[N

— 8
oV

UNICAMP

Universidade Estadual de Campinas
Instituto de Fisica “Gleb Wataghin”

David Quispe Aruquipa

An analogue model of gravity based on a radial
fluid flow: the case of AdS and its deformations

Um modelo andlogo a gravitacdo baseado em um fluxo radial: o caso do
espaco-tempo AdS e suas deformacdes

Campinas
2017



David Quispe Aruquipa

An analogue model of gravity based on a radial fluid
flow: the case of AdS and its deformations

Um modelo andlogo a gravitacdo baseado em um fluxo radial: o caso do
espaco-tempo AdS e suas deformacdes

Dissertation presented to the "Gleb Wataghin"
Institute of Physics of the State University of
Campinas in partial fulfilment of the requirements
to obtain the degree of Master in Physics.

Dissertacdo apresentada ao Instituto de Fisica
“Gleb Wataghin” da Universidade Estadual de
Campinas como parte dos requisitos para obtencao
do titulo de Mestre em Fisica.

Universidade Estadual de Campinas

Instituto de Fisica “Gleb Wataghin”

Supervisor: Prof. Dr. Ricardo Antonio Mosna

Co-supervisor: Prof. Dr. Marcio José Menon

ESTE EXEMPLAR CORRESPONDE A VERSAO
FINAL DA DISSERTACAO DEFENDIDA PELO
ALUNO DAVID QUISPE ARUQUIPA E ORIEN-
TADA PELO PROF. DR. RICARDO ANTONIO
MOSNA.

Campinas

2017



Agéncia(s) de fomento e n°(s) de processo(s): CAPES, 1490213/2015

Ficha catalografica
Universidade Estadual de Campinas
Biblioteca do Instituto de Fisica Gleb Wataghin
Lucimeire de Oliveira Silva da Rocha - CRB 8/9174

Aruquipa, David Quispe, 1989-
Ar85a An analogue model of gravity based on a radial fluid flow : the case of AdS
and its deformations / David Quispe Aruquipa. — Campinas, SP : [s.n.], 2017.

Orientador: Ricardo Antonio Mosna.

Coorientador: Marcio José Menon.

Dissertacéo (mestrado) — Universidade Estadual de Campinas, Instituto de
Fisica Gleb Wataghin.

1. Modelos analogos. 2. Relatividade geral (Fisica). 3. Mecanica dos
fluidos. I. Mosna, Ricardo Antonio,1974-. Il. Menon, Marcio José,1952-. Ill.
Universidade Estadual de Campinas. Instituto de Fisica Gleb Wataghin. IV.
Titulo.

Informacdes para Biblioteca Digital

Titulo em outro idioma: Um modelo analogo a gravitagdo baseado em um fluxo radial : o
caso do espaco-tempo AdS e suas deformacdes
Palavras-chave em inglés:

Analogue models

General relativity (Physics)

Fluid mechanics

Area de concentracéo: Fisica

Titulacao: Mestre em Fisica

Banca examinadora:

Ricardo Antonio Mosna [Orientador]

Vilson Tonin Zanchin

Pedro Cunha de Holanda

Data de defesa: 14-03-2017

Programa de P6s-Graduacao: Fisica



e AW
ﬁ* FGW %

it fio de Fiskce Glati Wiaghis UNICAMBE

MEMBROS DA COMISSAO JULGADORA DA DISSERTACAO DE MESTRADO DE
DAVID QUISPE ARUQUIPA - RA 163060 APRESENTADA E APROVADA AO
INSTITUTO DE FiSICA “GLEB WATAGHIN”, DA UNIVERSIDADE ESTADUAL DE
CAMPINAS, EM 14/03/2017.

COMISSAO JULGADORA:

- Prof. Dr. Ricardo Antonio Mosna — Orientador — DMA/IMECC/UNICAMP
- Prof. Dr. Vilson Tonin Zanchin — CCNH/UFABC
- Prof. Dr. Pedro Cunha de Holanda — DRCC/IFGW/UNICAMP

OBS.: Informo que as assinaturas dos respectivos professores membros da banca
constam na ata de defesa ja juntada no processo vida académica do aluno.

CAMPINAS
2017



Para mi madre, Catalina.



Acknowledgements

I would first like to thank my thesis advisor Prof. Ricardo Mosna of the Institute
of Mathematics, Statistics and Computer Science (IMECC) at UNICAMP for guiding
me and helping me to conclude this project. Next, I would like to thank the people who
also contributed with this project somehow and they are: Prof. Joao P. Pitelli, Guillermo

Gambini and Junior Quispe.

