s ♣♦r

❛❧❣✉♠ ♠ét♦❞♦ ❞❡s❝r✐t♦ ♥❛s ❙❡çõ❡s ✸✳✺ ❡ ✸✳✻✱ ♦ ♠ét♦❞♦ ♥ú♠❡r✐❝♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

❝♦♥s❡r✈❛t✐✈❛✱ ✐st♦ é✱ ❝♦♥❢♦r♠❡ ❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶✳

✸✳✼✳✶ ❘❡❝✉rs♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❆s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ✈✐❛ t❡r♠✐♥❛❧ ♥♦ ❝♦♥s♦❧❡ ❞♦ ❖❝t❛✈❡ ✈❡rsã♦

3.6.4 ❡♠ ✉♠ ▲✐♥✉①✴●◆❯ ✻✹❜✐ts ❞❡ ❦❡r♥❡❧ 3.8.0− 30 ❝♦♠ ♣r♦❝❡ss❛❞♦r ✐♥t❡❧ ✐✼ ❞❡ 2, 9GHz

❝♦♠ ✹ ♥ú❝❧❡♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦s✱ ✻ ●❜❘❆▼ ❉❉❘ ✸ ❡ ❜♦❣♦♠✐♣s 5786, 81 ✭✐♥❢♦r♠❛çã♦

❡①tr❛í❞❛ ❞♦ ❝♣✉✐♥❢♦✮✳

■♠♣❧❡♠❡♥t❛♠♦s ❝ó❞✐❣♦s ❞♦s ♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s✱ ▲❛①✲❲❡♥❞r♦✛✬s✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r

❡ ●♦❞✉♥♦✈✲❍▲▲ ♥❡st❡ ❛♠❜✐❡♥t❡ ♣❛r❛ ♦❜t❡r s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞♦s ❡①❡♠♣❧♦s ❛

s❡❣✉✐r✱ q✉❡ ❡♥✈♦❧✈❡♠ ❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r q✉❡ ♠♦❞❡❧❛♠ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s✳

❖ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ✐♠♣❧❡♠❡♥t❛❞♦ ❢♦✐ ♦ ❡sq✉❡♠❛ q✉❡ ♥ã♦ t❡♠ ❛ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✱

♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❈❧áss✐❝♦✱ ❡q✉❛çã♦ ✭✸✳✹✺✮✳ ❚❛♠❜é♠✱ ✐♠♣❧❡♠❡♥t❛♠♦s ♦s ♠ét♦✲

❞♦s ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r ❡ ♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r ♣❛r❛ ❞✐s❝r❡t✐③❛çã♦ ❡s♣❛❝✐❛❧ ❡

♦ ❡sq✉❡♠❛ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❚❱❉ ♥❛ ❞✐s❝r❡t✐③❛çã♦ t❡♠♣♦r❛❧✳ ❖ ♠ét♦❞♦

◆❡ss②❛❤✉✲❚❛❞♠♦r ✐♠♣❧❡♠❡♥t❛❞♦ ❢♦✐ ♦ ❡sq✉❡♠❛ ❝♦♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✱ ❡q✉❛çã♦ ✭✸✳✺✼✮ ❡✱

♣♦r ✜♠✱ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞♦s ❡sq✉❡♠❛ ❞❡♣❡♥❞❡♥t❡s ❞❡ r❡s♦❧✉❝✐♦♥❛❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡

✽✺



❘✐❡♠❛♥♥ ✲ ♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲✱ s❡çã♦ ✸✳✼ ❬✽✽❪✳

◆♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❝♦♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛ ✉t✐❧✐③❛♠♦s ❛ ❢✉♥çã♦ ♠✐♥♠♦❞ ❞❛❞❛

♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✺✻✮✳

✸✳✼✳✷ ❊①❡♠♣❧♦ ✶ ✲ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞

❈♦♥s✐❞❡r❡ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛

t❡st❡ ❞❡ ❙♦❞ ❬✽✶❪✳ ◆❡st❡ ❡①❡♠♣❧♦ t❡♠✲s❡ ❛ ❢♦r♠❛çã♦ ❞❛s três ❝❧❛ss❡s ❞❡ ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s✿

♦♥❞❛s ❞❡ ❝❤♦q✉❡✱ ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦ ❡ ♦♥❞❛s ❞❡ ❝♦♥t❛t♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛

✐♥❝♦r♣♦r❛ ❛s ❞✐✜❝✉❧❞❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♥❝♦♥tr❛❞❛s q✉❛♥❞♦ ❜✉s❝❛♠♦s r❡❛❧✐③❛r ✐♠♣❧❡✲

♠❡♥t❛çõ❡s ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s❡ ♦❜t❡r s♦❧✉çõ❡s ❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡

❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣♦ss✉✐ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞ ❝♦♥s✐st❡ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿

ρ(x, 0) =





1, 0 s❡ x < 0

0, 125 s❡ x > 0
, v(x, 0) =





0, 0 s❡ x < 0

0, 0 s❡ x > 0
,

❡

p(x, 0) =





1, 0 s❡ x < 0

0, 1 s❡ x > 0
. ✭✸✳✼✸✮

◆❡st❡ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♠♦s γ = 1, 4 ❡ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s r❡♣r❡s❡♥t❛❞❛s ♥❛s ❋✐❣✉r❛s

✸✳✶✶ ✲ ✸✳✷✷ ✉t✐❧✐③❛♠♦s ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✶✳ ❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❢♦r❛♠ ♣❧♦t❛❞❛s ♥❛s

❋✐❣✉r❛s ✸✳✾ ❡ ✸✳✶✵✳ ❊♠ t♦❞♦s ♦s ❣rá✜❝♦s ❞❡ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❛♣r❡s❡♥t❛♠♦s ❛ s♦❧✉çã♦

❛♥❛❧ít✐❝❛ ❞❡ r❡❢❡rê♥❝✐❛ ❡♠ ❝♦r ♣r❡t❛✳

❚❛❜❡❧❛ ✸✳✶✿ ❉❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞
❉♦♠í♥✐♦ ❙✉❜✐♥t❡r✈❛❧♦s ∆x ❈❋▲ ∆t ♣❛ss♦s ❞❡ t❡♠♣♦ tf

❬✲✷✱✷❪ ✹✵✵ ✵✱✵✶ ✵✱✶ ✵✱✵✵✶ ✽✵✵ ✵✱✽

◆❛ t❛❜❡❧❛ ✸✳✷ ❡♥❝♦♥tr❛♠✲s❡ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ❝❛❞❛ ♠ét♦❞♦

♥✉♠ér✐❝♦✳

❯t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✶ ♦❜t✐✈❡♠♦s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞♦s ♠ét♦❞♦s ▲❛①✲

❋r✐❡❞r✐❝❤s✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r✱ ▲❲❘ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r✲

❝❡✐r❛ ♦r❞❡♠ ❚❱❉ ❡ ●♦❞✉♥♦✈ ❝♦♠ ❍▲▲✳

✽✻



❚❛❜❡❧❛ ✸✳✷✿ ■♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❝❛❞❛ ♠ét♦❞♦ ♥✉♠ér✐❝♦
❊sq✉❡♠❛ t❡♠♣♦ ❈P❯ ✭s✮ ♦♣❡r❛çõ❡s ▼✢♦♣✴s

▲❛①✲❋r✐❡❞r✐❝❤s ✸✶✱✾✵✽ ✶✶✸✱✹
▲❛①✲❲❡♥❞r♦✛ ✺✹✱✵✽✸ ✶✽✸✱✻
●♦❞✉♥♦✈✲❍▲▲ ✽✶✱✷✶✾ ✲

◆❡ss②❛❤✉✲❚❛❞♠♦r✲❙❚ ✶✷✵✱✼✾✵ ✲
▲❲❘✲❘❑✸❚❱❉ ✶✼✶✱✽✹✶ ✲

❋✐❣✉r❛ ✸✳✾✿ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ✈❡❧♦❝✐✲
❞❛❞❡ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✸✳✶✵✿ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ♣r❡ssã♦ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ❡♥❡r❣✐❛
✐♥t❡r♥❛ ✐♥✐❝✐❛❧✳

✽✼



❋✐❣✉r❛ ✸✳✶✶✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡✲
❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈✱ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❖s ❣rá✜❝♦s à ❡sq✉❡r❞❛ ❞❛s ❋✐❣✉r❛s ✸✳✶✷ ❡ ✸✳✶✸ r❡♣r❡s❡♥t❛♠ ❜❡♠ ♦ ❝❛rát❡r ❞✐ss✐♣❛t✐✈♦

❞♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ♦s❝✐❧❛tór✐♦ ❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r✳

◆❡ss❛s ♠❡s♠❛s ✜❣✉r❛s✱ ♦s ❣rá✜❝♦s à ❞✐r❡✐t❛ ♠♦str❛♠ ❛ ❞✐♠✐♥✉✐çã♦ ❞❛ ❞✐ss✐♣❛çã♦

♥✉♠ér✐❝❛ ❞❡✈✐❞♦ às ♠❡❧❤♦r✐❛s q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❢❛③ ❛ ♣❛rt✐r ❞♦ ♠ét♦❞♦

▲❛①✲❋r✐❡❞r✐❝❤s ❡✱ t❛♠❜é♠✱ t❡♠✲s❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♠ét♦❞♦ ❘✉♥❣❡✲

❑✉tt❛✱ ❝♦♥tr♦❧❛♥❞♦ ❛s ♦s❝✐❧❛çõ❡s ❞♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r✳

❊♥tr❡t❛♥❞♦ ❡ss❡s ❜❡♥❡❢í❝✐♦s r❡s✉❧t❛♠ ❡♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣❡❧❛ ❚❛❜❡❧❛ ✸✳✷ ♣❡r❝❡❜❡✲

s❡ q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❞❡♠♦r❛ q✉❛s❡ ✹ ✈❡③❡s ♠❛✐s ♣❛r❛ ❡①❡❝✉t❛r ✉♠ ♣❛ss♦

t❡♠♣♦r❛❧ ❛♦ s❡ ❝♦♠♣❛r❛r ❝♦♠ ♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸❚❱❉

❣❛st❛ q✉❛s❡ ✸ ✈❡③❡s ♠❛✐s ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ ✐t❡r❛çã♦ ❞♦ q✉❡ ♦ ▲❛①✲❲❡♥❞r♦✛✳

❖ ❣rá✜❝♦ à ❞✐r❡✐t❛ ❞❛ ❋✐❣✉r❛ ✸✳✶✶ ♠♦str❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈✲

❍▲▲✱ q✉❡ ♣♦ss✉✐ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ♣❡rt♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✱ ❝♦♠ ✉♠ t❡♠♣♦ ❝♦♠✲

♣✉t❛❝✐♦♥❛❧ ❞❡ ❈P❯ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 2, 5 ✈❡③❡s ♠❛✐♦r ❞♦ q✉❡ ♦ t❡♠♣♦ ❣❛st♦ ♣❡❧♦ ▲❛①✲

❋r✐❡❞r✐❝❤s✳ P♦ré♠ ❞❡✈❡✲s❡ r❡ss❛❧t❛r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ♣r❡❝✐s❛ ❞❡ ♠❛✐s ✐♥❢♦r♠❛çõ❡s

s♦❜r❡ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✭s♦❜r❡ ♦ s✐st❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s✮✳ ❆s ❡q✉❛çõ❡s

❞❡ ❊✉❧❡r ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♣♦ss✉❡♠ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s✱ ♦ q✉❡ t♦r♥❛ ♣♦ssí✈❡❧

❛♣❧✐❝❛r ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ s❡♠ ❛❝rés❝✐♠♦s ❞❡ té❝♥✐❝❛s ❬✽✽❪✳

❆s ❞❡♠❛✐s ❋✐❣✉r❛s ✸✳✶✹ ✲ ✸✳✷✷ ❛♣r❡s❡♥t❛♠ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣♦r ❝❛❞❛ ♠ét♦❞♦ ♥✉♠ér✐❝♦

✽✽



❡ ❡①♣õ❡♠ ♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❥á ❝✐t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✶✷✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✶✸✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✸✳✼✳✸ ❊①❡♠♣❧♦ ✷ ✲ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞

❖ ❡①❡♠♣❧♦ ✷ t❡♠ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ✐♥❝✐❛✐s ❝♦♥s✐❞❡r❛❞❛s ♥♦ ❡①❡♠♣❧♦ ✶✳ ❊♥tr❡t❛♥t♦✱ ❛

❝♦♥❞✐çã♦ ❈❋▲ ♥ã♦ é ✜①❛❞❛ ✐❣✉❛❧♠❡♥t❡ ♣❛r❛ t♦❞♦s ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ ❝❛❞❛ ❡sq✉❡♠❛

tr❛❜❛❧❤❛rá ♣ró①✐♠♦ ❞♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡ ❝❛❞❛ ♠ét♦❞♦✳

✽✾



❋✐❣✉r❛ ✸✳✶✹✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲
ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✶✺✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✾✵



❋✐❣✉r❛ ✸✳✶✻✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❋✐❣✉r❛ ✸✳✶✼✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡rê♥❝✐❛
❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s
❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

✾✶



❋✐❣✉r❛ ✸✳✶✽✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✶✾✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✾✷



❋✐❣✉r❛ ✸✳✷✵✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡
r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✷✶✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✾✸



❋✐❣✉r❛ ✸✳✷✷✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

◆❡st❡ ❡①❡♠♣❧♦ ♠❛♥t❡♠✲s❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞ ♥♦ ❞♦♠í♥✐♦ [−2, 2]✱ ❝♦♠ 400 s✉❜❞✐✈✐sõ❡s✱

✐st♦ é ∆x = 0, 01 ❡ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ✜♥❛❧

❞❡ 0, 8✳

❆♣ós ❛s s✐♠✉❧❛çõ❡s ♦❜t✐✈❡♠♦s ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✸✱ ❝♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❞❛ ❈❋▲

♣ró①✐♠♦ ❞♦ ♠á①✐♠♦ ♠❛♥t❡♥❞♦ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ♠ét♦❞♦❀ q✉❛♥t✐❞❛❞❡ ❞❡ ✐t❡r❛çõ❡s

♣❛r❛ s❡ ❝❤❡❣❛r ♣❡rt♦ ❞♦ t❡♠♣♦ ✜♥❛❧ ❞❡ 0, 8 ❡ ♦ t❡♠♣♦ ❞❡ ❈P❯ ❣❛st♦ ♣♦r ❝❛❞❛ ♠ét♦❞♦✳

❊st❛ ❝♦♠♣❛r❛çã♦ ♠♦str❛ q✉❡ ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘❑✸❚❱❉ ♣r❡❝✐s♦✉ ❞❡ ♠❡♥♦s

♣❛ss♦s ♣❛r❛ ❛t✐♥❣✐r ♦ t❡♠♣♦ ✜♥❛❧✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❧❡✈♦✉ ♠❛✐s

♣❛ss♦s ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ s❡♠❡❧❤❛♥t❡✳

❚❛❜❡❧❛ ✸✳✸✿ ■♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❝❛❞❛ ♠ét♦❞♦ ♥✉♠ér✐❝♦
❊sq✉❡♠❛ ❈❋▲ ♣❛ss♦s ❞❡ t❡♠♣♦ t❡♠♣♦ ✜♥❛❧ t❡♠♣♦ ❈P❯ ✭s✮

▲❛①✲❋r✐❡❞r✐❝❤s ✵✱✸✺ ✷✷✾ ✵✱✽✵✶✺ ✽✱✾✽✺✷
▲❛①✲❲❡♥❞r♦✛ ✵✱✸✺ ✷✷✾ ✵✱✽✵✶✺ ✶✹✱✹✶✺
●♦❞✉♥♦✈✲❍▲▲ ✵✱✸✺ ✷✷✾ ✵✱✽✵✶✺ ✷✷✱✻✼✺
▲❲❘✲❘❑✸❚❱❉ ✵✱✹✵ ✷✵✵ ✵✱✽✵ ✹✶✱✻✼✺

◆❡ss②❛❤✉✲❚❛❞♠♦r✲❙❚ ✵✱✶✺ ✺✸✷ ✵✱✼✾✽✵ ✼✽✱✸✶✶

◆❛ ❋✐❣✉r❛ ✸✳✷✸ ❢♦r❛♠ ♣❧♦t❛❞♦s ♦s ❣rá✜❝♦s ❞❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ❞❛ s♦❧✉çã♦

♥✉♠ér✐❝❛ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲✳

❈♦♠♣❛r❛♥❞♦ ❛s ✜❣✉r❛s q✉❡ ❝♦♥tê♠ ❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞♦s ♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s

✾✹



❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ❋✐❣✉r❛s ✸✳✷✹✱ ✸✳✷✼✱ ✸✳✸✵ ❡ ✸✳✸✸✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲

❚❛❞♠♦r ❝♦♥t✐♥✉❛ ♠❡♥♦s ❞✐ss✐♣❛t✐✈♦ ❞♦ q✉❡ ♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s✱ ♠❡s♠♦ ♣r❡❝✐s❛♥❞♦

❞❡ ♠❛✐s ✐t❡r❛çõ❡s ♣❛r❛ s❡ ❝❤❡❣❛r ♥♦ ♠❡s♠♦ t❡♠♣♦ ✜♥❛❧✳ ❊♥tr❡t❛♥t♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦

t❡♠♣♦ ❣❛st♦ ❞❡ ❈P❯ ❛✉♠❡♥t❛ t♦r♥❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ▲❛①✲❋r✐❡❞r✐❝❤s q✉❛s❡ ✾ ✈❡③❡s ♠❛✐s

rá♣✐❞♦✳

❖❜s❡r✈❛♥❞♦ ❛s ❋✐❣✉r❛s ✸✳✷✺✱ ✸✳✷✽✱ ✸✳✸✶ ❡ ✸✳✸✹✱ q✉❡ ❝♦♥st✐t✉❡♠ ❛s s✐♠✉❧❛çõ❡s ❢❡✐t❛s ♣❡❧♦s

♠ét♦❞♦s ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r ❡ ▲❲❘ ❝♦♠ ❘❑✸❚❱❉✱ ✐♥❞✉③✲s❡ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉

s✉❛✈✐③❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞✐♠✐♥✉✐♥❞♦ ❛ ♦s❝✐❧❛çã♦ ❞♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✳ P♦r ♦✉tr♦

❧❛❞♦ ♦❜s❡r✈❛✲s❡ q✉❡ t❛❧ ♣r♦♣r✐❡❞❛❞❡ ❛❝r❡s❝❡♥t❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ♥❛ s♦❧✉çã♦ ❛♣r♦①✐✲

♠❛❞❛✳

❋✐❣✉r❛ ✸✳✷✸✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡✲
❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

✸✳✼✳✹ ❊①❡♠♣❧♦ ✸ ✲ ♣r♦❜❧❡♠❛ ❞❡ ❲♦♦❞✇❛r❞ ✫ ❈♦❧❡❧❧❛

❊st❡ ❡①❡♠♣❧♦ ❞❡s❝r❡✈❡ ♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛

t❡st❡ ❞❡ ❲♦♦❞✇❛r❞ ✫ ❈♦❧❡❧❧❛ ❬✾✹❪✳ ❖ ❞❡st❛q✉❡ é ❛ ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛ ❞❡ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛

♥❛ ♣r❡ssã♦ ✐♥✐❝✐❛❧✱ ♦ q✉❡ tr❛③ ✉♠ ❛♠❜✐❡♥t❡ ❡♥❝♦♥tr❛❞♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s

r❡❧❛t✐✈íst✐❝♦s✳ ❯♠ ♦✉tr♦ ✐♥t❡r❡ss❡ ❡♠ r❡❛❧✐③❛r ❡st❡ ❡①❡♠♣❧♦ é ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ✢✉✐❞♦ s❡

❞❡s❡♥✈♦❧✈❡rá à ❞✐r❡✐t❛✱ ✐st♦ é✱ ♥♦ s❡♥t✐❞♦ ❝♦♥trár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞ ✲ ❡①❡♠♣❧♦s ✶ ❡

✾✺



❋✐❣✉r❛ ✸✳✷✹✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✷✺✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✾✻



❋✐❣✉r❛ ✸✳✷✻✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲
ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✷✼✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✾✼



❋✐❣✉r❛ ✸✳✷✽✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❋✐❣✉r❛ ✸✳✷✾✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡rê♥❝✐❛
❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s
❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

✾✽



❋✐❣✉r❛ ✸✳✸✵✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✸✶✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✾✾



❋✐❣✉r❛ ✸✳✸✷✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡
r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✸✸✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✶✵✵



❋✐❣✉r❛ ✸✳✸✹✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✷✱ ❛ss✐♠ ♦s ❞♦✐s ♣r♦❜❧❡♠❛s t❡st❛♠ ♦s ❝ó❞✐❣♦s ❞♦s ♠ét♦❞♦s ❡♠ ✈ár✐❛s s✐t✉❛çõ❡s ♣♦ssí✈❡✐s

t♦r♥❛♥❞♦✲♦s ♠❛✐s ❝♦♥✜á✈❡✐s✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❲♦♦❞✇❛r❞ ✫ ❈♦❧❡❧❧❛ à ❞✐r❡✐t❛ ❝♦♥s✐st❡ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿

ρ(x, 0) =





1, 0 s❡ x < 2

1, 0 s❡ x > 2
, v(x, 0) =





0, 0 s❡ x < 2

0, 0 s❡ x > 2
,

❡

p(x, 0) =





0, 01 s❡ x < 2

1.000, 00 s❡ x > 2
. ✭✸✳✼✹✮

❈♦♥s✐❞❡r❛♠♦s γ = 1, 4 ❡ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ❋✐❣✉r❛s ✸✳✸✼ ✲ ✸✳✹✽

✉t✐❧✐③❛♠♦s ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✹✳ ❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡stã♦ ♣❧♦t❛❞❛s ♥❛s ❋✐❣✉r❛s ✸✳✸✺

❡ ✸✳✸✻✳ ❊♠ t♦❞♦s ♦s ❣rá✜❝♦s ❞❡ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ♠♦str❛♠♦s ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❡

r❡❢❡rê♥❝✐❛ ❡♠ ❝♦r ♣r❡t❛✳ ◆❛ ❚❛❜❡❧❛ ✸✳✺ ❡♥❝♦♥tr❛♠✲s❡ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❞❡s❡♠♣❡♥❤♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❝❛❞❛ ♠ét♦❞♦✱ q✉❛♥❞♦ ❛♣❧✐❝❛❞♦s ❛♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳

❚❛❜❡❧❛ ✸✳✹✿ ❉❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❲♦♦❞✲
✇❛r❞ ✫ ❈♦❧❡❧❧❛

❉♦♠í♥✐♦ ❙✉❜✐♥t❡r✈❛❧♦s ∆x tf

❬✵✱✹❪ ✽✵✵ ✵✱✵✵✺ ✵✱✵✹

❯t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✹ ❡♥❝♦♥tr❛♠♦s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞♦s ♠ét♦❞♦s ▲❛①✲

✶✵✶



❚❛❜❡❧❛ ✸✳✺✿ ■♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❝❛❞❛ ♠ét♦❞♦ ♥✉♠ér✐❝♦
❊sq✉❡♠❛ ❈❋▲ ♣❛ss♦s ❞❡ t❡♠♣♦ t❡♠♣♦ ✜♥❛❧ t❡♠♣♦ ❈P❯ ✭s✮

▲❛①✲❋r✐❡❞r✐❝❤s ✵✱✵✷ ✹✵✵ ✵✱✵✹ ✸✷✱✵✽✾
●♦❞✉♥♦✈✲❍▲▲ ✵✱✵✷ ✹✵✵ ✵✱✵✹ ✽✵✱✹✼✶

▲❲❘✲❘❑✸❚❱❉ (∗) ✵✱✵✷ ✹✵✵ ✵✱✵✹ ✶✻✻✱✼✻
◆❡ss②❛❤✉✲❚❛❞♠♦r✲❙❚ ✵✱✵✵✽ ✶✳✵✵✵ ✵✱✵✹ ✼✺✹✱✾✾
▲❛①✲❲❡♥❞r♦✛ (∗∗) ✵✱✵✵✵✶✲✵✱✵✹ ✲ ✲ ✲

(∗) ♠ét♦❞♦ ❡stá✈❡❧ ♣❛r❛ ♦s ✈❛❧♦r❡s 0, 01 ❡ 0, 02✱ ❡ ✐♥stá✈❡❧ ♣❛r❛ 0, 005 ❡ 0, 04✳

(∗∗) ♠ét♦❞♦ ♥ã♦ ❡st❛❜✐❧✐③❛❞♦ ❡♥tr❡ ✵✱✵✵✵✶ ❡ ✵✱✵✹✳

❋✐❣✉r❛ ✸✳✸✺✿ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ✈❡❧♦❝✐✲
❞❛❞❡ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✸✳✸✻✿ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ ♣r❡ssã♦ ✐♥✐❝✐❛❧ ❡ à ❞✐r❡✐t❛ ❛ ❡♥❡r❣✐❛
✐♥t❡r♥❛ ✐♥✐❝✐❛❧✳

✶✵✷



❋r✐❡❞r✐❝❤s✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r✱ ▲❲❘ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r✲

❝❡✐r❛ ♦r❞❡♠ ❚❱❉ ❡ ●♦❞✉♥♦✈ ❝♦♠ ❍▲▲✳

❖s ❣rá✜❝♦s à ❡sq✉❡r❞❛ ❞❛s ❋✐❣✉r❛s ✸✳✸✽✱ ✸✳✹✶✱ ✸✳✹✹ ❡ ✸✳✹✼ ♠♦str❛♠ ❛s s♦❧✉çõ❡s ❡♥❝♦♥✲

tr❛❞❛s ♣❡❧♦ ▼ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s✳ ❆♣❡s❛r ❞♦ ❝❛rát❡r ❞✐ss✐♣❛t✐✈♦✱ ❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s

sã♦ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ❡ t❛❧ ❝❛rát❡r ♥❡st❡ ❡①❡♠♣❧♦ ♥ã♦ ✜❝♦✉ tã♦ ❡✈✐❞❡♥❝✐❛❞♦ q✉❛♥❞♦ ❝♦♠✲

