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Resumo

Nesta dissertagao estamos interessados no estudo de nocoes fracas de solucao
para algumas equacoes diferenciais parciais que descrevem fendémenos da Dinamica de
Fluidos, especificamente as equagoes de Euler para fluidos incompressiveis ideais, e o
sistema das equacoes da Magnetohidrodinamica ideal, que governam o movimento de
fluidos incompressiveis ideais carregados eletricamente, com condutividade perfeita.

Os principais objetos estudados s@o o método de integracao convexa utilizado
para obter a nao-unicidade de solugoes fracas para ambas as EDPs, assim como a abor-
dagem que permite tratar de medidas parametrisadas como solugoes muito fracas para
estes sistemas. Adaptando um conceito de solucao a valor de medidas das equagoes de
Euler para o sistema MHD ideal, pudemos obter um resultado de existéncia global para
o caso completamente tridimensional, assim como um resultado de unicidade fraca-forte
para solucgoes satisfazendo uma condicao de simetria planar.

Palavras-chave: Dinamica dos Fluidos; Solugdes Fracas (Matematica); Equagoes

de Euler; Magnetoidrodinamica; Medidas de Young.



Abstract

In this thesis we are concerned with weaker notions of solutions to some partial
differential equations which describe phenomena in the field of fluid dynamics, specifically
the incompressible Euler equations for ideal fluids and the ideal Magneto-hydrodynamic
system of equations governing the motion of ideal incompressible fluids that are electrically
conductive.

The main objects of study are the method of convex integration to obtain non-
uniqueness of weak solutions to both PDE systems, as well as the framework for treating
parametrised measures as very weak solutions to these equations. By adapting a concept
of measure-valued solution from the Euler to the ideal MHD system, we are able to obtain
a global existence result for the full 3D system, and a weak-strong uniqueness result for
solutions satisfying a planar symmetry condition.

Keywords: Fluid dynamics; Weak solutions (Mathematics); Euler Equations;

Magnetohydrodynamics; Young Measures.



List of symbols

We denote by A : B =3, ; Ai;B;; the inner product of two matrices in Rxd
and the tensor product of two vectors in R? by a ® b, meaning the d x d matrix whose
(i, j)-th entry is a;b;. Moreover, we denote v ov = v ® v — <|v|?, where v is a vector in
R?. Note that v ov is a d x d symmetric matrix with zero trace. We denote the space
of d x d symmetric matrices by 8% and the subspace of traceless matrices by S§. If
¢ : X — R% is a matrix-valued function we denote by div ¢ the vector field defined by
(diV ¢)z’ = Ej aj(%‘-

Let X be a locally compact Hausdorff space. We will typically be interested
in cases where X is an open or closed subset of R™, and in this case it will inherit the
subspace topology from it. For a measurable set E, the characteristic function of the set
is denoted by g, and is defined as being 1 for points of E and zero elsewhere. For a
function f : X — R? its support, which is defined as the closure of the set where it is
non-zero, is denoted by supp f. We refer to the space of compactly supported continuous
functions on X as C.(X), and Cy(X) is defined as the closure of C.(X) in the topology
induced by the supremum norm, or, equivalently, the space of functions f for which the
set | f|71([e,0)) is compact for every e > 0. BC(X) is the set of all bounded continuous
functions defined on X.

We define the space M (X) of Radon measures with finite total variation in
X, as well as the subsets M*(X) of non-negative measures and M'(X) of probability
measures, i.e., the non-negative measures with unit mass. Now, given a © € M 1(X )
and f p-integrable, we denote its integral [y f dp by the pairing (u, f). We can use
the Riesz Representation Theorem (Theorem 7.17 on [14]) to identify M (X) with the
space of bounded linear functionals on Cy(X). As a dual space it can be endowed with a
weak® topology, meaning a sequence (j) of measures converges weakly* to a measure p

whenever the limit
], o= {6 = (0,) = [ od

holds for every ¢ € Cy(X). Moreover, if (X, 1) and (Y, r) are measure spaces we define
the product measure on X XY by p®v(A x B) = u(A)v(B), for measurable sets A C X
and B CY.

Let Y be a normed vector space. For 1 < p < oo let LP(X;Y, 1) be the set of



p-equivalence classes of maps f : X — Y for which || f||y is an LP(X, u) function, and we
usually omit the measure and/or Y when it refers to Lebesgue measure on R", or when it
is well understood from context. One such class of spaces is of special interest to us, which
are the spaces LXLP = L°°([0,T]; LP(RY)), and the related CL? = C([0,T]; L% (R%)) of
functions f which are weakly continuous in time and square-integrable in space, meaning
that the function

ts /]R o) f(x, t)de

is continuous for each ¢ € L2. Here the weak topology on L? is a particular case of
the general identification of L(X) with the dual space of LP(X) for 1 < p < oo, where
}D + % = 1. We refer to the weak topology on LP(X) and the weak* topology on L™ as
given by these identifications. Finally, for 1 < p < co we say a function f is in LT _ if

for every compact set K C X the function fxg is in LP, and (weak) convergence in this

space is defined as LP (weak) convergence for each K.
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Chapter 1

Introduction

1.1 Organisation of the thesis

In the thesis we will be concerned with some relaxed notions of solution to two
widely studied partial differential equations in the fields of Fluid Dynamics and Math-
ematical Analysis, that is, the incompressible Euler equations governing the motion of
inviscid incompressible fluids, and the ideal Magneto-hydrodynamic (MHD) equations
governing electrically charged fluids. For the ideal MHD equations in 3D space, we are
also particularly interested in a symmetry-reduced system which bears close resemblance
to the 2D Euler equations with a tracer, as well as the Navier-Stokes equations for vis-
cous incompressible fluids, where viscosity is embodied by the constant v > 0 and v =0
reduces to the Euler equations; and the viscous, resistive MHD, where similarly, we have
the constants v, u > 0 that upon vanishing reduce the system to the ideal MHD. We
introduce these equations and some of their properties, and remark on some well-known
results regarding classical solutions, their existence and/or uniqueness, and open problems
regarding these questions.

In Chapter 2, we are interested in the theory of weak solutions to these equa-
tions. One can interpret the weak formulation as a way to impose only that functions
solve the solutions on average. This relaxes the conditions imposed on solution candi-
dates, so as to widen the class of functions to be tested against. Nevertheless, for this
weaker notion of solution we are still interested in existence and/or uniqueness (or the
lack thereof). One should expect, for these wider spaces of functions, that we could more
easily obtain global existence results through methods arising from a typical functional
analytic framework.

Alongside this, however, the question of uniqueness will be made significantly
harder, and in fact false. This problem can be somewhat remedied by requiring only
weak-strong uniqueness, that is, that weak solutions must agree with classical solutions
whenever the latter exist. We expect to achieve some kind of uniqueness result by adding

conditions to the weak solutions, that we know the classical ones to obey. One such class
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of conditions are energy inequalities, which we will employ to some extent. Nevertheless,
we show that requiring simply that a weak solution’s energy be bounded, we already gain
the property of weak continuity in time, so that we can at least refer to a weak solution as
an almost everywhere (in space) well-defined function at each time, which is particularly
important in the inclusion of initial data for the weak formulation.

One successfull application of energy inequalities alongside the weak formula-
tion concerns the global existence for a class of solutions to the Navier-Stokes equations,
which are called Leray-Hopf solutions. On the other side, we refer the reader to the work
of C. De Lellis and L Székelyhidi Jr. in [9], which shows that energy inequalities are
generally not sufficient to single out Euler weak solutions. We proceed to show one pos-
sible strategy for producing weak solutions to Euler, by taking sequences of Leray-Hopf
solutions to the Navier-Stokes equations with the viscosity v — 0. We will look at some
of the possible consequences of this limit process, and how it motivates the weaker notions
of solutions we will later be studying.

After defining weak solutions and looking at some properties they should pos-
sess, we proceed in section 2 of Chapter 2 to obtain their non-uniqueness through the
method of convex integration. With origin in the geometrical Nash-Kuiper isometric em-
bedding theorem, this method produces somewhat paradoxical weak solutions and was
first adapted to the framework of PDE systems of conservation laws by C. De Lellis and L.
Székelyhidi in [8], and has since been succesfully employed in many problems of this area,
not limited simply to non-uniqueness results (see P. Isett’s work [16] for its application
on solving the negative direction of the Onsager conjecture).

First we introduce a more general framework to this method, that of a dif-
ferential inclusion: One separates the linear differential constraints from the pointwise
non-linear ones on a PDE, and from certain well-behaved solutions to the linear equa-
tions that satisfy a relaxed form of non-linear constraint (subsolutions), one proceeds to
show that there exist functions satisfying both the linear differential and strict non-linear
constraint simultaneously. This is achieved by showing that the addition of certain highly
oscillatory solutions to the linear problem (therefore weakly but not strongly convergent)
can approximate toward the strict non-linear constraint. Such constraints can be selec-
tively defined, so as to obtain weak solutions satisfying certain pre-set conditions.

Specifically, we first show how the method can be applied in “directly” obtain-
ing compactly-supported (in space-time) weak solutions to the planar symmetry MHD
equations, as done by A. Bronzi, M. Lopes Filho and H. Nussenzveig Lopes in [5]. Since
this implies the existence of non-trivial solutions to a stationary initial data, as in a fluid
that can spontaneously start and stop moving without any external interference, these
solutions are clearly non-physical, and obviously do not conserve energy. This is known
as the Scheffer-Shnirelman paradox, named after the two researchers that independently

obtained such weak solutions (not through the convex integration method, see [21, 22]).
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These sort of solutions are commonly called wild solutions. We remark here that, following
the recent work by D. Faraco, S. Lindberg and L. Székelyhidi in [13], significant advance
has been made in the framework of convex integration for the full 3D ideal MHD.

Then, we proceed to use the convex integration framework in the context of
the Euler equations, following the work in [9, 25], in which the authors prove that under
certain hypotheses there exist infinitely many weak solutions to the Euler arising from
given initial data, and presenting a given energy profile. In this case, instead of directly
obtaining weak solutions we apply a Baire Category argument to show that the set of
such solutions is residual (thus dense) in a purposely defined function space. Any initial
data for which this result can be applied (which, in the face of weak-strong uniqueness
must exclude smooth functions) is known as wild initial data. In [25], the author goes on
to prove how the set of wild initial data for which energy conserving weak solutions can
be produced is in fact dense in the strong topology of L?(R?), and also shows some cases
of functions in this set.

In Chapter 3, we look at another way to treat the limits arising from sequences
of approximate weak solutions, such as vanishing viscosity limits. One way to better
understand these sequences is to embed them into a larger space, and obtain in the
limit a new object, weaker but with more information than a simple weak limit, which
ignores oscillatory and other behavior. We introduce the concept of Young measure,
meaning a measure parametrised in space-time, which describes the pointwise behaviour
of a sequence bounded in L*°. Oscillatory phenomena in the sequence will appear in the
Young measure as any non-Dirac nature.

However, in sequences arising from the equations we are concerned with,
boundedness in L* is not the natural thing to ask, but the condition arising from the
weak energy inequality, meaning a uniform in time bound of the L? norm in space. This
condition however allows for more than simply oscillations, and concentration (controlled
blow-up) behavior becomes a problem we must also look at in studying the behavior of
these sequences. This motivates the notion of generalised Young Measure introduced by
R. DiPerna and A. Majda in [11] and further developed by J. Alibert and G. Bouchitté
in [2], which we introduce and study some of its properties.

In Chapter 4, we show how the theory of generalised Young Measures can
be applied in the definition of measure-valued solutions to systems of partial differential
equations. First, we follow along the steps of L. Székelyhidi and E. Wiedemann in [23],
which shows how the weak formulation for Euler can be extended to generalised Young
measures. Then, we present some of the interesting consequences of requiring that solu-
tions of this kind should arise from bounded energy sequences of weak solutions. Among
them, we will see that the energy of such a measure-valued solution is well-defined at
each time, and also that weak continuity (in a sense) can also be recovered, so that the

inclusion of initial data in the measure-valued formulation can be done accordingly. If we
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additionally require that the measure-valued solution satisfy a weak energy inequality, we
obtain the notion of admissible measure-valued solution, which will imply continuity of
the solution at initial time.

We then proceed to show that the notion of measure-valued solution to the
Euler equations satisfies some of the conditions for vindicating this (very) relaxed for-
mulation, i.e. we show the global existence (by R. DiPerna and A. Majda in [11]) and
weak-strong uniqueness (by Y. Brennier and C. De Lellis in [4]) of admissible measure-
valued solutions. To finish, we recall the result of E. Wiedemann in [25], that every
bounded energy measure-valued solution in fact does arise as the limit of a sequence of
weak solutions.

Finally, we adapt the framework of (admissible) measure-valued solutions to
the ideal MHD system, for which the properties of weak continuity and well-defined,
bounded energy are promptly guaranteed, as an original result. Furthermore, we obtain
for the full 3D system the global existence of admissible measure-valued solutions, from the
Leray-Hopf theory for the viscous, resistive MHD, and for the planar symmetry-reduced

system a weak-strong uniqueness.

1.2 The Euler and Ideal MHD equations

The Incompressible Euler Equations

Let us start by presenting the Euler equations describing the motion of an
ideal incompressible fluid in d-dimensional space, for d > 2. For such a fluid subject to no
external forces, its velocity v : R? x [0, 7] — R? and scalar pressure 7 : R? x [0, 7] — R?

are expected to obey the following nonlinear system of partial differential equations:

v+ (v-V)uo+Vr=0

(1.1)
div v = 0.

The non-linear term (v - V)v can be written also as div (v ® v), if we use the
fact that v is divergence-free. The expression div (v ® v) denotes the d x d matrix with
entries v;v;, and the divergence is taken row-wise. Such fluids are named ideal, in contrast
with viscous fluids, for which the effects of friction arising from the motion of the fluid
cannot be disregarded. For a viscous incompressible fluid, viscosity is assumed uniform
throughout the domain, and apart from dimensional considerations is embodied by the
constant v > 0, whose inverse is commonly known as the Reynolds number Re = % Such

fluids are then governed by the Navier-Stokes equations:
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O+ (v-V)v+ Vi =vAv

(1.2)
divo =0.

For fluids inside a domain 2 C R?, boundary conditions must also be imposed,
and these differ depending on which equation is considered. For the Euler equations, we
impose the condition that fluid does not flow through the boundary 0f2. That is, if n(x)

denotes the outward unit normal to 0€) at x, we must have

v(x,t) - n(z) =0 on 0.

Both the Euler and Navier-Stokes equations are obtained through the applica-
tion of physical principles such as conservation of momentum and continuum conditions,
as well as assumptions regarding the action and interaction of forces acting on the fluid’s
interior. A comprehensive deduction of these equations is available in [6].

The Cauchy problem for the Euler equations consists of finding functions v and
p that solve (1.1) and also satisfy, for a given divergence-free vector field vy, the initial

condition

v(+,0) = vp.

A fundamental quantity in the study of the Euler equations is the kinetic

enerqy:

B(t) = ;/R (. ) [2da.

