




✐✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ❉❡✉s✱ q✉❡ ❝♦♠ s✉❛ ❜❡♥❡✈♦❧ê♥❝✐❛ ♠❡ ❛❥✉❞♦✉ ❡♠ t♦❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ❆♦s

♠❡✉s ♣❛✐s✱ P❡❞r♦ ❉❡ç♦r❞✐ ❡ ❈é❧✐❛ ◆✐❧✈❛ ▲á③❡r♦ ❉❡ç♦r❞✐ q✉❡ s❡♠♣r❡ ❡st✐✈❡r❛♠ ♣r❡s❡♥t❡s ♥♦s

♠♦♠❡♥t♦s ❞❡❝✐s✐✈♦s ❞❛ ♠✐♥❤❛ ❝❛♠✐♥❤❛❞❛✳ ➚ ♠✐♥❤❛ q✉❡r✐❞❛ ✐r♠ã✱ ❝♦❧✉♥❛ ❞❡ ✜r♠❡③❛ ❡ ❝❛rát❡r

❞❡s❞❡ q✉❡ ❝❤❡❣✉❡✐ ❡♠ ❈❛♠♣✐♥❛s✳ ■♥❝❧✉✐r❡✐ ✉♠❛ ♣❡q✉❡♥❛ ❧✐st❛ ❞❡ ❛♠✐❣♦s✱ ❛q✉❡❧❡s q✉❡ ❞❡ ✉♠❛

❢♦r♠❛ ♦✉ ❞❡ ♦✉tr❛ ❝♦♥tr✐❜✉ír❛♠ ♥ã♦ só ♣❛r❛ ❡ss❡ tr❛❜❛❧❤♦ ❝♦♠♦ t❛♠❜é♠ ♣❛r❛ ♠❡✉ ❛♠❛❞✉r❡❝✐✲

♠❡♥t♦ ♣❡ss♦❛❧ ❡ ♣r♦✜ss✐♦♥❛❧✿ ❱✐♥✐❝✐✉s ❚❛❞❡✉ ❙❛♥t❛♥❛✱ ❉♦✉❣❧❛s ❉❡❧❣❛❞♦ ❞❡ ❙♦✉③❛✱ ❏♦sé ❈❛r❧♦s

❉♦♥❡❣á ❋✐❧❤♦✱ ▲✉✐③ ❋❡r♥❛♥❞♦ ❙♦✉③❛ ❋r❡✐t❛s✱ ❏✉❧✐♦ ❈és❛r ●♦♥③á❧❡③ ❍❡♥❛♦ ❡ ●✉st❛✈♦ ▼❛rq✉❡s

❚❛✈❛r❡s✳ ❆♦ ❙r✳ ❆♠❛r❛❧ ❈r❡♣❛❧❞✐ ❋✐❧❤♦✱ ❡t❡r♥♦ ❞✐r❡t♦r ❞❛ ❊s❝♦❧❛ ●❡♥❛r♦ ❉♦♠❛r❝♦✳ ❆♦s ♠❡✉s

❛✈ós ❙❡❜❛st✐❛♥❛ ❞❡ ❖❧✐✈❡✐r❛ ▲á③❡r♦ ❡ ❍❡r♠❛♥❞♦ ▲á③❡r♦✳ ❆❣r❛❞❡ç♦ ♠✉✐t♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱

❆♥t♦♥✐♦ ❱✐❞✐❡❧❧❛ ❇❛rr❛♥❝♦✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❡♠ ♠✐♠ ❞❡♣♦s✐t❛❞❛s s♦❜r❡t✉❞♦ ♥♦s ♠♦♠❡♥t♦s

❞✐❢í❝❡✐s ❞❡st❡ ♣r♦❥❡t♦✳ ❆♦s ❝♦❧❡❣❛s ❞♦ ●r✉♣♦ ❞❡ Ó♣t✐❝❛ ◗✉â♥t✐❝❛ ♣❡❧❛s ✐♥ú♠❡r❛s s✉❣❡stõ❡s

q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ♣❛r❛ ♦ tr❛❜❛❧❤♦✳ ❆♦s ♣r♦❢❡ss♦r❡s ❈❡❧s♦ ❏♦r❣❡ ❱✐❧❧❛s✲❇ô❛s ❡ ❏♦sé ❆♥t♦♥✐♦

❘♦✈❡rs✐ ♣♦r t❡r❡♠ ❛❝❡✐t❛❞♦ ♣❛rt✐❝✐♣❛r ❞❛ ❜❛♥❝❛ ❡ t❛♠❜é♠ ♣❡❧❛s s✉❣❡stõ❡s ❛❝r❡s❝❡♥t❛❞❛s à

✈❡rsã♦ ✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦✳ ❆♦ ♣❡ss♦❛❧ ❞❛ ❈P● ♣❡❧♦s ✈ár✐♦s ❡s❝❧❛r❡❝✐♠❡♥t♦s ❛ r❡s♣❡✐t♦ ❞♦

♣r♦❝❡s♦ q✉❡ ❝♦♥❞✉③✐✉ à ❞❡❢❡s❛✳ ❆♦ ❈◆Pq ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

❆♦ ♠❡✉ ✈ô ▼❛♥❞♦✱ q✉❡ ❝♦♠ s❡✉ s✐❧ê♥❝✐♦ ❡♥s✐♥♦✉✲♠❡ ♦ s✐❣♥✐✜❝❛❞♦ ♠❛✐s ❛♠♣❧♦ ❞❡ ♥❛t✉r❡③❛✿

❝♦♥t❡♠♣❧❛çã♦✳
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❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ✉♠ ♠♦❞❡❧♦ ❞❛ ✐♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛✱ ♠❛✐s ❝♦♥❤❡❝✐❞♦

❝♦♠♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦✱ ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠ át♦♠♦ ❞❡ três ♥í✈❡✐s ♥❛ ❝♦♥✜❣✉r❛çã♦

Λ ✭❧❛♠❜❞❛✮ ❛❝♦♣❧❛❞♦ ❛ ❞♦✐s ♠♦❞♦s ❞♦ ❝❛♠♣♦ q✉❛♥t✐③❛❞♦ ❡♠ r❡❣✐♠❡ ❞❡ ❛❧t❛ ❞❡ss✐♥t♦♥✐❛

át♦♠♦✲❝❛♠♣♦✳ ❉❡ ✐♥í❝✐♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ r❡✈✐sã♦ ❞♦s ❛ss✉♥t♦s q✉❡ ❢♦r♠❛♠ ❛ ❜❛s❡ ♣❛r❛ ♦

❡♥t❡♥❞✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳

❆ ♣❛rt✐r ❞❛í✱ ❞❡❞✉③✐♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞♦ ♠♦❞❡❧♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ tr❛♥s✲

❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♠❛♥t❡♥❞♦ ♦s t❡r♠♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡

❡❧✐♠✐♥❛♥❞♦ ♦ ♥í✈❡❧ ✐♥t❡r♠❡❞✐ár✐♦✳ ◆❛ s❡q✉ê♥❝✐❛✱ ❝♦♠♣❛r❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❛tô♠✐❝❛ s♦❜ ❞✉❛s

♣r❡♣❛r❛çõ❡s ❞✐st✐♥t❛s✿ ♥❛ ♣r✐♠❡✐r❛ ❞❡❧❛s ❝♦♥s✐❞❡r❛♠♦s ♦s ❞♦✐s ♠♦❞♦s ❡♠ ❡st❛❞♦s ♣✉r♦s ✭❡s✲

t❛❞♦s ❝♦❡r❡♥t❡s✮✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛ s❡❣✉♥❞❛ ❛❧t❡r❛♠♦s ❛ ♣r❡♣❛r❛çã♦ ❞♦ ♠♦❞♦ ✷✱ ♠✉❞❛♥❞♦ ♦

❡st❛❞♦ ❝♦❡r❡♥t❡ ♣❛r❛ ✉♠ ❡st❛❞♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛ ✭❡st❛❞♦ tér♠✐❝♦✮✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ t❡s❡ ❛♣r❡s❡♥t❛♥❞♦ ✉♠ ❡st✉❞♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♥❛ ♣❛rt✐çã♦ át♦♠♦✲

♠♦❞♦ ✶ s♦❜ ✐♥✢✉ê♥❝✐❛ ❞♦ ♠♦❞♦ ✷✱ ❝♦♥s✐❞❡r❛❞♦ ✉♠ s✉❜s✐st❡♠❛ ❡①t❡r♥♦✳ ❆❞♦t❛♥❞♦ ❛ ◆❡❣❛✲

t✐✈✐❞❛❞❡ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♠❡❞✐❞❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ át♦♠♦✲❝❛♠♣♦✱ ✈❡r✐✜❝❛♠♦s ❡♠ q✉❡ ❝✐r✲

❝✉♥stâ♥❝✐❛s ❞♦ ♠♦❞❡❧♦ ✭t❡♠♣♦✱ ♣r❡♣❛r❛çõ❡s ✐♥✐❝✐❛✐s✮ t❡♠♦s ♦ ♠á①✐♠♦ ❡♠❛r❛♥❤❛♠❡♥t♦✳
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❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② ❛ ♠♦❞❡❧ ❢♦r t❤❡ ♠❛tt❡r✲r❛❞✐❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥✱ ❜❡st ❦♥♦✇♥ ❛s ❘❛♠❛♥

❝♦✉♣❧❡❞ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛♥ ❛t♦♠ ✇✐t❤ t❤r❡❡ ❧❡✈❡❧s ✐♥ t❤❡ Λ ✭❧❛♠❜❞❛✮ ❝♦♥✜❣✉r❛t✐♦♥✱

❝♦✉♣❧❡❞ t♦ t✇♦ ♠♦❞❡s ♦❢ t❤❡ q✉❛♥t✐③❡❞ ✜❡❧❞ ✐♥ ❛ ❤✐❣❤ ❛t♦♠✲✜❡❧❞ ❞❡t✉♥✐♥❣ r❡❣✐♠❡✳ ❆t t❤❡

❜❡❣✐♥♥✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ r❡✈✐❡✇ ♦❢ t❤❡ s✉❜❥❡❝ts t❤❛t ❢♦r♠ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣

t❤❡ ✇♦r❦✳

❆❢t❡r t❤❛t✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❊✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ♠♦❞❡❧ t❤r♦✉❣❤ t❤❡ ♠❡t❤♦❞ ♦❢

✉♥✐t❛r② tr❛♥s❢♦r♠❛t✐♦♥✱ ❦❡❡♣✐♥❣ t❤❡ t❡r♠s ♦❢ s❡❝♦♥❞ ♦r❞❡r ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts ❛♥❞

❡❧✐♠✐♥❛t✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❧❡✈❡❧✳ ■♥ t❤❡ s❡q✉❡♥❝❡✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛t♦♠✐❝ ❞②♥❛♠✐❝s ✉♥❞❡r

t✇♦ ❞✐st✐♥❝t ♣r❡♣❛r❛t✐♦♥s✿ ✐♥ t❤❡ ✜rst ✇❡ ❝♦♥s✐❞❡r t❤❡ t✇♦ ♠♦❞❡s ❛s ♣✉r❡ st❛t❡s ✭❝♦❤❡r❡♥t

st❛t❡s✮✱ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ✇❡ ❝❤❛♥❣❡ t❤❡ ♣r❡♣❛r❛t✐♦♥ ✐♥ t❤❡ ♠♦❞❡ ✷✱ s✇✐t❝❤✐♥❣ t❤❡ ❝♦❤❡r❡♥t

st❛t❡ t♦ ❛ st❛t❡ ♦❢ ♠❛①✐♠✉♠ ❡♥tr♦♣② ✭t❤❡r♠❛❧ st❛t❡✮✳

❲❡ ✜♥✐s❤ t❤✐s ❞✐ss❡rt❛t✐♦♥ ♣r❡s❡♥t✐♥❣ ❛ st✉❞② ♦❢ t❤❡ ❡♥t❛♥❣❧❡♠❡♥t ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❛t♦♠✲

♠♦❞❡ ✶ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠♦❞❡ ✷✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡r♥❛❧ s✉❜s②st❡♠✳ ❆❞♦♣t✐♥❣

t❤❡ ◆❡❣❛t✐✈✐t② ❛s t❤❡ ♠❛✐♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ❛t♦♠✲✜❡❧❞ ❡♥t❛♥❣❧❡♠❡♥t✱ ✇❡ ✈❡r✐❢② ✐♥ ✇✐❝❤ ❝✐r✲

❝✉♠st❛♥❝❡s ♦❢ t❤❡ ♠♦❞❡❧ ✭t✐♠❡✱ ✐♥✐t✐❛❧ ♣r❡♣❛r❛t✐♦♥s✮ ✇❡ ❛❝❤✐❡✈❡ t❤❡ ♠❛①✐♠✉♠ ❡♥t❛♥❣❧❡♠❡♥t✳
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❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ✐✈

❘❡s✉♠♦ ✈

❆❜str❛❝t ✈✐

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❈♦♥❝❡✐t♦s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ Ó♣t✐❝❛ ◗✉â♥t✐❝❛ ✹

✷✳✶ ◗✉❛♥t✐③❛çã♦ ❞♦ ❈❛♠♣♦ ❊❧❡tr♦♠❛❣♥ét✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ ❊st❛❞♦s ❞♦ ❈❛♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✸ ■♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✹ ❊♠❛r❛♥❤❛♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸ ❖ ▼♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦ ✷✶

✸✳✶ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❊❢❡t✐✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✷ ❆✉t♦✈❛❧♦r❡s ❡ ❆✉t♦✈❡t♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✸ ❆ ❞✐♥â♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✹ ❊st✉❞♦ ♥✉♠ér✐❝♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✺ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ♥❛ ♣r❡♣❛r❛çã♦ ❋♦❝❦✲❈♦❡r❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹ ❊♠❛r❛♥❤❛♠❡♥t♦ át♦♠♦✲❝❛♠♣♦ ✸✽

✹✳✶ ❊st✉❞♦ ●rá✜❝♦ ❞❛s ❢✉♥çõ❡s ❞❡ ◆❡❣❛t✐✈✐❞❛❞❡ ❡ ❊♥tr♦♣✐❛ ❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✺ ❈♦♥❝❧✉sõ❡s ✹✺

✈✐✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❆ ❡st❛tíst✐❝❛ ❞❡ ❢ót♦♥s ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣❛r❛ n̄ = 25✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✷ ❆ ❞✐str✐❜✉✐çã♦ ❞❡ ❢ót♦♥s tí♣✐❝❛ ❞♦ ❝❛♠♣♦ tér♠✐❝♦ q✉❛♥❞♦ t❡♠♦s ✉♠ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ✺ ❡①❝✐t❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✸✳✶ ❊sq✉❡♠❛ ❞♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦✳ ❖ ♣❛râ♠❡tr♦ ❞❡ ❞❡ss✐♥t♦♥✐❛ ✭❞❡t✉♥✐♥❣✮

é ❝♦❧♦❝❛❞♦ ❡♠ t❡r♠♦s ❞❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❡♥❡r❣✐❛ ❞♦s ♥í✈❡✐s ❛tô♠✐❝♦s ❢✉♥❞❛♠❡♥✲

t❛✐s ✭|1〉 , |2〉✱ E2 > E1✮ ❡ ❡①❝✐t❛❞♦ |3〉 ♥❛ ❢♦r♠❛ ~∆ = (E3 − E1) − ~ω1 ♦✉

~∆ = (E3 − E2) − ~ω2✳ ❆q✉✐✱ ω1 ❡ ω2 sã♦ ❛s ❢r❡q✉ê♥❝✐❛s ❞♦s ♠♦❞♦s ✶ ❡ ✷✱

t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ P✉♠♣ ❡ ❙t♦❦❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸✳✷ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ n̄1 = 1.5✱

n̄2 = 0.01✱ r = 1.023 ❡ c = 100 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❝♦❡r❡♥t❡✲

❝♦❡r❡♥t❡ ❡ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✸ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ ✭❛✮ n̄1 = 1.5✱

n̄2 = 1.5✱ r = 1.023 ❡ c = 100 ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✱ ✭❜✮ n̄1 = 1.5✱

n̄2 = 1.5✱ r = 1.023 ❡ c = 100 ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✹ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ n̄1 = 10.6✱

n̄2 = 10.1✱ r = 1.012 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ✭❛✮

❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡ ✭❜✮ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✺ Pr❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✻ Pr❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✼ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ N = 5✱ n̄ = 5✱

r = 1.023 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❞❡ ❋♦❝❦ ❡ ❝♦❡r❡♥t❡✳ ✸✻

✸✳✽ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ N = 40✱ n̄ = 40✱

r = 1.023 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❞❡ ❋♦❝❦ ❡ ❝♦❡r❡♥t❡✳ ✸✼

✹✳✶ ◆❡❣❛t✐✈✐❞❛❞❡ ✭❛✮ ❡ ❊♥tr♦♣✐❛ ❧✐♥❡❛r ✭❜✮ ♣❡❧♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ♣❛r❛

N = 5 ❡ n̄ = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✹✳✷ ◆❡❣❛t✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ♣❛r❛ N = 40 ❡ n̄ = 40✳ ✹✸

✈✐✐✐



✹✳✸ ✭❛✮ ◆❡❣❛t✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❡ ❞♦ ♥ú♠❡r♦ ♠é❞✐♦

❞❡ ❢ót♦♥s ❝♦❡r❡♥t❡s n̄✱ q✉❛♥❞♦ ✜①❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥♦ ❡st❛❞♦ ❞❡ ❋♦❝❦

❡♠ N = 40❀ ✭❜✮ ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ s✉♣❡r❢í❝✐❡ ♠♦str❛♥❞♦ ❛ ◆❡❣❛t✐✈✐❞❛❞❡

❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ❝♦❡r❡♥t❡s n̄✱ q✉❛♥❞♦ ✜①❛♠♦s ♦ t❡♠♣♦

❡s❝❛❧♦♥❛❞♦ ❡♠ t′ = 3000 ❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ♠♦❞♦ ✶ ❡♠ N = 40✳ ✳ ✳ ✳ ✳ ✹✸

✐①



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❆ ▼❡❝â♥✐❝❛ ◗✉â♥t✐❝❛ é ♥♦t❛✈❡❧♠❡♥t❡ ✉♠❛ ❞❛s t❡♦r✐❛s ♠❛✐s ❜❡♠ s✉❝❡❞✐❞❛s ❞❛ ❋ís✐❝❛✳

❚♦❞❛s ❛s s✉❛s ♣r❡❞✐çõ❡s t❡ór✐❝❛s ❢♦r❛♠ ❝♦♥✜r♠❛❞❛s ♥♦s ❧❛❜♦r❛tór✐♦s✱ ♠✉✐t❛s ❞❡❧❛s ❣❡r❛♥❞♦

✐♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s q✉❡ s❡ t♦r♥❛r❛♠ ❛ ❜❛s❡ ♣❛r❛ ♦s ❛✈❛♥ç♦s t❡❝♥♦❧ó❣✐❝♦s ❞♦ sé❝✉❧♦ ♣❛ss❛❞♦ ❡

❤♦❥❡ ❢❛③❡♠ ♣❛rt❡ ❞❛ ✈✐❞❛ ❝♦t✐❞✐❛♥❛✱ ❝♦♠♦ ♦ ❡❢❡✐t♦ tr❛♥s✐st♦r ❡ ❛ ♠❛❣♥❡t♦r❡s✐stê♥❝✐❛ ❣✐❣❛♥t❡✱

❡♥tr❡ ♦✉tr♦s✳ ❙✉❛s ✐♠♣❧✐❝❛çõ❡s t✐✈❡r❛♠ ♣r♦❢✉♥❞♦ ✐♠♣❛❝t♦ ♥❛ ❈✐ê♥❝✐❛✱ tr❛♥s❢♦r♠❛♥❞♦ r❛❞✐❝❛❧✲

♠❡♥t❡ ♦s ♣r✐♥❝í♣✐♦s ❞❡ ✉♠❛ ❋ís✐❝❛ ❛té ❡♥tã♦ ❜❛s❡❛❞❛ ❡♠ ❧❡✐s ❡str✐t❛♠❡♥t❡ ❞❡t❡r♠✐♥íst✐❝❛s ❡

❝❛✉s❛✐s✳

❯♠❛ ❞❛s ❝♦♥q✉✐st❛s ♠❛✐s ♥♦tá✈❡✐s ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❢♦✐ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♠♦❞❡✲

❧♦s q✉❡ ❡①♣❧✐❝❛✈❛♠ ❛ ✐♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ q✉❛♥t✐③❛çã♦ ❞♦ ❝❛♠♣♦

❡❧❡tr♦♠❛❣♥ét✐❝♦✳ ◆❡ss❡ ❝♦♥t❡①t♦ ♦ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦ ❛ tr❛t❛r q✉❛♥t✐❝❛♠❡♥t❡ át♦♠♦ ❡ ❝❛♠♣♦

❢♦✐ ♣r♦♣♦st♦ ❡♠ ✶✾✻✸ ♣♦r ❏❛②♥❡s ❡ ❈✉♠♠✐♥❣s ✭❏❈✮✶❬✶✹❪✱ ♦ q✉❛❧ ❞❡s❝r❡✈❡ ❛ ✐♥t❡r❛çã♦ ♣ró①✐♠❛

❞❛ r❡ss♦♥â♥❝✐❛ ❡♥tr❡ ✉♠ át♦♠♦ ❞❡ ❞♦✐s ♥í✈❡✐s ❡ ✉♠ ú♥✐❝♦ ♠♦❞♦ ❞♦ ❝❛♠♣♦ ❞❡ r❛❞✐❛çã♦✳ ❖

❡st✉❞♦ ❞♦ ♠♦❞❡❧♦ s♦❜ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ♦♥❞❛ ❣✐r❛♥t❡✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦ ♠❡s♠♦ s❡❥❛ ❛♥❛❧✐t✐✲

❝❛♠❡♥t❡ s♦❧ú✈❡❧✱ r❡✈❡❧♦✉ ✉♠❛ sér✐❡ ❞❡ ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s ❝♦♠♦ ♦s ❢❡♥ô♠❡♥♦s ❞❡ ❝♦❧❛♣s♦s

❡ r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ❬✶✺✱ ✶✻❪✱ ❛ ♣r♦❞✉çã♦ ❞❡ ❡st❛❞♦s

♥ã♦✲❝❧áss✐❝♦s ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ❛♥t✐❛❣r✉♣❛♠❡♥t♦ ❞❡ ❢ót♦♥s ❬✶✼❪ ❡ ❛ ❝♦♠♣r❡ssã♦ ❞♦

r✉í❞♦ q✉â♥t✐❝♦ ❬✶✽✱ ✶✾✱ ✷✵❪✳

❖ ✐♥t❡♥s♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ❛❧❝❛♥ç❛❞♦ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s ♥♦ ❝❛♠♣♦ ❞❛

❊❧❡tr♦❞✐♥â♠✐❝❛ ◗✉â♥t✐❝❛ ❞❡ ❈❛✈✐❞❛❞❡s ❜❡♠ ❝♦♠♦ ♦ ❞♦♠í♥✐♦ ❞❡ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ❡♠ ❡s❝❛❧❛

❛tô♠✐❝❛ ❬✷✶❪ ❝❛❞❛ ✈❡③ ♠❛✐s ♣r❡❝✐s❛s tê♠ ❛♠♣❧✐❛❞♦ ♦s ❤♦r✐③♦♥t❡s ❞❡ss❛ ❞✐s❝✐♣❧✐♥❛✱ ❡st✐♠✉❧❛♥❞♦

♣❡sq✉✐s❛s ❛❧é♠ ❞♦ ❝❡♥ár✐♦ ♣r♦♣♦st♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❏❈✳ ❉❡s❞❡ ❡♥tã♦ s✉r❣✐r❛♠ ❡①t❡♥sõ❡s ❞♦

♠♦❞❡❧♦ ✐♥❝❧✉✐♥❞♦ ✈❡rsõ❡s ♠✉❧t✐✲❢ót♦♥s ❬✷✷✱ ✷✸✱ ✷✹❪✱ ❛❝♦♣❧❛♠❡♥t♦s ❞❡♣❡♥❞❡♥t❡s ❞❛s ✐♥t❡♥s✐❞❛❞❡s

❬✷✺✱ ✷✻✱ ✷✼✱ ✷✽❪✱ ❞✐ss✐♣❛çã♦ ❬✷✾✱ ✸✵❪✱ át♦♠♦s ❞❡ ♠✉✐t♦s ♥í✈❡✐s ❬✸✶❪ ❡ ❝❛♠♣♦s ♠✉❧t✐✲♠♦❞❛✐s

❬✸✷✱ ✸✸❪✱ ❡t❝✳

✶s✐❣❧❛ ♣❛r❛ ❏❛②♥❡s✲❈✉♠♠✐♥❣s✳

✶



◆❡st❛ ❞✐ss❡rt❛çã♦ ✐r❡♠♦s ❛♥❛❧✐s❛r ✉♠ ♠♦❞❡❧♦ ❞♦ t✐♣♦ ❏❈ ❣♦✈❡r♥❛❞♦ ♣♦r tr❛♥s✐çõ❡s ❛ ❞♦✐s

❢ót♦♥s ❡♠ ✉♠ ❝❛♠♣♦ ❜✐✲♠♦❞❛❧✳ ❖r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦ ♣♦r ●❡rr② ❡ ❊❜❡r❧② ❬✻❪ ♥♦ ✐♥í❝✐♦ ❞♦s

❛♥♦s ✾✵✱ ♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦ ❞❡s❝r❡✈❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ✉♠ át♦♠♦ ❞❡ três ♥í✈❡✐s ♥❛

❝♦♥✜❣✉r❛çã♦ Λ ❡ ❞♦✐s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❡♠ r❡❣✐♠❡ ❛❧t❛♠❡♥t❡ ❞✐s♣❡rs✐✈♦✱ ✐st♦

é✱ q✉❛♥❞♦ ❛ ❞❡ss✐♥t♦♥✐❛ ❡♥tr❡ ♦ ♥í✈❡❧ ✐♥t❡r♠❡❞✐ár✐♦ ❡ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ é ❜❛st❛♥t❡ ❛❧t❛✱ ❞❡

t❛❧ ❢♦r♠❛ q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝✉♣❛çã♦ ❞❡ss❡ ♥í✈❡❧ s❡ t♦r♥❡♠ ♠✉✐t♦ ❜❛✐①❛s ❡ ❡❧❡ ♣❛ss❡ ❛

❛t✉❛r ❝♦♠♦ ✈✐rt✉❛❧ ♥❛s tr❛♥s✐çõ❡s ❛tô♠✐❝❛s✳ ◆❡ss❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❡❧✐♠✐♥á✲❧♦ ❛❞✐❛❜❛t✐❝❛♠❡♥t❡✱

♦❜t❡♥❞♦ ✉♠ át♦♠♦ ❛ ❞♦✐s ♥í✈❡✐s ❡❢❡t✐✈♦s✳ ◗✉❛♥❞♦ ❞❛ ♣r♦♣♦st❛ ♦r✐❣✐♥❛❧✱ é ✐♥t❡r❡ss❛♥t❡ ♦❜✲

s❡r✈❛r q✉❡ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❛❞✐❛❜át✐❝❛ ❬✻❪ ♦s ❛✉t♦r❡s ❞♦ tr❛❜❛❧❤♦ ❞❡s♣r❡③❛r❛♠

♦s t❡r♠♦s r❡s♣♦♥sá✈❡✐s ♣❡❧♦s ✏❙t❛r❦ s❤✐❢ts✑ ❞♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛✱ ♦❜t❡♥❞♦ ✉♠ ❍❛♠✐❧t♦♥✐✲