♣❛r❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♦❞ ✲ ❊①❡♠♣❧♦ ✶✳ ❆ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ❢♦✐ ♠❛✐s ❡✈✐❞❡♥❝✐❛❞❛ ♥♦

❣rá✜❝♦ ❞❛ ❞❡♥s✐❞❛❞❡ ✲ ❋✐❣✉r❛ ✸✳✸✽✳

◆❛s ♠❡s♠❛s ✜❣✉r❛s✱ ♦s ❣rá✜❝♦s à ❞✐r❡✐t❛ ♠♦str❛♠ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦

◆❡ss②❛❤✉✲❚❛❞♠♦r ❡ t❛❧ ♠ét♦❞♦ ♣❡r♠❛♥❡❝❡✉ ♠❡♥♦s ❞✐ss✐♣❛t✐✈♦ ♠❡s♠♦ ♣r❡❝✐s❛♥❞♦ ❞❡ ♠❛✐s

✐t❡r❛çõ❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦ ▲❛①✲❋r✐❡❞r✐❝❤s ✲ ✈❡❥❛ ❚❛❜❡❧❛ ✸✳✺✳ ❈♦♥❢r♦♥t❛♥❞♦ ♦s ♠ét♦✲

❞♦s ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡ ●♦❞✉♥♦✈✲❍▲▲ ✲ ✜❣✉r❛s ✸✳✸✼✱ ✸✳✹✵✱ ✸✳✹✸ ❡ ✸✳✹✻ ✲ ❛s s♦❧✉çõ❡s ❣rá✲

✜❝❛s ♣♦ss✉❡♠ ❝♦♠♣♦rt❛♠❡♥t♦s s❡♠❡❧❤❛♥t❡s✳ ❖ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ♣r❡❝✐s♦✉ ❞❡

✉♠ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ♠❛✐♦r q✉❡ ♦ ❞♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲ ✲ ✈❡r ❚❛❜❡❧❛ ✸✳✺✱ ♣♦ré♠

r❡ss❛❧t❛✲s❡ q✉❡ ♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲ ♥❡❝❡ss✐t❛ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛

❡ ❡♠ s✐st❡♠❛s q✉❡ ♥ã♦ sã♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ ❛s ❞✐✜❝✉❧❞❛❞❡s ❞❡ ❛♣❧✐❝❛çã♦ ❛✉✲

♠❡♥t❛♠✳ ❊♠❜♦r❛ ❛s s♦❧✉çõ❡s ❛♣r❡s❡♥t❡♠ ❣r❛♥❞❡s s❡♠❡❧❤❛♥ç❛s✱ ❞❡st❛❝❛♠✲s❡ ❛s s♦❧✉çõ❡s

♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ♣♦✐s ❢♦✐ ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r ✉♠❛ ♠❡❧❤♦r r❡♣r❡s❡♥✲

t❛çã♦ ❞♦ ♣✐❝♦ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❣rá✜❝♦ ❞❛ ❞❡♥s✐❞❛❞❡✱ ♠❡s♠♦ s❡♠ ♣r❡❝✐s❛r ❞❡ ✐♥❢♦r♠❛çõ❡s ❛

♠❛✐s ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲✳

❆s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣❡❧♦s ♠ét♦❞♦s ▲❛①✲❲❡♥❞r♦✛✬s ❡♥❝♦♥tr❛♠✲s❡ ♥❛s ❋✐❣✉r❛s ✸✳✸✾✱ ✸✳✹✷✱

✸✳✹✺ ❡ ✸✳✹✽✳ ◆♦s ❣rá✜❝♦s à ❡sq✉❡r❞❛ tê♠✲s❡ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲

❘✐❝❤t♠②❡r✱ ❝✉❥❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥ã♦ ❛t✐♥❣✐✉ ♦ t❡♠♣♦ ✜♥❛❧ ❞❡✈✐❞♦ ❛s ❣r❛♥❞❡s ♦s❝✐❧❛çõ❡s✳

◆❛ t❡♥t❛t✐✈❛ ❞❡ ❡st❛❜✐❧✐③á✲❧♦ ✈❛r✐♦✉ ❛ ❈❋▲ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ 0, 0001 ❛té 0, 04✱ ❡♥tr❡t❛♥t♦

♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❡stá✈❡❧✳ ❆s ❋✐❣✉r❛s ✸✳✸✾✱ ✸✳✹✷✱ ✸✳✹✺ ❡ ✸✳✹✽ ♣♦ss✉❡♠

s♦❧✉çõ❡s✱ ❝♦♠ ♦s❝✐❧❛çõ❡s ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ♦s ✈❛❧♦r❡s CFL = 0, 0001✱ 1200

✐t❡r❛çõ❡s ❡ t❡♠♣♦ ✜♥❛❧ ❞❡ 6.10−4✱ ❝♦♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ✐t❡r❛çõ❡s ❛ s♦❧✉çã♦ é ✐❧✐♠✐t❛❞❛

♦❜t❡♥❞♦✲s❡ ✉♠ ♦✈❡r✢♦✇✳

◆♦t❛✲s❡ q✉❡✱ ♠❡s♠♦ ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠②❡r s❡♥❞♦ ❝♦♥s✐st❡♥t❡ ❡ ❝♦♥❞✐✲

❝✐♦♥❛❧♠❡♥t❡ ❡stá✈❡❧ ✲ s❡çã♦ ✸✳✺✳✸✱ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❡stá✈❡❧ ❞❡✈✐❞♦ ❛

♣r♦♣❛❣❛çã♦ ❞❡ ❣r❛♥❞❡s ♦s❝✐❧❛çõ❡s ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❛ ♣r❡ssã♦✳

✶✵✸



❆ ♠♦❞✐✜çã♦ r❡❛❧✐③❛❞❛ ♥♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ✉t✐❧✐③❛♥❞♦ ♦ ❘✉♥❣❡✲❑✉tt❛ ✸ ❚❱❉ ♣❛r❛

❛ ❞✐s❝r❡t✐③❛çã♦✱ ❢♦✐ ❝❛♣❛③ ❞❡ ❝♦♥tr♦❧❛r ❛ ❣r❛♥❞❡ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ❡ ❡st❛❜✐❧✐③❛r ❛ s♦❧✉çã♦

♥✉♠ér✐❝❛✱ ✈❡❥❛ ❛s ❋✐❣✉r❛s ✸✳✸✾✱ ✸✳✹✷✱ ✸✳✹✺ ❡ ✸✳✹✽✱ ❣rá✜❝♦s à ❞✐r❡t❛✳ ▼♦❞✐✜❝❛♥❞♦ ❛ ❈❋▲

♣❛r❛ 0, 01 r❡❛❧✐③❛♠♦s ❛ s✐♠✉❧❛çã♦ ❝♦♠ ♦ ♠ét♦❞♦ ▲❲❘✲❑❑✸❚❱❉ ❛té ♦ t❡♠♣♦ ✜♥❛❧ ❞❡ 0, 04

❝♦♠ 800 ✐t❡r❛çõ❡s✱ ♥❡st❡ ❝❛s♦ ❛ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ❝♦♥t✐♥✉♦✉ ❝♦♥tr♦❧❛❞❛✱ ♣♦ré♠ ❝♦♠ ✉♠❛

❛♠♣❧✐t✉❞❡ ♠❛✐♦r ❞♦ q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ❝♦♠ ❛ ❈❋▲ ❞❡ 0, 02 ✲ ✈❡r ❋✐❣✉r❛s ✸✳✹✾ ❡ ✸✳✺✵✳ ❉❡

❢❛t♦ ❛s s♦❧✉çõ❡s ❢♦r❛♠ ❝♦♥tr♦❧❛❞❛s✱ s✐♠✉❧❛çõ❡s ❝♦♠ t❡♠♣♦ ✜♥❛❧ ♠❛✐♦r ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❡

t❛❧ ♦s❝✐❧❛çã♦ ♥ã♦ ❛✉♠❡♥t♦✉ ❞❡ t❛♠❛♥❤♦✳

❖ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ss❡s ♠ét♦❞♦s ❡♥❝♦♥tr❛♠✲s❡ ♥❛ ❚❛❜❡❧❛ ✸✳✺✳ ❖ ♠ét♦❞♦ ◆❡ss②❛❤✉✲

❚❛❞♠♦r ❞❡♠♦r♦✉ ✷✵ ✈❡③❡s ♠❛✐s ♣❛r❛ ❡①❡❝✉t❛r ❛ ♠❡s♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ r❡❛❧✐③❛❞❛ ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉ ❣❛st♦✉ q✉❛s❡ ✹ ✈❡③❡s ♠❛✐s ♣❛r❛

r❡❛❧✐③❛r ❛ ❡✈♦❧✉çã♦ q✉❡ ♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❢❡③✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r

❢♦✐ ♦ q✉❡ ♠❡❧❤♦r r❡♣r❡s❡♥t♦✉ ❛ ❡✈♦❧✉çã♦ ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❛ ♣r❡ssã♦ ❡ ❛s ❞❡✲

♠❛✐s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s s✉❜s❡q✉❡♥t❡s às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❖ ❣r❛♥❞❡ ❛✉♠❡♥t♦ ♥♦ t❡♠♣♦

❞❡ ❡①❡❝✉çã♦ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡stá ✈✐♥❝✉❧❛❞♦ à ❢✉♥çã♦ ♠✐♥♠♦❞✱ ♣♦✐s s✉❛ ✐♠✲

♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡♣❡♥❞❡ ❞❡ t♦♠❛❞❛s ❞❡ ❞❡❝✐sõ❡s ✲ ❝♦♠❛♥❞♦s ■❋✬s✳

❖ ❣rá✜❝♦ à ❞✐r❡✐t❛ ❞❛ ❋✐❣✉r❛ ✸✳✸✼ ♠♦str❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈✲

❍▲▲✳ ❆s ❞❡♠❛✐s ❋✐❣✉r❛s ✸✳✹✵ ✲ ✸✳✹✽ ❛♣r❡s❡♥t❛♠ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣♦r ❝❛❞❛ ♠ét♦❞♦

♥✉♠ér✐❝♦ ❡ ❡①♣õ❡♠ ♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❥á ❝✐t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

✶✵✹



❋✐❣✉r❛ ✸✳✸✼✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡✲
❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✸✽✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✶✵✺



❋✐❣✉r❛ ✸✳✸✾✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❋✐❣✉r❛ ✸✳✹✵✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡r✲
ê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

✶✵✻



❋✐❣✉r❛ ✸✳✹✶✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✹✷✿ ❊✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✶✵✼



❋✐❣✉r❛ ✸✳✹✸✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ r❡❢❡rê♥❝✐❛
❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s
❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

❋✐❣✉r❛ ✸✳✹✹✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

✶✵✽



❋✐❣✉r❛ ✸✳✹✺✿ ❊✈♦❧✉çã♦ ❞❛ ♣r❡ssã♦✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦
▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

❋✐❣✉r❛ ✸✳✹✻✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡
r❡❢❡rê♥❝✐❛ ❡ à ❞✐r❡✐t❛ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ▼ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❝♦♠ ♦ r❡s♦❧✉❝✐♦♥❛❞♦r ❞❡
♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❍▲▲✳

✶✵✾



❋✐❣✉r❛ ✸✳✹✼✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❋✐❣✉r❛ ✸✳✹✽✿ ❊✈♦❧✉çã♦ ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✿ à ❡sq✉❡r❞❛ ❡①♣õ❡♠✲s❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦
♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✲❘✐❝❤t♠❡②❡r✭▲❲❘✮ ❡ à ❞✐r❡✐t❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳

✶✶✵



❋✐❣✉r❛ ✸✳✹✾✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ à ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❡ à
❞✐r❡✐t❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡✱ ❛♠❜❛s ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳ ❈♦♥s✐❞❡r❛♠♦s ❛
❈❋▲ ❞❡ 0, 01✱ q✉❡ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ♠❛✐♦r ❞♦ q✉❡ ❛ ♦s❝✐❧❛çã♦ ♣❛r❛ CFL =
0, 02✳

❋✐❣✉r❛ ✸✳✺✵✿ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡✿ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ❛ s♦❧✉çã♦ ❞❛ ♣r❡ssã♦ ❡ à ❞✐r❡✐t❛
❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ ❛♠❜❛s ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ▲❲❘ ❝♦♠ ❘❑✸✲❚❱❉✳ ❈♦♥s✐❞❡r❛♠♦s ❛ ❈❋▲
❞❡ 0, 01✱ q✉❡ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♦s❝✐❧❛çã♦ ✐♥✐❝✐❛❧ ♠❛✐♦r ❞♦ q✉❡ ❛ ♦s❝✐❧❛çã♦ ♣❛r❛ CFL = 0, 02✳

✶✶✶



✸✳✽ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ❝♦♠ t❡r♠♦ ❢♦♥t❡

▲❡✐s ❞❡ ❜❛❧❛♥ç♦ sã♦ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s q✉❡ s❡ ❛ss❡♠❡❧❤❛♠ ❝♦♠ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✱ ❛

♠❡♥♦s ❞❡ ✉♠ t❡r♠♦ ❢♦♥t❡✳ ❯♠ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡st❡ t✐♣♦

❞❡ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛♥❞♦ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s é s❡♣❛r❛r à ❊❉P ❝♦♠ t❡r♠♦ ❢♦♥t❡ ❡♠

✉♠❛ ❊❉P ❤♦♠♦❣ê♥❡❛ ❡ ✉♠❛ ❊❉❖ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ t❡r♠♦ ❢♦♥t❡✳

❆♣ós ❛ s❡♣❛r❛çã♦✱ r❡s♦❧✈❡♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❊❉P ❤♦♠♦❣ê♥❡❛ ❡♥tr❡ tn ❡ tn+1❀ ✉t✐✲

❧✐③❛♠♦s ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ❝♦♠♦ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❊❉❖ ❡ ❡♥tã♦✱ ❞❡♥tr♦ ❞♦ ♠❡s♠♦ ❡s♣❛ç❛✲

♠❡♥t♦ t❡♠♣♦r❛❧✱ r❡s♦❧✈❡✲s❡ ❛ ❊❉❖ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣♦r ✉♠ ❞♦s ♠ét♦❞♦s ❘✉♥❣❡✲❑✉tt❛✱ q✉❡

❛t✉❛❧✐③❛ ❛ s♦❧✉çã♦ ❞❛ ❊❉P ❤♦♠♦❣ê♥❡❛✱ r❡s✉❧t❛♥❞♦ ♥❛ s♦❧✉çã♦ ❞❛ ❊❉P ❝♦♠ t❡r♠♦ ❢♦♥t❡

❬✸✹❪✳ ❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

ut + f(u)x = s(u) .

❖ ♣r♦❝❡ss♦ ❞❡ s❡♣❛r❛r ✉♠❛ ❊❉P ❝♦♠ t❡r♠♦ ❢♦♥t❡ ❡♠ ✉♠❛ ❊❉P ❤♦♠♦❣ê♥❡❛ ❡ ✉♠❛

❊❉❖✱ ❝♦♥s✐st❡ ❡♠ ❞❡✜♥✐r ♦s s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s✿





∂tu+ ∂xf(u) = 0

u(x, tn) = un
⇒ un+1 ✭✸✳✼✺✮

❡ 



du

dt
= s(u)

u(x, tn) = un
⇒ un+1 . ✭✸✳✼✻✮

Pr✐♠❡✐r♦✱ ♣❛r❛ r❡❛❧✐③❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❊❉P ❝♦♠ t❡r♠♦ ❢♦♥t❡✱ ❞❡ ✉♠ t❡♠♣♦

tn ❛té tn+1✱ ♦❜té♠✲s❡ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❛ ❊❉P ❤♦♠♦❣ê♥❡❛ ✭✸✳✼✺✮ r❡♣r❡s❡♥t❛❞❛ ♣♦r

un+1 ✲ ♥❡st❡ ♣❛ss♦ ❛♣❧✐❝❛✲s❡ ♣♦r ❡①❡♠♣❧♦✱ ❛❧❣✉♠ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❡ ❛♥❛❧✐s❛❞♦ ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s✳ ❉❡♣♦✐s✱ ❛t✉❛❧✐③❛✲s❡ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ r❡s♦❧✈❡♥❞♦ ❛ ❊❉❖ ❞❡♥tr♦ ❞♦ ♠❡s♠♦

✐♥t❡r✈❛❧♦ t❡♠♣♦r❛❧ ❡ ✉t✐❧✐③❛♥❞♦ ❛ s♦❧✉çã♦ un+1 ❝♦♠♦ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✳ P♦r ✜♠✱ ♦❜té♠✲s❡

❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❛ ❊❉P ♥ã♦ ❤♦♠♦❣ê♥❡❛ ♥♦ t❡♠♣♦ tn+1✳ ❉❡t❛❧❤❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❞♦

♣r♦❝❡❞✐♠❡♥t♦ ❡♥❝♦♥tr❛♠✲s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✸✹✱ ✺✷✱ ✺✸✱ ✽✽❪✳

✶✶✷



✸✳✾ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ❇✐❞✐♠❡♥s✐♦♥❛✐s

✸✳✾✳✶ ▼ét♦❞♦s ❝♦♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧

❯♠❛ ♠❛♥❡✐r❛ ❞❡ r❡s♦❧✈❡r ♥✉♠❡r✐❝❛♠❡♥t❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❝✉❥❛ ✈❛r✐á✈❡❧ ❡s♣❛✲

❝✐❛❧ ♣♦ss✉✐ ❞✉❛s ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s é s✉❜st✐t✉✐r ❛ ❊❉P ♦r✐❣✐♥❛❧ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❊❉P✬s

✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ s❡ r❡❛❧✐③❛r ✉♠ ♣❛ss♦ t❡♠♣♦r❛❧ é ♥❡❝❡ssár✐♦

r❡s♦❧✈❡r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❊❉P✬s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❞❡s❝r✐t♦ ❛ s❡❣✉✐r✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❜✐❞✐♠❡♥s✐♦♥❛❧





∂t❯+ ∂x1
❋1(❯) + ∂x2

❋2(❯) = 0

❯(①, tn) = ❯0(①) = ❯n
. ✭✸✳✼✼✮

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ s❡♣❛r❛r ❛s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ♦ s❡❣✉✐♥t❡ ❝♦♥✲

❥✉♥t♦ ❞❡ ❊❉P✬s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✿





∂t❯+ ∂x1
❋1(❯) = 0

❯(①, tn) = ❯0(①) = ❯n
⇒ ❯∗ ✭✸✳✼✽✮





∂t❯+ ∂x2
❋2(❯) = 0

❯(①, tn) = ❯0(①) = ❯∗
⇒ ❯n+1 . ✭✸✳✼✾✮

❆ss✐♠✱ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ U∗ ❞❛ ❊❉P ✭✸✳✼✽✮✱ ♣♦r ❛❧❣✉♠ ♠ét♦❞♦ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧ ♥♦ ❡s♣❛ç♦ r❡❛❧✐③❛♥❞♦✲s❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ tn ❛té tn+1✳ ❆♣ós ❡st❡ ❡stá❣✐♦✱

✉t✐❧✐③❛✲s❡ ❛ s♦❧✉çã♦ U∗ ❝♦♠♦ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❊❉P ✭✸✳✼✾✮ ♣❛r❛ ♦❜t❡r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛

♥♦ t❡♠♣♦ tn+1✱ ✉s❛♥❞♦✲s❡ ♥♦✈❛♠❡♥t❡ ✉♠ ♠ét♦❞♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛

♣❛ss♦ t❡♠♣♦r❛❧ sã♦ ♥❡❝❡ssár✐♦s r❡s♦❧✈❡r ❞♦✐s ♣r♦❜❧❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ✉♠ ∆t q✉❡

♠❛♥té♠ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡stá✈❡❧ ♥❛s ❞✉❛s ❞✐r❡çõ❡s ❡s♣❛❝✐❛✐s✳

◆❛ ❢♦r♠❛ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ✲ ❞❡✜♥✐çã♦ ✸✳✷✳✷✱ ♦ ❙♣❧✐tt✐♥❣

❞✐♠❡♥s✐♦♥❛❧ é r❡♣r❡s❡♥t❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

U
n+1/2
i,j = Un

i,j −
∆t

∆x

[
F n
(1);i+1/2,j − F n

(1);i−1/2,j

]
✭✸✳✽✵✮

✶✶✸



❡

Un+1
i,j = U

n+1/2
i,j − ∆t

∆y

[
F

n+1/2
(2);i,j+1/2 − F

n+1/2
(2);i,j−1/2

]
✭✸✳✽✶✮

❖❜s❡r✈❛çõ❡s✿

• ❆s ❞✉❛s ❊❉P✬s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s sã♦ ❡✈♦❧✉í❞❛s ❡♥tr❡ ♦ ❡s♣❛ç❛♠❡♥t♦ ∆t❀

• Un
i,j é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞❛ ❊❉P ❜✐❞✐♠❡♥s✐♦♥❛❧ ❯✱ ♥♦ ♣♦♥t♦ (xi, yj) ❞♦

t❡♠♣♦ tn✱ ❞❡ ✉♠ ❞♦♠í♥✐♦ Ω ♣❛rt✐❝✐♦♥❛❞♦ r❡❣✉❧❛r♠❡♥t❡ Πx ×Πy ❝♦♠ ❡s♣❛ç❛♠❡♥t♦s

∆x ❡ ∆y✱ ♥❛s r❡s♣❡❝t✐✈❛s ❞✐r❡çõ❡s x ❡ y✱ ✐st♦ é✱ Un
i,j = ❯(xi, yj, tn)❀

• ❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❡s❝♦❧❤❡r ∆t é t♦♠❛r ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦ ❞♦♠í♥✐♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❡

❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ✭❛♥á❧✐s❡ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥✮✱ ❛ss✐♠

∆t = σ ×min
i,j

{
∆x

Sxn
i,j

,
∆y

Syni,j

}
,

❡♠ q✉❡✱ σ é ❛ r❡❧❛çã♦ ❡♥tr❡ ∆t ❡ ∆x ♦❜t✐❞❛ ♣❡❧❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r✱ Sx

❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛s ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s ♥❛ ❞✐r❡çã♦ x✱

✐st♦ é✱ ❝♦♠ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞❛ ❊❉P ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ q✉❡ ❡♥✈♦❧✈❡

❛ ✈❛r✐á✈❡❧ x ❡ Sy ✈❡❧♦❝✐❞❛❞❡s ❞❛s ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s ♥❛ ❞✐r❡çã♦ y ❬✽✽❪❀

• ❊st❛ s❡♣❛r❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ♣♦❞❡ ♦❝❛s✐♦♥❛r ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❡✱ ♣♦r

♠❛✐s q✉❡ ♦ ♠ét♦❞♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ s❡❥❛ ❞❡ ❛❧t❛ ♦r❞❡♠ ❞❡ ♣r❡❝✐sã♦✱ ❛ s❡♣❛r❛çã♦ ❞✐✲

♠❡♥s✐♦♥❛❧ ✭❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✮ ❢❡✐t❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✽✵✮ ❡ ✭✸✳✽✶✮ r❡s✉❧t❛ ❡♠ ✉♠

♠ét♦❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ❞❡ s❡❣✉♥❞❛

♦r❞❡♠✱ ✈❡r ❬✸✹✱ ✺✸✱ ✽✽❪✳

• ❈♦♠✉♠❡♥t❡✱ ♦♣t❛✲s❡ ♣❡❧♦ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ q✉❛♥❞♦ ❛♣❧✐❝❛✲s❡ ♠ét♦❞♦s ❞❡♣❡♥✲

❞❡♥t❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ ✐st♦ é✱ q✉❛♥❞♦ s❡ t❡♠ ❞✐✜❝✉❧❞❛❞❡s ❞❡ ❛♣❧✐❝❛r ❛ ❞✐s❝r❡t✐③❛✲

çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛r ♦s ✢✉①♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♠ét♦❞♦s s❡♠ s❡♣❛r❛çã♦ ❞❡

❞✐♠❡♥sã♦ sã♦ ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ▲❡✐s ❞❡ ❇❛❧❛♥ç♦✳

✶✶✹



✸✳✾✳✷ ▼ét♦❞♦s s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧

▼ét♦❞♦s s❡♠ s❡♣❛r❛çã♦ ❞❡ ❞✐♠❡♥sã♦✱ t❛♠❜é♠ ❝❤❛♠❛❞♦s ❞❡ ▼ét♦❞♦s ❯♥s♣❧✐t✱ ❢❛③❡♠ ❛s

❞✐s❝r❡t✐③❛çõ❡s ❞♦s ✢✉①♦s ❡♠ ✉♠❛ ú♥✐❝❛ ❡①♣r❡ssã♦ ❡ s✉❛ ❡✈♦❧✉çã♦ ❞❡ tn ❛té tn+1 é ❢❡✐t❛ ❞❡

t❛❧ ♠♦❞♦ q✉❡ t♦❞❛s ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❝❛❞❛ ✢✉①♦ sã♦ r❡❛❧✐③❛❞❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ✐st♦ é✱

❡♠ ✉♠ ú♥✐❝♦ ♣❛ss♦✳

❆ss✐♠✱ ❛ ❞✐s❝r❡t✐③❛çã♦ ❞❛ ❊❉P ✭✸✳✼✼✮ ♥❛ ❢♦r♠❛ ❞❡ ♠ét♦❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝♦♥s❡r✲

✈❛t✐✈♦s é ❞❛❞❛ ♣♦r

Un+1
i,j = Un

i,j −
∆t

∆x

[
F n
(1);i+1/2,j − F n

(1);i−1/2,j

]
− ∆t

∆y

[
F n
(2);i,j+1/2 − F n

(2);i,j−1/2

]
. ✭✸✳✽✷✮

◆❛ ❢♦r♠❛ ❞❡s❧♦❝❛❞❛✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦s ♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s ❞❡s❧♦❝❛❞♦ ❡ ◆❡ss②❛❤✉✲

❚❛❞♠♦r ❞❡s❧♦❝❛❞♦✱ t❡♠✲s❡

Un+1
i+1/2,j+1/2 = Un

i+1/2,j+1/2 −
∆t

∆x

[
F n
(1);i+1,j − F n

(1);i,j

]
− ∆t

∆y

[
F n
(2);i,j+1 − F n

(2);i,j

]
. ✭✸✳✽✸✮

✸✳✾✳✸ ❖ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❇✐❞✐♠❡♥s✐♦♥❛❧

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛✲s❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡ss②❛❤✉ ❡ ❚❛❞♠♦r ❡♠ ✉♠ ❞♦♠í♥✐♦ ❜✐❞✐♠❡♥s✐♦♥❛❧

♥♦ ❡s♣❛ç♦✱ t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ s❡çã♦ ✸✳✺ ❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♥❛

s✉❜s❡çã♦ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

❈♦♥s✐❞❡r❡ ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ❞♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ Ω = Ωx × Ωy ❡♠ q✉❡

Ωx : xa = x1 < · · · < xi < · · · < xN+1 = xb ❡ Ωy : ya = y1 < · · · < yj < · · · < yM+1 = yb,

❝♦♠ N s✉❜✐♥t❡r✈❛❧♦s ♥❛ ❞✐r❡çã♦ x ❡ M ♥❛ ❞✐r❡çã♦ y ❡♠ q✉❡

∆x =
xb − xa

N
❡ ∆y =

yb − ya
M

,

♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s ❞❡ i ❡ ❥ ❡①✐st❡♥t❡s✳ ❆ ✐✱❥✲és✐♠❛ ❝é❧✉❧❛ ♠é❞✐❛ ♦✉ ♦ ✐✱❥✲és✐♠♦ ✈♦❧✉♠❡

✶✶✺



✜♥✐t♦ é ❞❡✜♥✐❞♦ ♣♦r✱ Ωi,j = (xi−1/2, xi+1/2) × (yj−1/2, yj+1/2) ❡♠ q✉❡ xi+1/2 =
xi+1 + xi

2
❡

yi+1/2 =
yi+1 + yi

2
✳

❙❡❥❛ u = u(x, y, t) ✉♠❛ ❢✉♥çã♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❣r❛♥❞❡③❛ ❢ís✐❝❛ ❞❡✜♥✐❞❛ ❞♦ ❞♦♠í♥✐♦

❡s♣❛❝✐❛❧ Ω✳ ❙❡ u é ❝♦♥s❡r✈❛❞❛ ❡♠ Ω✱ ❡♥tã♦ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ é s❛t✐s❢❡✐t❛ ❡♠ ❝❛❞❛ ❝é❧✉❧❛

♠é❞✐❛ ♦✉ ✈♦❧✉♠❡ ✜♥✐t♦ Ωi,j✱ ✐st♦ é✱

d

dt

∫

Ωi,j

u(x, y, t)dx = f(u(xi+1/2, yj, t))− f(u(xi−1/2, yj, t))+

+g(u(xi, yj+1/2, t))− g(u(xi, yj−1/2, t)) .

