UNIVERSIDADE ESTADUAL DE CAMPINAS
INSTITUTO DE MATEMATICA, ESTATISTICA E
COMPUTACAO CIENTIFICA

MARCELO GONCALVES DE MARTINO

TEORIA DE CALIBRE EM DIMENSOES DOIS E QUATRO

DISSERTACAO de MESTRADO APRESENTADA AO INSTITUTO DE MA-
TEMATICA, ESTATISTICA E COMPUTACAO CIENTIFICA DA UNI-
CAMP PARA OBTENCAO DO TITULO DE MESTRE EM MATEMATICA

ORIENTADOR: MARCOS BENEVENUTO JARDIM

ESTE EXEMPLAR CORRESPONDE A VERSAO FINAL DA
DISSERTACAO DEFENDIDA POR MARCELO GONCALVES DE MAR-
TINO, E ORIENTADA PELO PROF. DR. MARCOS BENEVENUTO

JAR /M&w@:ﬁ&}{()&/

Prof Dr. Marcos enevenuto Jardim
; Orientador
/ CAMPINAS, 2011




FICHA CATALOGRAFICA ELABORADA POR
MARIA FABIANA BEZERRA MULLER - CRB8/6162

BIBLIOTECA DO INSTITUTO DE MATEMATICA, ESTATISTICAE

COMPUTAGCAO CIENTIFICA - UNICAMP

De Martino, Marcelo Gongalves, 1986-

D392t Teoria de calibre em dimensoes dois € quatro /
Marcelo Gongalves De Martino. - Campinas, SP : [s.n /],
2012.

Orientador: Marcos Benevenuto Jardim.

Dissertagado (mestrado) — Universidade Estadual de
Campinas, Instituto de Matematica, Estatistica e
Computacao Cientifica.

1. Instantons. 2. Fibrados vetoriais. 3. Conexdes
(Matematica). 4. Campos de calibre (Fisica). 5. Yang-
Mills, Teoria de. |. Jardim, Marcos Benevenuto, 1973-.
II. Universidade Estadual de Campinas. Instituto de
Matematica, Estatistica e Computagao Cientifica.

[1l. Titulo.

Informacbes para Biblioteca Digital

Titulo em inglés: Gauge theory in dimensions two and four
Palavras-chave em inglés:

Instantons

Vector bundles

Connections (Mathematics)

Gauge fields (Physics)

Yang-Mills theory

Area de concentragdo: Matematica
Titulagao: Mestre em Matematica

Banca examinadora:

Marcos Benevenuto Jardim [Orientador]
Elizabeth Terezinha Gasparim

Henrique Nogueira de Sa Earp

Data da defesa: 02-12-2011

Programa de Pés-Graduagao: Matematica

i



Dissertacio de Mestrado defendida em 02 de dezembro de 2011 e aprovada

Pela Banca Examinadora composta pelos Profs. Drs.

Novoodpd_—

Prof.(a). D (a) MAR(ﬂs BENEVENUTO JARDIM

Prof. (a). D}/(a). HENRIQUE}(OGUEIRA DE SA EARP

DlosabihT Qo

Prof. (a)(Dr (a). ELIZABETH TEREZINHA GASPARIM

il



v



Dedico este trabalho a minha futura esposa
Jaqueline, que sempre me apoiou e compre-
endeu meus momentos de auséncia e também
a meus amigos e familiares que se esforcaram
em me dar animo para continuar e ainda me
deram valiosas opinides e sugestoes ao longo

deste trabalho.



vi



Agradecimentos

Ao Prof. Dr. Marcos Jardim, por ter aberto as portas para a pesquisa e estudos em
matematica com suas palavras de incentivo, conhecimento e sabedoria e pela orientagao
da maior parte deste trabalho. Agradeco também aos Profs. Drs. Eduard Looijenga e
Gil Cavalcanti, ambos da universidade de Utrecht, Holanda. O primeiro pela orientacao
e inumeras discussoes as quais contribuiram de forma significativa para que esse trabalho
pudesse se tornar realidade e ao segundo, por além de ter sido muito atencioso sempre
que precisei sanar minhas dividas matematicas, também ter me oferecido bastante

seguranca no periodo que estive fora do pais.

Nao poderia deixar de agradecer a todos os professores com os quais eu cursei
matérias e vi palestras durante meu periodo de mestrado, sobretudo aos Profs. Drs.
Luiz Barreira San Martin e Rafael Leao, da universidade de Campinas, André Henri-
ques, Gil Cavalcanti e Robin De Jong, da universidade de Utrecht, pois parte das notas

de aulas dos cursos ministrados por estes foi utilizada no presente trabalho.

Ao Instituto de Matemaética Estatistica e Computacao Cientifica como um todo,
desde a secretaria de péds-graduacao as pessoas da biblioteca por terem sempre sido
gentis e prestativos comigo e ao Instituto de Matemaética da universidade de Utrecht

por ter me acolhido durante meu periodo de estudos no exterior.

Aos Profs. Drs. Elizabeth Teresinha Gasparim e Henrique S& Earp, membros da
banca examinadora por terem lido minuciosamente este trabalho e terem dados valiosas
sugestoes e corregoes que tornaram este trabalho mais apresentavel.

Aos amigos e familiares que sempre estiveram por perto e me ajudaram a suportar
os momentos dificeis, em especial a Ivan Struchiner por ter me amparado quando estive
fora do pais e aos amigos Matheus Brito e Lucas Castello Branco por terem despendido
parte de seu tempo ouvindo meus ensaios para a apresentacao final do mestrado.

A Fapesp e ao CNPq por terem financiado os meus estudos de mestrado.

A todas as pessoas que participaram e contribuiram para a realizacao deste trabalho,

vii



direta ou indiretamente, meu agradecimento.

viil



X

Nota-se, entre os matemdticos, uma
mmaginacao assombrosa...
Repetimos: havia mais imaginagdo
na cabeca de Arquimedes que na de

Homero.

Voltaire






Resumo

Este trabalho procurou apresentar os conhecimentos basicos necessarios para trabalhar
com a teoria de calibre em baixas dimensoes e também mostrar algumas aplicagoes da
mesma. Na parte basica da teoria, além de comentar aspectos da teoria de Hodge para
variedades compactas, também se discute, com certo nivel de detalhes, os conceitos de
fibrados vetoriais e conexoes, com énfase dada para os calculos locais com conexoes
e curvaturas. Duas aplicacoes mais concretas da teoria de calibre sao apresentadas
nesta dissertacao. Primeiro, em dimensao quatro, discute-se a equacao de Yang-Mills
sobre 4-variedades e é apresentada uma solucao para a equacao anti-auto-dual, solucao
esta que é conhecida na literatura como ansatz de ‘t Hooft. Por fim, é apresentada a
prova, baseado no artigo [DONALDSON, 1983], de um importante teorema devido a
M. S. Narasimhan e C. S. Seshadri que relaciona os conceitos de estabilidade com o
de existéncia de conexao unitaria satisfazendo certa propriedade, em fibrados vetoriais

complexos sobre superficies de Riemann.

Palavras-chave: Instantons, Fibrados vetoriais, Conexoes (Matematica), Campos de
calibre (Fisica), Yang-Mills, Teoria de.
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Abstract

In this work it is developed the basic knowledge required to deal with gauge theory
in low dimension and it is shown some applications of this theory. Regarding the
basic knowledge, apart from discussing some aspects of Hodge theory over compact
manifolds, it is also covered, with a certain deal of details, the concepts of vector
bundles and connections, paying close attention to the local computations regarding
connections and curvature. As for the applications of the theory, we start, in dimension
four, by treating the Yang-Mills equation over 4-manifolds and it is showed a solution
to the anti-self-dual Yang-Mills equation, solution that is known in the literature as the
‘t Hooft ansatz. At last, it is given a proof, following the paper [DONALDSON, 1983],
of an important theorem due to M. S. Narasimhan and C. S. Seshadri that relates the
algebro-geometric notion of stability to the differential-geometric notion of existence of
unitary connection whose curvature satisfies a certain condition, on vector bundles over

Riemann surfaces.

Key words: Instantons, Vector bundles, Connections (Mathematics), Gauge fields
(Physics), Yang-Mills theory.
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Introducao

A geometria diferencial é uma das grandes areas da Matematica e possui varias aplicagoes
tanto em outras areas da Matematica como na Fisica Matemdtica. A teoria da rela-
tividade geral é o exemplo mais conhecido de aplicagao da geometria Riemanniana a
Fisica. Outro exemplo é a teoria de fibrados e classes caracteristicas, desenvolvida por
matematicos nos anos 50 e 60, que é a linguagem apropriada para lidar com as chama-
das teorias de calibre, que foram desenvolvidas por fisicos durante a década de 60. Foi
aplicando idéias oriundas da Fisica tedrica e técnicas da teoria de fibrados que Atiyah,
Bott, Hitchin, Donaldson e outros demonstraram resultados profundos em geometria
e topologia diferencial nas décadas de 60, 70 e 80. O objetivo do presente trabalho é
descrever alguns aspectos da teoria de calibre em dimensoes baixas dando énfase para

os calculos envolvendo conexoes e apresentar algumas aplicagoes desta teoria.
O corpo desta dissertacao esta dividido da seguinte maneira:

O primeiro capitulo, contém os aspectos basicos de teoria de calibre. As primei-
ras duas segoes se ocupam das definicoes e primeiras propriedades de fibrados vetori-
ais, diferenciaveis e holomorfos, e sao apresentadas nogoes fundamentais ao assunto,
tais como mapas entre fibrados, secoes locais entre outras. A referéncia deste inicio
é [GRIFFITH, HARRIS, 1978]. Na terceira sec¢ao, encontra-se a nogao de conexoes
em fibrados vetorias, o conceito central da teoria de calibre. Discutem-se como cal-
cular a curvatura de uma conexao e também como construir operadores em formas
diferenciaveis, usando a conexao, em todos os fibrados que sao construidos a partir
de um fibrado dado. Ainda nesta secao, mostram-se como trabalhar no espaco de
conexoes e como efetuar alguns cédlculos interessantes de derivada temporal de uma
familia a um parametro de conexdes ou de curvaturas. A secao termina com clas-
ses de Chern, em que se discute como calcula-las, da maneira mais sucinta possivel,
mais no estilo de [NAKAHARA, 2003], focando no célculo das duas primeiras clas-

ses, que sao as unicas utilizadas nesta dissertacao, visto que este trabalho ateve-se



exclusivamente as dimensoes dois e quatro. Esta secao foi escrita com o auxilio de di-
versas fontes, e as principais foram [GRIFFITH, HARRIS, 1978], [NAKAHARA, 2003],
[BAEZ, MUNIAN, 1994] e [DONALDSON, KRONHEIMER, 1990]. A tltima se¢ao do
capitulo discute sequéncias exatas de fibrados e é baseada em [KOBAYASHI, 1987].

O segundo capitulo trata da teoria de Hodge. Aqui é introduzido o conceito do
operador de dualidade, ou estrela de Hodge, que é usado extensivamente nos capitulos
subsequentes, referentes a teoria de Yang-Mills. Neste capitulo sao discutidos aspec-
tos da teoria de Hodge em variedades riemannianas que, em seguida, sao estendidos
para variedades complexas e, por fim, sao especializados para o caso de superficies
de Riemann, que serao essenciais ao quarto capitulo. As referéncias utilizadas para
este capitulo foram [BRYLINSKI, FOTH, 1998] e [INAKAHARA, 2003]. Para as pro-
vas dos teoremas principais, no contexto de variedades complexas, recomendam-se
[GRIFFITH, HARRIS, 1978 e [WELLS, 1980].

O terceiro capitulo versa sobre teoria de calibre em dimensao quatro. Na primeira
secao é feita uma breve recapitulacao do eletromagnetismo e é apresentada a equacao de
Yang-Mills como generalizacao das equacoes de Maxwell. Esta parte foi escrita tendo
como base o livro [BAEZ, MUNIAN;, 1994], que é uma boa ponte entre as linguagens
fisica e matematica da teoria do eletromagnetismo. Ainda nesta secao, é deduzida a
equacao de Yang-Mills por principios variacionais, a partir da lagrangiana de Yang-
Mills, e mostra-se que as solugbes anti-auto-duais (ASD, na sigla em inglés) sao os
minimos absolutos do funcional de Yang-Mills. Discutem-se também aspectos da in-
variancia conforme da equacao de Yang-Mills. A referéncia para esta parte é a segao 2.1
do celebrado livro [DONALDSON, KRONHEIMER, 1990]. A segunda secao se ocupa
em apresentar solugoes explicitas para a equacao de Yang-Mills ASD, solugoes estas que
ficaram conhecidas na literatura como o ansatz de ‘t Hooft, fisico holandés ganhador do
prémio nobel de 1999 por seus estudos em teoria de calibre, nas interagoes eletrofracas.
Esta segao trata de uma versao mais detalhada do artigo [JACKIW et al., 1977], que
descreve bem sucitamente as solucoes.

O ultimo capitulo aborda a teoria de calibre em dimensao dois. E estudado um
teorema de M. S. Narasimhan e C. S. Seshadri sob a 6ptica de Simon K. Donaldson.
Este capitulo é baseado no artigo [DONALDSON, 1983], em que se estuda uma intima
relagdo entre estabilidade de fibrados sobre superficies de Riemann e existéncia de
conexoes unitarias cuja curvatura satisfaz uma certa equacgao. Este teorema mostra
como a teoria de calibre permeia diversas areas da matematica, desde a algebra linear

até a teoria de equagoes diferenciais parciais. E feita a prova do teorema, basicamente



expandindo o que foi feito no artigo [DONALDSON, 1983].
O restante desta dissertagao, com excecao da conclusao, estd escrito em inglés,
pois grande parte deste trabalho foi feito durante o periodo em que o autor esteve

participando do Masterclass sobre Moduli Spaces na universidade de Utrecht, Holanda.






Introduction

Differential geometry is one of the biggest areas of Mathematics, and it has a great
deal of applications throughout Mathematics and Mathematical Physics. The theory
of general relativity is the best known example of an application of Riemannian geo-
metry to Physics. Another example is the theory of bundles and characteristic classes,
developed by mathematicians in the 50’s and 60’s, that is the proper language to deal
with the so-called gauge theories, developed by physicists during the 60’s. It was using
ideas from theoretical Physics and techniques from bundle theory that Atiyah, Bott,
Hitchin and Donaldson, among others, proved deep results in geometry and differential
topology during the 60’s, 70’s and 80’s. The purpose of this dissertation is to describe
some aspects of gauge theory in low dimensions giving emphasis to the computations

involving connections and to show a few applications of the subject.
This dissertation is divided in the following way:

The first chapter contains the basic aspects of gauge theory. The first two sections
dwell upon the definitions and immediate properties of smooth and holomorphic vec-
tor bundles and fundamental notions as bundle maps, local sections among others are
brought forward. The reference for this beginning is [GRIFFITH, HARRIS, 1978]. In
the third section, it is found the notion of connections on vector bundles, central to
the theory. It is discussed how to calculate the curvature of a connection and also how
that the connection induces operators on differential forms in all the vector bundles
that can be constructed from a given bundle. Still in this section, it is shown how
to work with the space of connections and how to perform some interesting compu-
tations regarding derivatives of one-parameter families of connections or curvatures.
This section ends with Chern classes, where they are discussed very briefly, following
INAKAHARA, 2003], focussing on the computation of the first two classes, which are
the only ones used in this dissertation, given that this work only considered dimen-

sions two and four. This entire section was written using many references, but the



main ones were [GRIFFITH, HARRIS, 1978],  DONALDSON, KRONHEIMER, 1990],
[BAEZ, MUNIAN, 1994] and [NAKAHARA, 2003]. The last section of the chapter dis-
cusses short exact sequences of vector bundles, and it is based on [KOBAYASHI, 1987].

The second chapter treats Hodge theory. Here it is introduced the duality operator,
or Hodge star operator, that is extensively used in the subsequent chapters. Still on
the second chapter, it is discussed aspects of Hodge theory on Riemannian manifolds
that, afterwards, are extended to complex manifold and finally are specialized to Ri-
emann surfaces, that will prove essential to the fourth chapter. The main references
to this chapter is [BRYLINSKI, FOTH, 1998] and [NAKAHARA, 2003], and for the
proofs of the main theorems in the context of complex geometry, it is recommended
[GRIFFITH, HARRIS, 1978] and [WELLS, 1980].

The third chapter goes about gauge theory in dimension four. The first section gives
a brief recollection of electromagnetism and the Yang-Mills equation is shown as a ge-
neralization of Maxwell’s equations. This part was based on [BAEZ, MUNIAN, 1994,
which is a book that builds a nice bridge between the mathematical and physical lan-
guages. Still on the first section, it is derived the Yang-Mills equation using variational
methods starting with the Yang-Mills Lagrangian, and it is shown that the anti-self-dual
(ASD) solutions are the absolute minimum of the Yang-Mills functional. It is also dis-
cussed some aspects of conformal invariance of the Yang-Mills equation, and a good refe-
rence is the section 2.1 of the celebrated book [DONALDSON, KRONHEIMER, 1990].
The second section occupies itself in showing explicit solutions to the Yang-Mills ASD
equation, solutions that are known in the literature as the ‘t Hooft ansatz, in honor to
the dutch physicist Gerard ‘t Hooft, winner of the Nobel prize of 1999 for his studies in
gauge theory, specially in the electro-weak interactions. This section is a more detailed
version of the article [JACKIW et al., 1977], which describes very briefly the solutions.

The fourth and last chapter discusses gauge theory in dimension two. It is presented
a theorem of M. S. Narasimhan and C. S. Seshadri and its proof “a la” Donaldson.
This whole chapter is akin to the article [ DONALDSON, 1983], that discusses a close
relation between stability and existence of special unitary connections on vector bundles
over Riemann surfaces. This theorem shows how gauge theory is intertwined with many

other areas of mathematics, ranging from linear algebra to partial differential equations.



Capitulo 1

Vector Bundles

The purpose of this chapter is to define vector bundles, the main object that will be
dealt with throughout this work. In the beginning, it will be carried out in paralel the
definitions for real and complex vector bundles, as they are much similar in nature,
until holomorphic vector bundles are defined, a feature which only makes sense in the
complex world.

After defining vector bundles, it will be brought forward the definitions and pro-
perties of connections on a vector bundle, paying close attention to the computations

involved with the theory of connections.

1.1 Vector Bundles

1.1.1 Initial Definitions

1.1 Definitions. Let M be a differentiable manifold. A C*° complex (real) vector
bundle is a family of complex (respectively real) vector spaces, {E,}, often called
fibers, parametrized by the points p € M. Each fiber is isomorphic to a fixed complex
(respectively real) vector space S of finite complex (respectively real) dimension, say,
k, together with a C* manifold structure on the set £ = U,eyE, that makes the
natural projection m : £ — M, given by v € E, — p € M, a smooth surjection.
The dimension of S is called the rank, denoted rk(E). We also ask that the bundle is
locally trivial in the sense that for all p € M there exists an open set U 3 p, often
called trivializing neighborhood, such that the bundle E restricted to U, denoted
Ely = 7 1(U), is trivial, i.e., there exists a diffeomorphism ¢y : U x S — E|y that

7



maps {p} X S as a linear isomorphism into each fiber E, . Still part of the definition,
we ask that, if V' is another trivializing neighborhood of p € M such that p e UNV,
we have a diffeomorphism ¥y := (¢ o ¢v)|uny, that when restricted to {p} x S is a
linear isomorphism. Hence, it sends (p,v) — (p, tyv(p)v), where tyy: UNV — GL(S),
is a smooth map called transition function. We often denote the vector bundle
over M by £ — M.

1.2 Remark. It is convenient to have the following diagram in mind when dealing with

vector bundles:

UNV) xS oy UNV) xS
K %
N UNV)
UrJ'/:V

1.3 Remark. Just for the purposes of the definition we used the vector space .S, so we
could emphasize the similarities between the real and the complex case. We will often

substitute the k-dimensional vector space S by R¥ or C¥ without further mention.

1.4. It is clear from the above definitions that the transition functions satisfy the

following properties:
o tyy: U — GL(S), sends every p — 1g, where 1g is the identity;
o tyv(p) =tyy(p)™t, forallpeUNV;
e tyw(p) = tuv(p)tvw(p), forallpe UNV NW.

Indeed, for the first item, observe that ¢ty is induced by ¥y = 1, on the second item

tyy is induced by ¥y and tyy is induced by ¢y = ¢[}‘1/, while for the third, note that
Yuw = ¢p' 0 dw = ¢y o (dv 0 ') 0 dw = Yuv o Yy
These three conditions are often refered as the cocycle conditions.

1.5. Reciprocally, assume that we are given an open cover {U,} of M, where for each

a we have the trivial bundle U, x S and on the intersections U,s := U, N U the

8



cocycle condition mentioned in paragraph 1.4 holds. Then, up to isomorphism, there
is a unique vector bundle with all this data. We briefly reconstruct the vector bundle
E — M by setting E := U, (Uy x S x {a}) (disjoint union) and E = E/ ~, where
we identify (p, v, o) with (p, tas(p)v, 3). Here we used t,4 instead of ty,y, for aesthetic

purposes. We will do so in what follows without further mention.

1.6 Definition. Let £ — M be a vector bundle, real or complex and U C M an open
subset of M. A local section or simply section, of the bundle E is a smooth map
s: U — FE satisfying mos = id. If U = M we say that s is a global section or a
cross-section of E. The space of sections is denoted I'(U, E) or simply I'(U ), whenever

the bundle E is clear from the context.

1.7 Remark. Every vector bundle has a natural cross-section, the zero section 0(p) =
0 € E, for all p.

1.8 Proposition. Let E — M be a vector bundle and U C M. The space of local
sections I'(U) has the structure of a C*(U)-module.

1.9. Given a finite dimensional real or complex vector space S, we can choose vectors
vy,...,v in S that form a basis of the vector space. Since locally a vector bundle is
given by U x S, one would expect a similar phenomenon of choice of basis in the vector
bundle £ — M. We formalize this below.

1.10 Definition. Let £ — M be a vector bundle, real or complex and U C M an open
subset of M. A local frame or simply frame is a set of smooth sections ey, ..., e in
I'(U) such that the set {e1(p),...,ex(p)} is a basis of E, for each p € U.

1.11. The choice of a local frame on an open subset U C M is equivalent to a local
trivialization of the bundle. Indeed, suppose that we are given a trivialization ¢y : U X
S — FE|y. Pick a basis {vq,...,vx} of S and set as a local frame, the sections e, ..., e
such that e;(p) = ¢u(p, v;), for p € U. Conversely, given a local frame eq, ..., e, € ['(U),
we obtain a local trivialization by setting ¢y (p,v) = >, v'(p)ei(p), where v*(p) are the

components of the vector v € E,, with respect to the basis given by the frame in p.

1.12 Example. Let M be a smooth manifold of dimension n with a differentiable
structure .%. Recall that by a differentiable structure we mean a maximal collection of
pairs

F = {(Uaga) | a € A},

9



where {U,} is a covering, A is a set of indices and ¢, : U, — R" is a coordinate chart,
meaning that the compositions ¢, o gpgl are smooth. The maximal condition here says
that if (U, ¢) is a coordinate chart such that po ¢! and ¢, 0=t is C* for all «, then
(U,¢) € .#. The tangent bundle and the cotangent bundle of a manifold M are
given by
T™™ = JT,M, TM:=|]T;M
peEM pEM

The fibers are the tangent and cotangent space on each point that is isomorphic to R,

thus, their rank is the dimension of the manifold, n. There are natural projections
7 TM — M, m(v) =z, ifveT,M,
and
7 T*M — M, ' (w) =z, ifwe T M.

We endow these bundles with differentiable structures, such that the natural pro-
jections are smooth in the following way. Let (U,p) € % with coordinates ¢(p) =
(21 (p),...,2"(p)). Define ¢: 7~1(U) — R?™ and ¢¥: (7V)"1(U) — R*" by

ov) = (1’1(7?<U)), o a(w(v)), dzt(v), . .. ,dx”(v))
@) = (S @@ (5 ) e (5) )

The differentiable structures are then given by the maximal collections .# and .%*,

containing

{=U).9) | (Ve eF}t, =) (U),9) ] (Uy) € F},

respectively. We will sketch some proofs that
1. If (U, ) and (V, ) are in .%, then ¢ o ¢~ is smooth.
2. The projection 7 is smooth.
only for the tangent bundle, as the ones for the cotangent bundle are very similar.

Proofs. We start by saying what will be the topology on T'M. For open sets
W € R*" the collection {1 (W) | (U, ) € F} forms a basis for a topology

that makes T'M a Hausdorff, second countable, locally Euclidean space (see
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[WARNER, 1983], section of Differentiable manifolds, chapter 1). We will

not elaborate on proving this fact, but we claim that 7=(U) is open, since
T (U) = ¢ (p(U) x R). (1.1)

Indeed, for v € ¢ (p(U) x R?*), then ¢(v) € o(U) x R", which means
that ¢(m(v)) € p(U), ie., m(v) € U, sov € 7 H(U) and o~ (p(U) x R") C
7~ Y(U). The other inclusion is rather trivial. As a consequence of this, ¢
gives us a homeomorphism between 71 (U) and o(U) x R™. The bijection
comes from (1.1), and the continuity comes from the fact that ¢ = (¢, dy)

is continuous on each coordinate. Now, for (U, ¢) and (V, ) € %, then

Yo lipUNV)xR" — H(UNV)xR"
(p,u) = (Yo~ (p),d(vop™)(u)),
so it is smooth on each coordinate. This settles the first item. Regarding

item 2., for each v € T'M, take a coordinate chart around v, (7= *(U), )
and one around 7(v), (V,), thus the map

omod i p(U) x R* — (V)
is clearly smooth, as it is the composition of the projection on the first R™
with ¢ o o1, settling the smoothness of 7.

Still about the tangent and cotangent bundles, the sections of these bundles are the
vector fields and 1-forms on M. Their sets of global sections are denoted by 2 (M)
and Q(M), respectively, and the local ones are analogous changing the M for U. On
a chart (U, p) with coordinates ¢(p) = (z'(p),...,2"(p)), the sets

) ) :
{%,...,%}, {d$l,...,d$ },

are local frames for the tangent and cotangent bundle. They are often called coordi-
nate basis.

The charts of the base manifold M are also trivializing open sets for T'M. Indeed,
for a chart (U, ), we get a diffeomorphism

gu:mH(U) = U xR, v (97 id) o g(v) = (m(v), dp(n(v))(v)),

11



so the transition functions are, for charts (U, ¢) and (V)
tyy: UNV — GL(n,R), v J(poyp N (m(v)),

where J is the Jacobian matrix of the change of coordinates.

1.13. A subbundle F' C FE of a rank k complex vector bundle £ — M, with M
connected, is a collection {F}, C E,},en of subspaces (of same dimension!) of the fibers
E, such that its union [ is a submanifold of £. This is equivalent to saying that for
every p € M, there exists a neighborhood U > p and a trivialization ¢y : Ely — U x C*
such that

dulp,: Flo = UxC' CUxCF 1<k

The matrix representation of a transition function ¢y of E is

suvip) kuvip)
t — :
o) ( 0 Jov(p) >

where s; will be the transition functions of F' and jyy will be the transition functions
of the quotient bundle E/F', whose fibers are (E/F), = E,/F,.

1.14 Definitions. Let £ — M, F — M be real or complex vector bundles. A vector
bundle morphism is a smooth map W: E — F' that maps fibers to fibers linearly, i.e.,
if 75 and 7p are the respective projections, we ask WP := W|p : E, — Fy ) is linear

and that mp o W = 7, which is equivalent to say that the following diagram commutes:

E—YsF
ﬂEi lﬂp
M =—— M.

This is easily extended to the case where E and F' do not have the same base space,
by asking for a similar commuting diagram. If such a ¥ has constant rank, in the
sense that each linear map WP has the same rank, we define the kernel of ¥ as the
subbundle ker U C E whose total space is given by {v € F;¥(v) = 0}. Similarly,
we define the image of ¥ as the subbundle Im¥ C F whose total space is given
by {¥(v) € F;v € E}. We say that two bundles are isomorphic if there exists a
diffeomorphism ¥: E — F'| such that the maps WP are linear isomorphisms. A bundle

is called trivial if it is isomorphic to the product M x C*

12



1.15. Short exact sequences of vector bundles become then a natural object in the

theory. In particular, consider a short exact sequence with ¥ of constant rank
0—E--F—G—0

Then the bundle G is the quotient F//E, also called co-kernel of the homomorphism
U. The total space of G is F// ~, where v ~ w <= v —w € Im(¥).

1.1.2 Metrics on Vector Bundles

1.16. The object of study in Riemannian geometry is metrics on the tangent bundle
of a manifold M. This consists on defining a smooth symmetric and positive definite
(0,2) tensor field, i.e., assigning to each tangent space a positive definite inner product
that varies smoothly with M. We already know that the tangent bundle is a particular
vector bundle over M whose fibers are precisely the tangent spaces on a point. For an
arbitrary vector bundle E, by a metric on £ we mean a choice of a positive definite
inner product, often denoted as (-, -) on each fiber E, that varies smoothly with p € M,

in the sense that the map
p = (s(p),t(p)),

is smooth, for any local sections s,t. In what follows, we will be more interested in

complex vector bundles.

1.17. Let £ — M be a complex vector bundle. By a Hermitian metric on £ we
mean a choice of a Hermitian inner product denoted (-,-) on each fiber E, that varies

smoothly with p € M. Fixed a frame {ey, ..., ez}, the functions

Hij(p) = (ei(p), e;(p))

are C*°, and H is matrix of the metric. A frame is called unitary if (e;(p), e;(p)) = d;j,
for every p, that is, the matrix H is unitary. A complex vector bundle equipped with

a Hermitian metric is called a Hermitian vector bundle.