❛♥♦ ❞❡ ✐♥t❡r❛çã♦ s✐♠♣❧✐✜❝❛❞♦ ❝✉❥❛ ❞✐♥â♠✐❝❛ ❛tô♠✐❝❛✱ ❡♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ s❡ ❛ss❡♠❡❧❤❛ ❛♦

♠♦❞❡❧♦ ❏❈✳ ❊♥tr❡t❛♥t♦✱ ❡st✉❞♦s ♣♦st❡r✐♦r❡s ❛♣♦♥t❛r❛♠ q✉❡ ♦s t❡r♠♦s ❞❡ ✏❙t❛r❦ s❤✐❢ts✑ t❡♠

✐♠♣♦rtâ♥❝✐❛ ❝r✉❝✐❛❧ ♥♦ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ❡ ❞❡✈❡♠ s❡r ✐♥❝❧✉í❞♦s ❡♠ q✉❛❧q✉❡r ❛♥á❧✐s❡ q✉❡ ❝♦♥✲

s✐❞❡r❡ ♣r♦❝❡ss♦s ♠✉❧t✐✲❢ót♦♥s ❬✾❪✳ ❆ ♥ã♦ ✐♥❝❧✉sã♦ ❞♦s t❡r♠♦s ❧❡✈❛ ❛ ❝♦♠♣♦rt❛♠❡♥t♦s ❜❛st❛♥t❡

❞✐st✐♥t♦s ♣❛r❛ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞♦ s✐st❡♠❛ ❬✶✶❪✳

❆♥♦s ❞❡♣♦✐s✱ ❆❧❡①❛♥✐❛♥ ❡ ❇♦s❡ ❬✼❪✱ ❡♠♣r❡❣❛♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♣❛r❛ ♦ ❍❛♠✐❧✲

t♦♥✐❛♥♦✱ ❛♣r❡s❡♥t❛r❛♠ ✉♠ ♠ét♦❞♦ ❡q✉✐✈❛❧❡♥t❡ à ❡❧✐♠✐♥❛çã♦ ❛❞✐❛❜át✐❝❛✳ ❆ ❛❜♦r❞❛❣❡♠✱ q✉❡

❝♦♥s✐st✐✉ ❡♠ tr✉♥❝❛r ❛ ❡①♣❛♥sã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛s ❝♦♥st❛♥t❡s ❞❡

❛❝♦♣❧❛♠❡♥t♦✱ ♣❡r♠✐t✐✉ ♦❜t❡r ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞❡s❝r❡✈❡♥❞♦ ♦ ♠❡s♠♦ s✐st❡♠❛ ❛ ❞♦✐s

♥í✈❡✐s✱ ♣♦ré♠ ❝♦♠ ♦s t❡r♠♦s ❞❡ ✏❙t❛r❦ s❤✐❢ts✑ ♣r❡s❡♥t❡s ♥❛ ❡①♣r❡ssã♦✳ ❆ s♦❧✉çã♦ ❡①❛t❛ ✉t✐✲

❧✐③❛♥❞♦ ♦ ♠❡s♠♦ ♠ét♦❞♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ✈❡✐♦ ❝♦♠ ❨✳ ❲✉ ❬✽❪✱ ♥❡ss❡ tr❛❜❛❧❤♦ ❛

❡①♣❛♥sã♦ ❞♦s ♦♣❡r❛❞♦r❡s é ❝❛❧❝✉❧❛❞❛ ❞❡ ❢♦r♠❛ ❡①❛t❛ ❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❛í ♦❜t✐❞♦ é ❜❛st❛♥t❡

❣❡r❛❧✱ ✈á❧✐❞♦ ♣❛r❛ q✉❛✐sq✉❡r ❞❡ss✐♥t♦♥✐❛s ❡ s❡♠ r❡str✐çõ❡s ♥❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳

▼♦t✐✈❛❞♦s ♣❡❧♦s tr❛❜❛❧❤♦s ❬✼✱ ✾❪✱ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ s❡❣✉❡ ❞❡ ♣❡rt♦

♦ ♠ét♦❞♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♥♦ r❡❣✐♠❡ ♣❡rt✉r❜❛t✐✈♦✱ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s

q✉❡ ❛ ❡①♣❛♥sã♦ ❡①❛t❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✐♥✈❡st✐❣❛r ♦ ❝❡♥ár✐♦ ❡♠ q✉❡ ♦ ♥í✈❡❧ ✐♥t❡r♠❡❞✐ár✐♦

❡stá ❞❡ss✐♥t♦♥✐③❛❞♦ ❞♦s ♠♦❞♦s✳ ❉❡ ♣♦ss❡ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦✱ ❝♦♥s❡❣✉✐♠♦s r❡s✉❧t❛❞♦s

❛♥❛❧ít✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♣r❡♣❛r❛♥❞♦ ♦ át♦♠♦ ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦s

♠♦❞♦s ❞♦ ❝❛♠♣♦ ❡♠ ❡st❛❞♦s ❣❡♥ér✐❝♦s✳

❖s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❢♦r❛♠ ✐♥✐❝✐❛❧♠❡♥t❡ ♣r❡♣❛r❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡st❛❞♦s ♣✉r♦s ❡ ❞❡ ♠✐s✲

t✉r❛ ❡st❛tíst✐❝❛ ❝♦♠ ❞✐str✐❜✉✐çõ❡s ♠✉✐t♦ ❞✐st✐♥t❛s✳ ◆❛ ♣r✐♠❡✐r❛ ❞❡❧❛s ❛ss✉♠✐♠♦s ♦s ❞♦✐s

♠♦❞♦s ❡♠ ❡st❛❞♦s ♣✉r♦s✱ ❛♠❜♦s ❡♠ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡♥q✉❛♥t♦ q✉❡ ♥❛ ♦✉tr❛ ♣r❡♣❛r❛çã♦

♠♦❞✐✜❝❛♠♦s ♦ ❡st❛❞♦ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦✱ ✐♥tr♦❞✉③✐♥❞♦ ✉♠ ❡st❛❞♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛✱ ♦ ❡s✲

t❛❞♦ tér♠✐❝♦✳ ❆ ♠✉❞❛♥ç❛ ❞❡ ❡st❛❞♦ ♥♦ s❡❣✉♥❞♦ ♠♦❞♦ ❢♦✐ ❢❡✐t❛ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡♥t❡♥❞❡r ❛

✐♥✢✉ê♥❝✐❛ ❞♦ ♠♦❞♦ ✷ ♥❛ ❞✐♥â♠✐❝❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛♥❛❧✐s❛♠♦s ♦ ❡❢❡✐t♦ ❞❛ tr♦❝❛ ❞❡ ♣❛♣é✐s ❞♦s

♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥❛ ❞✐♥â♠✐❝❛ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛✳ ❆♦ ✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦ ✸ ✐♥✈❡st✐❣❛♠♦s ✉♠❛

✷



♦✉tr❛ ♣r❡♣❛r❛çã♦✱ ❡♥✈♦❧✈❡♥❞♦ ♦ ♠♦❞♦ ✶ ❡♠ ❡st❛❞♦ ❞❡ ❋♦❝❦ ❡ ♦ ♠♦❞♦ ✷ ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳

◆♦ ❝❛♣ít✉❧♦ ✹ ❡st✉❞❛♠♦s ♦ s✐st❡♠❛ tr✐♣❛rt✐t❡ ❝♦♠♣♦st♦ ♣❡❧♦ át♦♠♦ ❡ ♦s ❞♦✐s ♠♦❞♦s ❞♦

❝❛♠♣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♥❛ ♣❛rt✐çã♦ át♦♠♦✲♠♦❞♦ ✶ ♥❛ ♣❡rs♣❡❝t✐✈❛ ❡♠ q✉❡

♦ ♠♦❞♦ ✷ é ❞❡s❝r✐t♦ ❝♦♠♦ ✉♠ s✉❜s✐st❡♠❛ ❡①t❡r♥♦✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❛ ❛♥á❧✐s❡ ❝♦♥s✐st✐✉ ❡♠

❞❡t❡r♠✐♥❛r ♦ q✉ã♦ r❡❧❡✈❛♥t❡ é ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s✉❜s✐st❡♠❛ ❡①t❡r♥♦ ✭♠♦❞♦ ✷✮ ♥♦ ❡♠❛r❛♥❤❛♠❡♥t♦

át♦♠♦✲♠♦❞♦ ✶✳ P❛r❛ ❡ss❡ ❡st✉❞♦✱ ♦ át♦♠♦ ❢♦✐ ♣r❡♣❛r❛❞♦ ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦s ❞♦✐s

♠♦❞♦s ❡♠ ❡st❛❞♦ ❞❡ ❋♦❝❦ ❡ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❝❡rt♦ s❡♥t✐❞♦✱ ❡①✐st❡

✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦ ♥♦ss♦ ❡st✉❞♦ ❡ ♦ ♠ét♦❞♦ ❡♠♣r❡❣❛❞♦ q✉❛♥❞♦ s❡ ❡st✉❞❛ ❛ t❡♦r✐❛

❞❡ r❡s❡r✈❛tór✐♦s✳ P♦❞❡♠♦s ❢❛③❡r ✉♠❛ ❛♥❛❧♦❣✐❛✱ tr❛t❛♥❞♦ ♦ s✉❜s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ✭át♦♠♦

✰ ♠♦❞♦ ✶✮ ❝♦♠♦ ❛♥á❧♦❣♦s ❛ ✉♠ s✐st❡♠❛ ❛❝♦♣❧❛❞♦ ❛♦ r❡s❡r✈❛tór✐♦ ✭❛♠❜✐❡♥t❡✮✱ ♥❡ss❡ ❝❛s♦

♠♦❞❡❧❛❞♦ ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳

❆ ❡str✉t✉r❛ ❞❛ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ♦s

❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ♥❡❝❡ssár✐♦s ❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦ q✉❡ s❡ s❡❣✉❡✳ ❆ q✉❛♥t✐③❛çã♦

❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ é ✈✐st❛ ❝♦♠ ❛❧❣✉♥s ❞❡t❛❧❤❡s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ❡st❛❞♦s ❞♦ ❝❛♠♣♦

♠❛✐s ✉t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦✳ ❉❡❞✉③✐♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s

♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦♥❞❛ ❣✐r❛♥t❡ ❡ ❝❛❧❝✉❧❛♠♦s ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ q✉❛♥❞♦ ♦ át♦♠♦ ✐♥t❡r❛❣❡ ❞❡

♠♦❞♦ r❡ss♦♥❛♥t❡ ❝♦♠ ♦ ❝❛♠♣♦ ❡♠ ✉♠❛ s✉♣❡r♣♦s✐çã♦ ❣❡♥ér✐❝❛ ♥❛ ❜❛s❡ ❞❡ ❋♦❝❦✳ ❚❡r♠✐♥❛♠♦s

♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ P❡r❡s✲❍♦r♦❞❡❝❦✐ ❬✶✷✱ ✶✸❪ ❞❡ ❡st❛❞♦s ♥ã♦ s❡♣❛rá✈❡✐s ❡ ❛

❞❡✜♥✐çã♦ ❞❛ ◆❡❣❛t✐✈✐❞❛❞❡✱ ❛ ♣r✐♥❝✐♣❛❧ ♠❡❞✐❞❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ✉t✐❧✐③❛❞❛ ♥❡ss❡ tr❛❜❛❧❤♦✳

◆♦ ❝❛♣ít✉❧♦ ✸ ✐♥tr♦❞✉③✐♠♦s ♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦ ❡ ♦❜t❡♠♦s ❛ s✉❛ ❞✐♥â♠✐❝❛ ❛tô♠✐❝❛

♥❛s ♣r❡♣❛r❛çõ❡s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳ ❖ ❝❛♣ít✉❧♦ ✹

tr❛t❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♥tr❡ át♦♠♦ ❡ ♠♦❞♦ ✶ s♦❜ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦✱ ❞❡s❝r✐t♦

❝♦♠♦ ✉♠ s✉❜s✐st❡♠❛ ❡①t❡r♥♦✳ ◆♦ ❝❛♣ít✉❧♦ ✺ ❛♣r❡s❡♥t❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❧✉sõ❡s ❞♦ ❡st✉❞♦

❡ ✜♥❛❧✐③❛♠♦s ♦ t❡①t♦ ❝♦♠ ✉♠ ❜r❡✈❡ ❆♣ê♥❞✐❝❡✱ q✉❡ ❝♦♥tê♠ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❡❧✐♠✐♥❛çã♦

❛❞✐❛❜át✐❝❛ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦s t❡r♠♦s ❞❡ ✏❙t❛r❦ s❤✐❢ts✑✳

✸



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ Ó♣t✐❝❛

◗✉â♥t✐❝❛

✷✳✶ ◗✉❛♥t✐③❛çã♦ ❞♦ ❈❛♠♣♦ ❊❧❡tr♦♠❛❣♥ét✐❝♦

❆♣r❡s❡♥t❛♠♦s ❛ q✉❛♥t✐③❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ❜❛st❛♥t❡

s✐♠♣❧❡s ❡ ❛✉t♦✲s✉✜❝✐❡♥t❡ ♣❛r❛ ♦s ♣r♦♣ós✐t♦s ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❚♦♠❛r❡♠♦s ❝♦♠♦ ❜❛s❡ ❛s

❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ♣❛r❛ ♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ~E(~r, t) ❡ ♠❛❣♥ét✐❝♦ ~B(~r, t) ♥♦ ✈á❝✉♦ ❡ s❡❣✉✐r❡✲

♠♦s ❞❡ ♣❡rt♦ ♦ tr❛t❛♠❡♥t♦ ❡♠♣r❡❣❛❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✶❪ ❡ ❬✷❪✳

❊♠ ✉♥✐❞❛❞❡s ❙■✱ ❡❧❛s sã♦ ❞❛❞❛s ♣♦r

∇ · ~B = 0 ∇× ~E = −∂
~B

∂t
✭✷✳✶✮

∇ · ~E =
̺

ε0
∇× ~B = µ0ǫ0

∂ ~E

∂t
+ µ0

~j ✭✷✳✷✮

♦♥❞❡ ̺ ❡ ~j r❡♣r❡s❡♥t❛♠ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ❝❛r❣❛ ❡ ❝♦rr❡♥t❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ❝❛♠♣♦s ♣♦❞❡♠

s❡r ❡①♣r❡ss♦s ❡♠ t❡r♠♦s ❞♦ ♣♦t❡♥❝✐❛❧ ❡s❝❛❧❛r φ(~r, t) ❡ ❞♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ~A(~r, t) ❝♦♠♦

~E = −∇φ− ∂ ~A

∂t
, ~B = ∇× ~A , ✭✷✳✸✮

♦s q✉❛✐s s❛t✐s❢❛③❡♠ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❤♦♠♦❣ê♥❡❛s ✭✷✳✶✮✳

❆s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ sã♦ ✐♥✈❛r✐❛♥t❡s s❡ ♦s ♣♦t❡♥❝✐❛✐s ❢♦r❡♠ tr❛♥s❢♦r♠❛❞♦s ❞❡ ❛❝♦r❞♦

❝♦♠ ❛s ❝❤❛♠❛❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡✿

~A→ ~A′ = ~A+∇Λ φ→ φ′ = φ− ∂Λ

∂t
, ✭✷✳✹✮

♦♥❞❡ Λ = Λ(~r, t) é q✉❛❧q✉❡r ❢✉♥çã♦ ❞❛ ♣♦s✐çã♦ ~r ❡ ❞♦ t❡♠♣♦ t✳ ➱ s❡♠♣r❡ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r

✹



♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ~A ❞❡ ♠♦❞♦ q✉❡ ∇ · ~A = 0 ✭❝❛❧✐❜r❡ ❞❡ ❈♦✉❧♦♠❜✮✳ ◆❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛r❣❛s ❡

❝♦rr❡♥t❡s✱ é ❡♥tã♦ ♣♦ssí✈❡❧ ❢❛③❡r φ = 0✱ ❡ s✉❜st✐t✉✐r ❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ♣❡❧❛s ❡q✉❛çõ❡s

✭✷✳✹✮ ♠❛✐s ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛s ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r✿

∇2 ~A− 1

c2
∂2 ~A

∂t2
= 0. ✭✷✳✺✮

❆❣♦r❛✱ ❡①♣❛♥❞✐♠♦s ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ❡♠ ✉♠❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ♦♥❞❛s ♣❧❛♥❛s ♥❛ ❢♦r♠❛

~A(~r, t) = i
∑

~k,s

~ε~ks

[
A~ks(t)e

i~k·~r − A∗
~ks
(t)e−i~k·~r

]
, ✭✷✳✻✮

♦♥❞❡ A~ks é ❛ ❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❛ ❞♦ ❝❛♠♣♦ ❡ ~ε~ks é ✉♠ ✈❡t♦r r❡❛❧ ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❆ s♦♠❛ é

r❡❛❧✐③❛❞❛ s♦❜r❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛✱ ❝♦♠ kj = 2πnj/L, nj =

0,±1,±2, . . .✱ j = x, y, z✱ ❡ t❛♠❜é♠ s♦❜r❡ ❛s ❞✉❛s ♣♦❧❛r✐③❛çõ❡s ✐♥❞❡♣❡♥❞❡♥t❡s✱ r❡♣r❡s❡♥t❛❞❛s

♣♦r s = 1, 2✳ ❆ ❝♦♥❞✐çã♦ ❞❡ ❝❛❧✐❜r❡ ∇ · ~A = 0 ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡

❞♦s ✈❡rs♦r❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ~ε~ks · ~ε~ks′ = δss′ ✐♠♣❧✐❝❛ ♥❛ ❝❤❛♠❛❞❛ ❝♦♥❞✐çã♦ ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡

~k · ~ε~ks = 0, ✭✷✳✼✮

♦✉ s❡❥❛✱ ♦ ✈❡t♦r ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❡✈❡ s❡r ♦rt♦❣♦♥❛❧ à ❞✐r❡çã♦ ❞❡ ♣r♦♣❛❣❛❣ã♦✳ ➱ ❝♦♥✈❡♥✐❡♥t❡

❡♥tã♦ ❞❡✜♥✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡rs♦r❡s q✉❡✱ ❥✉♥t♦ ❝♦♠ ~k✱ sã♦ ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❢♦r♠❛r❡♠ ✉♠

s✐st❡♠❛✶ ♦r✐❡♥t❛❞♦ s❡❣✉♥❞♦ ❛ r❡❣r❛ ❞❛ ♠ã♦ ❞✐r❡✐t❛ ❞❡ ♠♦❞♦ q✉❡

~ε~k1 × ~ε~k2 =
~k∣∣∣~k
∣∣∣
= k̂. ✭✷✳✽✮

❉❛ ❡q✉❛çã♦ ✭✷✳✺✮ ❡ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝❛❧✐❜r❡ ∇ · ~A = 0 é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ❡q✉❛çã♦

♣❛r❛ ❛s ❛♠♣❧✐t✉❞❡s ❝♦♠♣❧❡①❛s ~A ~ks ❞♦s ♠♦❞♦s ❛♥á❧♦❣❛ àq✉❡❧❛ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

✉♥✐❞✐♠❡♥s✐♦♥❛❧

d2 ~A~ks

dt2
+ ω2

~ks
~A~ks = 0 , ✭✷✳✾✮

❝✉❥❛ s♦❧✉çã♦ ♠❛✐s s✐♠♣❧❡s ~A~ks(t) = ~A~kse
−iωkt ♦s❝✐❧❛ ❤❛r♠♦♥✐❝❛♠❡♥t❡ ❝♦♠ ❢r❡q✉ê♥❝✐❛ ❞❛❞❛

♣♦r ωk = ck✳ ❊ss❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ❡q✉❛çõ❡s ✭✷✳✸✮ ❡ ✭✷✳✻✮ ♥♦s ♣❡r♠✐t❡

❡①♣r❡ss❛r ♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ❡♠ t❡r♠♦s ❞❡ss❛s ❛♠♣❧✐t✉❞❡s

✶t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❞❡①tró❣✐r♦✳

✺



~E(~r, t) = −
∑

~k,s

ωk~ε~ks

[
A~kse

i(~k·~r−ωkt) + A∗
~ks
e−i(~k·~r−ωkt)

]
, ✭✷✳✶✵✮

~B(~r, t) = −1

c

∑

~k,s

ωk(k̂ × ~ε~ks)
[
A~kse

i(~k·~r−ωkt) + A∗
~ks
e−i(~k·~r−ωkt)

]
. ✭✷✳✶✶✮

❈❧❛ss✐❝❛♠❡♥t❡✱ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛r♠❛③❡♥❛❞❛ ♥♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ é ❞❛❞❛ ♣♦r

Hcl =
1

2

ˆ

V

(ε0 ~E · ~E +
1

µ0

~B · ~B)dV , ✭✷✳✶✷✮

♦♥❞❡ ❛ ✐♥t❡❣r❛çã♦ ❡s♣❛❝✐❛❧ s❡ ❡st❡♥❞❡ s♦❜r❡ ♦ ✈♦❧✉♠❡ ❞❡♥tr♦ ❞♦ q✉❛❧ ♦ ❝❛♠♣♦ ❡stá ❝♦♥t✐❞♦✳

P♦❞❡r✐❛ s❡r t♦❞♦ ♦ ❡s♣❛ç♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❝❛♠♣♦ ❧✐✈r❡✱ ♦✉ ✉♠ ✈♦❧✉♠❡ ✜♥✐t♦ ❞❡♥tr♦ ❞♦

q✉❛❧ ♦ ❝❛♠♣♦ ❡st❛r✐❛ ❝♦♥✜♥❛❞♦✱ ❡♠ ♣❛rt✐❝✉❧❛r ✉♠❛ ❝❛✈✐❞❛❞❡ ❞❡ ❛❧t♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡✱

r❡♣r❡s❡♥t❛♥❞♦ ❛ s✐t✉❛çã♦ tí♣✐❝❛ ❞❛ ❊❧❡tr♦❞✐♥â♠✐❝❛ ◗✉â♥t✐❝❛ ❞❡ ❈❛✈✐❞❛❞❡s✳✷ ◆♦ q✉❡ s❡❣✉❡

✐♠❛❣✐♥❛♠♦s q✉❡ ♦ ❡s♣❛ç♦ ❧✐✈r❡ ♣♦ss❛ s❡r ♠♦❞❡❧❛❞♦ ❝♦♠♦ ✉♠❛ ❝❛✈✐❞❛❞❡ ❝ú❜✐❝❛ ❞❡ ❧❛❞♦ L ❝♦♠

♣❛r❡❞❡s ♣❡r❢❡✐t❛♠❡♥t❡ r❡✢❡t♦r❛s ❡ ❞✐♠❡♥sõ❡s ♠✉✐t♦ ♠❛✐♦r❡s q✉❡ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛ ❞♦

❝❛♠♣♦✳ ❆ss✉♠✐♥❞♦ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❢❛❝❡s ❞♦ ❝✉❜♦ ♦❜t❡♠♦s

ˆ

V

e±i(~k−~k′)·~rdV = δ~k~k′V, ✭✷✳✶✸✮

q✉❡ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s ✈❡t♦r✐❛✐s

(~k × ~ε~ks) · (~k × ~ε~ks′) = δss′ , ✭✷✳✶✹✮

(~k × ~ε~ks) · (−~k × ~ε−~ks′) = −~ε~ks · ~ε−~ks′ , ✭✷✳✶✺✮

r❡s✉❧t❛ ♥❛ ❡①♣r❡ssã♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦

Hcl = 2ε0V
∑

~ks

ω2
kA~ksA

∗
~ks

✭✷✳✶✻✮

❡♠ t❡r♠♦s ❞♦ ♠ó❞✉❧♦ ❛♦ q✉❛❞r❛❞♦ ❞❛s ❛♠♣❧✐t✉❞❡s ❝♦♠♣❧❡①❛s✳

❆❣♦r❛✱ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ q✉❛♥t✐③❛r ♦ ❝❛♠♣♦✱ ✐♥tr♦❞✉③✐♠♦s ❛s ✈❛r✐á✈❡✐s ❝❛♥ô♥✐❝❛s p~ks ❡

q~ks ❞❛❞❛s ♣❡❧❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s

A~ks =
1

2ωk(ε0V )1/2
[
ωkq~ks + ip~ks

]
, ✭✷✳✶✼✮

A∗
~ks

=
1

2ωk(ε0V )1/2
[
ωkq~ks − ip~ks

]
, ✭✷✳✶✽✮

✷❞♦ ✐♥❣❧ês ❈❛✈✐t② ◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s✱ s✐❣❧❛ ❈◗❊❉✳

✻



❞❡ ♠♦❞♦ q✉❡ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭✷✳✶✻✮ ❡♠ t❡r♠♦s ❞❡ss❛s q✉❛♥t✐❞❛❞❡s

Hcl =
1

2

∑

~ks

(p2~ks + ω2
kq

2
~ks
). ✭✷✳✶✾✮

❱❡♠♦s ❞❡ ✭✷✳✶✾✮ q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞❛ ♥❛ ❢♦r♠❛

❞❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ p~ks ❡ q~ks
❞❡s❡♠♣❡♥❤❛♥❞♦ ♦ ♣❛♣❡❧ ❞❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❝♦♥❥✉❣❛❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❛❞❛ ✉♠ ❞❡❧❡s

t❡♠ ♠❛ss❛ ✉♥✐tár✐❛ ❡ ❢r❡q✉ê♥❝✐❛ ωk✳

❆ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛ ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❡①✐❣❡ q✉❡ ❛s ✈❛r✐á✈❡✐s ❝❛♥ô♥✐❝❛s ❞❡ ♣♦s✐çã♦

q~ks ❡ ♠♦♠❡♥t♦ p~ks ❡①♣r❡ss❛s ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ✭✷✳✶✼✮ ❡ ✭✷✳✶✽✮ s❡❥❛♠ tr❛♥s❢♦r♠❛❞❛s ♥♦s

♦♣❡r❛❞♦r❡s ❤❡r♠✐t❡❛♥♦s q̂~ks ❡ p̂~ks ♦❜❡❞❡❝❡♥❞♦ ❛s r❡❣r❛s ❞❡ ❝♦♠✉t❛çã♦

[
q̂~ks, p̂~k′s′

]
= i~δ~k~k′δss′ ,

[
q̂~ks, q̂~k′s′

]
=

[
p̂~ks, p̂~k′s′

]
= 0. ✭✷✳✷✵✮

❙❡❣✉✐r❡♠♦s ❛❣♦r❛ ♦ ❢♦r♠❛❧✐s♠♦ ✉s✉❛❧♠❡♥t❡ ❛❞♦t❛❞♦ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ✐♥tr♦✲

❞✉③✐♥❞♦ ♣❛r❛ ❝❛❞❛ ♦s❝✐❧❛❞♦r✱ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ ❡ ❝r✐❛çã♦✱ ❞❡✜♥✐❞♦s ♣♦r

â~ks =
1

(2~ωk)1/2
[
ωkq̂~ks + ip̂~ks

]
, ✭✷✳✷✶✮

â†~ks =
1

(2~ωk)1/2
[
ωkq̂~ks − ip̂~ks

]
, ✭✷✳✷✷✮

♦s q✉❛✐s s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❜♦sô♥✐❝❛s

[
â~ks, â

†
~k′s′

]
= δ~k~k′δss′ ,

[
â~ks, â~k′s′

]
=

[
â†~ks, â

†
~k′s′

]
= 0. ✭✷✳✷✸✮

❆❧é♠ ❞✐ss♦✱ Hcl ❞❛❞♦ ♣♦r ✭✷✳✶✾✮ s❡ t♦r♥❛ ✉♠ ♦♣❡r❛❞♦r ❤❡r♠✐t❡❛♥♦ ❡ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞♦✱

❛♣ós ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s ❛❧❣é❜r✐❝❛s✱ ♥❛ ❢♦r♠❛ ♣❛❞rã♦

Ĥ =
∑

~ks

~ωk

(
â†~ksâ~ks +

1

2

)
✭✷✳✷✹✮

=
∑

~ks

~ωk

(
n̂~ks +

1

2

)
, ✭✷✳✷✺✮

♦♥❞❡ n̂~ks = â†~ksâ~ks é ♦ ♦♣❡r❛❞♦r ♥ú♠❡r♦ ♣❛r❛ ♦ ♠♦❞♦ ~ks✳ ❯♠❛ ✈❡③ q✉❡ t♦❞♦s ❡ss❡s ♠♦❞♦s

sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ✉♠ ❞♦ ♦✉tr♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❜❛s❡ ❝♦♠❜✐♥❛♥❞♦ ♦s ❛✉t♦❡st❛❞♦s ❞❡

❝❛❞❛ ✉♠ ❞❡❧❡s ♥❛ ❢♦r♠❛ ❞❡ ♣r♦❞✉t♦

|n1〉 ⊗ |n2〉 ⊗ . . .⊗ |nl〉 ⊗ . . . ≡ |{nj}〉 . ✭✷✳✷✻✮

✼



❊ss❛ ❜❛s❡✱ q✉❡ é ♥❛t✉r❛❧♠❡♥t❡ ❛✉t♦❡st❛❞♦ ❞❡ Ĥ

Ĥ |{nj}〉 = E |{nj}〉 , ✭✷✳✷✼✮

❝♦♠ ❛✉t♦✈❛❧♦r

E =
∑

j

~ωj

(
nj +

1

2

)
, ✭✷✳✷✽✮

é ❝♦♥❤❡❝✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ❡st❛❞♦s ❞❡ ❋♦❝❦ ♦✉ ❡st❛❞♦s ❞❡ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❡ ❝♦♥st✐t✉❡♠

✉♠ ❛♥á❧♦❣♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✳✸

❖s ❡st❛❞♦s ❞❡ ♥ú♠❡r♦ tê♠ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ♥❛❞❛ ♠❛✐s sã♦ ❞♦ q✉❡ ❡①t❡♥sõ❡s ❞❡

♣r♦♣r✐❡❞❛❞❡s ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ❆q✉✐ ✈❛❧❡ ❛ r❡❧❛çã♦ ❞❡

♦rt♦♥♦r♠❛❧✐❞❛❞❡

〈n1, n2, . . . |n′
1, n

′
2, . . .〉 = δn1n′

1
δn2n′

2
. . . ✭✷✳✷✾✮

❡ t❛♠❜é♠ ❛s ❛t✉❛çõ❡s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ ❡ ❝r✐❛çã♦

âj |n1, n2, . . . nj, . . .〉 =
√
nj |n1, n2, . . . nj − 1, . . .〉 ,

✭✷✳✸✵✮

â†j |n1, n2, . . . nj, . . .〉 =
√
nj + 1 |n1, n2, . . . nj + 1, . . .〉 .