✭✸✳✽✹✮

❆♦ ❞❡✜♥✐r ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ t ❡♠ q✉❡ ∆t = tn+1− tn✱

✉♠ ❛❧❣♦rít♠♦ ❡①♣❧í❝✐t♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ú♥✐❝♦ ♣❛ss♦ é ♦❜t✐❞♦ ✐♥t❡❣r❛♥❞♦ ✭✸✳✽✹✮✱

♥♦ t❡♠♣♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s tn ❡ tn+1 ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱

1

∆x∆y

∫

Ωi,j

u(x, y, tn+1)dx =
1

∆x∆y

∫

Ωi,j

u(x, y, tn)dx+

+
1

∆x∆y

∫ tn+1

tn

∫ yj+1/2

yj−1/2

[
f(u(xi−1/2, y, t))− f(u(xi+1/2, y, t)

]
dydt +

+
1

∆x∆y

∫ tn+1

tn

∫ xi+1/2

xi−1/2

[
g(u(x, yj−1/2, t))− g(u(x, yj+1/2, t))

]
dxdt

. ✭✸✳✽✺✮

❆ ❡q✉❛çã♦ ✭✸✳✽✺✮ ❢♦r♥❡❝❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ u ♥♦ t❡♠♣♦

tn+1✱ ♥♦s ♣♦♥t♦s (xi, yj)✳ ◆♦t❛✲s❡ q✉❡ t❛❧ ❡q✉❛çã♦ ✐♥t❡❣r❛❧ é ❡①❛t❛ ✭♥ã♦ ♣♦ss✉✐ ❛♣r♦①✐✲

♠❛çõ❡s✮ ❡ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ s✉❜✐♥t❡r✈❛❧♦ ❞❡ Ω✳

❈♦♠♦ ♦ ✐♥t✉✐t♦ é ♦❜t❡r ✉♠ ▼ét♦❞♦ ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦ ❧✐✈r❡ ❞❡ ❘✐❡✲

♠❛♥♥ ❙♦❧✈❡rs✱ ❝♦♥s✐❞❡r❛✲s❡ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ✭✸✳✽✺✮ ♥❛s ❝é❧✉❧❛s ♠é❞✐❛s ❞❡s❧♦❝❛❞❛s✱ ✐st♦

é✱

Ii,j = (xi, xxi+1
)× (yj, yj+1) ,

❛ss✐♠ ❛ ❡q✉❛çã♦ ✭✸✳✽✺✮ é r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

✶✶✻



1

∆x∆y

∫

Ii,j

u(x, y, tn+1)dx =
1

∆x∆y

∫

Ii,j

u(x, y, tn)dx+

+
1

∆x∆y

∫ tn+1

tn

∫ yj+1

yj

[f(u(xi, y, t))− f(u(xi+1, y, t)] dydt +

+
1

∆x∆y

∫ tn+1

tn

∫ xi+1

xi

[g(u(x, yj, t))− g(u(x, yj+1, t))] dxdt

. ✭✸✳✽✻✮

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛✲s❡ w = w(x, y, t) ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❜✐❧✐♥❡❛r ♣♦r ♣❛rt❡s ❡♠ q✉❡

w(x, y, tn) =
∑

i

ωi,j(x, y)pi,j(x, y) , ❝♦♠ pi,j(xi, yj) = wn
i,j ❡ ωi,j = 1 . ✭✸✳✽✼✮

❆ss✐♠✱ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ w(x, y, tn) ❞❡✜♥✐❞♦ ♥❛ ❝é❧✉❧❛ ♠é❞✐❛ ❞❡s❧♦❝❛❞❛ Ii,j é ❞❛❞♦ ♣♦r

wn
i+1/2,j+1/2 =

1

∆x∆y

[∫ xi+1/2

xi

∫ yj+1/2

yj

pi,j(x, y)dydx+

∫ xi+1

xi+1/2

∫ yj+1/2

yj

pi+1,j(x, y)dydx

]
+

1

∆x∆y

[∫ xi+1/2

xi

∫ yj+1

yj+1/2

pi,j+1(x, y)dydx+

∫ xi+1

xi+1/2

∫ yj+1

yj+1/2

pi+1,j+1(x, y)dydx

] .

✭✸✳✽✽✮

❈♦♥s✐❞❡r❛♥❞♦ w ❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ u ❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✽✽✮ ❡♠

✭✸✳✽✻✮✱ ♦❜té♠✲s❡

wn+1
i+1/2,j+1/2 = wn

i+1/2,j+1/2+

+
1

∆x∆y

∫ tn+1

tn

∫ yj+1

yj

[f(w(xi, y, t))− f(w(xi+1, y, t)] dydt +

+
1

∆x∆y

∫ tn+1

tn

∫ xi+1

xi

[g(w(x, yj, t))− g(w(x, yj+1, t))] dxdt .

✭✸✳✽✾✮

✶✶✼



❈♦♠♦ w é ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❜✐❧✐♥❡❛r ♣♦r ♣❛rt❡s✱ ❡♥tã♦

pi,j(x) = wn
i,j +

Dxwi,j

∆x
(x− xi) +

Dywi,j

∆y
(y − yj) , ✭✸✳✾✵✮

❡♠ q✉❡

Dxwi,j = MM
{
∆xw

n
i+1/2,j , ∆xw

n
i−1/2,j

}
, ❝♦♠ ∆xw

n
i+1/2,j = wn

i+1,j − wn
i,j

❡

Dywi,j = MM
{
∆yw

n
i,j+1/2 , ∆yw

n
i,j−1/2

}
, ❝♦♠ ∆yw

n
i,j+1/2 = wn

i,j+1 − wn
i,j .

❙✉❜st✐t✉✐♥❞♦ pi,j ♥❛ ❡q✉❛çã♦ ✭✸✳✽✽✮✱ ♦❜té♠✲s❡ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ wn
i+1/2,j+1/2✳ ❆ss✐♠✱

wn
i+1/2,j+1/2 =

1

4

(
wn

i,j + wn
i+1,j + wn

i,j+1 + wn
i+1,j+1

)
+

+
1

16
[(Dxwi,j −Dxwi+1,j) + (Dxwi,j+1 −Dxwi+1,j+1)] +

+
1

16
[(Dywi,j −Dywi,j+1) + (Dywi+1,j −Dywi+1,j+1)] .

✭✸✳✾✶✮

❆❣♦r❛ ❢❛❧t❛ ❡♥❝♦♥tr❛r ❡①♣r❡ssõ❡s ♣❛r❛ ❛s ✐♥t❡❣r❛✐s ❞♦s ✢✉①♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✾✶✮ ♣❛r❛

❞❡t❡r♠✐♥❛r ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛ ✐ss♦✱ ✉t✐❧③❛✲s❡ ❛ r❡❣r❛ ❞♦

♣♦♥t♦ ♠é❞✐♦ ♣❛r❛ ❛ ✐♥t❡❣r❛çã♦ t❡♠♣♦r❛❧ ❡ ❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦ ♣❛r❛ ❛ ✐♥tr❡❣❛çã♦ ❡s♣❛❝✐❛❧✳

▲♦❣♦✱

∫ tn+1

tn

∫ yj+1

yj

f(w(xi, y, t))dydt ∼=
∆y∆t

2

[
f
(
w

n+1/2
i,j

)
+ f

(
w

n+1/2
i,j+1

)]
✭✸✳✾✷✮

❡ ∫ tn+1

tn

∫ xi+1

xi

g(w(x, yj, t))dxdt ∼=
∆x∆t

2

[
g
(
w

n+1/2
i,j

)
+ g

(
w

n+1/2
i+1,j

)]
, ✭✸✳✾✸✮

❡♠ q✉❡

✶✶✽



w
n+1/2
i,j = wn

i,j −
∆t

2∆x
Dxfi,j −

∆t

2∆y
Dygi,j , ✭✸✳✾✹✮

❝♦♠ Dxfi,j ❡ Dygi,j ❞❡✜♥✐❞♦s ♣❡❧❛ ❢✉♥çã♦ ♠✐♥♠♦❞ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✾✵✮

❡ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥♦ ❡s♣❛ç♦✳

P♦rt❛♥t♦✱ ✈♦❧t❛♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✽✾✮ ❝❤❡❣❛✲s❡ ♥❛ ❡①♣r❡ssã♦ ♣r♦❝✉r❛❞❛

wn+1
i+1/2,j+1/2 =

1

4

(
wn

i,j + wn
i+1,j + wn

i,j+1 + wn
i+1,j+1

)
+

1

16
[(Dxwi,j −Dxwi+1,j)] +

+
1

16
[(Dxwi,j+1 −Dxwi+1,j+1) + (Dywi,j −Dywi,j+1) + (Dywi+1,j −Dywi+1,j+1)] +

− ∆t

2∆x

[
f
(
w

n+1/2
i+1,j

)
− f

(
w

n+1/2
i,j

)]
− ∆t

2∆x

[
f
(
w

n+1/2
i+1,j+1

)
− f

(
w

n+1/2
i,j+1

)]
+

− ∆t

2∆y

[
g
(
w

n+1/2
i,j+1

)
− g

(
w

n+1/2
i,j

)]
− ∆t

2∆y

[
g
(
w

n+1/2
i+1,j+1

)
− g

(
w

n+1/2
i+1,j

)]
.

✭✸✳✾✺✮

❆s ❡q✉❛çõ❡s ✭✸✳✾✺✮ ❡ ✭✸✳✾✶✮ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ♠✐♥♠♦❞ ✲ ✈❡r ❡q✉❛çã♦ ✭✸✳✾✵✮✱

❞❡✜♥❡♠ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✳ P❛r❛ ♠❛✐s

❞❡t❛❧❤❡s ❡ ❛♣❧✐❝❛çõ❡s ❡♠ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❈❧áss✐❝❛ ❝♦♥s✉❧t❡ ❛ r❡❢❡rê♥❝✐❛ ❬✻❪✳

◆♦t❛✲s❡ q✉❡✱ s❡ ❛ ❢✉♥çã♦ w ❢♦r ❝♦♥st❛♥t❡ ♣♦r ♣❛rt❡s t❡♠✲s❡ Dxw = Dyw = Dxf =

Dyg = 0 ❡ ❡♥tã♦✱ ❛ ❡q✉❛çã♦ ✭✸✳✾✺✮ s❡ r❡❞✉③ ❛♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❜✐❞✐♠❡♥s✐♦♥❛❧

❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✳ ❆ ❡①t❡♥sã♦ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ♣❛r❛ ♣r♦❜❧❡♠❛s ❤✐♣❡r❜ó❧✐✲

❝♦s ❛ss♦❝✐❛❞♦s ❛s ▲❡✐s ❞❡ ❇❛❧❛♥ç♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✼✵❪✳

✶✶✾



✶✷✵



❈❛♣ít✉❧♦ ✹

▼ét♦❞♦s ◆✉♠ér✐❝♦s ❛♣❧✐❝❛❞♦s ❡♠

♣r♦❜❧❡♠❛s ❞❡ ●❘▼❍❉

❊st❡ ❝❛♣ít✉❧♦ ❡①♣♦✄❡ ❛s r❛③õ❡s ♣❡❧❛s q✉❛✐s ♦♣t❛♠♦s ♣❡❧❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s

♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ ♣❛r❛ r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐✲

❝♦s✱ ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ♥❛ ❞✐r❡çã♦ ❞❡ ✉♠ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❛té ❛ ❡❥❡çã♦ ❞❡

♠❛tér✐❛✳

✹✳✶ ❆✉t♦✈❛❧♦r❡s ❡ ❆✉t♦✈❡t♦r❡s

P❡sq✉✐s❛s s♦❜r❡ ♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❞❡ ♠❛❣♥❡t♦❤✐❞r♦❞✐✲

♥â♠✐❝❛✱ ❡♠ ❛♠❜✐❡♥t❡ ❞❡ r❡❧❛t✐✈✐❞❛❞❡ ❣❡r❛❧✱ ♠❛♥tê♠✲s❡ ❡♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ t❛♥t♦ ❝♦♠ ♦

♦❜❥❡t✐✈♦ ❞❡ ❝♦♥❤❡❝❡r ❛s ❡str✉t✉r❛s ❞❡ ♦♥❞❛s q✉❡ s❡ ♣r♦♣❛❣❛♠ ♥♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s

r❡❧❛t✐✈íst✐❝♦s ♠❛❣♥❡t✐③❛❞♦s✱ q✉❛♥t♦ ♣❛r❛ ♣♦ss✐❜✐❧✐t❛r ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦s ♠ét♦❞♦s q✉❡

♥❡❝❡ss✐t❛♠ ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ❡①❛t♦s✳

❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ t♦❞❛s ❛s ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s ♣♦❞❡♠ ❢♦r♥❡❝❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡✱

♣♦r ❡①❡♠♣❧♦✱ q✉❛❧ t✐♣♦ ❞❡ ♦♥❞❛ ♠❛✐s ✐♥✢✉❡♥❝✐❛ ♥❛ ❣r❛♥❞❡ ❧✐❜❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ✈✐❛ ❥❛t♦s✱

❡♥tr❡ ♦✉tr❛s✳ ❈♦♠♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ♦♥❞❛ ❡❧❡♠❡♥t❛r ❡stá ❛ss♦❝✐❛❞❛ ❝♦♠ ♦s ❛✉t♦✈❛❧✲

♦r❡s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❝♦♠ ♦s ❛✉t♦✈❡t♦r❡s✱ ♦ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡♥çã♦ ❞♦s ❛✉t♦♣❛r❡s sã♦

❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❡ss❡s ❡st✉❞♦s✳

❆❧é♠ ❞✐ss♦✱ t❛✐s ✐♥❢♦r♠❛çõ❡s sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐✲

✶✷✶



❝♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❡✱ t❛♠❜é♠✱ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ s♦❧✉çõ❡s ❡①❛t❛s ❞❡ r❡❢❡rê♥❝✐❛ ❞❡

♣r♦❜❧❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✱ q✉❡ s❡r✈❡♠ ♣❛r❛ t❡st❛r ♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❞♦s

♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡s❡♥✈♦❧✈✐❞♦s ❡ ♠♦str❛r ❛ ❝♦♥✜❛❜✐❧✐❞❛❞❡ ❞❡ ♥♦✈♦s ❝ó❞✐❣♦s ✐♠♣❧❡♠❡♥✲

t❛❞♦s✳

❯♠ ❛rt✐❣♦ q✉❡ ❡st✉❞❛ ♦s ❛✉t♦✈❛❧♦r❡s✱ ♦s ❛✉t♦✈❡t♦r❡s à ❞✐r❡✐t❛ ❡ ♦s ❛✉t♦✈❡t♦r❡s à ❡s✲

q✉❡r❞❛ ❜❛s❡❛❞♦ ♥❛s ❡q✉❛çõ❡s ✭✷✳✶✮✲✭✷✳✹✮ ❞❡ ●❘▼❍❉ ❡ ♥❛ ❡q✉❛çã♦ ❞❡ ❡♥tr♦♣✐❛ ❢♦✐ ♣✉❜❧✐✲

❝❛❞♦ ♣♦r ❆♥✐❧❡ ❡ P❡♥♥✐s✐ ❬✶❪✳ ❊st❡ ❛rt✐❣♦ ❛♣r❡s❡♥t♦✉ ✉♠ ❡s♣❛ç♦ ❞❡ ❞❡③ ❞✐♠❡♥sõ❡s ❝✉❥❛s

✈❛r✐á✈❡✐s sã♦ ❛s q✉❛tr♦ ❝♦♠♣♦♥❡♥t❡s ❞♦ q✉❛❞r✐✈❡t♦r ✈❡❧♦❝✐❞❛❞❡✱ ❛s q✉❛tr♦ ❝♦♠♣♦♥❡♥t❡s

❞♦ q✉❛❞r✐✈❡t♦r ❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ❛ ♣r❡ssã♦ ❡ ❛ ❡♥tr♦♣✐❛✳ ❚❛✐s ❛✉t♦♣❛r❡s sã♦ ✐♥✐❝✐❛❧♠❡♥t❡

❡st✉❞❛❞♦s ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ▼✐♥❦♦✇s❦✐ ✶✰✶✱ ✐st♦ é✱ ❝♦♠ ✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧ ❡ ✉♠❛

❞✐♠❡♥sã♦ t❡♠♣♦r❛❧✳

❯♠ ❡str✉t✉r❛ ❧♦❝❛❧ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❛♣❧✐❝❛❞❛ ❡♠ ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s

❞❡ r❡s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❢♦✐ ♣r♦♣♦st♦ ♣♦r❬✼❪✳ ❊♠ s❡✉ tr❛❜❛❧❤♦✱ ❛ ❞✐✜❝✉❧✲

❞❛❞❡ ♠❛✐♦r ❝♦♥s✐st✐✉ ❡♠ ❛♣❧✐❝á✲❧♦s ❡♠ ❡s♣❛ç♦s ❝♦♠ ♠❛✐s ❞✐♠❡♥sõ❡s ❞❡✈✐❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡

❛✉t♦✈❛❧♦r❡s ❞❡❣❡♥❡r❛❞♦s✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ♥❡♠ s❡♠♣r❡ ❛♣❧✐❝á✈❡❧ é ✉t✐❧✐③❛r ♦ ❙♣❧✐tt✐♥❣ ❞✐✲

♠❡♥s✐♦♥❛❧ ❡✱ ❛ss✐♠✱ ♣❛r❛ ❝❛❞❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧ t❡♠✲s❡ ✉♠ s✐st❡♠❛ ❞❡ ❊❉P✬s ❞❡♣❡♥❞❡♥❞♦

❞❡ ❛♣❡♥❛s ❞❡ ✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧✳

◆♦ ❝❛s♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ❡♠ ❡s♣❛ç♦s ❝✉r✈♦s✱ ❛❧é♠ ❞♦s ❛✉t♦✈❛❧♦r❡s ♣♦ss✉ír❡♠

❞❡❣❡♥❡r❡s❝ê♥❝✐❛✱ ❡①✐st❡♠ ❛✉t♦✈❛❧♦r❡s ❧✐❣❛❞♦s ❛ ❢❡♥ô♠❡♥♦s ♥ã♦ ❢ís✐❝♦s ❬✹✶✱ ✹✷❪✳ ❚❛✐s r❡❢❡rê♥✲

❝✐❛s r❡♠♦✈❡♠ ❛s ♦♥❞❛s ♥ã♦ ❢ís✐❝❛s ❡ ❞❡s❡♥✈♦❧✈❡♠ ✉♠ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ♣❛r❛ ●❘▼❍❉

❜❛s❡❛❞♦ ♥❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❛ r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧✱ ✐st♦ é✱ ✉s❛✲s❡ ♦ ❢❛t♦

❞❡ q✉❡ ❡s♣❛ç♦s ❝✉r✈♦s ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ sã♦ ❧♦❝❛❧♠❡♥t❡ ♣❧❛♥♦s ❬✼❪✳

●✐❛❝♦♠❛③③♦ ❡ ❘❡③③♦❧❧❛ ❬✷✼❪ ❞❡s❡♥✈♦❧✈❡r❛♠ ♣r♦❝❡❞✐♠❡♥t♦s ❣❡r❛✐s ♣❛r❛ r❡s♦❧✈❡r ❛♥❛✲

❧✐t✐❝❛♠❡♥t❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❡♠ ▼❍❉ ❝♦♠ r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧✱ ♣❛r❛ q✉❛✐sq✉❡r

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡♠ ♣r♦❜❧❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✳

❆♣❡s❛r ❞♦s ❛✈❛♥ç♦s ❞❛s ♣❡sq✉✐s❛s s♦❜r❡ ❛s ❡str✉t✉r❛s ❞❡ ♦♥❞❛s ❡❧❡♠❡♥t❛r❡s ❡♠ ●❘▼❍❉✱

❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥ ❡①❛t♦s

♦✉ ❛♣r♦①✐♠❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s ❞❡s❞❡✱ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ❛té ❛ s✉❛

❡❥❡çã♦ ♣❡r♠❛♥❡❝❡♠ ❝♦♠♦ ✉♠ ❣r❛♥❞❡ ❞❡s❛✜♦✳

Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ sã♦ ❜✐❞✐♠❡♥s✐♦♥❛✐s ♦✉ tr✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦ ❡ ❛♦ ❛♣❧✐❝❛r
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♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❝♦♠ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ ❞❡♣❡♥❞❡♠ ❞♦ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✱

✐st♦ tr❛③ r❡str✐çõ❡s à ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ss❡s ♠ét♦❞♦s✱ ♣♦✐s ♥❡ss❡s ❝❛s♦s✱ ❛s ♠❛❣♥✐t✉❞❡s ❞♦s

❛✉t♦✈❛❧♦r❡s ♥ã♦ ♣♦❞❡♠ t❡r ❣r❛♥❞❡s ♦r❞❡♥s ❞❡ ❞✐❢❡r❡♥ç❛✳

❊♥tr❡t❛♥t♦✱ ♥♦ ♣r♦❝❡ss♦ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ✈✐❛ ❞✐s❝♦ ❡ s✉❛ ❡❥❡çã♦

❤á ✉♠❛ ✈❛r✐❛çã♦ ❜r✉s❝❛ ❞❡ ♣r❡ssã♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧ ❡ ♥❡st❡

♠♦♠❡♥t♦ ♦s s✐st❡♠❛s ❞❡ ❊❉P✬s s❡♣❛r❛❞♦s✱ ♣❛r❛ ❝❛❞❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧✱ ♣♦ss✉❡♠ ❛✉✲

t♦✈❛❧♦r❡s ❞❡ ❞✐❢❡r❡♥t❡s ♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡s✱ ❝♦♠ ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s✳ ❚❛❧ s✐t✉❛çã♦ é

❡①❛t❛♠❡♥t❡ ♦ ❝❛s♦ ❡♠ q✉❡ ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛♠ s❡♣❛r❛çõ❡s ❞✐♠❡♥s✐♦♥❛✐s ♣♦❞❡♠ ❢❛❧❤❛r✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠ét♦❞♦s ❯♥s♣❧✐tt✐♥❣ sã♦ ❛❧t❛♠❡♥t❡ r❡❝♦♠❡♥❞❛❞♦s ❡ ❡ss❡s ♠ét♦❞♦s ♣♦✲

❞❡♠ s❡r ❢♦r♠✉❧❛❞♦s ❡♠ ❡sq✉❡♠❛s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦s✳

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ❛❞✐❝✐♦♥❛❧ é q✉❡ ♦ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ♥ã♦ é ✉♠❛ ❧❡✐ ❞❡

❝♦♥s❡r✈❛çã♦ ❤✐♣❡r❜ó❧✐❝❛✱ ♠❛s s✐♠ ✉♠❛ ❧❡✐ ❞❡ ❜❛❧❛♥ç♦✳

❚rês ❢❛t♦s ✐♥t❡r❡ss❛♥t❡s ❞❡ s❡ ♥♦t❛r sã♦✿

• ❉❡s❞❡ ♦ ♣r✐♠❡✐r♦ ❛rt✐❣♦ ❞❡ ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ❡♠ ✶✾✾✾ ❬✸✽❪ ❛té s✉❛s ♣❡sq✉✐s❛s

r❡❝❡♥t❡s s♦❜r❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❬✹✵❪ ✲ ✷✵✶✶✱ ♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ é ♦

▲❛①✲❲❡♥❞r♦✛ ❛❞✐❝✐♦♥❛❞♦ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❛rt✐✜❝✐❛❧ ❝♦♠ ✉♠❛ ❞✐s❝r❡t✐③❛çã♦ t❡♠♣♦r❛❧