In fact, if v, m are a smooth solution to the Euler equations, and v decays
sufficiently rapidly at infinity, we can show that kinetic energy is conserved, through the

following calculation:

1d

: 2 _ ,
5 Rd|v\ d:c—/Rd'U O dx

:_/ v-div(v@v)dm—/ v-Vr dx
Rd Rd

=— /]Rd sz:vivj@jvi dx + /]Rd pdiv v dx = 0. (1.3)
By using integration by parts and the fact that div v = > 0;v; = 0, we get

/]Rd Zvivjf)jvi dr = — /]Rd Zajvivjvi dl’,
i, 4,J



16

which assures us that both terms in (1.3) are null. One can similarly obtain for smooth

solutions of the Navier-Stokes equations the following identity

1 2 t 2 _]‘ 2
§/Rd\v(x,t)] dm+y/0 /Rd\W(x,m d:cdt—i/Rd o2 da.

As can be seen in [19], for sufficiently regular initial data, existence of smooth
solutions for both the Euler and Navier-Stokes equations can be guaranteed up to a time
T > 0 which depends on some Sobolev norm of the initial data, as well as uniqueness for
this same time interval. However, for dimension 3 the matter of global in time existence
of smooth solutions, or finite time singularity formation, is still an open problem for both
equations, regardless of regularity in the initial data. For the Navier-Stokes equations in
particular, this is one of the Millenium problems proposed by the Clay institute. However,
for dimension 2, we have a positive answer, thanks to a natural L* bound for the vorticity

w for local solutions. That is, defining the vorticity as
w=rot v=V X,

we can apply the curl to the Euler equations to see that vorticity is only transported by
v, thus obeying a L form of maximum principle. One can then apply the Beale-Kato-
Majda criterion (Theorem 2.2 in [18]) to obtain global in time existence and regularity in

2 dimensions.

The Ideal Magnetohydrodynamic Equations

Another system of PDEs that interests us in this dissertation are the ideal
incompressible Magneto-Hydrodynamic equations (MHD). These equations model the
motion of electrically charged and conductive fluids, such as plasmas, liquid metals and
electrolyte solutions, with applications ranging from chemical processes to studying the
dynamics of solar flares and the Earth’s magnetic field.

This model can be deduced by coupling the equations governing fluid dynamics
to the Maxwell equations of electromagnetism. As with the Euler equations, we are
mainly concerned with the case of incompressible ideal fluids with negligible resistivity.
Through Ohm’s Law, we can obtain the electric field from the velocity and magnetic
fields, so that the main quantities characterizing the motion of the fluid at a given point
(z,t) € RY x [0,T] for d = 2,3, are the pressure 7(z,t) € R, the velocity v(z,t) € R?
and the magnetic field B(z,t) € R% Initially considering viscosity (v > 0) and resistivity
(1 > 0), the MHD equations take the form
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o+ (v-V)v—(B-V)B+Vr=vAv
OB+ (v-V)B—(B-V)v=uAB (1.4)
divev =div B =0.

If v, =0, we get the ideal MHD equations:

o+ (v-Vo—(B-V)B+Vr=0
0B+ (v-V)B—(B-V)o=0 (1.5)
div v =div B = 0.

For these equations, the associated energy is given by

B(t) = ;/R WP (2,t) + B2z, 1) de.

Note that taking B = 0 gets us back to the Euler equations.

The MHD Equations with Planar Symmetry

We will also look at specific solutions to (1.5) in R3, which satisfy the symme-

tries:

v(x,t) = (vi(x,t),ve(z, t),0),
b(z,t) = (0,0,b(x,t))
(z,t) = (z1,0,t) € R x R.

v
B
The system is then reduced to

8tv+(v~V)v+V(7r+¥) =0
div v = 0.

which can be also be interpreted as the 2D incompressible Euler equations
with a passive tracer (the role of b), if we redefine the pressure T = 7 + @ Despite the
apparent 2D nature of the equations, solutions to this system will be solutions to the full
3D MHD, and not to a 2D version, and due to this it has been referred to in the literature
a 2.5D MHD model.
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Chapter 2

Non-uniqueness of weak solutions

2.1 Weak Solutions

A natural way of defining weaker notions of solutions is through integration:
One can visualize this as requiring only that the equation be satisfied “on average”. That
is, integrating the equations multiplied with a smooth test function and formally applying
integration by parts and other techniques, we can relax regularity assumptions on the
solution candidates, by leaving the “burden” of regularity to fall on the test function.

Specifically for the Euler equations, suppose initially that v, 7 is a smooth so-
lution of (1.1), and take ¢ € C°(R?x (0,7T)) a divergence-free vector field. Multiplication

by ¢, integration in R? x [0, 77, and integration by parts allow us to see that v satisfies

//(v cOp+v®u: Vo)dedt = 0. (2.1)

Similarly, for a scalar function 1 € C®(R? x (0,T)), the divergence-free con-

dition on v gives us

//v -V dedt = 0, (2.2)

and we say any function satisfying this specific condition is weakly divergence-free.

We can see that the integral equations above make sense for a much wider
range of functions. In fact, these integrals are finite for any locally p-integrable function
v. With this in mind, we say that v € L} (R? x [0,T]) is a weak solution of the Euler
equations if (2.1) and (2.2) hold for every divergence-free ¢ € C°(R? x (0,T); R?), and
for every ¢ € C°(R? x (0,7)).

However, notice that the pressure 7 is eliminated in (2.1) due to the divergence-

free requirement on ¢. We can in fact recover the pressure, given a weak solution v to
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(2.1) and (2.2). That is, we can produce a distribution 7 such that v and 7 together
satisfy (1.1) in the weak sense, that is, v satisfies (2.2) and also

//v-8t¢+v®v:V¢—|—7rdiv¢da:dt:0

holds for every ¢ € C°(R? x (0,T); RY). In fact, 7 is obtained as a distributional solution
to the equation —Am = div div (v ® v). The nature of this non-linear equation, which
allows us to express m through a zero-order integral operator applied to v ® v, also allows

us to control the growth of 7 in terms of v. Specifically, we have the following result:

Theorem 2.1.1 (Lemma 5.1 in [20]). Suppose that for d = 3 we have 7, v satisfying the
equation
—Ar=divdivo®v

If 7 € L9 for some 1 < g < oo, then the following estimates hold for every 1 < r < oo:
7]l < Crllvllzer,

and
V7l < Coll(v - Vo[,

for some constant C™ > 0.

Since we can look for weak solutions in a much wider class of functions, one
expects the question of existence to become much easier, while uniqueness may become a
problem. In fact, in the next section we will study some non-uniqueness results for weak
solutions to both the Euler and the MHD equations, and in chapter 4 we will see how one
can still take advantage of this non-uniqueness to obtain results about an even weaker
notion of solution.

We can also repeat this process to define weak solutions to the Navier-Stokes
equations. In fact, it is a well-known result that for any divergence-free vy € L? we can
obtain the existence of weak solutions (called Leray-Hopf solutions) v € L>(0,T; L?(R%))N
L2(0,T; HY(R%)) which also satisfy the strong energy inequality:

2/ xt]Qd:E—i—y// |Vu(z, 7)|? dodr < = / lv(z, 5)? dz, (2.3)

for almost every s,t € [0,T] for which s < ¢. For the Euler equations, we can similarly
include energy conditions, for example, in the form of a strong energy inequality of the

form

2/ lv(x,)]* do < = / lv(x, s)|? da.
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for almost every s,t € [0, 7] for which s < ¢. The weak form of these energy inequalities
arises from setting s = 0. More generally, we will be looking for solutions which satisty
the minimal requirement of bounded energy, i.e. for u € L¥°L? = L>([0, T]; L*(RY)).

We can similarly define weak solutions for the MHD equations (1.4) and (1.5).
Let v, B € L} (R? x [0,T)). We will say that v, B is a weak solution to the ideal MHD

equations if they are weakly divergence-free and satisfy

T
/0 /Rd[v-ﬁtgo—i—(v@)v—B@B):Vgp]d:cdtzo (2.4)

T
/0 /Rd[B-&g(p—F(Bébv—v@B):Vgp]d:pdtzo (2.5)

for all p € C°(R¢ x [0,7)) com div ¢ = 0.
With regards to the pressure, an analogous result to Theorem 2.1.1 can be
recovered if bounds on some p-norm of both v and B can be secured, since it must obey

the equation

—Arm =divdiv (v®v — B® B).

Since it is also expected of classical solutions to the ideal MHD equations that
they conserve energy, we are also interested, in the very least, in solutions with bounded
energy, v, B € L°L2. Furthermore, if we extend the analogy to include viscous, resistive
fluids, one can also obtain Leray-Hopf-like solutions v, B € L®°L2 N L?H! satisfying the

corresponding strong energy inequality:

B(t) + v /St Vo 7)|2adr + u/j IVB(-, 7)|adr < E(s). (2.6)

Finally, we can define weak solutions for the 2.5 MHD system in the following

2
loc

manner: (v,b) € L} (R x Ry; R? X R) is a weak solution to (1.6) if v is weakly divergence-

free and (v, b)

//(v.at¢+ (0@ v) : Vab)dadt = 0 (2.7)

/ / (b- 8o+ (bv) - Vip)dadt = 0, (2.8)

hold for every ¢ € C®°(R? x R;R?) with div ¢) = 0, and for every ¢ € C®°(R? x R).

2.1.1 Weak continuity in time

Now, if one pays attention to the definitions of weak solutions we have been
working with so far, one issue that becomes pressing is the question of how to insert the

initial data into the formulation. Say we are looking for a weak solution to Euler in the
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domain R? x [0,7") and require that v € L2 _(R? x [0,T)). Inclusion of initial data v
into the formal calculations involved in deduction of the weak formulation gives us that v
should be weakly divergence-free and satisfy, for any divergence-free ¢ € C=(R? x [0, 7)),

the expression

//Rdx[O,T)(U -+ v v Vo)drdt + /Rd vo(1)d(x,0)dr = 0. (2.9)

However, it is not clear, even with this requirement, in what sense the solution
v assumes the initial value, or whether if it does at all. Truly, for v € L*(R4x[0,T)), v(-, t)
is only well-defined as a L?*(R?) function for almost every t € [0,T). And in fact, many
results have been obtained in which weak solutions to this type of equations are produced
to be discontinuous at initial time, e.g. solutions for which liminf, o ||v(-,1)||z2 > ||vo||L2
(see Theorem 2.18 in [25]). Nevertheless, we will show in the following lemma that
imposing the condition that a weak solution has essentially bounded energy, it is possible
to make sense of v(-, ) as a L? function for every time. Furthermore, we obtain that v(-, )

will converge weakly to the initial data in LZ.

Proposition 2.1.1 (Weak continuity in time). Let v € L>(0,T; L*(R%)) be a weak
solution to Euler. Then there exists a representative © € CL2 = C([0,T]; L2 (R%)), i.e.
0(+,t) = v(-,t) as L? functions for almost every t € [0, T].

Proof. Using the Helmholtz Decomposition, density of C° in L? and separability of L?,

we can produce a sequence (¢; + Vp;)ien in L2(RY), satisfying:
(i) ¢; € C*(R%RY) with div ¢; = 0 weakly;
(1) pi € CF(RGR);

(i) {ds + Vp; bien is dense in L?(R%; R?).

Also, take y € C2°(0,7T") and define ®; by

@,(t) = [ (6.(e) + Vpi(e) - v, )de = [ ou(a) - vl ),

since div v = 0 weakly, and take y¢; as a test function in (2.1) to obtain for every
X € C((0,T)) the identity:

/OT Ox(t)P;(t) = /OT Oy (t) /]Rd di(z) - v dadt

:_/OTX(t)/Rdv@:v®v dxdt
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which implies that the function defined on [0, 7] by

t— /Rd(Vgéi(ﬁ) cv(z,t) @ v(x, t)de

is a weak derivative for ®;. This means we can estimate

T T
[ 1eiwde< [ [ V6l veol drdr
0 0 Rd

< v @ vllpert[[VillLiree < COllvllpser2|| Vil ipee < 00

This means ®, € L'([0,T]), which assures us, by the Lebesgue Differentiation Theorem,
that there exists ®; absolutely continuous on [0, 7], such that ®;(t) = ®;(t) for almost
every t € [0,T]. Since this holds for every ¢ € N, and the countable union of null sets is a
null set, it follows that there exists a null set N' C [0, 7] for which

Bi(t) = [ (6:(x) + Vpil@)) - v(a, )

Rd

for every i € N, t € [0,T] \ V. Moreover, continuity of ®; gives us
[i(t)] < [[0ll 2 l|6: + Vil 2 for all ¢ € [0, T],

so that, for every ¢t € [0,7], the function ®;(t) defines, from the density of {¢; + Vp;}
in L2, a bounded linear functional in L2, which we denote L;, given by the formula
Li(¢; + Vp;) = ®;(t). The Riesz representation theorem guarantees then that for each
t € [0,T], there exists a function 0(-,¢) € L2, which coincides with v for all t € [0,T]\ N,
and satisfies

150, O)llz2 < 0]z for all £ € [0, 7],

as well as

D,(t) :/ (¢s + Vp;) - v dx for all ¢t € [0,T].

Rd

k—o00

Lastly, take v € L2, and a subsequence ¢ + Vp, —— 1 strongly in L?. Setting ¥ :=

x?

Jra U - 1 dx, it follows that
| (t) — U(t)] < |vl|lzeer2 || dx + Vpr — [z — 0 uniformly in ¢ € [0, 77,

So that U is the uniform limit of continuous functions ®;. Since ¢ € L? is arbitrary, it

follows that © € C([0,T7]; L?). O

We will see later that this procedure can be applied to other equations, as
well as other notions of solution. For now, we just state that it remains valid for weak

solutions to the ideal MHD provided we require that both v and B be of bounded energy.
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Note that this property assures us that weak solutions defined by conditions such as (2.9)

will assume the initial data in the sense of weak convergence.

2.1.2 The vanishing viscosity limit and weaker solutions

It is common in PDE research to try to obtain solutions to a given system by
introducing a more well-behaved system of equations, obtaining solutions to the modi-
fied equation, and then attempting to recover a solution to the original problem via a
limit of modified solutions. This includes a wide variety of methods from the standard
mollification arguments, through numerically useful iterative process such as Galerkin
approximations used in simulations, and including the convex integration method for
obtaining non-physically relevant wild solutions.

One such method arises from the so-called vanishing viscosity approximation,
in which one seeks to obtain solutions to the Euler equations arising from solutions of
the Navier-Stokes equations, as the viscosity v tends to 0 (or conversely, as the Reynolds
number blows up). For smooth initial data, whence when regular solutions exist for a
while, this procedure has been found to produce sequences of solutions which converge
strongly to a (local in time) solution of the Euler equations. However, numerical simu-
lations have indicated that turbulence plays a large role in increasing the complexity of
the flow as time evolves, so that turbulent behavior such as energy cascades leading to
high-frequency oscillations may prevent the strong convergence of these sequences after
some critical time.