❖ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡st❛❞♦ ❞❡ ✈á❝✉♦✱ é ❡s♣❡❝✐✜❝❛❞♦

♣❡❧♦ ❦❡t

|{0}〉 = |01, 02, . . . 0j, . . .〉 , ✭✷✳✸✶✮

❛ ♣❛rt✐r ❞♦ q✉❛❧ t♦❞♦s ♦s ❡st❛❞♦s ❞❡ ♥ú♠❡r♦ ♣♦❞❡♠ s❡r ❣❡r❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡①♣r❡ssã♦

|{nj}〉 =
∏

j

(â†j)
j

√
nj

|{0}〉 . ✭✷✳✸✷✮

◆❛ tr❛♥s✐çã♦ ❝❧áss✐❝♦✲q✉â♥t✐❝♦✱ ♦s ❝✲♥✉♠❜❡rs A~ks sã♦ tr♦❝❛❞♦s ♣♦r ♦♣❡r❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s

♣♦r ❡q✉❛çõ❡s ❞♦ t✐♣♦ ✭❝♦♠♣❛r❡ ✭✷✳✶✼✮ ❡ ✭✷✳✷✶✮ ♣♦r ❡①❡♠♣❧♦✮

~̂A~ks =

(
~

2ωkε0V

) 1
2

â~ks ✭✷✳✸✸✮

❡ ❡♥tã♦ ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r q✉❛♥t✐③❛❞♦ ❛❞q✉✐r❡ ❛ ❢♦r♠❛

✸♥❡ss❛s ❡q✉❛çõ❡s ✜③❡♠♦s n̂~ks ≡ n̂j ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✳

✽



~̂A(~r, t) = i
∑

~ks

(
~

2ωkε0V

) 1
2

~ε~ks

[
â~kse

i(~k·~r−ωkt) − â†~kse
−i(~k·~r−ωkt)

]
. ✭✷✳✸✹✮

❖ ♦♣❡r❛❞♦r ❝❛♠♣♦ ❡❧étr✐❝♦ ✜❝❛ s❡♥❞♦

~̂E(~r, t) = −
∑

~ks

(
~ωk

2ε0V

) 1
2

~ε~ks

[
â~kse

i(~k·~r−ωkt) + â†~kse
−i(~k·~r−ωkt)

]
, ✭✷✳✸✺✮

❡♥q✉❛♥t♦ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦

~̂B(~r, t) = −1

c

∑

~ks

(k̂ × ~ε~ks)

(
~ωk

2ε0V

) 1
2 [
â~kse

i(~k·~r−ωkt) + â†~kse
−i(~k·~r−ωkt)

]
. ✭✷✳✸✻✮

✷✳✷ ❊st❛❞♦s ❞♦ ❈❛♠♣♦

❊st❛❞♦s ❈♦❡r❡♥t❡s

❆❣♦r❛ ✐♥tr♦❞✉③✐♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡①tr❡♠❛♠❡♥t❡ út✐❧ ♣❛r❛ ❧✐❞❛r ❝♦♠ ♦s ♣r♦❜❧❡♠❛s

❞♦ ❝❛♠♣♦ ❞❡ r❛❞✐❛çã♦✿ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ❖r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦s ♣♦r ❊✳ ❙❝❤rö❞✐♥❣❡r ❬✸❪

♥❛ ❞❡s❝r✐çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❢♦r❛♠ r❡❞❡s❝♦❜❡rt♦s ♠❛✐s t❛r❞❡ ♣♦r ❘✳ ❏✳ ●❧❛✉❜❡r ❬✹❪

❡♠ ✉♠ ❝♦♥t❡①t♦ ❞✐❢❡r❡♥t❡ ❡ ❛♣❧✐❝❛❞♦s à Ó♣t✐❝❛ ◗✉â♥t✐❝❛✳

❊st❡s ❡st❛❞♦s ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ❝♦♠♦ ❛✉t♦❡st❛❞♦s ❞♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ â, ♦ q✉❡

é ❡①♣r❡ss♦ ❛tr❛✈és ❞❛ ❡q✉❛çã♦

â |α〉 = α |α〉 , ✭✷✳✸✼✮

♦♥❞❡ ♦ ❛✉t♦✈❛❧♦r α é ❡♠ ❣❡r❛❧ ❝♦♠♣❧❡①♦✳ ❊ ♠❛✐s✱ ♥ã♦ ❤á ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ q✉❡ ❢♦r❝❡♠ ♦

❡s♣❡❝tr♦ ❞❡ â ❛ s❡r ❞✐s❝r❡t♦✱ ♥❡ss❡ ❝❛s♦ α ♣♦❞❡ ❛ss✉♠✐r q✉❛❧q✉❡r ✈❛❧♦r ❝♦♠♣❧❡①♦✳ ❉❡s❞❡ q✉❡

♦s ❡st❛❞♦ ❞❡ ♥ú♠❡r♦ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r |α〉 ❞❡ ❛❝♦r❞♦ ❝♦♠

|α〉 =
∞∑

n=0

〈n|α〉 |n〉 =
∞∑

n=0

Cn |n〉 . ✭✷✳✸✽✮

❆t✉❛♥❞♦ ❝♦♠ â ❡♠ ❝❛❞❛ ♠❡♠❜r♦ ❞❛ ❡①♣❛♥sã♦✱ ❛ ❡q✳ ✭✷✳✸✽✮ s❡ t♦r♥❛

â |α〉 =
∞∑

n=1

Cn

√
n |n− 1〉 = α

∞∑

n=0

Cn |n〉 . ✭✷✳✸✾✮

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ |n〉 t❡♠♦s

✾



Cn

√
n = αCn−1, ✭✷✳✹✵✮

♦✉

Cn =
α√
n
Cn−1 =

α2

√
n(n− 1)

Cn−2 = . . . =
αn

√
n!
C0 ✭✷✳✹✶✮

❡ ❡♥tã♦

|α〉 = C0

∞∑

n=0

αn

√
n!

|n〉 . ✭✷✳✹✷✮

❖ ❝♦❡✜❝✐❡♥t❡ C0 é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦ 〈α|α〉 = 1 q✉❡✱ ❥✉♥t♦ ❝♦♠

✭✸✳✺✷✮ ❧❡✈❛ ❛

|C0| = e−
1
2
|α|2 . ✭✷✳✹✸✮

■ss♦ ❛✐♥❞❛ ❞❡✐①❛ ❛ ❢❛s❡ ϕ ❞❡ C0 = |C0|eiϕ ✐♥❞❡t❡r♠✐♥❛❞❛✳ ❊♥tr❡t❛♥t♦✱ ♥❛ ❞❡✜♥✐çã♦ ❞♦s

❡st❛❞♦s ❝♦❡r❡♥t❡s ϕ é ❡s❝♦❧❤✐❞♦ ❝♦♠♦ s❡♥❞♦ ③❡r♦ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✳ ❊♥tã♦✱ ❝♦♠ ❡ss❛ ❡s❝♦❧❤❛

❞❡ ❢❛s❡ ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♥♦r♠❛❧✐③❛❞♦ ✜❝❛

|α〉 = e−
1
2
|α|2

∞∑

n=0

αn

√
n!

|n〉 . ✭✷✳✹✹✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❡❧étr✐❝♦ ♣❛r❛ ✉♠ ♠♦❞♦ ♣♦❧❛r✐③❛❞♦

♥❛ ❞✐r❡çã♦ x

Êx(~r, t) = −
(

~ω

2ε0V

) 1
2 [
âei(

~k·~r−ωt) + â†e−i(~k·~r−ωt)
]
, ✭✷✳✹✺✮

♦❜t❡♠♦s

〈
α
∣∣∣Êx(~r, t)

∣∣∣α
〉
= −

(
~ω

2ε0V

) 1
2 [
αei(

~k·~r−ωt) + α∗e−i(~k·~r−ωt)
]
. ✭✷✳✹✻✮

❊s❝r❡✈❡♥❞♦ α ♥❛ ❢♦r♠❛ ♣♦❧❛r α = |α|eiθ r❡s✉❧t❛ ❡♠

〈
α
∣∣∣Êx(~r, t)

∣∣∣α
〉
= −2|α|

(
~ω

2ε0V

) 1
2

cos
(
ωt− ~k·~r − θ

)
, ✭✷✳✹✼✮

❝✉❥❛ ❡str✉t✉r❛ é ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ❛ ❞❡ ✉♠ ❝❛♠♣♦ ❝❧áss✐❝♦✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ♠♦str❛r

q✉❡ ❛ ✢✉t✉❛çã♦ ❞♦ ❝❛♠♣♦ é ✐❞ê♥t✐❝❛ às ✢✉t✉❛çõ❡s ❞♦ ✈á❝✉♦ q✉â♥t✐❝♦✱ ♦ q✉❡ ❝❡rt❛♠❡♥t❡ é

❛❧❣♦ ♥♦tá✈❡❧✳ ❉❡ ❢❛t♦✱ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s sã♦ ♦s ❡st❛❞♦s ♠❛✐s ❝❧áss✐❝♦s ❞❡♥tr❡ ♦s ❡st❛❞♦s

✶✵



q✉â♥t✐❝♦s ❞❛ ❧✉③ ♣♦rq✉❡ ♥ã♦ s♦♠❡♥t❡ ❞ã♦ ❛ ❢♦r♠❛ ❝♦rr❡t❛ ❞♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s✱ ❝♦♠♦ t❛♠❜é♠

❛♣r❡s❡♥t❛♠ ❛s ♠❡s♠❛s ✢✉t✉❛çõ❡s q✉❡ ♦ ✈á❝✉♦✳

❉❛ ❡q✳ ✭✷✳✹✼✮ é ❛♣❛r❡♥t❡ q✉❡ |α| ❡stá r❡❧❛❝✐♦♥❛❞♦ á ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✳ ❖ ✈❛❧♦r ♠é❞✐♦

❞♦ ♦♣❡r❛❞♦r ❞❡ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s n̂ = â†â é

n̄ =
〈
α
∣∣â†â

∣∣α
〉
= ⑤α|2, ✭✷✳✹✽✮

❛ss✐♠ |α|2 é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠♦ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❡①❝✐t❛çõ❡s ❞♦ ❝❛♠♣♦✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s

✢✉t✉❛çõ❡s ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s t❡♠♦s ❞❡ ❝❛❧❝✉❧❛r

〈
α
∣∣n̂2

∣∣α
〉

=
〈
α
∣∣â†ââ†â

∣∣α
〉

=
〈
α
∣∣â†â†ââ+ â†â

∣∣α
〉

= n̄2 + n̄ ✭✷✳✹✾✮

❡ ❡♥tã♦ ∆n =
√
〈n̂2〉 − 〈n̂〉2 =

√
n̄ q✉❡ é ❝❛r❛❝t❡rít✐❝♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♣♦✐ss♦♥✐❛♥❛✳

❉❡ ❢❛t♦✱ ♣❛r❛ ✉♠❛ ♠❡❞✐❞❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ❝❛♠♣♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ♦

♦s❝✐❧❛❞♦r ❝♦♠ ❡♥❡r❣✐❛✹ n~ω ♦✉ ❞❡ ❞❡t❡❝t❛r n ❢ót♦♥s é ❞❛❞❛ ♣♦r

Pn = | 〈n|α〉 |2

= e−n̄ n̄
n

n!
, ✭✷✳✺✵✮

q✉❡ é ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ P♦✐ss♦♥ ❝❡♥tr❛❞❛ ❡♠ n̄✳

◆❛ ❋✐❣✉r❛ ✭✷✳✶✮ r❡♣r❡s❡♥t❛♠♦s ❣r❛✜❝❛♠❡♥t❡ ❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ✉♠ ❝❛s♦ tí♣✐❝♦ ❞❡ n̄ = 25

❢ót♦♥s✳

0 10 20 30 40 50

0.00

0.02

0.04

0.06

0.08

Pn

❋✐❣✉r❛ ✷✳✶✿ ❆ ❡st❛tíst✐❝❛ ❞❡ ❢ót♦♥s ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣❛r❛ n̄ = 25✳

✹❛ ♠❡♥♦s ❞❛ ❡♥❡r❣✐❛ ❞❡ ♣♦♥t♦ ③❡r♦✳

✶✶



❊st❛❞♦ ❚ér♠✐❝♦

❈♦♠♦ é ❜❡♠ s❛❜✐❞♦✱ ❛ ♦r✐❣❡♠ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ à ❞❡s❝♦❜❡rt❛ ❞❡ P❧❛♥❝❦

❞❛ ❧❡✐ ❞❡ r❛❞✐❛çã♦ q✉❡ ❛❣♦r❛ ❧❡✈❛ s❡✉ ♥♦♠❡✳ ❊st❛ ❧❡✐ ❞❡s❝r❡✈❡ ♦ ❡s♣❡❝tr♦ ❞❡ ❡♠✐ssã♦ ❞❡ ✉♠

♦❜❥❡t♦ ✐❞❡❛❧ ❝❤❛♠❛❞♦ ❞❡ ❝♦r♣♦ ♥❡❣r♦✱ ♠♦❞❡❧❛❞♦ ❝♦♠♦ ✉♠❛ ❝❛✈✐❞❛❞❡ ❛❝♦♣❧❛❞❛ ❛ ✉♠ ❝❛♠♣♦ ❞❡

r❛❞✐❛çã♦ ♠✉❧t✐♠♦❞❛❧ ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ ♥♦ s❡✉ ✐♥t❡r✐♦r✳ ◆♦ q✉❡ s❡❣✉❡ tr❛t❛r❡♠♦s ❛♣❡♥❛s

❞❡ ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦✱ ♣♦rq✉❡ ❣❡r❛❧♠❡♥t❡ ♦s ♠♦❞❡❧♦s ❞❡ ✐♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛ s❡

❜❛s❡✐❛♠ ♥♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ✉♠ át♦♠♦ ❞❡ ♣♦✉❝♦s ♥í✈❡✐s ❡ ❛❧❣✉♥s ♠♦❞♦s ❞❡ ✉♠❛ ❝❛✈✐❞❛❞❡✳

❆ ❞❡s❝r✐çã♦ ❞❡ ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦ ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ à t❡♠♣❡r❛t✉r❛ T é ❢❡✐t❛ ❡♠ t❡r♠♦s

❞❡ ✉♠ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ ❝✉❥♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ é ❞❛❞♦ ♣♦r

ρ̂ =
exp

(
−Ĥ/kBT

)

Tr
[
exp

(
−Ĥ/kBT

)] , ✭✷✳✺✶✮

♦♥❞❡ kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ Ĥ é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡ ❞♦ ❝❛♠♣♦ Ĥ = ~ω
(
â†â+ 1

2

)

❡

Tr
[
exp

(
−Ĥ/kBT

)]
=

∞∑

n=0

〈
n
∣∣exp

(
−Ĥ/kBT

)∣∣n
〉

=
∞∑

n=0

exp (−En/kBT)

≡ Z

é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ❞♦ s✐st❡♠❛✳ ❈♦♠♦ En = ~ω
(
n+ 1

2

)
, ❛ ❢✉♥çã♦ ❞❡

♣❛rt✐çã♦ ❛❞q✉✐r❡ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ s♦♠❛ ❣❡♦♠étr✐❝❛ ❞❡ r❛③ã♦ exp (−~ω/kBT) < 1, ♦ q✉❡ ❧❡✈❛ ❛

Z =
exp (−~ω/2kBT)

1− exp (−~ω/kBT)
. ✭✷✳✺✷✮

◆❡ss❡ ❝❛s♦✱ r❡❡s❝r❡✈❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❞❡ ❋♦❝❦

ρ̂ =
∞∑

n′=0

∞∑

n=0

|n′〉 〈n′| ρ̂ |n〉 〈n|

=
1

Z

∞∑

n=0

exp (−En/kBT) |n〉 〈n|

=
∞∑

n=0

Pn |n〉 〈n| , ✭✷✳✺✸✮

✶✷



✐❞❡♥t✐✜❝❛♥❞♦ Pn = exp(−En/kBT)
Z

❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝✉♣❛çã♦ ❞♦s n✲és✐♠♦ ❛✉t♦❡st❛❞♦ ❞❡

❡♥❡r❣✐❛✳ ❖ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ❞♦ ❝❛♠♣♦ tér♠✐❝♦ é ❞❛❞♦ ♣♦r

n̄ = Tr (n̂ρ̂)

=
∞∑

n=0

nPn

=
exp (−En/2kBT)

Z

∞∑

n=0

n exp (−n~ω/kBT) . ✭✷✳✺✹✮

❋❛③❡♥❞♦ ❛ s✉❜st✐t✉✐çã♦ x = ~ω
kBT

t❡♠♦s

∞∑

n=0

ne−nx = − d

dx

∞∑

n=0

e−nx

= − d

dx

(
1

1− e−x

)

=
e−x

(1− e−x)2
✭✷✳✺✺✮

❡ ❡♥tã♦

n̄ =
1

e
~ω

kBT − 1
. ✭✷✳✺✻✮

❊ss❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♥♦s ♣♦ss✐❜✐❧✐t❛ ❡①♣r❡ss❛r ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❡♠ t❡r♠♦s

❞♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❡①❝✐t❛çõ❡s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ρ̂ =
∞∑

n=0

n̄n

(1 + n̄)n+1 |n〉 〈n| ✭✷✳✺✼✮

❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r n ❢ót♦♥s ♥♦ ❝❛♠♣♦ ❝♦♠♦ s❡♥❞♦

Pn =
n̄n

(1 + n̄)n+1 . ✭✷✳✺✽✮

◆❛ ✜❣✉r❛ ✭✷✳✷✮ r❡♣r❡s❡♥t❛♠♦s ♦ ❣rá✜❝♦ ❞❡ Pn ✈❡rs✉s n ♣❛r❛ ✉♠ ✈❛❧♦r ❞❡ n̄✳ ❊stá ❝❧❛r♦

q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♠❛✐s ♣r♦✈á✈❡❧ é ♦ ✈á❝✉♦✱ Pn ❞❡❝r❡s❝❡♥❞♦ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝♦♠ n✳

✶✸
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Pn

❋✐❣✉r❛ ✷✳✷✿ ❆ ❞✐str✐❜✉✐çã♦ ❞❡ ❢ót♦♥s tí♣✐❝❛ ❞♦ ❝❛♠♣♦ tér♠✐❝♦ q✉❛♥❞♦ t❡♠♦s ✉♠ ♥ú♠❡r♦
♠é❞✐♦ ❞❡ ✺ ❡①❝✐t❛çõ❡s✳

✷✳✸ ■♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛

❖ ♠♦❞❡❧♦ ❞❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s

❖r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦ ♣♦r ❊✳ ❚✳ ❏❛②♥❡s ❡ ❋✳ ❲✳ ❈✉♠♠✐♥❣s ❬✶✹❪✱ ♦ ♠♦❞❡❧♦ ❡♠♣r❡❣❛ ❛

q✉❛♥t✐③❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ✉♠ át♦♠♦ ❞❡ ❞♦✐s

♥í✈❡✐s ❡ ✉♠ ú♥✐❝♦ ♠♦❞♦ ❞♦ ❝❛♠♣♦✳ ❊ss❡ ♠♦❞❡❧♦✱ ❡①❛t❛♠❡♥t❡ s♦❧ú✈❡❧ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡

♦♥❞❛✲❣✐r❛♥t❡✱ ♣r❡✈✐✉ ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s s❡♠ ❛♥á❧♦❣♦ ♥❛ t❡♦r✐❛ s❡♠✐✲❝❧áss✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡✱

❞❡♥♦♠✐♥❛❞♦s ❞❡ ❝♦❧❛♣s♦s ❡ r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐✱ ❝♦♥st✐t✉✐♥❞♦ ✉♠❛ ❡✈✐❞ê♥❝✐❛

❞✐r❡t❛ ♣❛r❛ ❛ ❞✐s❝r❡t❡③❛ ❞❛s ❡①❝✐t❛çõ❡s ❞♦ ❝❛♠♣♦ ❬✺❪✳

❈♦♥s✐❞❡r❛♠♦s ✉♠ át♦♠♦✱ ❝♦♠ ♥í✈❡✐s |e〉 ✭❡①❝✐t❛❞♦✮ ❡ |g〉 ✭❢✉♥❞❛♠❡♥t❛❧✮ ♥♦ ❝❡♥tr♦ ❞❛

❝❛✈✐❞❛❞❡ (~r = 0)✱ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦ ✺

~̂E = −E0

(
â+ â†

)
~ε, ✭✷✳✺✾✮

♦♥❞❡ E0 = (~ω/2ε0V )1/2 é ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦

◆♦ r❡❣✐♠❡ ❡♠ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ r❛❞✐❛çã♦ ✐♥❝✐❞❡♥t❡ é ♠✉✐t♦ ♠❛✐♦r q✉❡ ❛s

❞✐♠❡♥sõ❡s ❛tô♠✐❝❛s
(
~k·~r ≪ 1

)
✱ ♣♦❞❡♠♦s ❡♠♣r❡❣❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐♣♦❧♦ ❡ ❡s❝r❡✈❡r ♦

❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✐♥t❡r❛çã♦ ♥❛ ❢♦r♠❛

Hint = −~d · ~E, ✭✷✳✻✵✮

✺❊st❛ é ❛ ❡q✉❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✷✳✸✺ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ q✉❛♥❞♦ t❡♠♦s ❛♣❡♥❛s ✉♠
♠♦❞♦✳

✶✹



❝♦♠ ♦ ♠♦♠❡♥t♦ ❞❡ ❞✐♣♦❧♦ ~d = −e~r✳ ▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦ ❝❛♠♣♦ q✉❛♥t✐③❛❞♦ t❡♠♦s

Ĥint = − ~̂d · ~̂E
= E0d̂

(
â+ â†

)
, ✭✷✳✻✶✮

♦♥❞❡ d̂ = ~̂d ·~ε✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ♦♣❡r❛❞♦r d̂ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❡st❛❞♦s ❛tô♠✐❝♦s ♥❛ ❢♦r♠❛

d̂ = d |g〉 〈e|+ d∗ |e〉 〈g|
= d (σ̂+ + σ̂−) , ✭✷✳✻✷✮

✉♠❛ ✈❡③ q✉❡ ❛♣❡♥❛s ♦s ❡❧❡♠❡♥t♦s ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ❝♦♥tr✐❜✉❡♠✱ ♦s ❞❡♠❛✐s sã♦ ♥✉❧♦s ♣♦r

♣❛r✐❞❛❞❡✳ ❆q✉✐ ✜③❡♠♦s 〈e| d̂ |g〉 = d✱ ❝♦♥s✐❞❡r❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧✳ ❆ss✐♠✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦

❞❡ ✐♥t❡r❛çã♦ ✜❝❛

Ĥint = ~g (σ̂+ + σ̂−)
(
â+ â†

)
, ✭✷✳✻✸✮

❝♦♠ ♦s ♦♣❡r❛❞♦r❡s ❞❡ tr❛♥s✐çã♦ ❛tô♠✐❝❛ σ̂+ = |e〉 〈g| ✱ σ̂− = |g〉 〈e| ❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛✲

♠❡♥t♦ át♦♠♦✲❝❛♠♣♦

g =
E0d

~
. ✭✷✳✻✹✮

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ át♦♠♦ ❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ♦❝✉♣❛çã♦ é ❞❛❞♦ ♣♦r

ĤA = Ee |e〉 〈e|+ Eg |g〉 〈g| = Eeσee + Egσgg, ✭✷✳✻✺✮

♦ q✉❛❧ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ♥❛ ❢♦r♠❛

ĤA =
1

2
~ωa (σ̂ee − σ̂gg) +

1

2
(Ee + Eg) , ✭✷✳✻✻✮

❛tr❛✈és ❞❛ ✐❞❡♥t✐❞❛❞❡ 1̂ = σee + σgg ❡ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥❡r❣✐❛ Ee − Eg = ~ωa q✉❡ ❛❝♦♣❧❛

♦s ♥í✈❡✐s✱ ♦♥❞❡ ωa r❡♣r❡s❡♥t❛ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ tr❛♥s✐çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦

❝❛♠♣♦ ❧✐✈r❡✱ ❛ ♠❡♥♦s ❞❛ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦✱ ✜❝❛

ĤF = ~ωâ†â ✭✷✳✻✼✮

❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧✱

Ĥ = ĤA + ĤF + Ĥint

=
1

2
~ωaσ̂3 + ~ωâ†â+ ~g (σ̂+ + σ̂−)