❚❱❉✱ ❝♦♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ❡ ❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çã♦ ♣❛r❛ ❡✈✐t❛r ❛s ♦s❝✐❧❛çõ❡s

❣❡r❛❞❛s ♣❡❧❛ s❡♣❛r❛çã♦ ❞❡ ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s❀

• ❖s r❡❝❡♥t❡s ❝ó❞✐❣♦s ❡♠ ●❘▼❍❉♠❛✐s ✉t✐❧✐③❛❞♦s ♥ã♦ ✐♥❝❧✉❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❛té ❛ ❡❥❡çã♦❀

• ❖s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❛♣❧✐❝❛❞♦s ❡♠ ●❘▼❍❉ ✐♥✈❡st✐❣❛❞♦s ♥♦s ♣r✐♥❝✐♣❛✐s ❝ó❞✐❣♦s ❡

❛rt✐❣♦s ✉t✐❧✐③❛♠ ♦ r❡❝✉rs♦ ❞❡ s❡♣❛r❛r ❛s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s ✭❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✮✳

❯♠ ❞♦s ♦❜❥❡t✐✈♦s ❞❡ss❛ t❡s❡ é ❡①❛t❛♠❡♥t❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❝ó❞✐❣♦ t♦t❛❧♠❡♥t❡ ♥♦✈♦ ❡

✈♦❧t❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ✐♠♣❧❡♠❡♥t❛♥❞♦ ♦✉tr♦s ♠ét♦✲

❞♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦s✱ ❛❧é♠ ❞♦ ❡sq✉❡♠❛ ▲❛①✲❲❡♥❞r♦✛ ❚❱❉ ✉t✐❧✐③❛❞♦ ♣♦r ❑♦✐❞❡

❡t ❛❧ ❬✸✽✱ ✹✵❪✳

◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝ó❞✐❣♦s ♠❛✐s ✉t✐❧✐③❛❞♦s r❡❝❡♥t❡♠❡♥t❡s ♣❛r❛ ❛

♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❤✐❞r♦❞✐♥â♠✐❝❛ ❡ ♠❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ r❡❧❛t✐✈íst✐❝❛✳

✶✷✸



✹✳✷ ❈ó❞✐❣♦s ❡♠ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛

❆❧❣✉♥s ❞♦s ❝ó❞✐❣♦s ♠❛✐s r❡❝❡♥t❡♠❡♥t❡s ❛♣❧✐❝❛❞♦s ♥❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❤✐❞r♦❞✲

✐♥â♠✐❝❛ ❡ ♠❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ r❡❧❛t✐✈íst✐❝❛ sã♦ ❡①♣♦st♦s ♥❡ss❛ s❡çã♦✳

✹✳✷✳✶ ❍❆❘▼

❯♠ ❞♦s ♣r✐♠❡✐r♦s ❝ó❞✐❣♦s ❞✐s♣♦♥í✈❡✐s q✉❡ ❡♥✈♦❧✈❡♠ ❙❘▼❍❉ ❡ ●❘▼❍❉ ❢♦✐ ♦ ❍❆❘▼ ✲

❍✐❣❤ ❆❝❝✉r❛❝② ❘❡❧❛t✐✈✐st✐❝ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ✭▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈✐tíst✐❝❛

❞❡ ❆❧t❛ Pr❡❝✐sã♦✮ ❬✷✻❪✳

❖ ❝ó❞✐❣♦ ❍❆❘▼ ❞✐s♣♦♥✐❜✐❧✐③❛ ♦s ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈✲❍▲▲ ❝♦♠ ❞✐❢❡r❡♥t❡s ♣♦ss✐❜✐❧✐✲

❞❛❞❡s ❞❡ ✢✉①♦s ♥✉♠ér✐❝♦s ❡ ❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çã♦ ♣❛r❛ ❡①tr❛♣♦❧❛çõ❡s ❧✐♥❡❛r❡s ♣❛r❛ ♦

❝❡♥tr♦ ❞❛s ❝é❧✉❧❛s ♠é❞✐❛s✱ t❛♠❜é♠ t❡♠✲s❡ ♦♣çõ❡s ❞❡ ✢✉①♦s q✉❡ ♣r❡s❡r✈❛♠ ❛ ❞✐✈❡r❣ê♥❝✐❛

♥✉❧❛ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ Pr♦❜❧❡♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ✉t✐❧✐③❛♠✲s❡ ❞♦ s♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧

❡ ♥♦ ❝ó❞✐❣♦ ♦r✐❣✐♥❛❧ ♥ã♦ ❤á ❞✐s❝r❡t✐③❛çã♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❡s♣❛❝✐❛❧✳ ❆ ❡s❝r✐t❛ é ❢❡✐t❛ ❡♠

❧✐♥❣✉❛❣❡♠ ❈ ❝♦♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣❛r❛❧❡❧✐s♠♦ ✈✐❛ ▼P■ ✲ ▼❡ss❛❣❡ P❛ss✐♥❣ ■♥t❡r❢❛❝❡

✭✐♥t❡r❢❛❝❡ ❞❡ tr♦❝❛ ❞❡ ✐♥❢♦r♠❛çõ❡s ❡♥tr❡ ♣r♦❝❡ss❛❞♦r❡s✮✳

❖s ❡①❡♠♣❧♦s ❡ ❛♣❧✐❝❛çõ❡s q✉❡ ♦ ❝ó❞✐❣♦ ❍❆❘▼ ❞✐s♣♦♥✐❜✐❧✐③❛ sã♦ ❬✷✻✱ ✷✹❪✿

❛✮ ❖♥❞❛s ❊❧❡♠❡♥t❛r❡s✿ ❝❛♣t✉r❛ ❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ♥ã♦ ❧✐♥❡❛r❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦

❡s♣❛ç♦ ❞❡ ✢✉✐❞♦s ♠❛❣♥❡t✐③❛❞♦s ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈íst✐❝❛s ✭r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧✮❀

❜✮ ❚r❛♥s♣♦rt❡✿ ❡st❡ ❡①❡♠♣❧♦ ♠♦❞❡❧❛ ✉♠ ❞✐s❝♦ q✉❡ ♠♦❞✐✜❝❛ s✉❛ ❞❡♥s✐❞❛❞❡ ❝♦♥❢♦r♠❡

s✉❛ r♦t❛çã♦ r❡❧❛t✐✈íst✐❝❛❀

❝✮ ✈órt✐❝❡ ❞❡ ❖rs③❛❣✲❚❛♥❣✿ ✉♠❛ ✈❡rsã♦ r❡❧❛t✐✈íst✐❝❛ ✭r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧✮ ❞♦ ❝❧áss✐❝♦

♣r♦❜❧❡♠❛ ❞❡ ▼❍❉❀

❞✮ ❊s❝♦❛♠❡♥t♦ ❞❡ ❇♦♥❞✐✿ ❡st❡ ♣r♦❜❧❡♠❛ ♠♦❞❡❧❛ ❛❝r❡çã♦ ❞❡ ♠❛tér✐❛ ❝♦♠ s✐♠❡tr✐❛ ❡s✲

❢ér✐❝❛ ♥❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ t❛♥t♦ ♣❛r❛ ✢✉✐❞♦s ♥❡✉tr♦s q✉❛♥t♦ ♣❛r❛ ✢✉✐❞♦s

♠❛❣♥❡t✐③❛❞♦s❀

❡✮ ❆❝r❡çã♦ ❡♠ ♠étr✐❝❛ ❞❡ ❑❡rr✿ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛ ♦ ❡st❛❞♦ ❡st❛✲

❝✐♦♥ár✐♦ ❞❡ ✉♠❛ ❛❝r❡çã♦ ❞❡ ✢✉✐❞♦ ♠❛❣♥❡t✐③❛❞♦ ❞❡♥tr♦ ❞❡ ✉♠❛ ór❜✐t❛ ♠❛r❣✐♥❛❧♠❡♥t❡

✶✷✹



❡stá✈❡❧✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❡st❡ ♣r♦❜❧❡♠❛ ♠♦str❛ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ✢✉✐❞♦ ♠❛❣♥❡t✐③❛❞♦

❡♠ ór❜✐t❛ ❡q✉❛t♦r✐❛❧ ❡ ❛ r♦t❛çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❑❡rr❀

❢✮ ❚♦r♦s ❞❡ ♣❧❛s♠❛ ❡♠ ❡q✉✐❧í❜r✐♦✿ ❡st❡ ❡①❡♠♣❧♦ s✐♠✉❧❛ ór❜✐t❛s ❡stá✈❡✐s ❞❡ t♦r♦s ❞❡

♣❧❛s♠❛ q✉❡ r♦❞❡✐❛♠ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧✳

✹✳✷✳✷ ❝♦s♠♦s✰✰

❖ ♣r♦❣r❛♠❛ ❝♦s♠♦s✰✰ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♠ ❜❛s❡ ♥♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❡sq✉❡♠❛ ❞❡ ❱✐s❝♦s✐❞❛❞❡ ❆rt✐✜❝✐❛❧ ❬✸❪✳ ❈♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ ❞✐③✱ ♦ ♠ét♦❞♦ ❛❝r❡s❝❡♥t❛

✉♠❛ ✈✐s❝♦s✐❞❛❞❡ ❛rt✐✜❝✐❛❧ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❞✐♠✐♥✉✐r ❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛✳

❆s ❡q✉❛çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ♣❡❧♦ ❝ó❞✐❣♦ sã♦ ❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

❝♦♠ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡✜♥❛♠❡♥t♦ ❡ ❛❞❛♣t❛çã♦ ❞♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❆▼❘

✲ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t ✭♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛ ❝♦♠ r❡✜♥❛♠❡♥t♦✮✳

❖ ❝ó❞✐❣♦ é ❢❡✐t♦ ❡♠ ❧✐♥❣✉❛❣❡♠ C++ ❡ ✉t✐❧✐③❛ ♦s ♣r✐♥❝í♣✐♦s ❞❡ ♦❜❥❡t♦s ♦r✐❡♥t❛❞♦s ♣❛r❛

❝r✐❛r ❝❧❛ss❡s ❞❡ ❛❜str❛çõ❡s ♠❛t❡♠át✐❝❛s ♣❛r❛ ✈❡t♦r❡s ❡ t❡♥s♦r❡s ✭❛♠❜♦s ❡♠ três ♦✉ q✉❛tr♦

❞✐♠❡♥sõ❡s✮✱ ♠étr✐❝❛s✱ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♦♣❡r❛❞♦r❡s ❡ ♠❛❧❤❛s ♥ã♦ ❡str✉t✉r❛❞❛s✳ ❖

♣r♦❣r❛♠❛ é ♣❛r❛❧❡❧✐③❛❞♦ ✈✐❛ ▼P■✳

❯♠❛ ♦✉tr❛ ♦♣çã♦ ❞❡ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ♦ ❡sq✉❡♠❛ ❑✉r❣❛♥♦✈✲❚❛❞♠♦r ❬✹✾❪✱ q✉❡ é

✉♠ ♠ét♦❞♦ ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦ q✉❡ ✉t✐❧✐③❛ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡

♣r♦♣❛❣❛çã♦ ❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✱ ❛ s❛❜❡r✱ ♦ ♠ét♦❞♦ ✉t✐❧✐③❛ ♦ ♠❛✐♦r ❛✉t♦✈❛❧♦r ❡♠ ♠ó❞✉❧♦

❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳ ❆♣ós ❛ s❡♠✐✲❞✐s❝r❡t✐③❛çã♦ ❡s♣❛❝✐❛❧✱ ❛ ✐♥t❡❣r❛çã♦ t❡♠♣♦r❛❧ ❞❡ tn ❛té

tn+1 é ❢❡✐t❛ ❛tr❛✈és ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♠ét♦❞♦s ❞❡ ❊✉❧❡r ✭❘✉♥❣❡✲❑✉tt❛ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠✮ ✲ ❝♦♥❢♦r♠❡ ❛ ❡s❝♦❧❤❛ ❞♦ ✉s✉ár✐♦ ❬✸❪✳ ◆❡st❛ ♦♣çã♦ ♦ ❝ó❞✐❣♦ ❢❛③ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✳

❖s t❡r♠♦s ❢♦♥t❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ sã♦ ❛❝r❡s❝❡♥t❛❞♦s ❛tr❛✈és ❞❡ ✉♠ ❙♣❧✐tt✐♥❣

r❡s♦❧✈❡♥❞♦ ♣r✐♠❡✐r♦ ❛s ❡sq✉❛çõ❡s ❞❡ ●❘▼❍❉ s❡♠ t❡r♠♦ ❢♦♥t❡ ❡ ❞❡♣♦✐s ❛t✉❛❧✐③❛ ❛s s♦❧✉çõ❡s

r❡s♦❧✈❡♥❞♦ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛tr❛✈és ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♠ét♦❞♦s ❞❡ ❊✉❧❡r✳

❖s ❡①❡♠♣❧♦s q✉❡ ❛❝♦♠♣❛♥❤❛♠ ♦ ❝ó❞✐❣♦ ♦r✐❣✐♥❛❧ sã♦✿

❍✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐s✈íst✐❝❛

❛✮ ❚✉❜♦ ❞❡ ❈❤♦q✉❡❀

✶✷✺



❜✮ ❈♦❧✐sã♦ ❞❡ ♦♥❞❛s ❞❡ ❈❤♦q✉❡❀

❝✮ ❖♥❞❛s ❞❡ ❊①♣❧♦sã♦✳

▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐s✈íst✐❝❛

❞✮ Pr♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞❡ ❆❧❢✈é♥❀

❡✮ ❚✉❜♦ ❞❡ ❈❤♦q✉❡ ▼❛❣♥❡t♦sô♥✐❝♦❀

❢✮ ❊s❝♦❛♠❡♥t♦ ❞❡ ❇♦♥❞✐❀

❣✮ ❚♦r♦ ▼❛❣♥❡t✐③❛❞♦ ♦r❜✐t❛♥❞♦ ✉♠ ❇✉r❛❝♦ ◆❡❣r♦✳

✹✳✷✳✸ ✇❤②s❦②▼❍❉

❆ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦ ❝ó❞✐❣♦ ✇❤②s❦②▼❍❉ é ♦ ❢❛t♦ ❞❡ ✐♠♣❧❡♠❡♥t❛r ♦ ❝♦♥❥✉♥t♦ ❝♦♠✲

♣❧❡t♦ ❞❡ ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✱ ✐st♦ é✱ ♦ ♠♦❞❡❧♦ ✐♥❝❧✉✐ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❆s

❞✐s❝r❡t✐③❛çõ❡s ❞❛s ❡q✉❛çõ❡s tê♠ ❝♦♠♦ ❜❛s❡ ♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲✱ ❝♦♠ ❡str✉t✉r❛ ❞❡

r❡✜♥❛♠❡♥t♦ ❞❡ ♠❛❧❤❛ ❆▼❘ ❡ ❢❡rr❛♠❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ♣❛r❛❧❡❧✐s♠♦

❬✷✽❪✳

◆✉♠❛ ✈❡rsã♦ ❛♥t❡r✐♦r✱ ♦ ❝ó❞✐❣♦ ✇❤②s❦②✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛s ❡q✉❛çõ❡s é ❢❡✐t❛ ♣❡❧♦

♠ét♦❞♦ ❞❡ ❧✐♥❤❛s q✉❡ r❡❞✉③ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡✲

r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ✲ ❊❉❖✬s✳ ❚❛✐s ❊❉❖✬s ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞❛s ♣❡❧♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲

❑✉tt❛ ♦✉ ❡sq✉❡♠❛s ❞❡ ❈r❛♥❝❦✲◆✐❝❤♦❧s♦♥ ✐t❡r❛t✐✈♦s ❬✺✶✱ ✽✹❪✳

❆❧é♠ ❞♦s ❡①❡♠♣❧♦s ❧✐st❛❞♦s✱ ♦ ❝ó❞✐❣♦ ❞✐s♣♦♥✐❜✐❧✐③❛ ❡st✉❞♦s ❡♠ ❬✷✽❪✿

❛✮ ❇✐♥ár✐♦s ❞❡ ❡str❡❧❛s ❞❡ ◆ê✉tr♦♥s ▼❛❣♥❡t✐③❛❞♦s ♦✉ ♥ã♦✱ ❡✈♦❧✉çã♦ ❞❡ ❊str❡❧❛s ❞❡

◆ê✉tr♦♥s❀

❜✮ ❘❛❞✐❛çã♦ ●r❛✈✐t❛❝✐♦♥❛❧❀

❝✮ ❊s❝♦❛♠❡♥t♦ ❞❡ ❇♦♥❞✐❀

❞✮ ❈♦❧❛♣s♦ ❞❡ ♥ú❝❧❡♦ ❡st❡❧❛r✱ r❡❧❛t✐✈íst✐❝♦ ❡ ♠❛❣♥❡t♦✲r♦t❛❝✐♦♥❛❧❀

❡✮ ❊①t❡♥sã♦ ♣❛r❛ ❤✐❞r♦❞✐♥â♠✐❝❛ ❝♦♠ s✐♠❡tr✐❛ ❛①✐❛❧❀

✶✷✻



❢✮ ❋♦r♠❛çã♦ ❞❡ ❇✉r❛❝♦s ◆❡❣r♦s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❜✐♥ár✐♦s ❞❡ ❇✉r❛❝♦s ◆❡❣r♦s❀

❣✮ ❈❡♥ár✐♦s ❝♦♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦s ❢♦rt❡✱ ❛❝r❡çã♦ ❡♠ ❇✉r❛❝♦s ◆❡❣r♦s❀

❤✮ ❈♦s♠♦❧♦❣✐❛ ❘❡❧❛t✐✈íst✐❝❛✳

✹✳✷✳✹ ❊❈❍❖

❖ ❝ó❞✐❣♦ ❊✉❧❡r✐❛♥ ❈♦♥s❡r✈❛t✐✈❡ ❍✐❣❤ ❖r❞❡r ✲ ❊❈❍❖ ✭❊✉❧❡r✐❛♥♦ ❈♦♥s❡r✈❛t✐✈♦ ❞❡ ❆❧t❛

❖r❞❡♠✮ ✐♥❝❧✉✐ ♦ ♠ét♦❞♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♥ã♦ ♦s❝✐❧❛tór✐♦ ✲ ❊◆❖ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❡ ♦

♠ét♦❞♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♥ã♦ ♦s❝✐❧❛tór✐♦ ♣♦♥❞❡r❛❞♦ ✲ ❲❊◆❖ ❞❡ q✉✐♥t❛ ♦r❞❡♠ ❝♦♠ ✐♥t❡✲

❣r❛çã♦ t❡♠♣♦r❛❧ r❡❛❧✐③❛❞❛ ♣♦r ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♠ú❧t✐♣❧♦s ❡stá❣✐♦s✳ ❖s ♠ét♦✲

❞♦s ❞❡ ●♦❞✉♥♦✈✲❍▲▲ ❡ ♦ ●♦❞✉♥♦✈✲❘♦❡ ✭❝♦♠ r❡s♦❧✈❡❞♦r ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞❡s❡♥✲

✈♦❧✈✐❞♦ ♣♦r ❘♦❡✮ sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s ❡ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉t✐❧✐❧✐③❛r ✈ár✐♦s ❧✐♠✐t❛❞♦r❡s

❞❡ s✉❛✈✐❞❛❞❡ ❬✶✼❪✳ ❚❛♠❜é♠ t❡♠✲s❡ à ❞✐s♣♦s✐çã♦ ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳

❖ ♣r♦❣r❛♠❛ ❊❈❍❖ t❛♠❜é♠ t❡♠ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ▼❍❉ ❝❧áss✐❝♦ ❡ ❡♠ ❛♠❜♦s ♦s ❝ó❞✐✲

❣♦s tê♠✲s❡ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✳ ❆ ❡s❝r✐t❛ ❞♦ ❝ó❞✐❣♦ é ❢❡✐t❛ ❡♠ ❋♦rtr❛♥ ✾✵ ❝♦♠ ▼P■✱

✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡str✉t✉r❛ ♠♦❞✉❧❛r ❞✐s♣♦♥í✈❡❧ ❡♠ t❛❧ ❧✐♥❣✉❛❣❡♠✳

❊①✐st❡ ✉♠ ♠ó❞✉❧♦ ❞❡ ♣r♦❣r❛♠❛çã♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ ♦ ❛❝rés❝✐♠♦ ❞❡ t❡r♠♦s r❡s✐st✐✈♦s ❡✱

t❛♠❜é♠✱ ✉♠ ♦✉tr♦ ♠ó❞✉❧♦ q✉❡ ♠♦❞❡❧❛ ✐♥st❛❜✐❧✐❞❛❞❡s ❡♠ ▼❍❉✳

❯♠ ❡①❡♠♣❧♦ q✉❡ s❡ ❞❡st❛❝❛ é ♦ ♠♦❞❡❧♦ ❡♠ ▼❍❉ ❝♦♠ r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧ q✉❡ ❞❡s❝r❡✈❡

❛ ◆❡❜✉❧♦s❛ ❞♦ ❈❛r❛♥❣✉❡❥♦ ✲ ❈r❛❜ ◆❡❜✉❧❛✱ ♠♦str❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ❥❛t♦s ❢♦r♠❛❞♦s ❡♠

❚♦r♦s✳

✹✳✷✳✺ ❲❍❆❘▼

❊st❡ ❝ó❞✐❣♦ é ✉♠ ♠❡❧❤♦r❛♠❡♥t♦ ❞♦ ❝ó❞✐❣♦ ❍❆❘▼ q✉❡ ❛❝r❡s❝❡♥t❛ ❡sq✉❡♠❛s ❡ss❡♥❝✐❛❧✲

♠❡♥t❡s ♥ã♦ ♦s❝✐❧❛tór✐♦s ♣♦♥❞❡r❛❞♦s ✭❲❊◆❖✮ ❡ t❛♠❜é♠✱ ♦s r❡s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡

❘✐❡♠❛♥♥ ●❡♥❡r❛❧✐③❛❞♦s ❬✽✽❪✱ ❡♠ q✉❡ ❛ ❡①tr❛♣♦❧❛çã♦ ❞❡♥tr♦ ❞❛ ❝é❧✉❧❛ ♠é❞✐❛ é ❢❡✐t❛ ♣♦r

✐♥t❡r♣♦❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❡ ♥ã♦ s♦♠❡♥t❡ ♠❛✐s ♣♦r ❢✉♥çã♦ ❝♦♥st❛♥t❡✳

❖ ♣r♦❣r❛♠❛ ✐♠♣❧❡♠❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ❡ ❛❧é♠ ❞♦s

♣r♦❜❧❡♠❛s ❥á ❧✐st❛❞♦s✱ ♦ ❲❍❆▼ ♠♦❞❡❧❛ ❛ ❡✈♦❧✉çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡♠ ❣❡♦♠❡tr✐❛

❝✐❧í♥❞r✐❝❛ ♣♦ss✐❜✐❧✐t❛♥❞♦ ✐♥✈❡st✐❣❛r ❛ ❢♦r♠❛çã♦ ❞❡ ❛❧❣✉♠❛s s✉❜❡str✉t✉r❛s ❬✽✺❪✳

✶✷✼



❆ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ❞♦♠í♥✐♦ é ❢❡✐t❛ ♣♦r ♣❛rt✐çã♦ r❡❣✉❧❛r ❝♦♠ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r

r❡❣✐õ❡s ♦♥❞❡ ♣r❡t❡♥❞❡✲s❡ ❛♣❡♥❛s r❡✜♥❛r ❛ ♠❛❧❤❛✳ ❖ ❡sq✉❡♠❛ ❲❊◆❖ ✐♠♣❧❡♠❡♥t❛❞♦ é ♦

❞❡ q✉✐♥t❛ ♦r❞❡♠ ♣❛r❛ r❡❣✐õ❡s s✉❛✈❡s ❝♦♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛

♦r❞❡♠ ❚❱❉ ♣❛r❛ ❛ ✐♥t❡❣r❛çã♦ t❡♠♣♦r❛❧✳ ❊♠ r❡❣✐õ❡s ♣ró①✐♠❛s ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ♦

❛❧❣♦r✐t♠♦ é ❝❛♣❛③ ❞❡ ♠♦❞✐✜❝❛r ♦ t❛♠❛♥❤♦ ❞♦ ❡stê♥❝✐❧ ♣❛r❛ ❡✈✐t❛r ❛♦ ♠á①✐♠♦ ♣r♦♣❛❣❛çõ❡s

❞❡ ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛✳

❯♠ ♦✉tr♦ ♠ét♦❞♦ ❛❞✐❝✐♦♥❛❞♦ ❛♦ ❝ó❞✐❣♦ é ♦ ♠ét♦❞♦ P❛r❛❜ó❧✐❝♦ ♣♦r ♣❛rt❡s ✲ PP▼ ❞❡

❲♦♦❞✇❛r❞ ✫ ❈♦❧❡❧❧❛ ❬✾✸❪ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ♠ét♦❞♦ ❞❡ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡ ❞❡

❘✐❡♠❛♥♥ ❙♦❧✈❡rs✳

✹✳✷✳✻ ❈♦❈♦❆✴❈♦❈♦◆✉❚

❊st❡ ❝ó❞✐❣♦ é ❞❡st✐♥❛❞♦ ❛ ❡①❡♠♣❧♦s ❞❡ ❝♦❧❛♣s♦ ❞❡ ♥ú❝❧❡♦ ❡st❡❧❛r ❡♠ ●❘▼❍❉ ❝♦♠ ❞✐♥â♠✐❝❛

❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ✭❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✮ ❬✷✹✱ ✾✽❪✳

❆ ❞✐❢❡r❡♥ç❛ ❞❡st❡ ❝ó❞✐❣♦ é q✉❡ ❛❧é♠ ❞♦s ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s ❞❡

❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ ♦ ♣r♦❣r❛♠❛ ♣♦ss✉✐ ♠ét♦❞♦s ❡s♣❡❝tr❛✐s ✐♠♣❧❡♠❡♥t❛❞♦s✳

◆❡❧❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ ❝♦❧❛♣s♦ ❞❡ ♥ú❝❧❡♦ ❡ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛ ❢♦r♥❡❝❡