Possible ways around this problem could be to analyze the weak limits of such
solutions, which tend to ignore this kind of behavior. To this effect, take initial data
vy € L2, a sequence v, — 0 and for each k, a Leray-Hopf solution v;, to the Navier-Stokes
equations with viscosity vy, and let us look at the sequence (vg). The energy inequality
(2.3) assures us that (v;) is uniformly bounded in L{°L2, so that the Banach-Alaoglu
Theorem gives us (after relabeling a subsequence) the weak* convergence to a limit v,
which is also weakly divergence-free. However, the non-linear term v ® v prevents us from
concluding that the weak limit v is a weak solution to the Euler equations, because only

from the weak* convergence we cannot conclude that
*
Vp @ U — VR .

In fact, oscillations and concentrations can arise in the sequence which destroy
the weak convergence of the tensor product. We can, however, obtain the weak* conver-

gence of vy ® vy, in the space L>(0,T; L*(R4, 8)) to a symmetric matrix field u, so that
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the pair (v, u) satisfies
// (0,6 v + YV : u)dwdt = 0.
R4 x[0,T

/ / Vi -vdr =0
R4 x[0,T

for every divergence-free ¢ € C®°(R? x (0,T); R?) and scalar ¢ € C>®(R4 x (0,T)). This
is equivalent to saying that, for some distribution ¢, the triple (v, u,q) is a weak solution

to the linear system

{ ov+divu+Vg=0 (2.10)

diveo=0

One can then take at least two approaches to the problem of the failure of
weak convergence in the non-linear term. One is to attempt to work with solutions of
the linear system above, and from them build a weaker notion of solution, attempting to
work with it to gain insight into the structure of the original equation. We will see in
the next section how this approach can be useful in obtaining results about proper weak
solutions. The other possibility is to weaken even further the form of convergence and
obtain another object as a limit, which however has more information on the behavior of
the solution. The notion of measure-valued solution developed in chapters 3 and 4 follows

along this line.

2.2 Convex Integration

2.2.1 Subsolutions

The notion of subsolution was introduced, for the Euler equations, by C. Del.el-
lis and L. Székelyhidi in [8], inspired by the notion of differential inclusions, and has been
successfully utilized in several non-linear PDEs as a powerful tool to obtain results related
to weak solutions, for example the non-uniqueness [8], and the unsuitability of energy in-
equalities as selection principles for weak solutions (see [9]). It is intimately connected
with the method of convex integration, which was introduced earlier in connection to the
Nash-Kuiper isometric embedding theorem. For an overview of the history of this method
from its origins in geometrical problems to applications in fluid dynamics, we recommend
[10]. For a very general framework for application of the convex integration method to
non-linear partial differential equations, we refer to [7].

The notion of a differential inclusion consists essentially in separating the non-

linear nature from the differential structure of the PDE. Specifically, we ask that a non-
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linear PDE can be written as a system of first order PDEs

> 0A0;2=0 (2.11)

i=1

coupled with a pointwise non-linear constraint
2(y) € K(y) C R,

where z : R™ — R' is the unknown quantity and K is called the constitutive set. Then

the goal is to look for plane wave solutions, that is, solutions of the form

z(y) = ah(y - §),

where h : R — R is called the wave profile, £ € R™ is the direction of the wave, and a lies

in the system’s wave cone A, given by

A= {a €R': 3¢ € R™\ {0} such that Y &Aa= O}

i=1

One is interested then in the relationship between the constitutive set K and
the wave cone A. However, as is evident, such plane wave solutions are never compactly
supported, unless h = 0, so in each case we will be looking for ways to localise these
plane-wave solutions. The key aspect of the concept of subsolutions is that we relax the
condition that solutions to the linear system (2.11) lie necessarily within the constitutive
set K, and require only that they be in a set from which one can oscillate along the wave
cone A, and still be able to access K. Specifically, we define a A-convex function as any
function f : R’ — R that satisfies the condition

a€e€A = t — f(ap + ta) is convex.

A state z € R! is said to lie in the A-convex hull of K, denoted by K*, if
for every A-convex function f for which f|x < 0, it follows that f(z) < 0. Since all
convex functions are A-convex, we can see that K* C K. Typically, subsolutions will be
defined as functions z(y) that satisfy (2.11) and lie in the (relative) interior of K. Then,
the convex integration method consists of adding a sequence of highly oscillatory localised
plane waves, in such a way as to ensure that weak convergence of the sequence of solutions
to the linear system (2.11) is not disturbed (thus generating a solution in the weak limit),
while still allowing us to get closer to the constitutive set, and thus producing solutions to
the pointwise non-linear constraint. For the remainder of this chapter we will show how
this framework can be applied to obtain non-uniqueness of weak solutions to the MHD

planar symmetry system (Theorem 2.2.1) and for the Euler equations (Theorem 2.2.2).
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2.2.2 Direct Iteration for the planar symmetry MHD

As a demonstration of the method of convex integration we will present the
results obtained in [5], which proves the existence of compactly supported weak solutions
to the system (1.6). First we describe the system in the context of differential inclusions,

as the system of linear PDEs

o ~+div M +Vqg=0
Ob+divw =0 (2.12)
div v =0,

coupled with the pointwise non-linear constraints

[o* + [bf?

2= (bow,v,M,q) € K={(b,bv,v,v0v,q} andg=p+ ——7

(2.13)

We can then find a more succint way to refer to the state variables, which also

helps us to describe the wave cone of the linear system:

Proposition 2.2.1 (From section 2 in [5]). (i) Let Mj3y3 be the set of 3 x 3 symmet-
ric matrices, such that Ms3 = 0, and Muy,3 the set of 4 X 3 matrices satisfying

(M; ;)i =123 € Msxs. The following maps are linear isomorphisms:

RQXSSXRHM;J,X?,

M+qly v (2.14)
v,M,q) —
( q) ( g0 )
R x R*> — R? (2.15)
(b, w) — (wt b) '
R x R* x R? x & x R — M3
Mgl v (2.16)
(b,w,v, M,q) — U := vt 0
w' b

(7i) Introducing the variable y = (z,t), the system (2.12) is equivalent to

div ,U = 0. (2.17)
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(i17) For every b € R, v € R? and M € &2, there exist ¢ € R and w € R? for which the
kernel of U is non-trivial or, equivalently, (b, w, v, M, q) lies in the wave cone A of
the system (2.12).

We will be looking for weak solutions (v,b) to equations (1.6) which satisfy

the conditions

[l 22 = [Ibll2 = xe

for a given bounded domain 2 C R2 x R;, so that we define the simpler constitutive set
K = K x [—1,1], where

K= {(b,w,v,M) c{-1,1} x S* x §* xsg}

It is clear that any solution to (2.12) whose image is contained in K also solves
equations (1.6). We ask then that subsolutions be solutions z to the linear system which
satisfy the condition

z €U =int(K“ x [—1,1]).

We have the important fact that 0 € U, so that the null function is already a
candidate to be a subsolution. Formally, we define subsolutions to (1.6) in the following

manner:

Definition 2.2.2. We say (b, w,v, M, q) is a subsolution to system (1.6) if b € L? (R* x

loc

R;R), w,v € L2 .(R* x R;R?), M € L},.(R* x R;S?), ¢ is a distribution, (b, w,v, M, q)

loc

solves the linear system (2.12), and the image of (b, w,v, M, q) lies in U.
We will show the following result:

Theorem 2.2.1 (Th. 1.1 in [5]). Given a bounded domain 2 C R? x R, there exists a
weak solution (v,b) € L>°(R? x Ry; R? x R) to the system (1.6) which also satisfies:

(i) |v(x,t)] =1 and |b(x,t)| = 1 for almost every (z,t) € €.
(i1) v(z,t) = b(z,t) = p(x,t) = 0 for almost every (z,t) € R* x R\ Q

We will construct a weak solution with the above requirements by constructing
a sequence of subsolutions, each obtained from the previous through the addition of highly
oscillatory localised plane waves which converge weakly but not strongly, in order to get
closer at each step to the constitutive set K. The following lemma provides us with good
directions, in which we can oscillate with a sufficiently large amplitude and still solve
(2.12) without leaving U:

Lemma 2.2.3 (Lemma 2.1 in [5]). There exists a universal constant C' > 0 such that,
for every (b, w,v, M, q) € U, there exists (b,w, v, M) € R x R? x R? x 82 satisfying
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(1) (b,w, v, M,0) € A.
(i4) The line segment with endpoints (b, w,v, M, q) & (b, w, v, M,0) is contained in .
(77i) The following inequality is satisfied:

[(0,0)] > C(2 = (Jvf* + [b]*)) (2.18)

Proof. Let h = (b,w,v, M) € int K. Carathéodory’s theorem for convex hulls tells us
that there exist A\; € (0,1) with - \;, and h; = (b;, w;,v;, M;) € K, fori =1,.... N + 1,
where N = 7 is the dimension R x R? x R? x 82, satisfying

N+1

h=>Y X\hi.
Suppose that \; = max \;, and define ¢* as the index for which it holds that

M2 (|vg

.....

Note that, since h = Y°_, A\;jh; and h = 38, X\i(h; — hy), we get

8 8
|(?}—’U1,b—b1)| = Z/\Z(U Ul,b bl) SZ\/A3(|UZ_U1|2+|bz_b1|2)
=2
<7 max {2 (Ju; — v1 |2 + |b; — b1)?) (|Jvge — v1]? + |bs — by1]?).
In this manner, we have that [v—wv |2 +[b—b1|* < 49N (|v;s —v1|? + |bi« — b1|?). Therefore,

if we define b := i+ (h+ — hy), it follows that

1

Z52~ (0 + %) <

1
< 1= oD+ (= B) < vy (= + (= o)

W — 2 b= b2 < —)\Z*\/m* — 24

z* - b1‘2 = ’({)76”

_14

This secures item 743. In order to see how (h,0) € A, write vy = (vh,v2) e vy = (v}, v}),

'U2 '[}2 'Ul 'U2 U1U2
and take £ = (—1,0,v]) if vl = v}, otherwise take £ = (—+—1% 1, —=1—1-*). Thus,

Vi U] vi* -1

we have U& = 0, where U is the matrix given by the linear 1somorphlsm in Proposition
2.2.14. O

In order to proceed, we now need to produce a localised plane wave:

Proposition 2.2.4 (Prop. 2.2 in [5]). Let V € A be such that V3 # 0, V33 = 0 and
(‘_/1,3)1-:1,2 # 0. Let o be the line segment with endpoints +V in Myys. Then, for every

e > 0, we can porduce a matrix field V' given by
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M(z,t) + q(z,t) s v(z,t)
V(z,t) = vi(z,t) 0 :
w'(x,t) b(z,t)

where M € 82, v,w € R? b € R, z € R?, satisfy the following:
(1) div,,V = 0;
(73) supp V' C B;(0);

(4ii) Im V C oy, = {A € Myys|dist (4,0) <e};

(iv) [|o(y)|dy > alv] e [|b(y)|dy > a|b|, where © = (Vi3)i—12, b = Vi3, and a > 0 is a

universal constant.

5 U - M+qly o
Proof. Let us write V' = (Wt ), where U = ( tak v

o' 0
will see later that U is the matrix arising in the differential inclusion associated in the

) and W = (w,b). We

incompressible Euler equations, and will produce localised plane waves more directly for
them later. For now, we refer to Proposition 3.2 in [8], to obtain a matrix field U :
R? x R — M3y such that div ,,U =0, supp U C B;(0), Im U C 0g .., where op . is the
e-neighborhood of the line segment with endpoints +£U in M3y, and [ |Ues(y)|dy > ald].

Now, we construct I/ : R? xR — R3 such that div ,,J = 0, supp W C B,(0),

Im W C oy ., where oy . is the e-neighborhood of the line segment with endpoints +W

_ U
in R? and [|W - e3(y)|dy > a|b]. Once we have done this we define V = ( W ) so that

it is clear that V satisfies the given conditions.

In order to do so, we divide the construction in two parts. First, supose that
W = (0, 1wy, b) with b # 0. Let ¢ : R?> = R be a smooth cutoff function with |¢| < 1,0 = 1
on Bi/(0) and supp (¢) C B;(0). Define

0F (wag sin(Nyy)) + 0% (bg sin(Nyr))
— 0%, (wappsin(Nyy))
—0%, (b sin(Ny))

1

W(y) = N2

Note that W is a smooth divergence-free vector field with support contained
in B;(0). Moreover, for y € By »(0) we have W (y) = W sin(Ny; ), thus

[IW)-esldy= [ W(y)-egldy = [W-esf [ Jsin(Nyn)ldy = alb,
B12(0) B2

for some a > 0.
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0
Define W = (wqsin(Nyy)) |, taking values in the line segment with end-
(bsin(Ny,))
points £IW, and observe that |[W — ¢W | < | ¢[lc2. Therefore, for sufficiently large
N we have |W — ¢W || < €. Since |¢| < 1, this means that the image of W is contained
n oy ..

Consider the general case now. By hypothesis, W -e3 # 0 and W - &€ = 0 for
some & € R3\ {0}. Since ez and & must be linearly independent, choose a n € R\ {0}
so as to complete a basis for R3, and let A be the 3 x 3 matrix given by the requirements
Ae; =&, Aesg = n and Aeg = e3. We can in fact choose £, 7 so that A is an isometry.

If we define B = A'W, it is clear that B € R?, B; =0, and B3 # 0. Then we
use the above construction to construct a smooth divergence-free map B : R? x R — R3
with compact support in By(0) and image lying in the e-neighborhood of the line segment
o5 with endpoints +B.

Set W(y) = (A71)!B(A%y). Observe that W is supported in (A7!)!B;(0), and
that, since the isomorphism 7 : X + (A™')'X maps oz into oy, the image of W is
contained in oy, .. It is a straightforward calculation to see that W is divergence-free,
and that [ |W(y) - es|dy > a|b|, so that we have all the desired properties.

[

There remains only one step before we begin the iteration. We need to define
a function space whose topological and analytic properties we can take advantage of. Let

X be the set of functions (b, w, v, M, q) € C*(R? x R) satisfying the following conditions:
() supp (b, w,v, M, q) C

(i7) (b,w,v, M, q) solves the system (2.12) in R? x R;

(i7) (b, w,v, M, q) € U for all (z,t) € R? x R.