1.1.3 Gauge Transformations

1.18. Let £ — M be a vector bundle, real or complex. We will be interested in vector

bundles with more structure, for instance, when in the presence of a metric, and in
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particular the so-called U(k)-bundles, where U(k) is the Lie group of unitary matrices
of rank k = rk(FE). In general, a G-bundle, where G is a Lie group, is a vector bundle
that is associated to a principal G-bundle, as we can see in appendix B. Or, we can
be more practical and construct a G-bundle as a vector bundle over M together with
a covering {U,} of M such that E is built by glueing together trivial bundles U, x S
where S is a vector space in which the group G has a representation p, similar to what
we saw in 1.5. Assume that ¥: FF — FE is a bundle endomorphism. If the induced
linear maps V?: E, — L, as we saw in 1.14, live in G for all p, we say that W is a
gauge transformation, and we denote G the group of all gauge transformations and
call it the gauge group, with the operations given by point-wise multiplication, using

the group structure of G, i.e., we define

where we denoted the elements in G by small letters instead of capital greek letters, but
the elements in G are still vector bundle endomorphisms, and p € M. The elements in

G acts on sections of the G-bundle by composition.

1.19. Our main interest, as mentioned in the last paragraph, are G-bundles where GG
is a subgroup of the general linear group. In gauge theories and in many physical
applications, one is interested in U(1)-bundles, SU(2)-bundles or SU(3)-bundles.

1.1.4 Vector Bundle Constructions

1.20. Given finite dimensional vector spaces S,7T', one can perform several algebraic
manipulations such as taking duals, S*, direct sums, S & T, tensor products, S ® T,
exterior powers and so on. It is expected that we can do the same thing with vector
bundles over a fixed manifold M. Indeed, if we perform these algebraic manipulations
fiberwise, from paragraph 1.5, all we need to do is specify an open cover of M and a

recipe on how to glue the fibers on the intersections. We discuss this below.

1.21. Dual Bundle. Let £ — M be a real or complex vector bundle with fibers
isomorphic to a vector space S, with a trivializing covering {U,} and a set of transition
functions ¢, on the double intersecions U,z satisfying the cocycle conditions as specified
in the paragraph 1.4. We construct the dual bundle of E, E* — M, by setting
Uap = T(tap)”'. We have that the fibers £ = 5*.
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1.22. Direct Sum Bundle. Let £ — M, F' — M be real or complex vector bundles
with fibers isomorphic to the vector spaces S, T, respectively, with a common trivializing
covering {U,} and transition functions given, respectively, by .3, uss on the double
intersecions U,g satisfying the cocycle conditions as specified in the paragraph 1.4. We

construct the direct sum bundle, EJ © F, by setting v,g 1= tap @ uqg. In matrix

tag O
Vg = .
o 0 Uaps

We have that the fibers (E® F), =2 Sa®T.

representation, we get

1.23. Tensor product Bundle. Similarly to the previous paragraph, we construct
the tensor product bundle out of £, F, F ® F, by setting the transition functions
as Uag 1= tap @ Usz. We have that the fibers (E @ F), = S®T.

1.24. Hom bundle. Just as in vector spaces where we denote a linear map L: V — W
as an element of W ® V* here if E| F' are vector bundles, then the Hom(FE, F') bundle
is F'® E*, and we use the descriptions of 1.21 and 1.23.

1.25. Exterior power bundles. Still in the same way, given a vector bundle E
with fiber S and transition functions t,g, we have that AFE has transition function
Japg = tag N\ ... Ntap and typical fiber S A ... AS. In particular, the determinant
bundle is the exterior power bundle with & = rk E. It is a line bundle with transition

function j,g = det(tag).

1.2 Holomorphic Vector Bundles

1.26 Definition. Assume that M is a complex manifold (complex manifolds and re-
lated topics such as holomorphic maps and so on are treated in the Appendix A). A
holomorphic vector bundle, £ — M, is a complex vector bundle together with a
structure of complex manifold on E such that the local trivializations, ¢y, hence the

transition functions, tyy are all holomorphic.

1.27. We will denote holomorphic vector bundles with calligraphic letters, £, and write
the underlying smooth vector bundles with capital letters, E. Everything we have dis-
cussed so far for general vector bundles carries out adding the adjective holomorphic.
To be more precise, following [GRIFFITH, HARRIS, 1978, a holomorphic map of holo-
morphic vector bundles £, F over M is a holomorphic map ¥: & — F with ¥*: E, — F,
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linear; a holomorphic subbundle of a holomorphic bundle £ is a subbundle F C £ with
F a complex submanifold of £, and the quotient is again holomorphic. A section s
of the holomorphic bundle £ over U C M is said to be holomorphic if s: U — £ is a
holomorphic map, and a frame {es, ..., e} is holomorphic if each e; is a holohorphic
section; in terms of a holomorphic frame, a section s = Y s'e; is holomorphic if, and

only if, the functions s’ are.

1.28 Example. A line bundle is a vector bundle of rank one. There is a very special
holomorphic line bundle over the complex projective space, called the tautological

line bundle that we describe in what follows. As a set, we get
O(—1) ={([{],2) € CP" x C"™ ; z € [(]} Cc CP" x C"*,

where [(] = [u® : ... : u"]. The projection 7: O(—1) — CP" is given by the projection
on the first coordinate. This data defines the tautological line bundle O(—1) — CP".
Recall the open cover of CP", U; = [2% # 0]. This covering CP" = U,U; is a trivializing

cover of O(—1). Indeed, for each i, we define isomorphisms

g7t (U) — UpxC
([€],2) — ([0, 2).

First, observe that

1 U) = {([f],z) € CP" x C"*'; [{] € U; and z € [{]}

so we can define

¢i2UiXC — 7T_1(UZ'>
(1,2 = (4,2 -0).
This is well defined, since, if ([¢], ) = ([¢'],\), then we will have ¢ = u - ¢, that is, if
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we are consdering [('] = [u" ... u

sz([gl]: )‘) =

Note that each function is the inverse of the other. Indeed, we have
i Qi (1.2)

and

As for the transition functions, we have the following diagram:

(Uz N U]) x C Via=¢i % (Ul N UJ) x C
7T_1(UZ‘ N U])
U,NU;

From the definition of the local trivializations, the map 1;;: = ¢; 'og; takes ([(], \) —
(4], Z—L - A), thus we define the transition function g¢;;: U; N U; — C* as

J

9i([0]) = —

wl’

All of the maps here defined, ¢;, 1;; and g;; are holomorphic, so this is indeed a

holomorphic line bundle.

1.29. Let £ — M be a smooth vector bundle. By an E-valued p-form we mean
a section of the bundle AP(T*M) @ E. We denote the set of E-valued p-forms by
QOP(M; E). That said, let w € QP(M; E) and let {ey,...,ex} be alocal frame of E. The
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bundle-valued form w is written, with respect to this frame as

w= E W ® e,

for w/ € QP(M), of course. From now on, we will make the convention that indices
repeated as a superscript and a subscript will be summed over. Now, we could try to
define the exterior derivative d: QP(M; E) — QPY(M; E) for bundle-valued p-forms by
setting

dw = Z dw’ @ e;. (1.3)

Unfortunately, this is not well defined because if we change the local frame to {e}, ..., e, }

. _ /[/ / . . .
with e; = gje;, we can write w in two ways:

w = ij@)ej

w o= Zg;-wj ® €.

Hence, the Leibniz rule would make our naive definition of exterior derivative fail, unless

dgi A w’ = 0. On a holomorphic vector bundle, however, the 0-operator
J
d: WI(M; E) — QPIHY(M; E),

where QP9(M; E) are the sections of A»Y(T*M)® E (cf. Appendix A, definition A.29),
often called E-valued (p, q)-forms, is well defined. Asis [GRIFFITH, HARRIS, 1978],
let {ei,...,ex} be any holomorphic frame for £ over U and write w € QP9(M; E) as
w=3Y,w e, for v € QP4(U). Define

Ow = Zéwi X e;.

So far, everything is similar to the naive definition for exterior derivative we have given
in (1.3). The difference is that another holomorphic frame {e,...,e.} is given by a

holomorphic change of trivialisation, that is, we have e; = ) i gf e}, and 593- =0, for all

J

i and j. Thus, if we write w = > g/w' ® e}, we will get

dw=> dglu)@ej=> glow'ee=) dv'ee,
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which means that 0 does not depend on the frame. We say that a section of a holo-

morphic bundle is holomorphic if s = 0.

1.3 Connections and Curvature

1.3.1 Connections

1.30. Our aim is to work with connections and curvature on vector bundles only.
However, sometimes it is also nice to look at these concepts using the geometry of
principal bundles. Hence, we intent to give a very brief account on connections and
curvature on principal bundles. The next sections are based on the section 2.1 of
[DONALDSON, KRONHEIMER, 1990]. We will take as granted some aspects of Lie
theory, such as Lie groups, Lie algebras, the exponential map, right translation and
others. We have gathered this information together with the notion of principal bundles
in an appendix, for convenience. Consider P a principal G-bundle over a manifold M.

There are three important ways of seeing a connection, that we describe in what follows.

1.31. (A) First, for an element p € P, by a vertical subspace, V,P, we mean a
subspace of the tangent space T,P that is tangent to the fibers. To construct these
vertical spaces, consider an element Z € g. From the right action we define a curve
through p by setting

V(t) = p-exp(tZ).

Since 7(p) = 7(p - exp(tZ)), this curve lives in the fiber 77(7(p)). We define a vector
Z# € V,P by
Z#(p) = —| (p-exp(tZ)).
t=0
Doing this for each p € P we define a vector field Z#, called the fundamental vector
field generated by Z. The map #: g — VP, that sends Z to Z# is actually a vector
space isomorphism, and also a Lie algebra isomorphism, in the sense that it preserves
the brackets
Y#,2%) = v, 2],

A horizontal subspace H,P is a choice of a complement of V,P in T,P. By a
connection on P, we mean a unique splitting of the tangent space T, P into vertical

subspace V,,P and the horizontal subspace H,P such that
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(a)
(b)
(c) HpyP = d(R,)(H,P), for arbitrary p € P and g € G, where R, denotes
the right action, cf. appendix B.

T,P = H,P &V, P;

A smooth vector field v on P is separated as v = v" @ v";

1.32. (B) As an element A € Q'(P;g), a 1-form with values in the bundle of Lie
algebras g of G that is a projection in the vertical component V,P = g, in the sense
that

(a) A(Z#) = Z, Z €g;
(b) R;A = Ad(g™)A,

that is, for a a vector field v,
R Ayy(v) = Apy(dR,y v) = g - A,(v) - g.
We define the horizontal subspace H,P by the kernel of A, that is
H,P:={veT,P|A(v) =0}. (1.4)

The following proposition, the proof of which can be found in [NAKAHARA, 2003,

gives a relation between the definitions in (A) and (B).

1.33 Proposition. The horizontal spaces defined in (1.4) satisfy

d(Ry)(H,P) = H,.,P

pg- -

1.34. (C) Given a representation of G on a vector space S, recall from appendix B
that we can construct an associated vector bundle £ = P X S. Also, using the frame
bundle construction, given a vector bundle E, we construct a principal GL(n)-bundle,
and in this way we pass from principal bundles to vector bundles. Our last notion of

connection will be the one we will use the most throughout this work.

1.35 Definitions. A connection on a vector bundle £ — M is a map V: ['(E) —
QY M; E), R-linear, satisfying the Leibniz rule

V(fs)=df ® s+ fVs,

for sections s € I'(E) and f € C*°(E). Given a vector field v of M, the smooth section

Vs(v) := V,s is often called covariant derivative of s along v.
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1.36. To pass from (C) to (A), observe that V is a local operator, that is, if two sections
s1 and sy agree on an open set U, then Vs; = Vs,. This follows by the Leibniz rule
and considering ¢s;, where ¢ is cut-off function, that is, a smooth function that is equal
to 1 in a smaller open set inside U and 0 outside U (for the details of the construction
of this function, cf. the corollary of the theorem 1.11 in [WARNER, 1983]). Then, we
say that a local section o of the frame bundle is horizontal if all of the Vs; vanish at
p. We then define the horizontal subspace H,P as the tangent space of the horizontal
section, T,o(M).

1.37. The local description of the connection is rather important. Let E — M be a
vector bundle, set o = {ej, ..., e} alocal frame over an open set U of M, and assume

we are given a connection V on E. Then,

Ve =Y (A%)i@e, (1.5)

)

for 1-forms (A"); (we will explain shortly in 1.39 the meaning of the superscript o).
The matrix A7 = ((A7)%) is called matrix connection. From now on, we will drop

the symbol ® in our calculations. Let s be a section of F|y, then we write

_ Je.
s—g slej,

and
Vs = (dsle; +57(A%)je;) = > (ds' + (A7)}s7) s,

or, considering s a column vector, we have, in matrix notation
Vs = (d+ A%)s. (1.6)

Thus, the local frame and the connection matrix on U define the connection locally.

1.38. We ended the last paragraph with the equation V = d + A%, where d was the
differential on smooth functions and A was the connection matrix. Let us explore the
meaning of the connection matrix A?. First, as it is a matrix of 1-forms, locally, on a

chart (U, z*), with p ranging from 1 up to the dimension of M, we have

A7 =) (A7) uda.
Denote the coordinate vectors a% by 0,. If we apply a coordinate-vector to equation
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(1.5), we obtain Ve;(9,) = 2(A%)5(dy)e;, or in short, V,e; = >7(A%)! e;, a local sec-
tion of £, but this corresponds, in our matrix notation in (1.6) to (A%€;)(d,). Therefore,
the matrix 1-form A“ is an endomorphism-valued 1-form (which is compatible with
the fact of it being a matrix, since we represent a vector space endomorphism by a
matrix after we pick basis), i.e., it is a section of the bundle T*M ® (E ® E*), and its
local description is
AT =) (A7) dat @ e @ ¢
i,

This endomorphism valued 1-form is often called vector potential, in physical jargon.

1.39 Remark. Take a local trivialization of E. Then we have a frame {ej,..., e}
on U and thus, we have a local section o of the principal frame bundle, o(p) =
(p,e1(p),--.,ex(p)), and this yields a trivialization on P, as we can see in B.36. Then
the matrix of the 1-forms A? is linked with the connection A on B(FE), in the sense of
(B) as

A7 = *(A) € O (M; gp),

where gg is a subbundle of End(E), called the bundle of Lie algebras of E. Different
trivializations yields different matrices, and the choice of ¢ is called the choice of a
gauge. We often denote a connection by V4 or simply A. From now on, we will
drop the reference to a section o and write also A for the connection matrix. If we
have a U(k)-bundle, or an SU(k)-bundle then the matrix components of its vector
potential, A, are u(k)-valued, or su(k)-valued. Such connections are called unitary
connections. In general, for a G-bundle (recall from 1.18), the connection matrices

are in g, and these are called G-connections. The set of all G-connections is denoted
by A.

1.40. Now, suppose o’ = {e,..., e, } is another frame with ¢, = ngej, or in shorter
notation, e, = e; - g, where ¢ is a bundle automorphism. Denote by | - | the matrix
representation of a section with respect to the local frame o and [ - |" with respect to
o’. These matrix representations are related via the automorphism g by the following

rule

Then, on the one hand, we have
[Vs] = g7 [Vs]' = g7 (d + [A])[s]
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while on the other hand,

[Vs] = d[s]+ [A][s]
= d(g7'[s]) + [Al(g[s])
= g td[s] +dg'[s) + [Al (g [s]")
= g ' (d+gdg™" +g[Alg")[s],

from where we conclude that

[A) = gdg™" + g[Alg™". (1.7)

Equation (1.7) shows us how the matrix connection changes with respect to a change

of basis.

1.41. Just as we can apply a gauge transformation to a section of a G-bundle, we can
do the same to a G-connection. Assume that V is a G-connection and let g € G be a
gauge transformation. Set (g-V) := V' by V'(s) = g(V(g7's)), where s is a section,
or, in short,

(9-V)=goVog™
We have that V'’ is indeed a connection since it satisfies the Leibniz rule:
V'(fs) = g(V(g~'fs))
= 9(V(fg's))
= g(df(g7's)+ [V(g"'s))

= dfs+f9(V(g's))
= dfs+ fV'(s),

and, the vector potential transforms by
A— A =gdg '+ gAg".
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To see this, pick a frame and perform the calculation

Vs = ds+ A's
= g(d(g7"'s) + Ag™'s))
= g(g 'ds +dg~'s + Ag™'s))
= ds+ (gdg~' + gAg™Y)s.

1.42. No wonder that the vector potential transforms in the same way as in (1.7), since
the change of basis is a gauge transformation and, therefore, acts on the connection.
It is not hard to prove that if each of the components A, of the vector potential A are

Dand gA,¢g ! are in g, and thus, V' := (¢ - V) will also be

in g and g € G, then g0,9~
a G-connection. This will become clearer below, on proposition 1.67. The connections

V' and V are called gauge-equivalent.

1.43. It follows from the Leibniz rule that a connection is not linear with respect to

C* functions. However, the difference of two connections V and V' is, as
(V=V'(fs)=(dfs+ fVs—dfs— fV's)= f(V—-V')s.

This means that the difference has the same nature as a vector potential, i.e, it is
an element in the vector space T'(T*M @ E ® E*) = QY(M;End(E)). Actually, if we
assume that V, V' are G-connections, the difference will be on the subbundle Q' (M; gg)
of QY(M;End(FE)) that will be precisely Q'(M;End(F)) when the frame bundle has
structure group the whole GL(n). Moreover, given any connection V4 and an element
a in Q'(M; gg), we have that

(Va+a)(fs)=dfs+ f(Va+a)s,

where a acts on s via contraction (recall that End(E) = E ® E*), so it satisfies the
Leibiniz rule and hence is again a connection, sometimes denoted by A + a. Therefore,
for every fixed connection V’ € A, there is a bijection between Q'(M;gg) and A given
by

a€ O (M;gg) — (V' +a) € A,

with inverse given by

VeEA— V-V Q' (M;gg).
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Thus, the space of all G-connections of a vector bundle is an affine space modeled on
OY(X;gg), and, in particular, we can endow A with the topology of Q'(X;ggr). We
have been denoting a connection by V = d+ A. The differential d is indeed a connection
on E|y, often refered as the standard flat connection. It is not canonically defined,

since it depends on the choice of a frame. Once we have picked a frame, we have

ds = Z ds’ ® e,
J
and then, in general, we will have d(fs) = df ® s + fds. This seems to contradict
what was written in paragraph 1.29 regarding the definition of an exterior derivative
on bundle-valued forms. However, observe that the problem there was when changed

the local frame. Here, the connection is defined only after the frame is fixed.

1.44. So far we have derived some local properties of connections and we have seen how
they transform with respect to change of basis. In the last paragraph we discussed that
locally, the operator d acting on vector valued functions is a connection, and if we sum
d + A for any local section A € QY(U;gg) we get another connection. Hence, using the
fact that our base spaces are paracompact (see [WARNER, 1983], definition 1.7, page
8), we can define connections locally and use a partition of unity argument to extend to
a global connection. Hence connections always exist on a vector bundle. For an actual

proof in the context of Hermitian vector bundles, see [WELLS, 1980], proposition 1.11.

1.45. On a holomorphic bundle &, using the decomposition of the tangent space of M
TM =T"M & T M,

as it is shown in the appendix A on paragraph A.14, we decompose the connection
as V = V80 + V% or V4 = 04 + 04, accordingly. We say that a connection A is
compatible with the complex structure if 94 = 0 (or V%! = 9), where 0 was
defined in 1.29. Assuming further that the bundle is Hermitian, the connection is said

to be compatible with the metric if
d(S,t> = <VA8,t> + <S, VAt>,

for sections s, t.

1.46 Proposition. In a Hermitian vector bundle £, there is a unique connection V 4
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on & that is compatible with the metric and with the complex structure.
Proof. Cf. [GRIFFITH, HARRIS, 1978], page 73. O

1.47 Definition. This unique connection is called Chern connection.

1.48. Chern connections of Hermitian vector bundles are well-behaved with respect to

the bundle operations as we saw in subsection 1.1.4.
(] OH El () EQZ Vl @D VQ.

e On F1®@Fy: Vi®1g, + 15 ® Vs, where (V1 ®1g,)(s1 ® s2) = V151 ® s9 and so
on. This is the Chern connection with respect to the natural metric on £} ® E»
given by

(51 ® 89,11 @ ty) = (51,11) ( 52, 12).

e On E*: The metric on £ induces a metric on E*. For a unitary frame o =
{e1,...,en}, let ¥ = {e',... e"} be the dual frame. Declare this frame as

unitary, i.e.,

(€', e’) =",
and the Chern connection VV is defined by the requirement
d(tV(s)) =tV (Vs) + VVt"(s),
for s e I(E|y) and t¥ € T'(E*|y).

1.49 Definition. A connection V on F is said to reducible if there are bundles with
connections (E7,V;) and (Es, V) such that

(E,V) = (Ey® Ey, Vi1 @ Vs).

The connection is said to be irreducible, otherwise.

1.50. Perhaps it is not completely clear from paragraph 1.48 how that connections on
Hermitian bundles induce connections on all the bundles that can be constructed from
them. In order to clarify some of the aspects, and also to provide a useful result that
will be needed later, we shall show how we induce a connection on End(FE), provided

that E is a Hermitian bundle with a connection V. We start giving a local computation
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of the connection V¥ on E*. Then we construct V=V ®1+1® V" as above. Picking

a unitary frame {ei, ..., e,}, we know from 1.37 that, for s = Y s/e;,

Vs = Z (dsi + ZAg.sj) e
i J

Let {e',...,e"} be the dual frame that we have set as unitary and t¥ = Y t;e/. Then

VYt (e;) = d(t'(e:) —t'(Ve:)
= dt; — Z Agtv(ej)
= dit; — Z Alty,

or, in matrix notation, we have

VYtV = dt¥ —TAtY.

1.51. Now, consider E/ = e; ® e/ a basic section of End(F) = E ® E*.

E! =S (ENYEe = 326100, that is (E7)2 = 676%. Our claim is that
VE! = [A E)E;.
Indeed,
VE = (Z 560 ebe“) = Y S AG (eee”) — G150 A epe”)
= > (6357 A; ~ 6z55A2> ene”
= Y ((AED, — (B A E}
= [A E]lE;.

Now observe from the second line of the computation above that

(A, Ellh =) (616740 — 8167 A7) = A6) — A28,

C
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Hence, for a general section of End(E) given by g = 3 g E?, we have

i
V(> aE) = Y dgEl + gl B
= D (dg; + Algl, — g, A45) B}

= ) (dgs +[A gl E;,

that is,

Vg =dg+ A, g). (1.11)

1.52. As we have seen before, the gauge group acts on G-connections by conjugation
(one should compare this situation with the adjoint representation of a Lie group in its
Lie algebra), with g -V = go Vo g7, and we compute the action on a local section s

via

(g-V)(s) = goVig's)
= g(dg~'s+gtds + Ag's)
= ds+ (gdg~ '+ gAg)s.

We claim that we can write the action as
g-V=V—Vgg . (1.12)
To see this, we do the computation locally. From the last paragraph we obtain
(V—=Vgg')s = (d+A)s—((dg+ Ag—gA)g")s
= ds+ (—dgg™" + gAg™)s,

which is the same expression as above, if we observe that dgg~—! = —gdg~!.

1.53. If we are considering unitary connections, we can say even more. But before
that, we will make an intermezzo on complexification of Lie groups. Recall that a Lie
group G is said to be a real Lie group if its correspondent Lie algebra is a real vector
space, and complex if the corresponding Lie algebra is a complex one. Our favorite

Lie group here, the unitary group U(k), is real. To see this, recall that its Lie algebra
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is
u(k) = {A e gl(k,C) | A+ A" =0},
where gl(k,C) is the the Lie algebra of GL(k,C) that is the set of all k£ by k matrices

and T means the transpose conjugate of a matrix. Now observe that for A, B € u(k)

and \ a scalar, we have
(A+AB)' = AT + \B" = —(A+ AB),

therefore (A + AB) is again in u(k) only when A € R. Back to some generality, if G
is a real Lie group then the complexification of G, G¢ is the unique complex Lie
group equipped with a map ¢ : G — G¢ such that any map G — H, where H is
a complex Lie group, extends to a holomorphic map G¢ — H. The respective Lie
algebras gc and g ®g C are isomorphic. Put aside the technicalities, we will show that
the complexification of u(k) is gl(k, C), and, therefore, the complexification of U (k) will

be GL(k,C), with the map being the inclusion. To verify our claim, consider the map

gl(k,C) — uwk)®C:=ulk)®i u(k)
X o (X)) (25,

which is an isomorphism. In our context, the gauge group of a U(k)-bundle, G, of
unitary automorphisms of the bundle has as its complexification, G¢, the group of all

complex linear automorphisms of the bundle.

1.54. Now, considering unitary connections and the action of the gauge group G as in
(1.12), we claim that the action of the complexified gauge group, Gc, which in this case

is the group of all complex linear automorphisms is given by
g-V=V—(V"g)g" +((V*'g)g™") (1.13)

To see this, first some trivial observations:

(A% gt = [(AT)M0 g7 (1.14)
(09)" = a(g") (1.15)
(VY9)g™t = —g(Vg7h). (1.16)

Instead of brute forcing and showing equation (1.13), we will simply show that in the
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case that we consider g € G, equation (1.13) becomes (1.12). Assuming then that g € G,
i.e., gg' = 1 and recalling that A+ A" = 0, we get, applying (1.14) to (1.16) on the last
term of (1.13), that

(V™g)g™)T = ((8g + [A"", g))g")!
= g(0(g") — (AN, ¢])

(
(

= g(0g " +[AY,g7)
(

=g %1,0971)
- _(VLOg)g_l’
Therefore
g-V=V—-(V"g9g ! = (V')g ' =V —(Vgyg,
as claimed.

1.55. Our last remark is that two unitary connections give isomorphic holomorphic
structures on a Hermitian bundle F if they are in the same G¢-orbit. Indeed, assume we
are given an element g € Ge. This is, by definition, an automorphism of the underlying
C* vector bundle. Assume further that we are given a unitary connection A on E and
let B = (g-A). We claim that the bundle automorphism g is in fact holomorphic, i.e., it

preserves the complex structures induced by the connections. Symbolically, this means
Op(gs) = 9(as), (1.17)

for all sections s of £4. To see this, we construct a connection Vg4 on g ® £}, by
setting
Vea=Vp1+1® V).

Recall from the calculation of 1.51 that in matrix notation we have
Vgah =dh + Bh — hA.

Observe that a map h : £4 — &Ep is holomorphic, i. e., satisfies the holomorphic
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condition (1.17), if, and only if, dp4h = 0. Indeed, for every section s of &4,

(0ah)(s) = (Oh+ B%'h — hA%Y)(s)
= Oh(s) + (hds — hds) + B"'h(s) — hA%!(s)
= 0p(hs) — h(D4s).

So, in order to prove our claim, all we need is to show that dpsg = 0. But,

dpag = 0Og+ B%'g— gA™!
= 99+ (=09 g+ gA» g7 ")g — gA™!
-0

1.3.2 Curvature
1.56. Suppose that we have a vector bundle E over a manifold M and a connection A
on E. We start by extending the de Rham complex

QM) Lot () S S or () L

to bundle-valued forms. To do this, we define exterior derivatives ds: QP(M; E) —
QP (M; F) by requiring that d4 = V4 on Q°(M; E) and the Leibniz rule

da(wAO)=dwNO+ (—1)wAdab,

for w € QI(M) and 0 € Q"(M; E). We will, from now on, use either d4 or V4 to denote
the connection. While d? = 0 on differential forms, on bundle-valued forms this is not
true, in general. Actually, dad 4 is an algebraic operator on sections, that is, linear with

respect to smooth functions, since for f a function and s a section, we have

dada(fs) = daldfs+ fda(s))
= —df/\dA(S)+df/\dA(S)+fdAdA(S)
= fdAdA(S).

1.57 Definition. The curvature of a connection V 4, often denoted Fy, F4 or F(A),
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is a section of the bundle End(E) ® A?(T*M) given by

FA(S) = dAdA(S>.

1.58. Let us spell out the curvature in a local trivialisation. Pick a frame o =
{e1,...,en}. We have

Fa(ej) = ZF;%
where F' = (F}) is the curvature matrix with respect to the frame o. To be more

precise, we should write F'?, where o, as usual, is the section on the frame bundle given

by the frame o. For another frame o’ = {€},... e}, with [-] = g[ - ], we have

[FI'[s]" = [Fvs]" = glFvs]

where we see that the matrix of the curvature transforms under change of basis by
[F) = g[F]g~'. Now, the action of a gauge transformation g changes the connection V

and thus the curvature in the same way as the change of basis, that is, if V' = (¢ - V)

Foo=goFyog (1.18)

1.59. We relate the connection matrix and the curvature matrix by the so-called Car-

tan structure equation.

Fp=dA+ANA. (1.19)
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Indeed, observe that

dAdA<€i) = dA (Z Aze])
J
= Z (dAzBJ — AZ A dA(Gj))
J
J k

= Z (dAZ +ZA§; /\Af) e;.
k

J

1.60 Remark. One should be careful with the expression in 1.19. The term A A A is
interpreted as a matrix multiplication in which the entries, being 1-forms, are multiplied

using the wedge product.

1.61. We pause the development of the theory for a word of warning. We have been
using the term “local” in distinct ways so far. On the one hand, whenever we pick a
local frame on a vector bundle, which is equivalent to picking a local section in the
associated principal frame bundle, we mean local trivialization, and we have used this
approach every time to do the computations with connections. On the other hand,
there is the notion of local coordinates of the base manifold. This is also important,
and we have used this, e.g., in paragraph 1.38, where we have written the matrix of

1-forms

A7 =0 (A) =) A,dz".