♦ ♥♦♠❡ ♣❛r❛ ♦ ❝ó❞✐❣♦✿ ❈♦❧❛♣s♦ ❞❡ ◆ú❝❧❡♦s ❝♦♠ ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s ✲ ❈♦❈♦◆✉❚ ✭❈♦r❡

❈♦❧❧❛♣s❡ ✇✐t❤ ◆✉ ✭❂♥❡✇✮ ❚❡❝❤♥♦❧♦❣②✮ ❡ ❈♦❧❛♣s♦ ❞❡ ◆ú❝❧❡♦s ❝♦♠ s✐♠❡tr✐❛ ❛①✐❛❧ ✲ ❈♦❈♦❆

✭❈♦r❡ ❈♦❧❧❛♣s❡ ✐♥ ❆①✐s②♠♠❡tr②✮✳

✹✳✷✳✼ ●❘❍②❞r♦

❆♣❡s❛r ❞❡ss❡ ❝ó❞✐❣♦ s❡r t♦t❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✇❤②s❦②▼❍❉✱ ♦ ●❘❍②❞r♦ ♣♦❞❡ s❡r

❛❝♦♣❧❛❞♦ ❛♦ ❝ó❞✐❣♦ ✇❤②s❦②▼❍❉ ❬✻✻❪✳ ❊ss❡ ❛❧❣♦r✐t♠♦ ♣♦ss✉✐ ❞✐✈❡rs♦s ♣❛❝♦t❡s ❞❡ ❢❡rr❛✲

♠❡♥t❛s q✉❡ ❝♦♠♣❧❡♠❡♥t❛♠ ♦ ❝ó❞✐❣♦ t❛✐s ❝♦♠♦✿ ❡✐♥st❡✐♥ t♦♦❧❦✐t ✲ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝ó❞✐❣♦s

❞❡ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ q✉❡ ♣♦ss✐❜✐❧✐t❛ ❞✐✈❡rs❛s ♠étr✐❝❛s✱ ❆▼❘✱ ▼P■ ❝♦♠ ❡str✉t✉r❛ ♣❛r❛

❜♦♥s ❡s❝❛❧♦♥❛♠❡♥t♦s ♥❛ ❝❛s❛ ❞♦s ♠✐❧❤❛r❡s ❞❡ ♥ú❝❧❡♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦s✱ ❡♥tr❡ ♦✉tr♦s

❬✻✻❪✳

❆❧é♠ ❞♦s ❡①❡♠♣❧♦s ❝✐t❛❞♦s✱ ♦ ❝ó❞✐❣♦ ❛♣r❡s❡♥t❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❡str❡❧❛ ❞❡ ♥ê✉tr♦♥s

❡s❢ér✐❝❛ ♠❛❣♥❡t✐③❛❞❛ ♦❜t✐❞❛ ✈✐❛ ❡q✉❛çã♦ ❞❡ ❚❖❱ ✲ ❚♦❧♠❛♥✲❖♣♣❡♥❤❡✐♠❡r✲❱♦❧❦❤♦✛ ❬✶✸❪ ❡ ♦

✶✷✽



❝♦❧❛♣s♦ ❡st❡❧❛r ❞❡ ✉♠ ♥ú❝❧❡♦ ❡st❡❧❛r ♠❛❣♥❡t✐③❛❞♦ ❝♦♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞✐♥â♠✐❝♦✳ ❚❛♠❜é♠✱

t❡♠✲s❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠ r♦t♦r r❡❧❛t✐✈íst✐❝♦✳

✹✳✷✳✽ ❖✉tr♦s ❈ó❞✐❣♦s

❈ó❞✐❣♦s ❡♠ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐s✈íst✐❝❛ ❝♦♥t✐♥✉❛♠ ❡♠ ♣❧❡♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

t❛♠❜é♠ ❡♠ ♦✉tr♦s ❣r✉♣♦s ❛❧é♠ ❞♦s q✉❡ ✐♠♣❧❡♠❡♥t❛r❛♠ ♦s ❝ó❞✐❣♦s ♠❡♥❝✐♦♥❛❞♦s✳ ❆

r❡❢❡rê♥❝✐❛ ❬✷✹❪ ♣♦ss✉✐ ♦✉tr♦s ❝ó❞✐❣♦s ❝♦♠❡♥t❛❞♦s✱ ♣♦ré♠ t♦❞♦s ✉t✐❧✐③❛♠ ♠ét♦❞♦s ❙♣❧✐tt✐♥❣

❞✐♠❡♥s✐♦♥❛❧✳

❯♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❝♦♠ ❘❡❧❛t✐✈✐❞❛❞❡ ❊s♣❡❝✐❛❧ ❜❛s❡❛❞❛

❡♠ ♠ét♦❞♦s ❞❡ ●❛❧❡r❦✐♥ ❢♦✐ r❡❛❧✐③❛❞❛ ♣♦r ❉✉♠❜s❡r ❡ ❩❛♥♦tt✐ ❬✶✾❪✳ ❖s ❡①❡♠♣❧♦s ❡st✉❞❛❞♦s

❢♦r❛♠✿ t✉❜♦s ❞❡ ❝❤♦q✉❡❀ ❘♦t♦r❀ ❡①♣❧♦sã♦ ❝✐❧í♥❞r✐❝❛ ❡ ✈órt✐❝❡ ❞❡ ❖rs③❛❣✲❚❛♥❣✳

✹✳✷✳✾ ❖❜s❡r✈❛çõ❡s

◆♦s ❝ó❞✐❣♦s ❡①♣♦st♦s ♥❡st❡ ❝❛♣ít✉❧♦ ✈❡r✐✜❝❛✲s❡ ✉♠❛ ê♥❢❛s❡ à ♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈

❞❡♣❡♥❞❡♥t❡s ❞❡ r❡s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ q✉❡ ❛♣❧✐❝❛♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧

♣❛r❛ ❡st❡♥❞❡r ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ❡s♣❛ç♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡♠

❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✳

■♠♣❧❡♠❡♥t❛çõ❡s q✉❡ ❡❢❡t✉❛♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ♣♦❞❡♠ ❣❡r❛r ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦

♥✉♠ér✐❝❛ ❡ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ❝♦♥tr♦❧á✲❧❛s é ❛♣❧✐❝❛r ❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çã♦✳

❚❛♠❜é♠ ♣❡r❝❡❜❡✲s❡ ❛ ê♥❢❛s❡ ❡♠ ♠ét♦❞♦s q✉❡ ❡st❡♥❞❡ ♦s ♠ét♦❞♦s ❞❡ ●♦❞✉♥♦✈✱ ♦s

♠ét♦❞♦s ❞♦ t✐♣♦ ▼❯❙❈▲ ✲ ▼♦♥♦t♦♥❡ ❯♣str❡❛♠✲❝❡♥t❡r❡❞ ❙❝❤❡♠❡s ❢♦r ❈♦♥s❡r✈❛t✐♦♥ ▲❛✇s✱

❞❡♣❡♥❞❡♥t❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✳ ❆❧é♠ ❞✐ss♦✱ ♦✉tr♦s ♠ét♦❞♦s q✉❡ ♣♦❞❡♠ t❡r ✉♠❛ ❢♦r✲

♠✉❧❛çã♦ ❞❡ ✈♦❧✉♠❡s ✜♥✐t♦s ❝❡♥tr❛❞♦s sã♦ ✐♠♣❧❡♠❡♥t❛❞♦s ♥❛ ✈❡rsã♦ ❞♦ t✐♣♦ ●♦❞✉♥♦✈

❞❡♣❡♥❞❡♥t❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ t❛✐s ❝♦♠♦✿ ❊◆❖✬s ❡ ❲❊◆❖✬s✳

✹✳✸ ▼ét♦❞♦s ■♠♣❧❡♠❡♥t❛❞♦s

❯♠ ❞♦s ♦❜❥❡t✐✈♦s ❞❡st❛ t❡s❡ ❢♦✐ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ✈♦❧✉♠❡s ✜♥✐✲

t♦s ❝❡♥tr❛❞♦s✱ ✐st♦ é✱ ❧✐✈r❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♥ã♦ r❡❛❧✐③❛r ❙♣❧✐tt✐♥❣

✶✷✾



❞✐♠❡♥s✐♦♥❛❧✳ ▼ét♦❞♦s q✉❡ ♥ã♦ s❡♣❛r❛♠ ❛s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠ét♦❞♦s

❯♥s♣❧✐tt✐♥❣✳

❖s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s ❢♦r❛♠ ♦ ▲❛①✲❋r✐❡❞r✐❝❤s✱ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛

❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❚❱❉ ❡ ♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s

r❡❧❛t✐✈íst✐❝♦s✱ ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❞❡ ❞✐s❝♦ ❛té ❛ ❡①t❡♥sã♦ ❞❛ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛✱ ❛tr❛✈és ❞❛s

❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✳ ❆ ❞❡s❝r✐çã♦ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❢❡✐t❛ ♥♦ ❝❛♣ít✉❧♦

s❡❣✉✐♥t❡✱ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦ ✉t✐❧✐③❛❞❛ ❢♦✐ ♦ ❋♦rtr❛♥ ✾✵ ❡ ♦ ❝ó❞✐❣♦ ❢♦✐ t♦t❛❧♠❡♥t❡

❞❡s❡♥✈♦❧✈✐❞♦ ❞✉r❛♥t❡ ♦ ❞♦✉t♦r❛❞♦✱ s❡♠ ♦ ✉s♦ ❞❡ ♣❛❝♦t❡s ♣r♦♥t♦s✳

✶✸✵



❈❛♣ít✉❧♦ ✺

■♠♣❧❡♠❡♥t❛çõ❡s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ❛s ❡q✉❛çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ❡ ❛ ❡str✉t✉r❛ ❞♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦

❡♠ ❋♦tr❛♥ ✾✵✳ ❆s ❡q✉❛çõ❡s q✉❡ ♠♦❞❡❧❛♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s

❢♦r❛♠ ❡s♣❡❝✐✜❝❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✷ ❡ ♥❛ s❡çã♦ ✺✳✶✱ t❛✐s ❡q✉❛çõ❡s sã♦ r❡❡s❝r✐t❛s ❝♦♠ ♦ ✐♥t✉✐t♦

❞❡ s✉❛s ✐♠♣❧❡♠❡♥t❛çõ❡s✳

❆s s❡çõ❡s s❡❣✉✐♥t❡s tr❛t❛♠ ❞❛s ❡q✉❛çõ❡s ❝♦♠♣❧❡♠❡♥t❛r❡s ❞♦ ♠♦❞❡❧♦ ❡♠ ❡st✉❞♦✱ ✐♠✲

♣õ❡♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞❡ ❝♦♥t♦r♥♦ ♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡✱ t❛♠❜é♠✱

♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦ ♣r♦❜❧❡♠❛✳

P♦r ✜♠✱ ❛ ú❧t✐♠❛ s❡çã♦ é ❞❡st✐♥❛❞❛ ❛♦s ❛rq✉✐✈♦s ❡ ❛♦s ❛❧❣♦r✐t♠♦s ❝r✐❛❞♦s ♣❛r❛ ❛

♦❜t❡♥çã♦ ❞❡ ✉♠ ♣r♦❣r❛♠❛ ❝❛♣❛③ ❞❡ r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s ❞❡ ❝❡♥ár✐♦s ❛str♦❢ís✐❝♦s ❞❡ ❢♦r♠❛çã♦

❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✳

✺✳✶ ❆s ❡q✉❛çõ❡s ■♠♣❧❡♠❡♥t❛❞❛s

❆s ❡q✉❛çõ❡s q✉❡ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s ♥♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❛ t❡s❡ ❡stã♦ ❡①♣♦st❛s

♥❡st❛ s❡çã♦✳ ❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ❞♦ ❝❛♣ít✉❧♦ ✷✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s

❝❤❡❣♦✉✲s❡ ♥❛s ❡q✉❛çõ❡s ❞❡ ✐♥t❡r❡ss❡✱ q✉❡ ❡stã♦ ♥♦s ❛❧❣♦r✐t♠♦s ❡s❝r✐t♦s✳

❆❧é♠ ❞❛s ❤✐♣ót❡s❡s ❡ ❡q✉❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✷✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛

❡♠ ❡st✉❞♦ ❝♦♠ s✐♠❡tr✐❛ ❛①✐❛❧✱ ✐st♦ é✱ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ♣♦ss✉✐ ✈❛r✐❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛

✈❛r✐á✈❡❧ ❛③✐♠✉t❛❧ φ✳ ■st♦ ❢❛③ ❝♦♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ s❡❥❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♥♦ ❡s♣❛ç♦✱ ♦✉ s❡❥❛✱

❛s ✈❛r✐á✈❡✐s ❡s♣❛❝✐❛✐s ✐♥❞❡♣❡♥❞❡♥t❡s sã♦ ❛ r❛❞✐❛❧ r ❡ ❛ ♣♦❧❛r θ✳ ❆ss✐♠✱ ❝♦♠ x1 = r✱ x2 = θ

✶✸✶



❡ ❛ ❤✐♣ót❡s❡ ❞❡ s✐♠❡tr✐❛ ❛①✐❛❧✱ ❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ s❡ r❡❞✉③❡♠ à

❊q✉❛çã♦ ❞❛ ▼❛ss❛✿

∂D

∂t
= − 1

J

{
∂

∂x1
(h0h2h3Dv1) +

∂

∂x2
(h0h3h1Dv2)

}
✭✺✳✶✮

❊q✉❛çõ❡s ❞♦ ▼♦✈✐♠❡♥t♦✿

∂P1

∂t
= − 1

J

{
∂

∂x1

(
h0h2h3T

11
)
+

∂

∂x2

(
h0h3h1T

12
)}

+ S2 ✭✺✳✷✮

∂P2

∂t
= − 1

J

{
∂

∂x1

(
h0h2h3T

21
)
+

∂

∂x2

(
h0h3h1T

22
)}

+ S3 ✭✺✳✸✮

∂P3

∂t
= − 1

J

{
∂

∂x1

(
h0h2h3T

31
)
+

∂

∂x2

(
h0h3h1T

32
)}

+ S4 ✭✺✳✹✮

❊q✉❛çã♦ ❞❛ ❊♥❡r❣✐❛✿

∂ǫ

∂t
= − 1

J

∂

∂x1
[h0h2h3 (P1 −Dv1)] +

− 1

J

{
∂

∂x2
[h0h3h1 (P2 −Dv2)] +

}
+ S5

✭✺✳✺✮

❊q✉❛çõ❡s ❞♦ ❈❛♠♣♦ ▼❛❣♥ét✐❝♦✿

∂B1

∂t
= −h1

J

{
∂

∂x2
(h0h3E3)

}
✭✺✳✻✮

∂B2

∂t
= −h2

J

{
− ∂

∂x1
(h0h3E3)

}
✭✺✳✼✮

∂B3

∂t
= −h3

J

{
∂

∂x1
(h0h2E2)−

∂

∂x2
(h0h1E1)

}
✭✺✳✽✮

❊q✉❛çõ❡s ✲ ❚❡r♠♦ ❋♦♥t❡✿

✶✸✷



S2 = h0

{
(ǫ+D)G01 +G12T

21 +G13T
31 −G21T

22 −G31T
33
}

✭✺✳✾✮

S3 = h0

{
(ǫ+D)G02 +G23T

32 +G21T
12 −G32T

33 −G12T
11
}

✭✺✳✶✵✮

S4 = h0

{
(ǫ+D)G03 +G31T

13 +G32T
23 −G13T

11 −G23T
22
}

✭✺✳✶✶✮

S5 = h0 {G01P1 +G02P2 +G03P3} ✭✺✳✶✷✮

❆♣❡s❛r ❞❛s r❡❞✉çõ❡s ♥❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ❞❡✈✐❞♦ ❛ s✐♠❡tr✐❛ ❛①✐❛❧✱ ♥♦ ♣r♦❣r❛♠❛

❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s t♦❞♦s ♦s ✢✉①♦s✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❢✉t✉r❛s ❛❧t❡r❛çõ❡s q✉❡ ✐♥✲

❝❧✉❡♠ ❛ t❡r❝❡✐r❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧✳ ❊♥tr❡t❛♥t♦✱ ♦ ❛r♠❛③❡♥❛♠❡♥t♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡♣❡♥❞❡♥t❡s

❢♦r❛♠ ❢❡✐t♦s ♣♦r ❛rr❛②✬s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ❖ ❝ó❞✐❣♦ é ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✺✳✸✱ ❥✉♥t❛♠❡♥t❡

❝♦♠ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ s✉❛ ❡str✉t✉r❛✳

✺✳✷ ❊q✉❛çõ❡s ❈♦♠♣❧❡♠❡♥t❛r❡s

P❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ s✐♠✉❧❛çõ❡s✱ ❛s ❡q✉❛çõ❡s ❞❛ s❡çã♦ ✺✳✶ ♥ã♦ sã♦ s✉✜❝✐❡♥t❡s✱ ♣♦✐s ❡st❛s

❞❡♣❡♥❞❡♠ ❞❛ ♠étr✐❝❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ ♦❜❥❡t♦ ❝♦♠♣❛❝t♦ ❝❡♥tr❛❧✱ q✉❡ ♥♦ ❝❛s♦ é ✉♠ ❜✉✲

r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ ❯♠❛ ♦✉tr❛ ♥❡❝❡ss✐❞❛❞❡ é ♦❜t❡r ♦ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡✱ ♦

❝❛♠♣♦ ❞❡ ♣r❡ssã♦✱ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♣❛r❛ ❝♦♥s❡❣✉✐r ❝♦♥str✉✐r ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r

♠♦♠❡♥t♦✲❡♥❡r❣✐❛ ❡ ♦s ✢✉①♦s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❚❛♠❜é♠✱ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞✐❢❡r✲

❡♥❝✐❛✐s sã♦ ♥❡❝❡ssár✐♦s ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞❡ ❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛s✱ q✉❡ ❝♦♠♣❧❡♠❡♥t❛♠

❛ ♠♦❞❡❧❛❣❡♠ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ❡st✉❞♦✳ ❆ s❡❣✉✐r✱ ✐♥❞✐❝❛r❡♠♦s q✉❛✐s ❡①♣r❡ssõ❡s q✉❡ ❢♦r❛♠

✉t✐❧✐③❛❞❛s ♣❛r❛ t❛❧ ♦❜❥❡t✐✈♦✳

❆ ❣r❛✈✐t❛çã♦ ♣ré✲❞❡t❡r♠✐♥❛❞❛ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ q✉❡

❢♦✐ ❡①♣♦st❛ ♥❛ s❡çã♦ ✷✳✷✳ ❈♦♠ ❡❧❛ tê♠✲s❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛ q✉❡ sã♦ ♥❡❝❡ssár✐♦s

♣❛r❛ ♦❜t❡r ♦s ❝♦❡✜❝✐❡♥t❡s Gµν ✱ q✉❡ ❛♣❛r❡❝❡ ♥♦ t❡r♠♦ ❢♦♥t❡ ❡ ❛❝r❡s❝❡♥t❛ ❛ ❣r❛✈✐t❛çã♦ ♥❛s

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ ❡ ♣❛r❛ ❢❛③❡r ❛s ❝♦rr❡çõ❡s ♥♦s ✢✉①♦s ❞❛s ❊❉P✬s ❞❡✈✐❞♦ à ❝✉r✈❛t✉r❛

✶✸✸



✐♠♣♦st❛ ♣❡❧♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ ❚❛❧ ♠étr✐❝❛ ♣♦ss✉✐ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡✲

♥❛❞❛s (c.t, r, θ, φ) ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❇♦②❡r✲▲✐♥❞q✉✐st✳

❆❧é♠ ❞❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❢♦✐ ❛♣❧✐❝❛❞❛ ♥❛ ❝♦♦r❞❡♥❛❞❛

r❛❞✐❛❧ tr❛♥s❢♦r♠❛♥❞♦✲❛ ♥❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧ t♦rt♦✐s❡ ✭❝♦♦r❞❡♥❛❞❛ t❛rt❛r✉❣❛✮ ❞❡✜♥✐❞❛

♣♦r

x = ln

(
r

rs
− 1

)
.

❆♦ ❛♣❧✐❝á✲❧❛✱ ✉♠❛ ♠❛❧❤❛ ✉♥✐❢♦r♠❡ ♥❡st❡ ♥♦✈♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❛ ❧❛r❣✉r❛ ❞❛ ♠❛❧❤❛

r❛❞✐❛❧ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ (r − rS) ♥♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❇♦②❧❡r✲▲✐♥❞q✉✐st✳ ❆ss✐♠✱

❛ ❧❛r❣✉r❛ ❞❛ ♠❛❧❤❛ t♦r♥❛✲s❡ ❝❛❞❛ ✈❡③ ♠❡♥♦r✳ ▲♦❣♦✱ ✉♠❛ ♣❛rt✐çã♦ r❡❣✉❧❛r ♥❛ ❝♦♦r❞❡♥❛❞❛

t❛rt❛r✉❣❛ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ♠❛❧❤❛ ♥ã♦ ✉♥✐❢♦r♠❡ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❇♦②❧❡r✲▲✐♥❞q✉✐st✳ ❊st❡

r❡❝✉rs♦ ❞❡✐①❛ ❛ ♠❛❧❤❛ ♠❛✐s ✜♥❛ ♣ró①✐♠❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ q✉❡ é ❥✉st❛♠❡♥t❡ ❛ r❡❣✐ã♦

❝rít✐❝❛ ♦♥❞❡ ♦❝♦rr❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ❞✐s❝♦ ❡ ❥❛t♦✱ ❡ t♦r♥❛ ❛ ♠❛❧❤❛ ♠❛✐s ❧❛r❣❛ ♥♦ ❡①tr❡♠♦

♦♣♦st♦✳

❊ss❛ tr❛♥s❢♦r♠❛çã♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✱ ❝❛s♦ ❝♦♥trár✐♦ s❡r✐❛♠ ♥❡❝❡ssár✐♦s ♠✉✐t♦s ♣♦♥✲

t♦s ♥❛ ♠❛❧❤❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❇♦②❧❡r✲▲✐♥❞q✉✐st ♣❛r❛ ❡st❛❜✐❧✐③❛r ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ♦✉

❛✐♥❞❛ r❡❝♦rr❡r ❛ té❝♥✐❝❛s ❞❡ r❡✜♥❛♠❡♥t♦ ❡ ❛❞❛♣t❛çã♦ ❞❡ ♣♦♥t♦s ❞❛ ♠❛❧❤❛✱ ♦s ❝❤❛♠❛❞♦s

❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t ✲ ❆▼❘✳ ▲♦❣♦✱ ❝♦♥s❡❣✉❡✲s❡ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❡st❛❜✐❧✐③❛r ♦s

♠ét♦❞♦s ❡♠ ♠❛❧❤❛s ❝♦♠ ♠❡♥♦s ♣♦♥t♦s ❡ s❡♠ ✉s❛r r❡❝✉rs♦s ❆▼❘✱ q✉❡ t♦r♥❛♠ ♦s ♠ét♦❞♦s

♠❛✐s ❝❛r♦s ❡ ❡①t❡♥s♦s✳

P♦rt❛♥t♦✱ ♥♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ t❡♠✲s❡ ✐♠♣❧❡♠❡♥t❛❞♦✿

●r❛✈✐t❛çã♦ ♣ré✲❞❡t❡r♠✐♥❛❞❛✿ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞

ds2 = −α2dt2 +
1

α2
dr2 + r2dθ2 + r2 sin2 θdφ2

❡♠ q✉❡

α =

√
1− rs

r
, ❝♦♠ c = G = 1 , M =

1

2
rs (massa BH)

✶✸✹



h0 = α, h1 =
1

α
, h2 = r, h3 = r sin θ,

rs ✲ r❛✐♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ✲ ✉♥✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛❀

❊①♣r❡ssõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠étr✐❝❛✿

Gµν = − 1

hµhν

(
∂

∂xν
hµ

)
, ♣❛r❛ µ, ν = 0, 1, 2, 3, 4 ,

❡

❈♦♦r❞❡♥❛❞❛ ❚❛rt❛r✉❣❛✿

x = ln

(
r

rs
− 1

)
.

◆♦t❛✲s❡ q✉❡✱ ❛ ♠♦t✐✈❛çã♦ ♣❛r❛ r❡❛❧✐③❛r ❛ tr❛♥s❢♦r♠❛çã♦ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ t❛rt❛r✉❣❛

é ♣✉r❛♠❡♥t❡ ♥✉♠ér✐❝❛✳

❖✉tr❛s ❞✉❛s r❡❧❛çõ❡s ✐♠♣♦rt❛♥t❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s✱ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❝♦♠♣♦st❛

♣♦r ✉♠ s✐st❡♠❛ ❛❧❣é❜r✐❝♦ ❞❡ ❞✉❛s ❡q✉❛çõ❡s ❝♦♠ ❞✉❛s ✐♥❝ó❣♥✐t❛s ❬✷✵✱ ✻✸❪ ✲ ❙❡çã♦ ✷✳✹✱

x(x+ 1)
[
Γax2 + (2Γa− b)x+ Γa− b+ dΓ

2
y2
]2

=

= (Γx2 + 2Γx+ 1)
2
[τ 2(x+ 1)2 + 2σy + 2σxy + β2y2] ,

[
Γ(a− β2)x2 + (2Γa− 2Γβ2 − b)x+ Γa− b+ d− β2 + Γ

2
y
]
y

= σ(x+ 1)(Γx2 + 2Γx+ 1) ,

❡♠ q✉❡

x = γ − 1 , y = γ(✈ ·❇) , a = D + ǫ , b = (Γ− 1)D , d = (1− 0, 5Γ)B2 ,

τ = P , β = B e σ = ❇ ·P ,

❝♦♠ ❛s ❛♣r♦①✐♠❛çõ❡s ✐♥✐❝✐❛✐s ❞♦ ♠ét♦❞♦ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❡♥❞♦ ❛s s♦❧✉çõ❡s x ❡ y ♦❜t✐❞❛s

♥♦ ♣❛ss♦ t❡♠♣♦r❛❧ ❛♥t❡r✐♦r✳

✶✸✺



❆ ❝♦♥❞✐çã♦ ❢r♦③❡♥✲✐♥ q✉❡ ❢♦r♥❡❝❡ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✐♠♣♦♥❞♦ q✉❡

❛ ♠❛tér✐❛ ❡♠ ❡st✉❞♦ é ❧✐✈r❡ ❞❡ ❢♦rç❛s ❡❧❡tr♦♠❛❣♥ét✐❝❛s✱ ✐st♦ é✱

❈❛♠♣♦ ❊❧étr✐❝♦✿

❊ = −✈×❇

P♦r ✜♠✱ ♦ t❡♥s♦r ♠♦♠❡♥t♦✲❡♥❡r❣✐❛ é ❞❛❞♦ ♣♦r

❚ = p■+ (e+ p) γ2✈✈−❇❇− ❊❊+
1

2

(
B2 + E2

)
■ .

