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Resumo

O método amostral de gradientes (GS) é um algoritmo recentemente desenvolvido para
resolver problemas de otimizacao nao suave. Fazendo uso de informacoes de primeira
ordem da func¢ao objetivo, este método generaliza o método de maxima descida, um dos

classicos algoritmos para minimizacao de fungdes suaves.

Este estudo tem como objetivo desenvolver e explorar diferentes métodos amostrais para a
otimizagao numérica de fun¢oes nao suaves. Inicialmente, provamos que é possivel ter uma
convergéncia global para o método GS na auséncia do procedimento chamado “teste de
diferenciabilidade”. Posteriormente, apresentamos condigoes que devem ser esperadas para
a obtencao de uma taxa de convergéncia local linear do método GS. Finalmente, um novo
método amostral com convergéncia local superlinear é apresentado, o qual se baseia nao
somente no calculo de gradientes, mas também nos valores da funcao objetivo nos pontos

sorteados.

Palavras-chave: otimizagdo nao convexa e nao suave. minimizacao irrestrita. métodos

amostrais. convergéncia local. teste de diferenciabilidade.



Abstract

The Gradient Sampling (GS) method is a recently developed tool for solving unconstrained
nonsmooth optimization problems. Using just first order information of the objective
function, it generalizes the steepest descent method, one of the most classical methods for

minimizing a smooth function.

This study aims at developing and exploring different sampling algorithms for the numerical
optimization of nonsmooth functions. First, we prove that it is possible to have a global
convergence result for the GS method in the abscence of the differentiability check procedure.
Second, we prove in which circumstances one can expect the GS method to have a linear
convergence rate. Lastly, a new sampling algorithm with superlinear convergence is
presented, which rests not only upon the gradient but also on the objective function value

at the sampled points.

Keywords: nonsmooth nonconvex optimization. unconstrained minimization. gradient

sampling. local convergence. differentiability check.
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Introduction

Problems involving continuous nonsmooth functions arise in many fields of
science [35,43,48], acting in a direct way or playing a secondary role (e.g., subproblems) in
different areas. A large class of problems needs to cope with one or more minimizations of
convex nonsmooth functions [39,42], which has been successfully solved by well established
optimization algorithms known as Bundle Methods [1,25,34]. However, a significant amount
of problems involve minimizations of nonsmooth functions that are also nonconvex [12,13],
a property that usually introduces an undesirable complexity to the implementation of

the aforementioned technique.

Recently, an algorithm known as Gradient Sampling (GS) [6,27] has gained
attention for providing good alternatives to the difficulties that Bundle Methods need to
deal with if the function is not convex (see [34,41] and references therein). Basically, the
functioning of GS is very close to the steepest descent method for smooth functions, since it
works in every iteration with a descent direction computed just with first order information
and it finds the next iterate by a line search procedure (in fact, when a nonnormalized
version of GS is used to solve a smooth optimization problem, its step asymptotically
recovers the direction taken by the steepest descent method). In contrast to the Bundle
Method, the GS does not work with a memory of the past iterations, but it tries to gain
information about the function by computing gradients of sampled points obtained in each
iteration. This behavior is less complex than keeping a history of the last iterations, since
in the nonconvex case it is hard to determine whether a past iteration is contributing to
construct a good model of the objective function or it is so far from the current iteration
that its incorporation to the model might lead to an erroneous local information. As a
counterpart, by evaluating the gradients of the sampled points, the GS has a significant

cost per iteration.

The present study has the goal to explore the convergence behavior of methods
that use sampling techniques to solve unconstrained nonsmooth optimization problems.
Although we present some numerical results along the text, this study is essentially

theoretical and its contribution can be divided in three parts.

The first major contribution is the preservation of the global convergence result
for the GS method when a step called “differentiability check” is not implemented. We
present two alternative procedures that replace this undesirable step, which have the
advantage of not asking from the user the knowledge of points of nondifferentiability of

the objective function [19].

The second contribution is the study of local convergence of the original GS
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method in its nonnormalized version [21]. Although the global convergence result is
well established, a local rate of convergence has not been stated yet. In the nonsmooth
optimization community, there is a belief that in the best case scenario, the GS method
would converge linearly and mainly because it can be seen as a generalization of the
steepest descent method [10]. However, because of the random nature of GS, this result can
not be easily obtained and a mathematical meaning for the “best case scenario” expression

is also not trivial.

Finally, we end this thesis by trying to answer a natural question that arises
when one studies the GS algorithm. Since the aforementioned algorithm may be viewed
as a generalization of the Cauchy method, it is reasonable to wonder whether it would
be possible to develop a sampling technique that would generalize the Newton or quasi-
Newton method, in the sense that a superlinear convergence result could be achieved. As
a result, we present a new sampling algorithm that moves superlinearly to the solution of

the nonsmooth optimization problem in some specific iterations of the method [20].

We believe that the results obtained in this text are a step further into the
study of a practical algorithm with rapid local convergence to minimize nonsmooth and
nonconvex functions (important studies on the matter for nonsmooth and convex functions
can be found in [28-30,37]). The pursuit for such an algorithm has raised efforts of many
researchers (an enlightening review can be found in [38]) and up to our knowledge there is

no method in the literature that fulfills those features.
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1 Theoretical Background

The need to minimize a function f : R" — R that is not differentiable in its
full domain arise in many areas of science [35,43,48] and has gained attention from the
optimization field along the last four decades, since a large class of problems needs to
cope with one or more minimizations of nonsmooth functions [12,13,39,42]. Usually, the

problem to be solved can be described by

min f(z)
st reX cR™

(1.1)

Here, some of the typical hypotheses commonly made over the optimization problems
are not assumed. The map f may not be differentiable at every x € R" and, additionally,
it might be nonconvex as well. Besides, the set X is usually represented by means of

continuous functions g;, h; : R™ — R such that
X :={reR"|gi(x) <0and h;(z) =0, VieZ, Vje &},

where Z,£ < N are finite index sets. The functions g; and h; may not be necessarily

smooth.

A natural example of a nonsmooth problem can be given by the exact penalty
function approach for constrained optimization. Under mild assumptions, it is possible
to show that there must exist a sufficiently large p > 0 such that the solution of the
unconstrained minimization problem

min f(x) + pmax{|G(z) 4 |w,| H ()|},

reR™
where

T T
G(z) = [gi(z) ... gglx)] and H(z) = [hi(z) ... hgla)] ,
is equivalent to problem (1.1). Therefore, even for the smooth optimization case, it is a

natural approach to see the problem as a nonsmooth minimization one.

Since many constrained optimization problems can be easily transformed into
an unconstrained minimization by the penalization approach presented above, from now
on, our study will be focused on the problem (1.1) for X = R". So, the case of interest
can be stated as

min f(x). (1.2)

zeR™

Although we are not requiring smoothness of the function f, it is inevitable to

impose some structure over the objective function in order to have a convergent algorithm.
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An assumption weaker than the differentiability of a function is the hypothesis of Lipschitz
continuity. This assumption is important because it still provides desirable properties for
the objective function and cuts out some pathological functions. An important implication
of this assumption is that, for any unitary d € R™ and ¢t > 0, we have the finiteness of the

quotient

|f(z + td) — f(x)]
t
Therefore, from now on, we suppose that f is a local Lipschitz continuous function.

, for all x € R".

Definition 1.1 (local Lipschitz continuity). Let f : R®™ — R be a continuous function.
We say that f is a locally Lipschitz continuous function if for all x € R"™, there exist r > 0
and L, > 0 such that

1f(2) = f(x)| < L |z — x|, forall ze B(x,r).

An important implication of Definition 1.1 is given by Rademacher’s theorem [4],
which states that if f is locally Lipschitz continuous, then the set of points where the
function f is not differentiable has null measure (in the sense of Lebesgue measure).
Roughly speaking, one can say that given any point x € R" obtained in a random and
uniform way, with probability one, the function f will be differentiable at x. Hence, a

point in the domain of the objective function where f is not differentiable is rare.

In addition, we ask a little more structure for the function f. So, defining D as
the set of all points in which f is differentiable, we assume the following property for f

along this study.

Assumption 1.1. The set D is open in R".

Figure 1 — Absolute value function.

At this point, one could be tempted to think that, in practice, any algorithm

developed to minimize smooth functions works to optimize a locally Lipschitz function,
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since points of nondifferentiability are rare. Unfortunately, this is not a true statement.
Usually, in real-world problems, when the minimization of a locally Lipschitz function is
needed, some or all local minimizers are points of nondifferentiability. Consequently, it is
easy to see that any method used to solve the optimization will face the nondifferentiability
issue. For example, this undesirable behavior can be seen in the one-dimensional absolute
value function (see Figure 1) or, more generally, in the norm | - |[;. Many regularization
processes of ill-posed problems use this norm to obtain a good solution and, in general, at
the optimal point, the function | - |; is not differentiable. Moreover, some methods might

get stuck in regions of nondifferentiability far away from the solution [22, Chapter VIII].

The next section has the goal to establish generalizations of some well known

concepts of smooth functions and present useful properties of locally Lipschitz functions.

1.1 Basic concepts

There are several ways of presenting and motivating a generalization of the
different concepts related with smooth functions. Additionally, different generalizations are
possible. Here, we have decided to use the concepts developed by Clarke [8] and to start
giving a geometrical motivation of those notions. For that goal, we begin with a simple

definition.

Definition 1.2 (cone). Given any nonempty set A = R", we say that A is a cone in R"

if for any scalar o = 0, we have

ae A= aac A.

Notice that the null vector is always an element of a cone A, since by its
definition 0 - @ must belong to 4. With this first concept in mind, we determine an

important cone for our study.

Definition 1.3 (tangent cone). Given any nonempty set X < R", we say that d € R" is
tangent to X at x € X if for every sequence of points {x;} = X converging to x and any
positive sequence {t;} < R decreasing to zero, there is a sequence {d;} < R" converging to
d such that

xj+tjdje X, forall jeN. (1.3)

The set that contains all the tangent vectors of X at x is called tangent cone and is denoted

Directly linked to the notion of tangent cone is the normal cone. For such a

definition, we choose any inner product (-, -) in R".
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Definition 1.4 (normal cone). Let X < R" be a nonempty set and x € X. Then, the set
N/y(l') = {’U e R" ‘ <’U,d> < 0, Vd e T/y(af)}

1s called the normal cone to X at x.

Therefore, for any nonempty X < R", it is not difficult to see that the set
Ny (z) is always convex and closed. For our case, the tangent and normal cone will be

generally related to the set called epigraph.
Definition 1.5 (epigraph). Let f : R"™ — R be any continuous function. Then, the set
epi f:={(z,2) e R" xR | f(z) < z}

is known as the epigraph of f.

Although the epigraph set seems just another representation of the function f,
it will be very helpful to motivate and understand the definition of stationary point that
will be introduced ahead. For now, let us exhibit two representations of functions with

their respective tangent and normal cones (see Figure 2). Notice that there is a significant

f(z)

\

.
T x T Tk Z

Figure 2 — Two representations of functions. On the left side we have a convex function,
which implies a convex epigraph as well (set of points in grey). On the right-
hand side we have a nonconvex function with its respective nonconvex epigraph.
In both figures, the red and green colors represent the normal cone and the
tangent cone, respectively.

difference between the normal cone of a convex and nonconvex set. While in the convex
case the normal cone does not “enter” in the set, a nonconvex set can have a normal cone

stepping into it.

For motivating this section, we start by giving some physical meaning to the

examples shown in Figure 2. Let us suppose that the epigraph of the function represented
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on the right-hand side is a solid structure. Moreover, just because we always represent
the gravitational field pointing downwards, we flip the picture (see Figure 3). Therefore,
let us suppose that a tiny object was left at the position (x,, f(z.)). Consequently, since
the epigraph of the function is solid, the structure will impose a force against the gravity,
not allowing the particle to enter into it. However, since this object is in the corner of
two “solid walls”, there are different manners that the structure could exert this force.

Additionally, this force can only be made by the vectors normal to those walls.

Assuming, by simplicity, that ¢ is a normalized vector, that is, ¢ = (0, —1),
any vector (£,1) € —Nepis(2s, f(24)), with € € R, is a vector that will exert a force
against the gravity (the minus in front of Ny f(q:*, f (l’*)) represents the set of vectors
with directions opposing those in Nep; f(x*, f (x*)) and it appears in the expression just
because we have flipped the original figure). Therefore, any force in the normal cone that
exerts a counter force to the gravity is called the generalized gradient (or subgradient)
of the nonsmooth function f, since these vectors are the only forces that can impose a
movement to the object. Generalizing this concept to the n-dimensional real space, we

exhibit our next definition.

{7

(-’L'*a f(w*))

Figure 3 — Representation of a tiny object at the position (x,, f(z)) related to right-hand
side picture of Figure 2.

Definition 1.6 (subdifferential,subgradient). Let f : R®™ — R be a locally Lipschitz

continuous function. Then, given any point x € R", we call the set

Of(x) :={€eR™ | (&, —1) € Nepis(, f(2))}

as the subdifferential of f at . Any & € 0f () is called a subgradient of f at x.

Looking at Figure 3, one can see that at the point we are computing the normal
cone, it is possible to have a force that will produce an equilibrium over the tiny object, i.e.,
there is a vector inside the normal cone such that it will not exert any kind of force, but in

the opposite direction of the gravity. Indeed, (0, 1) belongs to the set —Nep; f(a:*, f (:1:*)),
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or, in a more direct way,
(0, _1) € Nepif(l'*: f(x*))

Hence, since the equilibrium is possible, the object will remain stationary at this point.

This reasoning motivates the next definition.

Definition 1.7 (stationary point). Let f : R® — R be a locally continuous Lipschitz
function. Then, given any fixed point x € R", we call the point x an stationary point for
the function f if

(0, =1) € Nepi s (, f()),

or, alternatively, 0 € Of(x).

Mathematically, it would be desirable to have that every local minimum (or
maximum) of the function f satisfies the definition of stationarity. However, to ensure that
this property holds, we need to define the generalized directional derivative for nonsmooth

functions.

Notice that we have established a generalization for the derivative concept
without using a generalization of the directional derivative. This connection will be given by
analyzing the set Tepi ¢ (2, f(x)). So, in order to explore the relation between Tey ¢ (z, f(2))

and Jf(z), we will need a well known definition in the convex analysis area.

Definition 1.8 (support function). Given a compact and convex set C < R", we define

its respective support function s : R" — R as

sc(d) = max{{x,d) | = € C}.

The support function is of great importance in convex analysis because a
compact and convex set defines a support function and vice-versa, i.e., it is enough to have
one of these objects to know both. This result is due to the fact that C can be described

as the intersection of all half-spaces of the form

Se () :={yeR" | {z,y) < sc(x)}. (see Figure 4)

We will see that the generalized directional derivative will be the support

function of the set 0f(z). For now, we present a proposition that will prove useful.

Proposition 1.1. Let f : R" — R be a locally Lipschitz continuous function. Then, given
deR", reR and x € R", the following holds

(d,r) € Tepif(z, f(x)) < lim supf(y * tci) — /W) <.
t0
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Figure 4 — Representation of a compact and convex set C and some of its half-spaces
S¢ (z;) related to the support function associated with C.

Proof. Given any (d,r) € Tepi f(z, f(x)), we must have, for any sequence {(x;,2;)} < epi f
converging to ((x, f(x)) and any {t,;} decreasing to zero, that there is {(d;,r;)} € R" x R
converging to (d,r) such that

[y +t5d;) — 2

t

(xj,2;) +tj(dj,r;) eepif, forall jeN< <r;, forall jeN.

Therefore, since this must be valid for any sequence {(z;, z;)} < epif, we choose the

sequence {(z;, f(z;))}, which implies
flay +t;d;) = f(x)

[z +t;d;) — fx;) <, forall j € N = limsup <r.  (14)

Notice that since f is locally Lipschitz continuous, there must exist a Lipschitz constant L
that holds for all points near x. Consequently, for j sufficiently large, it yields that

flag +tidy) = fxy) [y +td) — flay)
tj t

< L|d; —d|.

Hence, by the condition that d; — d and by (1.4), we have
f(zj +t;d) — f(x) fxj+t5d;) = f(x))

lim sup = lim sup <7
o t j—o0 t
Summarizing, the following holds
td) —
(dr) € Tepip(, f(2)) = limsupf(y + t> f(y) <r
y—z
0

Conversely, let (d,r) € R" x R and assume that

limsupf(y + ti) EAC)
y—z

tl0
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holds. Consequently, for any sequences {(z;,2;)} < epi f and {¢;} < R such that z; — =
and ¢; | 0, it yields that
[z + t;d) — f(z;)

+ t;d
lim sup f(; )= < lim sup <. (1.5)
j—00 tj j—00 t]‘

Then, we define the sequence {(d,r;)} < R" x R, with

{ flzs + tod) — 25 }
r; = max < sup Tr

s=j Ls

By the manner we have defined the sequence {(d,r;)}, we see that

flz; +t;d) —
tj

<r], forall j e N= f(x; +t;d) < z; +t;r;, forall jeN.

Equivalently, we have (z;, z;) +t;(d, ;) € epi f. Moreover, by (1.5), it implies that (d,r;) —

(d,r), which completes the proof of our statement. O

This last result, gives the support function of the closed and convex set df(x).
Indeed, since (£, —1) € Nepi ¢(, f(x)), then

(€, =1) € Nepi (2, f(2)) < (€, 1), (d, 7)) < 0, for all (d,r) € Topi p(, f(2)).

So, assuming that the inner product (-, ) above is the natural inner product for a space
originated from a Cartesian product of a space X and R, that is, {(a, b), (¢, d)) = {a, c)»+bd,
then

(&,—1) € Nepif(z, f(2)) = (& d) <r, forall (d,r) e Topif(z, f(x)).

By Proposition 1.1, one can see that

fly+td) — f(y)

§€0f(z) = (§ ~1) € Nopi (. f(1)) = (€, d) < limsup ; o (16)
t40
which yields
S3p(x)(d) = max <§ dy = hm supf(y *td) - f(y) (1.7)

¢edf(a 3
t],O

That being established, we are ready to understand the concept of the general-
ized directional derivative. Remember that for the smooth case, the directional derivative
at x in the direction d can be defined as the inner product of the gradient at x and the
vector d, i.e., the growth rate of the function in the direction d. In our context, we intend
to do the same, but since we can have more than one generalized derivative at the same
point, we define the generalized directional derivative as the support function that appears

n (1.7).
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Definition 1.9 (generalized directional derivative). The generalized directional derivative
of a locally Lipschitz continuous function f : R"™ — R at x in the direction v € R" is given
by

f°(z;d) = lim supf<y +td) - f(y)

y—x t
tl0

By relation (1.6), it is also possible to define the subdifferential set in a different
manner, but equivalent to its previous definition. While Definition 1.6 has a geometric
understanding of the generalized derivative, the definition below presents an analytical

view.
Definition 1.10 (Subdifferential set,subgradient). The set given by
0f(x) == {€ e R (& d) < f(a;d), YdeR"}

is called the subdifferential set of f at x and any & € Of(x) is known as a subgradient of f

at x.

From this last definition, it is easy to see that when we compute the generalized
derivative at a point x, where the function f is differentiable, we obtain exactly the gradient

of the function.

Proposition 1.2. Let f : R" — R be a locally continuous Lipschitz function. Then, if at

x € R" the function f is differentiable, we have
of(z) ={Vf(2)}.

Proof. Let £ € 0f(x) be an arbitrary subgradient. Then, it yields that (¢, d) < f°(z;d),
Vd € R". However, since f is differentiable at x, we have that f°(z;d) = (Vf(x),d). Then,

&, dy <(Vf(x),d), foralldeR"

Taking d = £ — V f(x), it yields that (¢ — V f(z),{ — Vf(z)) < 0. Therefore, £ = V f(x),
which completes the proof. O]

The analytical definition of the subdifferential set, gives us the means to prove

a result announced before, but we were not yet capable to attest it.

Proposition 1.3. If f : R" — R is a locally Lipschitz continuous function and x is a

local minimum or mazimum of the function f, then 0 € df(x).

Proof. First, suppose that x is a local minimum of f. Also, we take any sequence {t;} c R
decreasing to zero and the constant sequence {z;} with z; = x, for all j € N. Then, it is
clear that for any j € N sufficiently large, we have that

flz; + t;d) — f(z))
tj

> 0= f(z;d) =0, forall deR".
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Therefore, 0 € df(x). Now, for the case of local maximum, we need to show that 0 €

of(z) < 0€ d(—f)(z). Indeed,

(= ) (: d) = Timsup =D 1D = (NW)

y—x t

t0
el Gt = 1)

Z—x t
tl0

= f°(z; —d).

,using z =y + td

Consequently,
0edf(x) & Vde R", {0,d) < f°(z;d) < Vd e R", {0, —d) < f°(x;—d) < 0 € o(—f)(x).

But a local maximum for f is a local minimum for (—f), therefore it relies on the case

already proven, which completes the proof. O

Both definitions of the subdifferential set are important, but they are not so
useful in practice. Even an attempt to approximate 0f(z) seems impracticable. Next, we

present a different view of the generalized directional derivative that will prove helpful.

Theorem 1.1. Let f : R" — R be a locally Lipschitz continuous function. Then, the
generalized directional derivative of f at any point x € R™ can be written as
[, d) == limsup(V f(y), d),

y—z
yeD

where D is the set of points in R™ such that f is differentiable.

Proof. To prove this statement, we first fix any d € R" and take any § > 0. Moreover, let
{z;} € R" and {t;} < R be any sequences such that z; — x and ¢; | 0. As a consequence,
we define the sequence {z;} < R", with

ot
zjeB <£L‘j, 2[3,) N D, where L is the local Lipschitz constant around x.

Notice that the existence of each z; is given by the Rademacher’s theorem. Now, for all
j € N sufficiently large, we must have that

Sy +t;d) = flzxg) _ [z +td) = f(z)

< + 9.
tj t

However, since the sequences {z;} and {¢;} are arbitrary, the relation above yields

fly +td) — f(y) fly+td) — f(y)

lim sup < lim sup + 4.
y—ox t y—oT t
t}0 yeD

tl0
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Since 0 > 0 can be arbitrarily small and the sequences considered in the right-hand side of

the last inequality are contained in the sequences in the left-hand side, we have

fly +td) — f(y) f(y+td)*f(y)‘

lim sup = lim sup
y—x t y—x t
tl0 yeD
tl0

Again, consider arbitrary sequences {z;} < D and {¢;} < R such that z; — = and ¢; | 0.
Then, for any J, I € N with J > I, it yields that

. t.d) — . . t.d) — .
lim {sup f(xj + J ) f(ZL’])} < hm Supf(*rz + ] ) f(xl) — Sup <Vf(371), d>
J—w0 | j> t; Jow | iy t; i=1
=1

However, since the sequences involved in the inequality above are arbitrary, we have

fly +td) — f(y)

lim sup ; < limsupdV f(y), d).
y— y—
£10

In fact, this inequality can be proven to be an equality. Indeed, let us choose any § > 0.
Then, for any sequence {z;} < D converging to z, there is a sequence {t;} < R decreasing
to zero such that

| d) < [z +t;d) — f(z;) [z +t;d) — f(x))

(Vf(z; n +5=>§1>15) <Vf(xj),d><§1>15) 0 + 0.
Considering j — oo and since {z;} is arbitrary, we get
hI;l S;Jp<Vf(y), dy < lir;n Sglﬁlpf<y i tc? — /W) +9.
t10
Again, since 0 > 0 may be arbitrarily small, we finish our proof. O

In finite dimensional spaces, which is our case, the subdifferential set can
be seen from a third viewpoint. To present this new definition, we need an auxiliary
result [44, Theorem 2.29].

Theorem 1.2 (Carathéodory’s theorem). If x is an element of the convex hull of a non
empty set X < R", then there exists a maximum of n + 1 elements of X such that x is a

convex combination of those points.
We are ready to prove a theorem that will play a key role in the optimization
methods that use sampling techniques.

Theorem 1.3. Let f : R® — R be a locally Lipschitz continuous function. Then, the

subdifferential set of f at any point x € R"™ can be written as

dof(x) :==co {Jlir&Vf(xj) | xj — x,x; € D} ,

where D is the set of points in R™ such that f is differentiable.