(
â+ â†

)
, ✭✷✳✻✽✮

✶✺



✐♥tr♦❞✉③✐♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ✐♥✈❡rsã♦ σ̂3 = σ̂ee − σ̂gg✳ ❆❣♦r❛✱ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❥✉st✐✜❝❛r

♦ t❡r♠♦ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦♥❞❛ ❣✐r❛♥t❡ ♣❛ss❛♠♦s ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✐♥t❡r❛çã♦✱ ♥❛ q✉❛❧

Ĥint é tr❛♥s❢♦r♠❛❞♦ ❡♠

Ĥ(I) = e+iĤ0t/~Ĥinte
−iĤ0t/~

= ~g
(
ei(ω−ωa)tâ†σ̂− + e−i(ω−ωa)tâσ̂+ + ei(ω+ωa)tâ†σ̂+ + e−i(ω+ωa)tâσ̂−

)
, ✭✷✳✻✾✮

♦♥❞❡ ✉s❛♠♦s ♦ t❡♦r❡♠❛ ❞❡ ❇❛❦❡r✕❈❛♠♣❜❡❧❧✕❍❛✉s❞♦r✛ ♥❛ ❡①♣❛♥sã♦✳

◆♦ ❧✐♠✐t❡ r❡ss♦♥❛♥t❡ (ω ≈ ωa) ♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ♦s❝✐❧❛♠ ♠✉✐t♦ ❧❡♥t❛♠❡♥t❡ ❡♠

❝♦♠♣❛r❛çã♦ ❛♦s ❞♦✐s ú❧t✐♠♦s ❞❡ ❢r❡q✉ê♥❝✐❛ ♠❛✐s ❛❧t❛ (ω + ωa)✱ ❞❡ ♠♦❞♦ q✉❡ ❡♠ ♠é❞✐❛ ♦s

ú❧t✐♠♦s t❡r♠♦s ♥ã♦ ❝♦♥tr✐❜✉❛♠ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❡ ♣♦ss❛♠ s❡r ❞❡s♣r❡③❛❞♦s✳ ❆ss✐♠✱

♦❜t❡♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞♦ ♠♦❞❡❧♦

Ĥ =
1

2
~ωaσ̂3 + ~ωâ†â+ ~g

(
âσ̂+ + â†σ̂−

)
. ✭✷✳✼✵✮

❆ s♦❧✉çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❏❈ s❡rá ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ✏❊st❛❞♦s ✈❡st✐❞♦s✑✱

t❛♠❜é♠ ✉t✐❧✐③❛❞♦ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

❊s❝♦❧❤❡♠♦s ✉♠❛ ❜❛s❡ ❞❡s❛❝♦♣❧❛❞❛ ❡♥✈♦❧✈❡♥❞♦ ♦s ❡st❛❞♦s q✉❡ ❛❝♦♣❧❛♠ t♦❞❛s ❛s tr❛♥s✐çõ❡s

♣♦ssí✈❡✐s |e;n〉 → |g;n+ 1〉✳ ❆ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ {|e;n〉 , |g;n+ 1〉} ♣♦❞❡♠♦s

r❡♣r❡s❡♥t❛r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❝♦♠♦

Ĥ
.
=




1
2
~ωa + n~ω ~g

√
n+ 1

~g
√
n+ 1 −1

2
~ωa + (n+ 1) ~ω


 , ✭✷✳✼✶✮

r❡s✉❧t❛♥❞♦ ♥❛s ❛✉t♦✲❡♥❡r❣✐❛s

E± (∆) =

(
n+

1

2

)
~ω ± ~

Ω (∆)

2
, ✭✷✳✼✷✮

❝♦♠

Ω (∆) =
[
∆2 + 4g2 (n+ 1)

]1/2
(∆ = ωa − ω) ✭✷✳✼✸✮

s❡♥❞♦ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞❡ss✐♥t♦♥✐❛ át♦♠♦✲❝❛♠♣♦✳ ❖s ❛✉t♦❡st❛❞♦s

❛ss♦❝✐❛❞♦s sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❛ ❢♦r♠❛

|+, n〉 = − sin θn |g, n+ 1〉+ cos θn |e;n〉 ,
✭✷✳✼✹✮

|−, n〉 = +cos θn |g, n+ 1〉+ sin θn |e;n〉

✶✻



❡ ♦s ❝♦❡✜❝✐❡♥t❡s sã♦ ❡♥❝♦♥tr❛❞♦s ♣❡❧❛ ♥♦r♠❛❧✐③❛çã♦ cos2 θn + sin2 θn = 1

sin θn =
2g
√
n+ 1√

(Ω−∆)2 + 4g2 (n+ 1)
,

✭✷✳✼✺✮

cos θn =
Ω−∆√

(Ω−∆)2 + 4g2 (n+ 1)
.

❆❣♦r❛ ❞❡❞✉③✐♠♦s ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ♥❛ s✐t✉❛çã♦ ❡♠ q✉❡ át♦♠♦ ❡ ❝❛♠♣♦

❡stã♦ ❡♠ r❡ss♦♥â♥❝✐❛ (ωa ≈ ω)✱ ✐st♦ é q✉❛♥❞♦ ∆ ≈ 0✳ P❛r❛ ✐ss♦✱ s✉♣♦♠♦s ♦ át♦♠♦ ♣r❡♣❛r❛❞♦

♥♦ ❡st❛❞♦ ❡①❝✐t❛❞♦ |e〉 ❡ ♦ ❝❛♠♣♦ ❡♠ ✉♠❛ s✉♣❡r♣♦s✐çã♦ ❣❡♥ér✐❝❛ q✉❛❧q✉❡r✱ ❝❛r❛❝t❡r✐③❛❞❛

♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s cn ♥❛ ❜❛s❡ ❞❡ ❋♦❝❦✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛

❝♦♠♣♦st♦ át♦♠♦✲❝❛♠♣♦ ❝♦♠♦

|ψ (0)〉 =
∞∑

n=0

cn |e;n〉 . ✭✷✳✼✻✮

◗✉❛♥❞♦ t♦♠❛♠♦s ∆ ≈ 0✱ ❛s ❡q✉❛çõ❡s ✭✷✳✼✹✮ s❡ r❡❞✉③❡♠ ❛

|+, n〉 =

√
2

2
(|e;n〉 − |g, n+ 1〉) ,

✭✷✳✼✼✮

|−, n〉 =

√
2

2
(|e;n〉+ |g, n+ 1〉) ,

♣♦✐s ♥❡ss❡ ❝❛s♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❛ss♦❝✐❛❞♦s às ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s tê♠ ♠❡s♠♦ ♣❡s♦✱ ❡♥tã♦

cos θn = sin θn =
√
2/2✳ ❖ ♣❛ss♦ s❡❣✉✐♥t❡ é ❡①♣r❡ss❛r ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ✐♥✐❝✐❛❧✱ ❞❛❞♦ ♣♦r

✭✷✳✼✻✮✱ ❡♠ t❡r♠♦s ❞♦s ❛✉t♦❡st❛❞♦s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦✳ ❯t✐❧✐③❛♥❞♦ ❛s ✭✷✳✼✼✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠

✭✷✳✼✻✮ t❡♠♦s

|ψ (0)〉 = 1√
2

∞∑

n=0

cn (|+, n〉+ |−, n〉) . ✭✷✳✼✽✮

❆ ❛♣❧✐❝❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥♦ ❡st❛❞♦ ❞❛❞♦ ♣♦r ✭✷✳✼✽✮ ❧❡✈❛ ❛♦ ✈❡t♦r ❞❡

❡st❛❞♦ ❡✈♦❧✉í❞♦ ♥♦ t❡♠♣♦

|ψ (t)〉 = 1√
2

∞∑

n=0

cn

(
e−i

E+t

~ |+, n〉+ e−i
E
−

t

~ |−, n〉
)
, ✭✷✳✼✾✮

♦ q✉❛❧ ❛❞q✉✐r❡ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ q✉❛♥❞♦ ❝♦❧♦❝❛❞♦ ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ❞❡s❛❝♦♣❧❛❞❛ {|e;n〉 , |g;n+ 1〉}

|ψ (t)〉 = 1

2

∞∑

n=0

cn

[(
e−i

E+t

~ + e−i
E
−

t

~

)
|e;n〉+

(
e−i

E
−

t

~ − e−i
E+t

~

)
|g;n+ 1〉

]
. ✭✷✳✽✵✮

✶✼



❆♣ós ✉♠ ♣♦✉❝♦ ❞❡ á❧❣❡❜r❛ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦ ❡st❛❞♦ ❝♦♠♣♦st♦ ❞♦ s✐st❡♠❛ át♦♠♦✲

❝❛♠♣♦ ❡✈♦❧✉✐ ❞❛ ♠❛♥❡✐r❛

|ψ (t)〉 =
∞∑

n=0

cne
−i(n+ 1

2)ωt
[
cos

(√
n+ 1gt

)
|e;n〉+ i sin

(√
n+ 1gt

)
|g;n+ 1〉

]
, ✭✷✳✽✶✮

♦♥❞❡ ✉s❛♠♦s ❛s ❡①♣r❡ssõ❡s ❞❛s ❛✉t♦❡♥❡r❣✐❛s ✭✷✳✼✷✮ ❝♦♠ ❞❡ss✐♥t♦♥✐❛ ♥✉❧❛ (∆ = 0) ♣❛r❛ ❝❤❡❣❛r

❛ ❡ss❡ r❡s✉❧t❛❞♦✳

✷✳✹ ❊♠❛r❛♥❤❛♠❡♥t♦

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ❛♦ t❡♠❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡ às ♠❡✲

❞✐❞❛s ✉s❛❞❛s ♣♦st❡r✐♦r♠❡♥t❡ ♥♦ tr❛❜❛❧❤♦✳ ❖ ❡♠❛r❛♥❤❛♠❡♥t♦ é ❝❡rt❛♠❡♥t❡ ✉♠❛ ❞❛s ❝❛r❛❝✲

t❡ríst✐❝❛s ♠❛✐s ✐♥tr✐❣❛♥t❡s ❞❛ ▼❡❝â♥✐❝❛ ◗✉â♥t✐❝❛✳ ❙✉❛s ♣r♦♠✐ss♦r❛s ❛♣❧✐❝❛çõ❡s ♥♦s ❝❛♠♣♦s

❞❛ ✐♥❢♦r♠❛çã♦ ❡ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛s ❣❡r❛r❛♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ tr❛❜❛❧❤♦s ❞✐r❡❝✐♦♥❛❞♦s

♥ã♦ ❛♣❡♥❛s ❛ ❡♥t❡♥❞❡r ❛ ♥❛t✉r❡③❛ ❞❛s ❝♦rr❡❧❛çõ❡s ❝♦♠♦ t❛♠❜é♠ ❞❡ ❜✉s❝❛r ♠❡✐♦s s✐♠♣❧❡s ❞❡

q✉❛♥t✐✜❝❛r ❡ss❡ ✐♠♣♦rt❛♥t❡ r❡❝✉rs♦✳

❊♠❛r❛♥❤❛♠❡♥t♦ ❜✐♣❛rt✐t❡

❯♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ é ❝♦♠♣♦st♦ ♣♦r ❞♦✐s s✉❜s✐st❡♠❛s ❢ís✐❝♦s ❞✐st✐♥t♦s✳ ◗✉❛♥❞♦ tr❛t❛♠♦s

❞❡ s✐st❡♠❛s ❝♦♠♣♦st♦s✱ r♦t✉❧❛❞♦s ♣♦r A ❡ B✱ ♦ ♣r✐♥❝í♣✐♦ ❞❡ s✉♣❡r♣♦s✐çã♦ ♣❡r♠✐t❡ ❞❡s❝r❡✈❡r ♦

❡st❛❞♦ ❣❧♦❜❛❧ ♣✉r♦ ♠❛✐s ❣❡r❛❧ ❛tr❛✈és ❞❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ t♦❞♦s ♦s ♣❛r❡s ❞✐st✐♥t♦s

❞❡ ✈❡t♦r❡s ❞❛s ❜❛s❡s ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s ♥❛ ❢♦r♠❛

|ψ〉 =
∑

n,m

cnm |n〉A ⊗ |m〉B . ✭✷✳✽✷✮

❆❝♦♥t❡❝❡ q✉❡ ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ r❡str✐t❛ ❞❡ ❡st❛❞♦s ❞♦ t✐♣♦ ✷✳✽✷ ♣♦❞❡ s❡r ❢❛t♦r❛❞❛ ❡♠

♣❛rt❡s ❡①❝❧✉s✐✈❛s ❞❡ ✉♠ s✐st❡♠❛ ❡ ♦✉tr♦✱ ♦✉ s❡❥❛✱ ❝♦♠♦

|ψ〉 = |A〉 ⊗ |B〉 , ✭✷✳✽✸✮

♥❡ss❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡ ♦ ❡st❛❞♦ |ψ〉 é ❢❛t♦rá✈❡❧✱ ❝❛s♦ ❝♦♥trár✐♦ ❞✐③❡♠♦s q✉❡ ❡stá ❡♠❛r❛♥❤❛❞♦✳

❯♠❛ ❢❡rr❛♠❡♥t❛ ♠❛✐s út✐❧ q✉❡ ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ♣❛r❛ tr❛t❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦✱ ❡ q✉❡

♣♦ss✉✐ ❛ ✈❛♥t❛❣❡♠ ❞❡ t❛♠❜é♠ ❧✐❞❛r ❝♦♠ ❡st❛❞♦s ❞❡ ♠✐st✉r❛ ❡st❛tíst✐❝❛✱ é ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

❞♦ s✐st❡♠❛✳ ❊st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡✜♥✐r ❛ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡st❛❞♦ ❝♦♠ ❜❛s❡ ♥♦

♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✳ ❯♠ ❡st❛❞♦✱ ❝♦♠♣♦st♦ ♣❡❧♦s s✐st❡♠❛s A ❡ B é ❞✐t♦ s❡♣❛rá✈❡❧ q✉❛♥❞♦ ♥ã♦

✶✽



♣✉❞❡r s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ ❡st❛❞♦s ♣r♦❞✉t♦s

ρ =
∑

i

piρ
(A)
i ⊗ ρ

(B)
i , pi > 0,

∑

i

pi = 1, ✭✷✳✽✹✮

❝❛❞❛ ✉♠ ❞❡❧❡s ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ r❡❛❧ pi ❞❡ ♦❝♦rrê♥❝✐❛✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ ❡stá

❡♠❛r❛♥❤❛❞♦✳

▼❡❞✐❞❛s ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦

❊♥tr♦♣✐❛ ❧✐♥❡❛r

❯♠❛ ♠❡❞✐❞❛ ❜❛st❛♥t❡ ❡♠♣r❡❣❛❞❛ ♣❛r❛ q✉❛♥t✐✜❝❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ s✐st❡♠❛s ❣❧♦❜❛✐s

♣✉r♦s ❞❡✈✐❞♦ à s✉❛ ♣r❛t✐❝✐❞❛❞❡ é ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r✳ ◗✉❛♥❞♦ ❧❡✈❛♠♦s ❡♠ ❝♦♥t❛ q✉❡ ❡st❛❞♦s

♣✉r♦s ❞♦s ♦♣❡r❛❞♦r❡s r❡❞✉③✐❞♦s sã♦ ✐❞❡♠♣♦t❡♥t❡s✱ ✐st♦ é✱

(
ρ(A)

)2
= ρ(A), ✭✷✳✽✺✮

❡♥tã♦ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ♦ ❞❡s✈✐♦ ❞❛ ✐❞❡♠♣♦tê♥❝✐❛ ❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ✈❡t♦r

❞❡ ❡st❛❞♦✳ ❆ss✐♠✱ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ s✉❜s✐st❡♠❛ A é ❞❛❞❛ ♣♦r

ζA = 1− Tr
(
ρ(A)

)2
. ✭✷✳✽✻✮

❙❡ ρ(A) é ♣✉r♦✱ ❡♥tã♦ ❛ ✐❞❡♠♣♦tê♥❝✐❛ é s❛t✐s❢❡✐t❛ ❡ ♦ tr❛ç♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ✐❣✉❛❧ ❛ ✶✱ ❧♦❣♦

❛ ❡♥tr♦♣✐❛ s❡ ❛♥✉❧❛✳ ◆❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♥ã♦ ✈❛❧❡ ❛ ✐❞❡♠♣♦tê♥❝✐❛✱ 0 ≤ Tr
(
ρ(A)

)2
< 1 ❡ ❛ss✐♠

0 < ζA ≤ 1✳

◆❡❣❛t✐✈✐❞❛❞❡

❆✳ P❡r❡s ❬✶✷❪ ✐♥tr♦❞✉③✐✉ ✉♠ ❝r✐tér✐♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❜❛s❡❛❞♦ ♥♦ ❝á❧❝✉❧♦

❞❡ ❛✉t♦✈❛❧♦r❡s ❞❛ tr❛♥s♣♦st❛ ♣❛r❝✐❛❧✳ ❊ss❡ ❛❧❣♦r✐t♠♦✱ ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ❝r✐tér✐♦

❞❡ P❡r❡s✲❍♦r♦❞❡❝❦✐✱ é ♦❜t✐❞♦ ♣❡❧❛ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ❞♦s ❝❛r❛❝t❡r❡s ❞❡ ✉♠ ❞♦s s✉❜s✐st❡♠❛s

ρ =
∑

ρij,µν |i〉 〈j| ⊗ |µ〉 〈ν| =⇒ ρTB =
∑

ρij,µν |i〉 〈j| ⊗ |ν〉 〈µ| , ✭✷✳✽✼✮

❡ ❝❛s♦ ❛ ♠❛tr✐③ ρTB t❡♥❤❛ ❛♦ ♠❡♥♦s ✉♠ ❛✉t♦✈❛❧♦r ♥❡❣❛t✐✈♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦ ❡st❛❞♦ ρ

❡stá ❡♠❛r❛♥❤❛❞♦✳

❆ ❞❡✜♥✐çã♦ ❞❛ ◆❡❣❛t✐✈✐❞❛❞❡✱ ❡♠♣r❡❣❛♥❞♦ ♦ ♠❡s♠♦ ❝r✐tér✐♦✱ ♠❡❞❡ ♦ q✉❛♥t♦ ✉♠ ❞❡t❡r♠✐✲

✶✾



♥❛❞♦ ❡st❛❞♦ ❢❛❧❤❛ ❡♠ s❡r s❡♣❛rá✈❡❧ ♦✉ ❡stá ❧♦♥❣❡ ❞❛ s❡♣❛r❛❜✐❧✐❞❛❞❡ ♥❛ ❢♦r♠❛

N =
∑

i

∣∣λ−i
∣∣ , ✭✷✳✽✽✮

❞❡✜♥✐❞❛ ❝♦♠♦ ❛ s♦♠❛ ❡♠ ♠ó❞✉❧♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✳

✷✵



❈❛♣ít✉❧♦ ✸

❖ ▼♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦

◆♦ ✐♥í❝✐♦ ❞♦s ❛♥♦s ✾✵✱ ●❡rr② ❡ ❊❜❡r❧② ❬✻❪ ✐♥tr♦❞✉③✐r❛♠ ✉♠ ♠♦❞❡❧♦ ❝♦♠♣♦st♦ ♣♦r ✉♠

át♦♠♦ ❞❡ três ♥í✈❡✐s ♥❛ ❝♦♥✜❣✉r❛çã♦ Λ ❛❝♦♣❧❛❞♦ ❛ ❞♦✐s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦

q✉❛♥t✐③❛❞♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✭✸✳✶✮✳ ❆ss✉♠✐♥❞♦ q✉❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ♥í✈❡❧ ❡①❝✐t❛❞♦

❡ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ s❡ ❞á ❡♠ r❡❣✐♠❡ ❞❡ ❛❧t❛ ❞❡ss✐♥t♦♥✐❛✱ ♦ ♥í✈❡❧ ❡①❝✐t❛❞♦ ❡stá ♠✉✐t♦ ❢♦r❛

❞❡ r❡ss♦♥â♥❝✐❛ ❝♦♠ ♦s ♦✉tr♦s ❞♦✐s ♥í✈❡✐s ❡ ♣♦❞❡ s❡r ❡❧✐♠✐♥❛❞♦ ❛❞✐❛❜❛t✐❝❛♠❡♥t❡✱ r❡s✉❧t❛♥❞♦

❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞♦✐s ♥í✈❡✐s ❡❢❡t✐✈♦s✱ ♥♦ q✉❛❧ ♦ t❡r❝❡✐r♦ ❛t✉❛ ❛♣❡♥❛s ❝♦♠♦ ♥í✈❡❧ ✈✐rt✉❛❧

♥❛s tr❛♥s✐çõ❡s✳ ❖ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦ ❛ ❞♦✐s ♠♦❞♦s ❞♦ ❝❛♠♣♦✱ ❛ss✐♠ ❜❛t✐③❛❞♦ ♣♦r

s❡✉s ✐❞❡❛❧✐③❛❞♦r❡s✱ ❢♦✐ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦s ♠❛✐s ❞✐✈❡rs♦s ❝♦♥t❡①t♦s✱ ❝♦♠♦ ♥❛ ❣❡r❛çã♦

❞❡ ❡st❛❞♦s ♥ã♦✲❝❧áss✐❝♦s ❞❛ ❧✉③ ❬✾❪✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞♦s ❢❡♥ô♠❡♥♦s ❞❡ ❝♦❧❛♣s♦s ❡

r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ ❡ ❛té ♠❡s♠♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ♦♣❡r❛çõ❡s ❧ó❣✐❝❛s

❡♠ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛ ❬✶✵❪✳

❋✐❣✉r❛ ✸✳✶✿ ❊sq✉❡♠❛ ❞♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦✳ ❖ ♣❛râ♠❡tr♦ ❞❡ ❞❡ss✐♥t♦♥✐❛ ✭❞❡t✉♥✐♥❣✮
é ❝♦❧♦❝❛❞♦ ❡♠ t❡r♠♦s ❞❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❡♥❡r❣✐❛ ❞♦s ♥í✈❡✐s ❛tô♠✐❝♦s ❢✉♥❞❛♠❡♥t❛✐s ✭|1〉 , |2〉✱
E2 > E1✮ ❡ ❡①❝✐t❛❞♦ |3〉 ♥❛ ❢♦r♠❛ ~∆ = (E3 − E1) − ~ω1 ♦✉ ~∆ = (E3 − E2) − ~ω2✳ ❆q✉✐✱
ω1 ❡ ω2 sã♦ ❛s ❢r❡q✉ê♥❝✐❛s ❞♦s ♠♦❞♦s ✶ ❡ ✷✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ P✉♠♣ ❡ ❙t♦❦❡s✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✶



P♦st❡r✐♦r♠❡♥t❡✱ ▼✳ ❆❧❡①❛♥✐❛♥ ❡ ❙✳ ❇♦s❡ ❬✼❪ ♣r♦♣✉s❡r❛♠ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♣❛r❛ ❛

❞✐♥â♠✐❝❛✱ ❡ ❛tr❛✈és ❞❡ ✉♠ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛✲

♠❡♥t♦ ❡♥❝♦♥tr❛r❛♠ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞❡ ❞♦✐s ♥í✈❡✐s✳ ❯♠❛ ❞✐❢❡r❡♥ç❛ ❢✉♥❞❛♠❡♥t❛❧

❡♥tr❡ ❛s ❛❜♦r❞❛❣❡♥s ❞♦s ❞♦✐s tr❛❜❛❧❤♦s é q✉❡ ♦ ♠ét♦❞♦ ❛❞♦t❛❞♦ ♣♦r ❆❧❡①❛♥✐❛♥ ♠❛♥t❡✈❡ ♦s

t❡r♠♦s ❞❡ ❙t❛r❦ ❙❤✐❢ts ♥♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛✱ ❡♥q✉❛♥t♦ q✉❡ ❞✉r❛♥t❡ ❛ ❡❧✐♠✐♥❛çã♦ ❛❞✐✲

❛❜át✐❝❛ ●❡rr② ❡ ❊❜❡r❧② ❞❡s♣r❡③❛r❛♠ ❡ss❡s t❡r♠♦s ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

r❡s✉❧t❛♥t❡s✳ ❊st✉❞♦s ♣♦st❡r✐♦r❡s ❬✾✱ ✶✶❪ ♠♦str❛r❛♠ q✉❡ ♦s t❡r♠♦s ❞❡ ❙t❛r❦ ❙❤✐❢ts ♥ã♦ só

❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✱ ❧❡✈❛♥❞♦ ❛ ❡✈♦❧✉çõ❡s ❝♦♠♣❧❡t❛✲

♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ❝♦♠♦ t❛♠❜é♠ ❤á ❡✈✐❞ê♥❝✐❛s ❡①♣❡r✐♠❡♥t❛✐s q✉❡ ❝♦rr♦❜♦r❛♠ ❡ss❡ ❢❛t♦✳

❆♥♦s ❞❡♣♦✐s✱ ♣❛rt✐♥❞♦ ❞❛ ♠❡s♠❛ tr❛♥s❢♦r♠❛çã♦✱ ❨✳ ❲✉ ❬✽❪ ❞❡❞✉③✐✉ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡①❛t♦✱

✈á❧✐❞♦ ♣❛r❛ q✉❛✐sq✉❡r ❞❡ss✐♥t♦♥✐❛s ❡ s❡♠ r❡str✐çõ❡s ♥❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♦✉ ♥❛s

✐♥t❡♥s✐❞❛❞❡s ❞♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡①♣❧♦r❛r ♦ ❝❡♥ár✐♦ ♥♦ q✉❛❧ ♦ ♥í✈❡❧ ❡①❝✐t❛❞♦ ❡stá

❜❡♠ ❢♦r❛ ❞❡ r❡ss♦♥â♥❝✐❛ ❝♦♠ ♦s ♦✉tr♦s❀ ❞❡ ♠♦❞♦ q✉❡ ❛ ❛❜♦r❞❛❣❡♠ ❞❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛

s❡❣✉✐❞❛ ❡♠ ❬✼❪ é s✉✜❝✐❡♥t❡ ♣❛r❛ ♦s ♥♦ss♦s ♣r♦♣ós✐t♦s✳

✸✳✶ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❊❢❡t✐✈♦

❆♣r❡s❡♥t❛♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❣♦✈❡r♥❛ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛♥❞♦ ❜❛s✐❝❛✲

♠❡♥t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ q✉❛♥t✐③❛çã♦ ✉t✐❧✐③❛❞♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❏❈ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦♥❞❛✲

❣✐r❛♥t❡✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s t❡r♠♦s ♣r✐♥❝✐♣❛✐s✿ H0 ♦✉

❡♥❡r❣✐❛ ❧✐✈r❡✱ q✉❡ ❝♦♥tê♠ ♦♣❡r❛❞♦r❡s ❞❡ ♥ú♠❡r♦ ❛tô♠✐❝♦s σii = |i〉 〈i| ❡ ❞♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦

Nj = a†jaj ✱ j = 1, 2❀ ❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✐♥t❡r❛çã♦ HI r❡s♣♦♥sá✈❡❧ ♣❡❧❛s tr❛♥s✐çõ❡s ❛tô♠✐❝❛s✳

❆ss✐♠ t❡♠♦s

H = H0 +HI , ✭✸✳✶✮

H0 =
3∑

i=1

Eiσii + ~ω1a
†
1a1 + ~ω2a

†
2a2, ✭✸✳✷✮

HI = ~g1

(
a1σ31 + a†1σ13

)
+ ~g2

(
a2σ32 + a†2σ23

)
, ✭✸✳✸✮

♦♥❞❡ g1 ❡ g2 sã♦ ❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ át♦♠♦✲❝❛♠♣♦ ♥❛s tr❛♥s✐çõ❡s |1〉 ↔ |3〉 ❡

|3〉 ↔ |2〉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆❣♦r❛ ❞❡❞✉③✐♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❛tr❛✈és ❞❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♣r♦♣♦st❛ ♥❛

r❡❢❡rê♥❝✐❛ ❬✼❪

U = exp (S) , ✭✸✳✹✮

✷✷



❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❡ S s❡♥❞♦ ❞❛❞❛ ♣♦r

S = α
(
a1σ31 − a†1σ13

)
+ β

(
a2σ32 − a†2σ23

)
✭✸✳✺✮

❡ ♦s ❝♦❡✜❝✐❡♥t❡s α, β ❡s❝♦❧❤✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s t❡r♠♦s q✉❡ s❡rã♦ tr✉♥❝❛❞♦s ♥❛ ❡①♣❛♥sã♦✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛ ❞✐♥â♠✐❝❛ ♥♦ r❡❣✐♠❡ ❡♠ q✉❡ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦

❡stã♦ ❛❧t❛♠❡♥t❡ ❞❡ss✐♥t♦♥✐③❛❞♦s ❞♦ ♥í✈❡❧ ✸✱ ♠❛♥t❡♠♦s ❛♣❡♥❛s ♦s t❡r♠♦s ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠

♥♦s ♣❛râ♠❡tr♦s g1(2)/∆✱ ❝♦♥s✐❞❡r❛❞♦s ♣❡q✉❡♥♦s ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ s❡❥❛

✈á❧✐❞❛✳ ❋♦r♠❛❧♠❡♥t❡✱ ✉♠ ♦♣❡r❛❞♦r ❣❡♥ér✐❝♦ ♣♦❞❡ s❡r tr❛♥s❢♦r♠❛❞♦ ♠❡❞✐❛♥t❡ ♦ ✉s♦ ❞♦ t❡♦r❡♠❛

❞❡ ❇❛❦❡r✕❈❛♠♣❜❡❧❧✕❍❛✉s❞♦r✛ ❛♣❧✐❝❛❞♦ à ❡①♣❛♥sã♦✳ ■ss♦ é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

X ′ = eSXe−S = X + [S,X] +
1

2!
[S, [S,X]] + · · · . ✭✸✳✻✮

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ❡q✳ ✭✸✳✷✮ ❝♦♠♦

3∑

i=1

Eiσii =
1

2
(E1 + E2 + E3)+

1

2
(2E2 − E1 − E3) (σ22 − σ11)−

1

3
(E2 + E1 − 2E3) (σ33 − σ11)

✭✸✳✼✮

❡ ❡♥tã♦ ❛♣❧✐❝❛r ♦ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❛♦s ♦♣❡r❛❞♦r❡s (σ22 − σ11) ❡ (σ33 − σ11) r❡s✉❧t❛♥❞♦ ❡♠

(σ22 − σ11)
′ = (σ22 − σ11) + β

(
a2σ32 + a†2σ23

)
− α

(
a1σ31 + a†1σ13

)
+

+
(
β2 − α2

)
σ33 + α2a†1a1 (σ11 − σ33) + β2a†2a2 (σ33 − σ22) ,

✭✸✳✽✮

(σ33 − σ11)
′ = (σ33 − σ11)− β

(
a2σ32 + a†2σ23

)
− 2α

(
a1σ31 + a†1σ13

)
+

−
(
β2 + 2α2

)
σ33 − 2α2a†1a1 (σ33 − σ11)− β2a†2a2 (σ33 − σ22)+

+
3

2
αβ

(
a1a

†
2σ21 + a†1a2σ12

)
.