I must express my very profound gratitude to my mother for providing me with
unfailing support and continuous encouragement throughout my years of study. This

accomplishment would not have been possible without you. Thank you.

Finally, I would like to thank Coordenacao de Aperfeicoamento de Pessoal de Nivel
Superior (CAPES) for the financial support.



“Imagination is more important than knowledge. Knowledge s limited. Imagination
encircles the world.”
A. Einstein



Abstract

Analogue models are a useful tool when one wants to understand or probe
phenomena in one physical system in terms of concepts from another, which may
be more familiar or more easily accessed by experiments. This work explores this
framework in the context of analogue models of gravity based on fluid dynamics.
Particularly, we are interested in providing an analogue model for a radial fluid flow
with a point source/sink at the origin.

We start by considering the case where the (radial) flow velocity is constant.
The resulting analogue model is then the Anti-de Sitter spacetime (AdS) which is
known to be non-globally hyperbolic. As a result, the dynamics of fields in this back-
ground is not well defined until extra boundary conditions at its spatial boundary
are prescribed. The fluid dynamics counterpart of these extra boundary conditions
provide an effective description of the point source/sink at the origin.

After that, we consider regularizations of this model near the source/sink
at the origin. We then impose conditions on them in order that the dynamics is
well defined so that no extra boundary conditions are required. We calculate how
physical quantities, like the phase difference between ingoing and outgoing scattered
waves are affected by the regularizations. These results are then compared with the
AdS case to understand the main implications of the regularization, which has the
effect of deforming the AdS space near its spatial infinity. We also show that, under
certain conditions, the phase difference obtained for these deformed AdS spaces
agrees with that obtained in the AdS case.

Key-words: Analogue models. General Relativity. Fluid dynamics.



Resumo

Os modelos andlogos sdo uma ferramenta muito 1til quando se quer entender
ou testar fendmenos de um sistema fisico em termos e conceitos de outro, que podem
ser mais familiares ou mais facilmente reproduziveis por experimentos. Este trabalho
explora esta questdo no contexto de modelos analogos a gravitagdo baseados na
mecénica dos fluidos. Particularmente, estamos interessados em fornecer um modelo
andlogo para um fluxo radial com uma fonte/sorvedouro na origem.

Comegamos por considerar o caso em que a velocidade do fluxo (radial) é
constante. O modelo anédlogo resultante é entdo o espago-tempo Anti-de Sitter (ou
AdS) que é conhecido por ser nao-globalmente hiperbdlico. Como resultado, a diné-
mica dos campos neste contexto nao estd bem definida até que sejam estabelecidas
condigbes adicionais na fronteira no infinito espacial do espago—tempo AdS. A con-
trapartida destas condigbes de fronteira extras na mecénica dos fluidos proporciona
uma descricao efetiva da fonte/sorvedouro que estd na origem.

Depois disso, nés consideramos regularizacées para o modelo analogo perto
da fonte/sorvedouro na origem. Logo, impomos condigoes sobre eles, a fim de que a
dindmica esteja bem definida de modo que nao sejam mais necessarias as condicdes
na fronteira. Calculamos como as quantidades fisicas, como a diferenca de fase entre
as ondas que entram e saem, sdo afetadas pelas regularizagoes. Estes resultados sdo
entdo comparados com o caso AdS para compreender as principais implica¢des do
processo de regularizagao, que tem o efeito de deformar a regiao perto do infinito
espacial do AdS. Mostramos também que, sob certas condigoes, a diferenca de fase
obtida para esses espacos deformados do AdS coincide com a obtida no caso do
espago—tempo AdS.

Palavras-chaves: Modelos andlogos. Relatividade Geral. Mecéanica dos fluidos.



Figure 1

Figure 2
Figure 3

Figure 4

Figure 5

Figure 6

Figure 7

Figure 8

Figure 9

List of Figures

Fluid flow with constant subsonic velocity, |a| < 1. ¢ is the speed of
sound. ...
The AdS, space embedded in a Minkowski-like spacetime M2, . . . . .
Phase difference between ingoing and outgoing waves according to (4.21)
for the case v(p) =ac. . . . .
Arbitrary smooth transitions near the origin for the fluid flow to regu-
larize v(p). . . . .
Solutions of spatial part of the wave equation (4.23). The plot corre-
sponds to the case n = 1, but its behavior at x = 0 is similar for any
other valueof m. . . . . . . . ...
Fluid flow according to equation (4.30) for different values of n.
Numerical solution of sound waves moving along the fluid flow shown
in (4.30), herem=10and a=1/2.. . . . ... ... ... ... ...
Phase difference between ingoing and outgoing scattered waves as a
function of m. As can be seen, there is a periodic behavior which not
appears for the case v(p) =ac. . . . . ... o
Plot of v(z) = actanh z, this case solves the wave equation analyt-
ically. Near the origin, this can also be approximated by acx which

corresponds to the case n = 1 in the Frobenius solution (z < 1). . . . .