❈♦♥t✉❞♦✱ ❢❛❧t❛♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞✐s❝r❡t✐③❛çã♦ ❞❛s

❡q✉❛çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ♥♦ ❝ó❞✐❣♦✳

❈♦♥❞✐çõ❡s ■♥✐❝✐❛✐s✿

❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡✈❡♠ ♠♦❞❡❧❛r ♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✷✳✸✱ ❥✉♥t❛✲

♠❡♥t❡ ❝♦♠ ❛ ♠❛❣♥❡t♦s❢❡r❛ ❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧✳ ❆ss✐♠✱ ✐♠♣❧❡♠❡♥t❛♠♦s ✉♠❛ ❡str✉t✉r❛

♠♦❞✉❧❛r ❡♠ ❋♦rtr❛♥ ✾✵ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ❧✐❞❛r ❝♦♠ t❛❧ ❡t❛♣❛✱ q✉❡ é ❛ ❝♦♥str✉çã♦ ❞❛s

❡q✉❛çõ❡s ❞❛ s❡çã♦ ✷✳✸✳

❖ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡stá ✐♠♣❧❡♠❡♥t❛❞♦ ♥❛ ❡str✉t✉r❛ ♠♦❞✉❧❛r✱ ❞❡♥tr♦ ❞❛

s✉❜r♦t✐♥❛ ❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛✳

◆♦ ❝❛s♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♥♦s r❛✐♦s ✐♥t❡r♥♦ ❡ ❡①t❡r♥♦✱ ❛ ♠❛tér✐❛ ❞❡✈❡ ❝♦♥t✐♥✲

✉❛r ❝♦♠ s✉❛ ❞✐♥â♠✐❝❛ ❛❧é♠ ❞♦ ❞♦♠í♥✐♦✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♥❡ss❛s r❡❣✐õ❡s✱ ❛s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ s❡❥❛ ❞♦ t✐♣♦ r❛❞✐❛çã♦✳ ❆❣♦r❛✱ ♥♦s ❝♦♥t♦r♥♦s θ = 0 ❡ θ = π
2
tê♠✲s❡ ✉♠❛ s✐♠❡tr✐❛

❞♦ t✐♣♦ ❡s♣❡❧❤♦✱ ✐st♦ é✱ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞♦ t✐♣♦ r❡✢❡①ã♦✳

❈♦♥❞✐çõ❡s ❞❡ ❈♦♥t♦r♥♦ ✭❉✐r❡çã♦ ❘❛❞✐❛❧✮✿ ❘❛✐♦s ✐♥t❡r♥♦ (r = 1, 1rs) ❡ ❡①t❡r♥♦

(r = 20rs) ✲ r❛❞✐❛çã♦✳

❈♦♥❞✐çõ❡s ❞❡ ❈♦♥t♦r♥♦ ✭❉✐r❡çã♦ ❆♥❣✉❧❛r✮✿ θ = 0 ❡ θ = π
2
✲ r❡✢❡①ã♦✳

❆ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ r = 20rS ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❛❜❡rt✉r❛ ❞♦ ❞✐s❝♦✱ t❛♠❜é♠ ♣♦ss✐✲

❜✐❧✐t♦✉ ✉♠❛ s✉❜r♦t✐♥❛ q✉❡ ✐♠♣❧❡♠❡♥t❛ ❛ ❛❧✐♠❡♥t❛çã♦ ❞♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✱ ♦✉ s❡❥❛✱ ✉♠❛

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✳

✶✸✻



✺✳✸ ❖ ❝ó❞✐❣♦

❖ ♣r♦❣r❛♠❛ ❞❡s❡♥✈♦❧✈✐❞♦ ❢♦✐ t♦❞♦ ❡s❝r✐t♦ ❡♠ ❋♦rtr❛♥ ✾✵ ✉t✐❧✐③❛♥❞♦ ♦ ❝♦♠♣✐❧❛❞♦r ❣❢♦rtr❛♥

✈❡rsã♦ 4.7.3 ❡♠ ✉♠ ▲✐♥✉①✴●◆❯✳ ◆❛ ❡str✐t❛ ❞♦ ❝ó❞✐❣♦ ✉t✐❧✐③♦✉✲s❡ ❛ ❡str✉t✉r❛ ❞❡ ♣r♦❣r❛✲

♠❛çã♦ ♠♦❞✉❧❛r q✉❡ ♦ ❋♦rtr❛♥ ✾✵ ❞✐s♣♦♥✐❜✐❧✐③❛ ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ s✉❜r♦t✐♥❛s✱

q✉❡ ♣♦❞❡♠ s❡r ❝❤❛♠❛❞❛s t♦t❛❧♠❡♥t❡ ♦✉ ♣❛r❝✐❛❧♠❡♥t❡ ❝♦♥❢♦r♠❡ ❛s ♥❡❝❡ss✐❞❛❞❡s ❡s♣❡❝í✜❝❛s✳

◆❡st❡ ❝♦♥t❡①t♦✱ ✉♠ r❡❝✉rs♦ ✐♥t❡r❡ss❛♥t❡ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❞❛s ✈❛r✐á✈❡✐s ❞❡❝❧❛r❛❞❛s ♥❛s

s✉❜r♦t✐♥❛s ❞♦s ♠ó❞✉❧♦s ❞❡ ♣r♦❣r❛♠❛çã♦ é ♦ ❝♦♠❛♥❞♦ ■◆❚❊◆❚✱ q✉❡ ❞❡t❡r♠✐♥❛ s❡ ❛ ✈❛r✲

✐á✈❡❧ ❞❡❝❧❛r❛❞❛ é ❞❡ ❡♥tr❛❞❛ ✭■◆✮✱ ❞❡ s❛í❞❛ ✭❖❯❚✮ ♦✉ ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ✭■◆❖❯❚✮✳ ❊♠

✉♠❛ s✉❜r♦t✐♥❛✱ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡❝❧❛r❛❞❛ ❝♦♠ ❛ ✐♥t❡♥çã♦ ❛♣❡♥❛s ❞❡ ❡♥tr❛❞❛ ✭✈❛r✐á✈❡❧ ❞❡

❡♥tr❛❞❛✮ ♥ã♦ ♣♦❞❡ s❡r ❛❧t❡r❛❞❛ ❛♦ ❧♦♥❣♦ ❞❛ ❡str✐t❛ ❞❛ s✉❜r♦t✐♥❛✳ ❈❛s♦ ✐ss♦ ♦❝♦rr❛✱ ♦

❝♦♠♣✐❧❛❞♦r ❛❧❡❣❛rá ✉♠ ❡rr♦ ❢❛❝✐❧✐t❛♥❞♦ ✉♠ ❝♦♥tr♦❧❡ ❞❛s ✈❛r✐á✈❡✐s✳

❯♠ ♦✉tr♦ ❝♦♥tr♦❧❡ ❝❛✉s❛❞♦ ♣❡❧♦ ❝♦♠❛♥❞♦ ■◆❚❊◆❚ é q✉❡✱ ❛s ❛❧♦❝❛çõ❡s ❞❡ ♠❡♠ór✐❛

❞❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ❡ ❞❛s ✈ár✐á✈❡✐s ■◆❖❯❚ ❡stã♦ ❢♦r❛ ❞❛ s✉❜r♦t✐♥❛ ❡♠ q✉❡stã♦✱ ♥♦

❝❛s♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ s❛í❞❛✱ s✉❛ ❛❧♦❝❛çã♦ é ❢❡✐t❛ ♥❛ ♣ró♣r✐❛ s✉❜r♦t✐♥❛ ❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s

sã♦ ❡①♣♦rt❛❞❛s ♣❛r❛ ❢♦r❛ ❞❛ s✉❜r♦t✐♥❛✱ ♦♥❞❡ ❢♦✐ ❞❡✜♥✐❞❛✳

❆ ❡str✉t✉r❛ ❞❡ ❜❧♦❝♦ ♣r✐♥❝✐♣❛❧ ❝❤❛♠❛❞❛ ❞❡ P❘❖●❘❆▼ ❡stá ❡s❝r✐t❛ ♥♦ ❛rq✉✐✈♦ ♣r♦✲

❣r❛♠❛❴♣r✐♥❝✐♣❛❧✳❢✾✵✳ ❆ss✐♠✱ ♦ ❝ó❞✐❣♦ ❞✐s♣♦♥✐❜✐❧✐③❛ ♦s s❡❣✉✐♥t❡s ♠ó❞✉❧♦s ❞❡ ♣r♦❣r❛♠❛çã♦

✲ ❡s❝r✐t♦s s❡♠ ❛❝❡♥t✉❛çã♦ ✲ ❝♦♥❢♦r♠❡ ♦ ♥♦♠❡ ❞♦ ❛rq✉✐✈♦ ❝♦♠ ❡①t❡♥sã♦ ∗.f90 ✿

❛r♠❛③❡♥❛♠❡♥t♦s

❊st❡ ♠ó❞✉❧♦ ♣♦ss✉✐ ✉♠❛ s✉❜r♦t✐♥❛ ❝❤❛♠❛❞❛ ❞❡ ❛rq✉✐✈♦s❴s❛✐❞❛ q✉❡ s❛❧✈❛ ❛s ✈❛r✐á✈❡✐s

r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❡♠ ❛rq✉✐✈♦s ❛❜❡rt♦s ♥❛s ✉♥✐❞❛❞❡s ❡s♣❡❝✐✜❝❛❞❛s ♣❡❧♦

♣r♦❣r❛♠❛✳ ❖s ❛rq✉✐✈♦s ❞❡ s❛í❞❛ ❛♣ós ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ sã♦✿

• ❝❛♠♣♦✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦❀

• ❞❡♥s✐❞❛❞❡✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛ ❞❡♥s✐❞❛❞❡❀

• ❡♥❡r❣✐❛✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛ ❡♥❡r❣✐❛ t♦t❛❀

• ♠❛❧❤❛❴①✶✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛s ❝♦♦r❞❡♥❛❞❛s r ❞♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛❀

✶✸✼



• ♠❛❧❤❛❴①✷✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛s ❝♦♦r❞❡♥❛❞❛s θ ❞♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛❀

• ♣r❡ss❛♦✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ♣r❡ssã♦❀

• ✈❡❧♦❝✐❞❛❞❡✳❞❛t ✲ ❛r♠❛③❡♥❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡❀

❛t✉❛❧✐③❛❝♦❡s

◆❡st❡ ♠ó❞✉❧♦ ❡stá ❛ s✉❜r♦t✐♥❛ ❣r❛♥❞❡③❛s❴❛t✉❛❧✐③❛❞❛s q✉❡ ❛t✉❛❧✐③❛ ❛s ✈❛r✐á✈❡✐s ❝❛♠♣♦

❡❧étr✐❝♦✱ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡ ♦ t❡♥s♦r ♠♦♠❡♥t♦✲❡♥❡r❣✐❛ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦

❡ ❞❛ ❝♦♥❞✐çã♦ ❢r♦③❡♥✲✐♥✳ ◆❡ss❛ s✉❜r♦t✐♥❛ ✉t✐❧✐③❛✲s❡ ♦ ♠ó❞✉❧♦ r❡s♣♦♥sá✈❡❧ ♣♦r r❡s♦❧✈❡r ❛

❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ◆❡✇t♦♥✲❘❛♣❤s♦♥✱ q✉❡ ❞❡♣❡♥❞❡ ❞❛s ✈❛r✐á✈❡✐s ❞❡♥s✐✲

❞❛❞❡✱ ♠♦♠❡♥t♦✱ ❡♥❡r❣✐❛ t♦t❛❧ ❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♣❛r❛ r❡t♦r♥❛r ♦ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡

♦ ❢❛t♦r ❞❡ ▲♦r❡♥t③ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❛ ♠❛❧❤❛✳

❝♦♥❞✐❝♦❡s❴❢r♦♥t❡✐r❛s

❖ ❝♦♥❥✉♥t♦ ❞❡ s✉❜r♦t✐♥❛s ❞❡ss❡ ♠ó❞✉❧♦ ❞✐s♣♦♥✐❜✐❧✐③❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✉t✐✲

❧✐③❛❞❛s✳ ❊①✐st❡♠ ✹ s✉❜r♦t✐♥❛s ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ s❡♥❞♦ q✉❡ t♦❞❛s ♣♦ss✉❡♠ ❝♦♥❞✐çõ❡s

❞❡ r❡✢❡①ã♦ ♥♦s ❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦ ❡♠ q✉❡ θ ❡stá ❞❡✜♥✐❞❛✱ s❡♥❞♦ ❛ss✐♠✱ ♦ q✉❡ ❞✐❢❡r❡

❞❡ ✉♠❛ s✉❜r♦t✐♥❛ ♣❛r❛ ❛ ♦✉tr❛ sã♦ ❛s ❝♦♥❞✐çõ❡s ♥♦s ❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦ ❡♠ q✉❡ r ❡stá

❞❡✜♥✐❞♦✳ ❆ss✐♠✱ ❛s s✉❜r♦t✐♥❛s sã♦✿

• ❝♦♥❞✐❝♦❡s❴❝♦♥t♦r♥♦ ✲ r❛✐♦s ✐♥t❡r♥♦ ❡ ❡①t❡r♥♦ ❝♦♥❞✐çõ❡s ❞❡ r❛❞✐❛çã♦❀

• ❝♦♥❞✐❝♦❡s❴❝♦♥t♦r♥♦✷ ✲ r❛✐♦s ✐♥t❡r♥♦ ❡ ❡①t❡r♥♦ ❡①tr❛♣♦❧❛çã♦ ❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛❀

• ❝♦♥❞✐❝♦❡s❴❝♦♥t♦r♥♦✸ ✲ r❛✐♦ ✐♥t❡r♥♦ r❛❞✐❛çã♦ ❡ r❛✐♦ ❡①t❡r♥♦ ❡①tr❛♣♦❧❛çã♦❀

• ❝♦♥❞✐❝♦❡s❴❝♦♥t♦r♥♦✹ ✲ ❢r♦♥t❡✐r❛s r❛❞✐❛✐s ❞❛ ♠❛❣♥❡t♦s❢❡r❛ r❛❞✐❛çã♦ ❡ ❢r♦♥t❡✐r❛ r❛❞✐❛❧

❞♦ ❞✐s❝♦ ❡①tr❛♣♦❧❛çã♦ ✭❞✐s❝♦ ❛❧✐♠❡♥t❛❞♦✮❀

❝♦♥❞✐❝♦❡s❴✐♥✐❝✐❛✐s

❊st❡ ♠ó❞✉❧♦ ♣♦ss✉❡♠ ❞✉❛s s✉❜r♦t✐♥❛s q✉❡ ❞❡✜♥❡♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞♦ ♣r♦❜❧❡♠❛

❡♠ ❡st✉❞♦✳ ❆s s✉❜r♦t✐♥❛s ✉t✐❧✐③❛♠ ♦s ✈❛❧♦r❡s ❞❡ ❡♥tr❛❞❛ ❞❡✜♥✐❞♦s ♥♦ ♠ó❞✉❧♦ ✈❛❧♦r❡s

✐♥✐❝✐❛✐s✳ ❆s ❞✉❛s s✉❜r♦t✐♥❛s sã♦✿

✶✸✽



• ❝♦♥❞❴✐♥✐❝✐❛✐s ✲ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡✜♥✐❞❛s s❡♠ ❝♦♦r❞❡♥❛❞❛ t❛rt❛r✉❣❛❀

• ❝♦♥❞❴✐♥✐❝✐❛✐s✷ ✲ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡✜♥✐❞❛s ❡♠ ❝♦♦r❞❡♥❛❞❛s t❛rt❛r✉❣❛❀

❞✐s❝r❡t✐③❛❝♦❡s

❆s ❞✉❛s s✉❜r♦t✐♥❛s ❞❡ss❡ ♠ó❞✉❧♦ ❞❡✜♥❡♠ ❛ ♠❛❧❤❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛

♠étr✐❝❛✱ ❛❧❣✉♠❛s ❝♦♠❜✐♥❛çõ❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛ ❡ ♦ t❡♥s♦r G✳ ❖s ♥♦♠❡s ❞❛s

s✉❜r♦t✐♥❛s sã♦✿ ♠❛❧❤❛ ❡ ♠❡tr✐❝❛✳

❊❖❙

❊st❡ ♠ó❞✉❧♦ ♣♦ss✉✐ ❛ s✉❜r♦t✐♥❛ q✉❡ r❡s♦❧✈❡ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s q✉❡ ❢♦r♠❛ ❛ ❡q✉❛çã♦

❞❡ ❡st❛❞♦ ❊❖❙ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❬✼✶✱ ✼✺❪✱ ❝✉❥♦ ♥♦♠❡ é ♥❡✇t♦♥❴♠❡t❊❖❙✳

❢❡rr❛♠❡♥t❛s

◆♦ ♠ó❞✉❧♦ ❢❡rr❛♠❡♥t❛s ♣♦ss✉❡♠ ❛s s✉❜r♦t✐♥❛s ♥❡❝❡ssár✐❛s ♣❛r❛ r❡❛❧✐③❛r ♣r♦❞✉t♦s ✈❡t♦✲

r✐❛✐s✱ ♣r♦❞✉t♦s ❡s❝❛❧❛r❡s✱ ♥♦r♠❛s✱ ✐♥t❡r♣♦❧❛çõ❡s ✭❡①tr❛♣♦❧❛çõ❡s✮ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❛❣r❛♥❣❡

❬✼✶✱ ✼✺❪ ❡ ❡q✉❛çõ❡s ❛❧❣é❜r✐❝❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥✳

✢✉①♦s

◆❡st❡ ♠ó❞✉❧♦ ❡stã♦ ❞❡✜♥✐❞♦s ♦s ✢✉①♦s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✐♠♣❧❡♠❡♥t❛❞❛s ♥❛

s✉❜r♦t✐♥❛ ❝❤❛♠❛❞❛ ❞❡ ✢✉①♦s❴❊❉Ps✳

♠❡t♦❞♦s❴❊❉Ps

❆s três s✉❜r♦t✐♥❛s ❞❡st❡ ♠ó❞✉❧♦ sã♦ ❞❡st✐♥❛❞❛s ❛♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞✐s♣♦♥í✈❡✐s

♥❡st❡ ❝ó❞✐❣♦✿

• ♥❡s❴t❛❞ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧❀

• ❧❛①❴❢r✐❡❞ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧❀

• ❧❛①❴✇❡♥❞ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘❑✸✲❚❱❉ ❙♣❧✐tt✐♥❣ ❀

✶✸✾



♣r♦❣r❛♠❛❴♣r✐♥❝✐♣❛❧

❊st❡ ❜❧♦❝♦ ❝♦♥s✐st❡ ❞♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧ q✉❡ ❢❛③ ❛s ❝❤❛♠❛❞❛s ❞♦s ❜❧♦❝♦s ❞❡ ♣r♦❣r❛✲

♠❛çã♦ ❡♠ ♦r❞❡♠ ❛❞❡q✉❛❞❛ ♣❛r❛ r❡❛❧✐③❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛✳ ❆♣ós

♦ t❡♠♣♦ ✜♥❛❧ ❛t✐♥❣✐❞♦✱ ♦ ♣r♦❣r❛♠❛ ❝❤❛♠❛ ❛ s✉❜r♦t✐♥❛ ❛rq✉✐✈♦s❴s❛✐❞❛ ♣❛r❛ ❛r♠❛③❡♥❛r

❛ s♦❧✉çã♦ ✜♥❛❧✳ ◆♦t❡ q✉❡ ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❣r❛♠❛ t❡♠✲s❡ ♦ ❝♦♠❛♥❞♦ ❯❙❊ q✉❡ ❝❤❛♠❛ ♦s

♠ó❞✉❧♦s ✉t✐❧✐③❛❞♦s ♥♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧✳

❈❛❞❛ s✉❜r♦t✐♥❛ q✉❡ ♥❡❝❡ss✐t❡ ❞❡ ❛❧❣✉♠ ♠ó❞✉❧♦ ♦✉ ♣❛rt❡ ❞❡ ♠ó❞✉❧♦ ❞❡ ♣r♦❣r❛♠❛çã♦✱

t❛♠❜é♠ ♣♦ss✉✐ ♦ ❝♦♠❛♥❞♦ ❯❙❊ ♥♦ ✐♥í❝✐♦ ❞❛ ❡s❝r✐t❛✱ ❛♥t❡s ❞❛s ❞❡❝❧❛r❛çõ❡s ❞❛s ✈❛r✐á✈❡✐s✳

◆❛ ❋✐❣✉r❛ ✺✳✶✱ ♥♦ r❡tâ♥❣✉❧♦ ❝♦♠ ❞✉♣❧♦ tr❛ç♦ ♥❛ ✈❡rt✐❝❛❧ ❡stã♦ ♦s ♥♦♠❡s ❞♦s ♠♦❞✉❧♦s

❞❡ ♣r♦❣r❛♠❛çã♦ ✉t✐❧✐③❛❞♦s ♣❡❧♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧✳ ❚❛✐s ♠ó❞✉❧♦s ❞❡✜♥❡♠ ❛s s✉❜r♦t✐♥❛s

♣ré❞❡t❡r♠✐♥❛❞❛ q✉❡ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞❛s ❝❤❛♠❛♥❞♦✲❛s ♣❡❧♦ ❝♦♠❛♥❞♦ ❈❆▲▲✳

❊♠ s❡❣✉✐❞❛✱ ♦ ♣r♦❣r❛♠❛ ❝❤❛♠❛ ❛s s✉❜r♦t✐♥❛s q✉❡ ♣r❡♣❛r❛♠ ♦ ❝❡♥ár✐♦ ✐♥✐❝✐❛❧ ❞♦ ❢❡♥ô✲

♠❡♥♦ ❡♠ ❡st✉❞♦ ❞❡✐①❛♥❞♦✲♦ ♣r♦♥t♦ ♣❛r❛ ❡❢❡t✉❛r ♦ ❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ ♣r✐♥❝✐♣❛❧✳

❉❡♥tr♦ ❞❡st❡ ❧❛ç♦✱ ♦s ✢✉①♦s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✭✺✳✶✮✲✭✺✳✽✮ sã♦ ❝❛❧❝✉❧❛❞♦s ♣❛r❛

q✉❡ ❛ s✉❜r♦t✐♥❛ ♠❡t♦❞♦s❴♥✉♠❡r✐❝♦s é ❝❤❛♠❛❞❛ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s✳ ❆s

s♦❧✉çõ❡s ♦❜t✐❞❛s sã♦ ❞❛s ❡q✉❛çõ❡s s❡♠ t❡r♠♦ ❢♦♥t❡✱ ❛ss✐♠ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❞♦ ♣r♦❣r❛♠❛ é

❛t✉❛❧✐③❛r ❛s s♦❧✉çõ❡s r❡s♦❧✈❡♥❞♦ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ✭❙❡çã♦ ✸✳✽✮ ❞❡✜♥✐❞❛s

♣❡❧♦s t❡r♠♦s ✭✺✳✾✮✲✭✺✳✶✷✮✳

◆❛s ♣ró①✐♠❛s ❞✉❛s s✉❜r♦t✐♥❛s✱ ♦ ♣r♦❣r❛♠❛ ♣r❡♣❛r❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ❛t✉❛❧✐③❛

❛s ✈❛r✐á✈❡✐s ♥❡❝❡ssár✐❛s ♣❛r❛ ✐♥✐❝✐❛r ✉♠ ♣ró①✐♠♦ ♣❛ss♦ t❡♠♣♦r❛❧✳ ❆ ú❧t✐♠❛ s✉❜r♦t✐♥❛

❛r♠❛③❡♥❛ t❛✐s ✈❛r✐á✈❡✐s ♠❛♥t❡♥❞♦ ♦ ú❧t✐♠♦ ❝❡♥ár✐♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ s❛❧✈♦✳

s♦❧✉❝❛♦❴♥✉♠❡r✐❝❛

◆❡st❡ ♠ó❞✉❧♦ ❡stá ❛ s✉❜r♦t✐♥❛ ♠❡t♦❞♦s❴♥✉♠❡r✐❝♦s q✉❡ é ❞❡st✐♥❛❞❛ ❛ ❝❤❛♠❛r ♦s ♠ét♦✲

❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ r❡s♦❧✈❡r ❝❛❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳

t❡r♠♦s❴❛❞✐❝✐♦♥❛✐s

❖ t❡r♠♦ ❢♦♥t❡ é ❛❝r❡s❝❡♥t❛❞♦ ❛tr❛✈és ❞❛ s✉❜r♦t✐♥❛ ❢♦♥t❡✱ ♦♥❞❡ ❡stá ✐♠♣❧❡♠❡♥t❛❞♦ ♦

♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ ◆ ♣❛ss♦s✳

✶✹✵



❋✐❣✉r❛ ✺✳✶✿ ❋❧✉①♦❣r❛♠❛ ❞♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧✳

✶✹✶



✉♥✐❞❛❞❡s❴❛rq✉✐✈♦s

❊st❡ ♠ó❞✉❧♦ ♣♦ss✉✐ ❛ s✉❜r♦t✐♥❛ ✉♥✐❞❛❞❡s r❡s♣♦♥sá✈❡❧ ♣♦r ❛❜r✐r ♦✉ ❝r✐❛r ♦s ❛rq✉✐✈♦s

❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❡ ❞❛❞♦s✳

✈❛❧♦r❡s❴✐♥✐❝✐❛✐s

◆❛ s✉❜r♦t✐♥❛ ✈❛❧♦r❡s❴❞❡✜♥✐❝♦❡s ❞❡st❡ ♠ó❞✉❧♦ ❡stã♦ ❞❡✜♥✐❞♦s ♦s ❧✐♠✐t❡s ❞♦ ❞♦♠í♥✐♦

❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦ ♥ú♠❡r♦ σ q✉❡ r❡❧❛❝✐♦♥❛ ∆t✱ ❝♦♠ ∆r ❡ ∆θ✱ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜✐♥t❡r✈❛❧♦s

❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❛ ❞❡✜♥✐çã♦ ❞♦ ♥ú♠❡r♦ π ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥t❡r❛çõ❡s

q✉❡ ♦ ❧❛ç♦ ♣r✐♥❝✐♣❛❧ r❡❛❧✐③❛rá ♣❛r❛ ❝❤❡❣❛r ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡s❡❥❛❞♦✳

✶✹✷



❈❛♣ít✉❧♦ ✻

❙✐♠✉❧❛çõ❡s

❊st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❞❡st✐♥❛❞♦ à ❡①♣♦s✐çã♦ ❞♦s ❣rá✜❝♦s ❞❛s s✐♠✉❧❛çõ❡s ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s

♣r♦✈❡♥✐❡♥t❡s ❞❛ ❡①❡❝✉çã♦ ❞♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❋♦rtr❛♥ ✾✵✳ Pr✐♠❡✐r♦✱ ✉♠ ❡①❡♠♣❧♦

é ❡①❡❝✉t❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ▼ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❇✐❞✐♠❡♥s✐♦♥❛❧ ❡ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥✲

s✐♦♥❛❧ ❡ ❞❡♣♦✐s ✉♠ s❡❣✉♥❞♦ ❡①❡♠♣❧♦ é s✐♠✉❧❛❞♦ ❝♦♠ ♦ ✉s♦ ❞♦ ▼ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r

❇✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✳

✻✳✶ ❊①❡♠♣❧♦ ✶

❖ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ r❡❛❧✐③❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❞✐s❝♦ ✜♥♦ ❞❡ ❛❝r❡çã♦ ♠❛❣♥❡t✐③❛❞♦✱

❡♠ r♦t❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ ✈❡rt✐❝❛❧ ❡ ❡♠ q✉❡❞❛ ♥❛ ❞✐r❡çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧

❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ✐♠❡rs♦s ❡♠ ✉♠❛ ♠❛❣♥❡t♦s❢❡r❛ ❞❡ ❜❛✐①❛ ❞❡♥s✐❞❛❞❡ ❝♦♠ r❡❧❛çã♦ ❛♦ ❞✐s❝♦✳

P❛r❛ ✐st♦✱ ✉t✐❧✐③♦✉✲s❡ ♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛çã♦ ❞❡ ❞✐♠❡♥sõ❡s

❡s♣❛❝✐❛✐s ❝♦♠ ✐♥t✉✐t♦ ❞❡ t❡st❛r ♦ ❝ó❞✐❣♦✱ ✈❡r✐✜❝❛r t❡♥❞ê♥❝✐❛s ❞❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❡

❡①♣♦r ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡ ❞♦ ❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦✳

❆ s❡❣✉✐r✱ ❡stã♦ ❡①♣♦st♦s ✈❛❧♦r❡s ✉t✐❧✐③❛❞♦s ♥❛s s✐♠✉❧❛çõ❡s✿

• ❉♦♠í♥✐♦ ❊s♣❛❝✐❛❧✿ [1, 1 20] × [0, π/2]✱ ✐st♦ é r ∈ [1, 1 20] ❡ θ ∈ [0, π/2] ❡♠

r❛❞✐❛♥♦s❀

• ❙✉❜✐♥t❡r✈❛❧♦s✿ 630× 630✱ ❛ss✐♠ ∆r = 18, 9/210 ❡ ∆θ = π/420❀

• ❊s♣❛ç❛♠❡♥t♦ ❚❡♠♣♦r❛❧✿ ∆t = 0, 1∆r❀

✶✹✸



• ❈♦♥st❛♥t❡s ✲ ▼❛tér✐❛✿ ❈♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ✲ Γ = 5/3 ❡

❡♥t❛❧♣✐❛ ✲ H = 1, 3❀

• ❆❜❡rt✉r❛ ❞♦ ❉✐s❝♦✿ δ = 0, 125✱ ✐st♦ é✱ ♦ ❞✐s❝♦ ♦❝✉♣❛ ✉♠ ♦✐t❛✈♦ ❞❛ ❛❜❡rt✉r❛ ❞♦

❞♦♠í♥✐♦❀

• ❉❡♥s✐❞❛❞❡ ❞♦ ❉✐s❝♦✿ ✹✵✶ ✈❡③❡s ♠❛✐♦r q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ♠❛❣♥❡t♦s❢❡r❛❀

• ❇♦r❞❛ ✐♥t❡r♥❛ ❞♦ ❞✐s❝♦✿ rD = 3rS✱ três ✈❡③❡s ♦ r❛✐♦ ❞♦ ❇❍❀

◆❛ s❡çã♦ ✷✳✸ ❢♦✐ ❞❡s❝r✐t♦ ♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✱ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥✐❝✐❛❧ é q✉❡ ♦ ❞✐s❝♦ ❡stá

❡♠ r♦t❛çã♦ ❝♦♠ ♦ ♣❡r✜❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❑❡♣❧❡r✐❛♥❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❜♦r❞❛

✐♥t❡r♥❛ é ❞❛❞♦ ♣♦r

vK =
c√

2(3− 1)
⇒ vK = 0, 5c ,

✐st♦ é✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❛♥❣✉❧❛r ❞❛ ❜♦r❞❛ ✐♥t❡r♥❛ é ❞❡ 50% ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✳ ▲♦❣♦✱ ♦

t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ ❜♦r❞❛ ✐♥t❡r♥❛ ❝♦♠♣❧❡t❛r ✉♠❛ ✈♦❧t❛ é ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 12, 6

✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳

❆ ❜♦r❞❛ ❡①t❡r♥❛ ❞♦ ❞✐s❝♦ ❡stá ❧♦❝❛❧✐③❛❞♦ ❡♠ 20rS ❡ s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❑❡♣❧❡r✐❛♥❛ é ❞❡

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞❡ 16% ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✳ ❆ss✐♠✱ s❡✉ ♣❡rí♦❞♦ é ❞❡ 775 ✉♥✐❞❛❞❡s ❞❡

t❡♠♣♦✳

✶✹✹







✻✳✷ ❊①❡♠♣❧♦ ✷

◆❡st❡ ❡①❡♠♣❧♦ ❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛çã♦ ❞❡

❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s✱ ❡①♣♦st♦ ♥❛ s❡çã♦ ✸✳✾✳✸✱ ❝♦♠ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❞❡ q✉❛tr♦ ❡stá❣✐♦s ♣❛r❛

♦ ❛❝rés❝✐♠♦ ❞♦ t❡r♠♦ ❢♦♥t❡✳ ❖s ✈❛❧♦r❡s ✉t✐❧✐③❛❞♦s ❢♦r❛♠✿

• ❉♦♠í♥✐♦ ❊s♣❛❝✐❛❧✿ [1, 1 20] × [0, π/2]✱ ✐st♦ é r ∈ [1, 1 20] ❡ θ ∈ [0, π/2] ❡♠

r❛❞✐❛♥♦s❀

• ❙✉❜✐♥t❡r✈❛❧♦s✿ 630× 630✱ ❛ss✐♠ ∆r = 18, 9/630 ❡ ∆θ = π/1260❀

• ❊s♣❛ç❛♠❡♥t♦ ❚❡♠♣♦r❛❧✿ ∆t = 401.0, 005.min{∆r,∆θ}❀

• ❈♦♥st❛♥t❡s ✲ ▼❛tér✐❛✿ ❈♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ✲ Γ = 5/3 ❡

❡♥t❛❧♣✐❛ ✲ H = 1, 3❀

• ❆❜❡rt✉r❛ ❞♦ ❉✐s❝♦✿ δ = 0, 125✱ ✐st♦ é✱ ♦ ❞✐s❝♦ ♦❝✉♣❛ ✉♠ ♦✐t❛✈♦ ❞❛ ❛❜❡rt✉r❛ ❞♦

❞♦♠í♥✐♦❀

• ❉❡♥s✐❞❛❞❡ ❞♦ ❉✐s❝♦✿ ✹✵✶ ✈❡③❡s ♠❛✐♦r q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ♠❛❣♥❡t♦s❢❡r❛❀

• ❇♦r❞❛ ✐♥t❡r♥❛ ❞♦ ❞✐s❝♦✿ rD = 3rS✱ três ✈❡③❡s ♦ r❛✐♦ ❞♦ ❇❍❀

◆❡st❡ ❝❛s♦✱ r❡s♦❧✈❡✉✲s❡ ♥♦r♠❛❧✐③❛r ♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❝♦♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r 401 ❝♦♠ ♦

✐♥t✉✐t♦ ❞❡ ❢❛③❡r ❝♦♠ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ tr❛❜❛❧❤❡ ❝♦♠ ✈❛❧♦r❡s ♠❡♥♦r❡s✳

❊st❛ ♥♦r♠❛❧✐③❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❢❛t♦r ❡s❝❛❧❛ ❡ ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛ ❡♠ ♠ét♦❞♦s ♥✉♠ér✐❝♦s

❛♣❧✐❝❛❞♦s ❡♠ ❞✐♥â♠✐❝❛s ❞❡ ✢✉✐❞♦s ❬✽✽❪✳ P❛r❛ ✉♠❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❞♦s ❣rá✜❝♦s ✉s❛♠♦s

♦ ❧♦❣❛r✐t♠♦ ❞❡ ❜❛s❡ ✶✵ ♥♦ ❡✐①♦ ✈❡rt✐❝❛❧ ❞♦s ✈❛❧♦r❡s ❞❛ ❞❡♥s✐❞❛❞❡✱ ♣r❡ssã♦ ❡ ❡♥❡r❣✐❛ t♦t❛❧✳

❆ s❡❣✉✐r tê♠✲s❡ ♦s ❣rá✜❝♦s ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳

❆s ❋✐❣✉r❛s ✻✳✽ ✲ ✻✳✶✶ ❛❝♦♠♣❛♥❤❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞❡♥s✐❞❛❞❡✳ ❉❡ ✐♥í❝✐♦ t❡♠✲

s❡ ❛♣❡♥❛s ♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ❡♠ r♦t❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ ✈❡rt✐❝❛❧ ❡ ❛ ♠❛❣♥❡t♦s❢❡r❛

❡♠ q✉❡❞❛ ❡♠ ❞✐r❡çã♦ ❛♦ ❜✉r❛❝♦ ♥❡❣r♦✳ ❉❡♣♦✐s✱ ❛ s✐♠✉❧❛çã♦ ♣❛ss❛ ♣❡❧❛ tr❛♥s✐çã♦ ❡♥tr❡

❛❝r❡çã♦ ❡ ❡❥❡çã♦ ❡ ❛ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦ ♣❡r❝❡❜❡✲s❡ ❛ ❡❥❡çã♦ ❞❡ ♠❛tér✐❛ ❡♠ ❢♦r♠❛ ❞❡ ❥❛t♦

❝♦❧✐♠❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ ✈❡rt✐❝❛❧✳ P♦r ✜♠✱ ♦ ❥❛t♦ ❡st❡♥❞❡✲s❡ ❛té ♣ró①✐♠♦ ❞❛ ❞✐stâ♥❝✐❛ ❞❡

15 ✈❡③❡s ♦ r❛✐♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧✳ ◆❡ss❡s ❡①❡♠♣❧♦s ❛ ✉♥✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛ é ♦ r❛✐♦

✶✹✼



❋✐❣✉r❛ ✻✳✺✿ ➚ ❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ♦ ❣rá✜❝♦ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡ à ❞✐r❡✐t❛
❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

❋✐❣✉r❛ ✻✳✻✿ ➚ ❡sq✉❡r❞❛ t❡♠✲s❡ ♦ ❣rá✜❝♦ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❡ à ❞✐r❡✐t❛ ❞❛
✐♥t❡♥s✐❞❛❞❡ ❞❛ ♣r❡ssã♦✳

❋✐❣✉r❛ ✻✳✼✿ ❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳

✶✹✽



❞♦ ❇❍ ❡ ♥♦s ❣rá✜❝♦s ❝❛❞❛ ✉♥✐❞❛❞❡ ♥♦s ❡✐①♦s ✈❡rt✐❝❛✐s ❡ ❤♦r✐③♦♥t❛✐s ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥✐❞❛❞❡

❞❡ r❡❢❡rê♥❝✐❛✳ ❖ ❇❍ ♣♦s✐❝✐♦♥❛✲s❡ ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠ ❞♦s ❣rá✜❝♦s ❡ s❡✉ r❛✐♦ é ❡①❛t❛♠❡♥t❡

❛ ✉♥✐❞❛❞❡✳

◆♦ ❥❛t♦ ❝♦❧✐♠❛❞♦ ❡❥❡t❛❞♦ ❞❡st❛❝❛✲s❡ ❛ ❢♦r♠❛çã♦ ❞❡ s✉❜❡str✉t✉r❛s ❡ ✉♠ ❥❛t♦ ❜❡♠

❞❡✜♥✐❞♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦ ❥❛t♦ ❢♦r♠❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳

❋✐❣✉r❛ ✻✳✽✿ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳

❋✐❣✉r❛ ✻✳✾✿ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳

❆s ❋✐❣✉r❛s ✻✳✶✷ ✲ ✻✳✶✺ ♠♦str❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

❆♣❡♥❛s ♥❛ ❋✐❣✉r❛ ✻✳✶✺ ♥♦t❛✲s❡ ♠♦❞✐✜❝❛çõ❡s ♥❛ ✈❡❧♦❝✐❞❛❞❡ q✉❡ ❛❝♦♠♣❛♥❤❛♠ ❛s s✉❜❡str✉✲

✶✹✾



❋✐❣✉r❛ ✻✳✶✵✿ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✸✳

❋✐❣✉r❛ ✻✳✶✶✿ ❉❡♥s✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳

✶✺✵



t✉r❛s q✉❡ s❡ ❞❡st❛❝❛♠ ♥♦ ❥❛t♦ ❝♦❧✐♠❛❞♦✳

❋✐❣✉r❛ ✻✳✶✷✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳

❋✐❣✉r❛ ✻✳✶✸✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳

❆s ❋✐❣✉r❛s ✻✳✶✻ ✲ ✻✳✶✾ ❛♣r❡s❡♥t❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ✐♥t❡s✐❞❛❞❡ ❞❛ ♣r❡ssã♦✳ ❆♦

♦❜s❡r✈❛r t❛✐s ✜❣✉r❛s ♣❡r❝❡❜❡✉✲s❡ ✉♠❛ ❡str✉t✉r❛ s❡♥❞♦ ❢♦r♠❛❞❛ ♥♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦ ♥♦ ❡✐①♦

❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ ✷ ❡ ✸✳ ❊st❛ é ✉♠❛ s✉❜❡str✉t✉r❛ q✉❡ ♥ã♦ ✜❝❛ ♣❡r♠❛♥❡♥t❡

❡ ♥❛ ❋✐❣✉r❛ ✻✳✶✾ ♥♦t❛✲s❡ s❡✉ ❞❡s❛♣❛r❡❝✐♠❡♥t♦✳ ◆❛s ❋✐❣✉r❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s s♦❧✉çõ❡s

♥✉♠ér✐❝❛s ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ t❛♠❜é♠ ♣❡r❝❡❜❡✲s❡ t❛❧ s✉❜❡str✉t✉r❛✳

✶✺✶



❋✐❣✉r❛ ✻✳✶✹✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✸✳

❋✐❣✉r❛ ✻✳✶✺✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❱❡❧♦❝✐❞❛❞❡✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳

✶✺✷



❋✐❣✉r❛ ✻✳✶✻✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽ ✳

❋✐❣✉r❛ ✻✳✶✼✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻ ✳

✶✺✸



❋✐❣✉r❛ ✻✳✶✽✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✷ ✳

❋✐❣✉r❛ ✻✳✶✾✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ Pr❡ssã♦✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾ ✳

✶✺✹



❆s ❋✐❣✉r❛s ✻✳✷✵ ✲ ✻✳✷✸ ✐❧✉str❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❡♥❡r❣✐❛❧ t♦t❛❧ ❡ ♥❡ss❡s ❣rá✜❝♦s

❞❡st❛❝❛✲s❡ ❛ ❢♦r♠❛çã♦ ❞♦ ❥❛t♦ r❡❧❛t✐✈íst✐❝♦ ❡ ❛❧❣✉♠❛s s✉❜❡str✉t✉r❛s ❢♦r♠❛❞❛s✳ ❚❛♠❜é♠✱

r❡❢♦rç❛✲s❡ ✉♠❛ s✉❜❡str✉t✉r❛ ❢♦r♠❛❞❛ ♥♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳

❋✐❣✉r❛ ✻✳✷✵✿ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✶✱✽✳

❋✐❣✉r❛ ✻✳✷✶✿ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✶✾✱✻✳

❈♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❞❡ ❈P❯ ❣❛st♦ ♣♦r ❝❛❞❛ ♠ét♦❞♦ ✐♠♣❧❡♠❡♥t❛❞♦✱ ♦ ♠ét♦❞♦ ▲❛①✲

❋r✐❡❞r✐❝❤s ❣❛st♦✉ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ q✉❛tr♦ ❤♦r❛s ♣❛r❛ ♦❜t❡r ❛ s♦❧✉çã♦ ♥♦ t❡♠♣♦ ✜♥❛❧ ❞❡

✺✽✱✾ ❡♥q✉❛♥t♦ q✉❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❞❡♠♦r♦✉ q✉❛s❡ ✷✵ ❤♦r❛s ♣❛r❛ ❡①❡❝✉t❛r

t❛❧ s✐♠✉❧❛çã♦✳ ■st♦ r❡✢❡t❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ s❡ ❞❡s❡♥✈♦❧✈❡r ♣r✐♠❡✐r♦ ♦ ❝ó❞✐❣♦ ❡♠ ▲❛①✲

✶✺✺



❋✐❣✉r❛ ✻✳✷✷✿ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✸✾✱✷✳

❋✐❣✉r❛ ✻✳✷✸✿ ❊♥❡r❣✐❛ ❚♦t❛❧✿ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ t❡♠♣♦ ❞❡ ✺✽✱✾✳

✶✺✻



❋r✐❡❞r✐❝❤s✳ ❆ss✐♠✱ ❞❡♣♦✐s ❞❡ ❣❛♥❤❛r ❝♦♥✜❛❜✐❧✐❞❛❞❡ ♥♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❋♦rtr❛♥ ✾✵✱

❝♦♠ ♣❡q✉❡♥❛s ❛❧t❡r❛çõ❡s ❛❝r❡s❝❡♥t♦✉✲s❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳

◆❡st❡ ❡①❡♠♣❧♦ ♥ã♦ ❢♦r❛♠ ❛❝r❡s❝❡♥t❛❞♦ ♦s ❣rá✜❝♦s ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ ♣♦r s❡r❡♠ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s ❛♦s ❣rá✜❝♦s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳

✻✳✸ ❊①❡♠♣❧♦ ✸

❖ ❡①❡♠♣❧♦ ✸ r❡❢❡r❡✲s❡ ❛♦ ♠❡s♠♦ ❡①❡♠♣❧♦ ✷✱ ♣♦ré♠ ♦ ♠ét♦❞♦ ❛♣❧✐❝❛❞♦ é ♦ ▲❛①✲❲❡♥❞r♦✛

❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❚❱❉✱ t❛♠❜é♠✱ ❝♦♠ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ ❡ s❡♠

❧✐♠✐t❛❞♦r❡s ❞❡ ✐♥❝❧✐♥❛çõ❡s✳ ◆❡st❡ ❝❛s♦✱ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❡stá✈❡❧ ❡ ❝♦♠

✐ss♦ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♥❡♠ s❡♠♣r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉ é ❝❛♣❛③ ❞❡ ❡st❛❜✐❧✐③❛r ♦ ♠ét♦❞♦

♥✉♠ér✐❝♦✳ ❖ ♠ó❞✉❧♦ q✉❡ ❝♦♥té♠ ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡stã♦ ❡♠ ❛♥❡①♦ ❡ ♦ ♠ét♦❞♦

❡♥❝♦♥tr❛✲s❡ ❞✐s♣♦♥í✈❡❧ ❝♦♠♦ ♦♣çã♦✱ ♣♦✐s ♣♦❞❡ s❡r út✐❧ ❡♠ ❛❧❣✉♠ ♦✉tr♦ ❡①❡♠♣❧♦✳

✶✺✼



✶✺✽



❈❛♣ít✉❧♦ ✼

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ❡ ❚r❛❜❛❧❤♦s

❋✉t✉r♦s

✼✳✶ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ♣❡sq✉✐s♦✉✲s❡ ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s✱ ❛ s❛❜❡r✿ ▲❛①✲❋r✐❡❞r✐❝❤s✱

▲❛①✲❲❡♥❞r♦✛✬s ❡ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❛♣❧✐❝❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛✲

t✐✈íst✐❝♦s ❞❡s❞❡ ❛ q✉❡❞❛ ❞❡ ✉♠ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✱ ❡♠ r♦t❛çã♦ ♣❛r❛ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ✭❇❍✮

❝❡♥tr❛❧ ❞❛❞♦ ♣❡❧❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❛té ❛ ❡❥❡çã♦ ❞❡ ✢✉✐❞♦ ♣❡❧♦s ♣♦❧♦s ❞♦ ❇❍✳

❉❡ ✐♥í❝✐♦ ♣r♦❜❧❡♠❛t✐③❛♠♦s ♦ ❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦ ❞❡st❛❝❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❆s✲

tr♦❢ís✐❝❛ ▼♦❞❡r♥❛✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❛s ❡q✉❛çõ❡s ❡♥✈♦❧✈✐❞❛s ❡ ❛s ❞✐✜❝✉❧❞❛❞❡s ❡♠ ♠♦❞❡❧❛r✱

✐♠♣❧❡♠❡♥t❛r ❡ s✐♠✉❧❛r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✳ ❯t✐❧✐③♦✉✲

s❡ ❛ ❢♦r♠✉❧❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ▼❛❣♥❡t♦❤✐❞r♦❞✐♥â♠✐❝❛ ❘❡❧❛t✐✈íst✐❝❛ ❝♦♠ ●r❛✈✐t❛çã♦

✭●❘▼❍❉✮ ♣r♦♣♦st❛ ♣♦r ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ❬✸✽❪✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s♣❡❝t♦s ❢❡♥♦♠❡♥♦❧ó❣✐✲

❝♦s ❞❡s❝r✐t♦s ❡♠ ❬✽✱ ✾✱ ✸✽✱ ✷✹✱ ✽✼❪✳

❉❡♣♦✐s✱ ♣❛ss♦✉✲s❡ ❛♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s ❧✐✈r❡s ❞❡ r❡✲

s♦❧✈❡❞♦r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✳ ❆♣ós ❛ ❡①♣♦s✐çã♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s

❛ss♦❝✐❛❞❛s à ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♥s✐stê♥❝✐❛✱ ❡st❛❜✐❧✐❞❛❞❡✱ ❞✐ss✐♣❛çã♦ ❡ ❞✐s♣❡rsã♦ ♥✉♠ér✐❝❛s ❞♦s

♠ét♦❞♦s ❞❡ ❱♦❧✉♠❡s ❋✐♥✐t♦s ❈❡♥tr❛❞♦s ❯♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡

❘✐❡♠❛♥♥✱ ✉♠ ♠ét♦❞♦ ❞❡♣❡♥❞❡♥t❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ✲ ♦ ♠ét♦❞♦ ●♦❞✉♥♦✈ ❞❡s❡♥✈♦❧✈✐❞♦

♣♦r ❍❛rt❡♥✱ ▲❛① ❡ ▲❡❡r ✭❍▲▲✮ ❬✸✶❪ ✲ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ r❡❛❧✐③❛r ❝♦♠♣❛r❛çõ❡s✳

✶✺✾



■♠♣❧❡♠❡♥t❛♠♦s ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♦s ♠ét♦❞♦s ▲❛①✲❋r✐❡❞r✐❝❤s ❝❧áss✐❝♦✱ ▲❛①✲❲❡♥❞r♦✛

❝❧áss✐❝♦✱ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ três ❡stá❣✐♦s ❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❱❛❧♦r

❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡ ✭❚❱❉✮ ♥♦ t❡♠♣♦✱ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛ ❡ ♦ ♠ét♦❞♦

●♦❞✉♥♦✈✲❍▲▲ ✭❡①tr❛í❞♦ ❞❡ ❬✽✽❪ ❡ ❛❞❛♣t❛❞♦ ❡♠ ❖❝t❛✈❡✮ ♣❛r❛ s✐♠✉❧❛r ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✲

✐❞♦ ✐❞❡❛❧ ♠♦❞❡❧❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ✉♥✐❞✐♠❡s✐♦♥❛✐s✳ ❊♠❜♦r❛ s❡❥❛ ✉♠ ♣r♦❜❧❡♠❛

✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r ♣♦ss✉✐ t♦❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❡ ❞❡s❛✜♦s ❞❡

s❡ ❛♣❧✐❝❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❡♠ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s✳

◆♦s ❡①❡♠♣❧♦s ❡①♣♦st♦s ❞❡st❛❝❛r❛♠✲s❡✿ ♦ ❝❛rát❡r ❞✐ss✐♣❛t✐✈♦ ❞♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s

❡ s❡✉ ❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧❀ ♦ ❝❛rát❡r ❞✐s♣❡rs✐✈♦ ❞♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❛❝r❡s❝❡♥✲

t❛♥❞♦ ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ❞❡ ❝❡rt♦ ♠♦❞♦ ♣♦❞❡ s❡r ❝♦♥tr♦✲

❧❛❞❛ s❡ ❛ ❞✐s❝r❡t✐③❛çã♦ t❡♠♣♦r❛❧ ❢♦r ❢❡✐t❛ ♣♦r ✉♠ ♠ét♦❞♦ ❚❱❉✱ ❝♦♠ ❛ r❡ss❛❧✈❛ ❞❡ q✉❡

s✉❛ r❡❣✐ã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ é ♠❛✐s r❡str✐t✐✈❛❀ ❛ ❜♦❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞♦

♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✱ s❡♠ ♣r❡❝✐s❛r ❞❡ ✐♥❢♦r♠❛çõ❡s ❡①tr❛s✱ ♣♦ré♠ ❝♦♠ ✉♠ ❛✉♠❡♥t♦

♥♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♥❛ r❡str✐çã♦ ♥❛ r❡❧❛çã♦ ❡♥tr❡ ∆t ❡ ∆x✱ ❡ ♦ ❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦ ♠ét♦❞♦ ●♦❞✉♥♦✈✲❍▲▲ ❡ s❡✉ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ t♦❞❛✈✐❛✱ s✉❛ ❛♣❧✐❝❛❜✐✲

❧✐❞❛❞❡ é ❞✐✜❝✉❧t❛❞❛ ♣❡❧❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs✱ ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞❛

♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞✐♠❡♥s✐♦♥❛❧ ✭❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✮ ❡♠ ♣r♦❜❧❡♠❛s

❞❡ ❞✉❛s ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s✳

◆♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ❡ ♦s ♣r✐♥❝✐♣❛✐s ❝ó❞✐❣♦s ❡♠ ●❘▼❍❉ ❡ ❛❧❣✉♥s ❞♦s ♣r♦❜❧❡♠❛s

q✉❡ ❡stã♦ ❞✐s♣♦♥í✈❡✐s ❡♠ s❡✉s ♣❛❝♦t❡s✳ ▼❡s♠♦ s❛❜❡♥❞♦ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛s ❡q✉❛çõ❡s

❞❡ ●❘▼❍❉ ♣♦ss✉❡♠ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❬✷✹❪✱ t❛✐s ❝ó❞✐❣♦s tê♠ ✉♠❛ t❡♥❞ê♥❝✐❛ ❡♠ ✉t✐❧✐③❛r

♠ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ❞❡♣❡♥❞❡♥t❡s ❞❡ ❘✐❡♠❛♥♥ ❙♦❧✈❡rs ❝♦♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧✳

■st♦ é✱ ♠❡s♠♦ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ s❡♥❞♦ ✉♠ ❧✐♠✐t❛❞♦r ❡ ♦ ❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ s❡♥❞♦

✉♠ ❝♦❧❛❜♦r❛❞♦r ❝♦♠ ♦ ❛❝rés❝✐♠♦ ❞❡ ♦s❝✐❧❛çõ❡s ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛✱ ♦s ❝ó❞✐❣♦s ❝✐t❛❞♦s

♠❛♥tê♠ t❛❧ t❡♥❞ê♥❝✐❛✳

❖✉tr♦ ❢❛t♦ ❞❡ ❞❡st❛q✉❡ é q✉❡ t❛✐s ❝ó❞✐❣♦s ♥ã♦ ♣♦ss✉❡♠ ❡♠ s❡✉s ♣❛❝♦t❡s ❡①❡♠♣❧♦s

❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❞❡s❞❡ ❛ ❛❝r❡çã♦ ❛té ❛ ❡❥❡çã♦✳ ❚❛♠❜é♠✱ ❡♥❢❛t✐③❛♠♦s

q✉❡ ❞❡s❞❡ ♦ ❛rt✐❣♦ ♣✐♦♥❡✐r♦ ❡♠ s✐♠✉❧❛çã♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s✱ ❛té ♦s ❞✐❛s ❛t✉❛✐s ❬✸✽✱

✹✵❪✱ ❑♦✐❞❡✱ ❙❤✐❜❛t❛ ❡ ❑✉❞♦❤ ✉t✐❧✐③❛♠ ❡♠ s✉❛s ♣❡sq✉✐s❛s ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❚❱❉

s✐♠♣❧✐✜❝❛❞♦ ❝♦♠ ✈✐s❝♦s✐❞❛❞❡ ❛rt✐✜❝✐❛❧✱ ❞❡❝♦♠♣♦s✐çã♦ ❞✐♠❡♥s✐♦♥❛❧ ✭❙♣❧✐tt✐♥❣ ❞✐♠❡♥s✐♦♥❛❧✮

✶✻✵



❡ ❧✐♠✐t❛❞♦r❡s ❞❡ ♦s❝✐❧❛çõ❡s ♣❛r❛ ❡✈✐tá✲❧❛s ❞❡✈✐❞♦ t❛❧ s❡♣❛r❛çã♦✳

❈♦♥t✉❞♦✱ ❡st❛ t❡s❡ ♣r♦♣ôs ❛ ❛♣❧✐❝❛çã♦ ❞❡ ♠ét♦❞♦s s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧ ✭♠ét♦✲

❞♦s ❯♥s♣❧✐tt✐♥❣✮ ❡ ❧✐✈r❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❘✐❡♠❛♥♥✱ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s q✉❡

r❡♣r❡s❡♥t❛♠ ❛ s✐♠✉❧❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✱ ❝♦♠ ♦ ✐♥t✉✲

✐t♦ ❞❡ ❝♦♥s❡❣✉✐r ❡st❛❜✐❧✐③❛r ❛ tr❛♥s✐çã♦ ❡♥tr❡ ❛❝r❡çã♦ ❡ ❡❥❡çã♦✱ q✉❡ é ✉♠❛ ❞❛s ♠❛✐♦r❡s

❞✐✜❝✉❧❞❛❞❡s ❞❡ss❡ ♣r♦❜❧❡♠❛✱ ♣♦r ❡♥✈♦❧✈❡r ❢❡♥ô♠❡♥♦s ❡♠ ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s ❞❡ ❡s❝❛❧❛✳

❖s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s ❢♦r❛♠ ♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡ ♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲

❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡♠ ♠❛❧❤❛ ❞❡s❧♦❝❛❞❛✳

❯♠ ♦✉tr♦ ♦❜❥❡t✐✈♦ ❢♦✐ ❡s❝r❡✈❡r ✉♠ ❝ó❞✐❣♦ t♦t❛❧♠❡♥t❡ ♥♦✈♦ ❡♠ ❋♦rtr❛♥ ✾✵✱ ❝♦♠ ♦s

r❡❝✉rs♦s ❞❡ ❛❧♦❝❛çã♦ ❞✐♥â♠✐❝❛ ❞❡ ♠❡♠ór✐❛✱ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♠♦❞✉❧❛r ❡

❞❡❝❧❛r❛çã♦ ❞❛ ✐♥t❡♥çã♦ ❞♦ ✉s♦ ❞❛s ✈❛r✐á✈❡✐s✳ ❚❛✐s r❡❝✉rs♦s ❢❛❝✐❧✐t❛♠ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡

❢✉t✉r♦s ❝ó❞✐❣♦s ❡ s✉❛ ❛❧t❡r❛çã♦✱ ♣♦✐s ❛ ✐♥t❡♥çã♦ ❞❡❝❧❛r❛❞❛ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧ ♣♦❞❡ ❡✈✐t❛r

❛❧t❡r❛çõ❡s ✐♥❞❡✈✐❞❛s✳

◆♦ ❝❛♣ít✉❧♦ ✻ ❢♦r❛♠ ❡①♣♦st❛s ❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♠ ♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❡ ♦

♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r✳ ❆♠❜♦s ♦s ♠ét♦❞♦s s✐♠✉❧❛r❛♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐✲

❝♦s✱ ♣♦ré♠ ❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♣❡❧♦ ♠ét♦❞♦ ▲❛①✲❋r✐❡❞r✐❝❤s ❛♣r❡s❡♥t❛r❛♠

♠✉✐t❛ ❞✐ss✐♣❛çã♦ ♥✉♠ér✐❝❛ ❝♦♠♣r♦♠❡t❡♥❞♦ ❞❡t❛❧❤❡s ❞❛ ❡str✉t✉r❛ ❞♦ ❥❛t♦ ❡ ❞♦ ❞✐s❝♦✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ❛ s✐♠✉❧❛çã♦ t❡✈❡ ❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡✱ ❡♠ ✉♠ ♣r✐♠❡✐r♦ ❡st✉❞♦✱ t❛❧

✐♠♣❧❡♠❡♥t❛çã♦ ❢♦r♥❡❝❡✉ ✉♠❛ ✐❞❡✐❛ ❞❛ ❞✐♥â♠✐❝❛ ❞♦ ✢✉✐❞♦ ❡ ❛❥✉❞♦✉ ♥❛ ❡str✉t✉r❛çã♦ ❞♦

♣r♦❣r❛♠❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ❛s ❡①❡❝✉çõ❡s t❡st❡s ❞♦ ♣r♦❣r❛♠❛ ❝♦♥s✉♠✐r❛♠

♣♦✉❝♦ t❡♠♣♦✳

■♠♣❧❡♠❡♥t❛♠♦s ❛✐♥❞❛✱ ♦ ♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛ ❝♦♠ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠

❚❱❉ ✭❱❛❧♦r ❚♦t❛❧ ❉❡❝r❡s❝❡♥t❡✮✱ ♥❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s ❡ ✈❡r✐✜❝❛♠♦s q✉❡

♥❡♠ s❡♠♣r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❚❱❉ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❡st❛❜✐❧✐③❛r ❛s ♦s❝✐❧❛çõ❡s ❣❡r❛❞❛s ♣❡❧♦

♠ét♦❞♦ ▲❛①✲❲❡♥❞r♦✛✳

❈♦♠ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❛t✐♥❣✐♠♦s ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛

t❡s❡✱ ♣♦✐s ❝♦♥s❡❣✉✐♠♦s ✉♠❛ s✐♠✉❧❛çã♦ q✉❡ ♣❛ss❛ ♣❡❧❛ tr❛♥s✐çã♦ ❡♥tr❡ ❛❝r❡çã♦ ❡ ❡❥❡çã♦ s❡♠

♣❡r❞❡r ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠❛ s✐♠✉❧❛çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❢♦✐ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠ ♥♦✈♦ ❝ó❞✐❣♦ ❡♠ ❋♦rtr❛♥ ✾✵ ❝❛♣❛③ ❞❡ s✐♠✉❧❛r

❛ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s✱ ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s

✶✻✶



❡s♣❛❝✐❛✐s ♥❛ ♠étr✐❝❛ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝✉❥❛ ❡①t❡♥sã♦ ❞♦ ❥❛t♦ ❛t✐♥❣✐✉ ✶✹ ✈❡③❡s ♦ r❛✐♦ ❞❡

❙❝❤✇❛r③s❝❤✐❧❞✱ ❝♦♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❜s❡r✈❛r s✉❜❡str✉t✉r❛s ❞♦ ❥❛t♦ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s

♦ ♠ét♦❞♦ ◆❡ss②❛❤✉✲❚❛❞♠♦r ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡♠ s❡♣❛r❛çã♦ ❞✐♠❡♥s✐♦♥❛❧ ✭❯♥s♣❧✐tt✐♥❣ ❞✐✲

♠❡♥s✐♦♥❛❧✮✱ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❞❡ q✉❛tr♦ ❡stá❣✐♦s ♣❛r❛ ♦ t❡r♠♦ ❢♦♥t❡✳ ❆❧é♠ ❞✐ss♦✱

♦❜s❡r✈♦✉✲s❡ ✉♠❛ s✉❜❡str✉t✉r❛ ♥♦ ❞✐s❝♦ ❞❡ ❛❝r❡çã♦✳

✼✳✷ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡st❛ ♣❡sq✉✐s❛ ♣♦❞❡ ❝❛♠✐♥❤❛r ♣❛r❛ ❛❧❣✉♥s ❞♦s t❡♠❛s s❡❣✉✐♥t❡s✿

▼♦❞❡❧❛❣❡♠✿

• ❆❞❛♣t❛r ♦ ❝ó❞✐❣♦ ♣❛r❛ q✉❡ ♦ ♠♦❞❡❧♦ t❡♥❤❛ ❛ ♦♣çã♦ ❞❡ ✉t✐❧✐③❛r ❛ ♠étr✐❝❛ ❞❡ ❑❡rr✱

❝✉❥♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❡♥tr❛❧ t❛♠❜é♠ ♣♦ss✉✐ r♦t❛çã♦❀

• P❡sq✉✐s❛r ♦ s✐❣♥✐✜❝❛❞♦ ❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❛❝rés❝✐♠♦ ❞❡ t❡r♠♦ r❡s✐st✐✈♦ ♥❛s ❡q✉❛çõ❡s

❞❡ ●❘▼❍❉❀

• ▼♦❞❡❧❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❛ ❞✐♥â♠✐❝❛ ❞❛ ❣❡♦♠❡tr✐❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛r

✉♠ ✢✉✐❞♦ ❝♦♠ ❛✉t♦✲❣r❛✈✐t❛çã♦✳ P❛r❛ ✐ss♦✱ é ♥❡❝❡ssár✐♦ ❛❝r❡s❝❡♥t❛r ❛s ❡q✉❛çõ❡s ❞❡

❊✐♥st❡✐♥ ♣❛r❛ ❛t✉❛r ♥❛ ♠étr✐❝❛ ❝♦♥❢♦r♠❡ ♦ ✢✉✐❞♦ s❡ ♠♦✈✐♠❡♥t❛❀

■♠♣❧❡♠❡♥t❛çã♦ ❈♦♠♣✉t❛❝✐♦♥❛❧✿

• ❆❝r❡s❝❡♥t❛r ✉♠❛ ♦♣çã♦ ♣❛r❛ ♦ ❝ó❞✐❣♦ s❡r ❡①❡❝✉t❛❞♦ ❡♠ três ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s❀

• ❚♦r♥❛r ♦ ❝ó❞✐❣♦ ♣❛r❛❧❡❧✐③❛❞♦ ✈✐❛ ▼P■ ✭▼❡ss❛❣❡ P❛ss✐♥❣ ■♥t❡r❢❛❝❡✮❀

▼ét♦❞♦s ◆✉♠ér✐❝♦s✿

• ■♥✈❡st✐❣❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❛♦ ❛❝r❡s❝❡♥t❛r ♥❛s

❡q✉❛çõ❡s ❞❡ ●❘▼❍❉ ♦ t❡r♠♦ r❡s✐st✐✈♦❀

• P❡sq✉✐s❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞♦ ✉s♦ ❞❡ ▼ét♦❞♦s ❞♦ t✐♣♦ ●♦❞✉♥♦✈ ♥❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉

❝♦♠ ❡ s❡♠ t❡r♠♦ r❡s✐st✐✈♦✱ ❛♣❧✐❝❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛çã♦ ❞❡ ❥❛t♦s❀

✶✻✷



• ❋❛③❡r ❡st✉❞♦s r❡❧❛❝✐♦♥❛❞♦s à ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♥s✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s

♥✉♠ér✐❝♦s ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ●❘▼❍❉✳❀

❙✐♠✉❧❛çõ❡s✿

• ❆♥❛❧✐s❛r ❛s s✉❜❡str✉t✉r❛s ❢♦r♠❛❞❛s ❞✉r❛♥t❡ ❛ ❡✈♦❧✉çã♦ ❞❡ s✐♠✉❧❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠

❞✐s❝♦s ❡ ❥❛t♦s r❡❧❛t✐✈íst✐❝♦s❀

• ❙✐♠✉❧❛r ❝❡♥ár✐♦s q✉❡ ♦ ❥❛t♦ ❢♦r♠❛❞♦ ❛❧❝❛♥❝❡ ❧♦♥❣❛s ❞✐stâ♥❝✐❛s❀

• ❯t✐❧✐③❛r ❝ó❞✐❣♦ ❡♠ ♦✉tr♦s ❝❡♥ár✐♦s ❞❡ r❡❧❡✈â♥❝✐❛ ❛str♦❢ís✐❝❛✳

✶✻✸



✶✻✹



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆✳ ▼✳ ❆♥✐❧❡✱ ❙✳ P❡♥♥✐s✐✱ ❖♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡ ♦❢ t❡st r❡❧❛t✐✈✐st✐❝ ♠❛❣♥❡t♦✢✉✲

✐❞❞②♥❛♠✐❝s✱ ❆♥♥✳ ■♥st✳ ❍❡♥r✐ P♦✐♥❝❛r❡✱ ✈♦❧✳ ✹✻✱ ♣♣✳ ✷✼✕✹✹✱ ✶✾✽✼✳

❬✷❪ ❆✳ ▼✳ ❆♥✐❧❡✱ ❘❡❧❛t✐✈✐st✐❝ ✢✉✐❞s ❛♥❞ ♠❛❣♥❡t♦✲✢✉✐❞s✿ ❲✐t❤ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❛str♦♣❤②s✐❝s

❛♥❞ ♣❧❛s♠❛ ♣❤②s✐❝s✱ ❈❛♠❜r✐❞❣❡ ▼♦♥♦❣r❛♣❤s ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ✭❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ❯✳❑✳❀ ◆❡✇ ❨♦r❦✱ ❯✳❙✳❆✳✱ ✶✾✽✾

❬✸❪ P✳ ❆♥♥✐♥♦s✱ P✳ ❈✳ ❋r❛❣✐❧❡✱ ❏✳ ❉✳ ❙❛❧♠♦♥s♦♥✳ ❈♦s♠♦s✰✰ ✿ ❘❡❧❛t✐✈✐st✐❝ ▼❛❣♥❡t♦❤②❞r♦✲

❞②♥❛♠✐❝s ♦♥ ❯♥str✉❝t✉r❡❞ ●r✐❞s ✇✐t❤ ▲♦❝❛❧ ❆❞❛♣t✐✈❡ ❘❡✜♥❡♠❡♥t✱ ❆str♦♣❤②s✳ ❏✱ ✈♦❧✳

✻✸✺✱ ♣♣✳ ✼✲✷✸✱✷✵✵✺✳

❬✹❪ P✳ ❆r♠✐♥❥♦♥✱ ❘✳ ❚♦✉♠❛✳ ❈❡♥tr❛❧ ❱♦❧✉♠❡ ❋✐♥✐t❡ ▼❡t❤♦❞s ✇✐t❤ ❝♦♥str❛✐♥❡❞ tr❛♥s♣♦rt

❞✐✈❡r❣❡♥❝❡ tr❡❛t♠❡♥t ❢♦r ✐❞❡❛❧ ▼❍❉✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱ ✈♦❧✳ ✷✵✹✱ ♣♣

✼✸✼✲✼✺✾✱ ✷✵✵✺✳

❬✺❪ ❳✳ ❇❛✐✱ ❏✳ ▼✳ ❙t♦♥❡✳ ▲♦❝❛❧ ❙t✉❞② ♦❢ ❆❝❝r❡t✐♦♥ ❉✐s❦s ✇✐t❤ ❛ ❙tr♦♥❣ ❱❡rt✐❝❛❧ ▼❛❣♥❡t✐❝

❋✐❡❧❞✿ ▼❛❣♥❡t♦r♦t❛t✐♦♥❛❧ ■♥st❛❜✐❧✐t② ❛♥❞ ❉✐s❦ ❖✉t✢♦✇✱ ❆♣❏✱ ✈♦❧✳ ✼✻✼ ♣♣✳ ✸✵✲✱ ✷✵✶✸✳

❬✻❪ ❏✳ ❇❛❧❜ás✱ ❊✳ ❚❛❞♠♦r✱ ❈✳✲❈✳ ❲✉✳◆♦♥✲♦s❝✐❧❧❛t♦r② ❝❡♥tr❛❧ s❝❤❡♠❡s ❢♦r ♦♥❡✲ ❛♥❞ t✇♦✲

❞✐♠❡♥s✐♦♥❛❧ ▼❍❉ ❡q✉❛t✐♦♥s✿ ■✱ ❏✳ ❈♦♠♣✳ P❤②s✳✱ ✈♦❧ ✷✵✶✱ ♣♣✳ ✷✻✶✲✷✽✺✱ ✷✵✵✹✳

❬✼❪ ❋✳ ❇❛♥②✉❧s✱ ❡t ❛❧✳✱ ◆✉♠❡r✐❝❛❧ ✸✰✶ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐st✐❝ ❍②❞r♦❞②♥❛♠✐❝s✿ ❛ ▲♦❝❛❧ ❈❤❛r✲

❛❝t❡r✐st✐❝ ❆♣♣r♦❛❝❤✱ ❆str♦♣❤②s✳ ❏✳✱ ✈♦❧✳ ✹✼✻✱ ♣♣✳ ✷✷✶✕✷✸✶✱ ✶✾✾✼✳

❬✽❪ ❱✳ ❙✳ ❇❡s❦✐♥✳ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ♠♦❞❡❧s ♦❢ ❛str♦♣❤②s✐❝❛❧ ❥❡ts✳ P❤②s✐❝s ✲ ❯s♣❡❦❤✐✱

✺✸✭✶✷✮✱ ♣♣✳ ✶✶✾✾✲✶✷✸✸✱ ✷✵✶✵✳

❬✾❪ ❱✳ ❙✳ ❇❡s❦✐♥✳ ▼❍❉ ❋❧♦✇s ✐♥ ❈♦♠♣❛❝t ❆str♦♣❤②s✐❝❛❧ ❖❜❥❡❝ts✱ ❙♣r✐♥❣❡r✱ ✷✵✶✵✳
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❬✶✵❪ ❘✳ ❉✳ ❇❧❛♥❞❢♦r❞✱ ❘✳ ▲✳ ❩♥❛❥❡✐❦✳ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❡①tr❛❝t✐♦♥ ♦❢ ❡♥❡r❣② ❢r♦♠ ❑❡rr ❜❧❛❝❦

❤♦❧❡s✱ ▼◆❘❆❙✱ ✈♦❧✳ ✶✻✾✱ ♣♣✳ ✹✸✸✲✹✺✻✱ ✶✾✼✼✳

❬✶✶❪ ▼✳ ❇r✐♦✱ ❈✳ ❈✳ ❲✉✳ ❆♥ ❯♣✇✐♥❞ ❉✐✛❡r❡♥❝✐♥❣ ❙❝❤❡♠❡ ❢♦r t❤❡ ❡q✉❛t✐♦♥s ♦❢ ■❞❡❛❧ ▼❛❣✲

♥❡t♦❤②❞r♦❞②♥❛♠✐❝s✱ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✈♦❧✳ ✼✺✱ ♣♣✳ ✹✵✵✕✹✷✷✱ ✶✾✽✽✳

❬✶✷❪ ❘✳ ❉✳ ❇❧❛♥❞❢♦r❞✱ ❉✳ ●✳ P❛②♥❡✳ ❍②❞r♦♠❛❣♥❡t✐❝ ✢♦✇s ❢r♦♠ ❛❝❝r❡t✐♦♥ ❞✐s❝s ❛♥❞ t❤❡

♣r♦❞✉❝t✐♦♥ ♦❢ r❛❞✐♦ ❥❡ts✱ ▼◆❘❆❙✱ ✈♦❧✳ ✶✾✾✱ ♣♣✳ ✽✽✸✲✾✵✸✱ ✶✾✽✷✳

❬✶✸❪ ❙✳ ❈❛rr♦❧❧✳ ❙♣❛❝❡t✐♠❡✿ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐t②

❬✶✹❪ ❙✳ ❑✳ ❈❤❛❦r❛❜❛rt✐✳ ❆❝❝r❡t✐♦♥ Pr♦❝❡ss❡s ♦♥ ❛ ❇❧❛❝❦ ❍♦❧❡✱ P❤②s✳ ❘❡♣✳✱ ✈♦❧✳ ✷✻✻✱ ♣♣✳

✷✷✾✲✸✾✵✱ ✶✾✾✻✳

❬✶✺❪ ❆✳ ❈✐❛r❞✐✱ ❡t ❛❧✳ ❊♣✐s♦❞✐❝ ▼❛❣♥❡t✐❝ ❇✉❜❜❧❡s ❛♥❞ ❏❡ts✿ ❆str♦♣❤②s✐❝❛❧ ■♠♣❧✐❝❛t✐♦♥s ❢r♦♠

▲❛❜♦r❛t♦r② ❊①♣❡r✐♠❡♥ts✱ ❆♣❏✳✱ ✈♦❧✳ ✻✾✶✱ ♣♣✳ ▲✶✹✼✲▲✶✺✵✱ ✷✵✵✾✳

❬✶✻❪ ❏✳✲P✳ ❉❡ ❱✐❧❧✐❡rs✱ ❏✳ ❋✳ ❍❛✇❧❡②✱ ❏✳ ❍✳ ❑r♦❧✐❦✳▼❛❣♥❡t✐❝❛❧❧② ❞r✐✈❡♥ ❛❝❝r❡t✐♦♥ ✢♦✇s ✐♥ t❤❡

❑❡rr ♠❡tr✐❝✳ ■✳ ▼♦❞❡❧s ❛♥❞ ♦✈❡r❛❧❧ str✉❝t✉r❡✱ ❆str♦♣❤②s✳ ❏✳✱ ✈♦❧✳ ✺✾✾✱ ♣♣✳ ✶✷✸✽✕✶✷✺✸✱

✷✵✵✸✳

❬✶✼❪ ▲✳ ❉❡❧ ❩❛♥♥❛✱ ❡t ❛❧✳ ❊❈❍❖✿ ❛♥ ❊✉❧❡r✐❛♥ ❈♦♥s❡r✈❛t✐✈❡ ❍✐❣❤ ❖r❞❡r s❝❤❡♠❡ ❢♦r ❣❡♥✲

❡r❛❧ r❡❧❛t✐✈✐st✐❝ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ❛♥❞ ♠❛❣♥❡t♦❞②♥❛♠✐❝s✱ ❆str♦♥♦♠② ✫ ❆str♦✲

♣❤②s✐❝s✱ ✈♦❧✳ ✹✼✸✱ ♥✳ ✶✱ ♣♣✳ ✶✶✲✸✵✱ ✷✵✵✼✳

❬✶✽❪ ❙✳ ❙✳ ❉♦❡❧❡♠❛♥✱ ❡t ❛❧✳ ❏❡t✲▲❛✉♥❝❤✐♥❣ ❙tr✉❝t✉r❡ ❘❡s♦❧✈❡❞ ◆❡❛r t❤❡ ❙✉♣❡r♠❛ss✐✈❡ ❇❧❛❝❦
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