Chapter 1. Theoretical Background 28

Proof. To prove the result, we start by showing that the support function of

X = Co{hm Vi(x;) | z; —>:B,xjeD}

J—©

is the map d — limsup(V f(y), d). In other words, we show that
Yy
yeD

1?%3<<£, d) = limsup{V f(y),d), for all d e R".
€ —T
Z’LG'D
So, let us fix any d € R™. Then, there exists £; € X such that I?E}YX<€, dy = (&4, d). By the
€

Carathéodory’s theorem, we know that there exist sequences {:E]l}, . .,{x}”l} converging

to x and scalars Ay,...,A\,11 = 0 such that

n+1 n+1
&y = Z; A lim Vf(z!), with ; A =1

Then,

n+1
&ad) = Z i ]lirlgo Vf(ah), d> < max <1im Vf(ah), d> < limsupdV £ (y), d).
i—1

1<is<n+1 \ j—© Yoz
yeD

As a result, r?%(x@ ,dy < limsup(V f(y), d), for all d € R". Let us prove the other side of
€ —T
?gJ/eD
the inequality.
Let us still consider an arbitrary and fixed d € R". By the definition of lim sup,

it yields that there exists a sequence {z;} converging to x such that

V(). d) > Hmsup(V (5),) = -

yeD

However, because of the locally Lipschitz continuity of f, |V f(z;)| is bounded near
x. Consequently, there is a subsequence {z;, } converging to x such that V f(z;, ) also

converges and

(Jim, V7)) > lmsupdv ),

Jk—0 Yy—x
yeD

The inclusion,

lim Vf(z;,) € co { lim Vf(z;) | z; = x,xj € D} (1.8)
j—00

Jk—0

yields that d — limsup{V f(y), d) is the support function of the set that appears in (1.8).
y—o
yeD

But we have showed in Theorem 1.3 that this map is exactly the support function f°(z;-).

As any support function defines a compact convex set and vice-versa, the statement
follows. O
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It is easy to understand the physical concept behind the last statement. Let us
return to the example of Figure 3. It seems reasonable that any force that the tiny particle
will receive when it is in the corner of the two “rigid walls” will be a convex combination of
the normal vectors of each wall. The theorem above says precisely that, since one can view

the normal force of one of those walls as (V f(y), —1) € Nepi (v, f(y)), for any y near .

Although Theorem 1.3 depends on the collection of all sequences of points
of differentiability converging to z, which decreases the practicality of the result, its
representation by the actual gradients of the function f is extremely useful. In this fashion,
we can think in a natural set to approximate the real subdifferential 0 f(z) by computing
gradients near x and taking their convex hull. Associated with this idea, we present a

more general set than Jf(x).

Definition 1.11 (e-Subdifferential set, e-subgradient, e-stationary point). The set called
e-subdifferential of f at x is given by

0 f(z) :=codf(B(x,¢€)).

Any v e d.f(x) is known as an e-subgradient of f at x. Moreover, if 0 € 0.f(z), then we

say that x is an e-stationary point for f.

This new set includes the information about the function f around the point
x € R", towards the implications of Theorem 1.3. Besides, it still depends on the generalized
derivatives and not on the gradients. The next set is more in line with a practical

approximation of df(z):
Ge(x) :=clco(Vf (B(x,e) nD)).
This definition is directly linked with 0. f(z), because dsf(z) = G.(x) = O.f(x), when

€ > 6 > 0. Moreover, we have that
of(z) = [ Gela),
e>0

which evinces the property of G.(z) to approximate the subdifferential set.

So far, we have exhibited the basic concepts associated with locally Lipschitz
functions, but we have not looked yet at the optimization problem (1.2). Although the main
focus of our study will be the sampling techniques normally used to solve minimization
problems, an introduction about bundle algorithms can not be left aside when one studies

nonsmooth optimization.

1.2 Bundle techniques

In this section we have the intent to give a brief introduction in one of the most

well known algorithms for solving nonsmooth optimization problems. Bundle methods
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were originally developed to deal with nonsmooth and convex functions and, unlike the
standard subgradient methods, they were built to be descent methods [34,41]. Posteriorly,
nonconvex objective functions were added to the class of maps that bundle methods might
handle, but the complexity of these algorithms increases considerably when compared to
their convex versions. For the purpose of this section, we will just consider the case where

f is a convex and possibly nonsmooth function.

Let f:R"™ — R be a locally Lipschitz continuous function, then we say that f

is convex if its epigraph is a convex set, i.e, given any A € [0, 1], it yields that
r,yeepif = r+ (1—Nyeepif.
Equivalently, we must have that
fAz+ (1= Ny) < Af(z)+ (1 —N)f(y), forall x,y e R"™

As a consequence, we can establish the main result that bundle methods are based on,
which tells us that it is possible to approximate the function f by affine maps that

underestimate the values of f.

Proposition 1.4. Let f : R" — R be a locally Lipschitz continuous function. Moreover,
assume that f is convex. Then, for all x,yy € R™ and & € 0f (x), it yields that

f@) + &y —x) < fy)

Proof. For any z,y € R", we define d = y — x. Consequently, we must have that

fo($;d) = limsupf(z + td) - f(Z)

Z—>T t

t10
e/ HE D (L=~ £(2)

Z—>T t

tl0
< limsup LT D A= 0f() ~ f(2)

z—T t
tl0

= limsup f(z + d) — f(»)

Z—T

= flz +d) - f(z)
= fy) — f(2).

So, by (1.7), it yields, for all £ € df(x), that

Ey—w)< f(zd) < fly) = fz) = flo) + &y —x) < f(y),

which proves our statement. O
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Figure 5 — Representation of a convex function by affine approximations.

The result presented previously is illustrated by Figure 5. In this figure, one
can see that the affine approximation in Proposition 1.4 will always underestimate the
function f. Moreover, one may consider a model for the objective function using different

affine approximations. Basically, the model function can be given by
Fw) = ma{ £ (53) + €7 0 — )}, (19)

where J < N is a finite set of indices, y; € R" are points that help us to construct a model
for the function f and &; € df(y;).

The model presented in (1.9) is known as the cutting-plane approach [7,24]
and it is the precursor of bundle methods. Although this model seems a good and cheap
way to approximate the actual objective function, it has some drawbacks. For example,
the cutting-plane model may not always have a global minimizer, which is a condition
closely related to the points y; € R" that enrich the model of f (see Figure 6). Hence,
any attempt to find a good approximation of the solution x, by looking at f will prove

unsuccessful.

Even in the case that the model f does present a global minimum, it might be
a poor approximation. To illustrate this behavior, let us consider the convex function that
appears in Figure 7 with its respective model function f . While the point ys is close to the
actual solution of the problem, the model that is obtained by using an affine approximation
at yo gives back a bad approximation of the global minimizer. This happens because at
the right-hand side of the solution, the function f is almost horizontal. In that case, if the
point y; is not close enough to the solution x,, it will give us a global minimizer of f far
from gy, and, consequently, from x,. This explanation also justifies why the cutting-plane

method behaves poorly when applied to a smooth function.

Some of the difficulties of the cutting-plane approach exposed here suggest

that a stabilization of the method is needed in order to guarantee that f will always have
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Figure 6 — Representation of a model f (x) for the function f that does not present a
global minimizer.

 J

Figure 7 — Representation of how f' () can approximate poorly the solution z,.

a global minimizer and it will not produce bad approximations of x, when close to the
solution. One of the possible ways is to impose a level of reliability on the function f ,
which means that we will trust in the approximation of f in a close neighborhood of zy,
(the current iteration of the method) [46]. Mathematically speaking, the approximation of

the solution x, will be given by
min f(z)
s.t Hl’ — Ik” < Ak,
where A, > 0 controls the radius of reliability of f (x) around z.

Another possible approach that one might consider is to build a quadratic
approximation of f instead of considering affine functions. In the case that this quadratic
approximation presents a positive definite Hessian, it is clear that a minimum of this

approximation will always exist. In view of this goal, it is better to centralize the function
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f at the current iterate point xy, that is,

v

f(z) = I;le%}{f(yj) +& (x—y;)} = %@X{f(xk) + & (x— ) — onh

where oy, ; is called the linearization error and it is given by

ap; = fxr) = fy;) — & (2 — y;)-

So, considering Hj, € R"*" a positive definite matrix, one can stabilize the model of f by

giving a new definition for the function f :
. 1
floy +d) = %e?;{f(a:k) +&d— gy} + idTde.

At this moment we are ready to understand the general mechanism of bundle
methods. Here, we will discuss a general bundle technique, but we do not have the intent

to encompass all the existing bundle methods.

To start, let us consider that we are at an iteration k of our general algorithm
with its respective current iterate x, € R™. Moreover, we have an index set J < {1,...,k}
related to the points y;, with j € Jj, that enriches our model. As the first step, we solve
the following optimization problem for any positive definite matrix H;, € R"*"

. 1
- N T , T
min flzy +d) = min I]Ié%i({ flop) + & d— oy} + 2d Hyd. (1.10)

In the way that the above problem is presented to us, it does not seem any easier than our
original optimization problem, since the objective function is still nonsmooth. However,
the solution of (1.10) can be also obtained by solving the following constrained problem
. L
min z+ id Hd

(d,z)eR™ xR (1.11)

st —oay;+ ijd <z, je T

Now, we are able to obtain a solution by a quadratic optimization problem and there are

efficient algorithms in the literature to solve this kind of constrained minimization.

Once solved this subproblem, we define a possible candidate to be the next
iterate

Ykt1 1= Tp + di,

with dj, being the solution of (1.11). The acceptance or not of this point as the next iterate

will be given by the quotient
f(@r) = fyer)

~ .

f(@r) = f(Yri)

In the case that the quotient above is greater than a positive real number ¢ € (0,1/2), we

accept the point y,, 1 as our next iterate, since this relation tell us that the model f is good
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enough (according to the parameter ¢). Otherwise, a null step is taken, i.e., 51 1= .

Moreover, we enrich our model by adding the point yx.; and we set Jyy1 := Jx U {k + 1}.

The process comes to an end when the predicted decrease of the function value

is small enough, i.e., when

v

f(r) = flyesr) < e

where € > 0 is a previously established tolerance. Finally, we declare the approximate

solution of the original optimization problem as the last iterate obtained.

Clearly, different bundle methods can be drawn by setting different ways to
choose Hj, [25,26]. Additionally, one can even consider a different quadratic term for each

piecewise affine function instead of fixing the same quadratic term for all of them [33].

Independently of the choice of positive definite matrix, an important issue
must be stressed at this point. As the number of iterations increases, the index set 7
will increase. Therefore, the number of restrictions in (1.11) can be dramatically high if a
cleaning procedure is not implemented. In the literature, this routine is called aggregation
and is an important procedure if one wants to implement a practical method. For this

subject, we guide the reader to [2, Chapter 10] and references there in.

As we have already said in the beginning of this section, the bundle techniques
are more complex when the hypothesis of convexity is left aside. For this case, it is hard
to determine whether a past iteration is contributing to construct a good model of the
objective function or it is so far from the current iterate that its incorporation to the
model might lead to an erroneous local information. Moreover, the underestimation of
the affine approximations is no longer a valid result, which contributes to add an extra

difficulty when one tries to build a reliable model for the function f.

With the objective of overcoming these difficulties in solving nonsmooth and
nonconvex optimization problems and, in order to present an alternative algorithm to the
well established bundle method, the algorithm known as Gradient Sampling (GS) was
published in 2005 [6]. The next section has the intent to explore its functioning and present

the algorithm itself.

1.3 Gradient sampling

In contrast to the bundle techniques, the Gradient Sampling method is not
deterministic, since in each iteration a sampling procedure is executed as a way to avoid
keeping the past iterations in the memory to construct a good model for f. Consequently,
the decision whether the past iteration is contributing to build a good model for f, present
in the bundle method, is no longer a concern. On the other hand, the cost per iteration is

considerably higher.
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In order to understand the GS functioning, we emphasize that the aforemen-
tioned method is a generalization of the steepest descent method for nonsmooth functions.
Hence, the GS algorithm tries to emulate the behavior of Cauchy method, i.e., in each
iteration the algorithm computes a descent direction at the current iterate z, with just
first order information and executes a line search procedure in view of obtaining the next

iterate xpyq.

At this point, one can guess that the hardest step is the computation of the
descent direction, since the nonsmoothness of the function f can make this procedure
harder than when one has a smooth function. Indeed, this step is the kernel of the method
and once we understand how this process works, the functioning of the remaining steps

becomes natural.

The idea behind the sampling procedure is to approximate the set G.(z) by
sampling points around the point x and computing the gradients of f at those points [5].
Of course, the Rademacher’s theorem plays a key role at this step, since it states that the
set of points in which the function f is not differentiable has null measure. Consequently,
if one has, for example, an uniform sampling around z, with probability one the function
f will be differentiable at those random points. Therefore, the well-definiteness of the GS

method is subjected to an almost sure event.

Additionally, in the case that f is also differentiable at x, the vector V f(z) is
also used to approximate G.(x). In further details, considering y; as the random points

sampled in B(z,€), we have that

Ge(w) == co{Vf(x), VF(yr), - Vlym)},

is an attempt to approximate G.(z) (for a geometrical view see Figure 8). Moreover,
although g}(:c) is just an approximation, it has a very important property: independently
of the sampled points, it is always possible to find a direction d e Qe(m) of descent for f at

x.

Indeed, let us consider that 0 ¢ G (x). Since G.(x) is compact, the following
vector must exist

€ := argmin (v,v). (1.12)
ve_C’;e(x)

We then define, for any v € G.(z), the function ¢, : R — R, where
du(N) = (1 = N)E + v, (1= N)E+ ).
Therefore, it yields that
PLN) = —2(1 — NE € + 2Mv,v) + 2(1 — 20)(€,v), for all A € R.

However, since ¢ is given by (1.12) and G.(x) is convex, we must have that

u(0) < ¢p(N), forall X e [0,1],
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Vf (yz) grmremermremmemsnmsennen :

Figure 8 — Representation of the set G.(z) for the bidimensional function f(z) =
max{—z; + 23,71 + 23} at * = (0,2) with ¢ = 0.5. In this case, we have
three sampled points y;, y2 and y3 to approximate G.(x). The vector &, stands
for the vector with minimum Euclidean norm over the set G(x), whereas &
represents its approximation by just using the gradients V f(y1), V f(y2) and

V£(ys).

which implies that ¢, is an increasing function at 0. Hence, ¢/ (0) = 0 and we get

72<é> €> + 2<§7 U> = 0= <§7 €~> < <57 U>'

Consequently, since 0 ¢ G.(z) and the above implication is valid for any v € G.(), it yields
that

<_§7 Vf(flf)> < _<ga g> < Oa
which proves that —¢ is a descent direction for f at z.

Having the descent direction d = —¢&, there are two possibilities for a given
tolerance v > 0: ||d| < v or |d|| = v. For the first case, the algorithm declares that, under
the given tolerance v, the point z is an e-stationary point for the function f and the
method decreases the sampling radius e. Otherwise, a line search procedure is performed
along the vector d and finds the next iterate xy,;, which completes an iteration of the
method.

There are still some clarifications that we need to provide for a complete
understanding of the method, but before we proceed with these explanations, we introduce
in Algorithm 1 a general model for most of the GS methods that have been developed
over the years [10,27].

The first observation that we must highlight is the use of the positive definite
matrices Hj in the GS algorithm. With those matrices we can define inner products and
norms induced by them and, consequently, obtain different concepts of a vector with
minimum norm over a closed and convex set. The different types of inner products produce
different GS methods. For example, if we set Hy = I for all k£ € N, we obtain the standard
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GS method. However, updating Hj with limited memory LBFGS techniques, we get a
variant of the methods suggested in the study of Curtis and Que [10].

The real value oy, that appears in Step 4 is just an approach to encompass the
normalized and nonnormalized versions in the literature. In the pioneering paper of the
GS method [6], the original authors make use of a normalized descent direction, while a
couple of years later, Kiwiel presented a nonnormalized version of the same idea [27] with
better convergence properties. Notice also that the line search procedure in Step 4 is well
defined, whenever x;, € D, since as argued before, d; will be always a descent direction for
f at xg.

Algorithm 1: A general algorithmic framework for GS methods.

Step 0. Set & =0, 29 € D, m € N with m > n + 1, fixed real numbers 0 < v < 19,
0<ept <e€eand0<6b,,0,v,5 <1

Step 1. Choose {z1,...,Zrm} < B(xk, €) with randomly, independently and
uniformly sampled elements.

Step 2. Set G = [Vf(zx) VI(@k1) ... V(@km)] and find g = Hy g,
such that u;, = G\, and \; solves

1 .~ .
mAin ikTGZHk’IGk)\
st. eIA=1,A=0

where Hy € R™" is a positive definite symmetric matrix.

Step 3. If v, < Vopy and €5, < €pt, then STOP!
Otherwise, if min{| gk, |9k |z, } < vk, then €xi1 = Oc€x, Vip1 = O,
Try1 = 2 and go to Step 6.

Step 4. Do a backtracking line search and find the maximum ¢, € {1,7,7%,...}
such that

fag + trdy) < flay) — Bawtrdi Hydr,
where dj, = —aygi, for some positive oy, € {1,9/||gx|}. Moreover, set €1 = €

and vp 1 = V.

Step 5. If x; + trdy € D, then set xp, 1 = xp + trdg. Otherwise, find
Tpy1 € B(xg + trdg, min{ty, ex}||dx||) n D, where the following holds

f(@ri1) < f(ar) — Bawtrdl Hyg.-

Step 6. Set k — k + 1 and go back to Step 1.

Finally, the procedure that has not been discussed yet is the routine that appears
in Step 5. It is patent that the necessity of keeping xy € D during all the functioning of the
algorithm is a crucial point for the well-definiteness of the method. Without this condition,

we cannot compute V f(xy), compromising the acquisition of a descent direction, and
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consequently, collapsing Step 4. Therefore, Step 5 cannot be suppressed without affecting
the convergence of GS. Unfortunately, the routine of checking if a point belongs to D or

not is not trivial for a broad class of real problems.

The next chapter is entirely devoted to deal with the difficulty of executing
Step 5. Although in most cases the suppression of this procedure does not prevent the
method to converge in practice, we show that there are cases where the absence of this

step might prevent the achievement of a stationary point for the function f.
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2 Differentiability Check

Our purpose in this chapter is threefold. First, we advocate that, even in finite
precision, we have to be aware not only about the issues that a point of nondifferentiability
might cause, but also about the troubles of a nondifferentiability neighborhood, which
opposes to the belief presented so far in many GS variants. Second, we aim to present two
modifications in order to produce a gradient sampling algorithm that has probability one
to converge, even in the condition where one suppresses the differentiability check (DC).
The first proposal considers a perturbation in the search direction of each iteration (if the
user does not know the set of nondifferentiability of the function) or just in some specific
iterations (if the user does know the set of differentiability or is not tolerant to have too
many perturbations). The second one presents a nonmonotone line search as a way to
avoid the differentiability check. Third, we exhibit numerical illustrative results and one
real problem to show that, besides having a theoretical appeal, our modifications might

be useful in practice.

In order to motivate this chapter we present a two dimensional example that
illustrates how the GS method might have an undesirable behavior when the DC procedure
is not taken into account. Furthermore, we introduce two modifications that have the
intent to help the practical algorithm to be well defined and ultimately to have guarantee

of convergence.

Let us consider an example with only two variables. Suppose we want to

minimize a convex and nonsmooth function f : R*> — R, where

f(x) = max{¢: (z), da(x), @3(x), Pa(x)}

with
¢1(x) = 0.52% + 0.1xy;
) =x1 + 0.1x9 + 1;
P2(x) 1 2 (2.1)
Q§3(SL’) = —x1 +0.1z9 + 1;
¢4(x) = —0.0529 — 50.

Assume that we have a point T € B((10, 10), 1) and we want to start an iteration of the
Algorithm 1 with H, = I and oy = 1 for all k£ € N. Therefore, the first step that we need
to take is to uniformly sample m points (with m > 3) around T with a sampling radius
€ > 0. For our example, we will set m = 4 and € = 0.1. Consider that all of those sampled

points were picked up in the set

A= {(x1,22) € B(T,¢€) | 1 > T1}. (2.2)
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This is an event with probability 0.0625 = 0.5* to happen. Thus, since ¢;(x) is the only
function that assumes the maximum in B(Z,¢€), the result of the minimization of the
convex combination that appears in Step 2 is the vector V¢, (T) = (71, 0.1). Consequently,
assuming that v < 107! in Step 3, the algorithm does not reduce the sampling radius e,
and then, the search direction obtained is d = —V ¢, (7). Therefore, for any reasonable

value of (3, it is possible to see that the point
" =x+d=(0,T, —0.1) (observe that To — 0.1 > 8.90)

is accepted (assuming that we are suppressing the differentiability check).

Notice that the function f is not differentiable at 2. Moreover, the algorithm

will remain trapped in the manifold
M = {(z1,20) e R? | 11 = 0},

independently of the sampled points obtained during the next iterations. This behavior is
undesirable and troubling for the algorithm, because the function f is not differentiable at
any point of

W= M {(z1,72) € R? | 35 > —340},

and the model algorithm expects that the iterations will always remain in D. However,
let us assume that the user returns a reasonable value, namely a subgradient, for the
impossible computation of V f(x), for all x € W. Suppose that the user breaks the ‘tie’
of the functions arbitrarily by selecting just one function that reaches the maximum to
compute the subgradient (which is a recommendation of the original authors [6, Section
4]). Let us say that the user choose to give back the vector Veo(x), for all z € W (the

same reasoning can be used if the user selects Vs(x)).

Now, we must observe that for all iterations in W, the search direction will
always be
(—1,-0.1) or (0,-0.1).

The first one is a troubling vector, since it is not a descent direction and will make Step 4
not well defined. However, the probability to sample points that will generate the first
vector as a search direction is 6.25%. Moreover, since z3 > 8.90, the algorithm will remain
in W for at least 10 x (340 + 8.90) = 3489 iterations. Considering that in 75 iterations the
chance to generate the vector (—1, —0.1) as a search direction is 1 — (1 —6.25/100)" ~ 99%,
it is possible to see that the line search has an enormous chance of not succeeding at an

iteration during the execution of the method.

An observation that one can stress here is that since in practice we do not
solve Step 2 with exact precision, the algorithm may never reach the set W (or this is a

very unlikely event), and therefore, this example is not an issue in a real implementation.
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Although this statement is partially true, it is false to assume that it will not be problematic
for the algorithm (see Figures 9 and 10). Since we are working with finite precision, iterations
very close to the set W may produce the same undesirable behavior as a point that, in fact,
is in W. We justify this affirmative exhibiting in Section 2.4 the results of one hundred
runs of the nonnormalized version of GS and showing that in 68% of them the algorithm

fails to reach the optimal solution.

For now, let us present the modifications that we have proposed for the method.

The first one is the perturbation of the search direction.

10°

10°

P

10710 |

1075 1

10720 I I I
0 50 100 150 200
Iterations

Figure 9 — An example of how the iterations might go quickly to a nondifferentiability
region without reaching the optimal solution. In blue color we see the distance
of the first coordinate of the iterates to 27 = 0, whereas the read color stands
for the same distance but now for the second coordinate.

2.1 Search direction perturbation

This section has the intent to circumvent the DC procedure by adding a
perturbation vector in the search direction, ensuring, with probability one, that every xj
will be in the differentiable set. For this purpose, we suggest that Step 4 of Algorithm 1 is
replaced by Step 4a. It is important to notice that if V f(z;) = 0 eventually happens, then
Step 4a will never be performed. Indeed, in this case we would have g, = 0, and hence,
the algorithm would enter in an infinite loop because of Step 3. Therefore, the quotient

that appears inside Step 4a should not worry the reader.
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i

Figure 10 — Here we see a 2D-representation of how the iterations move fast to an unde-
sirable region. The colored lines represent the level curves of the objective
function, with the blue colors representing a lower function value than the red
lines.

Step 4a. Do a backtracking line search and find the maximum # € {1,v,7?,...} such
that
flay + trdy) < f(zn) — BawteGi Hidi,

where d, = —au(Gr + &), for some positive oy € {1,9/|gx|} and

Vf(i’?k)Ték)
€8 (O’C Nl

is uniformly and randomly chosen with 0 < ¢ < 1.

Two important remarks must be stressed here. First, for a minimum disturbance
on the natural behavior of GS, one should always set ¢ ~ 0. Second, we need to observe
that we are trying to avoid the nondifferentiability set whenever this region is far from the
solution. Observe that the perturbation vector & is directly related to the vector g, whose
norm is used as an optimality certificate. Therefore, the perturbation becomes smaller as
|gx| goes to zero. So, we are in fact avoiding only the troubling situation in which the

algorithm approaches a nondifferentiability neighborhood prematurely.

With this modification, we claim that the differentiability check can be sup-
pressed without affecting the convergence properties. To ensure this, we start proving a

lemma.

Lemma 2.1. If d; is given by Step 4a, x € D and x}, is not a stationary point for f,
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then dy, is a descent direction for f at x; and with probability one xy + tidy € D, where t,

is the step size obtained with the Armijo line search.