Figure 10 —Phase difference § = arg(£/n)between ingoing and outgoing waves, here

¢ and n are given by (4.47). . . . ... L

Figure 11 —§(m) obtained by two different methods, m < 1.. . . . . . ... .. ..

Figure 12 —Some region of volume V' inside a fluid flow. There is a force per unit

area T (called shear stress) acting on a surface element d.S of OV,

61



Contents

1 Fluiddynamics . . . . . . . . . . . i i e e e e 13
1.1 Imntroduction . . . . . . . . . 13

1.2 Mathematical aspects of ideal fluids . . . . . .. ... ... ... ... ... 13
1.3  Energy and momentum flux . . . . .. ... .o 0oL 16
1.4 Velocity gradient . . . . . . . . ... L 17
1.5 Lagrangian formulation for ideal fluids . . . . . . ... ... ... .. ... 19
1.5.1 Incompressible fluid case . . . . . . .. .. ... L. 19

2 Analogue models of gravity . . . ... .. ... ... .. . ... ... 21
2.1 Introduction . . . . . . . ... 21

2.2 Analogue models in physics . . . . . .. ... 21
2.3 Analogue models in optics . . . . . .. .. 22
2.4 Analogue models in acoustics . . . . . .. ... L 23
24.1 Classical regime . . . . . . . .. . L 24

2.4.2  Relativistic regime . . . . . ... Lo 24

2.5 Bose-Einstein condensates in analogue models . . . . . . ... ... 25
2.6 Surface waves . . . .. .. 26
2.7 Slow light in fluids . . . . . . . .. .. . 26

3 Analogue models in fluid dynamics . . . . ... ... .. ... ... ... 28
3.1 Introduction . . . . . . . . ... 28

3.2 Effective field theory of ideal fluid . . . . . . .. ... .. ... ... ... 28
3.3 Perturbations of the fluid flow and the Unruh’s metric . . . . . .. .. .. 29
3.4 Some properties of the acoustic metric . . . . . ... ..o 32
3.5 Killing vectors and the acoustic metric . . . . . . . .. .. ... 32
3.6 Conservation laws in acoustics . . . . . . . . ... 34

4 Analogue Model for Radial Flow . . . . ... ... .............. 38
4.1 Introduction . . . . . . . .. 38

4.2 Wave equation for sound waves . . . . . .. ... L. 38
4.3 The Anti-de Sitter spacetime . . . . . . . . .. ... ... ... ... 40
4.4  The extra condition problem in the analogue model . . . . . . . . ... .. 42
4.5 Regularization of v(p) . . . . . ... Lo 44
4.5.1 Solutions to wave equation near the origin . . . . .. .. ... ... 45

4.5.2 Finite energy condition . . . . . . .. ..o L oo oL 46

4.6 Global solution to the wave equation . . . . ... ... ... ........ 47



4.6.1 Numerical solution . . . . . . . . . . . 48

4.6.2 An analytic solution . . . . . ... ... oL 51
5 Conclusions . . . . . . . . L e e e e e e e e e e e e 56
Bibliography . . . . . . . . . e e e e 57
APPENDIX A Viscosityinfluids . ... ..................... 61

APPENDIX B An approximation for computing the energy for sound waves

neartheorigin . . . . . .. .. ... ... . e 63



13

1 Fluid dynamics

1.1 Introduction

In this chapter we present the basic aspects and equations which govern all phe-
nomena of fluids within the classical limit. This review contains some considerations which
will be necessary in order to derive hydrodynamic analogue models of gravity. We begin
our description of fluids by reviewing the physical ideas that are needed to understand
the general behavior of fluids. First, we can represent a fluid as a set of “fluid particles”
[1]. These are to be considered as a mathematical idealization of an entity with a suffi-
ciently large amount of fluid particles so that a classical (i.e, non-quantum) description
of this object is valid. The atoms inside a fluid particle do not have to be same as time
evolves, but the exchange of atoms between fluid particles should not drastically change
the number of atoms inside them. The last requirement we make is that the size of these
fluid particles is very small compared with the length scale of the system (the fluid flow),

so that they can be assigned particle-like characteristics.