Considering a local coordinate chart U with o(p) = (z'(p),...,2"(p)), we have the

notion of covariant derivative in the p direction, V,, that is given by

0

Vi G

+ Ay,

that is, V. = " V,dz*. Using this notion, and writing the curvature of V as Iy =
> F,,da*dz”, where the components F),, are by definition F(8,,d,), we have

FHV = [Vlbu vll] = a,LLAV - 81,/4# + [A/.u Ay] (120)
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To establish (1.20), all we need to do is unravel the definitions. Indeed,

F(0,,0,) = (dA+ AN A)(,,0,)
= Y hAyda?dz"(,,,0,) + (A A A)(D,,0,)
= 0,4, —0,A, + A, A,

and also,

[0+ A, 0y + Als = (9 + Au) (00 + Av)s — (O + Ay) (0 + Ap)s
= 0,0, 4+ 0,A,s +A,0s + A, 0,5+ A,As —
— (0,0, + 0, A, s + A0, + A0us + AJA,S)
= (8#141, —0,A, + [A,, A,,])s.

1.62 Proposition. Assuming that we are dealing with a holomorphic Hermitian bundle

E and our connection A is the Chern connection, then the curvature matriz is of type
(1,1).

Proof. First we will find which is the matrix of the Chern connection, as in 1.47.
Let us pick a local basis of E consisting of holomorphic sections, {e1,...,e}.
Denote H = (H;j), with H;; = H(e;, e;), the matrix of smooth functions cor-
responding to the Hermitian structure. We know that with respect to the local

trivialization the connection can be written as
V =d+ A.

As V is compatible with the holomorphic structure, the 1-forms Ae; are of type

(1,0). As V is compatible with the Hermitian structure, we have
dHij = dH(ei7 ej) = H(Aei; ej) + H(ei, Aej),

where H(Ae;, e;) is of type (1,0) and H(e;, Ae;) is of type (0,1). This implies
that
8Hl'j = H(Aei, ej) = T(Ael)Ha = (TAH)U

So we have a matrix equality 0H = "AH or A = ("TH-Y9("H). If we denote
M = 7H, the transposed matrix, then A = M ~'0M and this is the matrix of
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the metric connection. The curvature of this connection is

F = dA+ANA
= —M Y dM)AMT'OM + M~'dOM + MM A M~*OM
= —M Y OM)ANMYOM) + M~1ooM
= I(MtoM),

so we see that F' is of type (1,1). O

1.63. The differential forms in Q7(X;End(FE)) are locally matrices of p-forms, as we

have seen so far. We will use this fact to define a Lie product on the algebra
Q(X;End(F)) = @,0°(X; End(E)).
For n € QP(X;End(FE)) and £ € QP(X; End(F)), set

[, &l :==nAE— (=1)PIE A (1.21)

This graded commutator accounts to the graded commutation law on the ring of diffe-
rential forms n A £ = (—1)P2€ A n. Observe that if we change the frame e, = ¢; - g and

¢ =¢ g, for g =73 gleel a section of Q°(X;End(E)), the matrix representations

changes with conjugation by ¢!, as

D e = Y nilger)(gle)
= ) _(gFnigl)ere
= > (9 'ng)lexe!,

therefore,

97 'ng, 97 €9l =g 'ng A g g — (=1)"g " ¢g A g 'ng = g ' [n, €]y,

and the expression (1.21) is well defined. With this in mind, observe that the graded
commutator of two 1-forms is [1,£] = n A & + & An. Thus, for the vector potential A

that is a matrix of 1-forms, we get
[A, Al =2A N A,
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therefore we can rewrite the Cartan structure equation as
Fy=dA+ = [A Al.

With this consideration in mind, if A is a unitary connection, i.e., the the matrix

A € u(n), then the curvature 2-form will also take values in u(n).

1.64. Given a connection A on a vector bundle E, we know how to induce connections
on E* and in End(E). Also, we know how to compute the covariant derivative d4 on
any bundle valued form. The next propositions are intended to summarize all of our

computational knowledge on connections.

1.65 Remark. On paragraphs 1.48 and 1.50 we have distinguished the connections V,
VY, V on the bundles constructed from E. However, once we have picked a connection
on F, we will denote all the exterior derivative operators by d,, regardless of if we
are considering E-valued, E*-valued or End(FE)-valued forms. The context should be

enough to indicate which operator we are dealing with.

1.66 Proposition. Let A be a connection on a vector bundle E over a manifold M, with
extended exterior derivative dy acting either on E-valued, E*-valued or End(FE)-valued
forms. Then, locally, the action of the operators da and dada on &, a bundle-valued

form is given by

dsé = dE+ANE e
dada§ = FaNg, Eeqr

(1) (M; E);
(2) (M; B);
(3) ds§ = dE—TANE, €€ QP(M; EY),
(4) dadsé = —TFaNE, £ e QP (M; E*);
(5)  da& = dE+[AE], €€ Q(M;End(E));
(6) dadal = [Fa,¢], § € QP(M; End(E)).

Proof. The proof will be given by local computations, so we will assume always

that we have pick a gauge o in our principal frame bundle. For (1), consider

1] 1,J

daé = da (Z fjej) = (d&e;+ (~1)PF N Aley) = (dE' + AL AE)e;
J
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For (2), we use the result of (1), and

da(daf) d(de+ANE +AN(dE+ANE)

= dANE—ANAE+ANAE+ANANE = FoACE.

Ttem (3) is very similar to (1.8).
daé =dy (Z@-d‘) =) (dge'—(—1)PENALET) = (dgj > 4y A@-) e’
i 1,J J i
For item (4), we use the result of (3), and
da(dal) = d(d§—"ANE) —TAN(dE—TANE)
= —dTANEHTANAE—TANAE+TANTANE

= (—dTA-=T(ANA)NE
= —TFyNE.

Item (5) is a little trickier. Recall from (1.10) that [A, Ef]g = A?dé - Agéf, hence

the sum below, for p-forms f;, is
Zg% NA B = (—1)PA N EL — b A Al (1.22)
Thus,
da& = da (Z f;’-EZ) > (AEGE+(-1PEGAIA, Bl EY) = Y (déa+[A, €0) B,
%, ,7,a,b a,b

where use have been made of (1.9) and (1.22). Finally, before we prove item (6),

observe that

dlA,§] = d(ANE) — (—1)Pd(ENA)
= dANE—ANDE+ (1)PTdENA—ENdA
= (dANE—ENdA) — (ANdE— (—1)PTEdE A A)
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Also, we have the following

[A[ANE] = [AANE—(=1)PENA]
= ANANEF(CDPTTANEANA - (1P ANENA T+
+ (=1)PTLEA AN A)
= ANANEF(FDPTTANENA — (“1DPHANENA—ENANA)
= [AAAg. (1.24)

Now, using item (5), (1.23) and (1.24), we get

da(da) = da(d§ +[A,&]) = d[A, €] + [A, d] + [A, [A, €] = [dA+ AN A, ]

1.67 Proposition. Let A be a connection on a G-bundle E and g be an element of the
gauge group G. Then, the action of g on the covunt derivative ds of gg-valued forms is
given by

dy.a& = Ad(g)da(Ad(g™)E).

Proof. This is just another computation, and we will be a bit terse here. Just
recall that Ad(g)Z = g-Z - g~', for g an element on the Lie Group and Z an
element in the Lie algebra. Then, on the one hand, using proposition 1.66 and
(1.7), we have

dg.a& = d€ + [gAg™" — dgg~", €],
and on the other hand,
Ad(g)da(Ad(g~")E) = g(da(g™'¢g))g™"
= gldlg~'¢9) +[A,97"¢g)g ™!
= g(—g 'dgg~'¢g+ g "dEg + (—1)Pg " edg)g " +
+ g[A, g ¢glg!
= d—[dgg™', €]+ [9Ag "¢

1.68. Accounting for the fact that F4 is an endomorphism-valued 2-form, the induced
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connection in the End(FE)-bundle acts on F4 according to proposition 1.66, and we get

da(Fa) = dFs+ [A, Fal
= d(dA+ANA)+[A (dA+ANA)
= dANA—ANdA+[A dA]+[A AN A]
= [dA, A] +[A,dA] =0,

where the commutator in question ais the graded commutator, but since only even forms
are involved, what we have here is the usual commutator. This relation is very special

and often called the Bianchi identity. Some authors refer to the Bianchi identity as
dFy = [Fa, Al

which is obviously equivalent to d4(F4) = 0.

1.3.3 Variations of the Connection

1.69. This brief subsection is entirely based on the subsection 2.1.2 of the acclaimed
book [DONALDSON, KRONHEIMER, 1990]. Here, we simply elaborate on how the
connection and the curvature vary within a neighborhood of a fixed connection A, in
the space of connections A. Recall from paragraph 1.43 that the topology on A is
endowed from the topology of Q(M; gg), as these spaces are in bijection. We start by
noting that for A € A and a € Q'(M;gg) then

F(A+a)s = (da+a)(da+a)s
= dadas+ (daa)s —a Ndas+aNdas+ (aNa)s,

therefore,

F(A+a)=Fs+dsa+aAa. (1.25)

1.70. Let A; be a smooth one-parameter family of connections with Ay = a, or

d

E|t:0
simply a curve in A passing through Ay with derivative a. Note that as A is an affine
space modeled on Q' (M; gg), T4, A = QY (M; gg), so, indeed, a is a tangent vector to A

at Ap. In order to makes things easier, consider A; = Ag + ta, for any a € Q'(M; gg).
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From (1.25), we get
F, = F(Ay) = F(Ay) + tda,a +t*(a A a),

thus, %’t:OFt = da,a. In other words, viewing the curvature as a map F: A —
Q?(M;gg), we have that the derivative of F' at Ay is precisely dg,, that is,

(dF)a, = da,: QY (M;95) — Q*(M; gg). (1.26)

1.71. Consider now g; a one parameter family of gauge transformations with gy = ud,
the identity of G. The time derivative at 0, %| o9t can be viewed as a section § of
the bundle gg. Indeed, observe that for each p € M, ¢/(p) € G and go(p) = e € G,

therefore %‘ ot € 8. For a connection Ay, define

Ay =g Ao = Ao — (daygr)g; " = geAog; ' — dgrg; ",

confer (1.7) and (1.12). Thus, denoting the time derivatives with a dot - as is costumary

in Newtonian physics, we have

A= (3edog = g Aolor dvg ) — dingi™ + dgigi vgi ) |
= §Ao— A —dE+0
= _dAog'

t=0

In other words, the derivative of the map a4,: G — A, given by aa,(9) = a(g, Ao),
where o denotes the action a: G x A — A of the gauge group on the affine space of

connections, gives us
(daag)ia = —day: Q(M;85) — Q' (M; gp). (1.27)

Note again that T4, A = QY (M; gg) and TjyG = Q°(M; gg).

1.72. Finally, composing (1.26) and (1.27) we have that the curvature of the family
g - Ap at 0 is given by

d

7 t:oF(gt - Ag) = —da,daé = —[Fa,, &) = [€, Fa) (1.28)

1.73 Remark. One should compare (1.28) with (1.18), and recall that the infinitesimal
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version of the adjoint action on a matrix Lie Group is the Lie bracket.

1.3.4 Chern Classes

1.74. Characteristic classes are topological invariants of vector bundles. We will bri-
efly sketch the ideas behind this subject, and more on this subject can be found in
[IMILNOR, STASHEFF, 1974] and [GRIFFITH, HARRIS, 1978]. Let £ — M be a
complex vector bundle, of rank k over an n dimensional manifold M, A a connection
on F and F' = F its curvature. We define the total Chern class of E, by

dlﬂ:__dm;(ﬂ4—g§) € HiH(M;R). (1.29)

Since F is a 2-form, ¢(F) is a direct sum of forms of even degrees, ¢(E) =1+ ¢1(E) +
co(E) +--- , where ¢;(E) € Hi4(M;R) is called the jth Chern class. Note that from
the dimension of M, ¢;(E) = 0 for 2j > n, and since the determinant is a polynomial of

degree k, the rank of the bundle, its series terminates at ¢, (F), irrespectively of dim M.

1.75. Some things are to be explained from the definition of Chern classes. First, recall

the Taylor expansion of the determinant det: CF — C, around the identity, given by

2 3
det(1 4 tB) = 1 + tdet(1)(B) + %det@)(]l)(B, B) + %det(?’)(]l)(B, B,B)+---.

Playing with the partial derivatives of the determinant, we get that det)(1)(B, ..., B)

is written as a sum of elements of the type
Tr(B™) - Tr(B"™) - - - Tr(B™), (1.30)

such that ny +ny+---+n, = j. Now, consider ¢ = ;- and B = F, as in (1.29). We saw
that the curvature is an element of Q?(M;End(FE)), thus, taking n, wedge products of

F we obtain
F'm:=FAN...ANF€Q*(M;EndE).

Taking the trace of this product yields an element in Q2" (M). The idea now is to show
that the terms Tr(F™") are closed so the ¢;(E), that are given as sum of elements of the
type (1.30), are indeed cohomology classes in Hip(M). This follows from the Bianchi
identity and the below proposition:
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1.76 Proposition. Let & be an End(F)-valued p-form and ¢ be an End(FE)-valued
q-form. Then,

Tr(da(€ A C)) = dTH(E A Q).

Proof. This is just a matter of calculation, where we will strongly use proposition

1.66 and the graded commutator.

Tr(da(€ Q) = Tr(dagAC+ (=1)PE AdaQ)
= Tr(dg AC+ (=1)"e A dQ) + Tr([A, §] A C+ (=1)PE A A, ()

= Tr(d(E A Q)
Tr([A,E)AC) = Tr(AANEAC—(—1)PENANCQ)
()P Tr(EA[AC]) = (FDPTr(ENAAC— (=L)IEACAA),
therefore,

Tr([A, A C+ (—1)PEN[A,C]) = Tr(ANENC) — (—1)*PTD Tr(ANEA Q) =0.

]
1.77. Definition in (1.29) apparently depends on the choice a connection A on E, but
we claim that this is not the case. Indeed, first we show that the de Rham cohomology

class of elements of the type Tr(F"") are independent of the connection A. Let A" be

other connection on F. Consider a = A’ — A and define
At =A + ta.

It is clear that Ay = A and that A; = A’. Using (1.25), we get that F; = F + tdaa +

t2a A a, therefore

d d
E TI'(FtnT) = Ny Tr (EFt N Ft'rlr—l) =n, Tr ((dAa 4+ 2ta A CL) A PvtnT—l)

But, as Tr (a Aa N F[“'_l) = 0, once a is a 1-form, we get

% Te(F)7) =n,.Tr (daa A FP7 ) =n, Tr (da (a A FP77Y) = nd T (a A EY)
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where use have been made of the Bianchi identity and the proposition 1.76. Thus, we

have

Te(F™) — Te(F™) = Tr(F") — Tre(Fg)

d
= — Tr(F])dt
| g

1
= d{/ nTTr(a/\F;"T_l)dt},
0

so the difference is exact. Now for the general case of (1.30), we have a similar calcu-

lation, and

d ni Mp ¢ ni d s np

ﬁ(Tr(Ft YA ATEE)) = Y Te(F YA A TR(FIT) A AT ()
r=1

P
= > Te(F")A...An. dTr (@ AF/" ") AL AT(F]™)
r=1
P
= d {Zn Te(F") A AT (@A F ) AL A Tr(Ftnp)} ,
r=1
since in paragraph 1.75, we concluded that d Tr(F;") = 0.

1.78 Theorem (Properties of Chern Classes). Let E and E' be smooth complex vector

bundles over a manifold M. Then the Chern classes satisfy the following properties:

(a) (Naturality) If N is a smooth manifold and f: N — M is a smooth

map, then

(f*E) = fre(E).

(b) ¢«(E® E") = c(E) - c¢(E"), the product in Hjp(M;R).
(c) ¢(E) depends only on the isomorphism class of the vector bundle E.
(d) If E* is the dual bundle of E, then

¢;(E") = (1) ¢;(E).

1.79. We will deal here only with manifolds of dimension < 4, thus the only relevant

Chern classes for us are ¢;(F) and cy(F), and the explicit formulas, calculated using
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(1.29) are

o
(E) = —— ((Te(F)? — Te(F?)). (1.32)

872

o(B) = Tr (ZF) (1.31)

1.4 Exact Sequence of Vector Bundles

1.80. Following [KOBAYASHI, 1987], suppose we have an exact sequence of holo-

morphic bundles over a base space M,
0—S—E&— Q9 —0.

Then S is a subbundle and Q@ = £/S§ is the quotient bundle. Assume that £ has
a Hermitian structure (-,-)¢. Restricting the Hermitian structure to S we endow S
with a Hermitian structure (-,-)s. Taking the orthogonal complement of S in £ we
obtain another complex subbundle, S+, which may not be holomorphic, and we have
a decomposition £ = S @ S+ (we have written E and S without calligraphic letters
to recall that we are dealing with the underlying smooth bundles). However, as C*
bundles, we have a natural isomorphism between S+ and Q, and thus we obtain a

Hermitian structure (-,-)g on Q. Denote by V, the metric connection in €. Set
V(s) = Vg(s) + a(s), (1.33)

where s € T'(€), Vs(s) € QY(M;S) and a(s) € QY(M;S*).
1.81 Proposition. Under the above considerations, we have:
1. Vg is the Chern connection of (S, (-,-)s).
2. « is a (1,0)-form with values in Hom(S, St).
Proof. Cf. [KOBAYASHI, 1987, Proposition (6.4), chapter I, section 6. O

1.82. The form a € QYO(M;Hom(S, St)) is often called the second fundamental
form of S in £. Under the indentification @ = S*, we consider o € Q"0(M; Hom(S, Q)).

Similarly to what we saw in 1.80, set

V(s) = B(s) + Vs (s),
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where s € T'(£), B(s) € QY(M;S8) and Vgi(s) € Q1 (M;St). From the identification
S+ = Q, we may consider Vg1 mapping I'(Q) — Q'(M; Q), and we write V instead.

1.83 Proposition. Under the above considerations, we have:
1. Vg is the Chern connection of (Q,(-,*)o)-
2. B s a (0,1)-form with values in Hom(Q,S).

3. 3 is the adjoint of —a, 1i.e.,
(s, Bhe + (5, Bt)e = 0, SeT(S), ter(Q).

Proof. Cf. [KOBAYASHI, 1987|, Proposition (6.6), chapter I, section 6. O

1.84 Proposition. Write ', Fs and Fg for the curvature associated to the metric

connection, respectively in £, S and Q. In matriz notations, the curvature F' is expressed

Fs—BAB dp
F= .
_dﬁf FQ—ﬁT/\ﬁ

Proof. Cf. [KOBAYASHI, 1987]. See discussion involving equation (6.12). O

as

1.85. To finish this section, we will explain the reasons for the terminology second
fundamental form used in paragraph 1.82. It is a generalization of the ideas behind
the differential geometry of surfaces in R®. Recall that on a differential surface S C R?
we can define the Gauss map N: S — 52, that attaches to each point p € S a unit
normal vector according to an orientation of S. Identifying the tangent space at p of
S, T,S, with Ty, S?, we get that the derivative of the Gauss map at p is a self-adjoint
linear map (cf. [DO CARMO, 1976] proposition 1 of chapter 3) that gives rise to the
quadratic form
I1,(v) := = (dNy(v), v),

where v € T,,S and (-, -) is the usual inner product of R®. This quadratic form is what
we call the second fundamental form of the surface S at p. There is a generalization of
this concept to Riemannian geometry that is as follows. Let M be a submanifold of the
Riemannian manifold (M, (-,-)) under the immersion ¢: M — M. The metric on M
induces a metric on M that turns ¢ an isometric immersion and gives us a decomposition

TPM = T,M @& T,M* for each p that is smooth with respect to p. Hence, any vector
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field © on M is decomposed as © = ©' 4+ . There is a unique connection V that is
symmetric (cf. [DO CARMO, 2008], definition 3.4 of chapter 2) and compatible with
the metric, called the Riemannian or Levi-Civita connection (cf. [DO CARMO, 2008],
theorem 3.6 of chapter 2). Using the Levi-Civita connection of M, we endow M with
a Riemannian connection by

va = (v{)w)T,

for extensions ¥, w to M of vector fields v,w on M (cf. [DO CARMO, 2008], exercise
3 of chapter 2). With these connections, we define a bilinear and symmetric map
B: (M) x (M) — 2 (M)* (cf. [DO CARMO, 2008], proposition 2.1 of chapter
6), by

B(v,w) = Vyw — V,w, (1.34)

where 2°(M)*+ denotes the vector field in M normal to M and ,w are extension of
v,w to M. Now, for a given point p € M and a normal vector n € T,M*, we define
Sy TyM — T,M by asking for

Since B is bilinear and symmetric, S, is readily seen as a self-adjoint map. We then

say that the second fundamental form at p with respect to the normal vector 7 is

In the case when M is R™*! and M is an orientable submanifold of dimension n, also
called hypersurface, choosing € T,M=* to be of norm one and to be determined by
the orientation of M, we can define a similar Gauss map N: M — S™, where S™ is the
sphere of unit vectors of R**! (cf. [DO CARMO, 2008] example 2.4 of chapter 6). If
N(p) =1, the derivative of this Gauss map at a point p applied on a vector v € T,M is

cf. [DO CARMO, 2008] example 2.4 of chapter 6, so the second fundamental form is

expressed as I1,(v) = —(dN,(v), v), like in the case of surfaces of R3.

1.86. The link with paragraph 1.82 is the bilinear map B: 2" (M)x 2 (M) — 2 (M)+*
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that we used to construct the map S,. We can regard it as a section of the bundle
T*M @ Hom(T' M, TM%), that is, B is a 1-form with values in the homomorphism of
TM to TM*, B € Q'(Hom(T M, TM%')). Now, as t: M — M is the immersion of M

in M, we have an exact sequence of bundles over M
0 — TM — *TM — TM+ — 0,

that is the situation of the underlying smooth vector bundles treated in paragraph 1.82
in this special case when we consider (*I'M. Then, comparing (1.33) and (1.34), one

sees the reasons for the terminology second fundamental form.
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Capitulo 2
Harmonic Forms

The aim of this chapter is to introduce the duality operator on forms and state the
celebrated Hodge theorems that are important to our theory. We first start on pseudo-
Riemannian and Riemannian manifolds, then we pass the ideas to complex manifolds
and finish with Riemann Surfaces, since they are vital to chapter 4, where we discuss

stability of bundles over Riemann surfaces.

2.1 Hodge Theory on Smooth Manifolds

2.1. Consider M an oriented manifold of dimension n equipped with a semi-Riemannian

metric g. In local coordinates we write the metric tensor as

o 0
g = Zguudxu & d$y7 Guv = 9 (%7 @) :

We often abbreviate a% as 0, then we have g,, = ¢(9,,0,). There is a canonical
volume form on M that we construct in this paragraph. First, we cover M with
coordinate charts {U,}, and on each chart (U, @), with p,(p) = (zL(p),...,2%(p)),

o pageY

we consider the volume form on U,

vol, = /| det(ga)w|dzl A ... A dal, (2.1)

where g, stands for the restriction of the metric g to the submanifold U,. On the

overlaps U, N Ug, we claim that vol, = volg. In order to see this, recall the change of

49



coordinates

oxY
14 14 14 14 /8
drg = § :Tudxgm T, = dxﬁ((aoz)u) = oz

and

v v v 8$Z
a w = Zsu(aa)w S/J, - dxa((aﬂ)lt> - e

8:105

Thus, we have that S = T~!, and

(o2

dzy Ao Nday = (DD Thdes) A A (DD Tidat) = (det T)dah A A de

and also

e =9 (32 520 D S ) = D 53S0y = (5(90)S)

so substituting these last two relations on (2.1) we obtain

volg = det(T ")y /| det(ga)w|(det T)dxl A ... A dal = vol,,

as claimed.

2.2. Another interesting use of the metric tensor ¢ is to produce an associated inner
product on the differential forms of M. First, we induce inner products on each T M

by considering the inverse of the matrix g, that is, for 1-forms w, ( on M , set

= Zguywugw

where ¢g" stands for the inverse of g,, in the sense that > g**gy, = d%. Next, we

extend this to an inner product on the whole exterior algebra by setting
(WAL AWP P AL ACP) = det(g(wh, ¢F)),

where w® and ¢7 are 1-forms. This inner product is often considered as the pointwise

inner product of w,(, where we have written w = w' A... AwP and ¢ = C* A ... ACP.
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We also have an L? inner product using the volume form defined as

@8 = [ @l

for compact manifolds M, or compactly supported forms.

2.3 Definition. The Hodge star or duality operator is the unique linear operator
on p-forms x: QP(M) — Q" P(M) that satisfies

wA *€ = (w, &) vol, Yw, & € QP (M),

where vol is the volume form constructed in paragraph 2.1 and (-,-) is the pointwise

inner product defined in 2.2.

2.4. The definition above seems quite mysterious, so it is nice to have a formula to
compute the duality operator. Consider €, ,,. as a totally anti-symmetric tensor, that
takes the value 1 according if (g - - - i1,,) is an even or an odd permutation of (1---n).
If two indices p; and pu; are equal, then €, ., = 0. Using index gymnastics, we raise

the indices and write, for instance,

pa-e-p _E pAVL | bV
€ TVT+1...Z/n - g g " T€V1...Vn'

That said, let (U, ) be a chart with coordinates ¢(p) = (x'(p),...,2"(p)). Then, the

action of the duality operator on a basic vector of 2"(M) is

k(dxtt N N dat) = (—m Z RN VAN AN
2.5 Remark. Sometimes, it is easier to consider orthonormal non-coordinate basis
{et,...,e"} of T*M, or, using vector bundles language, a local orthonormal frame
of the cotangent bundle T*M, or a coframe. We remark, en passant, that in general,
whenever we have a vector bundle, a local frame of the dual bundle is called a coframe.
Orthonormal coframes of the cotangent bundle are obtained by using the Gram-Schmidt

process on the coordinate basis {dx!,... dz"}, and we have that

e’ = Z Eldz",

for a matrix of change of basis £. With respect to an orthonormal basis, it is not so
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hard to prove that the action of the Hodge star operator on r-forms is given by
k(e AL NEMT) = detrE AL AN ef

where the signal + is given by g"*#* - .- g# e, .., and {41, ..., i, } are the missing
elements of {py,...,u-} in {1,...,n} such that (e** A... Aetr) A (et AL Aetn) is

a multiple of the volume form e! A ... Ae™.

2.6 Example. Suppose M = R*, with global coordinates {z°, 2!, 2%, 23}, also denoted
as {t,z,y, z}, equipped with the Minkowski metric

g=—dr® ®dz® + do' ® da' + da® @ da® + da® @ da?.

We often denote this R* with the Minkowski metric as R*!, because the metric has
signature (3,1) (it is a convention to write first the number of positive entries on
the diagonalized matrix of the metric). Observe that in our case, the global forms
{dx®, dz", dz? dx?} give us an orthonormal basis for 1-forms, so | det g| = 1. We calcu-
late now the action of the Hodge star on forms of R3!. Considering 0-forms, that are

C* functions, we get
x(1) = 126 dzt A dx¥ A da A da? = dx® A dat A da? A da?
4! HAp B

On 1-forms, we have xda# = £ 3" g"“€arpda” A dz A dz”, and

xd2’ = —da' Ada? A do?
xdr' = —da® Adx? A do?
xdr® = +da® Adx' A da?
xdr® = —da® Ada' A da?
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For 2-forms, we have *(dz* A dz”) = 33 g"*g"Peaprpda™ A da?, so
#(d2° Ndz') = —da® A da?
#(dz’ Adz®) = +dx' Ad2?
#(dz’ Nd2?) = —da' A da?
x(de' Nda?) = +da A da?
#(de' Ndx®) = —da® A da®
*(dz® Adx®) = +dx° Adx'.

Considering 3-forms, we have *(dz* A dz¥ A da*) = 3~ g"*g"P gM eq5,,d2?, thus

#(dz® Adx' Nd2?) = —da?
#(dz® Ndxt Ada?) = +da?
#(dz® N dx® Nda?) = —dat
#(dz' AN dx® Nd2?) = —daP.

Finally, on 4-forms we get
#(dz® A dxt A da® A da?) = 290“91”92)‘93”6“”)\/, =—(1).

Observe that **: QP(M) — QP(M) is a linear operator on p-forms. The above results
suggest that the star operator squares to the identity up to a sign. This is indeed the

case and in general, we have

2.7 Proposition. Let M be an n-dimensional oriented pseudo-Riemannian manifold

with metric g of signature (s,n — s). Then, on p-forms we have

%2 — (_1)p(nfp)+s.

Proof. Consider {el,...e"} alocal orthonormal coframe. Locally, every p-form w
is written as - wy, . ,,€"" A... Aet?, or in a more condensed way, w = S wrel,
with I = {p1,..., pp}, and the meanings of w; and el being the obvious ones. As
the Hodge star is linear on p-forms by definition, it suffices only to work on basic
forms of type

e AL ANePr.
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Applying the formula of paragraph 2.4, or of remark 2.5 we obtain

1 — 1H1 1 )
xk et AN = x(ghtr . ghvtee, L PN DN et
— gk ghnp 11 7
= g 9T € i €t i copn € N o AN ETP

= (=1)%(=1)P Pl A A et

where use have been made of the fact that the metric has signature (n—s, s) and

that €., pnpr .oy = (—l)p(”_p)emmun. O

2.8 Example. A nice phenomenon occurs in 4-manifolds, namely, the Hodge star

operator x is a linear operator on Q*(M). Consider M as the usual R?, endowed

with the Euclidean metric of signature (4, 0), and with global coordinates z°, 2!, 22, 2.