We endow X, with the weak* topology of L> and denote by X its closure in
this topology. By direct calculation we can see that for any (b, w,v, M, q) € X such that
lv(z,t)] =1, |b(z,t)| = 1 for almost every (z,t) € 2, then v, b and p := ¢ — L(|v|* + |b|?)
define a weak solution of (1.5) with v(z,t) = b(z,t) = p(z,t) = 0 for almost every
(z,t) € R? x R\ 2. We can now begin with the iteration scheme. Given a subsolution,

we will produce one closer to the constitutive set in the following manner:

Lemma 2.2.5 (Lemma 2.2 in [5]). There exists a constant § > 0 such that, for each

(bo, wo, vo, Mo, qo) € Xo, one can produce a sequence (by, Wi, Vg, My, qr) € Xo satisfying

”UkH%Q(Q) + ||bk”%2(n) > HUOH%Q(Q) + HbOH%Q(Q) + B8(2|Q] — (HU0||2L2(Q) + HbOH%Q(Q)))Qa
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while also

(bkawkavkaMkan) = (b();wOaUO)MOaQ()) in L™,

Proof. Define zy := (bg, wo, vo, My, qo) € Xo. Applying Lemma 2.2.3 to each element of

the compact set Im(zg) C U, we obtain for every (z,t) € Q a direction
Z(x,t) == (b,w,v, M,0) € A

such that the line segment with endpoints zo(x,t) &+ Z(z, ) is contained in U, and it also
holds that

(5, )] + b2, £)] > V3, £)]2 + [, D > C(2 = (joof*(w, £) + [bol*(,1))).

Since zy € Xo, observe that |v(z,t)| + |b(x,t)] > 0 for every (z,t) € R x R. Moreover, it
is clear from the construction of (b, w, s, M) and from the uniform continuity of z, that
there exists ¢ > 0 such that, for every (z,t), (zo,to) € Q with |x — zo| + |t — to| < &, the
e-neighborhoodof the line segment with endpoints zo(z,t) £ z(xg, tg) also lies inside U.
Now, since v # 0 and b # 0, we can use Proposition 2.2.4 with (b, w, v, M, 0)(xg,t,) € A
and € > 0 to obtain a smooth solution (b, w,v, M,q) of (2.12) which also satisfies the

properties of the Proposition. For every r < ¢, Let

—ag t—t
(bTJU}T?UTJMT?qT)(I? t) = (b7 w7 /U7 M7 Q) (:L‘ xo? 0) N

T T

Claim 2.2.6. Defined as above, (b, w,,v., M,,q,) solves (2.12) and has the following

properties:
(Z) Supp((bra Wy, Ur, M?"a QT)) C BT(I()? tO);

(17) The image Im((b,,w,,v,, M,,q.)) is contained in the e-neighborhood of the line
segment with endpoints (b, w, v, M, 0) (o, to);

(#i1) [ |ve|ldzdt > a|v(xo, to)||Br(xo, to)| and [ |b,|dzdt > al|b(zo, to)|| By (o, to)|.

Therefore, combining the properties above to the fact that the line segment

with endpoints zo(z, t)+Z(z0, to) lies within the open set U, it’s easy to see that (bg, wo, vo, Mo, qo)+

(byy Wy, v, My qr) € Xo. We now have all the tools required to proceed in the construc-
tion. Very well, since zy is uniformly continuous, we can find a radius rq > 0 for which,
whenever r < 7y, there exists a finite family of pairwise disjoint balls, B, (z;,t;), with

r; < r, satisfying

/Q(2 — (lvo(z,t)]* + |bo(w, t)|?))dxdt

< 25502 = (oo )+ o, )2 By (5, (219)
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In what follows, we fix k € N for which 1 < min{ry,e}, and choose a finite family of
pairwise disjoint balls B, (@3, tk;) C §Q satisfying ry; < , for which (2.19) holds.
In each ball we apply the above construction to obtain a sequence of smooth solutions
o (2.12), denoted (b ;, wg j, Uk, My j, qij), which satisfy corresponding versions of the

properties in Claim 2.2.6. Particularly, we have:

(bk, Wi, V&, M, qi) := (bo, wo, vo, Mo, qo) + > (brj, W g, Vkj My, qj) € Xo,
J

and by (#i1), we also have
Ca 9 9
/(]vk — vg| + |bx — bo|)dxdt > > /(2 — (Juo|* + |bo|*))dxdt. (2.20)

Finally, observe that (by,wy, vk, My, qr) — (bo, wo,vo, My, qo) in L>. Consequently, we
have
lim inf okl 72(0) + N0kN172(0)
= [[voll720y + lim inf (2{vo, vg —vo) + [[vr = volL2(2)
+ [Iboll72(0) + lim inf (2(bo, by — bo) + [|bx — bol| L2(2))

1. .
> [lvollZecy + NbollZ20) + 9] lim inf([Joy, —vol| 1) + |[bx = bollzre)? (2.21)

In view of (2.20) and (2.21), we are left with

o 02 2

lim inf [Jve]| 220y + e llZ20) = Ivoll72(@) + 1boll72 (@) + 0] —or 2121 = (o]l Z20) + 1ol Z2)))*,
. C2a2

proving the Lemma for § = o O]

Proof of Theorem 2.2.1. The main idea is to use Lemma 2.2.5 to inductively define a

sequence (zx) € X, satisfying the following conditions:
(i) There exists z = (b, w,v, M,q) € X for which z; converges strongly em L?(R? x R);

(7i) The inequality
lvrsallze + Ibrsalize = llowllze + 106l72 + B2IQL = (lvellZ2 + 1be]Z2))*

holds for every step k£ € N.
We can then use @) to take the limit in i) and obtain

CQ 2
[v[|72() + 101172(@) = [0lZ20 >+||b||Lm>+4,m 2192 = (llIZ2 () + 11 Z20))*
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which can only happen if [[v]|72q) + [|bll72(q) = 2/Q[. Since [v[,[b] < 1 in ©Q, and they’re
supported in Q, we conclude that |v] = |b| = yq almost everywhere. Clearly, (b, v,w, M) €
K< for almost every (z,t) € , since (b, w,v, M, q) € X. This implies (b, w,v, M)(x,t) €
K for almost every (z,t) € €, as desired. There remains only to construct the sequence
(21) € Xy satisfying ¢) and 7). For such, we define (by,w,v, M1,q1) = 0 in R? x R.
This is possible since 0 € U. Let p. be a standard mollifier in R? x R. Alongside the
sequence (bg, wk, Vg, My, qr) € Xo we will inductively obtain an auxilliary sequence of
numbers 1, > 0, as follows. Supposing we have z; := (b;, w;,vj, M;, q;), for j < k, and

M, ..., Mk—1, We choose
me <27 (2.22)
for which
26 = 25 ol 2oy < 27 (2.23)

We now apply Lemma 2.2.5 to construct zx11 = (bgs1, Wki1, Vkr1, Mis1, Qry1) € Xo satis-

fying

orsll7z0 + 0rr1lli2q
> |lvellZ2q + 10kll720 + B2IQ — (JorllZ2q + Ibell720)) (2.24)
and

(k1 — 2k) * po, || 22(0) <27% for all j <k : (2.25)

where weak® convergence of the sequence provided in 2.2.5 guarantees the existence of
241 satisfying (2.25). Since this sequence (z;) is bounded in L>(R? x R), there exists a
subsequence, which we still label (z;), and a function z = (b,w, v, M, q) € X, such that
zp = z in L®(R? x R). Moreover, the sequences (z;) and (1) satisfy properties (2.22),
(2.23), (2.24) and (2.25). Therefore, for every k € N, it holds that

(0.] o
126 % po = 2 % pollz2@) < D2 N2kas * Po = 2hsgin * o llpze) < D027 *F) =27+,
=0 =0

and, since we also have
sz o Z||L2(Q) < ||Z — Rk K pﬁkHLz(Q) + sz * Py, — 2K pﬁk”Lz(Q) + HZ * P — ZHL2(Q)>

it follows that z; — z strongly in L?(Q2). This concludes the proof. O
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2.2.3 Wild solutions to the Euler Equations

In this section, we present some of the results of [9], but follow also along
their presentation in [25]. These results are a further development of the work started in
[8], which introduced the framework of differential inclusion to the Euler equations and
proceeded similarly as we have shown above for the planar symmetry MHD equations, to
obtain weak solutions that are compactly supported in space-time. Since these solutions
are in clear violation of energy principles, because they neither conserve nor dissipate
energy, the authors in [9] were interested in seeing if one could employ the convex integra-
tion method to obtain weak solutions that could satisfy energy inequalities. The answer
was somewhat surprising: One could obtain infinitely many weak solutions obeying nearly
every reasonable form of energy inequality, as long as a single corresponding subsolution
is known. This result is very important in the overall consideration of weak solutions:
it shows that most energy considerations (admissibility criteria) may not be sufficient to
single out a single weak solution. First, let’s recall the incompressible Euler equations
(1.1):

O +div (v@v)+ Vp=20

(2.26)
div v = 0.

. . 2
We can define the traceless symmetric matrix v := v ® v — %Id :=wvowv and
d(d+3)

the scalar ¢ = p + %, and then consider z = (v,u,q) € R x S¢ x R ~ R~ 2 . At the

I
U — u+qlg v ’
vt 0

and write (z,t) = y € R4, We will see later that z and U are linearly equivalent ways to

same time, we define

refer to the unknown, so that the Euler equations can then be rewritten as the coupling
of the linear PDE
div ,U =0

with the non-linear pointwise constraint
2(y) € K = {(v,u,q) ER X SIxR: u:vov}.

Formally, we have the following results:

Lemma 2.2.7. Let v € L®([0,T]; L*(R% R?)), u € L>=([0,T]; L*(R% S8¢)) and ¢ be a
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distribution so that (v, u, q) satisfy

o +div u+ Vqg=0,

(2.27)
div v =0,

in the weak sense. If it also holds that
Lo
u:vovzv®v—g|vl 14, (2.28)

for almost every (z,t) € R x [0, 7], then v and p = ¢ — 3|v|* define a weak solution to
the Euler equations. Conversely, if (v, p) is a bounded energy weak solution to the Euler
equations, then the triple (v, u,q), with u :=vowv, g:=p+ é]v|2 solves (2.27) and (2.28)

in the sense of distributions.

Proposition 2.2.8 (Prop 2.3 in [25]). (i) Let M C 8% be the linear subspace of
symmetric matrices U satisfying [U](a41),(a+1) = 0. The mapping defined by

R x 8¢ x R — M (2.29)
(v.u,q) = U = ( wrale ) (2.30)
v 0
is a linear isomorphism.
(i) If we denote y = (z,t) € R? x [0, T], the equation (2.27) is equivalent to
div ,U = 0. (2.31)

(ii1) For every v € R? and u € 8¢, there exists ¢ € R such that the corresponding matrix

U has null determinant.

Proof. i) and ii) are direct calculations. To see that #ii) also holds, let V* be the orthog-
onal complement of V = {v} in R and define P . as the orthogonal projection of R?
onto V+. Since u is symmetric, i.e. self-adjoint, so will be its restriction to V*, P, Lu.
Therefore, there exists at least one eigenvalue to this operator, which we denote by —g¢,
and also and eigenvector £ € V| so that Py (u + qly)€ = 0. Therefore, there exists
A € R satisfying

(u+qlz)€ = M.

It follows that the non-zero vector (£, —A) lies in the kernel of U, and therefore U has null

determinant. O

The importance of item #i7) in the above proposition is that it, together with

the independence of the constitutive set K on g, tells us we don’t need to worry too much
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about what happens to the “pressure”. That is, given only (v,u) € R? x 8¢, there exist
q € R and a direction n = (£,)) € (R? x R) \ {0} for which, given any wave profile
h:R — R, the function

h(y - n)(v, u,q),
is a solution to (2.27). The following Lemma tells us how to localise these plane waves.

Lemma 2.2.9 (Lemma 3.4 in [8]). Suppose that for i,5, k1 = 1,...,d + 1, we have
functions E}! € C*°(R?*"), such that E is an antisymmetric tensor in 4j and kl, and such

that E((jill))f = 0 for all 4, j. Then, the matrix U defined by the formula

1 A ,
Uij = L(E)y; = 5 S o (EL + Ef)

k.l

takes values in M and is divergence-free, that is, it satisfies (2.31).

Now, since we will be looking for weak solutions that fall below a given energy

bound, we must also be concerned with particular sections of the constitutive set:

KT:{(U,U)GRdeg|u:vove|v|:r} (2.32)
Also, it will be useful to have an analogous energy associated to the pairs

(v, u):

Definition 2.2.10. For (v,u) € R? x S, we define the generalised energy as

d
e(v,u) = 5)\max(v ®v—u),

where A\ denotes the largest eigenvalue function.
Lemma 2.2.11. The generalised energy defined above has the following properties:
(i) e:R? x 8§ — R is convex.

(4i) For all (v,u) € R? x S, we have
1
§|U|2 < B(U,U),

and equality holds if, and only if, u = v o w.
(iii) For all (v,u) € RY x 8¢, we have that

oo < 25 ——e(v,u),

where |u|s is the operator norm of the matrix w.
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(iv) Given r > 0, the convex hull of K, is given by

K = {(v,u) c R? x S¢

e<v,u>g7"2}.

(v) If (u,v) € R x 8¢, then y/2e(v,u) is the minimal p > 0 for which it holds that
(u,v) € K.

We can finally define subsolutions:

Definition 2.2.12. Let
e € C(RY x (0,T)) N L>([0,T); L*(RY)) N C([0, T]; L' (R%)) (2.33)
and suppose we have
v e C¥(R? x (0,7)) N L¥([0, T; L*(R?)) N C([0, T); L;,(RY))
with v(-, 0) = vy, and
u € C(R? x (0,T)) N L>®([0,T]; L*(RY)).

If there exists a scalar function ¢ € C®(R? x (0,T)), such that (v,u,q) satisfies (2.27),

and also if
e(v(z,t),u(z,t)) < é(z,t) (2.34)

for all z € R? and ¢ > 0, we say that (v,u) is a (smooth) subsolution with respect to the

energy profile e and initial data vy

Note that we did not require that the solution be smooth up to time zero.

We are now prepared to announce the result we wish to show:

Theorem 2.2.2 (Proposition 2 in [9]). Let vy € L*(RY) be a weakly divergence-free
vector field, and € be an energy profile obeying (2.33). If a smooth subsolution w.r.t. the
initial data vy and energy profile e exists, then there exist infinitely many weak solutions
v e C([0,T]; L2 (RY)) to the Euler equations that satisfy

v(-,0)=vy and i|v(z,t)|* =é(xz,t) foreveryt>0andae. xcR%

The first step in proving the theorem is to define a function space of weak
solution candidates, whose functional analytic properties we can exploit in order to find

our desired solutions:
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Definition 2.2.13. Given vy and e as above in definition 2.2.12, We denote by X, the set
of v € C([0,T]; L2 (R?)) for which a corresponding matrix field u exists, such that (v, u)

is a subsolution with respect to vy and e. The space X is defined as the closure of X in
the topology of C([0,T]; L% (R%)).

The assumptions on € guarantee that there exist a bounded set B C L2, such
that v(-,t) € B for all t and v € X. We can therefore safely assume that B is weakly
compact, which makes the weak topology on B metrisable by a metric dg. The space
C([0,T); B) C C([0,T]; L?) is consequently also metrisable, by defining

d(vi,vq) := sup dp(vi(-,t),va(+,1)).
te€[0,7
Such a metric makes C(]0, T'|; B) complete. Being a closed subset of C'([0, T; B), it follows
that (X,d) is also a complete metric space. We can see also that it consists of “weak”

subsolutions:

Proposition 2.2.14. Every v € X satisfies v(+,0) = vy, and there exist u € L>([0,T]; L!)
and a distribution ¢, such that (2.27) holds weakly. Furthermore, we have that e(v,u) < e

almost everywhere.