Mathematically, a fluid can be characterized by three main quantities: its density p
which tells how the fluid mass is distributed over the fluid, the velocity v of fluid particles,
and the pressure p. All these quantities are defined at position 7 and at time t. When

they are known or given, the state of the fluid is entirely determined.

In order to find p, ¥ and p, we need five (scalar) equations to relate them. As we
mentioned before, we restrict ourselves to classical physics so that those equations can
be derived from Newton laws (or more generally by using the principle of least action).
After that, such equations are identified as the continuity equation, the Navier—Stokes
equations and an additional equation which comes from thermodynamics (a constitutive

relation).

With respect to the energy of the fluid, in fluid dynamics we can also have conser-
vative and non-conservative systems. The case of non-conservative fluids are well described
in terms of another quantity, the viscosity. We are interested here in fluids with zero vis-
cosity and this kind of fluids are said to be ideal. We describe this case in more detail in

what follows.

1.2 Mathematical aspects of ideal fluids

Although there are no ideal fluids in nature, within certain regimes and conditions

a real fluid can be considered ideal and this is often useful for simplifying its description
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or approximating its behavior.

To proceed with the derivation of the fundamental equations for ideal fluids, we
first need to consider some conservation principles. To do that, consider some volume V'

within the fluid. Given the mass density p, the total mass in this volume is

/V pdV.

The mass of fluid which passes through an element dS of surface OV is pv - d§, where
the module of dS is dS and its direction is pointing along the normal direction of OV

Consequently, the total mass per unit time is

% puU - ds.
oV
This mass flow changes the total mass in V' at the rate
0
- dV.
ot /v g
Equating the last two expressions and using the divergence theorem, we get the continuity
equation [1]
Jdp =
— + V- (pv) =0. 1.1
LT (o) (11)

The quantity pt is called the mass flux density and it is denoted by j In this way, equation

(1.1) has the same form as the conservation of charge, just as expected.

The continuity equation, as we said before, is one of the five equations needed to
describe a fluid. The next three equations come from considering the fluid particle as a

point particle and applying the Newton second law. This leads to

d . .
3 (pdV) = —¥VpdV' + fav. (1.2)

where p is the pressure and f is the external force density applied to the infinitesimal
fluid element. Considering p = p(7(t), t), and applying the chain rule on the left hand side
of equation (1.2) Euler equations arise
ov N
ot

(V)i = —/1)6p+;f. (1.3)

This equation was first obtained by Euler in 1755 [2].

To explore further the meaning of the above equation, let us recall the fact that
there is no heat transfer in the ideal fluid case. Because of that, the motion of the fluid is
adiabatic. From thermodynamics, this fact implies that the entropy must remain constant.
Denoting by s the entropy per unit mass, we get

ds
— =0. 1.4
P (1.4)
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When s = constant, the motion is said to be isentropic [1]. Once more, from thermody-

namics, the enthalpy H in terms of entropy and pressure is given by
dH =TdS + Vdp,

where p is the pressure and 7' the temperature of the system. Dividing this relation by

the mass contained in V', the above expression can be written in terms of s, p, and p as

follows: |
dh =Tds + —dp, (1.5)
p
where h is the specific enthalpy (enthalpy per unit mass). Relation (1.4) implies
. 1-
Vh =-Vp. (1.6)
p

This can be used to rewrite the Euler equations as
ov I - 1

a+(v-v)v=—w+;f. (1.7)

To simplify this expression, we can use the following relation which comes from

vector analysis:
V(a-b)=(a-V)b+(b-V)a+ax (Vxb)+b(Vxa).
Making @ = b= U, substituting into equation (1.7) and taking the curl then leads to

;ﬁxﬁzﬁx(ﬁxﬁxﬁ)—kﬁx(pf), (1.8)

which are the Euler equations expressed only in terms of ¥ and the external force f

Another interesting result arises when f /p comes from a potential. Then, we can
write f = —pﬁ(p, with ¢ a scalar field. Then, the above relation is expressed solely in
terms of the fluid flow velocity. Using the previous vector relation for (27 . ﬁ) U in equation
(1.7) then leads to

0 - N - /1,
&v+(va)xv——V(2v +g0+h). (1.9)
We identify the expression %02 + @+ h as the Bernoulli function and denote it by H. This

function plays and important role in the study of energy of fluid flows.