From proposition 2.7, the duality squares to the identity, therefore the eigenvalues of
x: Q2(R?) — Q*(R?*) are +1 and —1. Let us compute the eigenspaces Q2 (R*) and

0? (R*) associated to the respective eigenvalues. Let
{da® A dxt,d2® A do?, da® A da®, dot A do?, dat A da? ) da? A d2P),
be an ordered basis of the space Q?(R*). The action of * in the basis is
#(dz® Ndx') = dr* Adx®,  x(da® Ada?) = —dat Ada?,  x(da® A da?) = dat A da?,
therefore, as *2 = 1,
*(dz® AN dz?) = da® Adxt,  x(dat Ada®) = —da® Ada?,  x(dat A da?) = da® A daP

With respect to this ordered basis we can construct the matrix of the star operator

_ o O O O O
o O O O
o O = O O O

o O O = O O
S O O O O =

o O o O

o

Using simple tricks of linear algebra, such as writing the elements w of 2%(R?) as column
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vectors and forcing xw = w, we obtain

Q% (RY) = span{(dz® Adx' +da® Adx?®), (da® Ada® — da' Ada®), (da® Ada® +da' ANda?)}.
Forcing *w = —w, we obtain

Q2 (R*) = span{(da® Adx' —da® Ad2?), (dx° Ada® +dz' Ada?), (da® Ada? — dot Ada?)}.

From this discussion, we conclude that Q*(R?*) = Q% (R?*) @ Q2 (R*), and any element
w € Q*(M) is uniquely written as

Ww=w; +w_, Wy = Wy, kW = —w_, (2.2)
by setting
1
w+:§(w—|—*w), wo = i(w—*w).

Although we have done the above calculations using R*, we could have used any Rieman-
nian 4-manifold and we would also have the decomposition Q?(R*) = Q2 (M) G Q% (M).
Forms in Q2 (M) are called self-dual (SD) and those in Q2 (M) are called anti-self-
dual (ASD). So, in (2.2), what we have is that any element w € Q*(M) is uniquely
written as a sum of its self-dual and anti-self-dual parts. Also, it is clear that if we
change the orientation of our manifold, e.g., if in the R* case we put dz! — —dx!, we

send self-dual forms to anti-self-dual forms and vice-versa.

2.9. Using the L? inner product we introduced in paragraph 2.2, for closed (i.e., com-
pact and boundaryless) manifolds M, we can define the formal adjoint d': QP(M) —
QP~1(M) of the exterior differential d by requiring that

<dwa 77> = <wa dT??%

for forms w € QP~1(M) and n € QP(M). Exploring a bit the equation above, we have,
(dw,n) = / dw N *n
M

= (—1)p/MwAd*n
= (17 [ wAstde),
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where we used Stokes theorem on the second passage. Comparing the above result with

(w, dTn> = / w A *d'n,
M

we obtain that
d'n=(=1)P*1dxn.

From the identity (—1)®P+D=(=p+] — (_1)mp+ntp+l and since d x n € Q" PHL(M),

using the result *~' = (—1)P("P)*5x from proposition 2.7, we get
din = (=1)n Pt =pt s ()P s = (= 1) g s, (2.3)
2.10 Definitions. The Laplace-Beltrami operator, or simply Laplacian is
A = (dd' +d'd): QP(M) — QP (M),

and elements in the kernel of A are called harmonic forms. The set of harmonic
p-forms on a manifold M is denoted by J27(M).

2.11. If M is a compact oriented Riemannian manifold, then the Laplacian is a positive

operator, in the sense that

(€. AQ) = (¢, dd'¢) + (¢, d'dC) = (d'¢, d¢) + (d¢, d¢) = 0. (2.4)

Recall that a p-form ( is called closed if d¢ = 0, and it is called exact if there exists a
(p — 1)-form & such that d§¢ = (. Very similarly, we say that a p-form ( is coclosed
if d'¢ = 0 and coexact if d'¢ = ( for a (p + 1)-form & It is easy to see that if a
form is closed and coclosed it will be harmonic. Conversely, if a form is harmonic, from
(2.4) and from the positive definiteness of the L? inner product, it will be closed and

coclosed, therefore we have proved the following:

2.12 Proposition. In a compact oriented Riemannian manifold M, a differential form

is harmonic if and only if it is closed and coclosed.

2.13 Theorem (Hodge decomposition theorem). Consider (M, g) a compact orientable

Riemannian manifold. Then QP (M) is uniquely decomposed as
QP (M) = dP~H (M) @ dT'QPF™ (M) @ P (M),
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where the orthogonality is with respect to the L* inner product on forms, defined in

paragraph 2.2.
Proof. Cf. [INAKAHARA, 2003], Theorem 7.7. O

2.14. From the Hodge decomposition theorem, it is reasonable to define a projection
operator on the space of harmonic forms, P: QP(M) — s#P(M). Consider a non-zero
p-form (. As (¢ — P() is orthogonal to ##?(M), it can be proved that there exists
another p-form & such that A{ = (¢ — P¢). This is a very technical result and we
will not do it here. The form £ = A7!({ — P() is granted by existence of the Green
function, and more can be found in [GRIFFITH, HARRIS, 1978]. Assuming then that
A¢ = (¢ — P(), for a suitable ¢, the Hodge decomposition of ¢ is given by

¢ = d(d'¢) +d(d€) + PC.

2.15 Theorem (Hodge theorem). If (M, g) is a compact orientable Riemannian ma-
nifold, then there is an isomorphism between the de Rham cohomology group and the

space of harmonic forms. Symbolically,
HP(M,R) =2 5P (M),

and the isomorphism is given by [¢] € HP(M,R) — P¢ € FP(M).
Proof. Cf. [INAKAHARA, 2003], Theorem 7.8. O

2.16. We conclude this section by discussing the minimizing property of the harmonic
representative of a cohomology class. Assume that M is a compact orientable Rieman-
nian manifold and that w € QP(M) is a closed p-form. Among the forms {w + dn},
for n € QP~1(M) that represents the cohomology class [w] € HP(M,R), we claim that
the one which has the smallest norm (the norm here is the one of the L? inner product
defined in paragraph 2.2) is the harmonic representative. On the one hand, if w is

harmonic, from proposition 2.12, then w is closed and coclosed, therefore

(w+dnwtdn) = [wl*+ lldnl* + 2(dn,w)
=l + lldnll* + 2(n, d'w)
= [[wI* + lldn|*
> wlf*.
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Conversely, if w has the smallest norm, then for any n € QP~1(M), we have

. tdn||® = 2(n, d'
0=—|  llw+tdn]®=2(n,dw),

so d'w = 0, and w is closed and coclosed, thus harmonic.

2.2 Hodge Theory on Complex Manifolds

2.17. Let M be a complex manifold endowed with a Hermitian metric A, and funda-
mental form w. Considering g = R(h), we get a Riemannian metric on its underlying
smooth manifold with real coordinates z',y',... 2" y" (cf. A.37 in appendix A), and
we can apply the notion of duality operator for real manifolds that we saw in 2.3. We
then extend the action of the duality operator to the space of complexified forms as,
for instance

xdzt = xdx! 41 % dy”'.

Also, the Hermitian extension of the Riemannian metric g to the complexified cotangent
space given by

when restricted to the holomorphic cotangent bundle 7%\ 22 T* M is closely related
to the Hermitian inner product on the cotangent space T*M, see A.41, in appendix A.
There is also an extension to the whole exterior algebra of this Hermitian inner product

on 1-forms to the pointwise Hermitian inner product

(RN (@ p)e = A, N).

With these considerations, the Hodge star operator satisfies the following equation,

similar to the initial definition of the star operator:

¢ NAxn=((,n)cvol. (2.5)

2.18 Remark. Regarding the pointwise Hermitian inner product, there are two equi-
valent ways of seeing it. One, is the way we did in the last paragraph: start with
a Riemannian metric in 7% M, consider the Hermitian extension to (7*M)¢ and then
extend it to the whole exterior algebra A (7T*M)c. But we could also extend the Rie-
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mannian metric g first to A T*M, and afterwards, consider the Hermitian extension to
A(T*M)c = (AT*M)c.

2.19. We claim then that the duality operator sends (p, ¢)-forms to (n— ¢, n—p)-forms.
Indeed, in order to convince yourself of this, all you need is to take a look at equation
(2.5). If ¢ is a (p,q)-form, then the only way for ( wedged with anything to be a
volume form (an (n,n)-form) is for *i7 = %7 be a (n — p,n — g)-from, that is *n is a

(n — q,n — p)-form, as we claimed.

2.20. Totally analogous to the pseudo-Riemannian case, we also have a notion of an L?

Hermitian inner product, when M is compact or for compactly supported forms, given

by

(¢,m) Z/MCA*n (2.6)

2.21 Remark. Some authors also denote the star operator * defined by xa = xa = *a
as the duality operator itself, since, from the above, * sends (p, ¢)-forms to (n—q,n—p)-

forms, and * sends (p, ¢)-forms to (n — p,n — q)-forms.

2.22. Recall that on a complex manifold M we have that the exterior differential d

splits on the sum of the Dolbeault operators as
d=0+0,

where 0: QP4(M) — QPFLa(M) and 0: QP4(M) — QPITL(M), as we can see in the
appendix on paragraph A.32. Using the inner product defined in (2.6) we define adjoints
ot QPa(M) — QP~14(M) and 9t: QP4(M) — QP4=1(M), by requiring

(On,¢) = (n,0"n) (On,¢) = (n,0"n).

It follows that df = 9 + 07, and since a complex manifold is a real even dimensional
manifold, from (2.3) we have

dT:—*d*,

and thus, also
O = — %D« O =—%0x.

2.23. On a complex manifold, apart from the usual Laplacian, we have operators on
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Pa(M)

Ay = 09"+ 90
Ay = 00'+d18.

If a (p, q)-form 7 satisfies Agn = 0, it is called J-harmonic. The set
Ay (M) = {n € QI(X) | Agn =0},
denotes the space of all d-harmonic (p, ¢)-forms, and we have the following complex

analogs of the theorems in Hodge theory:

2.24 Theorem. On a compact complex manifold M, QP9(M) is uniquely decomposed

as

QPI(M) = 0P (M) ® 0T (M) @ AP (M).
Proof. Cf. [GRIFFITH, HARRIS, 1978], page 84. O

2.25 Theorem. For a compact complexr manifold M, we have an isomorphism

Proof. Cf. [GRIFFITH, HARRIS, 1978], page 100. O

2.26. Similarly to the real case, define the projection P: QP4(M) — P9(M). Con-
sider a non-zero (p,q)-form (. Then, there exists another (p,q)-form £ such that
A¢ = (¢ — P(). Thus, the Hodge decomposition of ¢ is given by

¢ =0(0'¢) +0'(0¢) + PC.

2.3 Hodge Theory on Riemann Surfaces

2.27. Throughout this section, we will consider X a compact Riemann surface, and
vol the canonical volume form on X that depends on the metric of X, as in 2.1. By a
Riemann surface, we mean a complex manifold of complex dimension 1. From A.44 in
the appendix, vol = w, the fundamental form associated to the Hermitian metric. We
will briefly specialize Hodge theory to the context of Riemann surfaces, which will be

very important in chapter 4.
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2.28. With some calculations we can give explicit formulas for the Hodge star in the

present case. We have

W = frol, A= —i@T-T0), = .

for a function f: X — C, a 1-form ¢ = ¢*° + (%! and a (1,1)-form n = fvol. It is

immediate that ¥? = 1 on (1, 1)-forms and on functions, while in 1-forms *? = —1.

2.29. In order to do local computations with the Laplacian, recall that the volume form
is given by vol = y/det gdzAdy, and since dzAdz = —2idx Ady, consider u = (y/det g) !,

a real valued positive function on the local coordinate z such that
1 _
u(z) vol = §dz Ndz.

For a function f, from the fact that a Riemann surface is automatically Kéhler for

dimensional reasons, we have

Af =20pf = 2(—*0*0f)
= —2(x0(—1)0f)
= 2ix(f.zdzZ Ndz)
= —duf..

So, harmonic 0-forms are harmonic functions in the usual sense we are used to. For a

(1,1)-form n = f vol, we get
An =20s(f vol) =2(=0 % D x (fvol)) = —2(x ' x 0% Of) = x H(Af) = (Af)vol,

So a form 1 = fvol is harmonic if and only if the function f is harmonic. Thus the
map

f— fvol,

gives us a 1 — 1 correspondence between harmonic (1, 1)-forms and harmonic functions.

We also have the following theorem.

2.30 Theorem. Global harmonic (1,1)-forms on a compact Riemann surface X are

constant multiples of vol, and conversely.

2.31. Consider now (X)) the graded inner product complex vector space of all diffe-
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rential forms

Q(X) =Q°(X) & QX)) ® QY (X),

where the Hermitian inner product is given by

(foadwgafab) = (fg) + a0+ w0,
that is, a sum of all Hermitian L? inner product as defined in (2.6). Also, let us write

H(X) ={(f,q,w); Af =0, Aa =0, Aw = 0}.
Hodge theory gives us a decomposition

H(X)=H°(X)e (X))o (X),

and we have the immediate consequence of theorem 2.24:

2.32 Theorem. There is an orthogonal decomposition that respects the degrees of the

forms

Q(X) = AQX)) @ H#(X).

2.33 Corollary. Let u, f: X — C be smooth functions on a compact Riemann surface.

Then the equation Au = f has solution if and only if

lAfmhﬂﬁD:O

Equivalently, the equation i00f = w has a solution if and only if wa = 0, for a
(1,1)-form w.

Proof. From 2.32, a function f is in the image of the Laplacian operator if, and
only if, it is in the orthogonal complement of the harmonic functions. As every
harmonic function on X is constant, the condition for f to be in the image of the

Laplacian is

/waﬂ=<ﬁ1>:o.
X

Equivalently, a (1, 1)-form w is in the image of the Laplace operator if, and only if,
it is in the orthogonal complement of the harmonic (1, 1)-forms. As every global

harmonic (1, 1)-form is a constant multiple of vol, the condition for w to be in
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the image of the Laplacian is

/ w = (w,1lvol) = 0.
X

Observe that A(f vol) = 2i90f.
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Capitulo 3
Instantons

In this chapter we introduce the Yang-Mills equation. We first exhibit it as a genera-
lization to the celebrated Maxwell equations for electromagnetism and afterwards we
derive it from variational calculus using the Yang-Mills Lagragian. In the latter, we
will make use of many calculations with connections developed in chapter 1. Also, we

exhibit explicit solutions to the ASD Yang-Mills equation.

3.1 Yang-Mills Equation

3.1. We start by recalling the Maxwell equations for electromagnetism in Minkowski

space-time, written in units for which the speed of light is equal to 1:

V-B = 0

L 9B
E+— =0

V x Y
V-E = p
L JFE .
B-=— =]
V x Y 7,

where E: R x R3 — R? is the electric field, B: R x R® — R3 is the magnetic field,
j: R x R® — R3 is the current density and p: R x R* — R is the electric density.
These equations are written in the classical language where V - C and V x C mean

the divergent and the curl, respectively, of any time-dependent vector field C (t,7) =
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(Cy(t, ), Cy(t, 7), C,(t, 7)), such as E and B, and are defined by

oc, ac, aC,

0 - 3.1

v Ox * oy * 0z (3.1)
; oc, 9C. 9C. 9C, 9C, 9C,

_ _ _ _ , 2

Ve (8,2 dy ox 9z Oy (’3x> (32)

3.2. Using the language of differential geometry, we can give a more elegant descrip-
tion of these equations. Recall that the Minkowski space-time is the Euclidean space
of dimension 4 endowed with a metric of signature (3,1). We have global coordinates

O xl 22 2% (we will interchange between the names of the global coordi-

t,x,y,z, OT T
nates without further mention, since when dealing with sums it is easier to use the
latter, and for some definitions it is clearer to use the former), where, obviously, the
first coordinate is the time coordinate and the others are the spatial coordinates. Ins-
tead of considering the electric and magnetic fields as vector fields, we shall see them

as differential forms:

E = E.dx+ E,dy+ E.dz
B = BydyN\dz+ Bydz N\ dx + B.dx A dy,

where E,(t, %), B,(t,Z), p = 1,2,3 are the coordinate functions of the vector fields we
had in paragraph 3.1. We unify both fields and define a 2-form called the electromag-
netic field

F:=DB+ FEANdt.

Taking the exterior derivative, a straightforward computation yields

dF = {[an + <6Ey — 8EZ>} dy Ndz + [aBy + <8E‘z - 8Ex>} dz Ndx +

ot 0z oy ot Oz 0z

0B, 0E, O0E, 0B, 0B, 0B,
+ [at +<8y T >} d:n/\dy}/\dt+<ax + ay + aZ)dac/\dy/\dz,

Observe that the terms on the right hand side of the equation above are all linearly
independent of each other. Therefore, the equation dF' = 0 is equivalent to saying that

each summand vanishes individually, that is,

V-B = 0
dFF =0 <> . B ,
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thus, we have just rewritten the first pair of equations as dF' = 0.

3.3. Let us write our 2-form, the electromagnetic field F' in coordinates. We have
1 o 0
_ - 1 v — -z Y
F_ZQFde Adz”,  F,, F(axu’axv)'
We can represent the coordinates F),, by the entries of a 4-by-4 anti-symmetric matrix

0 —-E, —E, —E.
E, 0 B, —-B,
E, -B. 0 B,
E. B, —-B, 0

Using the Hodge star operator, that was treated in chapter 2, we have that xF is again
a 2-form and, using the calculations of example 2.6 we get

xF' = xB+*(FE Adt)
—(Bydz + Bydy + B.dz) Ndt + E,dy A dz + Eydz A\ dx + E.dx A dy,

or, in coordinates

(2 I

A straightforward computation gives us

[ |9E: 0B, 0B, OE, 0B, 0B,
d*F_{[E)t <82 ay)}dy/\dz—i—[at <8z )}dzAda:-i—

0z
OF, 0B, 0By, 0E, O0E, OFE,
[(% _<6y — ax>]dxAdy}Adt+<ax + By + az>dx/\dy/\dz,

Therefore, again using the calculations in example 2.6
B 0B, 0B, 0E, 0B, 0B, OE,
*d*F_{< oy 0= ) " }d””{( 9= ox ) T }d?”
0B, 0B, oL, oE, O0FE, OFE,
— — dz — L dt. (3.3
{(81: 8y> 875}2 <(‘3x+0y+82) (3:3)
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Similarly to the unification we have done with the electromagnetic field, we can unify

the current and electric density, j and p in a 1-form called simply current defined by
J = —pdt + 7,

where j = Y j,dx*, the 1-form whose coordinates are precisely the coordinate functions

of the current density j = (j,. Jy»J=). From (3.3) it is clear that

V-E = p
xdx F'=J — Y S

thus, we have just rewritten the second pair of equations as xd* F' = J, so the Maxwell

equations are now expressed shortly as

dFF = 0
xdx ' = J.

3.4. Consider now the Maxwell equations in the vacuum, i.e., J = 0, where we have

dFF = 0 (3.4)
d+F = 0.

They are preserved under F' — xF. Recall from example 2.8 that in a Riemannian
4-manifold, = is a linear operator on the vector space Q%(M) that squares to 1 and we
have that any element w € Q?(M) is uniquely written as a sum of its self-dual and

anti-self-dual parts
w=wi+w_, *WL = Wy, FW_ = —W_.

A self-dual or anti-self-dual 2-form F' satisfying the first pair of the Maxwell equations
in the vacuum, dF' = 0, will automatically satisfy d « F' =0, as d x F' = £dF = 0.

3.5. The idea now is to extend this discussion to bundle-valued forms. If we con-
sider the case when the electromagnetic field is the exterior derivative of a 1-form
A, often called vector potential FF = dA, the first pair of the Maxwell equations,

dF = 0, becomes a tautology, so all the physics is concentrated in the second pair (cf.
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[BAEZ, MUNIAN, 1994] for more details). Now, fix a vector bundle £ — M and a
connection V 4. The first pair of equation has a generalization to bundle-valued forms,

given by the Bianchi identity
daF4 = 0.

Extending the action of the Hodge star operator to bundle-valued forms as the unique
C*°(M)-linear operator such that

(s QW) =85 *w, sel'(E),we QP (M),

where the * on the right is the usual duality operator, then for an End(FE)-valued 1-form
J on M, called the current, the generalization of the second pair of equations is the

so-called Yang-Mills equation

3.6 Remark. Assuming that we are dealing with a trivial U(1)-bundle over a four
manifold, e.g., E = R* x C, given a connection A on E the action of the covariant

derivative on End(F)-valued forms is
da§ = d€ + [A, §] = dE,

since we are dealing with matrices of forms of rank 1. Therefore, the Yang-Mills equation

reduces to the second pair of the Maxwell equations

xdx F' = J.

3.7. For a connection A, denote g- A as A’, and g - Fy = gFsg~! as F’. Recalling
proposition 1.67, we have that

sxdy * F' = *(g(da(g~ (xgFag™")9))g ") = g(xda = Fa)g™",

thus the Yang-Mills equation is invariant under gauge transformations, since if A satis-
fies the Yang-Mills equation for a current J, then ¢g- A also satisfies for the transformed
current g - J = gJg~!

3.8. The case that will be of more interest to us is the generalization of the Maxwell
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equations in the vacuum. In this case, the Yang-Mills equation takes the form

We now generalize the discussion of example 2.8, to bundle-valued forms. Considering
M a Riemannian 4-manifold, the decomposition Q*(M) = Q7 (M) & Q2 (M), that was
implicit there extends immediately to bundle valued 2-forms, and in particular, the

curvature of a connection A splits as
Fa=F{+F;.

We call a connection anti-self-dual if F'} = %(FA + *Fy) = 0, that is, *xFy = —F4
and self-dual if [, = %(FA — xF4) = 0, which implies *F4 = F4. The anti-self-dual,

or ASD in short, connections are also called instantons.

3.9 Remark. As our theory is over oriented manifolds, otherwise the duality operators
would not make sense, reversing the orientation of the base we send self-dual connections
to anti-self-dual connections. So it is a mere convention to call the ASD connections as

instantons and not the SD connections.

3.10. Let F — M be a Hermitian vector bundle over a compact 4-manifold M with
Hermitian metric (-,-)g. In this paragraph, we wish to prove that the decomposition
Q*(M;End(E)) = Q2 (M;End(E)) ® Q2 (M; End(E)) is actually an orthogonal one, so
we need to specify what will be the inner product on Q*(M;End(E)). First, observe
that the Hermitian metric on £ is extended to the bundle End(E) by

(U, ®)ppamy = Tr(Vd),

where ¥, ® are endomorphism of £ and ®' denotes the transpose conjugate of ®. This is
a linear algebra fact. If (V, (-,-)) is a Hermitian inner product space, with orthonormal

basis {ej,...,e,}, then the Hermitian inner product on End(V) =2V ® V* is given by
<Z Tfei ® €, Z Srer ® €l> - Z T;S_ﬂei, ex) (¢, ')
- o

-y

= Tr(TS7),
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for T =3 Tie; ® ¢! and S = ) Sfe, ® e endomorphisms of V. Now, in paragraph
2.2, we defined an L? inner product on the space of differential p-forms, so, as a form in

O?(M;End(FE)) is a section of A T*M ® End(E), we claim that the L? inner product
on Q*(M;End(E)) that we are seeking is given by

(n,¢) = /M Te(y A (). (3.7)

Indeed, on alocal frame, we writen = ) 77§®Eij and ¢ = > (f®E,, with !, (f € Q*(M)
and B/, EL € T'(End(E)) (recall the definition of the E/ given in paragraph 1.51), so

n,¢) = D (i ¢NEL B
= ) (Ej( S
=y (EJ ")
= >
= > (.C
- X [ s
= [ Tnsc),

(
(ni, ¢f) Tr
(nt, ¢f) Tr
<77]>Cz 576

(2

)
)
)
)
)

as we claimed. Finally, if n € Q% (M;End(E)) and ¢ € Q2 (M;End(E)), then

m¢) = /M Te( A #(C1)
_ /M Te(sy A (CH)

S S
M
= _<777 C)?
hence Q2 (M; End(E)) is orthogonal to Q2 (M; End(E)).
3.11 Example. Consider M = R*, the Euclidean space, and let us see explicitly what
is the ASD equation ' = 0 in this case. Recall that locally we write the curvature of

a connection A, with connection matrices A, =1,2,3,4, as F = %Z FEdz* N dx”,

with F,, = F(0,,0,) = [V,, V,]. In our case there is only one chart so this description

71



is global. Even more explicitly, we have (we will omit the wedges here)

F = Fiodatde? + Fisdatde® + Fuudetdet + Fygda?da® + Fouda?da® + Fyudadda?,
thus, applying the %, we have

«F = Fydrtde? — Fydetde® + Fosdrlde* + Fiuda?de® — Fisda?de® + Fiada3da?.

Hence, for Fii = 0, or equivalently *F = —F, we obtain a system of non-linear partial

diferential equations

F12—|—F34 == O (38)
Fis4+Fy = 0 (3.9)
Fiu+Fy = 0. (3.10)

3.12. Now recall the expressions for the Chern classes that we have discussed in subsec-
tion 1.3.4. If we consider F as an SU(r)-bundle, the curvature matrices lie in su(r), the
traceless and skew-Hermitian matrices. Therefore, the first Chern class of the bundle

vanishes, and equation (1.32) boils down to
872cy(E) = Tr(Fa A Fy) € Hijp(M;R).

Then, for compact and oriented base manifolds M, we have

1

CQ(E)Z@\/J'WTI'(FA/\FA) € 7.

It is a delicate matter that this last integral takes values in the integers, because this
means that actually ¢;(F) € H2(M;Z). We refer to [MILNOR, STASHEFF, 1974],
chapter 14 and appendix C.

3.13 Lemma. For a unitary connection A, on a vector bundle E over a Riemannian

four-manifold, we have
Te(Fa A Fa) = [FxI1* = IFA117 = (|[Fx |* = [FAT?) vol,

where vol is the invariant volume element and F3,Fy denotes the splitting of the 2-

forms in the self-dual and anti-self-dual parts.
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Proof. From what was discussed on paragraph 3.10, and since F T = _F 4, We

have

Tr(FaNFa) = Tr(FaAxxFy)
= —(Fa,xF4)
= —(Fi{ +Fy, Fy —Fy)
= NFL 1P = I1FL 1P

g

3.14. Now we are in position to see the importance of the anti-self-dual condition in
the theory. Still considering SU(r)-bundles over compact orientable Riemannian 4-
manifolds, we have a linear functional on the space of connections, called Yang-Mills

functional, given by
A ||Fyq)? = / |F4)? vol = —/ Tr(Fq A *Fy). (3.11)
M M

Then, we have, from lemma 3.13, that the absolute value of 8m%cy(F) is a lower bound

to the Yang-Mills functional as

Sriey(B) = |Fil” = 41 (3.12)
1Al = LI+ IFALI (3.13)

so, summing (3.12) and (3.13) we obtain ||F4]|* = —872cy(F) + 2| Fy ||?, whereas sub-
tracting (3.13) and (3.12) we obtain || F4]|? = 87%cy(E) + 2||Ff ||>. Whenever cy(E) is
positive, this lower bound is achieved if, and only, if A is ASD. Indeed, F'{ = 0 implies
|[F4?vol = |F} > vol, hence 8n°cy(E) = [, |Fy[*vol = [, [Fal?vol = [|F4]|*>. On the
other hand, if 87%cy(E) = || Fa||?, we have

/\FAPVOI—/ ’FX’QVOI_/ ]FA|2V01+/ |E' % vol,
M M M M

hence F; = 0. The conclusion here is that the anti-self-dual connections are the
absolute minima to the Yang-Mills functional, when co(F) is positive. The positive
value of ¢y(E), when finite, is often called charge of the instanton A. Similarly, for

negative value of co(E), this lower bound is achieved if, and only if, A is SD.

3.15. If we recall the way we introduced the Yang-Mills equations as d x F}4 = 0, these
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are satisfied by SD or ASD connections. Indeed, if A is SD or ASD, d* Fy = £dF4 = 0,
from the Bianchi identity. It is no coincidence that SD or ASD connections satisfy the
Yang-Mills equation and are also absolute minima to the Yang-Mills functional. The
reason for this, which we will explain in what follows, is that the Yang-Mills equation
comprises the Euler-Lagrange equations of the Yang-Mills functional. However, we
should observe that not all connections that satisfy the Yang-Mills equation are ASD or
SD. There may be other critical points of the Yang-Mills functional that are not absolute
minima. For example, in [SADUN, SEGERT, 1991], we can find explicit examples of
non-self-dual connections which are solution to the Yang-Mills equation. As is stated in
[SADUN, SEGERT, 1991], another interesting point to the ASD and SD connections is
that in order to find these, we should solve a first-order system of PDE’s xFy = £+ Fy,
whereas the Yang-Mills equation d4 * F)4 = 0 is a system of second-order PDE’s.

3.16. We start by recalling the variational principle. Following [BAEZ, MUNIAN, 1994]
and consider the celebrated Newton’s law of motion F' = ma, where we want to model
the motion of a particle in R? of mass m, position ¢(t), velocity v(t) = ¢(t) and accele-
ration a(t) = ¢(t). Assuming that we are given a vector-valued function F': R?® — R3,
the path ¢(t) of a particle subject to the force F' will be given by the solution of the
differential equation

F(q(t)) = mi(t).

Another way of describing the motion is with variational methods. Assuming further
that F = —VV, for a scalar potential V: R? — R that does not depend on time, the

total energy of the system is given by the Hamiltonian

H=K+YV,
where K = %mq'?, called the kinectic energy. Observe that the Hamiltonian is
independent of time
dH dK dV

O = T+ S = (i) + V) (1) = 0,

3.17. Now we introduce the Lagrangian L(q,¢;t) = K — V. The particle’s path now

is determined by the action principle, that is, the path ¢(¢) is a point that minimizes
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the action, S(q), that is defined, on the space of paths, by

S(g) = /OlL dt.