Proof. First, by relation (4.3) in [10, Lemma 4.3], we know that V f(zx)"gr = |Gkll3, -
Therefore, it follows that

Vf (k)" dy,

—ogeV f (@) (G + &)

—a(V () g — [V f () 1€:])
—a(Vf ()" ge — V f ()" ge)
(¢ = DoV f ()" Gn

(e = Do gil 7 -

| /AN/AN

VAN

By assumption, we know that zj is not stationary for f (so, |gk| m, # 0) and (¢ —1)ay < 0.
Consequently, d;. is a descent direction for f at xp. Now, let us prove that x; + tpd, € D

with probability one.
First, we define the following isomorphism:
T:R" — R"
r — Yy=0x+ 2,
where z € R" and ¢ € R with ¢ > 0. Now, given r» > 0, we define the sets

D:=DnB(zo0r) and D:=T"" (D) < B(0,r).

Therefore, considering a uniform distribution and denoting Vol(A4) as the volume of

A < R", we see that, since D has full measure in R", it implies that
Vol (D) = Vol (B(z,01)).

Moreover, for any affine transformation 7'(z) = Mz + b, it is well known [49, Section 3.5]
that
Vol (T(A)) = |detM| Vol (A) .

Therefore, the volume of D exists and is given by
Vol <75> =o"Vol (D).

With these facts in mind, we have

Vol (15)
~ Vol (B(0,7))
Vol (D)
~ Vol (B(z,01))
=PlyeD|yeB(zor)]
=1.

P[mef)|xel3(0,r)]
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Consequently, setting ¢ = —ay’ and z = x;, + 0§i, we see that for a uniform random

choice of & € B (0,r), we have, for any j € N, that & € D with probability one, and then,
T(&) = a2 + oG + 0& = 2 + Y dy € D
with probability one. Therefore, since t; € {1,7,7%,...}, we have
Plxg + trdx € D] =1,
which completes the proof. n

According to this result, with probability one, the function f is differentiable
for all z; by adding a perturbation vector in the usual direction search. Hence, with

probability one, the algorithm is still well defined if we suppress the differentiability check.

Additionally, in order to guarantee the proof of convergence, an assumption

over the matrices H;, must be assumed.

Assumption 2.1. For every k € N, H;, € R™™" is a symmetric positive definite matrix

and there exist positive real numbers s and < such that

¢|d|? < d"Hyd < 5|d|?, VdeR".

Now, we can proceed following closely to the results of [27]. We start with a
slight modification of [27, Lemma 3.1].

Lemma 2.2. Suppose that C = R" is a nonempty compact and convex set such that 0 ¢ C.
Thus, if 5 € (0,1) and H € R™™" is a positive definite symmetric matriz, then there exists
§ > 0 such that u,v € C and |lu|y < disty(0,C) + & imply v" Hu > B|u|?. Moreover, for
a fired u € C and

e ie T _ 2
poi=info” Hu = Blully,

it is possible to conclude that ju > 0.

Proof. First, let us prove that there exists § > 0 such that u, v € C and ||ju] g < disty(0,C)+
§ imply v" Hu > B u[?. Indeed, if the statement were false it would be possible to find
sequences {ug}, {vi} = C such that |uy |z < distz(0,C)+1/k and ui Hvp < Blug/|3;. Hence,
since C is a compact set, we can assume without loss of generality that u, — @ and v, — 7.
Thus,

a" Ho < Bul?.

However, since |- | g is a norm associated with an inner product, we must have by definition

of the projection map that

7 = Projf (0) # 0 = @ Hv > |[u%, forallveC,
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which gives a contradiction.

Now, since C is a compact set, we have that

inf v Hu = minv” Hu.
velC velC

Consequently, there exists p > 0 such that p = ing v! Hu — B|u3, which is the desired
(S
result. O

Before we present another important result, we expose, for a positive definite
symmetric matrix H, some definitions related to the H-measure of proximity to the
e-stationarity p(Z) = disty (0, G.(T)):

m

D (z) := H(B(:U,e) NnD)c ﬁR”

1

and
V(T 2,6):={(y",....y") e D"(z) : disty(0,cof VFf(y")})) < pl () + 0} .

We are now able to present our next result, which establishes a lower bound for the step
size t;, when the points are properly sampled, and gives us a sufficient condition to ensure
that 0 € 0f(T).

Lemma 2.3. Let e > 0, T € R" and H be a positive definite symmetric matrizx.

i) For any 6 > 0, there exist 7 > 0 and a nonempty open set V satisfying V <
VI, 2,0) for all x € B(T, ), that is, distg (0,co {Vf(yi)}zl) < p () + 0 for all
(y',...,y™) e V.

ii) Assuming 0 ¢ G.(T), pick 6 > 0 and 5 € (0,1) as in Lemma 2.2 for C := G.(T),
H = H; ' and then T and V as in statement (7). Suppose at iteration k of Algorithm 1,
Step 5 is reached with x), € B(Z,min{t,¢/3}), €, = € and (Tp1, ..., Trm) € V. Then,
ug € C. Moreover, considering u = ug in Lemma 2.2 and selecting p for this fixed

u, we have that if |&|| < p/L, where L is the Lipschitz constant over B(T,€), then
ty > min{1, ys€/(6L), ve/(60)}.

iii) If lim inf max{|zy — T, |url, ex} = 0 with uy, € 0., f(xx) for all k, then 0 € 0f(T).
Proof. Let us begin by proving the first statement. Choose u € co {V f(B(Z,€) n D)} such

that ||jullz < p”(z) + §. By Carathéodory’s Theorem, we know that there must exist
(1,...,2Zm) € D"(T) such that

w= > \Vf(z;), with > A\ =1and A= 0.
i=1

=1
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Since f is continuously differentiable on the open set D, we must have that there exists
€€ (0,¢€) such that
V=] ]B(:e)
i=1
is a subset of D" _(T) and

<pf(§)—|—(5, V(Y1, -y Ym) € V.

Z Aivf(yi)

H

Hence, the statement is proven for 7 = €.

To prove the second assertion, we see, by hypothesis, that (z1, ..., Tk,) €V <
—1 —1

Vi (T, x,0). Therefore, it follows that distH;1((), co{Vf(zp)}it,) < p?’“ (T) + ¢ and
co{Vf(zr)}ili < Ge().

Now, by the manner u; is computed in Step 2 and as Vf(zi) € G(T) (since x) €

B(z, min{r,€/3}) n D) , we have that uy € G.(Z) (which also gives us that |ux| < L) and
—1

HukHHk_l < pf’“ (T) + 0. Hence, by Lemma 2.2, there exists p > 0 such that

p= inf o' H_tu, — BHUkHH;l (2.3)

vEG(T)

Suppose for contradiction that t; < min{l,~yse/(6L),ve/(6¢)}. Hence, the Armijo’s in-
equality does not hold for v~ '¢;, that is,

— By et g Higie < f(xe + v tedy) — f (). (2.4)

But we know, from the generalized mean value theorem for Lipschitz functions [8, Theorem
2.3.7], that there exist y* € [z}, + 7 'tpdy, 2] and vy, € 0f(y) such that

Flaw 4+ wd) — fla) = v teug dy (2.5)
On the other hand, we observe that

v telde] < v teen(lge] + 1€1)

< 29 "t gu-
Therefore, if oy, = 1, it follows that
1 1 ~
v tkldill < k2] g
<02 Hi ]
<y '2¢7 L (by Assumption 2.1 and |ug| < L)
< €/3,
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otherwise, if ay||ge| = 9, then v 't di| < v 't:209 < €/3. Thus, since |z, — 7| < €/3, we
have that vy € G.(T) and also ||vg| < L. Now, by (2.4) and (2.5), we have
—By Lot Gt Hide < v 'tivf dy, = —Bangi Higr < vj dy,
= —fangy Hege < —vf ax(Gr + &)
= Boy(Hy tu) " H Hy tug = o o (Hy tug, + &)
(since g = H ‘uy)
= Blurlfys = vg Hy Mui + v
= Blurlfy+ = vg Hy M — Joe] 18]
= Bl > o ity — g
(since [ox]| < L and [|§| < p/L)
= p > v Hywg — Bllug] 1,
which is a contradiction with (2.3). Therefore, we have the desired lower bound for ¢.

For the last statement, just notice that 0.f(-) is closed, which completes the
proof. O

With this result in hands we are ready to prove the convergence of the model

algorithm presented in the previous chapter.

Theorem 2.1. If {z}} is a sequence generated by Algorithm 1 with Step 4a, then either

f(z) = —o0 or every cluster point of {x} is a stationary point for f.

Proof. By the manner we choose {xy1, ..., Ty}, it is possible to see that with probability
one the algorithm does not stop in Step 1. Now, we suppose that {f(xy)} has a lower

bound [ € R. By the line search inequality, we have that

a0
> Botrdi Hgr < Z f(@pt1))
k=0 k=0
and since f(xy) = [, for all k € N and some [ € R, it implies that
o0
> antrgl Hgr < 0. (2.6)
k=1
We also have by Assumption 2.1 that if |[gx| # 0, then
|zk41 — zill = tel dl
< traw(|gx] + €kl
< thakHﬁkH

2€_1tk G H ¢ Hy.dr,
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and therefore, this inequality together with (2.6), give us

o6}
S wges — il |6l < . (2.7)
k=0

Now, we split the proof in two cases:

i) ¢ =€ > 0and vy = v > 0 for all k sufficiently large;

ii) €, vp — 0 and {z;} has a cluster point Z.

In the first case, we have that |gx|, g7 Hrjr = v, for all k sufficiently large. By
(2.7), the whole sequence must converge, that is, xy — 7, for some T € R". Moreover, by
the locally Lipschitz continuity over a neighborhood of T, we see that ||gx| is bounded,
which implies a strictly positive lower bound for a4. Using this information together
with (2.6) and §i Hpgx = v, we have that t;, — 0.

If 0 ¢ G.(7) there exist d, 7, u and V as in Lemma 2.3. Moreover, since & is
uniformly sampled, there exists, with probability one, an infinite set & < N such that
&kl < w/L, for all k € K. Now, since t; — 0 and x, — T, there exists k; such that
tr < min{l,vse/(6L),ve/(69)} and xy € B(Z, min{r,€/3}), for all k € K and k > k;. This
implies that (zg1,...,Tem) ¢ V for all k € K and k > ki, which is an event that has

probability zero to occur.

On the other hand, if 0 € G.(T), we can choose § = /2, for Lemma 2.3 i), and
pick ko € N such that k > ko implies that x, € B(Z, 7). So, we have that

v < | gklm, < distg, (0,co{V[f(zy)}i-,), forall k> ko,

and consequently, (Tp1,...,Tp,) ¢ V for all k > ky. Again, this is an event that has

probability zero to happen. Therefore, with probability one, we must have ¢, — 0.

Consider then that we are in the second case. Then, if x;, — T, we have directly
from for Lemma 2.3 iii) that T is a stationary point. So, let us assume that z;, does to

converge to T. Then, for contradiction, suppose that
limkinf max{||x, — Z||, | x|} # 0.
Consequently, there must exist 7 > 0, k € N and an infinite index set
K:={keN|k=k, |z, — 7| <7}

such that |gx| = 7, for all k € K. Hence, by (2.7), it implies that Z g1 — x| < c0.
T

Therefore, {z;} must converge to Z, which is a contradiction. Therefore, by Lemma 2.3
i), 0 € of (7). m
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With the above result we complete the convergence analysis of the model
algorithm modified with Step 4a and guarantee a practical procedure to ensure, with
probability one, that f will be differentiable at any z,. Furthermore, we have presented a
general convergence proof that embraces several gradient sampling methods, including the

algorithms proposed in [6,10] (with or without the normalization of the search direction).

Observation on the adaptive case. It is important to note that an adaptive approach,
in the way Curtis and Que did in [10], can also be introduced in our algorithm without
affecting the proofs presented in this section, by just noting that if we infinitely do
incomplete line searches during the execution of the algorithm, then the case i) of the
proof of Theorem 2.1 can not occur. Indeed, if case i) happens, then we must have that
tr — 0, and since an incomplete line search presents a lower bound for the step size, it is
impossible to have t; — 0. So, we rely on case ii) and with the same proof we see that
T is a stationary point for f. Otherwise, if at some point of the algorithm, we no longer
do incomplete line searches, then from a sufficiently large £ € N onwards, the algorithm

behaves exactly like Algorithm 1, and thus, the same proof holds.

2.2 Alternatives to avoid perturbations in each iteration

For some users, the perturbation procedure in every iteration might sound
an excessive precaution. It would be desirable to have a threshold condition to discern
when it is really necessary to have a perturbed direction. Although we did not observe
any undesirable behavior when perturbing the direction in every iteration (and that is the
reason why in our numerical results we always have perturbed the search direction), one

might experience an undesirable result.

In this brief section, we have the intent to present two alternatives to avoid
the perturbation procedure. The first one is related to the case in which the user does

not know the set D (Case I), whereas the second one occurs if this set can be determined
(Case II).

For Case I, one can always avoid the perturbation procedure until a line search
has failed, i.e., the step size has become smaller than the machine precision. Indeed, since
the perturbation procedure is only executed to guarantee a successful line search, it is
reasonable to think that we only need to apply the perturbation when the line search has
failed. Therefore, if we have an iteration x; that does not obtain a successful line search, we
can come back to iteration x;_; and find x; with a perturbed direction, and consequently,
we guarantee, with probability one, that z; will be in D. Moreover, we guarantee that, if
x, is not close enough to a stationary point, z; will not be in a dangerous neighborhood

too close to a nondiferentiability point.

For Case II, if the user observes that the line search gives back an iteration
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in which the objective function is not differentiable or is very close to a manifold of
nondifferentiability, then the user may reject that point, perturb the search direction and
execute the line search again. In that way, there is no need to perform perturbations in

every iteration.

Lastly, we want to stress again that we have not encountered any trouble in
perturbing the search direction in every iteration. We strongly recommend the precautious
user that is concerned with the perturbation procedure to set the parameter ¢ close to

zero, prior to any alternative presented in this subsection.

2.3  Nonmonotone line search

This section also focuses on the goal of suppressing the differentiability check
without losing the convergence properties of the GS variants. Here, instead of perturbing
the search direction, we show that relaxing the line search presented in Step 4 still fulfills
our aspirations. What this subsection proposes not only deals with the DC procedure, but

also is in agreement with what Kiwiel said in [27, p.385]:

“Further, the implementation of [6, Section 4] obtained best results for the
Armijo parameter 8 = 0 (although £ > 0 is required in theory). Thus there is

still the need for further study of line searches.”

As was shown in Lemma 2.3, a lower bound for the step size t; exists when the
sample points of the current iteration lie in a specific open set. However, we can only assure
that it will happen eventually, and therefore, the algorithm could perform many iterations
without reaching this specific set. Consequently, due to computer rounding errors we may
fail to find a step size t; greater than zero. Therefore, this modification has the advantage
of not only addressing the issue of the differentiability check, but also has the property of

avoiding tiny step sizes during the algorithm.

The change that we suggest allows the user not to compute the vector V f(zy,)
or replace it by a reasonable vector, that is, a vector that will not make the convex
combination of Step 2 to produce a vector that cannot be generated by any convex
combination of gradients computed at B(zg, €x) N D. The importance of replacing V f(xy)
by a reasonable vector is essential. For example, if we choose the null vector instead of
V f(z) the algorithm might erroneously declare that it had reached a stationary point.
Thus, we call vy, a reasonable vector to replace V f(xy) if and only if there are A,..., A, = 0,
with Zp:)\i =1, and z1,..., 2, € B(zg, €) n D such that [jv] = | Zp:)\l-Vf(zi)\ and vy, is in

-1 i1
the cone generated by the vectors {V f(z;)}}_;.
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In the sequence, we present the second modification for the GS methods. It
is a simple adjustment with a straightforward proof, but it should not belittle the issues

that it aims to address.

Step 4b. Do an Armijo’s line search and find the maximum ¢, € {1,7,+?%,...} such
that

fxy + trdy) < f(zr) — Bartedi HeGr + Mk,

where {7} is a summable positive sequence and dy = —aygy, for some positive
ay € {1,9/]gx|}-

Since we request that Z Nk < 00, the convergence proof for the Algorithm 1
with Step 4b is essentially the same found in Theorem 2.1.

Theorem 2.2. Suppose that {x;} is a sequence generated by Algorithm 1 with Step
4b. Furthermore, suppose that in Step 2 we do not compute V f(xy), but instead, we use
Gr = [V (@) ... V(@) or G = [vi Vf(xr1) ... V(2rm)], with v being a reasonable

vector. Then either f(xy) — —o0 or every cluster point of {xy} is a stationary point for f.

Proof. First, we observe that the only role that the computation of V f(z}) plays in the
entire algorithm is to produce a descent method, and consequently, to have a well defined
line search. All the results obtained until this point do not use V f(zy) besides this reason.
Therefore, if one guarantees that the line search will end in a finite number of steps, then
not computing the vector V f(x;) or replacing it by a reasonable vector will guarantee

convergence.

We claim that since we have a nonmonotone approach, the line search will
always end in a finite number of reductions. Indeed, since f is continuous everywhere, we
can find ¢ > 0 sufficiently small, such that |f(xy + tdy) — f(xr)| < ne/2, for all 0 <t < ¢t
Consequently, this statement follows by just noticing that

. )7 Nk
0<t, < mln{t, H}
2Bagi Higr

satisfies the inequality presented in Step 4b. Therefore, Step 4b will always be well defined,

even if dj. is not a descent direction for f at x.

Now, notice that the lower bound for ¢; found in Lemma 2.3 i) is still valid,
since V f(z) is not used to obtain the result and every step size that satisfies the standard
line search also satisfies the nonmonotone line search. Therefore, we can follow exactly
the same proof of Theorem 2.1 by just noting that the inequalities (2.6) and (2.7) still
hold, since {n;} is a summable sequence. Moreover, although the reasonable vector may

be large, the boundness of |gx| remains valid due to the way g is computed. O
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We have shown that with this new modification, the GS algorithm does not
need to compute V f(xy) in every iteration, and consequently, there is no longer the need
to keep xy € D. Moreover, with this nonmonotone line search, the algorithm is much more

tolerant with the size of t, favoring the method to avoid tiny step sizes.

Remark 2.1. One can advocate that it is better to proceed like Kiwiel suggested in [27,
Procedure 4.3] than to have a nonmonotone line search, since a null step seems to be
more reasonable than to have a worse function value. This matter is more delicate than it
appears. First, because providing to the algorithm the chance to move, it might allow the
method to reach a region in which it is easier to have a successful sample than at the past
iteration. Second, because there is a compromise between function evaluations and a new
computation of gradients and a solution of a quadratic minimization. Notice that if the
number of variables of the problem is large, the number of gradients that the method needs
to compute in each iteration can exceed the number of step size reductions that the method

might need to reach the machine precision. Therefore, nothing can be stated.

Remark 2.2. Although we have presented a method that does not need to use V f(xy), its
use is not forbidden and should be encouraged. In fact, as we have arqued, the great difficulty
in the practical algorithm is not to be exactly at a point of nondifferentiability (which,
indeed, is an unlikely event), but to stay in a close neighborhood of nondifferentiability
points. Therefore, the computation of V f(xy) in a practical algorithm must not be a
problem. Consequently, there is no practical reason to avoid its computation and throw

away the information therein.

2.4 Numerical results

In order to see the difficulties that one might face during the algorithm when the
DC procedure is ignored in the implementation of GS methods, we have solved illustrative
examples to exhibit the bad behavior of these methods in their standard forms. Moreover,
we show that our modifications are effective to handle the troubling situation when an
iteration is prematurely close to a set in which f is not differentiable. Lastly, we solve a
difficult control problem to evince that our changes may also benefit the solution of real

problems.

The methods based on gradient sampling employed to obtain the numerical
results are: (i) the original method (GS) proposed in [6], which uses a normalized search
direction; (i7) a not normalized version suggested by Kiwiel (nNGS) in [27]; (i7) a limited
line search version with normalized search direction (LGS) also suggested by Kiwiel and
(1v) its nonnormalized version (nNLGS). All the tests were implemented using Matlab
in an Intel Core 2 Duo T6500, 2.10 GHz and 4 Gb of RAM. We have used quadprog

as the tool for solving the quadratic minimizations needed in each iteration, setting
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interior-point-convex as the algorithmic choice and 10™'? as the tolerances TolX and
TolFun and 10™® (default value) as TolCon. The parameter values used for each of these
methods are related in Table 1. Further, if the sampled points at an iteration k were
obtained with the radius e, = 107% and Step 2 returns [[g.| < 107%, then the algorithm

stops and we declare that we have reached our optimality certificate.

Algorithm | m Vo € |0, 0. v | B o
GS 2n [ 1079107 [ 1 [107P[05 [ 0| [gn] "
nNGS [2n 107|107t |1 (1071|050 1
1
1

LGS 2n | 107 | 1071 10711050 | g™
nNLGS | 2n [ 107° | 1071 10711050 1

'N'N'NN?F

Table 1 — Parameter values used for the standard implementations of GS.

Both the parameter values and the optimality certificate were chosen to be in
agreement with the implementation found in [6]. This is the reason for the choices 8 = 0
and 6, = 1. Those values do not agree with the convergence theory, but in [6] the authors
realized that, in practice, these settings provide better results. Further, as presented in [6],
we also kept safeguards. It was stipulated a maximum number of iterations (10* for the
illustrative examples and 10® for the control problem) per sampling radius. Moreover, for
the variants GS and nNGS, if the line search fails during the execution of the methods, we
skip the current radius and reduce it to the next one. This last safeguard is important
(especially for difficult problems), because a line search failure suggests that the algorithm
is not obtaining a good representation of the function f, therefore, it is reasonable to think
that a reduction of the sampling radius will provide a better local representation of the
same function. Under these observations, we stop the algorithm and declare that it fails
to reach the optimality certificate if the algorithm reduces the sampling radius e, = 107°
without reaching |gi|| < 107° at this specific ¢ (also a procedure implemented by the

original authors).

Perturbed and nonmonotone versions of GS. For the perturbed version proposed
by this manuscript we have set ¢ = 107, For the generation of the sequence {1}, we have
used the Zhang and Hager’s nonmonotone line search [50]. Hence, we set 1, = Cy — f(z),

where we define

Ok € [Qmim Qmax] with 0 < Omin < Omax < 1;
Qo =1 and Qi1 = 0k Qr + 1; (2.8)
Co = f(zo) and Cii1 = (0kQrCr + f(zk11))/Qrs1-

Under the hypothesis that gm.x < 1, it is possible to prove that {n;} is a summable and
positive sequence (see Appendix A). The value used for gy is indicated in each problem

description.
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It is important to mention that we have chosen to use V f(xy) or a reasonable
replacing vector vy, (when necessary) in the nonmonotone approach, instead of using just
the gradients of the sampled points. For the illustrative examples, if x; ¢ D, we have
broken arbitrarily the ‘tie’ of the functions by selecting one of them and setting v, as the
gradient of this selected function at x;. In the control problem, we have assumed that
vp = V f(z) is always a reasonable vector. Finally, to indicate our versions of the gradient
sampling methods we added the prefixes P (if we have used Step 4a) and nM (if we have
used Step 4b) in each method name.

Limited line search variants (LGS and nNLGS). For the variants that use limited
line search, we have chosen to implement the following procedure instead of Step 4 and to

use V f(xy) or a reasonable vector when needed at Step 2.

Limited Line Search. Do a limited Armijo’s line search and find the maximum
te € {1,7,7%, ...,7"} such that

f(x + tedy) < f(zy) — Bowtdi Hedr,

where dj, = —aygx, for some positive ay, € {1,9/|gx|}, and I} is the largest positive

. Y€k
I, < —log,—1 [ min<1, .
A ( { 3] }>

If such t; does not exist, then go to Step 5.

integer such that

This is not the only way to implement the Procedure 4.3 contained in [27],
however, this choice seemed reasonable for us when we take into account the way the other
variants were implemented. Further, by the same reasoning used in [27], it is possible to
see that this line search still provide a convergence result, even if we add a perturbation

in the search direction or use a nonmonotone line search.

Is is important to mention that by no means we had the ambition to conclude
in this study that our modifications are better than the variants LGS and nNLGS. The
results that are presented here for the methods LGS and nNLGS, and their perturbed and
nonmonotone versions, are just for completeness and to guarantee that the reader has as
much information as possible. Again, we stress that the main goal of this study is to show
that the differentiability check cannot be ignored if we want that the most used variants
of GS be well defined and convergent. Further, we were concerned to present solutions

that would keep the new algorithm as close as possible to the original GS.
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2.4.1 Motivating examples

In this subsection we exhibit the numerical results when one tries to solve the
two dimensional motivating example that appears at the beginning of this chapter and a

simpler version of the same problem.