Proof. Let v € X with vy % v, and v, € X,. Take also uy, € L LL the corresponding
matrix fields, which are pointwise bounded by (2(d — 1)/d)é (by item (éi7) in Lemma
2.2.11). Therefore, (uy,) is uniformly bounded in L (R%x (0,T)). It follows, after passing
to a subsequence, that u, — u in L{, and that u is a.e. bounded by (2(d — 1)/d)e, so
that u € L°L!. Weak convergence preserves the equations (2.27), and the convexity of e

guarantees that e(v,u) < e almost everywhere. O

We define now an error functional, which tells us how far v € X is from being

a proper weak solution to the Euler equations:

Definition 2.2.15. Let Q C R? be a bounded open set, and [t1,t5] C (0,T) be a proper

interval. We define an error functional in X by:

o) = ot [ <;|v(x,t)\2 - e(:c,t)) da.
Since the functional as defined above, is in essence the L? norm of v, it is easy
to see that it is lower semi-continuous w.r.t the metric d, which induces the topology of
X C CL2. A direct proof is available in [9]. The hypotheses on é tell us also that it is
bounded by below.
Combining the definition of X, lower-semicontinuity of Iy, ¢+, and the con-

dition that e(v,u) < e for every v € X from proposition 2.2.14, it becomes clear that
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Io 41, (v) < 0 with equality for every €, ¢; and t, if, an only if, u = v o v almost every-
where, i.e. if v is a weak solution to the Euler equations with initial data vy and energy
density e for almost every z € R? and for every ¢ > 0.

The next essential step to prove 2.2.2, is the following “perturbation property”:

Proposition 2.2.16. Fix 2, ¢t; and ¢, as above. For every a > 0, there exists § > 0 such
that, if v € X, satisfies Ig4, 1, (v) < —a, then there exists a sequence (vy) C Xp, with
o S v (that is, in the topology of C'L?), but such that

lllggloglf IQ7t17t2 (vk‘) Z [Q7t17t2 (U) + /B

To prove this proposition, we will add highly oscillating localised plane wave
solutions (vg,ug) of (2.27) to (v,u), so that (v + vk, u + ux) converges weakly but not
strongly to (v,u), and the sequence stays in Xy. For that, we need to guarantee that
there is “room” for these oscillations to be large enough to prevent strong convergence,
without breaking the energy condition, which is the purpose of the following result, whose

proof follows along the same line as 2.2.3.

Lemma 2.2.17. There exists a universal constant C, such that for every (v, u) € R x S¢
with e(v,u) < %, that is (v,u) € intK¢°, there exists a (v,u,q) € A such that the line

segment with endpoints (v, u) £ (v,u) is contained in int K¢°, and such that

C

ol 2 207 — [of?).

Let us proceed with the proof. We decompose the domain Q X [t1,ts] in tiny
cubes and discretize the solution and energy density to be constant inside each cube. For
each cube we will produce a localised plane wave, oscillating in the direction provided by
Lemma 2.2.17. Now, since the definition of the error functional has a uniform estimate
in time, we need to guarantee that at each ¢ € [t;,t5] there are enough oscillations. We
do so by using a “shifted grid”.

Specifically, for ¢ € Z¢ and sidelength h > 0, define the families of cubes (Q()
and (Q,) in R, by

Qc=h¢+[-5.4) and Qc=h¢+ [ %),
so that QC C Q¢. Moreover, for (¢,4) € Z*!, define cubes in R?, x R, by

o _ Q¢ % [ih, (i + 1)h) for 3°9_, ¢; even,
T Qex (i Db+ DRy for X, ¢ odd

so as to obtain a shifted grid in space-time. Similarly, we define C~’<,7; C C¢,; of sidelength
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%h by

. — Qc x [(i + $h, (i+L)h) for Z;-lzl (; even,
S Qe x (- Db i+ Hh) for T, ¢ odd.

Furthermore, define the cutoff function 0 < ¢" < 1 as a smooth function in
R which equals 1 in the “smaller cubes”, that is, in Uy é(,i; and is zero near the

boundaries of the larger cubes, i.e. on

dist ((x,t), U 8C’<7,~> < 1}%}

Zd+1

{(x, t) € R4

Next, define

d
Q?:U{QC ZCJ- even, QCCQ}

j=1

and

ngu{@c

d
ZC]‘ Odd, QC C Q},
j=1

and note that ;
1/3
pdiahy _ 2 (2 pd
iy £5(0) = 5 <4> Q)
for | = 1,2, adn that, thanks to the shift, for every time t € [t;, t5] the set {x € Q|¢"(z,t) =

1} contains at least one of the sets Q.

Take now the hypothesis that the smooth subsolution (v, u) satisfies Iq 4, ¢, (v) <
—a for some a > 0, and let Ej, be the cube-wise constant approximation of the error in-
tegrand in € X [t1, t5], defined by

1
Ep(x,t) = 5|v(hc, hi)|* — &(h¢, hi), for(z,t) € C.

Uniform continuity of v and € in € X [t1, 5], gives us the following, for [ = 1, 2:
_ 1 /3\¢ 1 5
}ILILI(I) - Ep(z,t)dx = 5 (4) /Q (2]1)(35,15)| - e(a:,t)) dx
uniformly in ¢t € [t1,t5]. Consequently, there exists a constant ¢ > 0 for which fQ(% lv(z,t)]*—

é(z,t))dx < —% implies

/Qh \Ep(z,1)|dz > ca (2.35)

if i is small enough. Define z.; = (v(h(, hi),u(h(, hi)). Now, if for sufficiently small
d > 0, we have C¢; C Q x [t — d,t2 + 6], Lemma 2.2.17 assures us that there exists
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Zei = (Veiay tc;) € RY x 8¢, such that every point in the line segment

0ci = [2ci = Z¢ir 20 + 2]

has generalised energy less than é(h(, hi), and such that

C

52> 2
el 2

B (B hi)? > B, (1. hi) (2.36)
where we take r = (/2e(h(, hi) and fix M = sup{eé(x,t)|(z,t) € Q x [t; — 0,t5 + ]}

Finally, uniform continuity of z := (v,u) and e allows us to choose h small enough to

make

e(z(z,t) + Azc;) < e(x,t) (2.37)

for every A € [—1,1] and (z,t) € C¢;. We fix h small enough to make all estimates so far
valid.

Now to define the perturbations. Consider a fixed (¢, ). Let Us; be the matrix
corresponding to (U¢, Uc i, Gc.i), Mmeaning there exists 7 ; € R, such that h(y - n¢;)Uc.
solves (2.31) for any wave profile h. Moreover, since |v¢;| > 0, we have that 7., is not
parallel to the time direction eqy;. Let’s assume for the moment that 7. ; = e.

Then we define a tensor field Ejl-’,?, L kl,m=1,..,d+1, by

sin(Nyy)

N2 7
with all other entries zero. This tensor satisfies all conditions required in Lemma 2.2.9,
and it holds that

k1 k1 1k 1k 77
Ejl = _Elj = _Ejl = Elj = (Uc,i)jk

L(E) = Ug,i sin(Ny, ),

where £ is the differential operator defined there 2.2.9. Now let x.; be the characteristic
function of C ;, and consider the cutoff function ¢¢; := ¢"x,;. Since L is a homogeneous

second order differential operator, we have that

1£(¢ciE) = 0 il(E)lloe < Cllocillce | Eller

1 (2.38)
< Cllécillere,

where C' is independent of N. The case 7¢; # e; can be reduced to the previous case
through a simple linear algebra exercise, by utilising the Galilean invariance of (2.27).

This can be found in [8]. The perturbation is then defined as
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UN = Z £<¢<71E)

(¢,9) :Cc,i €Qx [tl —d,to +(5]

with the perturbed subsolution given by

(UN>UN) = (U,U)+ (ﬁN7ﬂN)>

where (O, Uy) is obtained from Uy by the linear isomorphism in Proposition 2.2.8(37).
Together with (2.37) and (2.38), we get that oy € X if IV is large enough. We recall now
that, at each time ¢ € [t1, 5], there exists [ € {1,2} for which ¢"(z,t) = 1 if z € Q. If
Q¢ C QF, then, we have

1 ] 2 P 1 7 . 2 1 2 ..
]\}1_{1(130 5 |on (z,t)|°de = A}l_I}I(lX) o |U¢ 4" sin®(Nne; - (x,t))dx

1
= [ IociPda
2JQ,

uniformly in ¢, since 7, ; is not parallel to e4;;. In this step, ¢ is determined from ¢. From

(2.36) we can then arrive at

N—o0

. L. C
lim - §|UN(m,t)|2dx > M/Q? |Ep(,t)|*dx (2.39)

uniformly in ¢, for an appropriate [ = [(t).
Finally, if ¢ € [t1, 5], then by definition on vy, it holds that

/ (;W(:ﬁ, P2 — e(x,t)) do

:/Q(;h;]?(x,t) ~e(a,1)) dx—i—/ﬂ;\6N(x,t)\2dx—|—/961v(x,t)-v(m,t)d:v.

Since vy converges weakly to 0, uniformly in ¢, the last integral can be made

arbitrarily small. Therefore, thanks to (2.39), we can estimate

. : 1 _ 1.
hNHLIOIéf o, (0n) 2 tel[gfm] (/Q <2|U|2 — e) dz + /Q 2|UN|2dx)
1 C
> i “lwt-¢ =~ mi / 2
= tel[trftz] [/Q (210\ 6) dx + S o |En| dx]

1 C ?
> i ~lv]*—e ——————— mi / .
- tel[gl,cm] |:/Q <2|v| 6) ot LYQ)M 112) ( p |Eh|dx> ]
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Taking (2.35) into account, we conclude that

. . 3 a O
han_}OI(l)f IQ,tl,tZ (UN> > min {—2, IQ,tl,tz (U) + £d(§2)]\4az}

. |« C 9
_[Q7t1,t2(v> + min {2, m@ } s

since, by hypothesis, Ig 4, +,(v) > —a. this proves Proposition 2.2.16, with

) C
b= mm{g, Ed(Q)]WaQ}

Now we can conclude the proof of Theorem 2.2.2. The lower bound and lower
semi-continuity of I, +, imply, [see Proposition 7.11 in [14]] that Ig,, 4, is a Baire-1
map, so that its points of continuity form a residual set Zq4, 4, in (X, d). However, the
perturbation property shows us that any v for which Ig4, 4,(v) < 0 cannot be a point
of continuity, so that any point of continuity v of Ig,, 4, must satisfy Iy, 4,(v) = 0.
At last, we can use an exhaustion argument for Q ~ R? e [t t5] 7 [0,T], to obtain
a residual set = = Ny Eq, 4 &, for which it holds that, if + € =, then we must have
liminfy_ o o4, 4, (v) = 0 for every €, ¢, and ty. It follows that v is a weak solution to
Euler, as desired. Note that, by the hypotheses in Theorem 2.2.2, X, and therefore X,
is non-empty. Moreover, one can see by adding sufficiently small amplitude plane waves,
that X, actually has infinite cardinality, so that =, as a residual set of an infinite metric

space, must also be infinite (and dense in X'). This proves Theorem 2.2.2.
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Chapter 3

Young Measures

3.1 Classical Young Measure theory

In this chapter we look at another tool developed in order to deal with the
failure of strong convergence in sequences of solutions to a PDE system. It arose through
the method of compensated compactness developed by L. Tartar in [24]), which takes
advantage of the interplay between properties of weaker limits and differential constraints
on a sequence of solutions, to obtain better convergence results. A key instrument utilised
by Tartar relies on embedding the function space where one could not obtain the desired
convergence into a larger space, whose topological and analytical properties allow the
existence of a limit. The theory of Young measures is one application of the compensated
compactness method, in which we embed a set of functions f :  — R? into a space of

parametrised measures, through the mapping:

F(&) = b5 € MRY),

In this context, typical behavior which is not perceivable to the weak topology,
such as rapid oscillations or concentration, can be recorded in the limit as the collapse
of the atomic measure ¢ into more structurally complex measures. One is interested in
finding ways to represent and manipulate these limits, in order to obtain results for which
the failure of convergence was an impediment. Among some of the first applications of
this theory to evolution equations is the study of L*°-bounded sequences of solutions to
scalar conservation laws. We will now introduce the theory as exposed in [11].

Let 2 C R™ be a given domain, and take an arbitrary sequence (vy) of vector
fields vy : © — R obeying an uniform L* bound, i.e., |vy(y)| < C for a.e. y €  and
every k € N, and suppose it converges weakly to a function v in some space LP(€; R%), for

1 < p < 0o. We can best describe the behaviour of the sequence in the following manner:

Theorem 3.1.1 (Fundamental theorem of Young Measures). Let (v), v be as above and
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assume further that vy(y) € K a.e., where K C R? is bounded. Then, there exists a

subsequence (v,,) and a Lebesgue-measurable mapping
y — v, € M'(RY),
such that supp v, C K, and also the limit
fWm(y))dm = (v, f)dm in M(Q) (3.1)

holds for every continuous function f: RY — R, that is, for every ¢ € Cy(2), we have:

tim_ [ 6 (vn) dy = [ o). 1) dy.

m—00

Moreover, for 1 < p < co we have:
Uy — v in LP <= v, = 0y forae. y e Q.

Sketch of the proof. The theorem relies on embedding the sequence (v;) into M (RY x
2) and taking advantage of the topological properties it possesses as the dual space of

Co(R? x Q). Specifically, we define the sequence i of measures by

dpig(z,y) = doy, () (z) @ dm(y).

One can then obtain from the L* bounds on v, the boundedness of this se-
quence in M (Q x R?), whence the Banach-Alaoglu theorem guarantees the existence of
corresponding subsequences (v,,), (fm), and of a weak* limit p € M(R¢ x Q) for which

we have

//RdXQ O, y)dpm (2, y) — //]Rdxﬂ oz, y)du(z,y),

for every ¢ € Co(R? x Q). If we take test functions ¢ depending only on y € €, which
is equivalent to testing against the projection of p to €2, that is, the measure defined
by o(E) = u(R? x E), we readily see that o is equal to the Lebesgue measure on €.
We can then use the Disintegration Theorem (see the Appendix) to obtain a measurable
paramerisation of probability measures v, on R? for which it holds that du(z,y) =
dvy(z) @ dm(y).