❖s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ s❡ tr❛♥s❢♦r♠❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠

a′1 = a1 + ασ13 +
α2a1
2

(σ33 − σ11)−
αβ

2
a2σ12,

✭✸✳✾✮

a′2 = a2 + βσ23 +
β2a2
2

(σ33 − σ22)−
αβ

2
a1σ21,

✷✸



❡♥q✉❛♥t♦ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❞❡ tr❛♥s✐çã♦ ❛tô♠✐❝❛ sã♦ ❧❡✈❛❞♦s ❡♠

σ′
13 = σ13 + αa1 (σ33 − σ11)− βa2σ12,

✭✸✳✶✵✮

σ′
23 = σ23 + βa2 (σ33 − σ22)− αa1σ21.

❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✳ ✭✸✳✽✮✱ ✭✸✳✾✮ ❡ ✭✸✳✶✵✮ ❡♠ ✭✸✳✶✮ t❡♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❊❢❡t✐✈♦

H ′ = σ11E1 + σ22E2 + ~ω1a
†
1a1 + ~ω2a

†
2a2

−~
g21
∆
σ11a

†
1a1 − ~

g22
∆
σ22a

†
2a2 + ✭✸✳✶✶✮

−~
g1g2
∆

(
a†1a2σ12 + a†2a1σ21

)
,

❞❛❞❛ ❛ ❡s❝♦❧❤❛ ❞♦s ♣❛râ♠❡tr♦s α = g1/∆ ❡ β = g2/∆ ♣❛r❛ ❞❡s❝❛rt❛r ♦s t❡r♠♦s ❧✐♥❡❛r❡s

♥♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝❛♠♣♦✳ ❆♣❡s❛r ❞❡ ♥ã♦ s❡r ♥❡❝❡ssár✐♦✱ ✜③❡♠♦s σ33 = 0 ♥❛ ❞❡❞✉çã♦ ♣♦r

❝♦♥✈❡♥✐ê♥❝✐❛✱ ❞❡s❞❡ q✉❡ σ33 é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ♥ã♦ ❝♦♥tr✐❜✉✐ ♥❛s tr❛♥s✐çõ❡s

❞♦s ♥í✈❡✐s |1〉 ↔ |2〉✳
◆♦t❡ q✉❡ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♠❛♥tê♠ ♦s ✏❙t❛r❦ s❤✐❢ts✑ ✭s❡❣✉♥❞❛ ❧✐♥❤❛✮ ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛

♦ t❡r♠♦ ❞❛ t❡r❝❡✐r❛ ❧✐♥❤❛ ✐❞ê♥t✐❝♦ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞❡❞✉③✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻❪✱ ❡①❝❡t♦

♣♦r ✉♠ ❢❛t♦r ✷✳

✸✳✷ ❆✉t♦✈❛❧♦r❡s ❡ ❆✉t♦✈❡t♦r❡s

❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ❡ ♦s ❛✉t♦❡st❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r

t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞✐♥â♠✐❝❛s ❞❡ ✐♥t❡r❡ss❡ ♥♦ ♠♦❞❡❧♦✳ ❆ ❞✐❛❣♦♥❛❧✐③❛çã♦ s❡rá ❢❡✐t❛ ✐♥tr♦✲

❞✉③✐♥❞♦ ✉♠❛ ❜❛s❡ ❞❡s❛❝♦♣❧❛❞❛ ❝♦♠♣♦st❛ ♣❡❧♦s ✈❡t♦r❡s |1;n1, n2〉 ❡ |2;n1 − 1, n2 + 1〉 ♥❡ss❛

♦r❞❡♠✳ ❆ ♥♦t❛çã♦ |1;n1, n2〉 s✐❣♥✐✜❝❛ q✉❡ ♦ át♦♠♦ s❡ ❡♥❝♦♥tr❛ ♥♦ ❡st❛❞♦ |1〉 ❡♥q✉❛♥t♦ q✉❡

♦s ♠♦❞♦s ♣♦ss✉❡♠ n1 ❡ n2 ❢ót♦♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ s❡❣✉♥❞♦ ✈❡t♦r |2;n1 − 1, n2 + 1〉 ✐♥✲

❞✐❝❛ q✉❡ ♦ át♦♠♦ ❢♦✐ ♣r♦♠♦✈✐❞♦ ❛ ✉♠ ❡st❛❞♦ ❞❡ ♠❛✐♦r ❡♥❡r❣✐❛ |2〉 ❛❜s♦r✈❡♥❞♦ ✉♠ ❢ót♦♥ ❞♦

♣r✐♠❡✐r♦ ♠♦❞♦ ❡ ❡♠✐t✐♥❞♦ ♦✉tr♦ ♥♦ s❡❣✉♥❞♦✳ ❖s ❛✉t♦❡st❛❞♦s ♣♦❞❡♠ s❡r ❡①♣❛♥❞✐❞♦s ❛ ♣❛rt✐r

❞♦s ❡st❛❞♦s ❞❛ ❜❛s❡ ♥❛ ❢♦r♠❛ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s

|+, n1, n2〉 = − sin θn1,n2 |1;n1, n2〉+ cos θn1,n2 |2;n1 − 1, n2 + 1〉 ,
✭✸✳✶✷✮

|−, n1, n2〉 = +cos θn1,n2 |1;n1, n2〉+ sin θn1,n2 |2;n1 − 1, n2 + 1〉 ,

✷✹



❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡♣❡♥❞❡♠ ❞♦s í♥❞✐❝❡s n1 ❡ n2✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❊❢❡t✐✈♦

♥♦ ❡s♣❛ç♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❞❡s❛❝♦♣❧❛❞❛ é ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③ ✷①✷

H ′ .=




H ′
11 H ′

12

H ′
21 H ′

22


 , ✭✸✳✶✸✮

❝♦♠ ❛s s❡❣✉✐♥t❡s ❡♥tr❛❞❛s

H ′
11 = 〈1;n1, n2|H ′|1;n1, n2〉 = E1 + n1~ω1 + n2~ω2 − ~

g21
∆
n1

H ′
12 = 〈1;n1, n2|H ′|2;n1 − 1, n2 + 1〉 = −~g1g2

∆

√
n1 (n2 + 1)

✭✸✳✶✹✮

H ′
21 = 〈2;n1 − 1, n2 + 1|H ′|1;n1, n2〉 = −~g1g2

∆

√
n1 (n2 + 1)

H ′
22 = 〈2;n1 − 1, n2 + 1|H ′|2;n1 − 1, n2 + 1〉 = E2 + (n1 − 1) ~ω1 + (n2 + 1) ~ω2 − ~

g22
∆

(n2 + 1) .

❖s ❛✉t♦✈❛❧♦r❡s ❞❡ ❡♥❡r❣✐❛ sã♦ ❞❛❞♦s ♣♦r

E±
n1,n2

= E1 + n1~ω1 + n2~ω2 − ~
g21
2∆

n1 − ~
g22
2∆

(n2 + 1)± ~Ωn1,n2 , ✭✸✳✶✺✮

♦♥❞❡ ❛ ❣r❛♥❞❡③❛ ❝♦♠ ✉♥✐❞❛❞❡ ❞❡ ❢r❡q✉ê♥❝✐❛ é ❛ ❝❤❛♠❛❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ❡ ❞❛❞❛ ♣♦r

Ωn1,n2 =
[g21n1 + g22 (n2 + 1)]

2∆
. ✭✸✳✶✻✮

❡♠ ❝♦♥tr❛st❡ ❝♦♠ ❛ ❞❡♣❡♥❞ê♥❝✐❛
√
n1 (n2 + 1) ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻❪✳

❖s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✸✳✶✷ sã♦ ♦❜t✐❞♦s ♣❡❧❛ ❡q✉❛çã♦ ❛ ❛✉t♦✈❛❧♦r❡sH ′ |±, n1, n2〉 = E±
n1,n2

|±, n1, n2〉
❥✉♥t♦ ❝♦♠ ❛ ♥♦r♠❛❧✐③❛çã♦ sin2 θn1,n2 + cos2 θn1,n2 = 1✳ ❆♦ ✜♥❛❧ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ t❡♠♦s ❛s

❡①♣r❡ssõ❡s

sin θn1,n2 =
r
√
n2 + 1√

n1 + r2 (n2 + 1)
, ✭✸✳✶✼✮

cos θn1,n2 =

√
n1√

n1 + r2 (n2 + 1)
, ✭✸✳✶✽✮

❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞♦ ♣❛râ♠❡tr♦ r ≡ g2/g1✳

✷✺



✸✳✸ ❆ ❞✐♥â♠✐❝❛

◆❛ s✉❜s❡çã♦ ✭✸✳✹✮ ❛❜♦r❞❛r❡♠♦s ❛ ❡✈♦❧✉çã♦ ❛tô♠✐❝❛ ❞♦ ♠♦❞❡❧♦ ♣r❡♣❛r❛♥❞♦ ♦ s❡❣✉♥❞♦

♠♦❞♦ ❞♦ ❝❛♠♣♦ ♦r❛ ❡♠ ❡st❛❞♦ ♣✉r♦✱ ♦r❛ ❡♠ ❡st❛❞♦ ❞❡ ♠✐st✉r❛ ❡st❛tíst✐❝❛✱ ❡ ♥❡ss❡ ❝❛s♦ ♦

♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ s❡ t♦r♥❛ ✐♠♣r❡s❝✐♥❞í✈❡❧ ♥❛ ❞❡s❝r✐çã♦ ❞♦ s✐st❡♠❛✳ ❆ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡

✐♥✐❝✐❛❧ é ❛ss✉♠✐❞❛ ♥❛ ❢♦r♠❛ ❞❡ ♣r♦❞✉t♦ ❡♥✈♦❧✈❡♥❞♦ ❝❛❞❛ s✉❜s✐st❡♠❛

ρ (0) = ρ
A
(0)⊗ ρ

B
(0)⊗ ρ

C
(0) , ✭✸✳✶✾✮

A ❝♦rr❡s♣♦♥❞❡ ❛♦ át♦♠♦✱ B r❡♣r❡s❡♥t❛ ♦ ♠♦❞♦ ✶ ✭P✉♠♣✮ ❡ C r♦t✉❧❛ ♦ s❡❣✉♥❞♦ ♠♦❞♦ ✭❙t♦❦❡s✮✳

❯♠❛ ❝♦♥✜❣✉r❛çã♦ ❛❞❡q✉❛❞❛ ❡ ❜❛st❛♥t❡ ❣❡r❛❧ ♣❛r❛ ❛ ♥♦ss❛ ❛♥á❧✐s❡ t♦♠❛ ❝♦♠♦ ♣♦♥t♦ ❞❡

♣❛rt✐❞❛ ♦ át♦♠♦ ♥♦ ❡st❛❞♦ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛

|A〉 = |1〉 ✭✸✳✷✵✮

❡ ♦s ♠♦❞♦s ❡♠ s✉♣❡r♣♦s✐çã♦ ♥❛ ❜❛s❡ ❞❡ ❋♦❝❦

|B〉 =
∞∑

n1=0

cn1 |n1〉 , |C〉 =
∞∑

n2=0

cn2 |n2〉 ✭✸✳✷✶✮

❆s ❡q✳ ✭✸✳✷✵✮✱ ✭✸✳✷✶✮ q✉❛♥❞♦ s✉❜st✐t✉í❞❛s ❡♠ ✭✸✳✶✾✮ ❧❡✈❛♠ ❛

ρ (0) =
∞∑

n1,n2,m1,m2

ρn1,n2 ;m1,m2 |1;n1, n2〉 〈1;m1,m2| , ✭✸✳✷✷✮

❝♦♠ ρn1,n2 ;m1,m2 = cn1cn2 c
∗
m1
c∗m2

✳ ❖ ❡st❛❞♦ ✭✸✳✷✷✮ ❛❝✐♠❛ ❡♠ ✉♠ ✐♥st❛♥t❡ ♣♦st❡r✐♦r t é ♦❜t✐❞♦

✉t✐❧✐③❛♥❞♦ ❛ s♦❧✉çã♦

ρ (t) = e−iH
′t
~ ρ (0) ei

H′t
~ , ✭✸✳✷✸✮

♠❛s ❛♥t❡s✱ t❡♠♦s ❞❡ ❝❛❧❝✉❧❛r ♦ ✈❡t♦r e−iH
′t
~ |1;n1, n2〉✱ ✐ss♦ é ❢❡✐t♦ ❞❡ ♠❛♥❡✐r❛ tr✐✈✐❛❧ ✉♠❛ ✈❡③

q✉❡ ❛s r❡❧❛çõ❡s ✭✸✳✶✷✮ ♣♦❞❡♠ s❡r ✐♥✈❡rt✐❞❛s ❡ ❞❛❞❛s ❡♠ t❡r♠♦s ❞♦s ❛✉t♦❡st❛❞♦s ❞❡ H ′

|1;n1, n2〉 = − sin θn1,n2 |+, n1, n2〉+ cos θn1,n2 |−, n1, n2〉 , ✭✸✳✷✹✮

r❡s✉❧t❛♥❞♦ ❡♠

e−iH
′t
~ |1;n1, n2〉 = − sin θn1,n2 e

−iE
+t
~ |+, n1, n2〉+ cos θn1,n2 e

−iE
−t
~ |−, n1, n2〉 . ✭✸✳✷✺✮

✷✻



➱ ❝♦♥✈❡♥✐❡♥t❡ r❡❧❛❝✐♦♥❛r ❛s ❛✉t♦❡♥❡r❣✐❛s ✭✸✳✶✺✮ ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦ E−
n1,n2

= E+
n1,n2

+

−2~Ωn1,n2 ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ s✐♠♣❧✐❝❛r ✭✸✳✷✺✮✱ r❡❡s❝r✐t❛ ❝♦♠♦

e−iH
′t
~ |1;n1, n2〉 = e−

i
~
(E+

n1,n2
−~Ωn1,n2)t

[
− sin θn1,n2 e

−iΩn1,n2 t |+, n1, n2〉+ ✭✸✳✷✻✮

+cos θn1,n2 e
+iΩn1,n2 t |−, n1, n2〉

]
.

❆❣♦r❛✱ ❜❛st❛ s✉❜st✐t✉✐r ❛s ✭✸✳✶✷✮ ♥❛ ❡①♣r❡ssã♦ ✭✸✳✷✻✮ ♣❛r❛ ♦❜t❡r

e−iH
′t
~ |1;n1, n2〉 = e−

i
~
(E+

n1,n2
−~Ωn1,n2)t

[(
sin2 θn1,n2 e

−iΩn1,n2 t + cos2 θn1,n2 e
+iΩn1,n2 t

)
|1;n1, n2〉+

+2i sin θn1,n2 cos θn1,n2 sin (Ωn1,n2t) |2;n1 − 1, n2 + 1〉] , ✭✸✳✷✼✮

♦✉

e−iH
′t
~ |1;n1, n2〉 = e−

i
~
(E+

n1,n2
−~Ωn1,n2)t [k1,n1,n2 (t) |1;n1, n2〉+ k2,n1,n2 (t) |2;n1 − 1, n2 + 1〉] ,

✭✸✳✷✽✮

♦♥❞❡ k1,n1,n2 ❡ k2,n1,n2 sã♦ ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞♦s ♠❡❞✐❛♥t❡ ❛s ✭✸✳✶✼✮ ❡ ✭✸✳✶✽✮ r❡s✉❧t❛♥❞♦ ❡♠

k1,n1,n2 (t) = cos (Ωn1,n2t) + i

[
n1 − r2 (n2 + 1)

n1 + r2 (n2 + 1)

]
sin (Ωn1,n2t) ,

✭✸✳✷✾✮

k2,n1,n2 (t) =
2i r

√
n1 (n2 + 1)

[n1 + r2 (n2 + 1)]
sin (Ωn1,n2t) .

❉❡ ♣♦ss❡ ❞♦s ú❧t✐♠♦s r❡s✉❧t❛❞♦s é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❝♦♠♦

ρ (t) =
∞∑

n1,n2,m1,m2

ρn1,n2 ;m1,m2 e
i νn1,n2,m1,m2 t

[
k1,n1,n2 k

∗
1,m1,m2

|1;n1, n2〉 〈1;m1,m2|+

+ k2,n1,n2 k
∗
2,m1,m2

|2;n1 − 1, n2 + 1〉 〈2;m1 − 1,m2 + 1|+
✭✸✳✸✵✮

+ k1,n1,n2 k
∗
2,m1,m2

|1;n1, n2〉 〈2;m1 − 1,m2 + 1|+

+ k2,n1,n2 k
∗
1,m1,m2

|2;n1 − 1, n2 + 1〉 〈1;m1,m2|
]
,

✷✼



♦♥❞❡ ♦ ❛r❣✉♠❡♥t♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠♣❧❡①❛ é ❞❛❞♦ ♣♦r

νn1,n2,m1,m2 = (m1 − n1)

(
ω1 −

g21
2∆

)
+ (m2 − n2)

(
ω2 −

g22
2∆

)
. ✭✸✳✸✶✮

❆ ♦♣❡r❛çã♦ ❞❡ tr❛ç♦ ♣❛r❝✐❛❧ ♥♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❧❡✈❛ ❛♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦

át♦♠♦

ρ
A
(t) =

∞∑

n1,n2

ρn1,n2 ;n1,n2 |k 1,n1,n2 |2 |1〉 〈1|+
∞∑

n1,n2

ρn1,n2 ;n1,n2 |k 2,n1,n2 |2 |2〉 〈2|+

✭✸✳✸✷✮

+
∞∑

n1,n2

ρn1,n2+1 ;n1+1,n2 e
i νn1,n2+1,m1+1,m2 t k 1,n1,n2+1 k

∗
2,n1+1,n2

|1〉 〈2|+ h.c.,

♦♥❞❡ h.c. é ❛ s✐❣❧❛ ♣❛r❛ ❤❡r♠✐t❡❛♥♦ ❝♦♥❥✉❣❛❞♦ ❞♦ ú❧t✐♠♦ t❡r♠♦ ❡①♣❧í❝✐t♦ ❡♠ ✭✸✳✸✷✮✳ ❆ ✐♥✈❡rsã♦

❛tô♠✐❝❛ r❡q✉❡r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞✐❛❣♦♥❛✐s ❞❛ ♠❛tr✐③ ❞❡ ρ
A
(t) ♦✉✱ ❛♦ ♠❡♥♦s ❞❡

✉♠ ❞❡❧❡s✱ ♣♦✐s ♦ ✈í♥❝✉❧♦ (ρ
A
)11 + (ρ

A
)22 = 1 ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ✉♠ ❡❧❡♠❡♥t♦ ❡♠ t❡r♠♦s ❞♦

♦✉tr♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛

W (t) = [ρ
A
(t)]22 − [ρ

A
(t)]11 ✭✸✳✸✸✮

s❡ t♦r♥❛

W (t) = −1 + 2 [ρ
A
(t)]22 , ✭✸✳✸✹✮

❡ ❞❛s ❡q✳ ✭✸✳✸✷✮ ❡ ✭✸✳✷✾✮ é ✐♠❡❞✐❛t♦ q✉❡

W (t) = −1 + 2
∞∑

n1,n2

ρn1,n2 ;n1,n2 |k 2,n1,n2 |2

= −1 + 8
∞∑

n1,n2

ρn1,n2 ;n1,n2

r2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin2 (Ωn1,n2t) , ✭✸✳✸✺✮

♦♥❞❡ ρn1,n2 ;n1,n2 = |cn1 |2 |cn2 |2 = pn1pn2 ❞á ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞❡ ♠❡❞✐r n1 ❡①❝✐t❛çõ❡s

❞♦ ❝❛♠♣♦ ♥♦ ♠♦❞♦ ✶ ❡ n2 ❡①❝✐t❛çõ❡s ♥♦ ♠♦❞♦ ✷✳ ◆♦t❡ q✉❡ ❛ ❡q✳ ✭✸✳✸✺✮ é ❜❛st❛♥t❡ ❣❡r❛❧ ♣♦✐s

✐♥❞❡♣❡♥❞❡ ❞❛ ♣r❡♣❛r❛çã♦ ✐♥✐❝✐❛❧ ❞♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦✳ ❆♣❡s❛r ❞❡ t❡r s✐❞♦ ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦

❡st❛❞♦s ♣✉r♦s ❞♦ ❝❛♠♣♦✱ ❡❧❛ é ✐❣✉❛❧♠❡♥t❡ ✈á❧✐❞❛ t❛♠❜é♠ ♥♦ ❝❛s♦ ❞❡ ♣r❡♣❛r❛r♠♦s ♦s ♠♦❞♦s ❡♠

❡st❛❞♦ ❞❡ ♠✐st✉r❛ ❡st❛tíst✐❝❛✱ ❞❡s❞❡ q✉❡ ♦ ❝á❧❝✉❧♦ ❡♥✈♦❧✈❡ s♦♠❡♥t❡ ♦ ♣r♦❞✉t♦ ❞❛s ❞✐str✐❜✉✐çõ❡s

❞❡ ❝❛❞❛ ♠♦❞♦✳

✷✽



✸✳✹ ❊st✉❞♦ ♥✉♠ér✐❝♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❝♦♠♣❛r❛t✐✈♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♥tr❡ ❞✉❛s ♣r❡♣❛r❛çõ❡s

❞✐st✐♥t❛s ❞♦ ❝❛♠♣♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ✐♥✈❡st✐❣❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦ ♥❛ ❞✐♥â♠✐❝❛

❛tô♠✐❝❛✿ ♥❛ ♣r✐♠❡✐r❛ ❞❡❧❛s ♣r❡♣❛r❛♠♦s ♦s ♠♦❞♦s ✶ ❡ ✷ ❞❛ ❝❛✈✐❞❛❞❡ ❡♠ ❡st❛❞♦s ❝♦❡r❡♥t❡s

r♦t✉❧❛❞♦s ❝♦♠♦ |α1〉 ❡ |α2〉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ ❡♥q✉❛♥t♦ q✉❡ ♥❛ s❡❣✉♥❞❛ ✐♥tr♦❞✉③✐♠♦s ♦ ❡st❛❞♦

tér♠✐❝♦ ♥♦ ♠♦❞♦ ✷✱ ❞❡✐①❛♥❞♦ ♦ ♠♦❞♦ ✶ ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳ ▼❛s ❛♥t❡s ❞✐ss♦✱ ♣r♦❝✉r❛♠♦s

❡st❛❜❡❧❡❝❡r ❛ ♣❛rt✐r ❞❡ q✉❛❧ ♣❛râ♠❡tr♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❛❧t❛ ❞❡ss✐♥t♦♥✐❛ s❡ t♦r♥❛ r❛③♦á✈❡❧❀

✐st♦ é✱ ❜✉s❝❛♠♦s ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ♦ ❞❡t✉♥✐♥❣ ∆ ❛tr❛✈és ❞❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞✐r❡t❛

❡♥tr❡ ♦s ❣rá✜❝♦s ♦❜t✐❞♦s ♣❡❧❛s ❡①♣r❡ssõ❡s ❡①❛t❛ ❡ ❛♣r♦①✐♠❛❞❛✳

❖r✐❣✐♥❛❧♠❡♥t❡ ❬✽❪✱ ❛ ❡①♣r❡ssã♦ ❡①❛t❛ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ❡r❛ ❞❛❞❛ ❡♠ t❡r♠♦s ❞❛ ❝♦♥st❛♥t❡

r = g2/g1 ❡ ❞♦ ❞❡t✉♥✐♥❣ ∆ ♥❛ ❢♦r♠❛

W̃ (t) = −1 + 8
∞∑

n1,n2

ρn1,n2 ;n1,n2

r2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin2

{
Ω̃n1,n2t

}
, ✭✸✳✸✻✮

❝♦♠

Ω̃n1,n2 ≡
1

2



√(

∆

2

)2

+ g21n1 + g22 (n2 + 1)−
(
∆

2

)
 ✭✸✳✸✼✮

s❡♥❞♦ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ❡①❛t❛ ❞♦ ♠♦❞❡❧♦✳ ❆q✉✐ W̃ (t) ❡ Ω̃n1,n2 sã♦ ✉s❛❞♦s

♣❛r❛ ❞✐st✐♥❣✉✐r ❞❛s ❢✉♥çõ❡s ❛♣r♦①✐♠❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ✭✸✳✶✻✮ ❡ ✭✸✳✸✺✮ ✳ ❯♠❛ ♣❛r❛♠❡tr✐③❛✲

çã♦ ❛❞❡q✉❛❞❛ ❞❛s ❢✉♥çõ❡s ✭✸✳✸✺✮ ❡ ✭✸✳✸✻✮ ❡ q✉❡ ♣❡r♠✐t❡ ❡st✉❞❛r ♦ ❡❢❡✐t♦ ❞❛ ❞❡ss✐♥t♦♥✐❛ ♥❛

❞✐♥â♠✐❝❛ é ❢❡✐t❛ ✐♥tr♦❞✉③✐♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s c = ∆/g1 ❡ ♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦

t′ = g1t✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ r❡s✉❧t❛ ♥❛s s❡❣✉✐♥t❡s ❡①♣r❡ssõ❡s ❛♣r♦①✐♠❛❞❛

W (t′) = 8
∞∑

n1,n2

ρn1,n2 ;n1,n2 r
2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin2

{
[n1 + r2 (n2 + 1)]

2c
t′
}
− 1, ✭✸✳✸✽✮

❡ ❡①❛t❛

W̃ (t′) = 8
∞∑

n1,n2

ρn1,n2 ;n1,n2 r
2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin2

{[√( c
2

)2

+ n1 + r2 (n2 + 1)−
( c
2

)] t′
2

}
− 1.