All the initial points were randomly chosen in B((10,10),1) and for the non-
monotone version of the GS variants we have used g, = 107", for all £k € N. We minimized

the following two dimensional real-valued functions

ot () = max {di(x)} and fomor () = max {i(x)},

1<i<4 2<i<4
where the functions ¢;, for i € {1,...,4}, are given in (2.1). Both functions have their
minimizers at (z7,z3) = (0, —340) with optimal values fiot(2*) = fsmot(z*) = —33. Since

the GS methods have a non deterministic step, we need to solve each function several
times in order to have statistical relevance of the results. Thus, we minimized each function
one hundred times for each variant. The results are found in Tables 2 and 3. We named
fm as the median of the last function value of all runs, 7,,, as the median time to solve
all successful runs and # FEwval as the median of function evaluations of the runs that the

method demanded to solve the problem.

To determine if the variant has solved the problem, we took the best result f
obtained by all runs of all variants and we stipulated that a GS method has minimized the

problem successfully if the function value of the last iteration is smaller than f + 1072

Observing the results obtained by the minimization of both functions we can see
that our changes have provided a significant improvement in the robustness of the methods.
This becomes clearer if we look at the values of f,, for each variant. Since the iterations
prematurely start to be very close to a region of nondifferentiability for f, the GS and
nNGS methods start to have line search failures due to rounding errors. Consequently, the
implemented algorithms stop without reaching the optimality certificate and the methods
fail to obtain a satisfactory solution to the problems. It is worth mentioning that this
undesirable behavior has occurred asking only for a simple decrease of the function at

each iteration, i.e. § = 0. The results can be even worse if one sets § > 0.

Finally, we observe that the simpler version of the motivating example can be
transformed into a linear minimization problem, which evidences the simple structure of
that function. To support the statement that even in very simple problems the implemented
GS methods might fail, we present in the next subsection a naive minimization problem

and some generalizations such an example.
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Algorithm | # successful runs | [ fm T #FEval
GS 25 0 | —19.79312 | 3.63 | 1550.00
nNGS 32 0 —0.27127 | 33.45 | 15448.00
nM-GS 100 107° [ —33.00000 | 4.04 | 1301.00
nM-nNGS 100 107% | —33.00000 | 33.33 | 9073.50
P-GS 100 107° [ —33.00000 | 3.64 | 1348.00
P-nNGS 100 107% | —33.00000 | 33.63 | 12738.50
LGS 100 0 | —33.00000 | 4.40 | 1557.00
nNLGS 100 0 | —33.00000 | 43.91 | 14643.50
nM-LGS 100 107% | —33.00000 | 4.45 | 1618.50
nM-nNLGS 100 1078 | —33.00000 | 44.25 | 14412.00
P-LGS 100 107° | —33.00000 | 4.39 | 1528.50
P-nNLGS 100 107% | —33.00000 | 44.93 | 14793.00

Table 2 — Minimization results for the motivating example.

Algorithm | # successful runs | [ fm T #FEval
GS 22 0 | —19.77259 | 3.60 | 1518.00
nNGS 36 0 —0.51889 | 33.30 | 13725.00
nM-GS 100 107% | —33.00000 | 3.99 | 1299.00
nM-nNGS 100 107% | —33.00000 | 33.06 | 9115.50
P-GS 100 107% | —33.00000 | 3.62 | 1334.50
P-nNGS 100 107% | —33.00000 | 33.29 | 12692.50
LGS 100 0 | —33.00000 | 4.47 | 1537.00
nNLGS 100 0 | —33.00000 | 42.00 | 13404.50
nM-LGS 100 10~% | —33.00000 | 4.52 | 1636.00
nM-nNLGS 100 107% | —33.00000 | 42.19 | 13364.50
P-LGS 100 10~% | —33.00000 | 4.52 | 1601.00
P-nNLGS 100 107% | —33.00000 | 42.07 | 13015.00

Table 3 — Minimization results for the simpler version of the motivating example.

2.4.2 Naive example and its generalizations

Here, we show a simple example to endorse that we do not need to contrive an
elaborated function to face problematic runs of GS methods. Further, two more general

functions were created to provide problems with different dimensions.

Again, one hundred runs were performed for each GS variant and we have
set o, = 107! for all nonmonotone versions. All the starting points were randomly cho-
sen in B(0,1).

The first function that was minimized is a two dimensional function described
by fuaive(z) = 100|x1| + [z2 — 500]. It is easy to see that its minimizer is (27, z3) = (0, 500)
and the optimal value is fiaive(z™) = 0. This minimization could be converted into a linear
problem too, but it is even simpler than the examples presented so far. The results are
shown in Table 4.
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Algorithm | # successful runs | S fm T,, | #FEwval
GS 32 0 74.06361 | 5.04 | 3427.50
nNGS 0 0 | 33223060 | — —
nM-GS 100 107° [ 0.00000 | 5.07 | 1704.00
nM-nNGS 100 107% | 0.00000 | 5.13 | 2274.13
P-GS 100 107° [ 0.00000 | 4.97 | 2037.50
P-nNGS 100 107% | 0.00000 | 5.05 | 2533.50
LGS 100 0 0.00001 | 6.47 | 2272.50
nNLGS 100 0 0.00001 | 5.90 | 3060.50
nM-LGS 100 107% | 0.00000 | 6.51 | 2435.00
nM-nNLGS 100 107% | 0.00001 | 6.14 | 3329.00
P-LGS 100 10% | 0.00000 | 6.45 | 2316.50
P-nNLGS 100 107% | 0.00001 | 6.00 | 3115.00

Table 4 — Minimization results for the function faive.

Since the iterations quickly go to a region too close to M := {(x1,29) €
R? | x; = 0}, any iteration with a bad set of sample points can generate a search direction
that will break the line search down. Hence, in most cases, the algorithm stops prematurely,
and as a consequence, the methods do not find the desirable solution (see f,). On the
other hand, it is possible to see that our proposed modifications can handle the dangerous
neighborhood in a satisfactory way, and hence, the modified algorithms were able to find

good solutions for the minimization problem.

Taking advantage of the structure of this example, it is possible to create a
general function that, in many cases, will produce the same difficulties for GS methods. We
can see fuaive as a sum of two separable functions: fi(x1) = 100|x1| and fo(x2) = |22 —500].
Therefore, when one tries to minimize faive, the algorithm is solving two distinct and
independent minimization problems. The major obstacle for GS algorithms is that the
iterations approach very quickly to the minimizer of f;, forcing the method to work for
a long time in (or too close to) a nondifferentiability set. With this reasoning and for n

multiple of 4, we have created a function

gpiie + ROV xR — R
(37,3/) '—)gl(x>+92(y)a

where

g1(z) = 100 < max {Azx}> and go(y) = |y — 500e];.

1<i<3n/4+1
The matrix A € ROV4HDXGY) can be any full-rank matrix such that each element is
between —1 and 1 and satisfies

3n/4
A, =— Z A;., where p =3n/4+ 1. (2.9)

=1
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Algorithm | # successful runs | [ fm T #Eval
GS 0 0 | 1216.94309 — —
nNGS 0 0 985.43729 — —
nM-GS 100 107 [ 0.00001 120.39 | 30675.50
nM-nNGS 100 107® | 0.00001 73.23 | 21665.50
P-GS 100 107 [ 0.00001 198.68 | 91200.00
P-nNGS 100 107% | 0.00001 118.46 | 57305.50
LGS 100 0 0.00001 260.04 | 51079.50
nNLGS 100 0 0.00001 146.43 | 42169.00
nM-LGS 100 107 [ 0.00001 | 257.71 | 51158.00
nM-nNLGS 100 1078 | 0.00001 138.87 | 39316.50
P-LGS 100 10°% | 0.00001 291.36 | 57828.50
P-nNLGS 100 1078 | 0.00001 148.25 | 42061.00

Table 5 — Minimization results for the function gy for n = 12.

Notice that since A has full rank and (2.9) holds, it yields that the unique minimizer of
g1 is * = 0. Moreover, it is straightforward to see that gs assumes its minimum value at
y* = 500e.

The function gyt has the same features of fyaive, and consequently, a minimiza-
tion algorithm will converge fast to the minimizer of g;, providing the same undesirable
behavior to GS methods. To support this statement, we show the results obtained for
n = 12 in Table 5.

It is undeniable the difficulty that GS and nNGS methods present when one
tries to minimize ggpi¢. In none of the runs the algorithms were able to successfully solve
the problems. In contrast, our versions have solved 100% of the runs. The same behavior

was observed with n = 4 and n = 8.

Now, just to show that this behavior of the standard algorithms does not
appear only for separable functions, we have created a second generalization function of
the naive example. Let us consider that we have a number of variables n multiple of 4 and

a function
Ynsplit - RY4 x R4 « RY?2 — R
(.’,U,y,Z) — gl(l', Z) +§2($,y),

where

P — . x P — 2 J—
g1(z,z) =100 (1&%%{4“ {Az,: ( . >}> and ga(2,y) = |z|” + |y — 500e],

and A is any matrix with the same structure defined for the function gspi;. Clearly, this new
map is not separable, but still, the GS and nNGS are not able to solve the minimization

problem. For the results obtained with n = 12, see Table 6.
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Algorithm | # successful runs | [ fm T #Eval
GS 0 0 | 1158.47939 - —
nNGS 0 0 889.88880 — -
nM-GS 100 107% | 0.00001 126.92 | 30355.00
nM-nNGS 100 107% | 0.00001 78.96 | 21866.00
P-GS 100 107 | 0.00001 | 217.24 | 93824.00
P-nNGS 100 107% | 0.00001 126.42 | 57353.50
LGS 100 0 0.00001 | 297.34 | 55478.50
nNLGS 100 0 0.00001 146.69 | 39115.00
nM-LGS 100 107 | 0.00001 | 316.56 | 58812.50
nM-nNLGS 100 107% | 0.00001 143.46 | 38045.00
P-LGS 100 107 | 0.00001 | 313.32 | 58738.00
P-nNLGS 100 107% | 0.00001 141.00 | 37900.50

Table 6 — Minimization results for the function guspi¢ for n = 12.

To conclude our numerical results we exhibit in the next subsection a non

trivial real problem in order to reinforce that our procedures have a practical appeal.

2.4.3 Stability problem of a Boeing 767

This problem was presented and for the first time solved in [6]. It is a real
problem that comes from the design optimization of a controller of an airplane (Boeing
767) at flutter condition. This maximization problem is far from being trivial and it has the
difficulty of having badly scaled data. This characteristic makes the optimization process
very difficult and even a tiny improvement on the function value is a tough task when
we are close to a local optimizer. To a better understanding of the optimization problem
involved in this situation, we must describe some stability measures of a dynamical system
# = Ux, where U is a square matrix. However, we refer the reader to look at [6] to have a

more complete introduction on the matter.
One of the ways to measure the stability of a dynamical system is by means of
a parameter known as spectral abscissa, which is defined as

a(U) = max{Re X | A is an eigenvalue of U}.

Thus, it is said that the dynamical system = = Uz is stable if we have a(U) < 0. A more

efficient measure is a function known as the distance to instability, defined as
dinst(U) = min{d e Ry | [U — X| <4 and X is an unstable matrix}.

The higher is the value of this function, the more stable is the dynamical system. Therefore,
the aim of this problem is to maximize the distance to instability of the matrix
A 0 B 0 X; X C 0
M- n 1 X2
0 O 0 I X3 Xy 0 I

bl
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Algorithm | [ f fm T, #Eval
GS 0 | 6.18098e-05 | 6.17690e-05 | 609.22 | 2295.00
nM-GS | 107° | 7.89284e-05 | 6.17696e-05 | 856.83 | 2793.50
P-GS 107% | 6.18867e-05 | 6.17646e-05 | 683.72 | 2263.00
LGS 0 | 7.91686e-05 | 6.18287e-05 | 1259.71 | 5674.50
nM-LGS | 107° | 7.93924e-05 | 6.18313e-05 | 1287.60 | 5878.50
P-LGS | 10°° | 7.90832¢-05 | 7.85363¢c-05 | 1863.44 | 6569.50

Table 7 — Maximization results for the stability problem of an airplane using k& = 0.

where A € R?*% B e R**2 and C € R?*® are fixed matrices and X; € R?*2, X, € R?**,
X3 € R¥2 and X, € R** are variable matrices’. We have considered three instances of
this problem (k € {0, 1,2}) with the respective dimensions: n € {4, 9, 16}.

For this optimization problem we have chosen to use the algorithms GS, nM-GS,
P-GS, LGS, nM-LGS and P-LGS. Since the function that we are trying to maximize is
badly scaled, it is reasonable to think that a normalization on the search direction at each
iteration is preferable than not normalizing it. Moreover, for the same reason, we used
a smaller perturbation parameter (¢ = 107%) for the P-GS and P-LGS methods, since a
small perturbation might lead to a large variation in the function value. Therefore, we

kept our attention only on the aforementioned six methods.
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Figure 11 — Boxplots of the objective function values obtained with ten runs of each
instance.

In order to produce the initial points x( that were taken for each instance of
the problem, we have used perturbations proportional to the solution obtained by the
nM-GS method for the spectral abscissa minimization problem. As the problem demands
a considerable computational time, we solved each instance ten times (as the original
authors have proceed too). The results can be found in Figure 11 and Tables 7, 8 and 9.
Here, we have named f as the best function value obtained, f,, as the median of the last
function value, T, as the median time and # Fwval as the median of function evaluations

of all runs.

! The data of this problem can be found in www.cs.nyu.edu/overton/papers/gradsamp/probs.
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Algorithm | [ f fm T, #Eval
GS 0 1.03743e-04 | 1.03252¢-04 | 1847.89 | 3744.50
nM-GS 1078 | 1.04446¢-04 | 1.03434e-04 | 2059.54 | 3859.50
P-GS 107% | 1.03857e-04 | 1.03501e-04 | 1927.94 | 3749.50
LGS 0 1.03821e-04 | 1.03382e-04 | 2407.12 | 7595.50
nM-LGS | 107° | 1.03765e-04 | 1.03303e-04 | 2369.41 | 7565.00
P-LGS 10°% | 1.03688e-04 | 1.03576e-04 | 2402.80 | 7603.00

Table 8 — Maximization results for the stability problem of an airplane using k& = 1.

Algorithm | [ f fm T, #Eval
GS 0 | 1.04856e-04 | 1.04776e-04 | 3686.07 | 3913.00
nM-GS [ 107® | 1.05087e-04 | 1.04779e-04 | 4338.22 | 5010.00
P-GS 1078 | 1.04791e-04 | 1.04772e-04 | 4083.01 | 5151.50
LGS 0 | 1.04891e-04 | 1.04792e-04 | 4781.40 | 7650.50
nM-LGS | 107° | 1.04879¢-04 | 1.04783e-04 | 4898.98 | 7534.50
P-LGS | 107° | 1.04839¢-04 | 1.04788¢e-04 | 4990.90 | 7737.00

Table 9 — Maximization results for the stability problem of an airplane using k& = 2.

Observing the results it is possible to see that in none of the instances the
standard GS method was able to obtain the best function value. We see that for k£ = 0 the
best result is obtained by nM-LGS, whereas in the other instances the algorithm nM-GS
has reached the best value. The reason for this positive results against GS is that the other
approaches enabled the algorithm to work with fewer line search failures, which allowed
the method to reach a better solution. Furthermore, we were able to obtain better function
values even with S > 0. This was prohibitive in the original method, since it would led to

many line search failures, preventing the achievement of significant results.

2.4.4 Differences between nM-GS, P-GS and LGS

Although this study does not have the intent to compare our versions with
LGS, it is worth stressing the differences of each version, since this clarification might help
a future user of gradient sampling methods. To that goal, we exhibit a three dimensional

example.

Suppose we have a separable function f : R* — R such that f(z,y,z) =
100£1(x,y) + fo(z), with

fi(z,y) = max{2x + cot(f)y, —2x + cot(8)y, —cot()y}, fo(z) = |2,

and 0 < 6 < m/2. Notice that f has the same features of the other functions presented so
far, i.e., a minimization algorithm finds quickly the minimizer of f;, forcing it to work in (or
very close to) a nondifferentiability region. Now, let us suppose that we have an iteration

(Zk, Yk, zx) such that (xy,yx) = 0 (since we have rounding errors, assuming (z, yx) = 0 or
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very close to 0 makes no difference in the practical computation) and z; > 0 (the same

reasoning can be used for z;, < 0).

With some simple computations, it is possible to see that, for any sampling

radius €, > 0, the probability to sample a point in

X :={(z,y,2) e R* | — cot(f)y assumes the maximum in f,}

is (m — 20)/(27), or in a short way,

- — 20
Plse X | s € B((xr, Yk, 21): k)] = i on

Therefore, we see that if § — 7/2, the probability to have a sampled point in X tends to
zero (see Figure 12). To our aim here, let us assume that § = 1.5, and hence, the probability
to sample a point in X is approximately 2.3%. Consequently, if we use m = 2 - 3, the
probability for none of the sampled points to be in X is approximately 87%, and therefore,
there is a high probability to obtain dj = —(0, 100cot(f), 1) as the search direction.

y A

sy

Figure 12 — Representation of the region X (yellow color).

Supposing an iteration of the nNLGS and considering that
dr = —(0,100cot(0), 1)

is not a descent direction for f at (g, yx, 2x), we see that nNLGS has a high chance to
accept null steps many times before it allows the algorithm to move. On the other hand, if
we consider the nonmonotone version of GS in the situation that the algorithm did not
sample in X, it will allow a move to another point of the domain. Moreover, the algorithm

will move to the specific region that is hard to sample, i.e., to X. In that case, z511 € X,
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and therefore, if we use V f(zy41) in the quadratic minimization of Step 2 (like we have
used in our illustrative tests), we will no longer need a sampled point in X to have the
best search direction. Thus, giving to the algorithm the chance to move, we can land in a
region in which it is easier to obtain a good sample and as a consequence, we will move

faster than we would if we keep accepting null steps.

For the perturbed version of GS, it will avoid the nondifferentiability region,
and therefore, it will accept positive steps in each iteration, allowing the algorithm to

move, and again, it might reach a region in the domain that is easier to sample.

Finally, we want to stress that this is the very same behavior that we observe
in Tables 5 and 6. For example, considering the random matrix that we have generated
in gspiit, the chance to sample a point such that A, .x assumes the maximum in ¢ is
approximately 2.23%. As a consequence, using m = 2 - 12, the chance that in an iteration
we do not sample in a region where Ay .x reaches the maximum is approximately 58.20%.
Therefore, once the LGS or nNLGS methods reach the nondifferentiability region of g1,
they have more than fifty percent of chance to accept a null step. Hence, more than a half
of the computational effort is useless. That is the reason why the proposed methods have

such good results when compared to LGS or nNLGS.

2.5 Discussion

In this chapter we have presented a model algorithm for the well known class of
gradient sampling methods and pursued ways to overcome an important drawback of these
algorithms. The differentiability check has always been a theoretical trick to guarantee
the convergence of the methods, but none of the practical algorithms currently existing
had this step implemented in their routines, as such kind of verification is impossible for
general problems. Moreover, it was argued that this disregard is harmless for a practical

implementation, since the event x; ¢ D is unlikely to occur in practice.

In opposite direction, we have shown illustrative examples where both in theory
and in practice the GS fails to reach an acceptable solution if one ignores the DC procedure.
This undesired behavior can be explained by the finite precision of the machine. In fact,
i ¢ D is an unlikely event, however, due to rounding errors, being too close to a set
where f is not differentiable might cause the same difficulties as if x; ¢ D. This fact
produces an extra difficulty for the user, since one needs to be concerned not only with

the differentiability of f at xy, but also if z; is not too close to a dangerous set of points.

We have presented two ways to avoid this issue. The first one works with a
perturbation vector in the search direction of each iteration. It was shown that, with
probability one, all the iterates x, remain in the differentiable set, and consequently, such

a test (differentiability check) can be suppressed without affecting the convergence proof.
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The second proposal is a nonmonotone line search. This modification supports
the assessment of the differentiability, because even in the unlikely event that x; ¢ D or
xp, is close to a nondifferentiability set for f, the positive term 7 in the backtracking
inequality will allow a successful line search. Additionally, it highlights the perennial issue
of tiny steps during the execution of these methods, specially in solving some challenging
problems. This difficulty shows up due to the nature of these methods, which are random
by design. To guarantee the step size ¢, remains bounded away from zero, we must sample
points in a certain open set. Unfortunately, although we can assure that this event will
happen, we cannot know how many iterations it would take for this to happen. As a result,
the algorithms may need tiny step sizes to satisfy the backtracking inequality, and due to
rounding errors, this eventually generates null steps. Consequently, the algorithms make

efforts to produce tiny (or even none) improvements.

In order to show that our changes may also be useful to address real problems,
we have solved a challenging control problem. Due to line search failures the GS method
stops the runs prematurely and since nM-GS, LGS and nM-LGS are more tolerant, they

were able to find better solutions.

Finally, since our proposals are very cheap in terms of computational time and
can be easily implemented, we believe that users worried about robustness may be favored
by our modifications. Further, the limited line search algorithm presented by Kiwiel (LGS)
or a hybrid method (for example, nM-LGS) might be good alternatives as well.
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3 Local Convergence Analysis of GS

In 2007, Kiwiel introduced a nonnormalized version of GS [27], which can be
seen as a generalization of the well known steepest descent method. Hence, it suggests that,
in the best case scenario, the Gradient Sampling will have the same local convergence as
the Cauchy method. Although this is reasonable to expect, to the best of our knowledge,
there is no proof in the literature of local convergence rates for the GS method nor a

clarification of hypotheses under which this can be established.

This chapter has the goal to prove that, under special circumstances, one can
achieve linear reduction of the function values at infinitely many iterations of the GS
method. Moreover, we justify our hypotheses with illustrative examples, which help us

understand when such a behavior cannot be expected.

Looking into the GS functioning, it is possible to see that the method only uses
points at which the objective function is differentiable. Additionally, [27, Theorem 3.3]
guarantees, with probability one, that {zy1,...,2,m} < D, for all k € N. This behavior
releases the user from returning a subgradient to the method, but, in contrast, the efficiency
of the algorithm depends on how well the sampled points describe properly the local
behavior of f. Consequently, any local convergence result will be restricted to a good set

of sampled points as well.

The next section establishes reasonable conditions over the set of sampled

points in order to achieve a linear rate of convergence for the GS method. However, a

more structured optimization problem must be assumed. Henceforward, we suppose that

x4 is a local minimizer of the objective function f and there is a neighborhood W < R" of
z, such that

f(z) = max{¢;(x)}, forall z e W. (3.1)

1<i<r
where 7 € N and the functions ¢; : R® — R are all of class C?. It is important to stress
that the functions ¢; are not analytically known, i.e., we do not assume that the functions
¢; are inputs for the GS method. In other words, the representation (3.1) of the function
f only plays its role within the theoretical proofs presented in this study. Therefore, we
just assume that the method needs to know how to evaluate f and its gradient, whenever

the latter exists.

Finally, for functions satisfying (3.1), it is possible to define some sets that will

be useful latter. The first one is called the active set of indices at x € VW and it is given by

I(@) == {i e {L,...,r} | f(x) = du(a)},

whereas the other sets are defined below (see [36] for more details about U,V -spaces).
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Definition 3.1 (U,V-spaces). Suppose that f : R" — R satisfies (3.1) and x is any point
in W. Then, we define

Uz) = {s e R" | [Vei(x) — Vo;(x)]"s =0, Vi,jeI(x), i+ j}
and V(z) := U(x)* as, respectively, the smooth and nonsmooth subspaces of f at x.

The subspaces defined above are of great importance to us. Notice that they split
the domain of the function in two subspaces: the one in which f behaves smoothly (U-space)

and the other that captures all the nonsmoothness of the function (V-space).

3.1 Example

With the aid of motivational examples, we settle, in this section, some hypothe-
ses over the set of sampled points to ensure a good descent direction at a given iteration k.
Since we do not ask for the knowledge of the functions that comprise f, it seems natural
that a good reduction on the function value can only be ensured when the sampled points
carry indirect information about the behavior of the functions ¢;. This concept is described

in the following assumption, where we consider zy o := x.

Assumption 3.1. The sequence {xy} generated by Algorithm 1 converges to the local
minimizer x, and €y, v, — 0 according to the global convergence theorem of the GS method.
In addition, there is an infinite index set K < N such that for all k € KC and any i € Z(x,),

there is xy, ; € B(xy, ex) € W, for some j € {0,...,m}, such that
¢i(xk,j> > ¢8(1‘k7]’)7 fO’f’ any s € {L s ,T}\{Z} (H¢)

At first, Hy seems to demand too much of the GS method. However, as we will
see latter (see Remark 3.1), this condition can be naturally obtained (with probability
one) from other more common assumptions made in nonsmooth analysis. For now, let us
highlight with two examples the importance of H, for a good local behavior of the GS
method.