Next, taking test functions of the form ¢(z) supported in R?\ K shows that

the support of v, is contained in K, so that, lastly, for any continuous f : R* — R and
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¢ € Cp(R2) we can evaluate the limit

tim [ fe)ow)dy =tim ([ f@o@)dunley) = [[ | F@)ém)dn(a.y)
- //M (9)dv,(x)dm(y)

= [ (v

We follow this very technical result with an example:

Example 3.1.1 (Oscillations in the Young Measure). Consider on [0, 1] the function
wo(x) = X(0,1/2) (%) — xa/2,1)(x), extend it periodically to R, and define wy,(x) = wo(nz).
The Young Measure theorem then gives us v, = %51 + %6_1. In fact, take a test function

¢ € C.(R) and f bounded and continuous, and write:

[ @)t = £ [ olayda+ F(-1) [ o),

n

F1) [ ol@)dul (@) + £(- /¢ 2)dyi(a

where E} = Upez[2, £+ 1) and EZ = (E})°. Here we define the measures i, (A) = m(AN
E?), for i = 1,2, where m denotes Lebesgue measure in R. We have that p! + 2 = m,
and it also holds that u! — %m strongly in M (R) for i = 1,2. Strong convergence implies

weak convergence, and we have

tim [ ¢(a)f (wa(@))dz = F(U)lim [ ¢ dpl + F(~1)tim [ 6 d

_ <f2—> /¢(w)d
-/ <51+25‘1,f>¢(w)dx

In fact, we have the more general result: For every continuous 1-periodic function w on

R, defining w,(x) = w(nx) we have that if f : R — R is continuous, the limit is given by:
. 1
f(wy(x))dx = adx, where a = / flw(z))dz.
0

As we have seen above, the Young Measure Theorem gives us a form to repre-
sent through the measure v,, all composite weak limits of the L>°-bounded sequence (wy,).
Non-Dirac structure of the measure can be understood as the persistence of oscillations
in the sequence, whereas simple weak convergence in L is unable to capture this kind of

behaviour.
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3.2 Generalised Young Measures

Let us return to the incompressible Euler equations. We are interested in using
Young measures to understand the behavior vanishing viscosity sequences of Leray-Hopf
solutions to the Navier-Stokes equations, in order to look for solutions in some sense to
the incompressible Euler equations. One notes, however, that for these sequences the
natural uniform bound, arising from the various energy inequalities, is not in L but a
uniform in time estimate for the L? norm. In attempting to apply the methods above,
one stumbles upon one type of behavior expected from sequences which satisfy (locally)
uniform L? bounds, which is not contemplated by the original Young Measure Theorem:

concentration of energy. For instance, we have the following very simple example:

Example 3.2.1. Take the sequence (wy) defined by
wg(z) = k’X(o,k%)(if)v for xz € [0, 1].

Such a sequence can be easily seen to satisfy ||wy| 2 = 1 for every k. However,
all energy is increasingly confined to the interval (0,1/k%), so that as k grows it becomes
concentrated near the origin. We can see that for every bounded continuous f : R — R,
we have in M([0,1]) the weak* limit f(wy(z))dz = f(0)dz, as expected from the Young
measure theorem, but the energy satisfies |wy(x)|*dz = ddy(x). This shows that the
behavior of the composite sequence f(wy) is distinct between bounded and quadratic
f, and the Young measure theorem can no longer provide a representation valid for all

continuous f.

Since the weak formulation of the incompressible Euler equations includes the
non-linear unbounded term v ® v, and it is desirable also to be able to understand what
happens to the energy density %|v|2, this is a problem we cannot simply ignore, if we
intend to develop the framework of Young measures applied to the Euler equations. In
that regard, we will develop a theory of generalised Young Measures which is equipped
to deal with such cases, following the results developed by DiPerna and Majda, Alibert
and Bouchitté in [11, 2]. We will see that it is still possible to represent the behaviour
of f(wy) similarly to (3.1) for a wide class of functions, but we will need to restrict their
growth.

In fact, considering the L? bound of the sequences considered, one cannot
expect to be able to know the behaviour of these composite weak limits if they present
higher than quadratic growth. Conversely, we need to include quadratic functions like
w ® w and |wy|?, and expect their asymptotic behaviour to be the determinant factor to
interfere in the weak limits (since wherever the sequence (wy) is L* bounded the original
Young measure is sufficient to explain its behaviour). Contemplating other applications,

we generalise these considerations and aim at developing a theory of Young measures
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arising from bounded sequences in L?, for p > 1, and expect to obtain representations of
the composite weak limits if f has growth of order at most p. In that regard, the largest

class of functions we hope to consider is of the form

flw) = flw)(1+ |w]”),
assuming merely f € BC(RY). For this we have the most general result

Theorem 3.2.1 (Theorem 4.1 in [11]). Let © be a bounded domain in R" and (wy) a
bounded sequence in LP(2; R?). There exists a subsequence (w,,), a non-negative measure

o € M*(Q2) and a bounded linear transformation
T : BC(RY) — L™(0),

such that
(1+ |wp|?)dy = o, and

Flwm(y)dy = T(f)do.

Note, however, that the generality of this result does not provide any informa-
tion about what happens to the composite weak limit, since this behavior is hidden within
the all-encompassing linear transformation 7. We can understand what happens under
this linear transformation and find concrete representations of it, by specifying restric-
tions on the space of admissible f. Note also that direct dependency of the function f on
y €  can be admitted with only the slightest conditions of boundedness and continuity
on Q, without altering the results. Besides, the results also hold for unbounded © and
f € C*, by an exhaustion argument. With this intent, a very general representation can

still be obtained if we consider the concept of the LP-recession function:

Definition 3.2.2. For f € C(Q x R%), define the LP recession function f> as

[y, s?)
00 = 1 JN\I 12~ )
2y, 2) Jim ==

2=z

5 — 00

whenever the limit exists. Moreover, define the class of functions
FP(Q) = {f € C(Q x R : f> exists and is continuous on Sd’l}.

For f which does not depend on y € (), we adopt the simplified notation FP.

For this class of functions we have the following result:
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Theorem 3.2.2 (Adapted from Theorem 2.5 in [2]). Let 1 < p < oo, and take (wy) a
(locally) uniformly bounded sequence in LP(€2, R%). There exists a subsequence (w,,), a

measure A € M1 (), and parametrisations
y € Qs v, € MY(R?) Lebesgue measurable, and
yel—uyr e M*(S97Y), A-measurable,
which satisfy in M (Q2), for every f € FP(2), the weak® limit
Fywn(y)dy = vy, £y, ))dy + (7, £ (y, ) dA(y).

Moreover, it holds that

J ey < o0

The triplet (v, A, v>°) is called the (generalised) Young measure generated by

the subsequence (w,,), and this is denoted by

Wi RN (v, A\, ™).

When specification is necessary, we say (v, A\, v>) is of type p to indicate the

space of functions in which the composite limit can be evaluated.

We will also use the notation

A vesf) = [, Dy + [ 0 1)),

so that the main result of the theorem can be rewritten as:

L P () dy = (o, A0 £) for all f € F(Q).

Similarly, we define a notion of weak convergence on the set of Young measures: we say
that (V% \F, 1ook) Yo, (v, A, v>) if it holds that
(5 N 0 ) = (v, A v f) for all f e FP(9Q).

In fact, identifying the functions wy with Dirac measures ¢, , the result of the
theorem becomes a specific case of this notion of convergence. Let us see some properties

of these generalised Young Measures:

Proposition 3.2.3 (Prop. 5 in [23]). The following properties hold:

(i) There exists a countable set of functions fr = ¢ ® hy, where k € N, ¢, € C.(Q),
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hy € FP, such that

(v, M v fi) = (0, N, 0% fi) forall bk = (v, \, ™) = (7, \, ™).

(i) If w, — (v, \,v™), W, Yo, (7, A, v>), and w, — w, — 0 locally in measure, then

) Ifwng v, \,v*>®) and w, — w, — 0 in L? ,thenwng v, A\, U°).
loc

p
loc

(1v) w, — w strongly in L}  if and only if w, Y, Ouw-

(v) (Translation) Suppose wy, LN (v, \,v>®), and let w € LP(Q2). Then, w, + w Yo,
(Tyv, A, v™°), where T, v is the parametrised measure defined by the identity

(Tyv)y, ) = /Rl f(z +w(y))dy,(z) for every f € Cy(R'), and a.e. y € Q.

An immediate consequence of property (i), is that the notion of convergence
introduced is metrisable on bounded sets. This allows us to extract diagonal sequences

as follows:

Proposition 3.2.4. Supposes that, for all £ € N, it holds that
kn ykn o ookny Y2 (o k \k o ook
(A N e I S (AP AN i B

and also that
(U7, NP, 1ook) Yo, (v, \, ™).

Then, there exists a sequence n(k) "% %o satisfying

(Vk,n(k)’ )\k,n(k)7 Voo,k,n(k:)) & (l/, /\7 Voo>‘
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Chapter 4

Measure-valued solutions

4.1 Measure-valued solutions to the Euler Equations

Following the work done in [23], we apply the theory of generalised Young mea-
sures to obtain a definition of measure-valued solutions to the Euler equations. Remember
the weak formulation of the Euler equations: Given an initial data vy € L?(R?) such that
div vy = 0 weakly, and a positive time 0 < T < 0o, a vector field v € L7 .(R? x [0, T]; R?)

is a weak solution if it is weakly divergence-free and also satisfies

/T/ (v-Op+v®v: Vo)drdt + / vo(z)¢(z,0)dx = 0, (4.1)
0 JRd Rd

for all ¢ € C=(R? x [0,7T); R?) com div ¢ = 0.

Suppose now that we have a sequence (v;) of weak solutions, (locally) uni-
formly bounded in L*(R¢ x [0, T]; R?). Such a sequence will generate a generalised Young
measure (v, \,v>®) of type 2 in R?, parametrised over R? x [0,T], and we can evaluate

according to Theorem 3.2.2 the integrals in (4.1) to arrive at

/OT /Rd(@, £) - 09+ (1, E®E) : V)dudt + Vo: (™, 0000dr=0. (42)

R4 x(0,T)
for all ¢ € C=(R? x (0,T); R?) such that div ¢ = 0.

Similarly, we obtain that

[V (s €z =0, (4.3)

for all v € C(R?) and almost every ¢ € [0,7]. By defining o(x,t) = (1,4, &) as the
barycenter of v, (4.3) is equivalent to saying that v is weakly divergence-free.

Moreover, remembering that we are looking for solutions arising from the van-
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ishing viscosity limit of Leray-Hopf solutions, we can assume further that the sequence
(vg) in fact satisfies the stronger uniform bound v, € L>(0,T; L*(RY)) = LeL2. If we
require that measure-valued solutions also satisfy this bound, we can also gain further

knowledge of the structure of the measure. That is, we have the following:

Proposition 4.1.1. Let (v;) be a sequence of vector fields bounded in L{°L2, generating
the generalised Youn measure (v, A, v*°) in L*(R? x [0, T]; R%). We have the following:

esssup; (/Rd@ﬁ’t, |- \2>d:v) < 00, (4.4)

and the measure A admits a disintegration of the form

d\(z,t) = d\(z) ® dt, (4.5)

where ¢ — )\; is a measurable parametrisation which is bounded in the total variation

norm:
A 1 [0,T) — MH(RY).

2 which

x?

The first property guarantees, by Jensen’s Inequality, that v € L{°L
combined to (4.2), let us obtain, as in Theorem 2.1.1, the following;:

Proposition 4.1.2. Given a generalised Young measure (v, A\, ™) in L?, generated by a
sequence in L{° L2, which satisfies (4.2), the barycenter v(z,t) € L°L? has a representative
v € CL? = O([0,T]; L3 (R%)), ie. 0(-,t) = 0(-,t) for a.e. t € [0,T)] if viewed as L>
functions.
Now, knowing that v € C'L?, the initial average v(x,0) is well defined as a L?
t—0

function, and is attained in the sense that o(-,¢) — 9(-,0) weakly in L?. Then, we can

expand (4.2) to obtain by the Young measure theorem:

/OT /Rd(@, £) 0o+ (1,E®E) : Vo)drdt + /OT /Rd Vo : (v™,0 @ 0)\(dx)dt

(4.6)
—— [ 6w, 0)p(x, 0)dz,

for all ¢ € C=(R? x [0,T), R?) with div ¢ = 0.
Lastly, we can define for almost all time the energy of a Young measure satis-

fying all properties above, by
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Having these considerations in mind, we can properly define measure-valued

solutions:

Definition 4.1.3 (Measure valued solutions to the incompressible Euler equations). Let
(v, \,v>®) be a generalised Young measure of type 2 in R?, with parameters in R? x [0, 7]

and barycenter v = (v, &). Then:

(1) we say (v, A\, ™) is a measure-valued solution to the incompressible Euler equations
if it satisfies (4.2) and (4.3).

(71) we say (v, \,v>®) is an admissible measure-valued solution to the incompressible
Euler equations with initial data vy € L?(IR?) if it satisfies (4.3)-(4.6), v(-,0) = vy,

and

1
OEE / Juo(@)|Pda for ae. t > 0. (4.8)
R

Proposition 4.1.4. Let (v, A, »*°) be an admissible measure-valued solution to the Euler

equations and v its barycenter. Then it holds that
(1) = v(-,0) = vy

strongly in L*(R%), as t — 0.

Armed with this very weak notion of solution, we show a very simple criterion

from [11], for a sequence of functions to generate a measure-valued solution:

Proposition 4.1.5. Let (v;) be a sequence of weakly divergence-free vector fields defined
on Q C R4 x [0,T] for 0 < T < oo, satisfying:

(1) Weak Stability: For some constant C'(t) > 0, we have for all £ € N and for every
finite time ¢t with 0 < ¢t < T

2dedr < C(t).
//Qm(Rdx[o,t}) [vn(, 7)Pdedr < C(F)

(1) Weak Consistency: For every divergence-free test function ¢ € C°(Q),
lim // by - Op + V6 : v @ g, ddt = 0. (4.9)
Q

Then any generalised Young measure (v, A, v>°) generated by a subsequence of (v;) defines

a measure-valued solution of the ideal incompressible Euler equations on (2.

In particular, we can generate admissible measure-valued solutions of Euler

from the vanishing viscosity limit of the Navier-Stokes equations:
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Theorem 4.1.1. Let vy be a weakly divergence-free vector field in L?*(R?) and for &€ > 0
let v. be a Leray-Hopf solution of the Navier-Stokes equations with initial data vy, and
viscosity € > 0, and suppose they are all defined up to a time 0 < T < oo. Then,
any generalised Young measure generated by a sequence (v, )., o defines an admissible
measure-valued solution to the incompressible Euler equations on R? x [0, T], with initial

data vg.

Proof. Let (v, A\, ™) be the generalised Young measure generated by a sequence (ve, )c, —o0-
First we note that for all £ > 0 the solution v, will satisfy, from the strong energy inequality

(2.3), the uniform energy bound

2 2
sup ve(x, t dxg/ vo(x)|“dx,
s [ oG )P < [ o)
so that weak stability and boundedness of (v.,) in L{°L? is guaranteed, as well as admis-
sibility of (v, A, ), as long as it defines a solution.