✭✸✳✸✾✮

❉❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦ δ (t′) = W̃ (t′)−W (t′) ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ❣r❛✜❝❛♠❡♥t❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

❛s ❡①♣r❡ssõ❡s ❝❛s♦ ❛ ❝❛s♦✳ ❆ss✐♠✱ ✉t✐❧✐③❛♥❞♦ ❛s ✭✸✳✸✽✮ ❡ ✭✸✳✸✾✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✐❞❡♥t✐❞❛❞❡

✷✾



sin2 a− sin2 b = sin (a− b) sin (a+ b) t❡♠♦s

δ (t′) = 8
∞∑

n1,n2

ρn1,n2 ;n1,n2

r2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin




(
Ω̃n1,n2 − Ωn1,n2

)

g1
t′


 sin




(
Ω̃n1,n2 + Ωn1,n2

)

g1
t′


 ,

✭✸✳✹✵✮

✐❞❡♥t✐✜❝❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❞♦s s❡♥♦s ❝♦♠♦

(
Ω̃n1,n2 ± Ωn1,n2

)

g1
=

1

2

[√( c
2

)2

+ n1 + r2 (n2 + 1)−
( c
2

)]
± [n1 + r2 (n2 + 1)]

2c

✭✸✳✹✶✮

=
( c
4

)[√
1 +

4 (n1 + r2 (n2 + 1))

c2
− 1

]
± [n1 + r2 (n2 + 1)]

2c
.

❊①♣❛♥❞✐♠♦s ♦ t❡r♠♦ ♥❛ r❛✐③ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ♣❛râ♠❡tr♦ ε = 4 (n1 + r2 (n2 + 1)) /c2

✭ε ♠✉✐t♦ ♣❡q✉❡♥♦✮✱ ❝♦♥❞❡♥s❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ♥❛ ♥♦t❛çã♦ O (ε2)✳ ❊ss❡ ♣r♦✲

❝❡❞✐♠❡♥t♦ ❞á ♦r✐❣❡♠ ❛♦s ❛r❣✉♠❡♥t♦s

(
Ω̃n1,n2 + Ωn1,n2

)

g1
=

c

4

(
ε+O

(
ε2
))
,

✭✸✳✹✷✮(
Ω̃n1,n2 − Ωn1,n2

)

g1
=

c

4
O
(
ε2
)
,

❡ q✉❛♥❞♦ ❧❡✈❛❞♦s ❡♠ ✭✸✳✹✵✮ r❡s✉❧t❛♠ ♥❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

δ (t′) = 8
∞∑

n1,n2

ρn1,n2 ;n1,n2

r2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2
sin

[ c
4
O
(
ε2
)
t′
]
sin

[ c
4

(
ε+O

(
ε2
))
t′
]
. ✭✸✳✹✸✮

❉❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❝♦♥❝❧✉í♠♦s q✉❡ q✉❛♥t♦ ♠❛✐♦r ❢♦r ❛ r❡❧❛çã♦ ε = 4 (n1 + r2 (n2 + 1)) /c2✱

♦s t❡r♠♦s ❞❡ ♦r❞❡♥s ♠❛✐s ❛❧t❛s s❡ t♦r♥❛♠ r❡❧❡✈❛♥t❡s ♥♦s ❛r❣✉♠❡♥t♦s ❞♦s s❡♥♦s✱ ❞❡ ♠♦❞♦ q✉❡ ❛

❢✉♥çã♦ ❞✐❢❡r❡♥ç❛ ♥ã♦ ✈❛✐ ❛ ③❡r♦✳ ■ss♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♦s ♣❛râ♠❡tr♦s q✉❡ ❞ã♦ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦

❝❛♠♣♦ ✭n̄1 ❡ n̄2✮ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ❛❧t♦s ❡♠ ❝♦♠♣❛r❛çã♦ à ❝♦♥st❛♥t❡ c ❡ ♦ t❡r♠♦ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ♥ã♦ ❜❛st❛ ♥❛ ❛♣r♦①✐♠❛çã♦✳ ❊♥tr❡t❛♥t♦✱ t♦♠❛r❡♠♦s ❛q✉✐ s♦♠❡♥t❡ ✈❛❧♦r❡s ❞❡ c q✉❡

❡st❡❥❛♠ ❡♠ ❜♦♠ ❛❝♦r❞♦ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦✱ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❝❛s♦ ❛ ❝❛s♦ ❛tr❛✈és ❞♦s ❣rá✜❝♦s

❞❡ δ (t′) ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞♦s ♣❛râ♠❡tr♦s n̄1✱ n̄2✱ r ❡s❝♦❧❤✐❞♦s✳

◆❛ ❝♦♥✜❣✉r❛çã♦ ❡♠ q✉❡ t❡♠♦s ♦s ❞♦✐s ♠♦❞♦s ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ ♦ ♣r♦❞✉t♦ ❞❛s ❞✐s✲

✸✵



tr✐❜✉✐çõ❡s é ❞❛❞♦ ♣♦r ❞✉❛s ♣♦✐ss♦♥✐❛♥❛s

ρn1,n2 ;n1,n2 = e−n̄1
n̄n1
1

n1!
× e−n̄2

n̄n2
2

n2!
, ✭✸✳✹✹✮

❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ♦ s❡❣✉♥❞♦ ♠♦❞♦ ❡♠ ❡st❛❞♦ tér♠✐❝♦ ✜❝❛

ρn1,n2 ;n1,n2 = e−n̄1
n̄n1
1

n1!
× n̄n2

2

(n̄2 + 1)n2+1 . ✭✸✳✹✺✮

P❛r❛ ❡st✐♠❛r ♦s t❡♠♣♦s ❞❡ r❡✈✐✈❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ ❬✾❪✱ ♥ós r❡❡s❝r❡✈❡♠♦s ✭✸✳✸✺✮ ♥❛

❢♦r♠❛

W (t) = −1 + 8
∞∑

n1,n2

ρn1,n2 ;n1,n2

r2n1 (n2 + 1)

[n1 + r2 (n2 + 1)]2

(
1− cos (2Ωn1,n2t)

2

)

= −
∞∑

n1,n2

ρn1,n2 ;n1,n2

[
(n1 + r2 (n2 + 1))

2 − 4r2 (n2 + 1)

(n1 + r2 (n2 + 1))2
+

4r2 (n2 + 1) cos (2Ωn1,n2t)

(n1 + r2 (n2 + 1))2

]

= −Re
{ ∞∑

n1,n2

ρn1,n2 ;n1,n2

[(
n1 − r2 (n2 + 1)

n1 + r2 (n2 + 1)

)2

+
4r2 (n2 + 1)

(n1 + r2 (n2 + 1))2
ei(2Ωn1,n2 t)

]}
,

❡ ❛ss✉♠✐♠♦s q✉❡ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦♠✐♥❛♥t❡ ♥❛ s♦♠❛tór✐❛ ❞✉♣❧❛ ✈❡♠ ❞♦ t❡r♠♦ ♣❛r❛ ♦ q✉❛❧

n1 ≈ n̄1 ❡ n2 ≈ n̄2✱ ♦s ♥ú♠❡r♦s ❞❡ ❢ót♦♥s q✉❡ ♠❛①✐♠✐③❛♠ ❛ ❞✐str✐❜✉✐çã♦ ❝♦♥❥✉♥t❛ ρn1,n2 ;n1,n2

❞❛❞❛ ♣❡❧❛s ✭✸✳✹✹✮ ❡ ✭✸✳✹✺✮❀ ❛ss✐♠✱ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠

❝♦♠♦

Ωn1,n2 =
[g21n̄1 + g22 (n̄2 + 1)]

2∆
+

g21
2∆

(n1 − n̄1) +
g22
2∆

(n2 − n̄2) ✭✸✳✹✻✮

❡ ❡♥tã♦ ❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ✜❝❛

W (t) = −Re



e

i

(

[g21 n̄1+g22(n̄2+1)]
∆

t

)

∞∑

n1,n2

ρn1,n2 ;n1,n2



(
n1 − r2 (n2 + 1)

n1 + r2 (n2 + 1)

)2

e
−i

(

[g21 n̄1+g22(n̄2+1)]
∆

t

)

+

✭✸✳✹✼✮

+
4r2 (n2 + 1)

(n1 + r2 (n2 + 1))2
e
i

(

g21
∆

(n1−n̄1)t

)

e
i

(

g22
∆

(n2−n̄2)t

)
]}

.

❆s ❡①♣♦♥❡♥❝✐❛✐s ❡♠ ✭✸✳✹✼✮ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦s r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐

✸✶



q✉❛♥❞♦ s❡✉s ❛r❣✉♠❡♥t♦s sã♦ ♠ú❧t✐♣❧♦s ✐♥t❡✐r♦s ❞❡ 2π

g21
∆
t
R

= 2πk , k = 1, 2, · · ·
✭✸✳✹✽✮

g22
∆
t
R

= 2πl , l = 1, 2, · · · ;

❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛s ❞✉❛s ♦❜t❡♠♦s

t
R
=

2π
√
q ∆

g1g2
, q = kl = 1, 2, · · · ✭✸✳✹✾✮

❝♦♠ ♦s ✐♥t❡✐r♦s k ❡ l s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s

(
g1
g2

)2

=
k

l
ou r =

√
l

k
. ✭✸✳✺✵✮

❖❜s❡r✈❡ q✉❡ ♦s t❡♠♣♦s ❞❡ r❡ss✉r❣✐♠❡♥t♦s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s à ❞❡ss✐♥t♦♥✐❛✳ ❖✉tr♦ ❢❛t♦ q✉❡

❞❡✈❡ s❡r ♠❡♥❝✐♦♥❛❞♦ ❛ r❡s♣❡✐t♦ ❞❡ ✭✸✳✹✾✮ é ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞♦s ♠♦❞♦s✳

❆❣♦r❛ ♣❛ss❛♠♦s à ❛♥á❧✐s❡ ❣rá✜❝❛ ❞❛s ❞✉❛s s✐t✉❛çõ❡s t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ❝♦♠♣❛r❛t✐✈❛ ♦

❡st❛❞♦ ❞❡ ✈á❝✉♦ ♥♦ s❡❣✉♥❞♦ ♠♦❞♦ (n̄2 ≪ 1)✳ ◗✉❛♥❞♦ ♦ s❡❣✉♥❞♦ ♠♦❞♦ ❡stá ❜❡♠ ♣ró①✐♠♦ ❞♦

✈á❝✉♦ ✭❋✐❣✉r❛ ✸✳✷✮✱ ❛s ❞✉❛s ❝✉r✈❛s sã♦ ✐❞ê♥t✐❝❛s ♣♦✐s ♥❡ss❡ ❧✐♠✐t❡ ❛s ❞✐str✐❜✉✐çõ❡s ❝♦❡r❡♥t❡ ❡

tér♠✐❝❛ ❛♣♦♥t❛♠ ♦ ❡st❛❞♦ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♠á①✐♠❛ ✐❣✉❛❧ ❛ ✶✳
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❋✐❣✉r❛ ✸✳✷✿ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ n̄1 = 1.5✱ n̄2 =
0.01✱ r = 1.023 ❡ c = 100 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡ ❝♦❡r❡♥t❡✲
tér♠✐❝♦✳

P❛r❛ ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥♦ s❡❣✉♥❞♦ ♠♦❞♦ ✭❞❡ ✵✳✵✶ ♣❛r❛ ✶✳✺✮✱ ♠❛♥t❡♥❞♦

n̄1 ✜①♦✱ ❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛♠ ❞✐❢❡r❡♥ç❛s s✉t✐s✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛ ♣♦♣✉❧❛çã♦ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦

t❡♠ ❡❢❡✐t♦ ♠✉✐t♦ ♣❡q✉❡♥♦ ♥❛ ❞✐♥â♠✐❝❛ ❛tô♠✐❝❛✱ ❛♦ ♠❡♥♦s ♥♦ r❡❣✐♠❡ ❞❡ ❜❛✐①♦ ♥ú♠❡r♦ ❞❡

❢ót♦♥s ❞♦s ❞♦✐s ♠♦❞♦s✳ ❯♠❛ ❡str✉t✉r❛ s❡♠❡❧❤❛♥t❡ ❞❡ r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐

✸✷



♦❝♦rr❡ ♥❛s ❋✐❣✉r❛s ✭✸✳✸❛ ❡ ✸✳✸❜✮✱ ❝♦♠ t❡♠♣♦s ❡ss❡♥❝✐❛❧♠❡♥t❡ ✐❣✉❛✐s ❡ ❡st✐♠❛t✐✈❛s ❡♠ ❜♦♠

❛❝♦r❞♦ ❝♦♠ ❛ ❡①♣r❡ssã♦ ✭✸✳✹✾✮✳

❆ q✉❛s❡✲♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❛s ❝✉r✈❛s é ❞❡✈✐❞❛ à ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ✭✸✳✶✻✮ ❝♦♠

♦s ♥ú♠❡r♦s ❞❡ ❢ót♦♥s n1 ❡ n2✱ ❧❡✈❛♥❞♦ ❛ ✉♠ ♣❡rí♦❞♦ ❞❡ r❡ss✉r❣✐♠❡♥t♦ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦

t✐♣♦ ❞❡ ❝❛♠♣♦ ❡ ❞❛ ♣♦♣✉❧❛çã♦ ✐♥✐❝✐❛❧ ❞♦s ♠♦❞♦s✱ ❡♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ q✉❡ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ♥❛

r❡❢❡rê♥❝✐❛ ❬✻❪✳

0 1 2 3 4
-1.0
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✭❛✮
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W

✭❜✮

❋✐❣✉r❛ ✸✳✸✿ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ ✭❛✮ n̄1 = 1.5✱
n̄2 = 1.5✱ r = 1.023 ❡ c = 100 ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✱ ✭❜✮ n̄1 = 1.5✱ n̄2 = 1.5✱
r = 1.023 ❡ c = 100 ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ♥♦tá✈❡❧ ♦❜s❡r✈❛❞❛ ✭❋✐❣✉r❛ ✸✳✹✮ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s ✐❣✉❛✐s

❢♦✐ q✉❡ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ♦❝♦rr❡ q✉❛♥❞♦ ♣♦♣✉❧❛♠♦s ♦ ♠♦❞♦ ✷ ♥♦ ❡st❛❞♦

❝♦❡r❡♥t❡✱ ❛ss✐♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ |1〉 ♣❛r❛ ♦ ❡st❛❞♦ |2〉
sã♦ ♠❛✐♦r❡s ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♣r❡♣❛r❛çã♦ ✐♥✐❝✐❛❧ ❞♦ t✐♣♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✳
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✭❛✮
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✭❜✮

❋✐❣✉r❛ ✸✳✹✿ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ n̄1 = 10.6✱
n̄2 = 10.1✱ r = 1.012 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ✭❛✮ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡
✭❜✮ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳
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■ss♦ é ❡①♣❧✐❝❛❞♦ ❝♦♠♣❛r❛♥❞♦ ❛ ❢♦r♠❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ♣♦✐ss♦♥✐❛♥❛ ❡ tér♠✐❝❛ ♥♦ ❡♥t♦r♥♦

❞❡ s❡✉s ✈❛❧♦r❡s ♠á①✐♠♦s✱ ❛ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐ ♥❛ s♦♠❛tór✐❛ ❞✉♣❧❛ ❝♦♠ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞✐s✲

tr✐❜✉í❞♦s ❡♠ t♦r♥♦ ❞❛ ♠é❞✐❛ ❡♥q✉❛♥t♦ q✉❡ ❛ ❧✉③ ❝❛ót✐❝❛ ❛♣r❡s❡♥t❛ ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ ❢ót♦♥s

✏❡s♣❛❧❤❛❞❛✑ ❡ ❝♦♠ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s à ♣♦✐ss♦♥✐❛♥❛✳

◆♦ ♣r❡s❡♥t❡ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❘❛♠❛♥✱ é ✐♥t✉✐t✐✈♦ ♣❡♥s❛r q✉❡ ♦ ♣r✐♠❡✐r♦

♠♦❞♦ s❡❥❛ ♦ ♠❛✐s ✐♥✢✉❡♥t❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❛s ✐♥✈❡rsõ❡s ❥á q✉❡ ♦ át♦♠♦ ♣r❡♣❛r❛❞♦ ♥♦ ❡st❛❞♦

❢✉♥❞❛♠❡♥t❛❧ ♣r❡❝✐s❛ ❛❜s♦r✈❡r ❡♥❡r❣✐❛ ❞♦ ♠♦❞♦ ❞❡ ❜♦♠❜❡✐♦ ♣❛r❛ s❡r ❡①❝✐t❛❞♦✳ ■ss♦ ♣♦❞❡ s❡r

✈❡r✐✜❝❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♦s ♠♦❞♦s ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳

◆❛ s❡q✉ê♥❝✐❛ ❞❡ ❋✐❣✉r❛s ✸✳✺❛ ❡ ✸✳✺❝ ♦ ♠♦❞♦ ✶ ❛♣r❡s❡♥t❛ ✉♠ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ♠❛✐♦r

q✉❡ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞♦ ♠♦❞♦ ✷ ❡ ♥❛s ❋✐❣✉r❛s ✭✸✳✺❜✱ ✸✳✺❞✮ ♠♦str❛♠♦s ❛ s✐t✉❛çã♦ ✐♥✈❡rs❛✱ ❝♦♠

♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ♠❛✐♦r ♥♦ s❡❣✉♥❞♦✱ tr♦❝❛♥❞♦ ♦s ♣❛♣é✐s ❞♦s ♠♦❞♦s✳

❉❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s ♣❛r❡s ✭✸✳✺❛✲✸✳✺❜✮✱ ✭✸✳✺❝✲✸✳✺❞✮ ✐♥❢❡r✐♠♦s q✉❡ ♦ ♠♦❞♦ ✶ s❡ s♦❜r❡ss❛✐

❡♠ r❡❧❛çã♦ ❛♦ s❡❣✉♥❞♦ ♠♦❞♦ ♣♦✐s ❛ ❛♠♣❧✐t✉❞❡ ❞❛s ♦s❝✐❧❛çõ❡s ♥♦ ❝❛s♦ ❞♦ ♠♦❞♦ ✶ s❡r ♠❛✐s

♣♦♣✉❧❛❞♦ é ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐♦r q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❛s ♦s❝✐❧❛çõ❡s q✉❛♥❞♦ ❛ s✐t✉❛çã♦ s❡ ✐♥✈❡rt❡✱

❛❝❛rr❡t❛♥❞♦ ✈❛❧♦r❡s ❞❡ ✐♥✈❡rsã♦ ♠❛✐♦r❡s ♣❛r❛ ❛s ❝✉r✈❛s ❡♠ q✉❡ n̄1 > n̄2✳
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✭❛✮ n̄1 = 20✱ n̄2 = 5✱ r = 1.023 ❡ c = 200
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✭❜✮ n̄1 = 5✱ n̄2 = 20✱ r = 1.023 ❡ c = 200
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✭❝✮ n̄1 = 40✱ n̄2 = 5✱ r = 1.023 ❡ c = 200
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✭❞✮ n̄1 = 5✱ n̄2 = 40✱ r = 1.023 ❡ c = 200

❋✐❣✉r❛ ✸✳✺✿ Pr❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✳
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◗✉❛♥❞♦ ♣r❡♣❛r❛♠♦s ♦ ♠♦❞♦ ✷ ❡♠ ❡st❛❞♦ tér♠✐❝♦ ✭❋✐❣✉r❛ ✸✳✻✮✱ ❡st❡ ❡❢❡✐t♦ ♥ã♦ é tã♦ ❝❧❛r♦

❝♦♠♦ ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✱ ❡♥tr❡t❛♥t♦ ♦ ❡st❛❞♦ tér♠✐❝♦ ♣r♦✈♦❝❛ ✉♠❛ ❛t❡♥✉❛çã♦

♥❛s ❛♠♣❧✐t✉❞❡s q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❛s ♣r❡♣❛r❛çõ❡s ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡ ❝♦❡r❡♥t❡✲tér♠✐❝♦ ♥♦s

❝❛s♦s ❡♠ q✉❡ n̄1 > n̄2 ❡ ✈✐❝❡✲✈❡rs❛✳ ◆ós ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❛ ❛t❡♥✉❛çã♦ ❝♦♠♦ ✉♠ ❡❢❡✐t♦ ❞❡✈✐❞♦

à ♥❛t✉r❡③❛ ❞❛ ❞✐str✐❜✉✐çã♦ tér♠✐❝❛✱ s❡♠ ♣✐❝♦s✳
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✭❛✮ n̄1 = 20✱ n̄2 = 5✱ r = 1.023 ❡ c = 200
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✭❜✮ n̄1 = 5✱ n̄2 = 20✱ r = 1.023 ❡ c = 200
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✭❝✮ n̄1 = 40✱ n̄2 = 5✱ r = 1.023 ❡ c = 200
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✭❞✮ n̄1 = 5✱ n̄2 = 40✱ r = 1.023 ❡ c = 200

❋✐❣✉r❛ ✸✳✻✿ Pr❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲tér♠✐❝♦✳

✸✳✺ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ♥❛ ♣r❡♣❛r❛çã♦ ❋♦❝❦✲❈♦❡r❡♥t❡

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ❝♦♥s✐❞❡r❛♥❞♦

✉♠❛ ♣r❡♣❛r❛çã♦ ❞♦s ❡st❛❞♦s ❞♦ ❝❛♠♣♦ q✉❡ s❡rá t❛♠❜é♠ ❛❜♦r❞❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♠❛s s♦❜ ❛

♣❡rs♣❡❝t✐✈❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ tr❛t❛♠♦s ♦ ♠♦❞♦ ✶ ❡♠ ❡st❛❞♦ ❞❡ ❋♦❝❦

❞❡ N ❢ót♦♥s ✭N ✐♥t❡✐r♦✮✱ r♦t✉❧❛❞♦ ❝♦♠♦ |N〉 ❡ ♦ s❡❣✉♥❞♦ ♠♦❞♦ ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ |α〉 ❝♦♠
✉♠❛ ♣♦♣✉❧❛çã♦ ♠é❞✐❛ ❞❡ n̄ ❢ót♦♥s✳ ❖ át♦♠♦ ❝♦♥t✐♥✉❛ ♣r❡♣❛r❛❞♦ ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✳

❆ss✐♠✱ ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ❣❧♦❜❛❧ ❞♦ s✐st❡♠❛ é ❞❛❞♦ ♣♦r

|ψ (0)〉 = |1〉 ⊗ |N〉 ⊗ |α〉 , ✭✸✳✺✶✮

✸✺



é ✐♠❡❞✐❛t♦ ✈❡r q✉❡ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ✭✸✳✸✮ ♣❛r❛ ❞❡❞✉③✐r ❛

✐♥✈❡rsã♦ ❛tô♠✐❝❛✱ ❤❛❥❛ ✈✐st♦ q✉❡ ❛ ❡①♣r❡ssã♦ ✭✸✳✸✺✮ é ✈á❧✐❞❛ s❡❥❛♠ ♦s ❡st❛❞♦s ♣✉r♦s ♦✉ ♠✐st♦s✳

◆❡ss❡ ❝❛s♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ρn1,n2 ;n1,n2 = pn1pn2 ❡♥✈♦❧✈❡♥❞♦ ♦ ♣r♦❞✉t♦ ❞❛s ❞✐str✐❜✉✐çõ❡s

♣r♦❜❛❜✐❧íst✐❝❛s ❞♦s ❝❛♠♣♦s s❡ t♦r♥❛

ρn1,n2 ;n1,n2 = δ2n1,N
× e−n̄2

n̄n2
2

n2!
, ✭✸✳✺✷✮

♦♥❞❡ ❛ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r r❡♣r❡s❡♥t❛ ❛ ❝❡rt❡③❛ ❞❡ ❡♥❝♦♥tr❛r N ❢ót♦♥s ❛♦ r❡❛❧✐③❛r ✉♠❛ ♠❡❞✐❞❛

♥♦ ♣r✐♠❡✐r♦ ♠♦❞♦ ❡ ❛ ❞✐str✐❜✉✐çã♦ P♦✐ss♦♥✐❛♥❛ ❞á ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❞❡t❡❝t❛r n2 ❢ót♦♥s ♥♦

s❡❣✉♥❞♦✳

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✺✷✮ ❡♠ ✭✸✳✸✺✮✱ ❡❧✐♠✐♥❛♠♦s ❛ s♦♠❛tór✐❛ ❡♠ n1 ❛tr❛✈és ❞❛ ❞❡❧t❛ r❡st❛♥❞♦✶

✉♠❛ ❡①♣r❡ssã♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛

W (t) = −1 + 8
∞∑

n

e−n̄ n̄
n

n!

r2N (n+ 1)

[N + r2 (n+ 1)]2
sin2 (ΩN,nt) , ✭✸✳✺✸✮

❝♦♠ ✉♠❛ ♥♦✈❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ❞❛❞❛ ♣♦r

ΩN,n =
[g21N + g22 (n+ 1)]

2∆
. ✭✸✳✺✹✮

P❛r❛ ✐❧✉str❛r ❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ✉t✐❧✐③❛♠♦s ❛ ♠❡s♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❥á ✈✐st❛ ❛♥t❡r✐♦r✲

♠❡♥t❡✱ ♦✉ s❡❥❛✱ ❛ ❞❡ss✐♥t♦♥✐❛ ❡①♣r❡ss❛ ❝♦♠♦ ∆ = c g1 ❡ ♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ ♥❛ ❢♦r♠❛

t′ = g1t✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❡r✐ó❞✐❝♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ✭❋✐❣✉r❛ ✸✳✼✮ ♦❜s❡r✈❛❞♦ ❛♦ ♣r❡♣❛r❛r

♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ❡ ❝♦❡r❡♥t❡✲tér♠✐❝♦ t❛♠❜é♠ é ❝❛r❛❝t❡ríst✐❝♦ ❞❛ ❛t✉❛❧

♣r❡♣❛r❛çã♦✳
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❋✐❣✉r❛ ✸✳✼✿ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ N = 5✱ n̄ = 5✱
r = 1.023 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❞❡ ❋♦❝❦ ❡ ❝♦❡r❡♥t❡✳