Let us consider a bidimensional function f : R* — R, with

f(z) = max {¢1(2), ¢2(z), #3(2)},
where, for z = (£, &), we have
P1(w) = &1 + &a, Pa(w) = =261 + & and ¢3(x) = &1 — 2&s.

Clearly, it is a convex function with x, = 0 as its global minimizer. Furthermore, the

lowest function value is given by f(x,) = 0.
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Suppose we want to start an iteration of the GS method with
zo = (0.5',0.5") , for any fixed [ € N.
Moreover, we assume that the method has sampled in such a way that
f(zos) = da(z04), Vi€ {1,2,3} (assuming m = 3).

Consequently, the function ¢3 does not assume the maximum at the sampled points nor
at . Step 2 returns us go = (0,1). Assuming that vy = €g = 107" and €yp; = Vops = 107°,

the method does not stop neither jumps from Step 3 to Step 6.

Now, notice that, for all ¢ > 0, we have

b1(z0 — tgo) = 0.5% + 0.5 — ¢;

by(0 — o) = 0.5% —2.0.5" — t;

b3(xo —tgo) = —2-0.5% + 0.5" 4 2.
Hence, for t = O(1), we must have that f(zo — tdo) = ¢s(xo — tgo), while for t = p-0.5%,
with p e (0,1), we have f(xg — tdo) = ¢1(wo — tgo). Since f(x) = —2-0.5% + 0.5', we see

clearly that for any ¢y € {1,v,7%, ...}, we must have

f(x0) < ¢3(0 — togo)-

Consequently, in order to have a successful line search, we must be in a region of the domain

where ¢ does not assume the maximum, which is achieved by setting to = O(0.5%).

Defining 1 = xg—tpgo, one can compute the reduction efficiency of the function

value, which yields
f(xo) — fl4)
Hence, one can see that it is not possible to establish a linear convergence rate no matter

how close we start from x, (I — o).

Notice that the above example has the property that U(z,) = {0}. We now
present another example which has U(x,) # {0}. So, let us consider a bidimensional
function f: R? — R, with

f(z) = max {¢1(z), p2(2)} ,

where, for z = [, &]7, we have
b1(x) = 36 — & and Gu(a) = 1€ + &

Clearly, f is a convex function with its optimal value being reached at x, = 0.

Suppose we want to start an iteration of the GS method with

zo = [0.5'  —0.5%]", for any fixed [ € N,
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Moreover, assuming m = 3 in Algorithm 1 and taking any a > 0, we suppose that the

method has sampled in such a way that
f(l’(m) = le(xo’i) and Hx(),i — Io" < a0.521, for all 7 € {1, 2, 3}

Consequently, the function ¢, does not assume the maximum at the sampled points nor at
xo. Therefore, by the way Step 2 is designed, Algorithm 1 returns gy = [0.5' + wy — 1]7,

where |wg| < @0.5%. Now, notice that, for all ¢ > 0, we have
1
d1(20 — 10) = 5 [0.5' = 1(0.5' + wo) | + 0.5 — t;
1
dalwo — tio) = 5 [05' —#(0.5' + wo)|* = 0.5 + ¢.

Hence, supposing that [go| = 1o, the GS method performs the line search procedure

presented in Step 4. Then, noticing that
1
f(xo) = 50.521 +0.5%,

we see that ¢, = O(0.5%), when one considers a sufficiently large I. Consequently, if
r1 = o — togo, we have

F@) = £ L o o,

f@o) = [ () I=o
These examples show that, when k ¢ I (with K being the infinite index set of Assump-
tion 3.1), the decrease of the function value may happen to be sublinear. It would be
desirable to obtain a linear convergence result, since this convergence rate reinforces the
idea that the GS method can be seen as a generalization of the Cauchy method. Therefore,
it is reasonable to think that a local convergence result will rely on the condition that
k € K. However, one might still wonder if Hy is sufficient for our goal. Unfortunately,
Assumption 3.1 is not enough for reaching our purposes, as the size of the sampling radius
plays a key role as well (see Sections 3.2 and 3.3). Indeed, an additional condition must be

taken into account: a restriction over the value of

T 1= lrggn{\\xkl — x|} (3.2)

We state that assuming 7, < Tz — 24]?, for a sufficiently small 7' > 0, one can guarantee

that, for iterations at which k € IC, the function value will be reduced with a linear rate.

Before we proceed with the proofs, we need to make a remark. The local
convergence theory developed here is applicable only to functions that have local minimizers
x4 that satisfy U(z,) # {0}. We justify this by looking at the function f: R — R, stated
as f(z) = |z| = max{—=z,z}. We have seen that for iterations that are not in K, the
GS method may present a very slow decrease of the function value. However, for the
absolute value function, every time we have an iteration k € IC, it yields that g = 0, and
consequently, zy,1 = x). Therefore, the analysis for the case that V' (z,) = R" cannot be

based on Hy and accordingly, from now on we assume that U(z,) # {0}.
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3.2 Convergence results

In this section, we establish a local convergence result for the nonnormalized
version of the GS method. In other words, we find R € (0, 1) such that, for infinitely many

indices k € N, we have

f(@ren) = fze) < R[S (2x) — fl2a)]-

To achieve our goal, we present an assumption that is commonly used in nonsmooth
analysis [11,36].

Assumption 3.2. Let x, be the local minimizer of f, previously exhibited at (3.1). The
gradients {V¢;(x4) }icz(zy) compose an affinely independent set, that is,

Z a;Voi(xy) =0 and Z =0 < «a; =0, VYieI(r,).

In [22, Chapter III], we see that the aforementioned assumption guarantees,

for any j € Z(z,), that
{Voi(2:) = Vi (24) iez(wan i)

is linearly independent. Consequently, |Z(z.)| < n+ 1, and since we supposed U (z,) # {0},
it implies that |Z(z,)| < n.

The role played by Assumption 3.2 in our results is of great importance. It is
worth noticing that the affine independence of the gradients V¢;(z,) allows us to rule
out redundant representations of the objective function near the local minimizer x,. For
instance, let us consider the bidimensional function used as the motivational example
of the previous section. There is more than one way to write such a function, since one
can also represent it as f(£1,&) = max{&] + &, &8 — &, —& + &}, Obviously, —£7 + &
has no use in describing f. Moreover, there is no region near its optimal solution such
that only —&; + & would assume the maximum, which cuts out the validity of Hy. In
fact, it is not difficult to see that redundant representations can be easily obtained for any
objective function near a local minimizer. Therefore, when U(z,) # {0}, Assumption 3.2
is imposing a good description of f (which does not need to be known) but not necessarily
assuming a condition over the shape of f. Summing up, Assumption 3.2 brings some
algebraic regularity to the optimization problem. One of the ways to see this regularity is
by noticing that there is only one A\* € R" that satisfies [22, Chapter I1]]

=0, YA =1 and Y A'Vei(z,) = 0. (3.3)
i=1 =1

Once we have elucidated some of the implications of Assumption 3.2, we are

ready to present our first results. For this, we will consider that |Z(x,)| = 2, since otherwise
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the convergence would be to a point at which f is smooth, that is not the case of interest.
Additionally, without any loss of generality, we assume that the neighborhood W presented
in (3.1) is small enough such that the functions that comprise f in W are only the smooth
functions that are active at x, (which implies r < n). Moreover, for all x € W and for any
fixed j € Z(x,),

{Véi(z) = V(@) biez(zan )
is linearly independent.

We start our theoretical results with a technical lemma that will be directly

linked to Assumption 3.3, presented subsequently.

Lemma 3.1. Suppose Assumption 3.2 holds. Then, for any d € U(z,), we must have
d” (2 A;“V%i(:c*)) d=0.
i=1

Proof. Let us consider any vector d € U(x,). Since ¢; € C?, for all i € {1,...,7}, and
Assumption 3.2 holds, we can see by a cautious application of the Implicit Function
Theorem [40, Appendix| that there exist a sufficiently small ¢ > 0 and a twice differentiable
function 7 : (—4,d) — R™ such that v(0) = x4, 7/(0) = d and

te (=9,0) = ¢i(v(t)) — or(y(t)) =0, forallie{l,...,r—1}.

Additionally, since z, is a local minimizer of f, we must have that t = 0 is a local minimizer
of the function F(t) := ¢,(v(t)). Consequently,

dT"V2 ¢, (z,)d + Vo, (x,)T+"(0) = F"(0) = 0. (3.4)
Now, defining ¢;(x) := ¢;(x) — ¢,.(x), for i € {1,...,7 — 1}, we must have
2
Vi(y(t)) = () + Vi (24)Td + t2 (d"V2(xy)d + V() 7"(0)) + o(t?).

Hence, since ¥;(y(t)) = v¥i(z,) = 0, for all t € (—6,0), and Vipy(x,)"d = 0, for i €
{1,...,r — 1}, we see, by taking the limit ¢ — 0, that

A" (z)d + Vb (2,)77"(0) = 0, Vie {1,...,r— 1},

which yields

r—1

dTi Y [V2¢i(9€*) — V2¢r(x*)] d+ Z A Vi) — V(ﬁr(x*)]T 7"(0) = 0.

Finally, adding the last equation to (3.4) and recalling that e’ \* = 1, we have
d’ (2 A;kV%Z-(x*)) d+ ) A Vi) T"(0) = 0,
i=1 i=1

which implies the desired result (because Z AN Voi(x,) =0). O

i=1
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The result presented above is a strong statement. It highlights that the positive

semidefinite U-Hessian matrix .
YAV ()
i=1

will play the role of a generalized Hessian of the function f in the U-space. Now, following
closely the analysis made in [37, Section 5.1] for the case where f is a convex function, we

motivate our next assumption.

Assumption 3.3. The local minimizer x, of f is a strong minimizer', i.e., 0 € 1i0f(z,)

and there is > 0 such that

dr (Z A;‘v2¢,~(x*)> d = p|d|?, for allde Ul(x,). (3.5)
=1

Remark 3.1. Under the condition 0 € ridf(x,) and Assumption 5.2, one can see that the
unique vector that satisfies (3.3) must have strictly positive entries, i.e., \* > 0 (see [22,
Remark 111.2.1.4]). Consequently, if Hy does not hold, then, in the case that xj, — x,, we
must have ||gx| bounded away from zero for any sufficiently large k. However, [27, Theorem
3.3] guarantees, with probability one, that there is an infinite index set K < N such that
|G e 0 (since e, vy — 0). Hence, this implies that under the Assumptions 3.2 and 3.3
and supposing x — Ty, the probability that Assumption 3.1 does not hold is zero. Therefore,
although Assumptions 3.2 and 3.3 are sufficient to have Assumption 3.1 (with probability
one), for clarity of our results, we present Assumption 3.1 as a hypothesis, which exempts

us from obtaining statements involving probability.

The next lemma ensures a sufficient growth of f at x, for directions close

enough to the subspace U(x,).

Lemma 3.2. Suppose that Assumptions 3.2 and 3.3 hold. Moreover, let us assume a

sequence {s;} = R" such that s, — 0 and >

sk = Projy(,,) (sk) + o(|sk])- (3.6)

Then, for all sufficiently large k € N, the following must be valid
. < 2
i) <Z z v%z-(x*)) s> Splsel?;
i=1

i) fw) + sl < flas + ),

where p is such that (3.5) holds.

1

The property that 0 € 11 df(x4) is also called nondegeneracy [11].
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Proof. First, let us prove statement 7). Since

“PrOjU(a:*) (Sk‘)H < Hsk” ’

notice that

3;5 (Z Ajv2¢z($*)> PrOJU(m* Sk <Z )\*V Pi l’*)> PrOjU(Z*) <Sk)
=1

— 2|[Projy(s,) (si)| o(lskl) + o(]lsk[*)
2
> 1 [Projy, Sk)H + o(lskl?)
= pllsll* + o]l si[?)
(by relation (3.6)).
Hence, for a sufficiently large k € N, the first result is obtained.

Now, let us prove the second statement. Notice that, for a sufficiently large

k € N, we must have

Flwe +s) = max{oi(e. + 1))

> ZT] A di(xy + s1)
i=1
= 2 A [(bl(x*) + Voi(wy) s + fsk V2¢l(x*)sk] + o] s|*)
i=1
= f(zs) + ;s;f (Z )\;“V%i(as*)) sk + o(||se|?).
i=1

Consequently,

fla +|<il~c)”2_ f(zy) > 1 S1 (Zr: A;"V%i(x*)) Sk . O(HSkHQ)'
: i=1

Recalling the inequality that appears in i), we obtain

flaet o) = flas) 1 ollsel?)

=

i
s 3 e

Hence, for all k£ € N sufficiently large, we must have

J(w + s1) — f(24) > 1

BNk T4

4/"L7

which is the desired result. O

2

Here we have an abuse of notation. The relation (3.6) stands for sy = Projy (., (k) + vk, where
[vg| = o(|sk|l). This notation will appear in other parts of the text.
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We have seen in Remark 3.1 that, when z; — z,, Assumption 3.1 is a necessary
condition to

lim inf g = 0 (3.7)
be valid. The next lemma guarantees sufficient conditions for (3.7) to hold.

Lemma 3.3. Suppose that Assumptions 3.1 and 3.2 are verified. Then,

g — 0 and N — )\,
kekC kekC

where \* € R” and, forie {1,...,7},

S\f = Z /\f, with Ji; = {s €{0,...,m} | f(zrs) = ¢i(wrs)} (3.8)

J€ETk,i
Proof. Assuming k € K, it yields B(zg,€;) < W and that, for each i € {1,...,7}, Jis
is not empty. So, recalling the definition of 73, in (3.2) and that A* solves the quadratic

minimization problem of Step 2, we get

lael = 1> D Mvei(any)

1=1j€Tk,;

< 1YY M v
i=1 €Tk i |j}“’
T )\;g
i=1 j€Ty.q [Tl

= DAV + O(m). (3.9)
1=1

Hence, since zp — x4, €, — 0 and 74 € (0, €;), we obtain

I = 0.

Moreover, it implies

=1 jeJk,; i=1
Now, since Assumption 3.2 holds and A* € R" is the unique vector satisfying (3.3), we
must have
P
kel
which ends the proof. O

The next technical lemma establishes sufficient conditions ensuring that the

vector zy, — x, will be close enough to the subspace U(z,).
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Lemma 3.4. Suppose that Assumption 3.1 and 3.2 hold. Then, there must exist k' € IC,
such that for all k € K larger than k' and having 7, < ||z, — z4|?, for any fived o > 0,

the following must happen
i) Forallie{l,...,r—1}, we have

|¢z(xk) - ¢r(xk)| < 2aLmam”$k - I*H2,

where Lyq. 18 an upper bound for the Lipschitz constants of the functions ¢; around

Ly

i) T — Ty = Projy g, (xk — ) + o[z — z4]).

Proof. First, since Assumption 3.1 holds, there are points v, ..., v, € B(xy, 1), for all
k € IC, such that

¢r(yr) > ¢i(y7") and ¢r(yi) < ¢Z(yZ>7 L€ {17 s T 1}'

Therefore, defining ¢; := ¢; — ¢,, we have, by the Intermediate Value Theorem, that
there exists z; € B(xy, 1) such that 9;(z;) = 0, for all i € {1,...,r — 1}. Consequently,
considering k € K and L., as a valid upper bound for the Lipschitz constants of the
functions ¢; in W, the following holds

¢z(zz) = ¢r(2i) = ‘¢z<xk) - ¢r($k)’ = ’¢z(xk) - ¢Z(Z1,) + ¢r(2i) - ¢r(xk>‘
= |¢i(zx) — Or(7r)] < 2LmaxTh-

Since 7, < oz, — x4|?, the first result is obtained.

Now, let us consider the Taylor’s expansion of the functions ¢;, with 7 €
{1,...,r}. Then,

Gi(w) = di(ws) + Vi(as)" (w1, — 1) + O(|zg — x4 ).
So, forie {1,...,r — 1},
i) = Or(xx) = [Vou(s) = Vo (2:)]" (wn — 2.) + O, — ),
which yields, by item 7), that
[Voi () = Vor(wa)]" (= 2a) = O — z[).
Therefore, because of the definition of the subspace U(x,), we must have
Tk = Ty = Projy (g, (@n — 2:) + o(|zx — 2.]),

as desired. ]
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The following statement says that, under some hypotheses, the difference
f(zx) — f(x4) can be bounded above by a value proportional to | g |?. This and the other
subsequent results pursuit, for the nonsmooth case, equivalent statements of the well
established local convergence result of the steepest descent method [2, Chapter 2|. For

this goal, the hypothesis about the value 7 in Lemma 3.5 turns to be essential.

Lemma 3.5. Suppose that Assumptions 3.1, 3.2 and 3.3 hold. Then, there must exist
K € K, such that

kelC, withk =K, and 7, < ok = a2 = 2 [f(20) = F)] < ]2

Proof. Let us consider k € K and that

!
8 Limax

Tr < |zp — 24|

Now, using the definition of A* in (3.8), one can notice that

f(zy) = max{gbz(x*)}

I<i<sr

— max {cbi(fﬂk) + Vi) (s — x1) + ;(1‘* — x) V2 (ax) (4 — l’k)}

I<isr
+ollan — o))
> D1 [61(au) + Voan) e = an) + 3o = ) o) — )|
i=1
+ ollk — o).

Assuming, without loss of generality, that

max {¢;(xx)} = ¢, (k)

1<i<r

and recalling 7) of Lemma 3.4, we have

2Lmaxka: - ZE*||2

ZA Sulew) > max(6i(en)} — g7 —

=f(wx) — Zﬂxk — x4,

Additionally, since the derivatives of ¢; are all Lipschitz continuous, we must have

Z:\qubz(xk) Ty — T) 2 2 A "Voi(e) (2, — p)
i=1 i=1j€Tk,i

T

23 D MVei(an) (e — ) + ol — )

i=1j€Jk,i

= i (@« — z) + o(lzx — z[*).
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By the fact that the functions ¢; are of class C? and by Lemmas 3.2, 3.3 and 3.4, we see,
for a sufficiently large k € IC, that

(s — 2)" D NVEGi(n) (s — 1) = (2 — 20) " ) N V2Gi() (4 — 22
i=1 i=1

+o(flzr — z.*)

2
> Splle — @l + oze — 2]?).

Therefore, the following must hold
~T 2 2
f(xa) 2 flan) + G (wn — ) + gpllan — 2]
1
= #len =zl + ok — 2a])

N 5
= f(@r) + Gi (x5 — 21) + EMH% — y|? + o[z — s [?).

Consequently, for k € K sufficiently large, it yields

flan) = flze) < Gi (r — 22) < Gulllon — 2. (3.10)

By Lemma 3.4, we see that, for a sufficiently large k € IC, the hypotheses of Lemma 3.2

will hold for s, =z, — x4. So, ii) of Lemma 3.2 implies

|2k — 2 <2\/f($k)_f($*)
x| p ‘

Finally, from the last inequality and (3.10), we obtain the desired result. O]

The result below guarantees a sufficient decrease of the function value. This

lemma will be of great importance in our main theorem.

Lemma 3.6. Suppose that Assumptions 3.1, 5.2 and 3.3 hold. Then, there must exist
K € K, such that for all k € K larger than k' with

R T (3.11)
the following must happen
1-— 1-—
P <t < T8 a1 < 1) - Brlal?

where M s a positive real number such that

max {||V?¢;(z)|} < M, forallzeW. (3.12)

1<isr
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Proof. Let us consider an index k € IC sufficiently large and that 7, satisfies the upper
bound of (3.11). Then, considering a fixed ¢ € (0, 1], we have

2
[z —tgr) = max {@'(fk) — tV ()" G + gggvzﬁﬁi(fﬂk)ﬁk}

1<i<sr
+ o([gx]*)

< f(a) + max {—tV () g1}
t? _ . .
+ 3 max {g,?VQQZ)i(m)gk} + O(HQkHQ)-

I<i<sr

Additionally, choosing k € K large enough and considering sy = xy —x, in ii) of Lemma 3.2

and the result of Lemma 3.5, we see that 7, = O(||gx[?). Consequently,

max {—tVi(zi)' G} = max {=tVf(r:)" et + o(|ge]”).

1<i<sr
Moreover, from convex analysis [22, Chapter 3], we know that

gr solves min lg| < <9 = Gk, —gr) <0, Vg € co{V f(xr;)}ito,
gecofV (wx )}

which yields
max {—tVf(xk,z')Tgk} < —tgx)*.

o<ism
Hence, it implies
~ ~ 2 t? -T2 ~ ~ 2
flax = tg) < flan) = ta]* + 5 max {3 V2i(wn) g} + ol1Ge]%).

Moreover, since x, — x,, we must have

max {g, V2@ (x)di} < M|Gu|?, for all z, close enough to .

1<i<r

Therefore, since g tends to the null vector for indices in K (by Lemma 3.3), there must

exist a sufficiently large &’ € K such that for all k € K larger than £" and

'yl_Mﬁ <t < 1_]\/[6’
we have
flae —tgr) < flxr) = t|gel® + M ge[®
= flax) = t]gul? (1 = M)
< flaw) — Btlgul,
which completes the proof. O

Finally, we are able to prove our main result. It establishes, under special

conditions, that the GS method, in fact, has a linear convergence rate for some iterations.
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Theorem 3.1. Suppose that Assumptions 3.1, 3.2 and 3.3 hold. Then, there must exist
K e K, such that

ke K withk =k, n < 8Llu |z — 24| and 241 = T — trGi, (3.13)
implies
B(1—5)

fonen) = fea) < (1m0 Ut = )

Proof. First, let us suppose that we have k' € K large enough so that Lemmas 3.5 and
3.6 hold. Then, assuming k > &’ and (3.13), one can notice that since ¢ is obtained using
Step 4 of Algorithm 1, we must have, by Lemma 3.6, that

1-p

Therefore,
Flrie) < Flo) = Brell? < Fa) — 720 P e

Consequently, by Lemma 3.5, we obtain

o) — fl) < 220 P ) — pa),
which yields
onn) = fle) < (1= D2 ) ) = )
as desired. 0

3.3 Practical implications

By the results from the last section, we see that an essential hypothesis to

obtain those statements is
14

8Lmax
By Step 2, the probability of such a condition to hold in any fixed k € N is directly linked

|z — 24| (3.14)

Tkg

to the value of €. If €, is significantly larger than the upper bound required for 7, then
the probability of (3.14) to happen is low. On the other hand, if € is small enough, such
a condition has a high probability to hold.

At least theoretically, we have a strong reason to ask for

Unfortunately, the knowledge of p and L.y is not a reality for most of the problems.

Moreover, x, is the ultimate goal of GS, which implies that |z — z,| cannot be directly
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computed. Therefore, it seems difficult to guarantee this approximation. Fortunately, such

a requirement is not impossible to be satisfied in practice.

Indeed, let us consider the infinite index set I < N presented in Assumption 3.1.
Then, by (3.9), we see, for k € IC, that

k] < + O(13).

ﬁ AV ()
=1

For now, let us assume that, for all & € N, we know how to guarantee 7, = O(||gx[*"?), for

some fixed p > 0. Then,

g6l [1+ OUa"")] < | 35X Veulan)
i=1

_ ixj [Voi(xs) + V25 (2) (xr — x4 ] H

+ oz — @)

Consequently, since Z)\;"V@(QE*) = 0, we obtain ||gx| = O(|zr — x4«|). Recalling that

=1
7 = O(|gl*?), it yields
e = O(|zx — a:*|\2+p), kelk.

Therefore, for any sufficiently large k € I, we have (3.14), which is our desired hypothesis.

The only gap that we have left out is how to ensure 75, = O(||g[***). To this

aim, we just need to set the following adjustment in Step 0:
0. = (6,)***, for any desired value of p > 0. (3.15)

Indeed, defining [}, as the number of times the algorithm has reduced the sampling radius

until the iteration k, and assuming that xy11 = xx — txgr (i-e., Tx — txgr € D), we have

! 1,72+P v\’
T < € = (0.)%eg = [(Gy) k] € = <> €o.

40

Hence, since xy11 = o) — tx gk, it means that a line search procedure was performed and,

therefore, we must have ||gx| = vy, which guarantees 7, = O(||g[*™*).

As a result, (3.15) gives a practical implication for the GS method. In fact, what
one really needs to ask is that ¢, = O(v; ), for all sufficiently large k. The equality (3.15)
is just a way to ensure this relation between ¢, and v,. To the best of our knowledge, there
is no previous study that uses theoretical arguments to help a potential user to set the

parameter values of #, and @.,.
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Finally, we present two illustrative examples in order to stress the importance
of relation (3.14) and one to show the behavior of our approach when some assumptions do
not hold. We compare the number of iterations and time (in seconds) versus the distance
of the current function value to the minimum function value f, reached along twenty runs.
For each example, we exhibit the median with the first and third quartiles of those runs.
The curves in black stand for the GS method with the parameter values suggested by the

original authors [6], whereas the grey curves represent the same GS method but now using:
v, = 10_(l’“+1); €0 = Vg, €p = 1/,1'5, ifl, =1, and ¢, = 1/,3'25, if I, = 2.