Also, the weak formulation of the Navier-Stokes equations with initial data vy

reads as
// (1 - v + V¢ : v @v.)dadt + / o(z,0) - vo(x)de = 5/ A¢ - v.dzdt,
R2x[0,T] Rd

which, since | [[ A¢ - ve| < [[A¢lLipzl[vellrperz < Cllvollr2, implies weak consistency as
e — 0, as well as attainment of the initial data, so that by the proposition above, (v, A, v>°)
defines an admissible measure-valued solution to the incompressible Euler equations with

initial data vg. O

Since for d = 3 global existence of Leray-Hopf solutions is guaranteed, we
immediately obtain as a consequence the global existence of admissible measure-valued
solutions to the incompressible Euler equations for any initial data vy € L*(R?). Having
guaranteed existence, another essential property in validating the notion of measure-
valued solutions we have developed is the weak-strong uniqueness property. This assures
us that in weakening the notion of solution we have not gone too far and allowed wild
solutions to exist even when existence of a classical solution can be obtained. We will
adapt the proof of this result in the case of planar symmetry MHD, so we choose to omit
it in this instance. Specifically, we have for measure-valued solutions of the incompressible

Euler equations the following result:

Theorem 4.1.2 (Weak-Strong Uniqueness, Theorem 2 in [4])). Let vy € L*(RY) with
div vy = 0. Suppose that we have v € C([0,T], L*(R?)) a classical solution to the Euler

equations with initial data vy, and suppose further that we also have

T
/0 V0 + (V)| oo eyt < 00, (4.10)
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and let (v, A\, v™°) be an admissible measure-valued solution. Then A =0 and v, ; = Ov(a,t)

for almost every (z,t).

Finally, we have the following result, which was obtained by connecting the

non-uniqueness result of Theorem 2.2.2 and the notion of measure-valued solutions:

Theorem 4.1.3 (Theorems 4.1—2 in [25]). A type 2 generalised Young measure (v, A, v>)
on R? with parameters on R¢ x [0, T is a measure-valued solution of the Euler equations
with bounded energy if and only if it can be generated by a sequence (vg)ken of weak
solutions to the Euler equations bounded in C([0,T]; L2 (R R?)). Moreover, if it is
an admissible measure-valued solution with initial data vy € L?(R? RY), the generating

sequence can be chosen to satisfy also

1ok (- 0) = vol[ 2ty <

| =

and
sup 5/ o (z, ) Pdx < = / lvg (2, 0) [Pdz

te[0,T7]

4.2 Measure-valued solutions to the MHD Equations

We now proceed similarly to define measure-valued solutions to the ideal in-
compressible MHD equations. First, recall the weak formulation of these equations: Given
initial velocity and magnetic fields, respectively vy € L?(R%RY) and By, € L?(R%R?),
both weakly divergence-free, and a positive time 0 < T' < oo, a pair (v, B) € L3 .(R? x
[0, T]; R? x R?) is a weak solution to the ideal MHD if v, B are weakly divergence-free and
satisfy:

T
/0 /Rd[v-ﬁtgo—l—(v@)v—B@B):Vgo]dxdt—l—/Rdvo(:c)-@(x,O)dx:O

T
/ / [B-@tgo+(B®v—v®B):V(p]dxdt—i—/ By(z) - ¢(x,0)dz =0
0 Jrd RY

for all ¢ € C°(R? x [0,T); R?) with div ¢ = 0.

Suppose now that we have a sequence (vy, By) of weak solutions. Note that
the natural energy bounds for the MHD equations allow us to require that both v and B
obey the same L? bound, so that the sequence (vg, By) is uniformly bounded in L?(R? x
[0, T]; R?xR%). For a discussion of Young measures generated by sequences satisfying non-
homogeneous integrability conditions, see [15]. The sequence (vy, By) will then generate
a generalised Young measure (v, A, v>°) of type 2 on R? x R? = {(&,()}, with parameters
in R? x [0, T, with Theorem 3.2.2 allowing us to obtain in the limit:
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/()T/Rd [<V’§> 'atg0—|—<y7(f®§_(®(>> : Vgo]dxdt

L RE®E— (OO Ve dA(w,t) = 0 (4.11)
x(0,T)

/oT/Rd (v, Q) - Do + (v, (C® & — £ @ () : Vip| dudt

+ /RdX(O’T)W"% (CRE-ERO™) : Ve dM(z,t) =0 (4.12)

for all ¢ € C®(R? x (0,T);R?) with div ¢ = 0, where (£,() € R? x R? represents
respectively the fields v and B, so that in the case that v,; = (,,B)@«,) and A = 0, we
recover (v;1,&) = v(z,t) and (v,4, () = B(z,1).

Alongside this, we obtain also

/V@/J (Vpt, §)dx =0

(4.13)
/vz/; vy () = 0,

for all 1 € C>°(R?) and almost every ¢ € [0, T.

Defining 9(z,t) = (v,4,&) and B(z,t) = (v,4, () as the barycenters of v,
(4.13) is equivalent to the requirement that v and B are weakly divergence-free.

It is convenient to remark that, while the definition presented above is the
most general, and allows us to manage composite weak limits f(x,t;v,0) for all f €
Fo(RE x [0,t],R? x R?), this class of functions presents a difficulty in interpretation,
when it comes possible concentration behaviour. This comes because the space where the
concentration angle measure v is defined, which is $2?~!, does not allow us to understand
where the concentration effects may arise whether only on the velocity v, the magnetic
field B, or both.

If we consider, however, for a sequence (vg, By) bounded in L?, the component,
sequences (vg), (Bg) and, after passing through a subsequence common to all limits taken,
the respective generalised Young measures generated by each, denoted (v, A, v5°) for (vy,)
and (v, A\g,vy) for (By), we can gain some insight.

Specifically, since we know ) is the singular part of the weak* limit |vy|* +
| Bx|*dzdt, and likewise, \,, Ap the respective singular parts of the limits |vg|*dzdt,
| Bi|?dzdt, we can assert that A\, + Ag = \. Therefore, we will have ©,,0p5 € L'(R? x
(0,77, ), satisfying |0,[,|0p| < 1 Ma.e. and A\, = ©,\, A\g = OpA, by the Lebesgue
Differentiation Theorem on regular measures.

Moreover, for functions f = f(z,t; €, () € Fo(R?x [0, T]; R x RY), independent
of ¢ (or €) (as is the case of £ ® € in (4.11)), it still holds that f = f(x,t;&) € Fo(R? x
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[0, T]; R?), so that we may apply Theorem 3.2.2 and obtain

(v, f)dxdt + (V°>°, f)d\(z,t) = (v, fdadt + (v°, f7)dN,(x, t),

where f*° : R? x [0,7] x S?*71 — Y refers to the recession function as defined for
feFRx[0,T];RY x RY), and £ : R x [0,T] x S9! — Y refers to its definition for
f € F(R4x[0,T]; R?). Defining the notation f5° for f independent of £, the same holds,
exchanging (v, Ay, v°) by (vB, Ap, Vy).

Let us now continue. Recall the Leray-Hopf type theory of solutions to the
viscous and resistive MHD equations, for which existence in time can also be obtained,
and in analogy to what was done for the Euler equations let (v, ,, B, ). >0 be a sequence
of solutions in this fashion. The energy inequality (2.6) guarantees a uniform bound
to vy, By, € L®(0,T; L*(RY) = L{°L2, so that if we include this condition into our

formulation, we get the following:

Proposition 4.2.1. Let (vg, Bi) be a bounded sequence of vector fields in L° L2, gener-
ating a generalised Young measure (v, A, v>) in L2(R? x [0, T]; R? x R?). Tt holds that:

esssup;, (/Rd@/%h \(S,C)P)daj) < 00, (4.14)

and the concentration measures A, A\,, A\ admit disintegrations

d\(z,t) = d\(z) @ dt (4.15)
dAy(z,t) = dAyi(x) @ dit (4.16)
d)\B(I‘, t) = d)\Bﬂg(l’) X dt, (417)

where ¢ — \.; is a measurable parametrisation, bounded in the total variation norm
A 1[0, T) — MH(RY).

Proof. Regarding the disintegration, it suffices to demonstrate that A admits such a
characterisation, and absolute continuity of A\,, Ap in relation to A\ assures us of the
result for them. Therefore, let ¢ be the measure defined on [0,7] by the expression
o(A) = MR? x A), where A is a Borel subset of [0, 7]. By the Disintegration Theorem,
there exists a measurable mapping ¢t — A, with A\, € M 1(R%), such that

Mdz, dt) = M\(dz) @ o(dt).

Applying the Fundamental Theorem on generalised Young measures for f =
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(£,0))? (so that f>° = 1), and integrating over x € R? we have

k10, B ) et = ( [ (veas € OF)da) di + o(a),

which implies, for every ¢ € C(]0,T]), that we have

[ 6000, Bt e de = [ 600) ([ v € OPY) dtt [ o0po(an)

From this we deduce

T T
[ 00 ([ 6. OP1as) ]+ | [ ottrotan)
[1(¢)] [J(¢)]
r 2
< sup| [ 160110 0), Bl )
keN |/0
< |9l 1o,y S%PH(Uk('at),Bk(ﬁ))“%g%g

< M@ Lo,

where I(¢) and J(¢) denote the linear functionals defined on C([0,77]) by the correspond-
ing formulas. The bounds above mean that these functionals can then be extended to
bounded linear functionals in L'([0,T]). Therefore, the Riesz representation theorem on

LP secures the existence of g, h € L*>([0,T1]), satisfying:

/Rd<7/a:,ta (€, O)P)dz = ¢(t)

for almost every ¢ € [0,T], and
o(dt) = h(t)dt.

The first identity gives (4.14), and definining \(dz) = h(t)\(dz), we get
(4.15), which concludes the proof. ]

The first property assures us that, by Jensen’s Inequality, v, B € L¥L%, and

similarly to the Euler equations, together with (4.11), we arrive at the following:

Proposition 4.2.2 (Weak continuity in time). Given a generalised Young measure (v, A, v*°)
in L?, generated by a sequence in L° L2, that satisfies (4.11), the barycenters v(z, ), B(x, t)
admit representatives 9, B € CL? = C([0,T]; L2 (R%)), i.e. v(-,t) = (-, t) and B(-,t) =

B(-,t), as L? functions for almost every ¢ € [0, T7.
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Proof. Defining the matrix fields

M={®{-(®C)
R= (1> (®- (@)
N=((®{-E{a()
S={=,(®5-E@()%),

we have from (4.14) that M, N € L°LL, and that |R(-,t)||z1 ey, 1SC 8|z, are

x?

L>([0,T)) functions, and by hypothesis, ¥ and B are weakly divergence-free and satisfy

/OT {/Rdﬁ.atsoda:—k/wM:Vgodm—k/RdR:Vgod)\t(x)]dt:o (4.18)
/OT

for all ¢ € C®(R? x (0,7T)) with div ¢ = 0. Using the Helmholtz Decomposition in L2,
let (¢; + Vpi)ien be a sequence L?(R?), satisying (see the Appendix in [25]):

/ B-@tgodx+/ N:Vgpdw—l—/ S:Vapd)\t(x)} dt =0, (4.19)
R R R

(i) ¢ € C(RERY) with div ¢; = 0 weakly;
(i) pi € C(RER);
(i) {d; + Vp;}ien is dense in L*(R%; RY),

and take y € C2°(0,7).
Define ®; by

(1) = /Rd(qﬁi(:c) + Vpi(@)) - o(x, t)de = /R (@) - B(z, t)dx

where we have used that div v = 0 weakly, and take y¢; as the test function in (4.18) to
get for every x € C2°(0,T) the following identity:

/OT Ox(t)P;(t) = /OT Oy (t) /Rd ¢i(x) - v dedt

:_/OTX(t) U}RdV@:deJr/RdV@:R)\t(dx) dt

This means that the function

/Rd(V@ : M)dx + /Rd(ngi . R)\(dz)
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is a weak derivative for ®;. Therefore, we can estimate

[ 1wl < [* [ Vol dzdes 1] 1960 R

< (||M||L§°L; + esssup te[O,T]HR('at)HLl(Rd,)\t)) V@il L1 ree, < oo

Therefore, ®, € L'(]0,T]), which guarantees, by Lebesgue’s Differentiation
Theorem, the existence of ®; absolutely continuous on [0, 7], with ®;(t) = ®;(t) for
almost every t € [0,T]. Since this holds for every ¢ € N, and the countable union of null
sets is null, there exists a null set N' C [0, T such that

b (t) = /Rd(qb,»(x) + Vpi()) - Oz, t)de
for all i € N, t € [0, 7] \ V. Therefore, by the continuity of ®;, it holds that
|D:(t)| < [|0]|ger2lldi + Vpill 2 for all ¢ € 0,7,

so that, for every ¢t € [0,7], the functions ®;(t) define, by density of {¢; + Vp;} in
L2, a bounded linear functional on L2, which we denote by L;, through the formula
Li(¢; + Vp;) = ®;(t). The Riesz Representation Theorem assures us, for every t € [0, 7],
of the existence of a function o(-,t) € L2 which coincides with v(-, t) for every t € [0, T]\N,
and also satisfies

18, 2)l5z < lgzezz for all ¢ € [0,7),

as well as

() = / (s + Vp,) - © da for all ¢ € [0,T].

Rd

Lastly, take 1 € L2, and a sequence ¢y + Vpp =3 o strongly in L% if
V= [pa ¥ - ¢ dz, it follows that

Bi(t) — W(E)| < (3] oez | bx + Vo — ]l 12 — 0 wniformly on ¢ € [0, 7],

so that W is the uniform limit of conituous ®;. Being ¢ € L2 arbitrary, it follows that
o € C([0,T); L2). Repeating the same argument with B, N and S, one obtains B € CL?
coinciding with B for almost every (z,t) € R? x [0, T].

O

Now, knowing that o(z,0), B(z,0) are well defined as L? functions with
o(-,t) = 5(-,0) and B(-,t) =° B(-,0) in L% we can use the Young measure conver-

gence to expand (4.11) to:
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T
/0 /Rd [(1,8) - o+ (v, (E®E - (®()) : V| dadt
+ /RdX(O,T)@“’ (E@E&—C@)™) : Ve dA(z,1)

_ _/Rd o(,0) - oz, 0)dx
(4.20)

,/QT/Rd [<V’<>'at¢+<ya(<®§_§®c» :Vgo]dxdt
+ /]Rdx(O,T)<V007 << ® 5 N § ® <)OO> : VQO d)‘(xvt)

. _/Rd o(,0) - B(z,0)dx

(4.21)
for all ¢ € C®(R? x [0,T),R?) with div ¢ = 0.
We define also the energy:
E(t) = - %o + 20 (RY 4.22
(1) =5 [ (eas |- )z + SM(RY). (4.22)

Definition 4.2.3 (Measure-valued solutions to the ideal incompressible MHD equations).
Let (v, \,v>) be a type 2 generalised Young measure on R? x R?, with parameters on
R x [0, 7] and barycenters v = (v, &) and B = (v, ().

(i) We say (v, \,v™®) is a measure-valued solution to the ideal incompressible MHD
equations if it satisfies (4.11) and (4.13).