We vary ¢ to a nearby path by taking a function f: [0,1] — R3, with f(0) = f(1) =0,
and setting
qs(t) = q(t) + s/ (1),

for s € R small. The function f is the variation of g, also written as dq, and it satisfies

7t = sa(t) = 1| quit).

ds s=0

In general, for any function G on the space of paths, we define its variation by 6G =

a
ds 1s=0

we get

G(gs(t)). In particular, for the action S, that is a function in the space of paths,

d
dsls=o0
dis a0 /01 <%m<qs(t>>2 - V(qs(t))) dt

- /01% s=0 <%m(qs(t))2 - V(qs(t))) dt
— /01 (mq(t)-f(t) —VV(q(t)).f<t>> gt

S(qs)

_ /0 (mi(t) — Flq(t)) £(t) dt, (3.14)

where in the last equality, use has been made of integration by parts, and the fact that

f(0) = f(1) =0, as

| mioie at=mawso| - = [ micso a == [ miw ) a

To ask that a point minimizes the action, we must have that the point is a critical
value, that is, 05 = 0 for all variations f = dq¢, and in this case, from equation (3.14)

we must have F' = ma, retrieving Newton’s law of motion.

3.18. More generally, the Lagrangian could be any function of the particle’s position
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and velocity, and we obtain

08 = /Ldt = /5Ldt
< IR ) o

oL  d oL\ . .
B /;(3(1"_@8611')&] i

where use has been made of integration by parts, in the last equality. It follows that

0S = 0 for all variations d¢g vanishing at the endpoints, if and only if the Euler-

Lagrange equations

oL _aor
d¢t  dt og"’

(3.15)

holds for all 7.

3.19. In our case, we have a slightly different Lagrangian. For us, it will not be a
function of the position and the velocity, but a function in the affine space of con-
nections. However, we can do variational calculus using some of the theory we have
developed in 1.3.3, of chapter 1. More precisely, the Yang-Mills Lagrangian is
Lyn(A) = —Tr(Fa A xFy), and the Yang-Mills action, is given by

S(A) = /JV[—TI'(FA/\*FA). (316)

To calculate the first-order variation, let Ay, = A + sa, where a € Q},(gg), thus, from
(1.25), F(Ay) = Fa + sdaa + s*a A a, hence, Tr(F(A) A xF(Ay)) = Tr(Fa A xFaq) +
sTr(daa A xFy+aAda* Fa) + o(s?). Therefore,

5S(A) = 5/ —Tr(Fa N *Fy)

M

— _/ STr(Faq A xFy)
M

= _/ Tr(daa N xFx + Fa A xdaa)
M

— _2/ Tr(daa A *Fy). (3.17)
M
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Now, observe that for general & € QP(M;End(F)) and ¢ € Q4(M;End(F)), we have
from proposition 1.76, that Tr(d4(§ A ¢)) = dTr(€ A ¢). Thus, assuming that M is

compact and without boundary we have, by Stokes,

ozj;nﬁumA*Eg):j;ﬂﬁMaAﬂu)—/YaAdA*Rm

M

thus in (3.17), if we ask that 05(A) = 0 for all variations a, we must have the Yang-Mills
equations
dA * FA = 0.

3.20 Remark. If A is a connection on a unitary bundle £ — M over a compact
manifold M, then, we can decompose the curvature orthogonally in a trace-free and
central part as

F:F0+%Tr(F)-IL,

where F* = F—1 Tr(F)-1. Tt is clear that Tr(F°) = 0. The fact that this decomposition

is orthogonal follows from the inner product given in (3.7)

(F°, Tr(F) - 1) :/ Tr(F%) A *Tr(F) = 0.
M
Now, if we wish to minimize the norm of F', as the central component represents
—2mic)(E) € H35(M;R), this part is minimized by the appropriate harmonic-form, as
we saw in paragraph 2.16 and we concentrate in minimizing the trace-free part, and

that is why we have considered SU (r)-bundles.

3.21. So far we have dealt with the theory for bundles over a compact base space M,
but we will focus in bundles over the Euclidean space R*. We will consider connections
for which the Yang-Mills action Sy, is finite, that is, the integral over R* converges. To
achieve this, we assume that the field F' decays sufficiently fast as we go to infinity, and
on a given gauge, this means that the F},, — 0 sufficiently fast as x — oo. There are
some technical issues here regarding the notion of decay that we will not dwell upon.
All we are interested in is that, whenever the action is finite, we compactify R* to S*
and we make the computation of the Lagrangian over S*, where we can make use of
the compactness of S*, so all of what we have done in paragraph 3.19 holds. But the
question that arises is why would this work? To answer this we recall the notion of

conformal maps and conformal class of metrics.
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3.22 Definition. Let M and N be manifolds of the same dimension, and gy, gn
be pseudo-Riemannian metrics on M and N, respectively. Recall that a pseudo-
Riemannian metric is a smooth and symmetric (0,2)-tensor that is non-degenerate
everywhere. A smooth map f: M — N is said to be conformal, if there exists a

positive function 2: M — R, satisfying

fgn)(z) = Q@)gu(z),  z€ M.
3.23 Proposition. The stereographic projection w: S™ — R™ is a conformal map.

3.24. We say that two pseudo-Riemmanian metrics g and ¢ on a manifold M are
regarded as conformal if there exists a positive function €2: M — R, such that g = Qg.
It is not hard to see that the relation “g conformal to §g” is an equivalence relation
on the set of all pseudo-Riemmanian metrics of M. The equivalence class of a metric
g is denoted by [g] and is called conformal class of g. There are many properties
that hold true for the whole conformal class of a metric. We say that this property is

conformally invariant. For example:

3.25 Proposition. The Yang-Mills action is conformally invariant in R*.

Proof. What we will prove is that for any four-manifold, the star operator acting
of 2-forms is conformally invariant, therefore, since the only part of the Yang-
Mills action over a four-manifold (3.16) that depends on the metric is the star
operator, the result will follow. Now, if we scale the metric by a positive factor p,
the pointwise inner product on 2-forms scales by p~2, while the invariant volume
form scales by p?. That is, if § = pg, * and * are the duality operators with
respect to g and g, respectively and § = &, dz¥ A dz¥,( = (udzt N dx” are

2-forms, then locally

ENIC = (6,Q)vol
S det(§(dat, das ))Smmg}wz)\/|det§|d:c1/\dx2/\da:3/\da:4

= (Z p~ 2 det(g(dz, da:”j))ﬁmwgl,,z,) Vpt| det gldzt A da® A da A da?

3 det(g(dat dx%))gmmgm) JTdet gldzt A dz? A da® A da?
= {AC.

78



3.26. The conclusion we draw from propositions 3.23 and 3.25 is that the Yang-Mills
action takes the same value whether computed on S* or in R*, thus our trick of using

the conformal compactification of R* as S* is valid, so the theory over R* holds.

3.2 ‘t Hooft’s Ansatz

3.27. In this section we will be interested in exhibiting a concrete solution to the
Yang-Mills equation dy * Fiy = 0. Consider an SU(2)-bundle of rank 2 over R*, which

necessarily trivializes as R* x C2. Our potential A writes as A =Y A,dz*, and

where the 0, b = 1,2, 3, are the Pauli matrices,

0 1 0 —i 1 0
o] = , 09 = , 03 = )
! 10 2 i 0 ’ 0 —1

The set {ioy,i09,i03} forms a basis to the real Lie algebra su(2) of traceless, skew-

Hermitian matrices. These matrices have the following algebraic properties:
_ _ _ 2 2 2
0109 = 103, 0301 = 109, 0903 = 101, 01 =01 =0, = id.

Observe that if we define I = —ioy, J = —ioy and K = —i03, we obtain precisely the
algebraic rules of the imaginary part of the quarternionic numbers. Using the Pauli

matrices we define a set of skew-symmetric matrices o, for 1 <, u, v < 4 given by

1

1
=l Zo5, g k=1,2,3. (3.18)

2

Ok : aj, 0%, o4 =

3.28 Proposition. The matrices defined in (3.18) are self-dual, i.e. *0,, = %E € Po0s =
Ouw, and satisfy:

_1 _1
012 = 503 034 = 503

02

N =

02 024 =

N =

—013 =

014 = 501 023 = 501.
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Also, we have the following table of brackets between them:

[012,013] = [034,013] = [0247034] = [024,012] = %Ul
(034, 014] = [012, 014] = [034, 23] = [012, 023] = %‘72
[013,014] = [0137023] = [0237024] = [0147024] = %‘73

Proof. The proof is just straightforward computations. We simply put this infor-

mation together as a proposition in order to organize the text. O

3.29. The proposed Ansatz for the fields A, that satisfies the ASD conditions *F},, =

—F,,, is given by
Ay =i) ouna, (3.19)
for a field a = (ay, as, as, as): R* — R*, where the components are given by
a, = 0,1np, (3.20)

with respect to a positive (otherwise the logarithm wouldn’t be defined) potential

p: R* — R. The raising of the index in (3.19) is with respect to the Euclidean metric,

so a* = > 0Ma, = ay. Let us take a closer look at the field components a, as given in

(3.20). A small calculation yields a, = 8;’” , thus

_ auaup P aup } aup

Oua, =

so if we define f,, := 0,a, — 0,a,, from the fact that 0,0,p = 0,0,p and O,p - O.p =
Oup - Oyp, we have

3.30. Now, let us get our hands dirty and start doing some computations. We start by
calculating the fields F,, = 0,A, — 0, A, + [A,, A,]. Using (3.19), these become

Fu, = Zi<0-l/a 0,0 — 0pa 0,a%) — Zaaaﬁ[auw ougl.
« a8
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Using the calculations of proposition 3.28, we calculate the fields F),, by factoring the
Pauli matrices oy:

i
Fip = 2 [(—82a4+81a3+a2a4—a1113)'01+(31a4+5’26l3—ala4—@2a3)'02—(5’1a1 +82a2+a§+aﬁ)~03]

F3y = %[(84@2—83@1—a4a2—|—a3a1)-01—|—(—84a1—83a2+a4a1 +a3a2)-02—(63a3+84a4+a%+a3)~03]
I3 = %[(—81a2—33a4+a1a2+a3a4)-01—|—(81a1+83a3+a§—|—ai)-02—|—(81a4—83a2—a1a4+a3a2)~03]
Fyo = %[(82a1+84a3—a1a2—a4a3)'01+(82a2+64a4+af+a§)'02+(—84a1+82a3+a4a1—a2a3)~03]
Fly4 = %[(—81(11—(‘34a4—a§—a%)-01+(64a3—81a2—a4a3+a1a2)-02—(81a3+84a2—a1a3—|—a4a2)~03]
o3 = %[(782@783(137&%7@3)~01+(82a1783a47a2a1+a3a4)~02+(83a1+82a37a3a1+a2a4)'03].

3.31. Once we impose the ASD condition, from example 3.11, the equations (3.8), (3.9)
and (3.10) become

Fio+Fyy = % <(f13 + faz)or + (fia + fa3)02 — Z(aua“ + (%)2)03> =
Fiz+Fp = % <(f14 + fo3)os — (fi2 + fsa)o1 + Z(aua” + (a#)2)02> =0

Fiu+Fyy = —% ((fm + fa4)og + (fi3 + fa2)os + Z(aua“ + (%)2)01> =

From (3.21), the ASD condition reduces to an equation for the fields a,

> (Oua" + (a,)%) =0,

m

and from the definition of the fields a,, in (3.20), this reduces even more to an equation
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for the potential p

that is, the usual Laplacian on R* vanishes, Ap = 0.

3.32. Solutions for Ap = 0 and p > 0 exist. A simple example is p(z) = 1/||z||, but

the general solution given by ‘t Hooft is

1+ZH$_

that is physically interpreted as a configuration with n instantons, also called pseudo-
particles, where \; are constants that corresponds to the “size” of the instanton, and y;

are the positions of the pseudo-particles.
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Capitulo 4

Stable Bundles

This chapter is devoted to the article [DONALDSON, 1983]. We start giving a brief
summary of the ideas behind stability of bundles over Riemann surfaces, in the spirit of
[ATTYAH, BOTT, 1982] and then we approach the theorem of Narasimhan-Seshadri.
Many results from the theory of partial differential equations, in particular some nice
inequalities are used, and we will not prove them in this work. We included them in

the appendix where we made a brief discussion and gave the references.

4.1 On Moduli of Stable Bundles over Riemann Sur-

faces

4.1. Following section 7 of [ATTYAH, BOTT, 1982], consider a fixed C'*° vector bundle
E over a Riemann surface X, of rank n, and degree d. It is often denoted by € (FE),
or €(n,d) the space of all holomorphic structures on E. By dimensional reasons, a
holomorphic structure is equivalent to the existence of a 0 operator, so that the local
holomorphic sections are those such that do = 0, cf. [ATTYAH, BOTT, 1982], section

5. In local coordinates, one can write any 0 operator as
0=0,+ B,

where B is an endomorphism valued (0,1) form, B € Q%!(X;End(F)), and the latter
is a vector space, therefore ¢’ (E) is an affine space modeled on Q2%!(X; End(E)). Con-
sidering the set of automorphism of the bundle E, Aut(E), and its action on €(E), the

space of orbits is the set of isomorphism classes of holomorphic structures on £, which
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forms the moduli space.

4.2. Just as one finds in other classification problems and moduli spaces, e.g., moduli of
stable curves and of stable maps, we consider a restricted set of classes of holomorphic
structures in order to have a good Moduli Space, which in this case means that the
quotient 6,(E)/ Aut(F) is Hausdorff, where €;(E) denotes the space of stable complex
structures. Actually, as cited in [ATTYAH, BOTT, 1982], this quotient is a complex
manifold and is compact for certain values of n and k. In the next sections, we will
only scratch the surface of this subject and present the definition of stability in the
case that X is a Riemann surface, and we relate the stability condition with differential
geometric aspects as the existence of unitary connections satisfying a certain condition
on its curvature. This is a celebrated result due to Narasimhan and Seshadri, and we
will follow an alternative proof given in [DONALDSON, 1983].

4.3. Tt is possible to extend the ideas of stability to higher dimensional complex ma-
nifolds, and, in particular, to complex surfaces, i.e., manifolds of complex dimension 2,
see for instance [DONALDSON, 1985]. The definition of stability in that case requires
the choice of an embedding of the base manifold in projective space and the notion
of coherent subsheaves of the underlying sheaf of sections and there is also a nice re-
lation between the algebraic notion of stability of algebraic bundles to the differential
geometric notion of irreducible Hermite-Einstein connections. We will not treat this

here.

4.2 Narasimham-Seshadri Theorem

4.4. In this section we will consider bundles £ — X, with X a compact Riemann
surface with a Hermitian metric normalised to unit volume. In what follows we will
continue to use the convention introduced in chapter 1 that a smooth vector bundle is
written with normal capital letters as in £ — X, while a holomorphic bundle will be

denoted with caligraphic letter as in & — X.

4.5 Definition. We define the degree of a vector bundle as in 4.4, and denote it
deg(E), by

deg(E) = [ ()

where ¢;(FE) denotes the first Chern class of the bundle.
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4.6 Definition. The normalized degree, or slope u(E) of a vector bundle as in 4.4

is given by des(E)
eg
n(E) = ()

4.7 Definition. A holomorphic bundle £ — X is called indecomposable if it cannot

be writen as a proper direct sum of holomorphic bundles.

4.8 Remark. It is important that we consider the holomorphic structure in the above
definition of indecomposability. Recall from paragraph 1.80, that smooth decomposition

of Hermitian vector bundles always exists.

4.9 Definition. A holomorphic bundle £ — X with X as in 4.4 is called semi-stable
if for all proper subbundles F < &£ we have u(F) < p(€), and if strict inequality holds,
it is called stable.

4.10 Remark. A stable bundle is automatically indecomposable. Indeed, assuming

that it is decomposable, i.e £ = &' ® E” we would have exact sequences
O_)g/_)gl@g/l_>€//_>0’

and
0—&" —-E&pf —E& —NO.

Recall from theorem 1.78 that ¢; (&' & ") = ¢1(E') + ¢1(E”), thus deg(€) = deg(&') +
deg(&”), and applying the stability condition we get on the top row u(&') < u(E")

whereas on the bottom row we would have the opposite.
The result we are seeking in this chapter is the following:

4.11 Theorem. An indecomposable holomorphic bundle €& — X 1is stable if and only

if there exists a unitary connection on € having constant curvature
«F = —2mip(E)1, (4.1)

where 1 is the rk(&) identity. Such connection is unique, up to unitary gauge transfor-

mation.

4.12 Proposition. Any holomorphic line bundle L — X over X is stable and admits

a unitary connection whose curvature satisfies (4.1).
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Proof. Note that we have no issues with decomposability here and as every line
bundle is clearly stable since there is no proper subbundle, what we have to prove
is that £ admits a unitary connection with F' = —27i deg(L) vol, where vol is the
volume form associated with the Hermitian metric on X that is scaled to unit
volume. Recall that an effective way of computing the Chern class of the line
bundle is picking a connection A and then taking the trace of its curvature, but
here, Tr(F') = F, so we have

i
" or

c1(£) [F],

where [F] denotes the cohomology class of the closed curvature form. Since

Jx c1(£) = deg(L), for every connection A, the difference
F(A) — (—2mideg(L) vol) = dn, (4.2)

is exact. That said, pick an arbitrary Hermitian metric H on the line bundle £
and a local holomorphic section ¢ on £. From the proof of 1.62 (set M = H(o,0)
and etc.), the vector potential of the Chern connection, V 4 is locally given by

A = 0(log H), where H = H(o,0), and associated curvature
F =00(log H).

For a real valued function ¢: X — R, define H' := e? H another Hermitian metric.

For this new connection, the curvature is given by
F' = F +00¢,
and therefore we have
F—F = —-00¢.

Now, as [ + dn = 0, from corollary 2.33 there exists a solution ¢ to the differential
equation
so, from (4.2), the Chern connection of the Hermitian metric H' = e?H for the

solution ¢ above meets the requirements. ]

4.13 Remark. The proof of theorem 4.11 will be done by induction on the rank of the

bundle, thus the above proposition just ensures us that first induction step is valid.

4.14. Recall from chapter 2 that a unitary connection A on a Hermtian vector bundle
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E — X gives an operator ds : Q°(X;E) — QYX;E) with (0,1)-component 9, :
Q(X; E) — Q%(X; E) and the latter corresponds to a holomorphic structure £4 on E.
Conversely, if F has holomorphic and Hermitian structures, we also saw that there is a

unique connection that is compatible with both structures, called the Chern connection.
4.15. The action of the gauge group G on the affine space A of unitary connections
can be written, according to 1.52, as

w(A) =dy — dguu?, ue g, Ae A,
while the action of the group of general linear automorphism, G¢, is given by

g(A) =da — (0a9)g~" + ((0ag)g™ "), gE€Ge, A€ A, (4.3)

where 1 denotes the adjoint. As we saw in 1.55, connections define isomorphic holo-
morphic structures precisely when they are on the same Ge-orbit. For a holomorphic

bundle &€, we will denote by O(E) its orbit of connections on A.

4.16. For the proof of theorem 4.11, we will have to construct a functional J and
extract some weakly convergent sequences of connections in O(€). For that, recall
from linear algebra, that we have a trace norm on n x n Hermitian matrices given
by v(M) = (Tr(MTM))Y/2. If we apply v in each fibre, for any smooth self adjoint-
section s € QY X; EF ® E*), we get a norm on the space of sections of the bundle of

endomorphisms of E given by

Below we summarize some properties of the norms v and N discussed above.

4.17 Proposition. The trace norm, v, acting on Hermitian n X n matrices, satisfies

v(M) =" N,

where \; are the eigenvalues of M, and moreover, if in block representation M is written

A B
as M = , we have
BT D

v(M) = | Te(A)| + | Te(D)].
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Proof. We have a characterization of the trace norm as

n
v(M) = r?a?z |(Mej, e;)|, (4.4)
“r =1
where we let {e1,...,e,} run over all possible orthonormal frames for C" (Cf.

[ATTYAH, BOTT, 1982], apud [DONALDSON, 1983]). Since M is Hermitian,
its eigenvalues are real and there is an orthonormal basis that diagonalizes M,
thus, by (4.4), v(M) > > |)j]. On the other hand, we have

v(M)? =YX < (Z)\j>2,

and therefore, v(M) < > |A;j|. For the second statement, again using the fact
that M is Hermitian, it follows that the blocks A and D are also Hermitian,
so by picking an orthonormal basis of the form {ey,...,ex,€x+1,-..,6en}, where

{e1,...,er} diagonalizes A (similar for D), we get the result. O

4.18 Proposition. The norm N on the space Q°(X; E ® E*) is equivalent to the usual

L? norm, so it extends to an L? section.

4.19. Now, for any L? connection A (for information regarding L? spaces, see appendix

C), we define the functional J: A — R by

J(A) =N (*F(A) + un) ,

211

where 1 is the appropriate identity matrix.

*F(A)
21

4.20 Remark. The functional defined above is well defined. First, ( + /ﬂL) is
self adjoint because the connection A is unitary so the matrix xF(A) € u(k) and also
we divide F(A) by the complex scalar i. Now, the norm N extends to an L? section
and it is not obvious why J would be defined for L? connections. However, recall that
F(A+a)=F(A)+dsa+aAa,soif aisin L}(X;End(FE)) then dsa is in L? and also
a A a, as there is a bounded inclusion L? — L* (cf. appendix C, proposition C.35) and

the product of two L* sections is in L2,

4.21 Remark. As in [DONALDSON, 1983], we have J(A) = 0 if and only if the
connection A is of the required type, i.e., *F(A) = —2mipl. Although the functional
J is not smooth, it has the property that if a sequence of connections A; — A weakly
in L2 then F(A;) — F(A) weakly in L?, thus, J(A) < liminf J(A;), since for all € > 0
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we separate *F'(A)/2mi from the closed convex set {a ; N(a+ pl) < J(A) — €} by a
hyperplane.

4.2.1 Supporting Results

4.22. To arrive at a proof of the theorem 4.11, we will need a series of lemmas and the
following proposition due to K. Uhlenbeck that can be found in [UHLENBECK, 1981],
theorem 1.5 apud [DONALDSON, 1983]. In the next proposition and the subsequent
lemma, observe from corollary C.36 on the appendix C, that the L2 gauge transforma-
tions are indeed a group and that the action of an L% gauge transformation on an L?

connection is well defined.

4.23 Proposition. If {A;} CA is a sequence of L} connections with ||F(A;)||z: boun-
ded for each i, then there exists a subsequence {Ay} and L3 gauge transformations w;
such that uy (Ay) — u(A) weakly in L3.

4.24 Lemma. Consider a holomorphic vector bundle € — X. Then, either inf J|o) €
O(&) or there exists another holomorphic bundle F 2 £, with same rank and degree as
£ and Hom(&, F) # 0, satisfying inf J|or) < inf J|o(e).

Proof. Let {A;} be a minimizing sequence for J|p(g). As the norm N is equivalent
to the L? norm, and N (xF(4;)/2mi + ul) = J(4;) is bounded we have that
N(*F(4;)) is bounded and hence ||F(A;)||z2, so we can apply the proposition
4.23 to obtain A4; — B, weakly in L? and

J(B) < liminf J(4;) = inf J]p(g),

as we saw in remark 4.21. The connection B is in L} and is not smooth, however it
is shown in [ATIYAH, BOTT, 1982] that every L3-complexified gauge orbit in the
space of Li-connections contains a smooth connection. Then, the connection B
defines a holomorphic structure on £, via the dg and we claim that Hom(&, £g) #
0. Indeed, first recall from paragraph 1.50 that for unitary connections A, A’, we

define a connection V 44/ on £ @ £*, by setting
Var =Va@1+1QVy,
with a corresponding
Oan: Q(X;End ) — Q% (X;End€).
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The solutions to 9449 = 0 corresponds to elements of Hom(£4/,E4), as we saw
in 1.55. If we had Hom(&,E ) = 0, dpa, (the Ag corresponds to the first element
in the sequence that, by hypothesis is in the orbit of £) would have no kernel
and since it is a first order elliptic operator, proposition C.33 in the appendix C,

asserts that there exists a constant C' such that
10400||22 > Clloll;z Vo € Q°(X;End&)). (4.5)

Now, we invoke the Sobolev inequality ||o||z2 = C'|[o||Le, for a constant C” to
obtain a constant C; such that in (4.5),

104,012 > Cillo]|| s (4.6)

On the other hand, as L} < L% is compact (cf. proposition C.35 in appendix C)
we get A; — B in L* (this was proved in a more general setting in C.19). Then,
as 53,40 — 5Ai,40 is the operator that sends a smooth section o +— (B — 4;)%!o,

Holder inequality gives us another constant Cs such that

100840 — 0a;:40)0 1|12 < Co||Ai — Bl|allo]| s (4.7)
Applying equations (4.6) and (4.7) to the triangle inequality

108400122 = 1104, 40012 < 1|(DBAag — Da,a,)0] |12,

yields
104,400 2 > (C1 = Co||A; — Bl[a)llo]] s,

and as A; — B in the L* norm, we have that 94, 4, never vanishes for i sufficiently
large, which in its turn implies that Hom(E, €4,) = 0, contradicting the fact that
E=CE4, as A; € O(). This finishes the proof of our claim. We then have
Hom(&,€5) # 0 and:

EXER éJ(B) :infj‘o(g),B S 0(5)

Il
4.25. If we have an exact sequence of holomorphic bundles over a base space X,
0—S—T —U—0,
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any unitary connection A on 7 has the shape

A
a4 8
_ ﬁT Ay
where 3 € Q%(X;U* ® S) is the adjoint of minus the second fundamental form, as

in 1.83. We can normalize 3 so that * Tr(3 A B7) = Tr+(3 A B1) = 27i|3]> and the

curvature of A is expressed as

poay (FAs) —anst s
~d F(Ay) -G A8 )

Since we mentioned about exact sequences, we establish the following result that will

be used to prove our main theorem.

4.26 Proposition. In an exact sequence of vector bundles as above,
deg(7T) = deg(S) + deg(U).

Proof. Recall the definition of the degree of a vector bundle in 4.5. As we saw in

(1.31), we have that
F(A
a(T)=Tr <Z(T)> )
27

A quick look in the previous paragraph allows to conclude that

o (#5) - (7)o (25)

hence ¢1(7) = ¢1(S) + ¢1(U) and from integration, the result follows. O

4.27 Lemma. Let F — X be a holomorphic bundle that sits in an extension
0—F —F—F —0.
If W((F") > u(F) (so w(F) = u(F")), then for all unitary connections A on F we have
Jo =1k (1 — p) + 1k (= p") < J(A), (4.8)

where 1k := tk(F’) and so on, and the above equality holds if and only if the extension
splits.
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Proof. First recall the Holder inequality, stated in the appendix as equation (C.2),
considering f =v and g =1, p=¢ = 2. Then

J(A) = (/Xu<*§7(:)+un>2>l/2
for (5t o).

We will omit the metric form vol that is normalised to unit volume to make the

v

calculations. As we saw, e.g., in the proof of 4.12, we have Tr(F') = Tr(xF') vol
(Tr(+F") is a function on X). Now, recall from proposition 4.17 that if M has
a block composition as (4 B), then v(M) > |Tr(A)| 4+ | Tr(D)|. Considering
M = (xF(A)/2mi + pl) and since we normalised X to unit volume,

WF(A) o +(BA5Y) #E(A") g #(B7AB)
J(A) > /X‘Tr(eru]l —2m.>‘+‘Tr<2m-+/”l _m)‘
SF(A) N o AT ) 461
> | [ () e o (g ) w1

= |~ deg(F') + urk(F') — [|B][7a] + | — deg(F") + prk(F") +[|5]|7l,
so as u(F') > u(F) > u(F"), we obtain
T(A) 2 1K (s — )+ 7K — ") + 21|61,

If the extension splits we get 8 = 0, hence the equality holds. g

4.28 Lemma. Suppose that £ — X is a holomorphic bundle and that theorem 4.11 has

been proved for bundles of lower rank. If £ sits in an extension

0—& —€—&"—0,

then there exists a connection A on £ with

T =t (= ) + 1K (1 = ) > J(A), (4.9)

where 1k’ :=rk(&'), and so on.

Proof. We start observing that, in general, for a bundle that sits in an exact
sequence
0—S—7 —U—Q0,
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connections in the orbit of 7, O(T), given by triples (Ag, Ay, t3) converge in C*
when ¢ goes to zero to a connection Ap € O(S@BU). Now, it is a fact, due to Harder
and Narasimhan (more details can be seen in [ATIYAH, BOTT, 1982], section
7 apud [DONALDSON, 1983]) that any holomorphic bundle P has a semi-stable
filtration

0=Po<P1<---<Pr=P,

with the quotients Q; := P;/P;_1 semi-stable and satisfying p(Q1) > pu(Qz2) >
- 1(Qg). Each quotient is a holomorphic bundle and in its turn will have a
filtration of its own

0=< 0l <---< Qi =g,

with Cf = Qg/Qg_l semi-stable and satisfying ,u(CZ) = 1(Q;) < pu(P1) = u(Q1).
In our case, we have & stable, £’ < € and set P = £’. From the above, we get, as
P1 < &, that

u(C) < u(P1) < u(e). (4.10)

For each i, applying the observation of the first paragraph of this proof to the
exact sequence
0— O/t — 9 —Cf —0,

a l-parameter family of connections {Ag,} € O(Q,) converges to a connection
in O(Q?i_l &> Clk’) Now, we have another exact sequence
00— in_2 — in_l — Cfi_l — 0

)

and connections in {Ag, +} € O(Q,) converge to a connection in O(Q?"_ZEBCZ-’“A),
therefore, inductively, our 1-parameter family of connections {Ag,;} € O(Q,)
converges to a connection in (’)(EB]-CZ-j ). What we are really interested in is to

study 1-parameter familes of connections {A4;} €O (£’). From the exact sequence
0— Py — & — Qp —0,

using an analogous argument to the one above we have that A} — Aj € O(P,_,; &

Qy), and decomposing further we see that

A6 eO (@i,jc{) .
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As rk Cg < rk &, we apply the induction hypothesis to obtain
*F(Af) = 727ri,u(Cf)]l,

where Ag i= Apj o, then as Aj = EBZ'JAg, we get

«F(A}) = —2mil, (4.11)
where A’ = diag(y; ;), and, by 4.10 we have y; ; = ,u(Cij) < u(€). By a similar
procedure for the holomorphic bundle £”, a 1-parameter family of connections in
O(E") converges to Afj € (’)(@MCZ?‘) and

xF(Ap) = —2miN”, (4.12)

where A’ = diag(y; ;). But in this case, we claim that the entries p; ; := M(C)f >
p(€). Indeed,

w(C) = u(Qi) > u(Qk) = w(Pr) = u(€") > u(é),

where the inequality 1(Qg) > u(Py) comes from the semi-stability of Q. Now,

for each t, A} and A} gives us operators
di: Q(X) @ T'(Hom(E", ")) — Q@ THX) @ T'(Hom(E”, £")).