✶P❡r❝❡❜❛ q✉❡ ❛q✉✐ ♥ã♦ ❤á ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠❛♥t❡r ♦ rót✉❧♦ n2 ♣♦✐s N ❡stá ✜①♦✳
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◆♦✈❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦❞❡ s❡r ❛tr✐❜✉í❞♦ à ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ♥❛

✐♥t❡♥s✐❞❛❞❡ ❞♦s ♠♦❞♦s✱ ♣♦ré♠ ♥❡ss❡ ❝❛s♦ ♦s r❡ss✉r❣✐♠❡♥t♦s t❡♠ ❛♠♣❧✐t✉❞❡s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

♠❛✐♦r❡s✱ ❛✉♠❡♥t❛♥❞♦ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞♦ át♦♠♦ ♦❝✉♣❛r ♦ ♥í✈❡❧ ❡①❝✐t❛❞♦✳

❆ ❜❛s❡ ❢ís✐❝❛ ❞♦ ♣r♦❝❡ss♦ é ❡♥t❡♥❞✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ✐♥❞✉③ ❛s

♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ ♠❛s ❛ ❡st❛tíst✐❝❛ ❝♦❡r❡♥t❡ t❡♥❞❡ ❛ ❛tr❛♣❛❧❤❛r ❡ss❛ ❢♦r♠❛çã♦ ✐♥tr♦❞✉③✐♥❞♦

❞✐❢❡r❡♥ç❛s ❞❡ ❢❛s❡ ❡♥tr❡ ♦s t❡r♠♦s ❞❛ s♦♠❛tór✐❛✱ ♦r❛ ❝♦♥tr✐❜✉✐♥❞♦ ❞❡ ♠♦❞♦ ❞❡str✉t✐✈♦✱ ♥❛s

r❡❣✐õ❡s ❞❡ ❝♦❧❛♣s♦✱ ♦r❛ r❡❢♦rç❛♥❞♦ ❛s ♦s❝✐❧❛çõ❡s ❞✉r❛♥t❡ ♦s r❡ss✉r❣✐♠❡♥t♦s✳

◗✉❛♥❞♦ ♣♦♣✉❧❛♠♦s ♦s ❞♦✐s ♠♦❞♦s ❝♦♠ ♥ú♠❡r♦ ✐❣✉❛❧ ❞❡ ❢ót♦♥s✱ ❤á ✉♠❛ t❡♥❞ê♥❝✐❛ ❞♦

át♦♠♦ ❡♠ ❝♦♥s❡❣✉✐r r❡❛❧✐③❛r ❛ ✐♥✈❡rsã♦ ❝♦♠♣❧❡t❛♠❡♥t❡✱ tr❛♥s✐t❛♥❞♦ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧

❛té ♦ ❡st❛❞♦ ❡①❝✐t❛❞♦ ❡ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ❞✉r❛♥t❡ ♦s r❡ss✉r❣✐♠❡♥t♦s✳ ❊ss❛ t❡♥❞ê♥❝✐❛ s❡

✐♥t❡♥s✐✜❝❛ à ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s ❛s ♣♦♣✉❧❛çõ❡s ❞♦s ♠♦❞♦s✳

0 1 2 3 4
-1.0

-0.5

0.0

0.5

1.0

´10
3
g1 t

W

❋✐❣✉r❛ ✸✳✽✿ ■♥✈❡rsã♦ ❛tô♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❝♦♠ N = 40✱ n̄ = 40✱
r = 1.023 ❡ c = 200 ♣❛r❛ ♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ♥♦s ❡st❛❞♦s ❞❡ ❋♦❝❦ ❡ ❝♦❡r❡♥t❡✳
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❈❛♣ít✉❧♦ ✹

❊♠❛r❛♥❤❛♠❡♥t♦ át♦♠♦✲❝❛♠♣♦

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s ❡st✉❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❣❛♥❤❛r❛♠ ♥♦✈♦ ✐♠♣✉❧s♦

❣r❛ç❛s às ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ❞❡ss❡ ✐♠♣♦rt❛♥t❡ r❡❝✉rs♦ ♥❛s ár❡❛s ❞❡ ■♥❢♦r♠❛çã♦ ❡ ❈♦♠♣✉t❛çã♦

q✉â♥t✐❝❛s✳ ◆❡ss❡ ❝♦♥t❡①t♦ s✉r❣✐r❛♠ ✐♥ú♠❡r♦s tr❛❜❛❧❤♦s ❛❜♦r❞❛♥❞♦ q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s✱

❡♥✈♦❧✈❡♥❞♦ ❞❡s❞❡ ❛ ♥❛t✉r❡③❛ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❡♠ s✐ ❛té ❝r✐tér✐♦s ❬✶✷❪ ❡ ♠ét♦❞♦s ❬✶✸❪

❞❡ ❝♦♠♦ q✉❛♥t✐✜❝❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ s✐st❡♠❛s ❜✐♣❛rt✐t❡s✳

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦ ❞♦ ❝❛♠♣♦✱ ♣r❡♣❛r❛❞♦ ❡♠ ❡st❛❞♦ ❝♦✲

❡r❡♥t❡✱ ♥♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❜✐♣❛rt✐t❡ ❞♦s s✉❜s✐st❡♠❛s át♦♠♦ ❡ ♠♦❞♦ ✶✱ ♣r❡♣❛r❛❞♦s ♥♦ ❡st❛❞♦

❢✉♥❞❛♠❡♥t❛❧ ❡ ♥♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ❞❡ ◆ ❢ót♦♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠ ❡ss❛ ✜♥❛❧✐❞❛❞❡✱ ❞❡✜♥✐✲

♠♦s ❛ ♣❛rt✐çã♦ ❝♦♠♣♦st❛ ♣❡❧♦s s✉❜s✐st❡♠❛s ❞❡ ✐♥t❡r❡ss❡✱ át♦♠♦ ❡ ♠♦❞♦ ✶✱ ♦❜t✐❞❛ ❛tr❛✈és ❞❡

✉♠ tr❛ç♦ ♣❛r❝✐❛❧ s♦❜r❡ ♦ ♠♦❞♦ ✷✳ ◆❛ s❡q✉ê♥❝✐❛✱ ✐r❡♠♦s ❛♣❧✐❝❛r ♦ ❝r✐tér✐♦ ❞❛ tr❛♥s♣♦st❛ ♣❛r✲

❝✐❛❧ ❛♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ át♦♠♦✲♠♦❞♦ ✶ ❡ ❛♥❛❧✐s❛r ❣r❛✜❝❛♠❡♥t❡ ❛ ◆❡❣❛t✐✈✐❞❛❞❡✱

✉t✐❧✐③❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♠♦ ❛ ♣r✐♥❝✐♣❛❧ ♠❡❞✐❞❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳

❖ ✈❡t♦r ❞❡ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❝♦♠♣♦st♦ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞♦ ❡♠ ❢♦r♠❛ ❢❛t♦r❛❞❛

|ψ (0)〉 = |1〉 ⊗ |N〉 ⊗ |α〉 , ✭✹✳✶✮

❧❡✈❛♥❞♦ à s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❛ss♦❝✐❛❞♦

ρ (0) = |1;N,α〉 〈1;N,α| . ✭✹✳✷✮

❈♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ✭✸✳✸✮✱ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♠♦str❛❞♦ ❡♠ ✭✸✳✸✵✮ é ❜❛st❛♥t❡ ❣❡r❛❧

♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❛♣❧✐❝á✲❧♦ ❛q✉✐✳ ❆ ♠❛♥❡✐r❛ ❞✐r❡t❛ ❞❡ ❛♣r♦✈❡✐t❛r ❡ss❡ r❡s✉❧t❛❞♦ é ❛ss✉♠✐r

✸✽



♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✭✸✳✷✶✮ ✐❣✉❛✐s ❛ cn1 = δn1,N ❡ cn2 = e−
n̄2
2

αn2√
n2!

✱ r❡s✉❧t❛♥❞♦ ♥♦ ♦♣❡r❛❞♦r

ρ (t) =
∞∑

n,m=0

cnc
∗
m exp

{
i

[
(m− n)ω2 − (m− n)

g22
2∆

]} [
k1,N,n k

∗
1,N,m |1;N, n〉 〈1;N,m|+

+ k1,N,n k
∗
2,N,m |1;N, n〉 〈2;N − 1,m+ 1|+ k2,N,n k

∗
1,N,m |2;N − 1, n+ 1〉 〈1;N,m|+

✭✹✳✸✮

+ k2,N,n k
∗
2,N,m |2;N − 1, n+ 1〉 〈2;N − 1,m+ 1|

]
,

♦♥❞❡ ♦s í♥❞✐❝❡s ❞❡ s♦♠❛ n ❡ m ❞✐③❡♠ r❡s♣❡✐t♦ s♦♠❡♥t❡ ❛♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❡ k1,N,n✱ k2,N,n sã♦

❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛s ❡①♣r❡ssõ❡s ✭✸✳✷✾✮ ❝♦♠ n1 = N ❡ n2 = n✳

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦s s✉❜s✐st❡♠❛s ❞❡ ✐♥t❡r❡ss❡✱ r♦t✉❧❛❞♦s ❝♦♠♦ ❆ ✲ át♦♠♦

❡ ❇ ✲ ♠♦❞♦ ✶✱ é ❞❛❞♦ ♣❡❧♦ tr❛ç♦ ♥♦s í♥❞✐❝❡s ❞♦ s❡❣✉♥❞♦ ♠♦❞♦

ρA−B (t) =
∞∑

n=0

|cn|2 k1,N,n k
∗
1,N,n |1;N〉 〈1;N |+

∞∑

n=0

|cn|2 k2,N,n k
∗
2,N,n |2;N − 1〉 〈2;N − 1|+

+ e
−i

(

ω2−
g22
2∆

)

t
∞∑

n=0

cn+1c
∗
n k1,N,n+1 k

∗
2,N,n |1;N〉 〈2;N − 1|+ ✭✹✳✹✮

+ e
i

(

ω2−
g22
2∆

)

t
∞∑

n=0

cnc
∗
n+1 k

∗
1,N,n+1 k2,N,n |2;N − 1〉 〈1;N | .

➱ ❝♦♥✈❡♥✐❡♥t❡ ✐♥tr♦❞✉③✐r ✉♠ ♣♦✉❝♦ ❞❡ ♥♦t❛çã♦ q✉❡ t♦r♥❡ ❛s ❡①♣r❡ssõ❡s ♠❛✐s s✐♠♣❧❡s ❡

❢❛❝✐❧✐t❡ ❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ❆ss✐♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡q✳ ✭✹✳✹✮

❝♦♠♦

ρ11 ≡
∑∞

n=0 |cn|
2 k1,N,n k

∗
1,N,n, ρ12 ≡ e

−i

(

ω2−
g22
2∆

)

t ∑∞
n=0 cn+1c

∗
n k1,N,n+1 k

∗
2,N,n,

ρ21 ≡ e
i

(

ω2−
g22
2∆

)

t ∑∞
n=0 cnc

∗
n+1 k

∗
1,N,n+1 k2,N,n, ρ22 ≡

∑∞
n=0 |cn|

2 k2,N,n k
∗
2,N,n,

✭✹✳✺✮

❡ r❡❡s❝r❡✈ê✲❧❛ ❝♦♠♦

ρA−B (t) = ρ11 |1;N〉 〈1;N |+ ρ22 |2;N − 1〉 〈2;N − 1|+
✭✹✳✻✮

+ ρ12 |1;N〉 〈2;N − 1|+ ρ21 |2;N − 1〉 〈1;N | .
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❆♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ❡ s✉❛ tr❛♥s♣♦st❛ ♣❛r❝✐❛❧ ♥❛ ❜❛s❡ ✶{|1;N − 1〉 , |1;N〉 , |2;N − 1〉 , |2;N〉}
sã♦ ❞✐r❡t❛s

ρA−B =




0 0 0 0

0 ρ11 ρ12 0

0 ρ∗12 ρ22 0

0 0 0 0




ρTA−B =




0 0 0 ρ12

0 ρ11 0 0

0 0 ρ22 0

ρ∗12 0 0 0



. ✭✹✳✼✮

❖ ú♥✐❝♦ ❛✉t♦✈❛❧♦r ♥ã♦ tr✐✈✐❛❧ ✭✐st♦ é✱ ♥❡❣❛t✐✈♦✮ ❞❛ tr❛♥s♣♦st❛ ♣❛r❝✐❛❧✱ ✉♠❛ ✈❡③ q✉❡ ❛

✈✐♦❧❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ P❡r❡s✲❍♦r♦❞❡❝❦✐ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✱ é

❞❛❞♦ ♣♦r

λ− = −
√
ρ12 × ρ∗12 , ✭✹✳✽✮

♦ q✉❛❧✱ ❛♣ós ♦❜s❡r✈❛r q✉❡ ♦s ❢❛t♦r❡s ♥❛ r❛✐③ sã♦ ♦ ❝♦♥❥✉❣❛❞♦ ✉♠ ❞♦ ♦✉tr♦✱ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞❛

♥❛ ❢♦r♠❛

λ− = −
√
[Re (ρ12)]

2 + [Im (ρ12)]
2 , ✭✹✳✾✮

♦♥❞❡ Re ❡ Im ❞❡♥♦t❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞❡ ρ12✳

■♥s❡r✐♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s k1,N,n+1❡ k∗2,N,n ❥✉♥t❛♠❡♥t❡ ❝♦♠ cn+1 ❡ c∗n ♥❛ ❡①♣r❡ssã♦ ✭✹✳✾✮ ❡

✉t✐❧✐③❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ◆❡❣❛t✐✈✐❞❛❞❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦ ✷✱ t❡♠♦s ✜♥❛❧♠❡♥t❡

N (t) = 2r
√
n̄N





[ ∞∑

n=0

e−n̄ n̄
n

n!

[
N − r2 (n+ 2)

N + r2 (n+ 2)

]
sin (ΩN,nt) sin (ΩN,n+1t)

[N + r2 (n+ 1)]

]2

+

✭✹✳✶✵✮

+

[ ∞∑

n=0

e−n̄ n̄
n

n!

sin (ΩN,nt) cos (ΩN,n+1t)

[N + r2 (n+ 1)]

]2




1/2

,

❝♦♠

r =
g2
g1

e ΩN,n =
[g21N + g22 (n+ 1)]

2∆
. ✭✹✳✶✶✮

❉❡ ♣♦ss❡ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ✭❡q✳ ✸✳✸✷✮✱ ♣♦❞❡♠♦s ❡♠♣r❡❣❛r ❡♠ ♥♦ss❛ ❛♥á❧✐s❡

♦✉tr❛ q✉❛♥t✐❞❛❞❡ ♠✉✐t♦ ✉s❛❞❛ ♥❛ ♣rát✐❝❛ ♣❛r❛ ♠❡❞✐r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ s✐st❡♠❛s ❣❧♦❜❛✐s

♣✉r♦s✿ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r✳ P♦ré♠ é ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ ❡st❛❞♦ ❜✐♣❛rt✐t❡ át♦♠♦✲♠♦❞♦

✶ ❞❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ρA−B ✭❡q✳ ✹✳✹✮ ♥ã♦ é ♠❛✐s ✉♠ ❡st❛❞♦ ♣✉r♦ ❡ ♥❡ss❡ ❝❛s♦ ❛

✶❈♦♥✈❡♥çã♦ ❛❞♦t❛❞❛✿ |1〉 ≡
(

1

0

)
, |2〉 ≡

(
0

1

)
♥♦ s✉❜s♣❛ç♦ ❛tô♠✐❝♦✱ ❡ |N − 1〉 ≡

(
1

0

)
, |N〉 ≡

(
0

1

)

♥♦ s✉❜s♣❛ç♦ ❞♦ ❡st❛❞♦ ❞❡ ❋♦❝❦✳

✹✵



❊♥tr♦♣✐❛ ❧✐♥❡❛r ♥ã♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✉♠ ❜♦♠ q✉❛♥t✐✜❝❛❞♦r ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✱ ❞❡ ♠♦❞♦

q✉❡ ❛ ✉t✐❧✐③❛r❡♠♦s ❛♣❡♥❛s ❝♦♠♦ ✉♠ ✐♥❞✐❝❛t✐✈♦ ❞❛s ♣♦ssí✈❡✐s s❡♠❡❧❤❛♥ç❛s ❡ ❞✐s❝r❡♣â♥❝✐❛s ❡♠

r❡❧❛çã♦ ❛ ◆❡❣❛t✐✈✐❞❛❞❡✱ ❡st❛ s✐♠ ✉♠❛ ♠❡❞✐❞❛ ❝♦♥✜á✈❡❧✳

❯♠❛ ✈❡③ q✉❡ t❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ρA−B ♣♦❞❡♠♦s ♦❜t❡r ♦ ♦♣❡r❛❞♦r ❞❡♥✲

s✐❞❛❞❡ ❞♦ át♦♠♦ ❛tr❛✈és ❞♦ tr❛ç♦ ♣❛r❝✐❛❧ ❛♣❧✐❝❛❞♦ ❛♦ ♣r✐♠❡✐r♦ ♠♦❞♦✱ ❞❡s❝❛rt❛♥❞♦ ♦s t❡r♠♦s

♥ã♦ ❞✐❛❣♦♥❛✐s ❞❡ ✭✹✳✹✮ ♥♦ s✉❜s♣❛ç♦ ❞♦ ❝❛♠♣♦✳ ❖ r❡s✉❧t❛❞♦ ❞á ✉♠❛ ♠✐st✉r❛ ❡st❛tíst✐❝❛ ❞♦s

❡st❛❞♦s ❛tô♠✐❝♦s

ρA (t) =
∞∑

n=0

|cn|2 |k 1,N,n|2 |1〉 〈1|+
∞∑

n=0

|cn|2 |k 2,N,n|2 |2〉 〈2| . ✭✹✳✶✷✮

❖ ❝á❧❝✉❧♦ ❞❡ ρ2A (t) é ✐♠❡❞✐❛t♦ ❞❡✈✐❞♦ ❛ ❡str✉t✉r❛ ❞✐❛❣♦♥❛❧ ❞♦ ♦♣❡r❛❞♦r ♥❛ r❡♣r❡s❡♥t❛çã♦

❞♦s ❡st❛❞♦s ❛tô♠✐❝♦s ❞❡s❛❝♦♣❧❛❞♦s {|1〉 , |2〉} ❡ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦

át♦♠♦ ❝♦♠♦

ζA (t) = 1−
{ ∞∑

n=0

|cn|2 |k 1,N,n|2
}2

−
{ ∞∑

n=0

|cn|2 |k 2,N,n|2
}2

, ✭✹✳✶✸✮

♦✉ ❡①♣❧✐❝✐t❛♠❡♥t❡

ζA (t) = 1−
{
4r2N

∞∑

n=0

e−n̄ n̄
n

n!

(n+ 1)

[N + r2 (n+ 1)]2
sin2 (ΩN,nt)

}2

+

✭✹✳✶✹✮

−
{ ∞∑

n=0

e−n̄ n̄
n

n!

[
cos2 (ΩN,nt) +

[
N − r2 (n+ 1)

N + r2 (n+ 1)

]2
sin2 (ΩN,nt)

]}2

.

P♦❞❡♠♦s ❛✐♥❞❛ r❡❛rr❛♥❥❛r ♦s t❡r♠♦s ❞❡ ✭✹✳✶✹✮ ❡ ❡s❝r❡✈ê✲❧❛ ❡♠ ✉♠❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s

ζA (t) = 8r2N

{ ∞∑

n=0

e−n̄ n̄
n

n!

(n+ 1)

[N + r2 (n+ 1)]2
sin2 (ΩN,nt)

}
+

✭✹✳✶✺✮

−32r4N2

{ ∞∑

n=0

e−n̄ n̄
n

n!

(n+ 1)

[N + r2 (n+ 1)]2
sin2 (ΩN,nt)

}2

.

✹✶



✹✳✶ ❊st✉❞♦ ●rá✜❝♦ ❞❛s ❢✉♥çõ❡s ❞❡ ◆❡❣❛t✐✈✐❞❛❞❡ ❡ ❊♥✲

tr♦♣✐❛ ❧✐♥❡❛r

❆❣♦r❛ ✐♥✐❝✐❛♠♦s ♣r♦♣r✐❛♠❡♥t❡ ♦ ❡st✉❞♦ ♥✉♠ér✐❝♦ ❞❛s ❝♦rr❡❧❛çõ❡s ❡①♣r❡ss❛s ❡♠ ✭✹✳✶✵✮ ❡

✭✹✳✶✺✮✱ ❜✉s❝❛♥❞♦ s♦❜r❡t✉❞♦ ❡♥t❡♥❞❡r ♦ ♣❛♣❡❧ ❞♦ ♠♦❞♦ ❝♦❡r❡♥t❡ ♥♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ s✐st❡♠❛

❜✐♣❛rt✐t❡ át♦♠♦✲♠♦❞♦ ✶✳ ❚♦❞♦s ♦s ❣rá✜❝♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛ ◆❡❣❛t✐✈✐❞❛❞❡ ❡ ❛ ❊♥tr♦♣✐❛ ❧✐♥❡❛r

❢♦r❛♠ tr❛ç❛❞♦s ❡s❝♦❧❤❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❝♦♥✈❡♥✐❡♥t❡ ♦s ✈❛❧♦r❡s r = 1.023 ❡ c = 200✱ ❞❡✐①❛♥❞♦

♦s ♣❛râ♠❡tr♦s ❞♦ ❝❛♠♣♦ ❧✐✈r❡s ♣❛r❛ ♦ ❡st✉❞♦✳ ❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✱

❡①✐st❡♠ ❝♦♥❝♦r❞â♥❝✐❛s ❡♥tr❡ ♦ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ s✉❜s✐st❡♠❛ át♦♠♦✲♠♦❞♦ ✶✱ ✐♥❞✐❝❛❞♦

♣❡❧❛ ◆❡❣❛t✐✈✐❞❛❞❡ ❡ ❛ ❊♥tr♦♣✐❛ ❧✐♥❡❛r✳ ❆♠❜❛s sã♦ ❢✉♥çõ❡s q✉❛s❡✲♣❡r✐ó❞✐❝❛s ❡ ❛♣r❡s❡♥t❛♠

❡ss❡♥❝✐❛❧♠❡♥t❡ ♠❡s♠♦ ♣❡rí♦❞♦✱ ❛❧é♠ ❞✐ss♦ ♥❛s r❡❣✐õ❡s ❡♠ q✉❡ át♦♠♦ ❡ ♠♦❞♦ ✶ t❡♥❞❡♠ ❛ ❡st❛r

s❡♣❛r❛❞♦s ✭tr❡❝❤♦s ❞❡ rá♣✐❞❛ ♦s❝✐❧❛çã♦ ♥❛ ❋✐❣✉r❛ ✹✳✶❛✮ ♦❜s❡r✈❛♠♦s✱ ❛✐♥❞❛ q✉❡ ❛ ❣r♦ss♦ ♠♦❞♦✱

❛ ♠❡s♠❛ t❡♥❞ê♥❝✐❛ ♥❛ ❡✈♦❧✉çã♦ ❞❛ ❊♥tr♦♣✐❛ ❧✐♥❡❛r ✭❋✐❣✉r❛ ✹✳✶❜✮✳ ❊♥tr❡t❛♥t♦ r❡ss❛❧t❛♠♦s

q✉❡ ❤á ❞✐❢❡r❡♥ç❛s s✉❜st❛♥❝✐❛✐s ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ ❡ ♦✉tr❛✳ ◆❛s r❡❣✐õ❡s ✏s✉❛✈❡s✑ ❛

◆❡❣❛t✐✈✐❞❛❞❡ ❝r❡s❝❡ ❛t✐♥❣✐♥❞♦ ♦ ♣✐❝♦ ✭✈❛❧♦r ♠á①✐♠♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✮ ❡ ❞✐♠✐♥✉✐ ❧♦❣♦ ❡♠

s❡❣✉✐❞❛✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❊♥tr♦♣✐❛ ❧✐♥❡❛r s❡ ♠❛♥tê♠ ❡st❛❝✐♦♥ár✐❛ ♥♦ ✈❛❧♦r ♠á①✐♠♦ ❞✉r❛♥t❡

t♦❞❛ ❛ ✈❛r✐❛çã♦✳ ❆s ❞✐❢❡r❡♥ç❛s ❛♣♦♥t❛❞❛s sã♦ ❞❡✈✐❞❛s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ à ♣á❣✐♥❛ ✸✺✱ ❛♦ ❢❛t♦

❞❡ ♥ã♦ t❡r♠♦s ♠❛✐s ✉♠ ❡st❛❞♦ ♣✉r♦ ❛♣ós ❛ ❛♣❧✐❝❛çã♦ ❞♦ tr❛ç♦ ♣❛r❝✐❛❧ s♦❜r❡ ♦ ♠♦❞♦ ❝♦❡r❡♥t❡✱

❞❡ ❢♦r♠❛ q✉❡ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ♥ã♦ é ♠❛✐s ✉♠ ✐♥❞✐❝❛❞♦r ❝♦♥✜á✈❡❧ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✱ s❡

♠♦str❛♥❞♦ ✐♥❛❞❡q✉❛❞❛ ♥❡st❡ ❝❛s♦✳

0 1 2 3 4
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´10
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g1 t

N

✭❛✮

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

´103 g1 t

Ζ
A

✭❜✮

❋✐❣✉r❛ ✹✳✶✿ ◆❡❣❛t✐✈✐❞❛❞❡ ✭❛✮ ❡ ❊♥tr♦♣✐❛ ❧✐♥❡❛r ✭❜✮ ♣❡❧♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ♣❛r❛ N = 5
❡ n̄ = 5✳

◗✉❛♥❞♦ ❛✉♠❡♥t❛♠♦s ❛s ♣♦♣✉❧❛çõ❡s ❞♦s ♠♦❞♦s ✶ ❡ ✷✱ ♥♦t❛♠♦s q✉❡ ♦s s✉❜s✐st❡♠❛s ❞❡

✐♥t❡r❡ss❡ ✭át♦♠♦ ✰ ♠♦❞♦ ✶✮ ♣❛ss❛♠ ✉♠ t❡♠♣♦ ♠❛✐♦r ❡♠❛r❛♥❤❛❞♦s ♥❛s r❡❣✐õ❡s ❡stá✈❡✐s

✭✏♠♦rr♦s✑✮✱ ♦♥❞❡ ❛ ◆❡❣❛t✐✈✐❞❛❞❡ t❡♠ ✉♠❛ ❡✈♦❧✉çã♦ s✐♠♣❧❡s✱ ❡ ✉♠ t❡♠♣♦ ❞❡ ✐♥t❡r❛çã♦ ♠✉✐t♦

✹✷



♣❡q✉❡♥♦ ♥❛s r❡❣✐õ❡s ✐♥stá✈❡✐s ✭♦s❝✐❧❛tór✐❛s✮✳

0 1 2 3 4
0.0
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´10
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g1 t

N

❋✐❣✉r❛ ✹✳✷✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ♣❛r❛ N = 40 ❡ n̄ = 40✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ♣❡❝✉❧✐❛r ❞♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ♥❡ss❛ ♣r❡♣❛r❛çã♦✱ ❡ ❛té ❡♥tã♦ ❞❡s❝♦♥❤❡❝✐❞❛