(i1) We say (v, A\,v*>) is an admissible measure-valued solution with initial data vy €
L2(R?) and B, € L2(RY), if it satisfies (4.13), (4.14), (4.15), (4.20),(4.21), 9(-,0) =
vo, B(-,0) = By and

1
E(t) < 5 /d [vo()|? + | Bo(z)|*dx for almost every ¢ > 0. (4.23)
R

Proposition 4.2.4. Let (v, A\,v>) be an admissible measure-valued solution to ideal

incompressible MHD equations, and ©, B be its barycenters. Then it holds that

(E’B)(Wt) — (2_)73)('70) = (’U(),Bo)

strongly in L?(R%), as t — 0.
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Proof. We have already seen that (v, B) € C L2, so that
lim inf [|(v, B)(£)] 2 > [|(v, B)(0)]] 2,
by lower semi-continuity of the norm in the weak topology. On the other hand,

J1@.BYO)Pdw = [ (e, €2 + |2 da
< [ 1veas €2 + ¢} d + A(R?)
= 28(1) < [ |3, B)(0)de,

where we have used the energy inequality (4.23). Combining both inequalities, we arrive
at ||(v, B)(t)||z2 — ||(©, B)(0)|| > as t — 0. Weak convergence together with convergence

of norms gives strong convergence. O

Now, we can easily adapt the arguments from Theorem 4.1.1, to obtain admis-
sible measure-valued solutions to the ideal incompressible MHD system from Leray-Hopf

solutions to the viscous, resistive MHD.

Theorem 4.2.1. Let vy, By be weakly divergence-free vector fields in L?(R?) and for
e > 0 let v.B. be a Leray-Hopf solution to the viscous, resistive MHD system with initial
data vg, By, with viscosity and resistivity equal to €, and suppose they are all defined up
to a time 0 < T' < oo. Then, any generalised Young measure generated by a sequence
(Ve,, Bz, )ep—0 defines an admissible measure-valued solution to the ideal incompressible
MHD equations on R? x [0, T, with initial data vy, By.

Moreover, if d = 3, global existence of Leray-Hopf solutions [12] implies the
global existence of admissible measure-valued solutions to the ideal incompressible MHD

equations for any initial data vy, By € L*(R?).

4.3 The planar symmetry MHD system

We consider measure-valued solutions also in the planar symmetry MHD sys-

tem. After the desired simplifications, we have:

Definition 4.3.1 (Measure-valued solutions to the planar symmetry MHD system). Let
(v, X, v™) be a type 2 generalised Young measure 2 on R? xR, with parameters in R?x [0, ']
and barycenters v(z,t) = (Vpy,€) € R? and b= (v,,,¢) € R.

(1) We say (v, \,v>) is a measure-valued solution to the system (1.6) if v is weakly
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divergence-free and (v, A\, v>°) satisfies

// i+ nE®E) VY] dmdt+// (E®E™) : Vo (dr)dt = 0

/0 /R2 b0y + (v, &C) - V@D d:z:dt —i—/o /Rz@oo, (£0)®) - VoA (dx)dt = 0
(4.24)

for all o € C°(R? x (0,7); R?) with div ¢ = 0 and all ¢ € C>*(R? x (0,7)).

(11) We say (v, A\,v>) is an admissible measure-valued solution for initial data vy €
L*(R?), div vg = 0 and by € L*(R?), if it satisfies the following conditions:

2)
b)

div v = 0;
(

v>°) satisfies

/OT/R [U-Oip+ (V,E@E) : V] da:dt+/ / L(E®E)™®) - Vo(dr)dt

= _/RZUO‘(,D(%,O) dx
/OT /]Rz {B@tw + (v, &) - Vw} dxdt + /OT /RQ<VO°’ (£C)%°) - Vip A (dx)dt

== L, bot(z,0) dx
(4.25)

for all ¢ € C(R? x [0, T); R?) with div ¢ = 0 and for all v» € C°(R? x [0,T));

It holds that

esSSUP; (o 7 {/RQ(VM, €% + |C|2)dm} < 00; (4.26)
The concentration measure A admits the disintegration
A(dz, dt) = \(dz) ® dt, (4.27)

where \; € L>=([0, T]; M+(R?));
@(70) =1 e Z_)(,()) = by; and
the energy inequality

B() = 5 [ (e P+ 6P + AR < 3 [ ()P + () P
(4.28)

holds for almost every t € [0, 7.



64

Note that since the symmetry assumption on the system precludes integrability
of any non-zero solution in R?, the existence result from Theorem 4.2.1, which relies on
Leray-Hopf solutions for the full-3D MHD, cannot be employed. Nevertheless, we can

adapt the methods used by [4] to obtain a weak-strong uniqueness result:

Theorem 4.3.1 (Weak-strong uniqueness). Let vy, by € L*(R?), satisfying div vy = 0 be
given. Suppose that v,b € C([0,T], L*(R?)) is a classical solution to the planar symmetry
MHD equations 1.6 with the given initial data vy, by e assume further that

T
/() (HVU + (VU)tHLoo(Rz) + ||Vb”Loo(R2)> dt < oo hOldS, (429)

and let (v, \,v*°) be an admissible measure-valued solution with the same initial data.
Then we have A = 0 and v,y = Oy(z) b(r) for almost every (z,t) € R? x [0, 7T7.

Proof. Define
1 1
= 5 [ e (6 = 0,C = B)P)dw + ()
R2 2

and also, for ¢ € C>°(R?), the approximation

1
Fo(0) = 3 [ o) (€~ 0.C = )z + 3 [ o) ().

Note that F? € L>(0,7T), by the hypotheses on (v, \,v*>°). Take x € C°(0,T) and

consider the following;:

[ xvorwa=3 [0 [ VO bl dxdz+2 L / e, [P

2

+;/0/ (O (@) v dedt + = // o) |bPdedt
1 , )
2

Looking closely at (1), we can use the fact that

bl*

X v = 0;(xpv) + xo(div (v @ v) + V <7r + 2)
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from (1.6), to arrive at

— // —0y(xdv) - v — XU - (div (v®@v)+V (7?-1- |2’2>> dxdt
://XV o) (1, €@ E) — xév - div (v @ v) dudt
+ [ xlov) =, (€ @ %) Mlda)dt

[bf*

—//Xfm v<7r+> dedt,

by using ¢ = y¢v as a test function in (4.25). Now, by using the vector calculus identities

V(pv): (v @v)=¢v-divouv+ (Vo-v)(v-0),
Vipv): (v®@v) =Ve¢- |2|—0—V<(bv|>~v
v[? |v[?

V(gv): (v ®v) = Vo-vi- 4V <¢2> v,

together with div v = 0 and div v = 0 weakly, we can rearrange (I) as

1) = [[xV(6v) : (v, (€~ v) © (€ — v))dude
+// xV(ov) : (™, (£ ® £)*°) A\(dx)dt
+// xVo- < | \2 ( + |2’2>> +x(Vo-v)(v - v)ddt. (4.30)

We can do similarly with (/7), by using the fact that

X' ¢b = 9;(xpb) + x¢div (bv), by (1.6), and obtain:

_ / / —0,(xob) - b — x¢bdiv (bv)dxdt
_ / / XV (6D) : (v, CE) — xobdiv (bv) dadt
+ ] XT 00 (. (6 ) (d),

where we used ¢ = y¢b as a test function in (4.25). This, together with the identities

V(9b) - (bu) = obdiv (bv) + (V- )b
V(9b) - (b7) = Vo 50 + V(o) 5

V(t) - () = Vool L 9ol
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and div v = 0 e div v = 0 weakly, allow us to rearrange (/I) as

(11) = [[x¥(00) : (0.(C ~ B)(E ~ v))dc
+ [[x9@h): =, (= Ida)ds

\|2

+// XV - (5 —v) e + X (V- v)(bb)dadt. (4.31)

Now, observe that ||v]|z»(r2) can be bounded in terms of ||[Vv + (V)| 1o r2) + [|v]| 22(R2),
for every p satisfying 2 < p < co. Truly, for every ball B;(x), Korn’s inequality (see [1])

in W12 gives us:

HUHWuBl(m < O(IVe+ (Vo) llzieon + [0l 2 o)
C(||Vv+ (V U>t||L°°(]R2) + vl z2re))

Therefore, through the Sobolev embedding W12(By(xg)) C L%(Bi(x)), and a new appli-
cation of Korn’s inequality in W%(B;(z)), we get

[l @y < CUIVY + (VO) @) + vllz2@2).

Lastly, we apply also the Sobolev embedding W(B;(xq)) C L>(Bi(z0)), which gives

us, since xo € R? is arbitrary,
V] g2y < C([VV + (VO) || o) + V]| L2(re))-

So that we have v € L?> N L™ C L? for 2 < p < oo. In particular, v € L*(R?), and thus,
m € L? Also, using only the Sobolev embeddings,we have ||b|1er2) < C(||VD| 1o (r2) +
16]| L2(m2)) for 2 < p < co. Therefore, we can take a sequence () of test functions such
that 0 < ¢ < 1, ¢p = 1 in Bg(0), and ||Vil/¢, is uniformly bounded. Appropriately
combining (4.30) and (4.31) and the bounds above with the generalised Hélder Inequality,
we can use the Dominated Convergence Theorem to obtain, as k — oo, the following:

[bf*

[ o ((@ - u)’“; + ( + 2)) (Vo - 0) (v - 0)dadt = 0,

and b |2

// XVér - (5= 0) -+ x(Vey - v)bb dudt =5 0,

so that we end up with

—//X’(bkz_z-v dxdt@//va: v, (£ —v) ® (£ —v))dxdt

(4.32)
[ X =, €@ O ndayt
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and

—//X/¢k6'bdxdtlH—o>o//XVb’(V,((—b)-(f—v»dxdt

(4.33)
* // X Vb 2 (v, (C6)) Av(dx)dt

Since we can also see that F* — F| we have after symmetrizing the Vo terms the

following:
[ xwrmar= [ xvopwa g [ ([l i)
+ ; /OT /]R2 X)) (Vo + (Vo)) : (v, (€ —v) ® (€ —v))dwdt
by [ O+ (T0)): 0%, €@ A (43)
+ ; L [ x®9b- (= 0) - (€ = ) dads
by [ L x@ve = e drar

Finally, we can use the Cauchy-Schwarz inequality and the fact that (v, b) conserve energy

to obtain
T T T
~ [ X@F@dt < - [ NOB@) +C [ (1V0+ (Vo) | + [ 98] F(1)at.
That is, for almost every s,t € (0,7) it holds that

F(t) — F(s) < E(t) — E(s) + C / V0 + (V0) e + Vb )F()dr. (4.35)

Now, note that

Pls) = E(s) = [ 0(s) - 0(s) + b(s)b(s) do+ [ [0(s)]* + 1b(s)]* da

so that (4.35) becomes

Fit) < B0 - [

RQ

w(s) - 5(s) + b(s)b(s) dz + / [o(s)|? + [b(s)[? dx .
4 [{(I90 + (0) i + [ Vbll=) F(r)ar |

Since v,v,b and b are all in CL2, and also that ©(s), v(s) — vy and b(s), b(s) — by

w?
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strongly in L? as s vanishes, we can pass to the limit to get

Ft) < B(t) — B(0) + c/ot(nw + (V) [l + [ VB]| g ) F (7Y

t
< C [(IVv+ (Vo) llz + [ Vbl =) F(r)dr,

where we used that E(t) — E(0) < 0 by admissibility of the measure-valued solution.
Gronwall’s inequality then assures us that F' = 0 almost everywhere. It follows that
A¢(R?) = 0 for almost every t € [0, T], and that

<y€13,t> |(£ - U($7t>7c - b(xat))|2> = 07 for a.e.(:c, t) S RQ X [O7T]
Now, since v is a non-negative measure and the function (&, () — |(§ —v(z,t),(—b(x,t))|?
is strictly positive in every open set not containing the point (v(x,t),b(z,t)), this means
vyt is supported in {(v(x,t),b(x,t))}. By definition, v, is a probability measure, so that
this must mean

Vgt = 5(1}(1‘,1&) b(z,t))

as desired. O
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Future directions

Finally, we would like to remark that, throughout the period of study relating
to this thesis, we were interested in achieving a result similar to Theorem 2.2.2 for the
planar symmetry MHD equations. In this problem the main obstacles seemed to be
concerning how to express the constraint set K and its convex hull, for a given energy
profile, and therefore how to properly define subsolutions. Note that, if K is taken

generally as the set of states z = (v, b, u, w) satisfying

u=vov and w = bv,

then it holds that for every 21, zo € K, their difference z; — 25 lies in A, the wave-cone for
the system (2.12), (see Remark 2.1 in [5]), so that the A—convex hull of K should coincide
with the traditional convex hull. However, we were unable to define a similar generalised

energy density e for these states, satisfying properties (in analogy to Lemma 2.2.11) like:

(1) e is convex;

> PP+ ith equality if and only if z € K;

(17) e(v,b,u,w) 5

P

(141) {z ce(z) < 7} = K¢, for some definition of K, (with possibly more parameters).

Assuming that we have achieved a description of K¢°, and with it a functioning
definition of subsolution, we can still apply the results shown in section 2.2.2 regarding the
existence of good wave directions (Lemma 2.2.3) and localised plane waves (Proposition
2.2.4) to proceed similarly as was done in section 2.2.3 with the Euler equations.

We remark that, in contrast to the planar symmetry case, for the full 3D ideal
MHD case the set K does not coincide with the traditional convex hull, and has empty
interior, and both these properties make the problem significantly harder. In this case, D.
Faraco, S. Lindberg and L. Székelyhidi in [13] were able to describe the relative interior of

A

certain convex-hulls of the sections K, of the constitutive set, where r, s are parameters

on the norms of the Elsdsser variables z* = v+ B. This change of variables is introduced

W and the cross-helicity density

in order to prescribe both the total energy density
u - B, because both define conserved quantities for regular solutions. However, for the
planar symmetry system the cross-helicity necessarily vanishes, and the two parameters

reduce to a single one, so that the same process does not seem to work.
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APPENDIX A: Disintegration of

measures defined on a product space

Here we present a result which is used extensively in chapters 3 and 4, and
concerns the representation of a measure defined on a product of measure spaces. We
adapt from the statement of Theorem 10.4.14 in [3], where the result can be found in

greater generality.

Theorem. Let X and Y be secound countable, locally compact Hausdorff spaces, with
the respective Borel o-algebras Bx and By, and take the product space X x Y with the
product o-algebra A = Bx ® By. Let also i be a non-negative Radon measure on the
product, and define px as the natural projection of u to X, defined on Borel sets E of X
by

px(E) = p(E xY).

Define also for z € X and F' € A the set

F,={y:(v,y) € F},

Then, for every x € X there exists a probability measure v, defined on By,
so that the map x — v,(F,) is ux-measurable for every F' € A, and it holds that for
B e Bx

FN(BxY)) = [ valF)dpx ().

In addition, for every A-measurable and p-integrable function f we have

//XXY J(@ y)du(e.y) = /X /Yf(r,y)dvx(y)dux(a;).

Moreover, if {v, },ex is a family of measures with the stated properties, then it holds that

v, = v, for px-a.e. x € X. We write informally that du(z,y) = dv,(y) ® du(z).
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