All the results were obtained using Matlab and its function quadprog for addressing the
GS subproblem of Step 2.

10* F . 10* F .

10 - 10 -

100\ . 10° .

«£ 1072 - (s -
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Figure 13 — Results for the nonsmooth convex function Chained CB3 II [47]. It satisfies
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Figure 14 — Results for the nonsmooth nonconvex function Chained Crescent I [47]. It
satisfies U(x,) # {0}.
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Figure 15 — Results for the nonsmooth convex function MAXQ [47]. It does not satisfy
Assumption 3.2.

In Figure 1, we have minimized the convex function Chained CB3 II [47]. This
objective function presents to have dim V(x,) = 2 and, consequently, dim U(z,) = 8.
Because the parameter values of the GS method, whose results are depicted in the black
curves, do not ensure relation (3.14) to hold, the sampled points start to be too far from
the current iterate, preventing the GS method from sustaining a good decreasing rate of
the function value. On the other hand, when the parameter values are chosen in a manner

that 7, becomes small enough, the decreasing rate is preserved in most of the iterations.

The same behavior can be seen for the function that is minimized in Figure 2.
Although, this objective function is nonconvex, we can see by Lemma 3.1 that restrained
to the subspace where f behaves smoothly (for this case, we have dim U(z,) = 9), the
generalized Hessian is positive semidefinite. Therefore, since Lemma 3.4 guarantees that
xy approaches the optimal point z, by tracking the subspace U(x,) (for some specific
iterations), the GS method starts to follow closely the behavior of the steepest descent

method. But again, the value 75 plays a key role on the rate of convergence.

Finally, Figures 3 shows a bad behavior of the GS method when one considers
our approach. This can be explained by the lack of validity of Assumptions 3.2 and 3.3.

For this case, we have

f(z) = max {a7}.

Therefore, one can see that the gradients of the smooth functions that comprise f are not
affinely independent, which does not ensure the uniqueness of the vector A*. Moreover,
0 ¢ ridf(zs), and therefore, z, is not a strong minimizer for the objective function.
Consequently, the theoretical results cannot support a linear convergence rate of the

functions values, a fact that can also be seen in practice.
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3.4 Discussion

In this study, we have shown a linear local convergence result for the function
value sequence generated by the nonnormalized version of the GS method. Our analysis
does not provide any kind of local convergence result for functions with V(z,) = R".
Moreover, as it is reasonable to expect, for nonsmooth functions satisfying U(z,) # {0}, a
good decrease of the function value is strongly dependent on a good set of sampled points.
This set needs to cover all functions ¢; near x,. More than that, a restriction over the size

of 75, is also a crucial hypothesis.

Although the assumption over 7, seems impracticable to be verified, we have
shown that such a requirement can be satisfied by tunning properly the values of the
parameters 6, and 6.. We believe this is an important implication, since as far we are
concerned, there is no previous theoretical argument that corroborates any particular

choice of such parameters.

In conclusion, this study reinforces what was already a belief in the nonsmooth
field, by giving a theoretical proof and establishing in which circumstances one can expect

linear local convergence of the GS method.
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4 Gradient and Function Sampling Method

Although the GS method has shown to be robust, presenting good numerical
results even for challenging problems, its computational cost can be an obstacle, specially if
we take into account the expectation over the rate of convergence. Therefore, this leads to
a natural question: would it be possible to have a GS algorithm that can be understood as
a generalization of Newton’s (or quasi-Newton) method for nonsmooth functions, meaning

that it would locally converge faster than linearly?

This study has the intent to start answering this question. As we shall see,
the answer is, at least, partially affirmative. In fact, there are recent studies that have
introduced GS-like algorithms with quasi-Newton techniques [9, 10], however there are no
proofs nor numerical results that corroborate a rapid local convergence. Therefore, our
affirmative answer is directly linked to the property that, in a good sampling condition
and for a special class of nonsmooth functions, it is possible to move superlinearly to the

solution.

One might view our method as a GS algorithm that incorporates some elements
of Bundle Methods developed over the years [17,33], but still keeps the GS facilities
to handle nonconvex functions. This last characteristic is in agreement with Kiwiel’s

expectation [27]

“We believe, however, that deeper understanding of their [GS and Bundle

Methods] similarities and differences should lead to new variants.”

In order to obtain rapid local convergence, the new algorithm needs to look at
the VU-decomposition of the space [31,36]. Roughly speaking, the method behaves like the
cutting-plane methods [15,24] in the V-space, whereas into the U-space (a smooth subspace
for the objective function) it emulates the quasi-Newton techniques. For this purpose, we
need not only to evaluate the gradients at the sample points, but also their respective
function values. This procedure does not produce a significant increase in computational
time, since, in most cases, the computational effort of evaluating the function value is
fundamental in evaluating the gradient as well, so by computing the gradient one can

obtain the function value essentially for free.

Finally, we believe that the results obtained in this chapter are a step further
into the study of a practical algorithm with rapid local convergence to minimize nonsmooth

and nonconvex functions. A future work assessing its performance in an extensive class of
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nonsmooth functions is needed to determine how efficient the proposed algorithm is. For
now, we limit ourselves to the convergence theory and the presentation of some illustrative

examples.

4.1 Motivation and the new algorithm

As in the previous chapter, we will be interested in solving a minimax problem,

but now considering WW = R"| i.e.,

reR”™ 1<i<p

win () 1= (oo ) (11)

where the functions ¢; : R” — R are all of class C?, but they are not necessarily known.
Again, we only ask that the function f may be represented as a maximum of functions,
that is distinct from the case in which the functions that comprise f are known. For such
a case, many studies have been developed (see [14] and references therein). Additionally,
we also suppose the affinely independence presented in the previous chapter, but now we

assume this condition for a larger set of points in the domain of f.

Assumption 4.1. For all x € R" with |Z(x)| > 2, the gradients {V¢;(x)}ier) compose
an affinely independent set, that is,
Z a;Voi(x) =0 and 2 a;=0 <= a; =0, VieI(z).

i€Z(x) i€Z(x)

4.1.1 Motivational example

Suppose that we have f(z) = |z| = max{z, —x} and we want to start an

iteration of Algorithm 1. If we have that
m = 2, €y = 1, €opt < 1, Ty = 05, To,1 < 0 and To2 > 0,

then f'(xo1) = —1, f'(x02) = 1 and gy = 0 in Step 2. Consequently, by Step 3, we skip
Steps 4 and 5 and go directly to Step 6, which starts a new iteration. Although this
routine indicates that we have an ep-stationary point for f, this procedure does not allow
us to move. Moreover, it prevents the algorithm to take an action when it has a complete

information about the function, that is, when we have points sampled in the sets
X" ={reR|z<0} and X" ={zeR |z >0}

As a consequence, we see that the method only gets a chance to move when either z; and
the sampled points are all in X~ or all in X*. Moreover, in this scenario, the GS method

behaves exactly as the steepest descent method.

This undesirable behavior can be explained by the lack of information about

the function values at the sampled points. Indeed, taking a careful look into the quadratic
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optimization problem that is solved in Step 2, it is possible to see that its dual problem is
given by
i + 1dTH d
min z + —
(d,2) 2 F

st. GTd < ze,
where z € R and d is the vector d; that appears in Step 4. Equivalently, considering
Tpo 1= T, the same direction dj can be obtained if we solve

. 1
min {Orélifg% {f(zp) + V(i) d} + 2dTde} . (4.2)

Notice, however, that if we use the function values of each sampled point instead of f(xy),
i.e., if we solve

min{ max { f(z) + V(o) (2h — 2p) + V()" d} + ;dTde} : (4.3)

deR™ | 1<i<m

we would have a better model for the function f than the original one (closer to the
cutting-plane method). Furthermore, the new quadratic optimization problem allows us to
move when we have sampled in both “faces” of f, that is, in X~ and X . Lastly, observe
that in (4.3), we do not use the objective function value at the current iterate z; neither
the gradient V f(z). As we shall see later, these omissions do not prevent the algorithm
to converge and introduce an advantage over the GS method, since the Differentiability

Check at Step 5 is no longer necessary.

Unfortunately, this new quadratic programming problem comes with a price:
the vector dj, might not be a descent direction for f at xj (especially under a bad sampling
condition), a property that is always true if we solve (4.2). Therefore, to have an algorithm

that uses the function values at all sampled points, we must overcome this issue.

4.1.2 New algorithm

In order to surpass the difficulty of not having a descent direction under a bad
sample, we replace the Armijo’s line search by a trust-region procedure. Besides, to have
a smooth problem to solve, instead of dealing with (4.3), we solve at each iteration the
following quadratic optimization problem

1
i + ~d"Hd
CLIAS SR
st. fr+Grd < ze (44)

ldloo < A

where fk = [f(zr,1) + vf(xk,l)T(xk —Tp1)s - f(Trm) + Vf(xk,m)T(l‘k - Ik,m)]T, Gr =
[Vf(zg1) ... Vf(zem)] and |d|o < Ay stands for the trust-region constraint, for some
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Ay > 0. Consequently, its dual optimization problem, after changing variables, can be
viewed as
~ 1
T T rr—1
(/\’Ugle%gm A fr — §(Gk>\ +w)" H  (GeA +w) — A |wlly
st. Me=1
A= 0.

With these modifications in mind, we introduce the proposed algorithm (Algorithm 2),
also referred to as GraFuS, which stands for Gradient and Function Sampling. Together
with the exhibition of our new method, we must highlight some of its properties that will

be important for the good understanding of the convergence results.

e The generated sequence of function values is monotone decreasing, i.e., f(xg11) <
f(zy), for all ke N;

e the sequence {v;} is also monotone decreasing and it is a measure of how far we are

from a stationary point as the sampling radius is related with the value of v} ;

e the role played by the exponent o; in the algorithm will be clarified at the local
convergence section. Furthermore, its definition at Step 1 has the purpose of providing
freedom for such a parameter, so that it may be modified any time the algorithm

performs the referred step.

Notation Glossary

k: outer iteration counter vi: optimality measure

[: inner iteration counter Vopt: optimality certificate tolerance

Tk current iterate t: exponent for updating vy

m: number of sampled points €x,1: related to the current sampling size

va: constant related to the trust region Ay ;: current trust-region size

ve: constant related to the sampling size 6: reduction factor for e;; and Ay

p: parameter of step acceptance o;: exponent related to the sampling size

4.2 Convergence

As in the last chapters, we also suppose that Assumptions 2.1 and 4.1 hold.

Moreover, we also use Z(z) = {i | ¢;(x) = f(z)}.

Remark 4.1. Again it is worth pointing out that Assumption 4.1 can be viewed as a way

to guarantee that, for any fized j € I(x), the set

{Voi(r) = V() }iez (o))

is linearly independent for all x € R™ with |Z(x)| = 2. This association will be of great

importance for both the global and the local convergence results.
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Algorithm 2: A Superlinear Gradient and Function Sampling-based method (Gra-
FuS).

Step 0. Set k,l =0, xg € R", m € N with m > n + 1 and fixed real numbers
Ye, YA > 0, 0 < 19,0, p <1, 0 < vopy < 19 and ¢ > 1. Finally, define the
initial sampling radius and the maximum step size as €,y = v and
A0 = Yalp, respectively.

Step 1. Set o; as any real number in [1,2] and choose

{xiz,l? s 7x§€,m} - B(xka %EZD
with randomly, independently and uniformly sampled elements.

Step 2. Find (dy,, 2x;) and (g, wk,;) that solve, respectively, (4.4) and its dual
problem, where H; € R™*" is a symmetric and positive definite matrix.

Step 3. If v}, < vopi, then STOP! Otherwise, compute
Aredm = f(l’k) — f($k + ko)
and

1
Predy,; := max {f(xﬁm) + Vf(x§€7i)T(xk — xf,“)} — (Zk;,l + Qd}ngkdk,l> )

Step 4. If Ared;; < pPredy, then a null step is performed by setting Ay ;41 = 07,
€141 = Oegy, L < 1+ 1 and going back to Step 1. Otherwise, a serious step is
taken by setting xj41 = z), + di; and vy = max{min{yy, HHk_le?l)\kJ wts Vgt

Step 5. Set €x410 = Vkt1, Dgt10 = Yalks1, k — k + 1, 1 — 0 and go back
to Step 1.

4.2.1 Global convergence

First, we present a technical lemma that guarantees that at most n+ 1 functions
will assume the maximum of f at a fixed point x € R". In addition, we prove that, for
each ¢;, with j € Z(x), there is a sufficiently small open set such that ¢; strictly assumes

the maximum value at this specific set.

Lemma 4.1. Let x be any point in R"™ and j be any fized index in Z(x). Then, |Z(x)| < n+
1. Moreover, there exists v > 0 such that for all e € (0,7), we can find a set C;(x,€) < B(z,€)
with int(C;(z, €)) # &, for which x ¢ Cj(x,€) and
pi(z7) > max ¢i(x?), Val e Cj(x,¢€).
i#]
Proof. Let us prove first that |Z(z)| < n + 1. If |Z(x)| = 1, the statement trivially holds.

Therefore, we assume that |Z(z)| = 2. Besides, we suppose without any loss of generality
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that Z(x) = {1,...,r}. Then, let as, ..., a, € R be any real numbers such that
Y0 (Voi(x) = Véu(x)) = 0.
i—2

Then, it follows that

_ <i Ozi> V¢1(JJ) -+ iazv¢l<m) — 0’

and by Assumption 4.1, we have ay = ... = a,, = 0. Consequently,

A = {Vi(x) — Vi1 (2) bieza) 1)

forms a linearly independent set. So, |A| < n, which implies that |Z(z)| <n + 1.

Now, for the other result, we also have that, if |Z(x)| = 1, then the proof
is straightforward by a continuity argument. So, let us suppose that |Z(z)| = 2 and
Z(z) = {1,...,r}. By Assumption 4.1, given a fixed s € Z(x) and any j € Z(x) with
J # s, we have that v; := V¢,;(z) — Ves(x) cannot be written as a linear combination of
{vi|ieZ(x),i+# j} (to see this, just use the same arguments that we have used to prove
|Z(z)| <n + 1 and notice that the set formed by the vectors v;’s is linearly independent).
Thus, it is possible to find a unitary d; € R" such that 'U]de > (0 and

vid; =0, i#j with ieZ(x).!
Consequently, it follows that V¢;(x)"d; > Vo, (z)"d; and
Voi(z)'d; = Vos(x)'d;, i# 7 with ieZ(z).
So, since ¢; € C?, for all i € Z(x), we have that for all fixed w; € R™ it follows that

di(x + e(dj +w;)) = ¢i(x) + eVi(w) (dj +wy) + O(), ieL(x), i+# ],
¢j(w + e(dj +wy)) = d;(x) + eVey(a)(dj +w;) + O(?).
Now, subtracting the first equation above from the second one and dividing the result by

¢, we obtain, for all i € Z(x) with ¢ # j, that

¢j(x + e(d; +wy)) — di(w + e(d; +wy))

= V()" (dj + wy)
— ngz(x)T(d] + wj) + O(E)

Consequently, supposing that

w; € B(0,9) = R", where ¢ := min
i€Z(x)
%)

(Voo _volrs)
2V, @)~ Vaul)] f

For example, setting s; as the orthogonal projection of v; over the hyperplane generated by {v; | i €
I(x), i # j}, one can consider d; = (vj; — s;)/|v; — s;]|-




Chapter 4. Gradient and Function Sampling Method 89

we must have, for all i € Z(x) with i # j, that
¢;(z + e(d;j + wy)) — ¢i(x + e(d; + wy))

€

= [V¢;(2) — Vei(x)]" d;
+[Voi(z ) Véi(2)] w; + O(e)
> [V;(x) — V()] d;
= [Vo;(z) = Vai()[[|w;] + O(e)
]

> [V¢J< ) ng,(l’) Td (6)
5 .

From the inequality above and noticing that [V¢;(z) — Vé;(x)]"d; > 0, for all i € Z(z)
with ¢ # j, it is possible to find r; > 0 small enough such that for all € € (0,r;) the

following relation holds
¢z + e(d; +wj)) > dix + e(d; +wy)), i€Llx), i #j.

To complete the proof, notice that the functions ¢; are continuous, and therefore, it is
possible to find 7 > 0 such that for all y € B(x,7) the following holds

¢aly) > ¢o(y), a€L(z), b¢I(x).
So, setting 7 := min{ry,...,r,, 7} and choosing € € (0,r), we have that the set
Ci(z,e) :={ox+7(d; +w;) | 0 <7 <¢€/2, wjeB(0,9), jeZ(x)},
satisfies the properties previously claimed. O

From the above result, we can see that for any € > 0 (even when € > r, since

in this case we have B(z,r)  B(x,¢€)), the following set is not empty

Sj(z,€) :==int < y € B(z,€) | ¢;(y) > maxei(y) ¢, jeI(x) (4.5)

1<i<p
i#]

So, we can proceed with two additional results. They guarantee that GraFuS is
well defined, i.e., the algorithm will not cycle forever from Step 4 to Step 1. Specifically,
the first result tells us that under a good set of sampled points, it is possible to obtain
Ared > pPred at Step 4 (the proof of the result is based on ideas from [51]).

Lemma 4.2. In Algorithm 2, consider fixed outer and inner iterations, denoted by k and
[, respectively. Let T € R™ be a nonstationary point for the function f: R" — R, pe (0,1)
be a fized real number and S;(T,€) be the set defined in (4.5) for any € > 0. Therefore,
there exist A and § > 0 such that, if the following hypotheses hold

i) 1y € B(T,0);
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’I,’I,) 0< AkJ < Z,’
iii) there exist e =€(k,l) > 0 and M > 0 such that

a) for all j € I(Z), we have S;(T,€) < B(xg, M - Agy);
b) for all j € I(T), there exists x},; € S;(T,€), for some i€ {1,...,m};

c) forallie{1,...,m}, it is possible to find j € Z(T) such that xﬁm e S;(T,¥),

then
Aredy,; > pPredy,.

Proof. First, we choose r > 0 as a sufficiently small number such that for all x € B(z, ),
we have
¢;(x) > frgl?éogbi(x), for all j € Z(7).
i¢Z(T)
Since 7 is not a stationary point for f, we must have that 0 ¢ Jf(Z). Recalling that Jf(7)
is a closed and convex set, it follows by the Hyperplane Separation Theorem [3, Section

2.5] that there exist a unitary vector v € R" and a scalar 7 > 0 such that

sTv < —7, Vs e of (7).

Since the generalized directional derivative of f at T in the direction v is given by
+tv) —
f°(z;v) = limsup flo+tv) - flz)

T—T t
t10

= max{STU NGRS 5f<f>}v

we have that f°(7;v) < —7. Thus, there exist A € (0,7) and § € (0,7) such that for all
ze€B(z,0) and A € (0,A), we have

flx+ Av) — f(x) < —ZA. (4.6)

-
2
Now, let us keep this information in mind and proceed with a parallel idea. Let

us suppose that the hypotheses 7), i7) and #ii) hold for 6 and A found above. Then

flaw) = Z.emzﬁ(%{@(xk)}
= e [F(0h,) + V() — 2 )} + o)
(notice that xfm € B(xy, M - Agy))
and

flay + diy) = ZemIa(%{@(l'k +diy)}

= max {f(x},) + Vf(ah,)" (@ + diy — 23;)} + (D)

1<is<m

(notice that z}; € B(zx, M - Ay;) and that [dife < Agy).
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So, we have Aredy; = f(xr) — f(zx + diy) = Predi; + o(Ay,;). Consequently, to prove
the statement, we just need to show that Aj; = O(Predy,;), since we would have, for any
n=(1-p)e(0,1), a sufficiently small A > 0 such that

Aredk,l — Predkyl = O(Ak,l) > —nPredk,l,

which yields that Aredy; > (1 — n)Predy; = pPredy,;. So, to show that such a condition
holds, we define

2 = max {f(mim) + Vf@g“)T(mk + Ap v — xfm)}

<is<m

=

Therefore, since (dg, zx;) is the solution of the quadratic programming problem at Step 2,

we have that z,; < 2 + o(Ax;), and hence,

A2
Predy; > mlax{f(xfm) + Vf(xf,“)T(xk — xﬁm)} — (2 + ;JUTHkv> + 0(Agy).

Consequently, it yields that

Predy; = f(xr) — f(on + Argv) + o(Agy)
T
> iAk,l + 0(Ag),

where the last inequality comes from (4.6). Therefore, if A is small enough, we obtain the
desired result. O]

With the above result, we present the following lemma, which claims that if
GraFuS is at iteration k£ and xj is not a stationary point for f, then the index [ of the

inner iteration has an upper limit (with probability one).

Lemma 4.3. Suppose that for an iteration k, we have that xy, is not a stationary point
for f. Then, with probability one, there ewxists | € N such that the indices of the inner

iterations satisfy | < I.

Proof. Let us assume, by contradiction, that such [ does not exist, i.e., | — oo at the
iteration k. Consequently, we must have that Aredy; < pPredy,, for all [ € N. Additionally,

by the way we have designed our algorithm, we see that
1
€rg = —ADgy, forall k,leN,
A

and by the contradiction hypothesis the following holds: Ay; — 0 as [ — co.

Therefore, setting T := x; in Lemma 4.2, it is straightforward to see that
at some n € N, if [ > n, then hypotheses i) and i7) of Lemma 4.2 are valid. Moreover,
considering € := 7€ and M := 7, max{yx',7x>} for a fixed inner iteration I, we will

satisfy hypothesis iii) item a) of Lemma 4.2. Therefore, if at this specific inner iteration [
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we do not have Aredy; > pPredy,, it is due to the fact that we did not sample the points
properly, i.e, the items b) and/or ¢) of hypothesis iii) were not fulfilled. So, since [ — oo
by the contradiction hypothesis we have made, it is also true that the next inner iteration
will not satisfy items b) and/or ¢) and so on. We claim that this behavior has probability

zero to occur.

Indeed, let us assume a fixed j € Z(zx) and notice that by the way we have
defined d; and C;(w, ve€ry) in the proof of Lemma 4.1, we have that (for €7, sufficiently

small) Bf’l < Cj(wg, Ve€ry), where

Bt =B | a + YGEZfld. Ve€r (. | { [V;(xk) — ngi(xk)]de}

, —= min
478 e | 2|Vey(wk) — Voilwy)|
Consequently, the volume of B;-“’l in R" is given by

n

ey TP [ [Voy(ar) — Vou(ax)]"d; Yeer )
Vel (8) = iz %@b{zwwxm»—VQuw} ()

where I' is the Gamma function [23]. On the other hand, it follows that
n/2

- T
Vol(B(zy, %Ekfz)) = T

R

Therefore, since the sampled points are chosen in B(xy, v.€;) and
kol
By < Cj(ak, veery) < Sj(wr: Yeern),

we must have, for all i € {1,...,m}, that the conditional probability

VO[S 28)
Vol(B(xy, %ngl))

ol

Proj(xgc,i € Sj(wg, %GZfz) | Ifrm € B(xy, %Ek,z))

must be greater than the following strictly positive number

n

1 (g e~y
g | ieze 2|Vo;(x) — V()|

With this inequality, we conclude that the probability of the items b) and ¢) of hypothesis
iii) to happen together is strictly positive and does not depend on [. Therefore, the

probability of [ — o0 is zero, which concludes the proof. m

Finally, we are close to reach the convergence theorem of GraFuS. For that
goal, we only need to prove a last technical lemma. Furthermore, to have a clearer proof,

from now on we will denote by [, the largest value of the index [ at the iteration k.

Lemma 4.4. Let us consider the GraFuS algorithm. If Predkjk/Akjk — 0 as k — oo, then
Hijk)‘kij — 0.



Chapter 4. Gradient and Function Sampling Method 93

Proof. First, notice that the quadratic programming problem presented in (4.4) satisfies
the Slater’s condition. Indeed, if one considers dj, = 0 and z, = max{f;} + 1 in (4.4), then
we see that all inequalities are strictly satisfied. Thus, since the problem is also convex, we
can guarantee that the quadratic programming problem satisfies strong duality. So, we

have

1 T T 7
k), + §dkjk dekjk - )\k,ik fkjk
1
2

(ijk )‘k,fk + wk,ik)T sz_l (Gk,ik )‘kjk + ijk)

Thus, defining

T _
A = (Gk,zk)\k,ik + wk’jk) Hy ' (ijk)\kjk T wkjk) + Akijwkjk Hl’ (47)

N | —

it yields

~ 1
T o oy Lor
At Jig, — o = 25, + 5d

- _\T_ f_
Sdig Hidyy, = an = N7 g,

1
- —JT -
_ <zk7lk + 2dk,lkadk,lk
= O < Predkjk
. T _
(since A7 =0and e’ A7 =1)
= < :
Apie B,
ay

— 0.

kL

Consequently, by Assumption 2.1 and (4.7), we obtain |G} ; A, | — 0. O

Now, we reach the main goal of this subsection. Below, we prove the global

convergence (with probability one) of the proposed algorithm.