If we take the (0,1)-part of d;, and call it d/, we get (d})? = 0, as 2-forms on
Riemann surfaces are necessarily of type (1,1). Then, it is possible to make a
“Dolbeaut cohomology”for this operator and there will be a version of the Hodge
theorem is this setting. Thus, For ¢ # 0, choose the harmonic representative
of the extension class of £, (;, which means that d/3; = (d/)'3; = 0, but as
(dT = d;, we have d;3; = 0. We can assume without loss that (3 is scaled to
118¢llz2 = 1. As dy — do, and d; are first order elliptic on Q%! there is a uniform
bound

1Bt co < Ct. (4.13)

This follows from the inequality on C.33

18llsz,, < Crllldebellz + 18l 22) = €
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and the Sobolev Embbeding Theorem C.26. Consider now, a 2-parameter fa-

mily of connections on A(s,t) € O(E) given by triples (A}, A, sf3;) with matrix

Afs,1) = ( Am o )
- t

thus, as d;0; = 0, from 4.25 the curvature is given by

sty = [ FA0 -6 A B 0
’ 0 F(A)) —s28I A3, )

representation

So, as s,t — 0, we have by (4.11) and (4.12), that
J(A(5,8)) = | Te(=A' + )| + | Te(—A" + p1”)| = Jy.

Now we have to check that for a smart choice of s,t we have J(A(s,t)) < Ji. As
A’ — p1 has only negative eigenvalues, the same happens for nearby matrices, M,
and for those matrices, we get that v(M) = — Tr(M). Using the uniform bound
on f; of (4.13) as *F(A}) — —2miA’, we have

(K

211

14

,u]l) =J1 — 282|ﬁt|2 + E(t),
with €(t) — 0 with t. So
J(A(s,1))* = / (1 = 282182 + e(t))".
X

For small enough s such that s* [ |8;]* is much less than s? [} [3;* = s%, and t

also small so that €(t) is even smaller, we get J(A(s,t)) < Jj. O

4.2.2 Proof of Theorem 4.11

4.29. Suppose that an indecomposable holomorphic bundle £ — X admits a connection
A meeting the requirements of the theorem, i.e., J(A) = 0, we wish to prove that &

is stable. Indeed, for every subbundle £ < &, the indecomposability condition tells us

that the exact sequence

0—& —€—&"—0,

does not split. Assuming that £ is not stable would imply that for a given subbundle

&’ as above we would have ' > > 1. So now we can apply lemma 4.27 and equation
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(4.8) tells us that Jy < J(A) = 0. However, the definition of J; and the relations on

w, 1’ " imply Jy > 0, and we arrive at a contradiction.

4.30. Conversely, suppose that £ is stable and that the theorem has been proved for
bundles of lower rank. We claim that inf J]|o) € O(E). Indeed, suppose the contrary.
Since £ is holomorphic we can apply lemma 4.24 to construct another bundle F 2 &,
with same rank and degree as & with Hom(&, F) # 0, satisfying

inf J|O(}-) S inf J|O(g)‘ (414)

In general, for any non-zero holomorphic map of bundles over X, a: &€ — F there
are proper extensions and factorizations, as in [NARASIMHAN, SESHADRI, 1965,
section 4 apud [DONALDSON, 1983]

00— —=E—=¢&"—>0
|
0= F'=—F~—F~<~—0

with exact rows and satisfying rk E” = rk F’, det 8 # 0 and deg £” < deg F’, thus
p(F') = w(E") > n(&) = u(F). (4.15)
From (4.15) we can apply lemma 4.27 on the bottom row of the above diagram and get
inf J]|or) > Jo, (4.16)
and lemma 4.28 on the upper row
inf J|owe) < Ji, (4.17)
thus combining (4.14), (4.16) and (4.17), we get
Jo < Ji. (4.18)

Now, rk& = rk F and rk&” = rk F’ implies rk &’ = rk F”. From the proposition 4.26,
deg & = deg F and deg £” < deg F’ implies deg &' > deg F”, thus, from (4.8) and (4.9),

we obtain J; < Jp, a contradiction that proves our claim that inf J|oe) € O(E).
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4.31. So, & is stable and inf J|p(¢) is attained at A € O(£). The operator d',d, (which
is similar to the Laplace-Beltrami defined in 2.10, and the dual dL is with respect to the
L2 inner product), acting on L3 self-adjoint sections of End(F), has kernel the constant

multiples of the identity, because any other element of the kernel would satisfy
0= (deAU, U) = (dAU, dA“))

so, in particular, O4u = 0 and hence the eigenspaces of u would decompose &€ holo-
morphically, which is forbidden by stability. Now, as the projection on the harmonic
functions of Tr(xF/2mi) = «Tr(F/2mi) is —deg(E), since ¢ () = Tr(iF/27), we get
that the projection of *F/2mi on the kernel of dld, is —u(€)1. Thus, Hodge theory
(a slightly different version of 2.32, confer [NARASIMHAN, RAMADAS, 1979] apud
[DONALDSON, 1983]) implies that there is a self-adjoint section h € L3(T'(End(E))
such that
dl\dah = 2mp — i * F(A).

For small t,1 +th = ¢, € Gc. Set A; = g:(A) € O(E). We compute its curvature using
(4.3) and (1.25), and observing that (94¢g;)" = 09, we obtain

F(A) = F(A)—0a((0a90)9; ") + 0alg; " (0agr))
—04919; 2049t — g; 049104919, "

with [lq(t, h)l[z2 < C(||hll3)t?, for small . As diydy = i % (0404 — 9404) we get on

(4.19)
(#ﬁ” + Mn) - (%(WA) + ml) (1—1)+0(),

therefore, taking the norm N on both sides and taking into consideration the fact that
J(A) = inf J|p(¢), we have

J(A,) = J(A) — tJ(A) + O(#2).

Now, if J(A;) is to be a minimum at ¢ = 0, we must have *F(A)/2mi = —ul, as
we wanted. Although A need not be a smooth connection, we can find a unitary

gauge transformation u € G such that u(A) is actually smooth, as it is shown in
[UHLENBECK, 1981] apud [DONALDSON, 1983)].
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4.32. As for the uniqueness, up to unitary gauge transformation, recall that any com-
plex matrix GG can be written in the form PU, for P a positive definite Hermitian matrix
and U a unitary matrix. Thus g € G¢ has a factorization as g = pu, for p positive Her-
mitian and u unitary, so, if A, B are distinct solutions, we can put B = ¢(A), and
we can assume g = g'. Since F(A) = F(B) = —2mipl vol, where vol is the Hermitian

volume form that was normalised to unit volume, we obtain again from (4.3) and (1.25),
040a9” = —((049%)9™ ) ((Dag®)g™")".

Taking the trace of the above expression and considering A the Laplacian as in 2.10,
we obtain ATr(g?) < 0, with equality if, and only if, 949> = 0. By the maximum
principle for subharmonic functions (cf. [EVANS, 1998] section 6.4) the only possibility
is ATr(g?) = 0 everywhere. Since £ is indecomposable, we must have g a constant
scalar, thus A = B.
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Conclusion

To sum up, the notions of connection and curvature on a vector bundle play a central
role in gauge theory. That is why close attention was payed to the computations
involving these objects throughout this dissertation. Besides the matrix calculations
we have just mentioned, it was also treated here how that gauge theory naturally relates
with Lie theory, partial differential equations and complex geometry. Nevertheless, what
was discussed here was only a small part of what is understood as gauge theory, even
in low dimensions. To conclude this work, it will be mentioned some interesting topics
that were tangentially related with this work throughout the period in which it was

written, but were not included.

Base spaces of dimension four are particularly interesting to Mathematical Physics,
in as much as many models for space-time are treated in this dimension. The happy
coincidence that the Hodge star operator is an involutive operator (** = 1) on the
space of 2-forms of a 4-manifold, allows us to produce a wide range of results regarding
the topology of 4-manifolds. For instance, an interesting construction in dimension
four is the so-called “moduli space of Instantons” associated to a vector bundle. This
consists of the space of ASD connections modulo the action of the gauge group. After
some hard work using mathematical analysis, it can be shown that this quotient of
infinite dimensional spaces turns out to be a finite dimensional manifold, and new
topological invariants of the initial base-manifold can be produced using this manifold.
More account on this matter can be found at [DONALDSON, KRONHEIMER, 1990].

The close relationship between stability of bundles and existence of special unitary
connections on a vector bundle over Riemann surfaces, that was discussed in chapter
4 of the present work, can be extended to base-manifolds of complex dimension higher
than 1. As an example, the article [DONALDSON, 1985] treats the case of complex

surfaces (complex dimension 2), and in this case, the stability of a bundle is related to

99



connections which the curvature must satisfy the Hermite-Finstein condition
AF =)\,

where A is the dual of the Lefschetz operator (cf. appendix A) and A is a scalar that
depends on the bundle and on the base-manifold. It can be shown that AF' = *F when
the base-space is a Riemann surface and the equation used in chapter 4 is nothing else

but this Hermite-Einstein condition.
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Conclusao

Em suma, os conceitos de conexao e curvatura num fibrado vetorial exercem papel
central na teoria de calibre. Por isso é que foi dada atencao especial para os calculos
envolvendo conexoes no decorrer desta dissertacao. Além dos calculos matriciais men-
cionados acima, foi visto aqui como a teoria de calibre naturalmente recai sobre a teoria
de Lie, a teoria de equacoes diferenciais parciais e a teoria de variedades complexas.
No entanto, o que foi visto neste trabalho reflete apenas uma pequena parte daquilo
que compreende a teoria de calibre, mesmo em dimensoes baixas. Para finalizar, sao
mencionados alguns assuntos interessantes que tangenciaram a vida académica do autor

durante o periodo de mestrado, mas que nao foram incluidos nesta dissertacao.

Espacos-base de dimensao quatro sao particularmente interessantes para a Fisica
Matematica, pois muitos modelos de espago-tempo sao feitos nessa dimensao. A feliz
coincidéncia de que a estrela de Hodge é um operador linear involutivo (x> = 1) no
espaco de 2-formas de uma 4-variedade permite produzir uma gama de resultados no
estudo da topologia das 4-variedades. Por exemplo, uma interessante construcao em
dimensao quatro é a dos chamados “moduli Space of Instantons”associados a um fi-
brado vetorial. Este é o espaco das conexoes ASD, médulo a agao do grupo de calibre.
Apoés algumas incursoes em andlise matematica, pode-se mostrar que este quociente
de espacos de dimensao infinita acaba sendo uma variedade diferenciavel de dimensao
finita, e novos invariantes topoldgicos da variedade-base inicial podem ser produzidos a
partir deste “moduli Space”, como consta em [DONALDSON, KRONHEIMER, 1990].

A intima relacao entre estabilidade e existéncia de conexdes unitarias especiais num
fibrado vetorial sobre superficies de Riemann, que foi apresentada no capitulo 4, pode
ser estendida para variedades-base de dimensao complexa maior que 1. Por exemplo,
o artigo [DONALDSON;, 1985] trata do caso de superficies complexas (dimensao com-

plexa 2), e a estabilidade de um fibrado esta relacionada a conexdes cuja curvatura deve
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satisfazer a condicao de Hermite-Einstein
AF = )1,

em que A é o dual do operador de Lefschetz (cf. appendix A) e A é um escalar que
depende do fibrado e da variedade-base. Pode-se mostrar que AF = *F quando o
espaco base é uma superficie de Riemann, e a equacao usada no capitulo 4 do presente

trabalho nada mais é do que esta condicao de Hermite-Einstein.
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Apeéendice A
Complex Manifolds

The theory of complex manifolds is very rich and useful in many areas of Mathe-
matics. In this appendix, we will discuss briefly only the aspects of complex mani-
folds that are relevant to the present work. The main references for this part are
[GRIFFITH, HARRIS, 1978], NAKAHARA, 2003] and [HUYBRECHTS, 2005].

A.1 Initial Definitions

A.1. Recall the definition of a smooth manifold as a locally Euclidean, second coun-
table topological space M together with a maximal differentiable structure .# (cf.
[WARNER, 1983] for a good reference and example 1.12 where we cited the differen-
tiable structure .%). The second axiom of countability here is present to ensure that
manifolds are paracompact, so they admit partitions of unity. The definition of a com-
plex manifold is very similar to the one of a smooth manifold, basically, the local model
for the theory is C" instead of R™ and we change the adjective “smooth” for “holo-
morphic”. As C = R?, and being holomorphic implies smoothness, complex manifolds

are also smooth manifolds and we shall see here the differences between these objects.

A.2. Consider U C C"™ =2 R?" open, with coordinate functions z!,...,2": U — C. We
write z# = +iy*, i =/ —1, and 2*, y*: U — R, for y=1,...,n. For a point u € U,

we have the real tangent space

Oxl’ oyt’ 7 Oan’ Oy

TuU:spanR{ 0 9 0 9 }

Let {dz',dy',... ,dz",dy"} be the dual basis of T,,U, in T:U = Hom(T,U;R), also
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known as the space of 1-forms at u € U, or the cotangent space at u. We now consider

the complexified cotangent space
Hom(7,U;R) ® C = Homg(T,,U; C),

and set
dz"' .= da" + idy" dz" .= dx* — idy*,

for u = 1,...,n. It is not hard to prove that {dz',dz',... dz",dz"} forms a basis to
Homg (T,U; C). We define the symbols % and %

7 by
o _1(o 9
oz 2\ 0xzr Oyt
9 _1(o .0
ozr 2\ 0xr Oy )’

It is immediate that

0 9, 0 0
u — I — 0= dz" — dst
dz <8z“) 1, dz (agu) 0=dz (8z”> dz (62") ,
0 0 0 0
SH _— — SH _— = — SH _— — SH
dz (8z“) 1, dz (82’“) 0=dz (82”) dz (82”) ,

for v # p. The action of the operators defined above on smooth C-valued functions f

and

is the obvious one.

A.3 Definition. Let f be a smooth C-valued function on U, i.e., f: U — C. We call
f holomorphic on U if

on U, for every p.

A.4 Definition. Let f! ..., f* be smooth C-valued functions on U, and let f =
(fY,...,f"): U — C". We say that the map f is holomorphic if each f* is holo-

morphic.

A.5 Remark. The definition above is equivalent to the celebrated Cauchy-Riemann

equations
of _ _,0f
ozt Z@y“'
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Also, T,U has a natural structure of a C-vector space, by putting

0 .0
a—yu —Z@, Vu

A.6. Let f be a smooth C-valued function on U C C". We define the total differential

of f as

0 0
df =) a—aidx“ + a—fdy“,
w

y#
or in terms of z* and z*, as

N~ g OF
df = 8z#dz + (%udz )
m
A.7 Proposition. A smooth C-valued function f on U is holomorphic if, and only if,
df is C-linear for every u € U.

A.8 Corollary. Let f and g be holomorphic functions on U. Then
1. (f+g) and (f - g) are holomorphic,
2. if [ is nowhere zero, then 1/f is holomorphic;

3. assume that h is a holomorphic function on an open set of C, and that h is defined

in the range of f, then h o f is holomorphic.

A.9 Definitions. A complex manifold of dimension n, where the complex dimen-
sion is denoted as dimc M = n, is a Hausdorff, second countable topological space M
together with an open cover {U, }ae; of M and homeomorphisms ¢,: U, — U C C",
for all a € I, such that

Yo 095" 0a(Ua NUp) = (U NUp) (A1)

are biholomorphic (holomorphic with holomorphic inverse), for all «, 3. The pairs
(Ua, pa) are called charts while 9,5 = ¢, o gogl are called transition functions.
In a chart (U, ¢), the coordinate functions on U are defined by composing z* o ¢,
where z# are the coordinates of C". We often abuse the notation and regard z* as the
coordinates on U and write, for p € U, ¢(p) = (z'(p), ... 2"(p)).

The set of charts {(Us,, v,) | @ € I} is called an atlas, and they define a complex
structure on M. If the union of two atlases {(Ua, ¢a) | @ € I} and {(Vz,v5) | 5 € J}
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is again an atlas, in the sense that (A.1) is satisfied, we say that they define the same

complex structure.

A.10 Example. The complex projective space, CP" is perhaps the most important
compact complex manifold. We define it as the set of complex lines in C"*!. As a set,

we have

CP" := (C™\ {0})/C",

where the C* action on (C"*!\ {0}) is given by
A2, 2" = (A0, ) AeCr(2°..., ") e CMHL

We denote an equivalence class under the action by its homogeneous coordinates

[20:...: 2"], where, we should remember that [20:...: 2" = [X2°:...: A\2"], for non-
zero A. We will now give an explicit atlas to the projective space. For = 0,1,...,n,
consider

U, i={[z":...: 2" | 2" # 0}

If we endow CPP" with the quotient topology, each U, will be an open set, as the inverse

image under the quotient map is open in (C"**\ {0}). Also, consider the bijective maps

0 p—1 p+1 n
z z z z
0 U, —C" [P 2= (= — — ]
zZH zH zH zH
with inverse given by inserting “1” in the u-th coordinate,
(wh, .. w™) s [wh o wr T T wt L w.

It is not hard to show that these maps are indeed continuous, thus each ¢, is a ho-

meomorphism. The transition functions (assume without loss of generality u < v)

Yy 1= gpuogoljl: C

" — C" are given by

ww,(wl, cow") =

.y 9 g oo ey

(wl wﬂ*1 w/Hrl wufl 1 w’ wn)
)

wh’’ wh ok wh Tk kT wk

which are holomorphic in each coordinate, as w* # 0, since it is in ¢, (U, N U,).

A.11 Remark. It is not obvious from the above example that the complex projective

space is a compact space. There is an equivalent way of seeing the projective space as
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the quotient
C]Pm — SQn—H/Sl,

where, as usual, S?"*! are the elements of norm 1 in C"*! = R?"*2 with its Euclidean
metric, and the action of St in S?"*! is the same as the one in the example above but
restricted to S* C C*. Namely,

A2, 2") = (A0, a2 Ae S (Y. .., 2" e st

Since the sphere S?"*! is compact the projective space will also be compact.

A.12 Definition. Let M be a complex manifold. A map f: M — C™ is called holo-
morphic if
fo ‘P;1: $a(Ua) — C™

is holomorphic for all charts of M.

A.13 Definition. We call amap f: M — N between complex manifolds holomorphic
if
Ygo fr M —1hs(Vp)

is holomorphic for all charts (Vj,13) on N.

A.14. Consider M a complex manifold of dimension dim¢c M = n. Following the expo-
sition of [GRIFFITH, HARRIS, 1978], for a point p € M on a chart U with coordinates
2(p) = z*(p) +iy*(p), 1 < u < n, we have three notions of tangent space at p:

1. Considering M as smooth manifold of real dimension 2n, we have the usual real
tangent space (7,M)g, or simply T,M, that is regarded as the space of R-linear
derivations on the ring of R-valued smooth functions on U. It is defined similarly

to paragraph A.2 as

TpM:spanR{ 0 9 0 9 }

dal’ 9yt 0an Oy

2. The complex tangent space (T,M )¢ := (1T,M) @ C is the complexification of

the real tangent space. It is realized as the space of C-linear derivations of the
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ring of C-valued smooth functions on U. We write

o 0 o 0
T,M =
(TyM)e Spatic {axl’ oyt O 6y”}

N A
PN 5 G g g [

. The holomorphic tangent space (7,M)"° defined as

0 0
spang {%,,%} C (T,M)c.

It is realized as the set of C-linear derivations that vanish on antiholomorphic
functions, i.e., C-valued functions on M such that df/9z* = 0, for all u. Set-
ting (7,M)%! := spang {5, . .., 52 }, we obtain the antiholomorphic tangent

? Ozn

space, and
(T,M)c = (T,M)"° @ (T, M)"".

Since (T, M)c is given as the complexification of the real tangent space, the ope-

ration of conjugation is well-defined, and we have
(T, M) = (T,M)'°.
It follows that the projection
T,M = (T, M) — (T, M) (A.2)

is an R-linear isomorphism.

A.15 Proposition. The separation (T,M)c = (T,M)** & (T,M)%! is independent of

the choice of coordinate chart.

Proof. See discussion in paragraph A.26. O

A.16. Let M and N be complex manifolds, of complex dimension m and n, respectively,

and f: M — N be a smooth map between the underlying smooth manifolds. We have

induced R-linear maps between the tangent spaces

dfpt TpM — Tf(p)N,
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and hence, C-linear maps between the complexified tangent spaces
dfp: (T,M)c — (Typ)N)c.

A.17 Proposition. The map f: M — N as in the previous paragraph is holomorphic
if and only if df,((T,M)*°) C (T N)°. In particular, df,: (T,M)*° — (TypN)HY is
C-linear.

Proof. Consider coordinate charts on M™ and N™ with ¢, (p) = (2*(p), ..., 2™ (p))
and 1s(f(p)) = (W' (f(p)),...,w(f(p))). Then,

0 ow” 0 ow” 0
TORE

D2k Ozt Qw? ~ OzF Owv’

so dfy((T,M)*0) C (T4, N)"C if and only if (w” /dz*) = 0 for every v, and this
happens if and only if f is holomorphic. O

A.18. Still considering a map between complex manifolds as in A.16, let ¢(p) =
(D), ., 2 (p) and ¥(f()) = (W' (F());...,w"(f(p))) be coordinates around p
and f(p) on charts of M and N, respectively. Assume that f is now holomorphic. Cor-
responding to the several notions of tangent spaces seen in A.14, we also have different

notions of the Jacobian of f.

1. Regarding the the real tangent spaces, write z#* = x* + iy* and w” = u” + w".
We have basis for T,M and T, N given by {Opu, Oy}, 1 < pp < m and {0y, Opv },
1 < v < n, where we abbreviate a% by O.«, and so on. Then, the real Jacobian

of f is given by the 2n x 2m matrix

ou”  ou”
() =| 95 9
ozt Oyt

2. In terms of the basis {0,u, 051 }, 1 < p < dimg M and {9y, Ogr }, 1 < v < dimg N,
of (T,M)c and (T4(»)N)c, we have the complex Jacobian

de)—(‘](f) L) (A.3)



where
ow”

T o

J(f)

A.19 Remark. A complex manifold gets a local canonical orientation using the charts.
These local orientations are well-defined since the Jacobian of the transition functions

have the shape given by (A.3), and the determinant is given by

det(Je(vap)) = det(J (Vas))det(J (1as)) = | det(J (vag))]* > 0.

Hence, a complex manifold is in particular an oriented manifold.

A.20. Another useful consequence of the Jacobian on holomorphic functions is to de-
rive a formula for the change of coordinates on complex manifolds. Consider overlap-
ping charts (U, ¢) and (V, 1) with coordinates p(p) = (2*(p),...,2"(p)) and ¥(p) =
(wh(p),...,w"(p)), on a point p € U NV of a complex manifold of complex dimension

n. Using (A.3), we have

0 ow” 0
ozr OzH Qw? (A4)
i B ow” 0
ozn Ozh Ow?
ow” .
dw"* = BT dz
_ ow”
do* = 25 dz”.

A.21 Definition. Let M be a complex manifold. A complex vector field is a smooth
assignment p € M — v, € (T,M )¢ of a tangent vector in (7, M )¢ for each p. We denote
to the set of all complex vector fields by 2 (M)c. Similarly to the decomposition of
(T;M)c, we have 2" (M)c = 2 (M)W o 2 (M)

A.2 Almost Complex Structure

A.22. Let M be a complex manifold and define a linear operator on the real tangent
space Jy,: T,M — T,M, by

0 0 0 0
w(om) = ap *(ap) =
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for every pu. Note that Jg = —1. Naively, J, corresponds to the multiplication by
i. Although we used coordinates to give an expression to .J,, it does not depend on
the chosen coordinates. To see this, consider overlapping charts U,V with coordinates
M =t 4+ iyt and w* = vt + i, for 1 < p < dime M. On U NV, we have

Ji_J dx¥ 0 (93/8 Z@y@ x”8:8
P\ Our our O 8u“ oy Ovk Oy 81)“ oxv  OvH’

where use has been made of the Cauchy-Riemann equation % = _Zavl‘ With a si-
milar calculation we obtain that the other expression, J,(0/0v#*) = —(9/0u"), is also

independent of the chart. The operator J, has the following matrix representation

0 -1
(07 "

Since all the components of .J,, are constant at any point, we may define a smooth tensor

field J whose components at p are given by (A.5).

A.23 Definition. The tensor field J defined in the previous paragraph is called almost

complex structure of a complex manifold M.

A.24 Remark. We note that any 2m-dimensional manifold locally admits a tensor
field J which squares to —1. However, J may be patched across charts and defined
globally only on a complex manifold. The tensor J completely specifies the complex

structure.

A.25. The almost complex structure is extended so that it can be defined on (7,M)c.
Consider a vector u = v + iw in (T, M )¢, with v,w € (T,M). Set

Jp (v 4+ 1w) = J,(v) + iJy(w),

therefore we have J,(0/0z*) = i(0/02*) and J,(0/0z") = —i(0/0z"). With respect to

the holomorphic and antiholomorphic basis, the operator J, has the following matrix

10
() o

If a vector in v € (T,M)c is given by v = > v#(9/0z"), then J,(v) = dv. Similarly,

representation
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if w= > wt(0/0z"), then J,(v) = —iw. We then recover the separation (T,M)c =
(T,M)"°a(T, M), by identifying (T, M)"? with the (+¢)-eigenspace and (T,M )™ with
the (—i)-eigenspace. We also denote these eigenspaces by (7, M )%, accordingly, and we
have (T,M)c = (T,M)* & (T,,M)~. We define projections P*: (T,M)c — (T,M)* by

1 ‘
Pt = 5(1 Fiy).

In fact, observe that J,P* = (1/2)(J, —iJ?) = i(1/2)(1 — i.J,) = iP*, and similarly
JyP~ = —iP~.

A.26. The introduction of the almost complex structure of a complex manifold has
some nice features. First, the projection P* is precisely the projection that yields the
R-isomorphism in (A.2) between the real and holomorphic tangent spaces. Also, we
now have an easy way to prove proposition A.15. Since the projections P* do not
depend on the coordinate charts, as 1 and J, do not, dimensional reasons tells us
that (7,M)c is generated by P+ ((T,M)c) + P~ ((1,M)c), and the vectors lying in the
intersection P*((T,M)c) NP~ ((T,M)c) are the ones which are simultaneously in the

(+4) and (—i)-eigenspace, so it is only the zero vector.

A.3 Complex Differential Forms

A.27. Consider M a smooth manifold of dimension n and recall that the set of r-forms
at a point p € M is given by A" Ty M. We define a complex r-form at p as an element

in the complexification
(A" Ty (M))c:=ANT,M®C.

More concretely, a complex r-form may be represented as &, = w, +1n),, for real p-forms
wp,Mp € A" Ty M. The conjugation satisfies £, = w, — in,. Now, a smooth assignment
of a complex r-form at each p € M is a complex differential r-form and the set of
complex differential r-forms is denoted by (Q"(M))c. A complex differential r-form is
uniquely decomposed as & = w + in, with w,n € Q"(M). Also, the exterior product of
two complex differential forms & = w +in and ( = ¢ + @) is given by

ENG = (wHin) A(p+ir)
= (WA —nAY)+i(WAY+nAp)
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Some properties of real differential forms are valid in complex differential forms. Na-
mely, let & = (w+in) € (QUM))c, ¢ = (p+ i) € (2" (M))c and d be the exterior

derivative. Then, we have

d¢ = d(w+in) = dw +idn (A.7)
EANC = (=1)7CNg
dEANC) = dEACH (=1)ENdC.

A.28. Now consider M a complex manifold, with complex dimension n. Let §, €
(A™ T3 (M))c and r,q be positive integers such that m = r + ¢q. Consider vectors
V1, .., Um € (T,M)c which are either in (T,M)"° or in (T,M)%!.

A.29 Definition. If ,(vy,...,v,,) = 0 unless r vectors among the {v;} are in (7,,M)*°
and ¢ vectors among {v;} are in (T,M)%!, we say that &, is an (r, q)-form, or a form
of type (r,q). The set of (r,g)-forms at a point p is denoted by A" TyM. A smooth
assignment of an (r, g)-form on A™? TrM, for each p € M is called a differential
(r,q)-form. The set of differential (r, ¢)-forms is denoted by Q"4(M).