♥❛ ❧✐t❡r❛t✉r❛✱ é ❛ t❡♥❞ê♥❝✐❛ q✉❡ át♦♠♦ ❡ ♠♦❞♦ ✶ ♣♦ss✉❡♠ ❞❡ ❡st❛r ♠❛①✐♠❛♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦s

♥♦ ♠❡✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦❧❛♣s♦ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛ ✭❝♦♠♣❛r❡ ❛s ❋✐❣✉r❛s ✸✳✽ ❡ ✹✳✷ ♣♦r ❡①❡♠♣❧♦✮✳

❆ t❡♥❞ê♥❝✐❛ ♦♣♦st❛✱ ♦✉ s❡❥❛✱ ❞❡ s❡♣❛r❛çã♦ ❡♥tr❡ át♦♠♦ ❡ ♠♦❞♦ ✶✱ ♦❝♦rr❡ ❞✉r❛♥t❡ ♦s

r❡ss✉r❣✐♠❡♥t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ ❞❛ ✐♥✈❡rsã♦ ❛tô♠✐❝❛✳ ❆♣❡s❛r ❞❡ s❡r❡♠ ♠♦❞❡❧♦s ❞❡

✐♥t❡r❛çã♦ r❛❞✐❛çã♦✲♠❛tér✐❛ ❜❛st❛♥t❡ ❞✐st✐♥t♦s✱ é ✐♥t❡r❡ss❛♥t❡ ❛♣♦♥t❛r ♦ ❝♦♥tr❛st❡ ❡♥tr❡ ♦ ♥♦ss♦

♠♦❞❡❧♦ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s✱ ♥♦ q✉❛❧ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ é ♠á①✐♠♦ ❥✉st❛♠❡♥t❡

♥♦s r❡ss✉r❣✐♠❡♥t♦s ❬✸✹❪✳

✭❛✮
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❋✐❣✉r❛ ✹✳✸✿ ✭❛✮ ◆❡❣❛t✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ t′ = g1t ❡ ❞♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡
❢ót♦♥s ❝♦❡r❡♥t❡s n̄✱ q✉❛♥❞♦ ✜①❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ❡♠ N = 40❀ ✭❜✮
✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ s✉♣❡r❢í❝✐❡ ♠♦str❛♥❞♦ ❛ ◆❡❣❛t✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ♠é❞✐♦
❞❡ ❢ót♦♥s ❝♦❡r❡♥t❡s n̄✱ q✉❛♥❞♦ ✜①❛♠♦s ♦ t❡♠♣♦ ❡s❝❛❧♦♥❛❞♦ ❡♠ t′ = 3000 ❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s
❞♦ ♠♦❞♦ ✶ ❡♠ N = 40✳
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❯♠❛ ♠❛♥❡✐r❛ ❞❡ ✈✐③✉❛❧✐③❛r ❛ ◆❡❣❛t✐✈✐❞❛❞❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ t❡♠♣♦ ❡ ✉♠❛ ❢❛✐①❛ ❛♠♣❧❛ ❞❡

✈❛❧♦r❡s ❞❡ n̄ é ❛tr❛✈és ❞❛ ❋✐❣✉r❛ ✹✳✸❛✱ ❛ q✉❛❧ ♠♦str❛ ❝❧❛r❛♠❡♥t❡ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞♦ ❡♠❛r❛♥✲

❤❛♠❡♥t♦ q✉❛♥❞♦ ✜①❛♠♦s ❛s ♣♦♣✉❧❛çõ❡s ❞♦s ♠♦❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❛♠♦s q✉❡ ❛ ◆❡❣❛t✐✈✐❞❛❞❡

é ♣r❛t✐❝❛♠❡♥t❡ ♥✉❧❛ ♣❛r❛ ✈❛❧♦r❡s ❞❡ n̄ ♣ró①✐♠♦s ❞♦ ✈á❝✉♦✱ ❝r❡s❝❡♥❞♦ r❛♣✐❞❛♠❡♥t❡ à ♠❡❞✐❞❛

q✉❡ ❛✉♠❡♥t❛♠♦s ❛ ♣♦♣✉❧❛çã♦ ❞♦ ♠♦❞♦ ❝♦❡r❡♥t❡ ❛té ❛t✐♥❣✐r ✈❛❧♦r ♠á①✐♠♦ ✐❣✉❛❧ ❛ ✵✱✺ q✉❛♥❞♦

♦s ♠♦❞♦s ❛♣r❡s❡♥t❛♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s (n̄ = N = 40)✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ t❡♠♦s ✉♠

❞❡❝rés❝✐♠♦ ❛ ✉♠❛ t❛①❛ ❧❡♥t❛✱ ❝♦♠ s✉♣r❡ssã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s

❝♦❡r❡♥t❡s s❡ t♦r♥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❱❛❧❡ ❛ ♣❡♥❛ r❡ss❛❧t❛r q✉❡ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❝♦rr❡ ❛♣❡♥❛s ♥❛s r❡❣✐õ❡s ❞❡ ♣✐❝♦s ❞❛

s✉♣❡r❢í❝✐❡✱ ❛ss✐♠ ♥ã♦ t❡♠♦s ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ ♦ ♠❡s♠♦ ♦❝♦rr❛ ♥❛ r❡❣✐ã♦ ❞♦s ✏✈❛❧❡s✑✱ q✉❡

❡①✐❜❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞♦✱ ❝♦♠ ♦s❝✐❧❛çõ❡s rá♣✐❞❛s✳ ❖ ♠❡s♠♦ ♣♦❞❡ s❡r

✈✐st♦ ♥❛ ❋✐❣✉r❛ ✹✳✸❜ ❛tr❛✈és ❞❡ ✉♠ ✏❝♦rt❡✑ ❞❛ s✉♣❡r❢í❝✐❡ q✉❡ ❝♦♥t❡♠ ♦s ♣✐❝♦s (t′ = 3000)✳

❆ s✐t✉❛çã♦ ❞❡ ♠á①✐♠♦ ❡♠❛r❛♥❤❛♠❡♥t♦ át♦♠♦✲♠♦❞♦ ✶ é ❝❧❛r❛♠❡♥t❡ ❢❛✈♦r❡❝✐❞❛ ♣❛r❛ ✉♠❛

♣r❡♣❛r❛çã♦ ✐♥✐❝✐❛❧ s✐♠étr✐❝❛✱ ♥❛ q✉❛❧ ♦s ♠♦❞♦s sã♦ ✐❣✉❛❧♠❡♥t❡ ♣♦♣✉❧❛❞♦s ❡♠ ♠é❞✐❛✳
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❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ✉♠ s✐st❡♠❛ q✉â♥t✐❝♦ tr✐♣❛rt✐t❡✱ ❝♦♠♣♦st♦ ♣♦r ✉♠ át♦♠♦

♥❛ ❝♦♥✜❣✉r❛çã♦ Λ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ❞♦✐s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ✈✐❛ tr❛♥s✐çõ❡s ❛

❞♦✐s ❢ót♦♥s✳ ❉❡❞✉③✐♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ✉t✐❧✐③❛♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ♥♦

r❡❣✐♠❡ ❞❡ ❛❧t❛ ❞❡ss✐♥t♦♥✐❛ át♦♠♦✲❝❛♠♣♦
(
g1(2)/∆ ≪ 1

)
✱ ♦ q✉❡ ♣❡r♠✐t✐✉ ❞❡s❛❝♦♣❧❛r ♦ ♥í✈❡❧

✐♥t❡r♠❡❞✐ár✐♦ ❡ ♦❜t❡r ✉♠ s✐st❡♠❛ ❛ ❞♦✐s ♥í✈❡✐s ❡❢❡t✐✈♦s✳ ❆♣r❡s❡♥t❛♠♦s s✉❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛

❡ ✐♥✈❡st✐❣❛♠♦s ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ ♠♦❞♦ ♥❛ ❞✐♥â♠✐❝❛ ❞♦ át♦♠♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ✐♥✈❡rsã♦

❛tô♠✐❝❛✳

❊♠ ✉♠❛ ❡t❛♣❛ ✐♥✐❝✐❛❧✱ ♣r❡♣❛r❛♠♦s ♦s ♠♦❞♦s ❞❛ ❝❛✈✐❞❛❞❡ ❡♠ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡ ❡♠

s❡❣✉✐❞❛ tr♦❝❛♠♦s ♦ s❡❣✉♥❞♦ ♠♦❞♦✱ ❛té ❡♥tã♦ ❡♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ ♣♦r ✉♠ ❡st❛❞♦ tér♠✐❝♦✳

◆♦ r❡❣✐♠❡ ❞❡ ❛❧t❛ ❞❡ss✐♥t♦♥✐❛✱ ♠♦str❛♠♦s q✉❡ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❘❛❜✐ sã♦ ♣❡r✐ó❞✐❝❛s ❡ r❡✈✐✈❡♠

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ♦✉ ❞♦ t✐♣♦ ❞♦s ❝❛♠♣♦s✳ ❆tr✐❜✉í♠♦s ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦

♠♦❞❡❧♦ à ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❘❛❜✐ ❝♦♠ ♦s ♥ú♠❡r♦s ❞❡ ❢ót♦♥s ❞❡ ❝❛❞❛ ♠♦❞♦✳ ❆♦

tr♦❝❛r ♦s ♣❛♣é✐s ❞♦s ♠♦❞♦s ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡ ✭❋✐❣✉r❛ ✸✳✺✮✱ ♦❜s❡r✈❛♠♦s q✉❡

❛s ❛♠♣❧✐t✉❞❡s ❞❛s ✐♥✈❡rsõ❡s ❛tô♠✐❝❛s sã♦ ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐♦r❡s ♥♦s ❝❛s♦s ❡♠ q✉❡ ♦ ♠♦❞♦

✶ é ♠❛✐s ♣♦♣✉❧❛❞♦✱ ♦ q✉❡ ♠♦str❛ s✉❛ ✐♥❢✉ê♥❝✐❛ ❞✐r❡t❛ ♥❛s ✐♥✈❡rsõ❡s✳ ◗✉❛♥❞♦ ♣r❡♣❛r❛♠♦s

♦ s❡❣✉♥❞♦ ♠♦❞♦ ❡♠ ❡st❛❞♦ tér♠✐❝♦ ✭❋✐❣✉r❛ ✸✳✻✮✱ ❛ tr♦❝❛ ❞♦s ♣❛♣é✐s ♥ã♦ ♣r♦❞✉③ ✉♠ ❡❢❡✐t♦

tã♦ ❝❧❛r♦ ❝♦♠♦ ♥❛ ♣r❡♣❛r❛çã♦ ❝♦❡r❡♥t❡✲❝♦❡r❡♥t❡✱ ❡♥tr❡t❛♥t♦ ❤á ✉♠❛ r❡❞✉çã♦ ❞❛ ❛♠♣❧✐t✉❞❡

q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❛s ❞✉❛s ♣r❡♣❛r❛çõ❡s ♥♦s ❝❛s♦s ❡♠ q✉❡ n̄1 > n̄2 ❡ ✈✐❝❡✲✈❡rs❛✳ ■ss♦ ♣♦❞❡

s❡r ❡♥t❡♥❞✐❞♦ ❡♠ t❡r♠♦s ❞❛s ❡st❛tíst✐❝❛s ♣♦✐ss♦♥✐❛♥❛ ❡ tér♠✐❝❛ ♥♦ ❡♥t♦r♥♦ ❞❡ s❡✉s ✈❛❧♦r❡s

♠á①✐♠♦s✱ ❛ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐ ♥❛ s♦♠❛tór✐❛ ❞✉♣❧❛ ❝♦♠ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞✐str✐❜✉í❞♦s ❡♠ t♦r♥♦

❞❛ ♠é❞✐❛ ❡♥q✉❛♥t♦ q✉❡ ❛ ❧✉③ ❝❛ót✐❝❛ ❛♣r❡s❡♥t❛ ✉♠❛ ❡st❛tíst✐❝❛ ❞❡ ❢ót♦♥s ✏❡s♣❛❧❤❛❞❛✑ ❡ ❝♦♠

✈❛❧♦r❡s ♠❡♥♦r❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s à ♣♦✐ss♦♥✐❛♥❛✳ ❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ✸ ❛♥❛❧✐③❛♥❞♦

❛ ♣r❡♣❛r❛çã♦ ❋♦❝❦✲❝♦❡r❡♥t❡✱ r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❡st✉❞♦ ♣♦st❡r✐♦r ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳ ◆♦ ❝❛s♦

❞❡ ✉♠❛ ♣r❡♣❛r❛çã♦ ✐♥✐❝✐❛❧ ❝♦♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ❡♠ ❝❛❞❛ ♠♦❞♦✱ ♦ át♦♠♦

❛♣r❡s❡♥t❛ r❡ss✉r❣✐♠❡♥t♦s ❜❡♠ ❞❡✜♥✐❞♦s✱ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝✉♣❛çã♦ ❞♦ ♥í✈❡❧ |2〉 ✭|1〉✮✱
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r❡❧❛t✐✈❛♠❡♥t❡ ♣ró①✐♠❛ ❞❛ ✉♥✐❞❛❞❡✳

◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♥tr❡ ♦ át♦♠♦ ❡ ♦

✏♠♦❞♦ ✶✑ ❞♦ ❝❛♠♣♦ ✭❡♠❛r❛♥❤❛♠❡♥t♦ ❜✐♣❛rt✐t❡✮✱ t❡♥❞♦ s✐❞♦ ❢❡✐t♦ ✉♠ tr❛ç♦ ♣❛r❝✐❛❧ s♦❜r❡ ♦

✏♠♦❞♦ ✷✑✱ ❝♦♥s✐❞❡r❛❞♦ ✉♠ s✉❜s✐st❡♠❛ ✏❡①t❡r♥♦✑❀ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❝♦♠♦ ♠❡❞✐❞❛

❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✱ ❡ ❢♦✐ ✈❡r✐✜❝❛❞❛ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛ ✐♥❛❞❡q✉❛çã♦ ❞❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❝♦♠♦

♠❡❞✐❞❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♥❡st❡ ❝❛s♦✳ ■ss♦ ❥á ❡r❛ ❡s♣❡r❛❞♦✱ ✈✐st♦ q✉❡ ♦ ❡st❛❞♦ ❣❧♦❜❛❧ ✭át♦♠♦

✰ ♠♦❞♦ ✶✮ ♥ã♦ é ✉♠ ❡st❛❞♦ ♣✉r♦✳

❋✐①❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ✭❋✐❣✉r❛ ✹✳✸❜✮ ❡ ❛✈❛❧✐❛♥❞♦ ❛ ◆❡❣❛t✐✈✐❞❛❞❡

♥♦s ✐♥st❛♥t❡s ❡♠ q✉❡ ❛ ❢✉♥çã♦ ❛t✐♥❣❡ ✈❛❧♦r❡s ♠á①✐♠♦s✱ ♣♦r ❡①❡♠♣❧♦ ❡♠ t′ = 3000✱ ❝♦♥st❛t❛♠♦s

q✉❡ ♦s s✉❜s✐st❡♠❛s át♦♠♦✲♠♦❞♦ ✶ s❡ ❡♠❛r❛♥❤❛♠ ♠❛①✐♠❛♠❡♥t❡ q✉❛♥❞♦ ♦s ♠♦❞♦s ❛t✐♥❣❡♠

✉♠ r❡❣✐♠❡ ❞❡ ✐❣✉❛❧ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❡♠ ♠é❞✐❛ ❡ à ♠❡❞✐❞❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ♣♦♣✉❧❛çõ❡s

❞♦s ♠♦❞♦s ❛✉♠❡♥t❛ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ t❡♥❞❡ ❛ ❞❡❣r❛❞❛r✱ ✐♥❞♦ à ③❡r♦ ♥♦s ❧✐♠✐t❡s ❡♠ q✉❡ n̄ é

♠✉✐t♦ ♣❡q✉❡♥♦ ✭✈á❝✉♦✮ ♦✉ ♠✉✐t♦ ❣r❛♥❞❡ ❝♦♠♣❛r❛❞♦ ❛♦ ♦✉tr♦ ♠♦❞♦✳

✹✻



❆♣ê♥❞✐❝❡

◆❡st❡ ❛♣ê♥❞✐❝❡ ❞❡❞✉③✐♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞♦ ♠♦❞❡❧♦ ❘❛♠❛♥ ❛❝♦♣❧❛❞♦ ❡♠♣r❡✲

❣❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ❡❧✐♠✐♥❛çã♦ ❛❞✐❛❜át✐❝❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s t❡r♠♦s ❞❡ ✏❙t❛r❦ s❤✐❢t✑✱ ❛♦ ❝♦♥✲

trár✐♦ ❞❡ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❡❧♦s ❛✉t♦r❡s ♥❛ r❡❢❡rê♥❝✐❛ ❬✻❪✳ P❛ss❡♠♦s ❡♥tã♦ ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦

❞❡ ❍❡✐s❡♥❜❡r❣✱ ♥❛ q✉❛❧ ✉♠ ♦♣❡r❛❞♦r ❣❡♥ér✐❝♦ ❞❡♥♦t❛❞♦ ♣♦r Xt t❡♠ ❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦

❞♦s ♦♣❡r❛❞♦r❡s ✉s✉❛✐s✶

Xt (t) = eiHtXe−iHt, ✭✶✮

s❡♥❞♦ H ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞❛❞♦ ♣❡❧❛s ❡qs✳ ✭✸✳✷✮ ✱✭✸✳✸✮ ❡ ❝♦♠ ~ = 1 ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✳ ❆

❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦s ♦♣❡r❛❞♦r❡s ♥❡ss❛ ❞❡s❝r✐çã♦ ♣♦ss✉✐ ❛ ❢♦r♠❛

Ẋt = i [H,Xt] , ✭✷✮

♦♥❞❡ ♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❡♥✈♦❧✈❡ ♦ ❝♦♠✉t❛❞♦r ❡♥tr❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❡ ♦ ♦♣❡r❛❞♦r ❡ ♦

♣♦♥t♦ s✐❣♥✐✜❝❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧✳ ❆♣ós ♦❜t❡r ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❡ s✉❜st✐t✉✐r ❛s

❞❡✜♥✐çõ❡s

(ãj)t = exp (iωjt) (aj)t ,

(σ̃3j)t = exp [i (Ej − E3) t] (σ3j)t , j = 1, 2 ✭✸✮

(σ̃21)t = exp [i (E1 − E2) t] (σ21)t ,

r❡s✉❧t❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❛❝♦♣❧❛❞❛s

i
( .

ãj

)
t
= gj exp (−i∆t)

(
.

σ̃
†
3j

)

t

, j = 1, 2 ✭✹✮

✶✐st♦ é✱ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✳

✹✼



i (
.
σ11)t = −g1 exp (i∆t) (ã1)t (σ̃31)t + g1 exp (−i∆t)

(
σ̃†
31

)
t

(
ã†1

)
t
, ✭✺✮

i (
.
σ22)t = −g2 exp (i∆t) (ã2)t (σ̃32)t + g2 exp (−i∆t)

(
σ̃†
32

)
t

(
ã†2

)
t
, ✭✻✮

i (
.
σ33)t = g1 exp (i∆t) (ã1)t (σ̃31)t + g2 exp (i∆t) (ã2)t (σ̃32)t − h.c., ✭✼✮

i
( .

σ̃21

)
t
= g1 exp (−i∆t)

(
σ̃†
32

)
t

(
ã†1

)
t
− g2 exp (i∆t) (ã2)t (σ̃31)t , ✭✽✮

i
( .

σ̃31

)
t
= exp (−i∆t)

{
g1 [(σ33)t − (σ11)t]

(
ã†1

)
t
− g2 (σ̃21)t

(
ã†2

)
t

}
, ✭✾✮

i
( .

σ̃32

)
t
= exp (−i∆t)

{
g2 [(σ33)t − (σ22)t]

(
ã†2

)
t
− g1

(
σ̃†
21

)
t

(
ã†1

)
t

}
. ✭✶✵✮

❆❣♦r❛✱ ❡❧✐♠✐♥❛♠♦s ❛❞✐❛❜❛t✐❝❛♠❡♥t❡ ❬✸✺❪ ♦ ❡st❛❞♦ ✐♥t❡r♠❡❞✐ár✐♦ |3〉 ✐♥t❡❣r❛♥❞♦ ❛s ❡q✉❛çõ❡s

✭✾✮ ❡ ✭✶✵✮✳ ❙✉♣♦♥❞♦ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ✈❛r✐❡♠ ❧❡♥t❛♠❡♥t❡ ❡♠ ❝♦♠♣❛r❛çã♦ às ❢r❡q✉ê♥❝✐❛s

ó♣t✐❝❛s✱ t❡♠♦s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠

(σ̃31)t
∼= exp (−i∆t)

∆

{
g1 [(σ33)t − (σ11)t]

(
ã†1

)
t
− g2 (σ̃21)t

(
ã†2

)
t

}
, ✭✶✶✮

(σ̃32)t
∼= exp (−i∆t)

∆

{
g2 [(σ33)t − (σ22)t]

(
ã†2

)
t
− g1

(
σ̃†
21

)
t

(
ã†1

)
t

}
. ✭✶✷✮

◗✉❛♥❞♦ ❧❡✈❛♠♦s ❛s ❡qs✳ ✭✶✶✮ ❡ ✭✶✷✮ ♥♦ ❝♦♥❥✉♥t♦ ✭✹✮✲✭✶✵✮ ❛s ❡qs✳ s❡ r❡❞✉③❡♠ ❛

i (
.
a1)t

∼= ω1 (a1)t +
g21
∆

[(σ33)t − (σ11)t] (a1)t −
g1g2
∆

(a2)t

(
σ†
21

)
t
, ✭✶✸✮

i (
.
a2)t

∼= ω2 (a2)t +
g22
∆

[(σ33)t − (σ22)t] (a2)t −
g1g2
∆

(a1)t

(
σ†
12

)
t
, ✭✶✹✮

i (
.
σ11)t

∼= g1g2
∆

[
(a1)t

(
a†2

)
t
(σ21)t −

(
a†1

)
t
(a2)t (σ12)t

]
, ✭✶✺✮

i (
.
σ22)t

∼= g1g2
∆

[(
a†1

)
t
(a2)t (σ12)t − (a1)t

(
a†2

)
t
(σ21)t

]
, ✭✶✻✮

(
.
σ33)t

∼= 0, ✭✶✼✮
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i (
.
σ21)t

∼= (E1 − E2) (σ21)t +
g1g2
∆

(
a†1

)
t
(a2)t [(σ11)t − (σ22)t] +

−g
2
1

∆

(
a†1

)
t
(a1)t (σ21)t +

g22
∆

(
a†2

)
t
(a2)t (σ21)t , ✭✶✽✮

❛s q✉❛✐s sã♦ ❞❡ ❢❛t♦ ❛s ❡q✉❛çõ❡s ❞❡ ❍❡✐s❡♥❜❡r❣ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s a1, a2, σ11, σ22, σ33, σ21
❞❡s❞❡ q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ s❡❥❛

H ′ = σ11

[
E1 −

g21
∆
a†1a1

]
+ σ22

[
E2 −

g22
∆
a†2a2

]
+

+ω1a
†
1a1 + ω2a

†
2a2 ✭✶✾✮

−g1g2
∆

(
σ21a1a

†
2 + σ12a

†
1a2

)
,

✐♠❡❞✐❛t❛♠❡♥t❡ r❡❝♦♥❤❡❝✐❞♦ ✭❛ ♠❡♥♦s ❞♦ ~✮ ❝♦♠♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✶✶✮ ❡♥❝♦♥tr❛❞♦ ✈✐❛ tr❛♥s✲

❢♦r♠❛çã♦ ✉♥✐tár✐❛✳

✹✾



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❈✳ ❈✳ ●❊❘❘❨ ❡ P✳ ▲✳ ❑◆■●❍❚✱ ■♥tr♦❞✉❝t♦r② q✉❛♥t✉♠ ♦♣t✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②

Pr❡ss✱ ✭✷✵✵✺✮✳

❬✷❪ ❊s❝♦❧❛ ❞❡ ✈❡rã♦ ✏❏♦r❣❡ ❆♥❞ré ❙✇✐❡❝❛✑✿ Ó♣t✐❝❛ q✉â♥t✐❝❛ ❡ Ó♣t✐❝❛ ♥ã♦✲❧✐♥❡❛r✱ ❈❛♠♣✐♥❛s✲

❙P✱ ✭✶✾✾✹✮✳

❬✸❪ ❊✳ ❙❈❍❘Ö❉■◆●❊❘✱ ❉❡r st❡t✐❣❡ Ü❜❡r❣❛♥❣ ✈♦♥ ❞❡r ▼✐❦r♦✲③✉r ▼❛❦r♦♠❡❝❤❛♥✐❦✱ ◆❛t✉r✲

✇✐ss❡♥s❝❤❛❢t❡♥✱ ✶✹✱ ✻✻✹✱ ✭✶✾✷✻✮✳

❬✹❪ ❘✳ ❏✳ ●▲❆❯❇❊❘✱ ❈♦❤❡r❡♥t ❛♥❞ ✐♥❝♦❤❡r❡♥t st❛t❡s ♦❢ t❤❡ r❛❞✐❛t✐♦♥ ✜❡❧❞✱ P❤②s✳ ❘❡✈✳✱ ✶✸✶✱

✷✼✻✻✱ ✭✶✾✻✸✮✳

❬✺❪ ❇✳ ❲✳ ❙❍❖❘❊ ❡ P✳ ▲✳ ❑◆■●❍❚✱ ❚♦♣✐❝❛❧ ❘❡✈✐❡✇✿ ❚❤❡ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ♠♦❞❡❧✱ ❏✳ ▼♦❞✳

❖♣t✳✱ ✹✵✱ ✶✶✾✺ ✭✶✾✾✸✮✳

❬✻❪ ❈✳ ❈✳ ●❊❘❘❨ ❡ ❏✳ ❍✳ ❊❇❊❘▲❨✱ ❉②♥❛♠✐❝s ♦❢ ❛ ❘❛♠❛♥ ❝♦✉♣❧❡❞ ♠♦❞❡❧ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤

t✇♦ q✉❛♥t✐③❡❞ ❝❛✈✐t② ✜❡❧❞s✱ P❤②s✳ ❘❡✈✳ ❆✱ ✹✷✱ ✻✽✵✺ ✭✶✾✾✵✮✳

❬✼❪ ▼✳ ❆▲❊❳❆◆■❆◆ ❡ ❙✳ ❑✳ ❇❖❙❊✱ ❯♥✐t❛r② tr❛♥❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ t❤r❡❡✲❧❡✈❡❧

❛t♦♠ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ t✇♦ q✉❛♥t✐③❡❞ ✜❡❧❞ ♠♦❞❡s✱ P❤②s✳ ❘❡✈✳ ❆✱ ✺✷✱ ✷✷✶✽ ✭✶✾✾✺✮✳

❬✽❪ ❨✳ ❲❯✱ ❊✛❡❝t✐✈❡ ❘❛♠❛♥ t❤❡♦r② ❢♦r ❛ t❤r❡❡✲❧❡✈❡❧ ❛t♦♠ ✐♥ t❤❡ Λ ❝♦♥✜❣✉r❛t✐♦♥✱ P❤②s✳ ❘❡✈✳

❆✱ ✺✹✱ ✶✺✽✻ ✭✶✾✾✻✮✳

❬✾❪ ❲✳ ❑✳ ▲❆■✱ ❱✳ ❇❯❩❊❑ ❡ P✳ ▲✳ ❑◆■●❍❚✱ ❉②♥❛♠✐❝s ♦❢ ❛ t❤r❡❡✲❧❡✈❡❧ ❛t♦♠ ✐♥ ❛ t✇♦✲♠♦❞❡
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