Theorem 4.1. Suppose that the GraFuS algorithm produces a bounded sequence of points
{xi} with vy = 0. Then, with probability one, there is a cluster point T of this sequence

which is a stationary point for f.
Proof. We split the proof in two complementary cases:

i) There are an infinite set of indices £; < N and a real number € > 0 such that

€1, = € for all k£ € IC;.

it) The sampling radius along the iterations satisfy €, e 0.
’ €



Chapter 4. Gradient and Function Sampling Method 94

Initially, let us suppose that case i) holds. So, noticing that €7, < U, forall k e N,
and that {r} is a monotone decreasing sequence, we see clearly that there must exist 7
such that v, > 7, for all k € N. Additionally, we claim that there exists p > 0 such that
Akjk p < Predy; , for all £ € N. Indeed, if this statement were false, there would exist an

infinite set of indices K such that

Predkjk/Akjk k? 0.

However, by Lemma 4.4, it would yield that
G.i N | — 0.
Gl =

Therefore, we would have v, — 0, and consequently, that €7, — 0, which is a contradiction
with case 7). Thus, there must exist u > 0 such that A, ; u < Pred, ; , for all k € N.
Moreover, since
€kl = LAM, for all k,l e N,
YA

we see that A, 7 > 7€, for all k € Ky. Consequently,
Ared, ; > pPred,; , forall ke Ky = f(zy) — f(zr1) > puya€, for all ke K. (4.8)

Now, since {z;} is a bounded sequence by assumption, there must exist an infinite set of
indices Ky < K such that

r, — I, for some Z € R".
kelCo

So, considering sy, (k) as the index in Ky that comes right after k € Ky, we have

> (flaw) = faen)) < 3 (F@e) = F (Taeum) ) = Flaw) = F(@) <,

kelCo keko

with w € N being the first index in K. However, this is a condition that goes against (4.8).

Therefore, the case i) is an impossible event and we must consider case i1).

Suppose that case i) holds. Since {zx} is bounded, there exists at least one

cluster point T of this sequence. Hence, there is K < N such that

=)

T —
kkelC

Now, let us add two additional hypotheses to case ii):

a) The point T is not a stationary point for f;

b) There exists M > 0 such that v, > M, for all k € N.
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Then, we choose §, A > 0 as presented in Lemma 4.2 for the point Z. Since v, > M, for
all k € N, and ¢, ; — 0 as k — 00, we have that, by the way we have designed GraFus,
€1, Just keeps going smaller because [, — 00. As a consequence, it yields that there exist
Kl € N such that for all ¥ > k" we have

- , _ , 1
Alal’ =A:= <9l ) YAV < A and €xl = €:= <91> Vi = —A.

A
Moreover, since T is a cluster point for the iteration sequence, we can find k > k' such
that for all k > k and k € K, we have z;, € B(Z, min{v.¢,6}/4). So, for all j € Z(z) we have

), € B(Z, min{~.&%,0}/4) and S;(F, min{v.¢,0}/4) < B(xx, (Ye/7a)A).

Therefore, the hypotheses i), i7) and #ii) item a) of Lemma 4.2 are all satisfied. So, since
I, — o0, we must have that items b) and/or ¢) of hypothesis iii) are not satisfied for every
k>kandl=10. However, this is an event with probability zero to happen, since the sets
S;(z, min{v.é",8}/4) are open and not empty. As a consequence, with probability one, at

least one of the two possible situations below must happen:

a') The cluster point T is a stationary point for f;

b') There is no M > 0 such that v, > M, for all k € N. In other words, v — 0.

If a) holds the statement is proven. However, if only b") is valid, then there exist an infinite

set of indices K < N and a sequence of vectors {v;,} = R” such that
U € Oey, o f (@) and |ug| — 0, for all k € K.
Thus, since {z} is a bounded sequence, we can assume without loss of generality that

x, — I, for some T € R".
ke

Hence, remembering that €, o — 0 (since v, — 0), we have the desired result (see item i77)
of [27, Lemma 3.2]), i.e., 0 € df(&) with probability one. O

We have proved that our proposed algorithm has at least one cluster point
that is stationary for f. For that, we needed to assume that the method has generated
a bounded sequence of iterations, which can easily be obtained by supposing that the
function f has bounded level sets. In addition, we have shown that we do not need to
know the functions that comprise f to converge. In fact, we have traded this knowledge

by the chance of having a good set of sample points.

In the next subsection, we have the intent to show that, under a good sampling,
it is possible to move superlinearly to a local minimizer of f. For such a goal, our analysis

will involve the concept of U and V spaces.
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4.2.2 Local convergence

In this subsection our efforts will be focused in enlightening the role played
by the quadratic programming problem (4.4). In fact, under special circumstances, it is
possible to see this quadratic problem as a local approximation of a new optimization
problem that involves the smooth functions ¢;. Upon this new perspective, we can analyze
the local convergence of the proposed method and obtain interesting results. However,
since our method has a random nature and a good local information about the function is
restricted to a good set of sampled points, it is reasonable to think that a good rate of
convergence will not be achieved at every iteration. Therefore, the results presented here

will be sustained on hypotheses that guarantee a good sampling.

To accomplish the aim of this subsection, we start supposing that z, € R" is a
local minimizer of the optimization problem presented in (4.1). Also, assume that Z(z,) =
{1,...,r + 1}, for some r n. Therefore, consider any x;, € R" and the sampled points

Ik

Ty ok m € B(xr, Ve, ) So, we admit the following hypotheses on problem (4.4):

H1) We have a good set of sampled points: for any j € Z(x,) there is i; € {1,...,m} such

that
b, <xk ZJ) > ¢ <x§€’“%> , forall se{l,...,p}, s+#j. (4.9)
For an easier exposition of our ideas, we will write without loss of generality that
o (x&) > by (g:%l> , forall se{l,...,p}, s#iandieZ(z,), (4.10)

since by a simple rearrangement of the sampled points in (4.9) the inequality (4.10)
holds. Moreover, notice that this condition is the same hypothesis made in H, in

the last chapter;
H2) The first  + 1 constraints are active at the solution;

H3) Only the first 7 + 1 constraints are active at the solution®.

Remark 4.2. Notice that assuming H3, we are implicitly asking that the trust-region
constraint is not active, an assumption that seems inevitable because of the random nature

of the algorithm.

Under those hypotheses, one can rewrite (4.4) as the following optimization

problem

1
min 2z + —d’ Hyd
(d,z)eRn+1 2

s.t. ¢,<xkl>+v¢,<xkl>T<xk+d [L',“)227 1<i<r+1

We believe that this hypothesis may seem unnatural at first sight. For this reason, we have treated it
in the Appendix.

(4.11)

2



Chapter 4. Gradient and Function Sampling Method 97

Alternatively, it can also be viewed as

_ _ T 1
min ¢, <$§ck,r+1) + Vo (xfrck,wrl) (xk +d— ) r+1) + idTde

deR™

s.t. (i)k + jkd = O,

(4.12)

where <i>k e R" with
(B)i = 6 (als) + Vo (al) " (0 — o)
[qbrﬂ (xk r+1) + Vo1 (:cﬁc’fTH)T (:ck — 37%,”1)] cief{l, ... 1},

and
T 7, T
Vo ('rk 1) —Vori (xk,r+1>
Jyy 1= :
)" o\
v¢ (xk T‘) - v¢r+1 (xk,rJrl)
So, the minimization problem (4.4) can be viewed as a quadratic approximation of
min ¢p1(z)

ze (4.13)
st. ®(x) =0,

where
¢1(5L’) - ¢r+1(x>
O(x) = :
¢ () = dria ()

Moreover, it is straightforward to see that x, is also a local minimizer for (4.13).

Notice that for any s € U(x), we have that f behaves smoothly along s at
x, since the directional derivatives (considering s) of ¢; are all the same for i € Z(x).
Consequently, the kernel of the Jacobian of ®(z) will be of great importance to us, because
it recovers the smooth subspace of f at x, when x approaches x,. Therefore, we denote
by J, the Jacobian of ®(x) and by Z; the matrix whose columns form a basis for the
kernel of J,. Moreover, from now on, our analysis will be restricted to the case that
re{l,...,n—1}. The cases r = 0 and r = n will be treated later (see Remark 4.4).

In light of Remark 4.1, due to the Assumption 4.1, it is possible to see that
the map J, : R" — R" is surjective for all z in a small neighborhood W of z,. Hence, for
x € W, there must exist J' € R™" such that J,J; = I.. Moreover, by [2, Lemma 14.3],

one can see that there exists only one map
7 -R" — R(n—r)xn
T Ly

such that Z,J; is a null matrix, Z,Z; = I,,, and the following relation holds

727+ J2 0y = I, (4.14)
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So, we may divide R" into two subspaces, generated by the columns of Z7' and J_,

respectively.

Now, coming back to the optimization problem (4.13), we define its Lagrangian
function L(z,\) : R" x R" — R as

L(2,\) = ¢ps(z) + \TD(2). (4.15)

By Remark 4.1, the feasible set of problem (4.13) satisfies the linear independence constraint
qualification and thus there is only one A, € R" such that V,L(x,, A,) is the null vector.

So, in possession of this vector A, we define g : R — R"™", where
9(x) = 27TV L(x,N) = 27TV (@). (4.16)
Moreover, for not overloading the proofs that will follow, we also define
Ay =1, — Z; H' 73 T Hy, (4.17)

with
Hy = 27"HZ3.

Below, we present a theorem that establishes the exact solution d, ; obtained
in (4.4) when it is equivalent to (4.12). For this result and the subsequent ones, we define

Iy
T,.7 = Inax Ty . — X .
kil 1<i<ril H si kH

Theorem 4.2. Suppose we are at a fized iteration k of GraFuS and at the last inner
iteration indexed by l,. Then, if the hypotheses H1, H2 and H3 hold, and x;, € W, we have
that
U v
dkvzk - dk:jk + dk’jk7

where

dgjk = —Z5 Hi'g(a) + Py and d}c/jk = = Ay ®(xr) + oL,
with

= =2 H 25y and p) = — AR pre

k x

for some p, € R" and pi, € R" satisfying
il = O (7z,) and 1ol =0 (727,) + O (7i,) O ().

Proof. First, we consider the Karush-Kuhn-Tucker conditions of problem (4.12), which

tell us that the solution d; ; must satisfy
i)k + jkdk,zk =0 (418)

and
Vo (201) + Hidyg, + JEA =0, (4.19)
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for some X\ € R". Since the functions that comprise f satisfy ¢; € C2, for i € {1,...,p}, we
have, by relations (4.18) and (4.19) and by

Iy oo < Ayz, < vavk,

that
<I>(a:k) + ‘]xkdkjk + [(i)k — CD(.T]C)] + [jk; — Jxk] dkjk = O (4 20)
(I)(J}k) + Jl“kdkjk +pr=0
and
Vi1 (wr) + Hidyg, + JE X+, =0, (4.21)

where |pi]| = O <T§zk> + O (Tkjk) O () and |p,| = O (Tkjk). Then, because A/, is a
right inverse for J,, (see [2, Section 14.2]), it is possible to decompose R™ in two subspaces
generated by the columns of Z7 and A J;, . As a consequence, we can consider two vectors

dl(c],h and dkvjk such that there exist oy and ay that imply

- =gy v
dpg, = dig +dps

with

U _ < v _ <
dk,fk = szOéU and dk,zk = AszkOév.

Hence, looking at relation (4.20), we obtain that
ay = —®(zy) — pr,

which yields
Ay, = —AT5 @) + o, with p) = —AuT3 i

Finally, pre-multiplying the relation (4.21) by Z T we have
g(zw) + Z3 THY [ 25 o — ApJy (@) + on)] + 25 5y, = 0.
Then, since Z;TH A = 0, we complete the proof by noticing that
av = —H'g(wy) = B 25 P = diy, = =75 B g(a) + pf
where pg = —ZZﬁ;lZZTﬁk. O
With this theorem in hand, we are able to prove a simple corollary.

Corollary 4.1. Under the assumptions of Theorem /.2, we have that

[ (zr41)| = O().
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Proof. Since ¢; € C?, ldy7, | = O(vy) and 7,7 = O(vy), it yields that

| (zr0)| < [@(zn) + Joedyz, | + OW7)
< @ () — ()| + sl + O@7)
= O0(1p),
which is the desired result. O

The previous statement leaves us with an important observation: when GraFuS
samples under hypothesis H1, H2 and H3, the homogeneous system ®(x) = 0 is quickly
satisfied, since vy, is associated with our optimality certificate (notice that the term O(v})

in Corollary 4.1 could also be changed to o(e, ; ) or o(A, ; ) without losing validity).

Finally, we are able to prove the most important result of this subsection.

Theorem 4.3. Suppose that x, — x,, where x, € R" is a local minimizer for f presented
n (4.1). Assume that, for iterations with indices in an infinite set KK = N, hypotheses H1,

H2 and H3 hold and x € W. Also, suppose that the maps
7. R — Rnx(n—r) JY: R* — R™XT
and
r z7 r o J7
are all Lipschitz continuous functions close to x, and that the reduced gradient given
in (4.16) satisfies g € C' with g’ being also a Lipschitz continuous function close to ..

Moreover, assume that H, — H, is such that
H, = V2 L(24, \s) + ’lei Sy, for somey = 0. (4.22)

Additionally, suppose that close to x, we have that |Hy — Hy|| = O(|xy — x4|). Then, the

following relation holds

a1 — 2 = Olax — 2a]?) + oY + oY, for ke K.

Proof. First, let us define Ty, 1= o + dZikv with k£ € IC. Now, observe that, from the

definition (4.17), for xy close enough to x,, we have |Ar — Ay = O(|xx — z4|), where
Ayi=1,-Z7 H'Z7 "H,, with 0, = Z7"H,Z7 .

Using this fact, considering the Taylor expansion of the map ® around z, in the relation
(*) below and noticing that J~ is Lipschitz continuous and a bounded map around z, in

(xx), we have for a sufficiently small neighborhood of z, that
Tp1 — Tu = T — Ty — ApJ, O(a) + or
@ oh — 2y — A5 oy (r — @) + Oz — 2.]?) + pf
= 1), — Tu — Audy, Juy (Tr — ) + O(|z — 2]®) + o)
— Ak (I3 = J2) + (Ap — A) T | Joy (0 — @)

 ay — 2y — AT o (@0 = 22) + Ollzi = 2u?) + .
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Consequently, taking into account the relation (see [2, Section 14.5])
g'(xs) = Z;*TVixE(JC*, As)

in (e), the Lipschitz property around z, of the maps Z= and A" in (ee), the relation (4.22)
in (A) and the relation (4.14) in (AA), we have

~ < 7r—1 U
Tl — T = Tpy1 — T — Ly Hy g(zr) + py

—

2 T — 0w — Z5 H V22 TV L (@, M) (21, — 4)

T

~—~

+ O(|ay, — ) + pi)
VBt — v — Z2 B 22TV L, M) (2 — 2
+ O(|lzr — za]?) + o}/
W Fpr — 20— Z2 B 25 T Ho (o — 1) + Oy — 2a?) + pf
= Au(zr — 14) — AuJy oy (21 — 24) + O([ 21 — 7. |?)
+ Py + o
= Aol = T3 Jo ) (@ — 20) + O(|ze — z”) + o} + pf

U A, 72 Z, (1r — 2) + O — 2]?) + pY + pY .

(20

Hence, since A.Z;, =0, it yields that
|21 = 2af = Ol — 24?) + pif + pi,

which concludes the proof. n

With the above result, we see that the only term that might prevent the
algorithm to move superlinearly to the solution x, is 7 ; . Therefore, since 7, ; is intimately

linked to the sampling radius, it would be interesting to have the following relation:

ekli = o(||xx — z4||). If this last equation holds, the algorithm moves superlinearly to
b O_Zk

k1,

this demands to know z,. However, taking a careful look at the Karush-Kuhn-Tucker

conditions of (4.4), we have that

the solution as k € IC. It is clear that imposing that relation to € * is impossible, since

dy7, = —H ' (Gog Mg, + @) - (4.23)

Therefore, considering €,; = O(v) and by the way v} is defined in GraFuS, we see

(specially when w, ;7 =0, ie, whend, ,; <A, ;7 ) that ¢ ; is a reasonable

approximation of |d,_,; |. On the other hand, |d,_,; || can be seen as a measure of

how far the algorithm is from |z — x| (considering x, — z.). So, since the sampled
.

points are chosen in B(xy, fyeekli’“k), it is not absurd to expect that, for an appropriate value

of o7_€ [1,2], the following will hold for a reasonable amount of times

T, = ol — z.). (1.24)
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One can argue that it would be better to let o; be greater than two in order
to have a smaller sampling radius, and consequently, to increase the chance of (4.24) to
happen. However, we cannot forget that to allow the possibility of moving superlinearly to
the solution, the method must have a good set of sampled points. A tiny sampling radius
might give us a bad representation of the function by e.g. sampling points where just one
¢; assumes the maximum value. Therefore, a trade-off must be assumed between these

two conflicting needs.

Remark 4.3. We stress that ezsz = o(||xx — x«|) is a desirable result, but by no means, it

is a necessary condition for a rapid movement towards the solution of the optimization
O'Zk
kI,
sample around xy, a sampling over the set B(xg, o(|xy — x«|)) is an event that occurs with

problem. Let us consider that € ¥ is large. Even for this case, since we have a uniform
probability greater than zero, which yields that a superlinear movement is a real possibility
(considering a good set of sampled points, which shows the importance of Corollary 4.1).
As a result, a good approximation of the value |z — .| just allows the method to increase
the probability of (4.24) to happen. Finally, we also highlight that for the case that V = R",
the equality (4.24) can be replaced by 75 = O(|xx — z4|) without affecting the superlinear

convergence (to see this, just notice the properties of pkv)

Remark 4.4. All the local convergence results were made assuming r € {1,...,n — 1}.
For the case r = 0, we have that the method is approaching a point at which the function
f is smooth in the whole space. For such a situation, it is straightforward to see that the
direction dy ; will have only the U component, i.e., d;; = dgjk with Z7 = 1, for all x
around z,. Now, considering r = n, we see that the method is approaching a point at which
f is nonsmooth in any direction. For that case, it is also clear to see that the direction
dy.j, will have only the V- component, i.e., d;j = dsz with Ay = I, for all xy around
x4. Therefore, in these two cases, the method will also move superlinearly if the sampling

radius is assumed to be small enough and if the algorithm has a good set of sampled points

(forr =n).

4.3 Numerical results

Since a superlinear move is dependent on a good set of sampled points, one
might think that the necessary hypotheses will be true just a few times during the execution
of the method. This subsection has the intent to show that a rapid move to the solution
is frequent enough to speed up the local convergence. However, by no means we have
the ambition to present an extensive set of tests nor to recommend our method over any
other one. Here, our main goal is to have numerical results that present to the reader a
proof-of-concept. Finally, we also aim at showing that one can expect global convergence

for more general problems than the ones considered in our theoretical results.
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For all functions we have chosen random starting points such that [/« < 2
and solved each of them twenty times in order to have statistical relevance of the results.
The comparable figures were plotted using the median and quartiles (25% and 75%) of
those twenty runs and also the best function value f, obtained by both methods in all of

the runs.

We have solved each optimization problem with two algorithms: (i) the GS
method presented by the original authors [6] but with a nonnormalized search direction
(a variant introduced by Kiwiel [27], that has the advantage to asymptotically recover
the steepest descent method when applied to smooth functions) and (ii) the GraFuS
method. We have used the original GS implementation without any modification (with
the exception of using a nonnormalized search direction). The parameter values used in
Algorithm 2 were: m = 2n; vy = 107 vops = 107 ye = 4y/n; ya =5, 0= 2; p = 1072
and 0 = 0.5. The value of o; in Step 1 was set as oy = 1 + 0.5/"2/* mod (1 +1,2).

Along the analysis presented in this chapter, we suppose that the sampling
procedure is uniform. However, we must remind the reader that when the number of
variables, n, grows, an uniform distribution will prioritize the points near the frontier of the
Euclidean ball. This happens because the volume of an n-dimensional ball is concentrated
almost entirely around the frontier, when n is sufficiently large. This property has a direct
implication on our method, since the chance to satisfy (4.24) with a large sampling radius
can be dramatically reduced. Hence, for the numerical results presented here, we have first
uniformly sampled an unitary vector and then, we have resized the length of this vector
by an uniform sample in the interval [0,v.ef,;]. Such a procedure does not invalidate the

proofs presented previously, i.e., the global convergence result is not affected.

An important point that must be stressed here is that the iterations of GraFuS
are more expensive than those of GS. While the GS routine finds a search direction and
does an Armijo line search to find the next iterate, GraFuS constantly solves quadratic
programming problems until it finds a good set of sampled points and a good trust region
to move. Therefore, one could take advantage of the way GS was designed as a threshold to
start performing GraFuS iterations, deciding if the current iterate is close to the solution
indirectly by means of the size of the current sampling radius. As a result, we only start
to run the GraFuS algorithm after the second reduction of the sampling radius in GS (i.e.
when €, < 107?), and that is the reason why in the figures that follow below, we see that

in the first iterations both methods remain together.

Finally, the way we have chosen the matrices Hy is a delicate matter and, for
that reason, we have reserved the following subsection to explain our procedure. It is
worth pointing out that we have used BFGS ideas to update the matrices, but we do not
have any theoretical guarantee that the matrices Hy will converge to a matrix of the form

presented in (4.22). Nevertheless, the choice on how we update the matrices has a strong



Chapter 4. Gradient and Function Sampling Method 104

foundation, since it uses the same reasoning of a Sequential Quadratic Programming (SQP)

updating [16] for the optimization problem that appears in (4.13).

4.3.1 Hj updates in GraFuS method

As we have seen in the last section, if some hypotheses are satisfied, it is possible
to see the quadratic programming problem that is solved in every iteration of GraFuS
as a smooth constrained optimization problem. Moreover, the matrix that we would like
to approximate (at least in its null space) is the Hessian of (4.15). Therefore, a natural
attempt to reach that goal is to update the positive definite matrix Hj as it is done in

SQP routines. In other words, it would be desirable to have the following relation
Hy(zy —2-) = VoL(wy, Ay) = Vo Lz, A),

where £ is the Lagrangian function defined in (4.15) and A, and A_ are vectors that try
to approximate the multiplier A, that fulfills (4.16). In addition,

VoL(2.0) = Vora(@) + YAV ) - Vo (z)

= (l — i )\i> Vo, i1(z) + i AiVei().

Therefore, defining A € R™! as \; = \;, for i € {1,...,7}, and

5\T+1 =1- Z >\’i7
i=1
we have e’ A = 1 and one can rewrite V,£(z, \) = GA, where

G = [Voi(z) ... V()]

Hence, if in two fixed outer and inner iterations k., k_ and [, ,[_, respectively, we have
that hypotheses H1, H2 and H3 are satisfied, it is natural to ask that the following secant
relationship holds

Hy(vp, =2 ) = Gry gy Megay — Grog Ak

The problem here is how one can identify if the aforementioned hypotheses hold. In fact,
although there is no straightforward response, we know that a good set of sampled points
is associated with a small norm of the convex combination of its gradients. Hence, a good

strategy would be to update the matrix Hj only if such a condition is verified.

Based on the previous reasoning, we present next the routine that provides the

sequence of matrices Hj, that are used within GraFuS.
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Step 0. Start setting H = I and let the GraFuS algorithm run until it finds two outer

iterations k., k_ such that

SlOl/k+ and HGkﬂzk,/\kﬂik,

z . <
HG]C+,Z]€+ >\k+,lk+ o ‘OO ~ 10Vk_

Set

Ty =, and v_ 1= 34_;

vy =G and v_ =G, 7 Ay

k+jk:+ Ak‘-{- jk+ _jk— )

Step 1. Set p:= 2, —x_ and ¢ := vy —v_. If ¢'p < 0.2p" Hp then compute a new vector
q by Powell’s correction (see [2, Subsection 18.2]).

Step 2. Update H:

Hpp"H | qq"

pTHp — q¢"p

Step 3. Use the subsequent matrices Hy as H until the GraFuS algorithm finds another

H— H -

iteration k such that
HGI;’Z’%/\E%Hw < 10V,}.

Then, x_ < x4, o4 <« 2}, V- < V4, V4 < G’%Jz;)\’%:i;;' Go back to Step 1.