A.30. Take a chart (U, ) with coordinates p(p) = (2(p),...,2"(p)), for p € U. In the
coordinate basis of (T M)c, {dz*,dz"}, 1 < p < n, immediately from the definition
we have that dz* is of type (1,0) and dz* is of type (0,1). We write an (r, ¢)-form w

locally, on the coordinate basis, as
w=Y wid Nz =W s, d2 AL AT NN AR, (A8)

where

0 g0 0 8)

w oo, — W ... c.
H1..-UrV1...Vq (azul I ) azur ) azul Y ) azyq

We will clearly prefer the notation w;jdz! A dz’, with I = {u; < -+ < p,} and
J={v < -+ <y} (the “bar” is just to denote the antiholomorphic part). Suppose
that (V,4) is another chart with coordinates ¥ (p) = (w!(p),...,w"(p)). Using the
formula for change of complex variables (A.4), we get

w = Zwljdzl Adz!
ozt ozte oz ozve
— Zwu< S )/\.../\ (Z 5w )/\( 8w’7dwn> A A ( 8mdw”)
i Vi
= Yupdet (220 et (ZD) awk adat,
Qwe ) 1 owm ) o
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where the last sum is over all the multi-indices I, J, K, L, and K = {\; < ... < A\ },
= {m < --- <1y}, so the type is independent of the chart chosen. We summarize

some properties in the following proposition.

A.31 Proposition. Consider M a complex manifold of complex dimension n and w,
& complex differential forms of M. Then

1. Ifw e Q™(M), then w € Q@";
2. Ifw e QM) and £ € Q" (M), then w A E € Qriratd;

3. A complex differential m-form w is uniquely written as

W= Z w(r,q),

r+qg=m

where w(™) € A Ty M. We thus have a decomposition

4. Forpe M, we have

dimgp A" T*M = (T) (T;)’ if0<r,g<m
’ 0, otherwise,

m

and dimg(A™ T3 (M))e = Y, ., dimg A" T2M = (*7).

Proof. Cf. [NAKAHARA, 2003], Proposition 8.1. O

A.4 Dolbeault Operators

A.32. Following [NAKAHARA, 2003], consider a differential (p, ¢)-form w written in
local coordinates as w = > w;jdz! A dz’, like in (A.8). The action of the exterior

derivative d in w is

0 0 _ _
dw = Z (@W}jdz)\ + @wfjdzv Ad2" A dE
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a mixture of (p + 1,¢)- and (p,q + 1)-forms. We separate the action of the exterior

differential d according to its destinations,
d=0+0,

with 9: QP4(M) — QPFL9(M) and 0: QP9(M) — QP9+1(M). These operators are
called the Dolbeault operators. These differential operators have similar properties
as in (A.7).

A.33 Definition. Let M be a complex manifold and w € QPP(M) a (p,0)-form. If

Ow = 0, we say that w is a holomorphic p-form.

A.34. As0=d? = (0+0)(0+0) = 0>+ (00 + 00) + 9%, we have 9* = 0, so we can talk
about cohomology. A differential (p, ¢)-form w is called d-closed or a (p, q)-cocycle
if it satisfies Ow = 0, and is called J-exact or a (p,q)-coboundary if there exists a
differential (p,q — 1)-form & with w = 9¢. As usual, we denote by Z2Y(M) to the set
of (p, q)-cocycles and BE?(M) to the set of (p, g)-coboundaries, and the complex vector
space 22900)
Pa _ %5

HY O = By
is called the (p,q)th 0 cohomology group. The following theorem is an important
and rather difficult result on analysis of several complex variables, that can be used

on complex manifolds. We will not make much use of it in this work, but it would

be a crime if we made no reference on so beautiful a result. A proof can be found in
[HUYBRECHTS, 2005], Proposition 1.3.8.

A.35 Theorem (0-Poincaré lemma). Let U be an open neighborhood of the closure of
the polydisc B. C B, c U C C". If w € QP4(U) is O-closed and q > 0, then there exists
€ € QP9=Y(B,) such that w = O¢ on B..

A.5 Hermitian and Kahler Manifolds

A.36. When talking about Hermitian metrics on a complex manifold there are three
things that are very closely related, and we will discuss in this section. Namely, they
are the Hermitian metric, the associated Riemannian metric, and the associated (1,1)-

form. In order to discuss these objects we begin with a bit of linear algebra. Consider
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V' a complex vector space. Recall that a Hermitian inner product on V' is a map
H:V xV — C that satisfies

1. Hu+v,w) = H(u,w) + H(v,w);

2. H(Av,w) = AH (v, w);

3. H(v,w) = H(w,v);
4. H(v,v) > 0 and is equal to zero iff v = 0,

(more details on inner product spaces can be found in [HOFFMAN, KUNZE, 1971]).
Given a Hermitian inner product H on V, set G = R(H) and W = $(H), in other
words, we have H = G + iW. Then G becomes a real bilinear symmetric form on V'

and W a real bilinear alternating form on V. Indeed,

H(u,v) = G(u,v) +iW (u,v) = G(v,u) —iW(v,u) = H(v,u),

and clearly G, W: VxV — R. Now, H(iu,iv) = H(u,v) because of properties 2. and 3.
of the definition of Hermitian inner product, hence G and W have the same property.
Thus, starting with H, we defined real bilinear forms that remain invariant by the
multiplication by 7. The not-so-clear feature is that we could start with any of the three,
H,G or W and define the other two. Indeed, Given G such that G(iu,iv) = G(u,v),
set

He(u,v) = G(u,v) + iG(u,v) and Weg(u,v) = G(u, ),
and given W with the same property, set
Hy (u,v) = W(iu,v) +iW(u,v) and Gw(u,v) = W(iu,v).

A.37 Definitions. Let M be a complex manifold. A Hermitian metric on M is a

smooth choice of a positive definite Hermitian inner product
h: (T,M)*° x (T,M)"* — C,

on each holomorphic tangent space. From the identification of T, M with (7,,M)"°, the
Riemannian metric g = R(h) on (T,M) is called the associated Riemannian form,
and as S(h) is alternating on T,M, w = —13(h) is called the associated (1,1)-form

or the fundamental form.
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A.38 Remark. In the above definition, we used strongly the fact that 7,M and
(T,M)*° are naturally isomorphic via P*. Thus, when we say ¢ = R(h) is a Rie-
mannian metric on M, we should have written g(v,w) = %(h((?*)_lv, (77+)_1w)>.
But we will be sloppy, and just write g(v, w) = R(h(v,w)), and one should understand

that the vectors are identified.

A.39 Remark. From (A.6), we get that Jv = 4v, for every v € (T,M)"°, thus the ac-
tion of the almost complex structure is equivalent to the multiplication by i. Therefore,
similarly to what we saw in A.36, we have h(Jv, Jw) = h(v,w), for vector fields v, w
on M, and we can also determine g, h,w, by specifying one of the three. In particular,
given g: T,M x T,M — R, with g(Jv, Jw) = g(v,w), set,

h(v,w) = g(v,w) + ig(v, Jw). (A.9)

A.40. So far, we have a complex manifold M, and for each p € M we have a vector
space T,M that can be given a complex vector space structure by considering the
almost complex structure J. Complexifying, we obtain (7,M)c = Tpl’OM e T Z?’lM ,
and we saw that naturally, T,M = T,°M. If we have a Riemannian metric g on the
underlying real manifold M that is compatible with the almost complex structure J,
in the sense that g(Jv, Jw) = g(v,w) for any vector fields v, w, we saw that we can
define a Hermitian metric h on T,M and on the holomorphic tangent space T,°M by
considering (A.9). Conversely, if we are given a Hermitian metric on M, we find a
Riemannian one, by considering g = $(h). Now, starting with the Riemannian metric
g on T, M that is compatible with J, we could have defined a Hermitian extension of

gc to the complexified tangent space (7,M )¢ by setting
ge(v @\ wep) = Aag(v,w),  v,weT,M\pueC,

and we could ask ourselves if there is any relation between the Hermitian extension of

gc restricted to the holomorphic tangent space and h given by (A.9):

A .41 Proposition. Let V' be a vector space endowed with an inner product G: VXV —
R and J:V — V be a compatible almost complex structure. Under the isomorphism
Ve yLo

1
iH =G y10’

where G¢ is the Hermitian extension of G' to the complexified Vi, and H s the Hermi-
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tian form associated to G.

Proof. Recall that the isomorphism between V and V10 is given by v +— & (v—iJv).

2
Thus,

Ge <;(v o), 5w - m@) = H(Oww) +iG(v, Jw) — iG(Jv,w) + C(Jv, Jw))
= %(2G(v,w) + 2iG (v, Jw))

1
= iH(v,w).
i

A.42. Since a complex manifold M is in particular a smooth manifold, standard argu-
ments using partition of unity grants the existence of Riemannian metrics g on M. One
could also make use of the Whitney’s embedding theorem to embed M in RY, for large
enough N, and then obtain a metric in M by pulling back the Euclidean metric to M.
In both ways the existence of Riemannian metrics in complex manifolds is guaranteed.
Now, given any Riemannian metric g on M, and v, w € T,M, define

Gp(v, w) = (9p<JpU7w) — gp(v, Jpw))'

DO | —

A small calculation gives us g,(J,v, Jyw) = g,(v,w), and therefore, every complex

manifold M admits a Hermitian metric, from what we saw in (A.9).

A.43. In term of coordinates, let (U, ) be a chart with ¢(p) = (2(p),...,2"(p)). Let

o 0
hwzh(@w)

thus we write A in terms of the basis {dz", dz"} of ((T,M)"°® (T,M)'0)" = (TxM)"’®
(Ty M) as

h= Z By, dz" @ dz”.
Now, if we consider normal coordinates, i.e., a basis {ei,...,e,} of (T,M)"? and dual
basis {0',...,6"} of (IxM)"" such that h(e,, e,) = 0, and the induced h on the dual

also satisfies h(6*,0) = 6", then we have
h=>Y 0" 0"
o
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Normal coordinates always exists locally, as we can apply Gram-Schmidt to the coor-
dinate basis. Now, writing the elements of the coframe {0',... 0"} as 0* = a* + i3,
we obtain
h = Z (o @ " + " @ ') + i(—a" @ B + ' @ o)),
p
therefore,
g=R(h) =D '@+ @,
p

and

1 i _
w:—ég(h):;a“/\ﬁ“z§;ﬁ“/\0”.

A.44. For the complex manifold M with Hermitian metric h, associated fundamental
form w, on a local coframe {6*}, 1 < pu < dimc M, with 0* = o* + i3*, the volume

form of the associated Riemannian metric g = R(h) is given by
vol=a' AB*A ... AQ™ A B
But, we know that w = Zu a’ A\ B, thus
WA ... \Nw=w"=nlvol,

and we find again that a complex manifold is orientable, since w never vanishes as h is

positive-definite.

A .45 Definition. Let M be a Hermitian manifold endowed with a Hermitian metric
h whose associated (1,1)-form w satisfies dw = 0. Such a manifold is called a K&hler

manifold, and the metric h is also called Kahler, as well as the fundamental form w.

A.46 Example. Let M be a Riemann surface, i.e., a complex manifold of dimension 1
(Riemann surfaces are also called complex curves, because the complex dimension is 1).
From paragraph A.42, M can be given a Hermitian metric h, and by dimensional rea-
sons, the associated (1, 1)-form will be closed, therefore every Riemann surface admits

a Kéahler structure.

A.47 Example. The complex projective space is also a Kahler manifold. To see this
we will construct a global closed (1,1)-form, the Fubini-Study form, and see that it
is a real positive definite form associated to a Hermitian metric, also called the Fubini-
Study metric. Recall the definition of CP" with the covering {U;}, 7 = 0,1,...,n,
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given in example A.10 (here we change the subindex from p to j, since we reserve the

greek symbols to spatial indices). For a point z = [2° : ... : 2], consider coordinates

0i(2) = (w',...,w") and w* = z*/z7. We define, for each j, a (1,1)-form on U; given

by

n

wj = i@élog (Z

A=0

2
A
2 '

We first observe that with these definitions, if well defined, this form is indeed closed
k

because d00 = 0. To see that the partial forms w; glues together to form a global form,

)= (51) (S )

A

log (Z ;

A

wrs, observe that, on U; N Uy,
A
Tk

2 2 n
)=(5k
A=0

Now, (2%/27) = w" is the k-th coordinate on the chart U;, and

Zk
2J

i 2 2k
A=0 A=0

—k
09 1og(|wt[?) = 9 (dﬂ) — 0,

so wj = wy, on the intersections U; N Uy. To see that w is a real form, note that locally

n

wj = —%5610@{ (Z

A=0

A

2
z
I A

as 00 = —00. Finally, we must prove that it is positive definite. Working on a chart,

observe that

o) ol
w” dw”
- a{zwznw}

v
v

0 w
= dw" A dw”
2 (1+zk|wk|2) v

e (G S ) e
‘Z( (DN EEE A

M?V

All we have to do now is to show that the Hermitian matrix h = (h,,) of the coeflicients
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of the form is positive definite. However, from the Cauchy-Schwarz inequality on the

standard Hermitian inner product (-,-) on C", considering w = (w',...,w") € C",

u=(u',...,u") € C" a general vector, and h,, = 8,,(1+ 3, [w*|?) — @ w",

uheu o= (uyu) + (uu)(w, w) — (u,w)w, >
= (u,u) + (u, u)(w, w) — |(u, w)|* >

Therefore, h = (1 + 3, [w*[?>)~2 - h is positive definite and we are done.
For n = 1, the Fubini-Study form has a nice property, namely,

/ Wrs = 1.
Ccp!

Also, since S? = CP', H*(CP',Z) = H*(S*,Z) & Z, so [wrs] € H*(CPL,Z) is a

generator of this cohomology group. We calculate the integral

v a5 2
/(CP1wFS = /C%(%)log(l—ﬂz”
B 1 dzNdz
- /«:5 (1+[2]?)?
B 1 dx N dy
B /Rz% (1+ 22 +92)2
B < 2rdr
N /0 (1+72)”
[k
12

A.48 Lemma. Let M be a Kdhler manifold with associated form w and let 1: N — M
be a complex submanifold. Then N is a Kdhler manifold with associated form t*w, the

pullback of w under ¢.

Proof. Consider J as the almost complex structure of the complex manifold M.
Recall that the pullback ¢*J and (*w are defined by

FJw) =j(dev), Jwv,w)=w(dv,d w),

where v, w are vector fields in N. Then /*J and (*w simply are the restrictions
of the operator J and the form w to TN. As the pullback commutes with the

exterior differential, (*w is closed. From w(v,w) = g(Jv,w), it follows that +*w
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is non-degenerate, as g remains non-degenerate when restricted to 7'V, and also
J(TY)CTY. O

A.49 Corollary. Every projective manifold, i.e., that can be embedded in CPY for large
enough N, is Kahler.

Proof. Follows from the existence of the Fubini-Study metric on CPV, as we saw

in example A.47 and the lemma above. d

A.50. Let M be a Kahler manifold with Kahler form w. This form gives rise to an
operator, called the Lefschetz operator L: QP(M) — QPTLITL(A]), given by

LE=wANE.
Let
A QPYM) — Qp_l’q_l(M) (A.10)

be the adjoint of the Lefschetz operator with respect to the inner product given in (2.6).
We claim that A = x7! o L o x. Indeed, take two (p, q)-forms 7, ¢, and observe that in
the one hand

(n, AC) =/MnA*W,

and on the other hand,

<L77’<>:/MW/\W/\*CZ/MU/\*(*_lW/\*O:/Mn/\*(*1OLO*)<>

where use have been made of the commutation w An = n A w, since w has even degree,
the fact that w = @ and that for any form &, %€ = *£. With these operators defined, we
are able to discuss the so-called Kahler identities, which we sum up in the following

proposition:

A.51 Proposition (Kéhler identities). For a Kdhler manifold M, the following iden-
tities hold true:

1. [0,L] =[0,L] =0 and [T, A] = [8T,A] =0
2. [0f, L] =40, (0", L] = —id and [0, A] = i1, [0, A] = —id'
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3. Ng=A0z=1A, and A commutes with *,0,0, L,0, 01, A.

Proof. For item 1., take an r-form n. Then
OLn — Lonp =0(wAn) —wAOn=0wAn=0,
since dw = Ow + Ow = 0. For the second part of item 1., consider
5TA77 =(—=* 8*)(*_1L*)77 = —(x0Lx)n,

and
A0y = (+ 1Lk )(— % 0%)n = —(xLO=)n,

since 97 is a (2n —r+1)-form, so 2 = (=1)"T! and LI 7 is a (2n —r+ 3)-form,
thus *~1 = (—1)"*1x. Hence,

[gTvA]n = _(*[87 L]*)U =0.

Item 2. is rather technical and a bit messy, so we might as well just indicate
[GRIFFITH, HARRIS, 1978], page 111, in the section The Hodge identities and
the Hodge Decomposition. The proof is done by performing the calculation in C",
and then conclude the result by using the fact that the Kéhler metric osculates
to order 2 to the Euclidean metric at each z € M. For item 3., first observe that,

from item 2., the following holds true,
90" + 010 = 0 = 99" + 010 = 90t + 919, (A.11)
as

99" + 1o

i(9]0, A] + [0, A]9)
— i(OAD — OAD) = 0.

Also, from the anti-commutativity of the wedge product, we have
90 + 90 = 0. (A.12)
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Now it is just a matter of straightforward computations.
Ap— A5 = (90" +079) — (90" + 0'9)

i(0[A, 0] + [A, 8]0 — 8]0, A] — [0, A]D)
i(A(0D + 00) — (80 + DI)A) = 0

where use have been made, in the last line, of (A.12). Now, from the definition

of the Laplacian,

dd' +d'd = (0+9)(0"+ ") + (8" + ") (0 + 9)
= Ap+ Az + (90" +010) 4 (901 + 210)
= Ap+ Ay,

where in the last line we have used (A.11). As for the commutations, the ones
with 9,0,0" and ' are trivial, and require no more than a line of calculations,
since we write A = 2A5 or A = 2A5. The commutations with L and A are

similar, so we check only for A.

[AA] = 2[As,A]
= 2([09",A] + (079, A])
= 2(00'A — AOI" + 9TOA — AD'D)
= 2(9[0",A] + OAI" — AGOT + 0TOA — [A, 010 — 9TAD)
= 2([0,A]0" + 97[0, A])
= —2i(0'9" +9'9") =0

where in the last line we have used (A.11). Finally, note that

A %] = (dd' +dfd)* —* (dd" + d'd)
= —(dxdx+xdxd)x+x(dxd*+xdx*d)
= —d*d*2—|—*2d*d:0,

where in the last line we used the fact that d*d sends an r-form to a (2n—r)-form,

so the sign of 2 is the same. U
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Apendice B
Lie Groups and Principal Bundles

We give a review in the basic theory about finite dimensional Lie groups and principal
bundles that concerns this work. References for this appendix are [WARNER, 1983]
and [KOBAYASHI, NOMIZU, 1963].

B.1 Lie Groups and Lie Algebras

B.1 Definitions. A Lie group is a smooth manifold G endowed with a group structure

such that the map G x G — G given by
(9,h) — gh™"

is smooth.

B.2 Remark. A more natural definition would be to define a Lie group as a manifold
endowed with a group structure such that the group operations are smooth, that is, the
product and the inversion are smooth. Actually, the above definition is equivalent. On
the one hand, if the product and the inversion is smooth, than the map (g, h) — gh™*
is clearly smooth, and on the other hand, using the map of the definition, one can write
the inversion map as a composition of smooth maps
g (e,g)—eg =g,

and once the inversion is smooth, we also write the product as a composition of smooth
maps

(g.h) — (g, h™") = g(h™")"! = gh.
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B.3. Let G be a Lie group and p: G X G — G be the smooth product. We define
smooth maps Ly, Ry: G — G called left and right translation defined as the partial

maps of the product, that is
Ly(h) = gh = Ru(9),

where gh is the short-hand notation for p(g, h).
B.4 Remark. There is still another way to define a Lie Group. We could only ask

for the product p: G x G — G to be a smooth map, and use the implicit function
theorem to conclude that the inverse i: G — G is a smooth map. The sketch of
the argument would be as follows. Assume p(g,h) = e, and as an implicit function,
h(g) = i(g). The partial derivative of the product p with respect to the second G is
equal to (dLy)y: T,G — T,G, which is an isomorphism since L, is a diffeomorphism.

Hence, the map (dp)(gn): T(gn) (G X G) — TgrG is surjective, so we can define
(dig) = _<(dLg)g)_1 o (dRy-1),,

and the inverse 7 is smooth.

B.5 Example. Perhaps the most important example of a Lie Group is the group of
invertible matrices GL(n,R). Elements in GL(n,R) are matrices g = (g5), h = (h}),

and the product is given by the matrix multiplication

7 i1k
(gh)i = giht,

which is a polynomial, therefore smooth.

B.6 Definition. A Lie algebra g over a field K is a K-vector space g endowed with
a bilinear operator called Lie bracket or just bracket, [-,-]: g X g — g such that for

all X,Y, Z € g, we have the following properties:

(a) Anti-commutativity: [X,Y] = —[Y, X];
(b) Jacobi identity: [X,[Y, Z] = [[X,Y], Z] + [V, [X, Z]].

B.7 Remark. For the purposes of our work, the field K in the definition above will be
either R or C.

B.8 Example. Consider gl(n, R) as the set of all n-by-n matrices and define the bracket

between two matrices A, B as the matrix commutator
[A, B] = AB — BA.
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Then gl(nR) is a Lie algebra. The only thing one needs to check is the Jacobi identity,

[A,[B,C]] = A(BC —CB)— (BC—CB)A
— A(BC —CB) - (BC — CB)A+ BAC — BAC + CAB — CAB
— (AB— BA)C — C(AB — BA) + B(AC — CA) — (AC — CA)B
= [[A,BIC]+[B,[A, C]].

B.9 Example. On a smooth manifold M, we endow the set 2 (M) of smooth vector
fields with a Lie algebra structure by defining the Lie bracket between two vector fields

[0, w](f) = v(w(f)) — wlv(f)),

for any f € C°(M). Tt is quite easy to see that [v,w] € Z (M). In local coordinates,
we have v = ) v#0d, and w = ) w"0,, for smooth functions v*, w” and where, as usual,

0y, is the shorthand notation for %. Then, the bracket [v,w] is given locally by
Z v 8w” v 811“ (?
v —w —
ox” oxv ) Oxr’

so the bracket of two smooth vector fields is a smooth vector field. The anti-commutativity

of this bracket is evident, and all we are left to see is the Jacobi identity, but

[U, [U7 w]](f) = U’([”? w](f)) - [U’w](u<f )

)
= u(v(w(f))) = w(w(v(f))) = v(w(u(f))) +wlv(u(f)))
= u(v(w(f))) —w(w(v(f))) = v(w(u(f))) +w(v(u(f))) +
+o(u(w(f))) = vlu(w(f))) +wlu(v(f))) = wulo(f)))
= o([u, w](f)) = [u, w](v(f)) + [u, v](w(f)) = w(lu, v](f))

B.10 Definition. A vector field v, not necessarily smooth, a priori, is called left-

invariant if (dL,) ov = v o L,, and right-invariant if (dR;) ov =vo R,

B.11 Proposition. Let G be a Lie group and g its set of left-invariant vector fields.
Then g is isomorphic to T,G as a real vector space and left-invariant vector fields are
actually smooth. Moreover, the Lie bracket of two left-invariant vector fields is, itself,

a left-invariant vector field, so actually, g is a Lie algebra.
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B.12 Definition. We say that the Lie algebra of a Lie group G is the Lie algebra
g of left-invariant vector fields on GG, which, from proposition B.11, is isomorphic to the

tangent space of G at the identity.
B.13. Recall that on a manifolds M, N, if we have a vector field v € 2 (M) and

diffeomorphism ¢: M — N, we can pushforward the vector field v to a vector field
0«(v) € Z(N) by setting

0. (v)(2) = dpp-1y(v(p~ ' (2))), = €N.

That said, observe that we could have defined the Lie algebra of a Lie group G using
right-invariant vector fields. Indeed, it is not so hard to prove that if v is a left-invariant
vector field on G, then the vector field i,(v), where ¢ is the inversion g — ¢!, is a
right-invariant vector field whose value on the identity is —v(e). Therefore, the map
v — i,v provides us a Lie algebra isomorphism between the Lie algebras of left and

right-invariant vector fields.

B.14. Recall also that given a vector field v € 2 (M) on a manifold M, we have the
flux of v as v;: Iy — Z_; a diffeomorphism that satisfies v, = vy 0 vy, where ¥, C M
is the domain of v, defined as the set of points x € M where the maximal integral curve
of the vector field v passing through x exists at the time t. When &, = M for every t,
we say that the vector field is complete. Now, denoting w = ¢, (v), we have that the

fluxes are related by

@OV = Wt ©P.

Perhaps a diagram is handy in this case

MD@t—cp>.@tCN

MD.@_,:L)@_JCN.

Now, in the case of a Lie Group G, a left-invariant vector field satisfies (L,).v = v, or,
in terms of the flux

Lyov, =wv,0L,.

Elementary results on existence and uniqueness of solutions of ordinary differential
equations assert that there exists e > 0 such that the integral curve of v passing through
the identity e € G is defined for t € (—¢,¢). For any 0 < s < ¢, the left-invariance
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allows us to define
Us(g) = Us(Lg<€>> = Lg(vs(e))a

for all g € G, thus, I, = G, from where we conclude that left-invariant vector fields
are complete, since for any ¢, the map v; is defined for every g € G, by iterating

Uy = Uy O ... O Uy, for large enough k such that t/k < e.

B.15 Definition. Given V € T,G we associate a left-invariant vector v € g using
proposition B.11. From paragraph B.14 the flux of v, v; is complete, so we define the

exponential map exp: T.G — G by
exp(V) := vy (e).

B.16 Proposition. The exponential map satisfies the following properties:
1. exp(tV) = v (e), fort e R and V € T, G;
2. exp(t+ )V = exp(tV)exp(sV), fort,s e R and V € T.G;
3. exp(—tV) = (exp(tV))7!, fort e R and V € T.G;

4. exp is smooth and dexp on 0 is the identity, so exp gives us a diffeomorphism of
a neighborhood of 0 € T,G into a neighborhood of e € G.

B.17. For a Lie group G and its Lie algebra g, the exponential map provides a powerful
link between them, for instance, under reasonable assumptions such as G' connected,
it is possible to show that every element g € G is expressed as a finite product of
exponentials ¢ = exp(X;)---exp(X,), where X; € g Now, given two Lie groups G
and H, we define a Lie group homomorphism as a map ¢: G — H that preserves
both the differentiable and the group structure of the objects G and H, that is, ¢ is
a smooth group homomorphism. Also, given two Lie algebras g and b, a Lie algebra
homomorphism is a linear map 7 from g to h that preserves the brackets, in the sense
that 7[X,Y] = [7X,7Y]. The next theorems provide us relations between Lie groups
and Lie algebras in the presence of a homomorphism. Their proofs can be found in
[WARNER, 1983], on chapter 3.

B.18 Theorem. Let G, H be Lie groups with respective Lie algebras g and b, and
w: G — H be a Lie group homomorphism. Then,

de:g—b
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18 a Lie algebra homomorphism.

B.19 Theorem. Let p: G — H be a Lie group homomorphism. Then

@ o exp = exp o(dyp).

B.20 Example. The Lie algebra of GL(n,C) is gl(n,C), and the exponential map

exp: gl(n,C) — GL(n,C) is given by matrix exponentiation, where

>tk Mk
ko

exp(tM) =
k=0

Indeed, observe that the right-hand side of the above expression converges uniformly
for M in a bounded region K of gl(n,C), for there is 4 > 0 such that |M?| < pu for
all matrices M, thus, inductively, [M}|¥ < n*~Y ¥ and from the Weierstrass M-test,
each of the series . ‘
3 (Mii)k’
k!

k=0

converges uniformly for M € K. This settles the smoothness of exp. From the conti-

nuity of the product of matrices, it follows that for matrices P, M, we have

— M*
-1 . M- _1
Pexp(M)P~ = P <nh_>rgo E o > P

thus, as for every matrix M we can find P such that PM P! is upper triangular, using
the Jordan form, and denoting by Aq,. .., \, the diagonal entries of PM P~1, it follows
that the diagonal entries of exp(PMP~!) are e, ..., e* (here e* denotes the usual

exponential of complex numbers), so
det(exp(PM P ")) = det(Pexp(M)P~') = det(exp(M)) # 0,

which shows that indeed exp is a map from gl(n,C) — GL(n,C). Using the smoothness
of exp, it is easy to see that the Lie algebra of GL(n,C) is gl(n,C). We will show
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that TyGL(n,C) = gl(n,C), where 1 is the identity. One inclusion is obvious from the
definition of gl(n, C). As for the other, take M € gl(n, C) and observe that t — exp(tM)
is a curve on GL(n,C) passing through the identity whose tangent vector at ¢t = 0 is

precisely M.

B.21. Now consider H C G an abstract subgroup of a Lie group G, that is, a subset of
G that is only a subgroup. Then H is said to be a Lie subgroup if H is a submanifold
of G such that the restriction of the product p: G x G — G to H is smooth with
respect to the intrinsic differentiable structure of H. If H is embedded in G, then the
intrinsic and relative topologies agree. In our work, we always consider nice subgroups
of the classical matrix groups, that are embedded in GL(n, C), so the relative topology
always works for us. A subgroup is called closed if H is a closed set in the topology
of G. Closed subgroups of a Lie group G are important because they are always Lie
subgroups. This is not a trivial result and we cite [WARNER, 1983] for the details.

B.22 Example. Since SL(n,R) is a closed subset given by det (1) in GL(n,R), it
follows that it is a Lie group. The condition that defines the orthogonal group O(n) is a
closed one, so the set O(n) is a closed subset of GL(n,R), hence a Lie Group. Similarly,
SL(n,C), U(n) and SU(n) = U(n) N SL(n,C) are Lie groups, and playing with the

exponential of matrices, we can find the Lie algebras of these groups.

sl(n,R) = {M €gl(n,R)| Tr(M) =0}
sl(n,C) = {M €gl(n,C)| Tr(M) =0}
o(n,R) =so0(n,R) = {M egl(n,R)| Tr(M)=0,M+"M =0}
u(n,R) = {Megl(n,C)| M+ M =0}
su(n,R) = {M € gl(n,C)| Tr(M)=0,M + M* =0}

B.23. Consider G a Lie group and g € G an arbitrary element. We define the conju-
gation by g as the smooth Lie group diffeomorphism

Cy(h) = ghg™' = E;0 Dy-1.

Since Cy(e) = e, from theorem B.18, the derivative of C, at the identity is a Lie
algebra homomorphism (dC,): T.G — T.G and from the identification of 7,G and g

it is an endomorphism of g. Since D,-1 and E, are both diffeomorphims, (dCy). is a
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composition of isomorphisms, thus an isomorphism of g. As
Con(x) = gha(gh)™" = g(hah™")g™" = Cy 0 Cy(a),

we have (dCyp)e = (dCy)c(dCh)e-

B.24 Definition. Given a Lie group G with Lie algebra g, the adjoint representation
of G in g, Ad: G — Aut(g) is given by

Ad(g) = (dCy)e: g — 8.

Here, Aut(g) denotes the set of all Lie algebra automorphisms of g.

B.25. It is not so hard to prove that Ad is actually smooth (cf. [WARNER, 1983],
theorem 3.45), so Ad is a Lie group homomorphism. Taking the derivative of Ad at the

identity, we have
ad := (dAd).: T.G — Ty Aut(g),

and T7 Aut(g) is subset of the set of all linear endomorphisms of g, called the deriva-
tions of g, Der(g) = {D € gl(g) | D[X,Y] = [DX,Y] + [X, DY]}. Then, we have the
following proposition, the proof of which can be found in [WARNER, 1983]:

B.26 Proposition. Let G be a Lie group with Lie algebra g, and let X,Y € g. Then
adx(Y) = (dAd)(X)(Y) = [X,Y].

B.27. To end this section, assume we have G = GL(n) (it could be GL(n,R) or
GL(n,C)). Let g € G and M € gl(n). Then, to calculate Ad(g)(M) we ought to find
a smooth curve passing through the the identity such that its derivative at time zero is

precisely M. This curve could be ¢ +— exp(tM), so

d d _ .
Ad(g)(M) = —| _ Cylexp(tM)) = —| exp(gexp(tM)g™") = gMg ™",

where we used the fact argued in example B.20 that gexp(M)g~! = exp(gMg™1).

Sometimes, even when we are not in the group GL(n), we denote the adjoint action as
Ad(9)(Z) = gZg~".
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B.2 Principal Bundles

B.28 Definition. Consider M a smooth manifold and G a Lie group. By a smooth
left action of G on M, we mean a smooth map a: G x M — M such that the partial
application

plg) =alg,"): M — M

is a diffeomorphism for every g € G and the map p: G — Diff (M) is a smooth group
homomorphism, i.e., p(e) = idy and, for g,h € G, and x € M, we have

a(g,alh,z)) = a(gh, ).

We often denote the diffeomorphisms p(g) only by g, or L, and specify the action of g

on an element x € M as ¢ -z, or Ly(x).

B.29 Remark. A smooth right action is defined analogously as a(g, a(h, z)) = a(hg, =),
and we often denote a right action by x - g, or R,(x). Note that this notation is very

useful to work with the group operations, since g-(h-x) = (gh)-x and (z-h)-g = x-(hg).

B.30. A bit of terminology comes in handy; the action « is said to be transitive if
given x,y € M there exists g € G with z = g - y. The action is said to be free if the
identity e € GG is the only element with fixed points, i.e., the stabilizer of z

G:.={9€G|g x=ux},

satisfies G, = {e}, for all z € G. Finally, the action is said to be effective if the group
homomorphism p: G — Diff(M) is injective.

B.31 Definition. Consider M a smooth manifold and G a Lie group. A principal

G-bundle is a smooth manifold P on which G acts smoothly, satisfying:
1. G acts freely on the right;

2. M = P/G and the canonical projection on the quotient 7: P — M is a smooth

submersion;

3. P islocally trivial in the sense that for every x € M there exists an open set of M,

U > z, and an equivariant diffeomorphism, called trivialization, ¢y : 7~ 1(U) —
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U x G, pu(p) = (m(p), ou(p)), © = m(p), where equivariance here means that

wu(p-9)=(r(p-9),ou(p-9) = (7(p), du(p) - 9) = (7(p), dv(p)) - 9 = wu(p) - 9.

B.32 Remark. As M = P/G, it follows that w(p) = 7(p - g), so the fiber over a point
r=npeMism(z)={p-g|lgeGnlu)=2} =G

B.33 Example. Consider M a smooth n-manifold M. We will define the frame
bundle of M, the most important principal bundle for the purposes of this work. As

a set, we have
B(M)={p=(z,e1,...,e,) | x € M and {ey,...e,} is a basis of T, M}.

We have a natural projection 7: B(M) — M as the projection on the first factor, and
a free right action of g = (¢%) € GL(n,R) on p € B(M) given by

p'g:<x7617"'76n)'g:(xael'gw-'aen'g)a

where ¢; - g = > gle; = €. If ¢j - g = ¢; for all j, then ¢! = 8}, so g is the identity.

Observe that this is indeed a right action, since

(ej-9)-h=¢;-h=>Y he, => hgiei = (gh)ie; = ¢; - (gh).

As for the local triviality, consider (U, ¢) a chart with ¢(z) = (z'(z),...,2"(z)). Then,

with respect to the coordinate basis, a frame {ej,...,e,} on x satisfies
¢j =Y E0,  E=(E)eGLnR),

where 9; = -2, as usual. We define a trivialization

ot
Yp: N U) — U x GL(n,R) 2 p(U) x GL(n,R),

as Yy(x,e1,...,e,) = (z, E). It is straightforward to see that the inverse of ¥y is the
map (z,9) +— (2,01 -¢,...,0, - g). Note that E! = da'(e;). Now, for overlapping
charts (U, pp) and (V, ) with coordinates ¢y (z) = (z!(z),...,2"(x)) and ¢y (z) =
(y'(x),...,y"(z)), for r € UNV, we have that a point p = (z,ey,...,e,) € 7 H(UNV)
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satisfies 3 3
= Figa = Figy

Using the Jacobian matrix of change of coordinates, J = J(z) = J(py o ¢y )(z) and
J (Jz) —

we have

o' 0 0
=2 Fipg _Z J&Zkaxz =2 B)ig,

Thus, the compositions nyy = ¥y o ¥y' sends (z,g) — (z,J(x)g). Using the iso-
morphisms U NV x GL(n,R) = oy(UNV) x GL(n,R) = oy (UNV) x GL(n,R), w
define then a differentiable structure on B(M) as the set of

8y3 ’

(7T_1(U), (SOU X Zd) © ¢U>7
where (¢p,U) is a chart of M, and the change of coordinates is smooth as it is given
by

(u, 9) = (pv oy (u), Jg),

where u = py(z) € R". With this differentiable structure, the projection is smooth

and the trivializations are diffeomorphisms.

B.34 Remark. The way we have constructed the frame bundle in the previous example
used a very specific vector bundle over M, the tangent bundle. We could have done a
similar construction with any vector bundle E — M. The frame bundle B(FE) will be

the set of (z,e1(z),...,en(x)) where {e1,...,e,} is a frame around x.

B.35. Consider now overlapping trivializing open sets, that is, open sets U, V' such
that 771(U) @ U x G and 77 1(V) = V x G via trivializations ¢y = (7, ¢y) and
v = (7, ¢y). For a point x € U NV, we have that for every p € 7! (x)

ou(p) = du(p)oy (p)dv (p),

and we define the transition functions gy : UNV — G, as
guv(z) = du(p)ey' (p), pem (z).

Observe that ¢u(p - 9)67"(p - ) = 6u(p)gg™ 67 () = bu(p)é7(p), so the definition
above does not depend on the p € 7~ !(z) chosen. Note that on triple intersections
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UNVNW, we have

guw = dudy = dudy dvdw = guvavw,

where the product here is given by the product in G, so they satisfy the cocycle condi-

tions, similarly to vector bundles.

B.36. We also have the notion of a local section on an open set U C M as a smooth
map s: U — P such that m o s = idy. There is a close relation between sections and

trivializations. Given pp: 7 1(U) — U x G define siy: U — P as

su(z) = ¢y (@,e).

Observe that wsy(z) = (py' (z,¢e)) =, as gy = (7, ¢y), and also that sy is smooth,
since it is given by the composition of smooth functions z — (z,e) — @' (z,€). Con-
versely, given a smooth section sy; on U, we define a trivialization ¢;': Ux G — 7 1(U)

by

oy (z,9) = su(x) - g. (B.1)

To see that this indeed yields a trivialization there are things to be checked. First, the
map in (B.1) is smooth since it is the composition of smooth maps (z, g) — (sy(z), g) —
sy(z) - g. Then, the transitivity on the fibers and the freeness of the action of G in P
ensures that the map is a bijection. Finally, we claim that it is a local diffeomorphism,
therefore a diffeomorphism, since it is bijective. Indeed, observe that goljl = ao(sy xid),
where o denotes the action. For dimensional reasons, all we need to check is that
(de™) (z,g) = d(a 0 (sy X id))(s,q) is injective, and the claim will follow from the inverse
function theorem. First, the matrix of the derivative of (sy X id) at a point (z, g) has

a block matrix representation as

. (dSU)I 0
d(SU X Zd)(xyg) = < 0 id s

and the derivative of the action « at (sy(x), g) has the shape

(da) sy (@).0) = ( (1) su @) (D2 (s (@).0) > )
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where (ala)(sU(w),g) denotes the derivative with respect to the coordinates of P and

(02t) (s (2),9) With those of G. A little calculation allow us to see that

(1) su@rg) = d(-,9)sp@): Tsp@P = Top(@)oP
(8206)(3U(m),g) = d(a(5U<x>a '))g: TgG - TSU(£)'9P7

where a(-,g) = L, and a(sy(z), ) are the partial applications of «, hence,

d(a o (su % id))og) = ( (ALo)oyioy(dsr)e d(a(su(@), )y )

As o sy = id, it follows that dmw o dsy = id, thus dsy is injective, and since the partial
application L, is a diffeomorphism, the composition d(L, o dsy), is injective. The map
d(a(sy(x),-)), is also injective. To see this, take g, a curve in G with g9 = ¢ and
go=Z. lf d(a(sy(z),-))yZ = 0, then,

d

% t:OSU(x) gt = 07

thus, sy (z) - g¢ is constantly equal to sy(z) - g, and g = g for all ¢ (the action is free),
thence, Z = gy = 0. Now, pick vectors v € T, M and Z € T,G, and assume that
d(avo (sy x id)) g (v, Z) = 0, that is,

d(Lg o dsy),v + d(a(sy(z),))sZ = 0.

Since each map is injective, all we need now is that they are linearly independent, but

this is indeed the case, since

d d
s (wyadla(su(0),)sZ = | wlov@)-0) = 5| _z=0.
and, for a curve 7, in M such that vy =z and 49 = v # 0,
d
ATy (@)gd(Lg 0 dsv)ov = | m(su(n)-9) = | n=v

B.37. Two local sections given on overlapping trivializing open sets are related by
sy(z) = sy(z) - g for g € G. On the one hand, ¢y (sy(zr)) = (x,e) and on the other
hand, ¢y (sy(x) - g) = (x, g), therefore ¢y o ;! (7, g) = (z,¢€), so e = gyy(x) - g, hence
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= gyu(x), which gives us the relation

Su = Sv - gvu-

B.38. Just like in the vector bundle case, we can reconstruct a bundle once we have
an open cover of the base manifold and transition functions satisfying the cocycle con-

ditions. Precisely, we have

B.39 Theorem. Let M be a smooth manifold, {U,} an open covering of M and G a
Lie group. Given functions gop: Uy N Ug — G satisfying the cocycle conditions

Jory = JapY9sy,

on triple intersections U, N Ug NU,, there is a unique, up to isomorphism, G-principal

bundle P — M such that the transition functions are exactly the gus.

B.3 Associated Vector Bundles

B.40. Given a principal bundle P(M,G) and a vector space S such that there exists
a left action of G' by linear automorphism p: G — GL(S), we will construct a vector
bundle with fiber S. Consider a a right action of G on the product P x S as

(p,?]) g = (p'gagil'v)a

where g7 - v = p(¢g~1)v, of course. The action is free, since (p,v) - g = (p,v) implies
p-g = p, and as the action on P is free, g = e. Put £ = (P x S5)/G, also denoted
P xg S or Px,S, and define a projection 7g([p, v]) = 7(p), where 7 is the projection

of P. This projection is well defined because

me([pg, g v]) = 7(p- g) = w(p) = 7e([p,v]).

B.41. Take U > z a trivializing open set for P and sy a local section with sy(z) =

oy (z,e). Define ¢yt U x S — 7' (U) by

vy (@, v) = [su(@),v].
This map is bijective. To see this, we will exhibit the inverse ¢y : 75 (U) — U x S.
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Recall that [p,v] € 75" (U) can be written as [sy () - ¢y (p), v]

the inverse is given by

—

su(), ¢u(p) - v], so

wU([ 77)]) = (xa(bU(p) 'U)v T = 7T(p).

We then define a differentiable structure on E by asking that the 75'(U) are open
submanifolds of E' and that the ¢y are diffeomorphisms. In this way, naturally the

[a¥)

projection g will be smooth, and also, z/JU\W;(x) induces a linear isomorphism 7@1(1:) 7

S.

B.42 Definition. The vector bundle £ = P X S that we have just constructed is

called associated vector bundle.

B.43 Example. Given a manifold M, recall the GL(n,R)-principal bundle of example
B.33, the frame bundle B(M). With the standard action of GL(n,R) on R™ given by

matrix multiplication
p(g)v=gv,  geGL(n,R),veR,

for v seen as a column matrix, we claim that £ = B(M) x,R" = T'M. Indeed, observe

that for each x € M, we have F, = ng(x) is T, M, since there is a bijective linear map

E, — T, M given by
[pa U] = Z Ujeja

where {ey,...,e,} is a basis of T,M, p = (z,e1,...,¢,) and v = (vl,... 0v") € R™

Let us see first that this is a well defined map. If [p,v] = [p/,¢], then p’ = p - g and

v' =g 1w, thus e = Zg;'-ei and v" = Z(gfl);ﬁv% o

[P, 0] — E Vel = E ngkel E Sivle; = E ve; = [p,v

The linearity is fairly clear and for a coordinate chart U around z on M, with ¢(z) =

(x'(x),...,2"(x)), the inverse is given by

) ) ) i
Z’UM@F—) {(x,%,...,%),(vl,...v ):| .

B.44 Remark. An element p € P, = 7~ !(x), where 7 is the projection of a principal
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bundle P can be seen as a smooth map p: S — 7' () with
v [p,v],

and p-g(v) = [p-g,v] = [p, g-v] = p(g-v). The smoothness comes from the composition
v — (p,v) — [p,v], where the last quotient map is smooth because of the construction
of the associated vector bundle. Now, take a section sy : U — P. This map induces a

trivialization ;' : U x S — 7' (U) given by

vu(r,v) = su(r)(v) = [su(z), v,

as we saw in B.41. Hence, local sections on the frame bundle is equivalent to a local
frame, i.e., a linearly independent set of sections in the tangent bundle, or in the vector
bundle, if we do the construction of the frame bundle regarding an arbitrary vector
bundle over M.
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Apéndice C

Sobolev Spaces and Elliptic

Operators

This brief appendix intends to collect some useful facts from analysis that are used
throughout this work, particularly in chapter 4. The references are [WELLS, 1980],
[WARNER, 1983], [DONALDSON, KRONHEIMER, 1990] and [EVANS, 1998].

C.1 Linear Functional Analysis

C.1. Consider X a vector space over C endowed with a norm, that is, a mapping
| |l + X — [0,00) that satisfies

(a) Triangle inequality: ||u +v|| < ||ul| + ||v||, for all u,v € X;
(b) |[Au|| = [Al||u]|, for A € C and u € X;
(¢) |lu|| =0 if and only if u = 0.

Such spaces are called normed vector spaces.

C.2 Definitions. We say that a sequence {u, },en in the normed space X converges

in the norm or converges strongly or simply converges to u € X, and write
Up — U,

if lim,, o0 ||un — u|| = 0. A sequence is called a Cauchy sequence provided that for
each € > 0 there exists N € N such that

|tun — um|| <€, Vn,m> N.
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We then say that a the space X is complete if each Cauchy sequence in X converges to

an element u € X. Such complete normed vector spaces X are called Banach spaces.

C.3. Let X be a normed vector space. Consider the set X as the set of equivalence

classes of Cauchy sequences under the relation
{u,} ~{ v,} <= lim |lu, —v,|| =0.
n—oo

We endow the set X with a normed vector space structure by setting, for equivalence

classes [{un}], [{vn}] in X and X a scalar,

Hun}] + Hon}] = [Hun +vn}]
Muntl = {Aun}]
Il = lim
It is a rather standard fact that the space (X, | -]|’) constructed above is a Banach

space that contains a dense subset that is isometric to X.

C.4 Definition. The space (X, || - |') constructed in paragraph C.3 is called comple-

tion of X with respect to the norm || -|| .

C.5. Assume now that a vector space X is endowed with an inner product, that is, a

mapping (-,-): X x X — C that verifies

(u,v) = (v,u), for all u,v € X;

the mapping u +— (u,v) is linear for each v € X;
¢) (u,u) >0 for all u € X;

d) (u,u) =0 if, and only if, u =0

Then, if we denote
Jull == V/(u,u) ueEX,

the Cauchy-Scharz inequality
|(w, 0)] <[ ullllo]]  u,veX, (C.1)

guarantees that || - || above is a norm as in paragraph C.1, and we say that the inner

product (-, ) generates the norm || -|| .
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C.6 Definition. A Hilbert space X is a Banach space endowed with an inner product

that generates the norm.

C.7 Definition. We say that a sequence {u,},en in the Hilbert space X converges
weakly to u € X, and write

Up — U,
if lim,, o (u, — u,v) = 0, or, equivalently, |(u, —u,v)| — 0, for every v € X.

C.8. Strong convergence implies weak convergence, that is, if {u,} is a sequence in
the Hilbert space X and u, — u, then u, — wu. This is a simple consequence of the

Cauchy-Scharz inequality (C.1)
|(un = w, 0)| <[ un — wllfv]] — 0.
Also, if u,, — u, then

|lu|| < lminf, |||

C.9 Definitions. Two elements of a Hilbert space u,v € X are called orthogonal if
(u,v) = 0. A countable basis {v;};2; C X is called an orthonormal basis if v}, vy,

are orthogonal for every j # k, and ||vg|| = 1 for all k. If S is a subset of X, then
St ={ue X|(u,v)=0, forall ve S},

is the subspace orthogonal to S.

C.10 Definitions. Let X and Y be Banach spaces. A map A: X — Y is a linear
operator provided that
A(Au+v) = AA(u) + A(v),

for A a scalar and u,v € X. The range of A is the set R(A) .= {Au €Y | u € X},
and the null space or kernel of A is ker(A) := {u € X | Au = 0}. A linear operator
A: X — Y is called bounded if

[A]} = sup{[[Au]| [[] u]| <1} < oo

C.11 Proposition. Every bounded linear operator A: X — 'Y is continuous.

Proof. Take {uy,} a sequence that converges, u, — u € X. Then,
[Aun — Aull = [|A(un — u)|| < |A[l[Jtn — ul] — 0.
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C.12 Theorem (Uniform Boundedness Principle). Let X be a Banach space and 'Y be
any normed space. Suppose that C is a collection of linear operators from X to Y. If
for every u € X we have

sup ||Aul| < oo,
AeC

then
sup ||A]| < 0.
Aec

C.13. If we consider X a Hilbert space and Y = C in the previous theorem, then it
follows that every weakly convergent sequence in X is bounded. Indeed, let {u,} be a
weakly convergent sequence converging to u, and set U,: X — C by U,(v) = (v,u,).
Then, sup |U, (v)| < oo, for all v, hence the Uniform Boundedness Principle says that

||un|| < sup ||Un]| < o0, so u, is bounded.

C.14 Definition. A linear operator A: X — Y is called closed if for every sequence

{u,} that converges to u € X and also satisfies Au,, — v € Y, we have
Au = 0.

C.15 Theorem (Closed Graph Theorem). Let A: X — Y be a closed linear operator.
Then A is bounded.

C.16 Definition. If a linear operator A: X — X on a Hilbert space X is bounded,
its adjoint AT: X — X satisfies

(Au,v) = (u, A™v), wu,v € X,

and A is called self adjoint if AT = A.

C.17 Proposition. Let X be a Hilbert space and A: X — X a bounded operator.
Then, A is weakly continuous, in the sense that for each weakly convergent sequence

u, — u, we have Au,, — Au.

Proof.
(A, v) = (un, ATv) — (u, ATv) = (Au,v).
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C.18 Definition. A bounded linear operator K: X — Y between two Banach spaces
is called compact if for each bounded sequence {u,} in X the sequence {Ku,} is
precompact in Y, in the sense that there exists a subsequence {u,, } such that { K'u,, }

converges.

C.19 Proposition. Let X,Y be Hilbert spaces and K: X — Y be a compact operator.

If {u,} is a weakly convergent sequence converging to u, then Ku, — Ku.

Proof. If u, — u, then from the Uniform boundedness Principle we get that {u, }
is bounded (see paragraph C.13), thus, as K is compact, there is a subsequence
that converges in norm Ku,, — «/, for v’ € Y. Now, in paragraph C.8, we saw
that strong convergence implied weak convergence, therefore, { Ku,, } converges
weakly to u'. But, from proposition C.17, bounded operators are weakly con-
tinuous, hence {Kwu,}, and thus, {Ku,,} converges weakly to Ku, so {Kuy, }
converges weakly both to ' and Ku. We claim that v' = Ku. In fact, for any
veyY
0 = [(Ktnyv) — (Kt )] — [(Ku,v) — (0],

thence (Ku — u/,v) = 0 for all v, so the claim and the proposition follows. O

C.20 Theorem (Compactness of adjoints). If K: X — X is compact operator on a
Hilbert space, so is the adjoint KT: X — X.

C.21 Theorem (Fredholm alternative). Let K: X — X be a compact operator on a
Hilbert space X. Then

1. ker(Id — K) is finite dimensional;

2. R(Id — K) is closed;

3. R(Id — K) = ker(Id — K')*;

4. ker(Id — K) = {0} if and only if R(Id — K) = H;

5. dimker(/d — K) = dimker(I — KT).

C.2 Sobolev Spaces and Elliptic operators

C.22. Recall that on U C R", we regard the space L?(U) as the completion with respect

1/2
1l = ( / m?) |
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of the space of all smooth compactly-supported functions on U. For general p we have

that the LP spaces are defined similarly but with the slightly different norm

1/p
wmmz(Z]Nﬁ |

Some famous inequalities appear in the theory of LP spaces such as the Holder inequality

ol < Wl for 1<pg<ooand S42 =1, (C2)
fe Ll ge L1 and the Minkovski inequality
gl < fllee + llgllr,  1<p<oo,;and f g€ L’
The latter ensures us that the triangle inequality holds for the various norms || -|| s,

and in its proof it is used inequality (C.2).

C.23 Definitions. For k£ > 0 the space Li(R") is defined as the completion of the

space of smooth compactly-supported functions on R™ under the norm

1= X [ 1D = 3 1071,

la| <k o <k

where D®f means the muliti-index notation for partial derivatives of order |«|, that is,

a=(ag,...,ap), every a; € N; and

olel f
(81’1)“1 .. (81.71)(171 ’

Dof =

for |a| = a; + ... + a,, the order of the derivative. If M is a compact manifold and
E is a vector bundle over M, we define the spaces Li(M; E) of L? sections of E by

taking a completion of the space of smooth section I'(M; E) with respect to the norm

k
Isl; =3 [ [9hsf vl
=0

for V4 a connection compatible with a fiber metric on F and vol a volume form with

respect to a metric on the base manifold M.
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C.24 Remark. The more general L} spaces arise if we consider the L} norm given by

I, = S [ 1025 = 3 1071

la|<k || <k

C.25 Theorem (Rellich Lemma). For bundles over a compact base space M, the na-

tural inclusion Li, (M; E) — L;(M; E) is compact, for every k.

C.26 Theorem (Sobolev Embedding Theorem). Let n = dimg M and assume k >
r +n/2. Then there is a bounded inclusion map Li(M;E) — C"(M;FE). Hence, a
function that lies on L2(M; E) for all k is smooth.

C.27 Definitions. On C”, a differential operator is a complex linear operator
L: C>®(C") — C>(C") given as

Lf =Y auD"f,

where a, € C*(C") are smooth complex-valued functions. If E and F are smo-
oth vector bundles over M of rank r and ¢, respectively, we say that a linear map
L:T(M;E)— T'(M;F) is a differentiable operator if, for any choice of local coor-
dinates and local trivializations, writing a section of E as s = (s',...,s"), there is a

differential operator L on C" acting on s as

such that the below diagram commutes.

D(U;U x R") L= T(U; U x RY)

T T

I(U; E|y) —~—T(U; F|y)

The operator is said to have order [ if there are no derivatives of higher orders. We
denote as Diff;(F, F) the vector space of all differential operators of order [ from sections
of F to sections of F. If we are dealing with compact base space M, we define Op,(E, F')
as the vector space of all linear mappings A: I'(M; E) — T'(M; F) that has a continuous

extension A: L? — L?_, which are called operators of order I.
C.28 Proposition. Diff;(E, F') C Op,(E, F).
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C.29. Let M be a smooth manifold. Let T"(M) = T*(M) \ {0(M)} be the bundle of
nonzero 1-forms (0 denotes the zero section), with projection 7. We will denote elements
of T'(M) as w or w,, if we want to emphasize the base point for which w, € E* \ {0}.
Let E, F be C-vector bundles over M and let 7*E, 7*F" denote the pullbacks of E and
F to T"(M). Recall that, as a set,

mE ={(w,e) e T'(M) x E | 7(w) =7p(e)} CT' (M) x E.
Then, set
Smbly(E, F) := {0 € Hom(7*E,7*F) | 0(pw,-) = plo(w,-), p>0, w e T'(M)}.
Now, define a linear map
o,: Diff)(E, F) — Smbl,(E, F),

where 0;(L) is called the [-symbol of L. Since o;(L) is in Smbl;(E, F), 0;(L)(w) must
be a linear map from E, — F, for every x € M. For (w) € T'(M) and e € E,, find
a function g € C*°(M) and a section s € I'(M; E) such that dg, = w and s(x) = e.

Then, define
1

o(L)(w)e=L (;—'(g - g(x))ls) (x) € Fy.

This construction defines a linear mapping oy(L)(w,): E, — F}, which then defines an

element in Smbl;(F, F). It can be shown that ¢;(L) is independent of the choices made.
C.30 Proposition. The symbol map o; gives rise to an exact sequence
0 — Diff, 4(F, F') — Diff)(E, F) — Smbl,;(E, F') — 0.

C.31 Definition. Let E, F be vector bundles over a compact base manifold M and
L:T(E) — I'(F) be a differential operator of order [. We say that the operator is
elliptic, if, for every non-zero cotangent vector £ at x € M the linear map o;(L)(&)

constructed in C.29 is invertible.

C.32 Example. Consider the second order differential operator A = > i 8]2, where 0;

is the short-hand notation for -2, acting on differential forms of R™. Let us compute

Ox3 "

the symbol of A for an arbitrary non-zero cotangent vector w. From the definition of
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the symbol, take a function ¢ such that dg, = w. Thus, for any differential form &, we

@)¢) @

2—(
{(Z g—g(x )02g+2(gg)>§+(g g(z ))Aé}()

= - (;(%)2) 3

= -l

have

a(A)(W)(E) =

l\DI»—

Thus, the Laplacian is elliptic as w # 0. If we consider a smooth manifold instead of

R™ the computation is similar because we use local coordinates.

C.33 Proposition. If D € Diff;(E, F) is an elliptic operator, then for each k > 0,

there is a constant Cy, so that for all sections s of & we have
Isllzz,, < Ce(l[Dsllzz + [Is]l2)-

If s is L* orthogonal to the kernel of D, then we can omit the term ||s||z2 in the right.

C.34. So far we have been treating the spaces L7, but we could also consider the L?
spaces by replacing the L? norm for the LP norm. If n is the real dimension of the base

manifold we define a scaling weight
n
w(k,p) =k — —.
(k. p) p

We have
C.35 Proposition. Let E — M be a vector bundle over a compact base space M. If
k> 1 and w(k,p) > w(l,q), there is a bounded inclusion map

L¥(M; E) — L}(M; E).

If strict inequality holds, that is, w(k,p) > w(l,q), then this embedding is compact.

C.36 Corollary. In dimension n = 2, the multiplication gives us a bounded bilinear
map
L3 x L3 — L3
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In particular, the space L3(End(F)) of L3 sections of gauge transformations of a vector
bundle E over a compact M is a group. Furthermore, L3(End(E)) acts on L3 (End(FE)),

as there exists a bounded bilinear map
Lix 12— L2

Proof. From the Sobolev Embedding Theorem in C.26, we have a bounded inclu-
sion Lz — (C9 for k > 2. Expanding by the Leibnitz rule gives us that for k& > [
and k£ > 2 the multiplication

L x L} — L}

is a bounded bilinear map. Therefore, the result follows if weuse k =2 and [ = 1
orl=2. U

C.37. We finish by generalizing the the Sobolev Embedding Theorem C.26 for arbitrary

L? spaces. The basic result, in dimension n is:

C.38 Theorem. If M is compact of dimension n, then there is a bounded inclusion

map LY — C°, for p>mn, i.e., w(l,p) > 0.

C.39 Proposition. Let D be an elliptic first order operator acting on sections of a
bundle E over a compact space M. Let p,q be related as ¢ = np/(n — p). Then, there

1s a constant C' such that

[fllze < CCIDs e + sl »),

and if s is LP-orthogonal to the kernel of D we can omit the term ||s||re.
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