Clearly, other ways of updating Hj are possible. Indeed, even the pure BFGS
update as considered in [32] can be performed (although, in such a case, we have to assume
that for all iterates the function f will be differentiable and Assumption 2.1 will no longer
be satisfied). For us, this previous routine was the one that seemed more reasonable in

light of assumptions H1, H2 and H3, and generated good numerical results.

Below, we present the functions that were solved and divide them in different
categories. The black line plot in the following figures represents the GS method, whereas
the grey continuous one with ¢ marks is the GraFuS method. In addition, we must stress
that although the optimality certificates of Algorithms 1 and 2 are very similar, they are
not the same (specially because the quadratic programming problem of each method is
different). Therefore, one might be more rigorous than the other one. Thus, although in
most problems the GraFuS method appears to be closer to the solution, this does not mean
that GS is not able to reach the same precision (maybe a tighter optimality parameter

would allow it).

Additionally, as a tool for assessing how fast our method goes towards the
solution, we have represented the ratio
J@rer) = fo
f (xk) - f %
with color scales along the plotted curves of GraFuS, where the red hue stands for a ratio

close to zero and the blue color for the values near one.
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432 Test functions with V = R"

We present two nonconvex and nonsmooth functions [18] that, at the solution

point, have the whole space R" as the V' space:

F1) Active faces (defined for all number of variables n)

f(x) = max {9 (—ix> , max {g(xi)}}, with g(2) = log(|z[ + 1);

F2) Chained Mifflin 2 (defined for all number of variables n > 2)

n—1
fl@) =) (—xzi+2(2f + a2}, — 1)+ L.75|z} + 27, — 1]).
=1
1
7 7 0.8
) 1 Hos
0.4
i i 0.2
10-10 | | | | | 10710 | | | | |
0 0 05 1 15 2 25 3 0 0 10 20 30 40 50 60 0
Time (seconds) Number of iterations
(a) n=>5 (byn=>5
107 1
g 10* 8
. 10° . 0.8
g 107! .
. T107 . 0.6
i /_&\10*3 i
. 51071 N . 0.4
| =10~° % 3 i
il 10~ b R 0.2
R 1077 1 * .
10°8 | | | | | | -8 T SO T TR B 0
0 05 1 15 2 25 3 35 0 10 20 30 40 50 60 70 80
Time (seconds) Number of iterations
(¢) n=10 (d) n=10

Figure 16 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
F1. For both number of variables we have x, = 0.

Before we proceed, an important observation must be taken into consideration.
Suppose that one has f(zr) = max{gi(x), g2(z)} + max{hi(x), ho(z)}. Therefore, it is
possible to turn the previous function into a maximum of functions by just noticing that

f can be written as

f(x) = max{g(z) + hi(2), 91(x) + ha(), 92(2) + hi(2), ga(2) + ha(2)}.

In other words, f is the maximum of all possible combinations of g; and g, with h; and

hy. With the generalization of this reasoning and remembering that || = max{—z, 2}, we
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Figure 17 — Medians and quartiles of twenty runs of GS and GraFuS meth-
ods for function F2. For n = 6 and n = 10 we have, respec-
tively, =, ~ (0.8152,0.5792,0.7747,0.6323,0.7747,0.0000)" and z, =~
(0.8152,0.5792,0.7362, 0.6767,0.7362, 0.6767, 0.7362, 0.6767, 0.7362, 0)” .

see, at least in a close neighborhood of x,, that F1 and F2 can be viewed as maximum of

smooth functions.

A closer look at the expressions of those functions reveals to us that the number
of active functions at their solutions have more than n + 1 active functions. Therefore,
Assumption 4.1 does not hold for the functions F1 and F2. Fortunately, this fact does not

prevent GraFuS to converge for both functions (see Figures 16 and 17).

The good behavior in the absence of the validity of Assumption 4.1 was somehow
expected. In fact, if one can guarantee that without this assumption we still have open
sets where each active function assumes the maximum, the probability that the sampled
points be in regions of the domain where just some specific combination of n + 1 functions

reaches the maximum is strictly positive, and consequently, the results hold.

Finally, looking at the plots that compare iterations versus the distance of the
current function value to f, in general, we can observe some rapid moves to the solution
as expected, with the exception of Figure 16 (d), where a rapid movement towards the
solution is not detected. However, it is possible to adjust the parameters of GraFuS in order
to have a better behavior of our method for this instance. When one looks to convergence

over time, it is possible to see that GraFuS is competitive with the well established GS
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method.

Remark 4.5. The functions inside the subsection of objective functions with multiple

stationary points do also satisfy V = R". However, we have chosen to separate them from

F1 and F2 because they have an additional property.
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Figure 18 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
5 we have, respectively, x,
(0.8152,0.5792,0.7071,0.7071,0).

F2. For n = 2 and n
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Time (seconds)

< N

| | | | | | |
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Number of iterations

= (1,0)" and =,

~
~

Figure 19 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
F3 (with n = 2). We have z, = (1,0.5)".
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Figure 20 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
F4. For both number of variables we have z, = 0.

433 Test functions with V' # R"

In the previous subsection we only presented functions for which the dim{U} = 0
at the stationary points. In opposite direction, here we show and solve functions that, at
the stationary points, can behave in a smooth way for some directions. We have considered

the following functions [18,47]: F2 presented previously (but now with n € {2,5}) and

F3) Generalized Rosenbrock function (defined for all number of variables n > 2)
o (106
flz) = Z <n

i=1

F4) Chained crescent I (defined for all number of variables n > 2)

Tiy1 — — T,
n

" a2 —l—l(l—xi)Q).
n

n—1

f(z) =max {Z (27 + (Tig1 — 1)* + 240 — 1),

i=1

n—1
2 (_%2 — (g1 — 1)2 + Tiy1 + 1)} .
i=1

It is worth pointing out that for F2 and F3, we have set, respectively, n € {2, 5}
and n = 2 only. This was done in order to maintain a dimension greater than zero for the

U space at the solution point. As a counterpart, there is no restriction on the dimension
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of F4, and therefore, we have solved instances with n = 5 and n = 10. The results can
be seen in Figures 18 - 20 and the rapid convergence behavior is also observed in some

iterations of GraFuS.

4.3.4 Test functions with multiple stationary points

In order to have a broader illustrative class of functions, we minimize in this

subsection two nonconvex and nonsmooth functions with multiple stationary points [18,47]:

F5) Chained crescent II (defined for all number of variables n > 2)

n—1

fla) = max {(27 + (i1 — 1)° + 211 — 1) ,

i=1

(_'I12 — (@ip1 — 1)2 + Tijy1 + 1)} ;

F6) Problem 17 of Test 29 of [47] (defined for all n multiple of 5)

5j+5
flz) = 1%&5;{ 5—(j+1)(1 = cosx;) — senx; — ) ;Hcos:ck } ,
=5j

with j = [(i — 1/5)].

The results can be found in Figures 21 and 22. Again, it is possible to find
iterates for which the algorithm moves fast to the solution, enlarging the results previously

obtained.

4.3.5 Test functions without an appropriate maximum representation

The next functions can be seen in [18,47] and they cannot be written as the

maximum of sufficiently smooth functions:

F7) Nonsmooth generalization of Brown function 2 (defined for all number of variables

n=2) )
fa) =3 (I ool

F8) Nonsmooth and nonconvex toy problem (defined for all number of variables n > 2)

2
Tt 4 |z

f(z) =+/g(x), with g(x) =6+ VaTAzx + 2" Bz,

where 6 € (0,1) is a fixed parameter, A = diag(1,0,1,0,...) and B = diag(1,...,1/n?).
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For function F7, one may argue that it is not possible to have a maximum
representation with functions of class C*. Indeed, let us consider the function h(a,b) =
oY) for a > 0. Then, it yields that

Oh
lsiﬁ)l g—a(s,g) = lsif(r)l(l +e2)e =1
oh, 4/
s YT —1/e _T1; 2\o9—1/e _
161%1 0a<2 ,€) 1;{51(1 +e%)2 0.

So, it is possible to see that any representation of F7 that might involve a maximum
of functions cannot have maps of class C'. Therefore, this function does not satisfy the

requirements of our convergence analysis.

Now, let us consider function F8, which primarily appeared in a pre-print
of [32]. Then, for Az # 0, its Hessian can be computed by
1
2

V27(0) = 5 (590 VA Vo) + 9] () ).

with
Vg(x) = (a7 Az) Y2 Az + 2Bz

and
Vig(z) = —(2TAzx) "2 Az(Ax)T + (2T Az) Y%A + 2B.

Consequently, if one could have a maximum representation of f as in (4.1), then the

functions ¢; would not be of class C?, since |V?g(z)| — o as ||Az| — 0.

Fortunately, although those functions do not satisfy the representation hy-
pothesis, when we look at the results obtained by the minimization of F7 and F8 (see
Figures 23 and 24), we see that this fact is not an obstacle for GraFuS to present a rapid

convergence behavior for both functions.

4.4 Failures before reaching the current version of GraFu$S

In this brief section, we have the intent to describe a previous idea that did
not work out. We believe that this presentation will be helpful for potential researchers,

specially because the failures that we have experienced might be fixed.

As we have seen during this chapter, the decomposition of the domain R" in
two subspaces, namely, U and V spaces, is of great importance for the functioning of
GraFuS, but, in the way we have built our algorithm, the identification of those subspaces

are not necessary during the execution of the method.

Although this kind of identification is not implemented in the method, it would
be desirable to have this procedure inside the method. However, this step presented to be

tricker than we were expecting.
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Figure 23 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
F7. For both number of variables we have z, = 0.
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Figure 24 — Medians and quartiles of twenty runs of GS and GraFuS methods for function
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First, let us explain the reason why it would be a good idea to identify these
subspaces. Because of Theorem 4.3, we see that the only term that prevents us to move
superlinearly to the solution of the problem is the distance between the sampled points
and the current iterate. Therefore, the parameter o; € [1, 2] plays a key role in speeding
up the rate of convergence. Hence, if the dimension of U(x,) is greater than one, it would
be desirable to have o; > 1, since it would increase the chance of having a sufficiently
small 7,7 . On the other hand, if the dimension of U(x.) is zero, it is sufficient to have
o; = 1, since in that case, the term 7,7 can be of the order of |z), — x.[. More than that,
we must have o; = 1, since otherwise, we would prevent the method to satisfy hypothesis
H1 (see Figure 25).

Figure 25 — Representation of how the value ¢ may interfere in the validity of hypothesis
H1. In the figure we represent the regions where each ¢; assumes the maximum.

Unfortunately, this kind of identification is not an easy task. An attempt to
identify those subspaces at the solution during the execution of the method was done
(observing the components of the dual variable A\ that were strictly positive and using the
related constraints to approximate J,, and its null space), but we have failed in obtaining
a satisfactory result. For this reason, we have established the update of the power of ¢, as
o1 =1+ 0.5 mod (I + 1,2). With this rule, we try both values of oy, i.e., o; > 1 and

0'l=1.

A direct implication of this failure for approximating the smooth subspace
explains why our attempt to have a sampling algorithm that would generalize the simplified
Newton’s method [2, Section 14.5] has not succeeded. For this method, we would first

move in the nonsmooth subspace, and then, move in the direction of the smooth subspace
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related to the function f. Unfortunately, the failure in the identification of those subspaces

has prevented us to keep this idea alive.

4.5 Discussion

This chapter presents an implementable algorithm for solving unconstrained
nonsmooth and nonconvex optimization problems. Using the ideas of the Gradient Sampling
algorithm and taking advantage of some notions developed over the years for the Bundle
Method, we were able to produce an algorithm that, in some sense, can be viewed as a

generalization of the well established Newton’s (quasi-Newton) method.

Additionally, we believe that an important step has been taken in the direction
of obtaining a rapid method to minimize nonconvex and nonsmooth functions. It was
shown that a rapid move towards the solution is a reliable behavior for some iterations
of GraFuS. Moreover, at least for the small set of functions considered in the numerical
experiments, one can see that fast moves are not rare and can be expected for a reasonable
amount of iterations. However, it must be stressed that the iterations of GraFuS are
computationally expensive when compared to GS, and for this reason, the rapid behavior
might not be translated to a faster method for some functions. Furthermore, for a number
of variables greater than the values considered in the last section, we have experienced
good and bad results as well. For example, there is a clear advantage of GraFuS over the
GS method for the function F4, whereas for F2, the results obtained are unsatisfactory
(see Figure 26). Nevertheless, if we allow the GS method to work a few more iterations,

reasonable results are recovered for the function F2 (see Figure 27).

The matters of efficiency and applicability of the method are not treated
properly in this study, since our aim here was, first, to produce a mathematical theory
that would support a rapid convergence to a solution and second, to obtain numerical
results that would guarantee a proof-of-concept of the main theoretical results. There are
many possibilities of improvements on the algorithm (e.g. different forms of updating the
matrices Hy and efficient ways of selecting the sampling radius size without affecting the

global convergence) and we hope that future studies explore these possibilities.

Summing up, we end these final remarks with two questions that naturally

arise from some of the numerical results obtained in the previous section:

e under which conditions could we establish | Hy — H.|| = O(|xy — z,|) in Theorem 4.37

e would it be possible to have convergence results with more general assumptions?
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5 Final Remarks

In this thesis we have studied sampling techniques to solve unconstrained
nonsmooth optimization problems. While bundle methods have been extensively studied

over the years, sampling techniques are recent and have opened a new range of possibilities.

The first major contribution of this study is the fact that we were able to avoid
the differentiability check step without loosing the global convergence of the preexisting
sampling methods. This was possible by doing a perturbation procedure over the search
direction or by using a nonmonotone line search. With these alternative steps, we have

shortened the gap between the implemented version of GS and the theoretical one.

Further, we have explored the local convergence of the GS method. It was shown
that, under special conditions, the GS algorithm extends the linear rate of convergence of
the well established Cauchy method. Additionally, we have found theoretical foundation
for selecting some key parameters of the GS method, choices that were entirely empirical

before.

Finally, we were able to develop a new sampling method that has shown
promising practical performance. Using some ideas developed over the years for bundle
techniques and taking advantage of some good properties of the GS method, we have
created a practical algorithm with rapid local convergence (under special circumstances)
to minimize nonsmooth and nonconvex functions, a property that, up to our knowledge,

has not been fulfilled yet by any other method in the nonsmooth field.
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APPENDIX A — On the Nonmonotone Line

Search

In this complementary part of Chapter 2, we show that if the Zhang and
Hager’s nonmonotone line search is assumed and we set 1, = Cj, — f(xy), then we have
that the sequence {7} is summable. The proof is basically the same found in [45] and the
little changes are just due to the fact that we do not suppose that a descent direction is

obtained in each iteration, a condition that might concern the reader.

Lemma A.1. Suppose that in the line search defined at Step 4b, we set n, = Cy — f(z),
where Cy, is given by the rules defined at (2.8). Then, if there exists f; € R such that
f(z) = fi, for all k € N, we must have

0
an<oo and mn = 0.
k=0
Proof. By the line search defined at Step 4b and 7, = Cy — f(x), we have
flan + trdy) < f(zn) — Bantegi Hegi + nk
f(ze1) < Cx — Bontrgy Hyg.
Since Baytrgi Higr = 0, it holds that f(xj.1) < Ci. So, by (2.8), we have

Crvy = ok QrCr + [(@p41) _ (Qrar = 1)Ch + f(@p41) <Cp

Qr+1 Qr+1
Therefore, Cy — Cy11 = 0. Consequently,

M1 = Crs1 — f(@r11)
(Qr+1 — 1)Cy + f(zp11)

= - f(xkﬂ)
Qk+1
~ (Qre1—1) (1= Qry1)
 Qrn G+ Qr+1 UCy
(Qr+1 — 1)

= Tﬂ(ck — f(Tr41)).

So, noticing that Q.1 = 1 by definition and remembering that Cj, — f(zx.1) = 0, we see
that n1 = 0.

We only need to prove now that the sequence is summable. Indeed, since {Qy}

is a sequence bounded by

1
Qk+1ZQka+1<QmaXQk-i-l<...<Q’gg}1{+...+gmax+1<7,
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we have that

Z M = 2 @97_1)(0]471 — f(l’k)) < - fmax 2 (Ck:—l — f(xk))
Omax ;= Q

Then, taking into account that

Co— = Oy — Q= DO+ f@n) _ (Coma — flaw)
Qk Qk

we obtain, by a telescopic series argument, that

Z M S ﬂ(co = ),
k=1

11— Omax

which is the desired result. O
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APPENDIX B - Enlightening the
Hypothesis H3

The aim of this appendix is to show that the hypotheses made in the local
convergence subsection are reasonable. More precisely, we take a carefully look at the
assumption H3, which seems to be the strongest and unnatural hypothesis. However, we
stress that the estrangement of H3 is not in the fact that we are assuming the irrelevance
of the trust-region constraint (which due to the random nature of the method seems to be
a necessary hypothesis), but on the statement that many of the constraints associated

with the sampled points (at least n — 1, considering m = 2n) are inactive.

At first sight, it seems strong to request that only the first  + 1 constraints of
the quadratic programming problem solved in each iteration of GraFuS are active (which
is exactly the cardinality of Z(x,)). Although it is acceptable that under a good set of
sampled points (hypothesis H1) and close to the solution z, there will be at least r + 1
active constraints (hypothesis H2), it is hard to imagine why the quadratic programming
problem would not have more active constraints than that (hypothesis H3). Despite this is
not an impossible situation, we have the intent to show that even in the case where we
have more than r + 1 active constraints, the results presented in the local convergence
subsection do not change. For this purpose, we divide the argumentation in two cases (for
both, we assume that H1 and H2 hold and that the trust-region constraint is not playing

any role):

A1) The cardinality of Z(z,) is n + 1;

A2) The cardinality of Z(z,) is r + 1 with r < n.

Suppose that Al holds and let us consider an iterate x; sufficiently close to
2. Moreover, assume that the trust-region constraint is irrelevant in the outer and inner
iterations k and [, respectively. Then, looking at the optimization problem in (4.12), we
see that any additional active constraint will generate an additional active constraint
to (4.12) in a way that it will be a linear combination of the first n + 1 active constraints
(by Remark 4.1 and because jk remains with constant rank in a close neighborhood of ).
Hence, the solution obtained with or without this additional constraint is the same, which
yields that the results presented at the local convergence subsection do not change for this

special case.

So, let us consider the more intricate case A2. Moreover, let us assume that

there is only one additional constraint, i.e., the number of active constraints is r + 2 (we
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will see that the occurrence of more than one additional constraint will be a straightforward
generalization of this simpler case). In other words, we are saying that solving (4.4) is
equivalent to minimize

1
min 2+ —d' Hpd
(d,z)eRn+1 2

5.t f(x,“> +Vf (inﬁi)T (mk+d—xf§7i> =z 1<i<r+2,

where here we assume, as it was done in H1, that rearrangements were done to have
the additional constraint as the (r + 2)-th constraint and that it has the associated
sampled point IE%T +o- Therefore, for an iterate z;, sufficiently close to the solution and a
sufficiently small sampling radius, we have, by the continuity of the functions ¢;, that
only the functions ¢, ..., ®,.1 can assume the maximum at any sampled point (here, as
it was done in the local convergence subsection, we assume without loss of generahty that

Z(zs) = {1,...,7 + 1}). So, there is j € {1,...,r + 1} such that f(xkﬂr?) = gb](xk’r”).
Consequently, recalling H1, the above minimization problem can be seen as

1
min 2z + —d! Hyd
(d,z)eRn+1 2

- \T -
s.t. ¢l<xkl>+v¢i<x2ﬁi> <xk+d—x§§’ji>=z7 I1<i<r+1

. T
I
¢; (xkk,r+2> + Vo, <xk: 7"+2> (xk +d— xy r+2> =2z
whose dual optimization problem is written as

r+1

e ICARAICONCEE)

i )‘T‘J:i[qﬁ] (xk T+2> + Vo, <{E§§7r+2>T (;gj - 55%,%2)] (B.l)

Z AiVo( x,“ + A2V (xk r+2)

H !
st. el =1.
Therefore, we can turn this last constrained maximizati(l)n problem into an unconstrained
one by making the following substitution A, =1 — 72 Ai. So, we have
i=1

r+1

Jnax Z i [@ (:E;“) + Vo, (xfrfz)T (xk - kaz) ?; (xk 7"+2)
Vo, (xéck,rH)T (xk - mick,r+2>] + ¢; <$k r+2>

- T

Uy Ik
+ Vo, (xk,r+2> ("Ek Ly, r+2>
r+1

5 | DA Vtel) - Vo tal )] + Vol

2

—1
Hk
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Since the above problem is convex, its solution A € R™™! can be obtained by
equaling the derivative of the objective function to the null vector. Consequently, assuming
without loss of generality that the function ¢; involved in the additional constraint is ¢, 1,

we have

i \T 7 T i \T 7 T
Vr (xkkl) = Véri1 (xkk,r+2> V1 <zkk1> —Vérs <zkk,r+2>

-1 . -
H, : A=

7 T i T 7 r 1 T
Vori1 (wkk,r+1> — Vérsa (xkk,r+2> Véri1 <xkk,r+1> = Véri1 (mkk,rm)
1 7.\ 1
¢1 (:ck"1> + V1 <xk’fl> (a:k — xk’“1>

- - T -
U 1 I
bri1 <xk,'r+1> + Véria <xk,r+1> (xk T Pt

_ _ T _
g Ui Iy
Pr+1 <zk,r+2> + Véri1 <xk,r+2> (wk T T2

_ _ T _
I I I
br+1 <xkk,r+2> +Véria <xkk,r+2> (wk - xkk,r+2)
N 7 T
Vi (xkk1> —Véria (wkk,rm)
. - 15
- : Hy 1V¢T+1 (xkk,r+2> .

7 T 7 T
k k
Vori1 (xk,rJrl) —Vérsa (xk,r+2>

Now, changing the points :EZ’“T 4o for xﬁfr +1 and redefining

U,
T3 = Imax Ty, — T
Rle " 1<i<rie H L
we get

2 \T 7 T :\T - T T

Vér (%’H) = Vérit (xkk,rﬂ) Vi ( k 1> = Véria (xkk,rJrl)
H ! A=

N i T k N 1 T

Vr (xkkr) = Vérit (%’frﬂ) Vor (xkkr> = Véria <xkkr+1)

_ _\T _ - _ T -
Ty Iy ) L Ty _ Ts T
#1 (“”k1> + Vo1 (%,1 (zk Th1 Prt1 Thr+1 Vorsr | o Th = Tp rp1
r 7 1 i T 7
_ 'k _ k _ k _ ke
(zk wk,r) ¢T+1 <$k,T+1) Véri1 (xk,r+1> <xk xk,r+1>

OT
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This last linear system yields

i \T i T i \T i T
Vi (zkk1> = V¢ria (zkljr-%—l) Vér (xkk1> = Vér (xkk,r+l> A1

_ T ' - T T ’ T *
Ar
Vor (wi’“m) — Véri1 (zﬁgjm) Wﬁr( > fvmﬂ(i:m)

_ _ _ T _
> (xk - x?ﬁ) = ¢ri1 (‘rigk,r+1) = V¢ria (‘TZTHJ) ( Tk — mic 'r+1>

7\ ; | 7 i T i

Or < T> + Vor (I ’”T> ( Tg — 93,;2) br+1 <Ik’fT+1> = V¢ri1 (Ik’le) (xk - xkk:Hl)

7 T
Vb ( ;;M)

- - T
wr(i ) e (sl

S
Il

HI;1V¢’T+1 < Ly r+1> +O( Tk lk) :

Therefore, following the same reasoning used by us to get here, it is possible to
see that the first r components of the dual variable A € R™*! linked to the problem (4.11)
must satisfy the last linear system obtained above (not considering the remaining error

vector) and, moreover,

Ar = 1> A (B.2)
i=1
Therefore, considering A* € R the solution of (B.1) and using equation (B.2), we must
have .
A N
1 5
A = M +0(ry) = 5, +0 (1)
r)\r+1 A;kJrl
1— Z Ai = Ar A1 = Al

So, to complete our reasoning, notice that since we are supposing that the trust-region
constraint does not play any role in the current iteration (i.e. w, I = 0), one can see,
by (4.23), that

[ +1 B
1, = _Hk_l Z A Vi xkz + A;k+2v¢7’+1(x§ck,r+2>]

= —H' Z N Vi) + (e + M) V¢r+1(fcﬁér+1)] +0 (73,)

7‘+1

= —H 2 A V¢z xk z) +0 (Tkjk) ’

Hence, d, ; is exactly the search direction obtained in (4.11) with an additional error
vector. Therefore, the term O (Tk Zk) is absorbed by the other error vectors in Theorem 4.3

and the result is still valid.
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Finally, remember that we have considered just one additional active constraint
to the others r + 1 active constraints. However, it is straightforward to see that exactly
the same reasoning can be used to prove the result for any other number of additional

constraints.