The continuity equation along with the Euler equations give us four of the five
needed equations to describe the fluid. The fifth equation is a constitutive relation which

generally comes from thermodynamics.
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1.3 Energy and momentum flux

To find the energy flux of a fluid, we consider once again a volume V' in the fluid

with no external forces acting upon it. The energy density is then given by
1 N
—pv” + u,
2p

where the first term represents the fluid kinetic energy and the second term its internal
energy. This internal energy can also be written in terms of the energy density per unit

mass ¢, i.e. u = pe. In this way, we can write energy flux as follows

5 (3w o) = 51 [o (52 )
ot 2PV TP T o vore

8,0( v +€>+ U - 817+ 0
ot PU ot TPt

To simplify this expression, we appeal to the continuity equation and the equations of

motion to obtain the derivatives % and ‘9” To calculate g‘;,

thermodynamics, which in terms of specific quantltles becomes

(1.10)

we use the first law of

1
deszerdep:dh—dp+pgdp:dh—d<p>.
p pp p

As a result, we get pe = ph — p and, therefore, p is given by

85 ap

— — — 1—»
h— G-Vh+7-Vp=—(h—¢)— 17-<Vh—Vp>,
Por =g (e (h—e)—p )

where we used the equation (1.5). We realize that the second term will vanish for ideal

fluids leaving

de. _ 0Op
h—
Por = a9
Putting all together, the energy flux then becomes
0 /1 op (1, ov
=—|= h U —.
i (o7 o) = (37 ) e

We need one last step to give the final expression for the energy flux. Obtaining the time
derivatives of the density and the velocity flow from the continuity equation and Euler

equations, we write the energy flux as

gt <1pv +p€> =-V- {pﬁ (;UZ +h)] : (1.11)

To understand the physical meaning of this equation, we integrate it over the

volume V/, i.e.,

0 1 B - 1 B 1
&/\/(2'01} +p€>dV——/VV-[pv<zv +h)]dV——72va<2v +h) dS
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where the divergence theorem was used. The right hand side of the last expression can be
interpreted as the amount of energy flowing throughout 0V. On the other hand, the left
hand side, as mentioned before, is the energy rate that passes throughout V' per unit of

time. The quantity pv (%pvQ + h) is called the energy flux density vector.

We can also identify a momentum flux (similar to the energy flux) in the fluid. To
derive its mathematical expression, we first write the Euler equations in a simpler way
using index notation. We denote a vector A as A;, where 7 represents the ith component
of A. Equations (1.3) then take the form

1
Opv; + (VkOk)v; = - iD,

8‘; — 0; and % — 0y, and the

convention of summation over repeated indices was considered. After this, Euler equations

where, for simplicity, the derivatives were written as

can be written as
(?t(pvi) = —8kHik, (112)

where 1I;; is called the momentum fluz density tensor, and is given by

where 0;; is the Kronecker delta.

Similarly to the energy flux, we can obtain the physical meaning of II;; by inte-

grating the above expression over a volume V| i.e.,

a/ idvz—/a-m»dvz—f 1,.dS..
t va 1% J J oV J J

In contrast to the energy flux, we realize that there is a second rank tensor related to this
flux. Physically, I1;; represents the momentum flux through a perpendicular surface to the
xj-axis per unit time. To sum up, we realize that the momentum flux is represented by a
second rank tensor and the energy flux by a vector (or first rank tensor). This notation and
expressions are useful when one needs to generalize the basic ideas we developed about
fluids. Moreover, these two quantities play an important role in the covariant formulation

of fluid dynamics.

1.4 Velocity gradient

Since fluids do not have a definite shape, concepts like deformation or rotation
have interesting implications. Consider once again a fluid flow with velocity v; and some
point X; in the fluid. The way how v; changes near this point gives rise to the concept of

velocity gradient. Consider a series expansion near X; of v;:

vi(;) = vi(X;) + jvidx; + O(6x7),
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where dz; = x; — X;. The constant term v;(X;) could be identified with the velocity of
a rigid translation of a fluid particle. The velocity gradient is the quantity defining the
second term, O;v;. To obtain a physical interpretation for it, the velocity gradient can be

split into symmetric and antisymmetric part, i.e.,
1 1
(91'1)]‘ = 5 (aﬂ)j + 8jvi) + 5 ((%Uj — aj?]i) .
Let .
Dij = 5 <8Z'Uj -+ @-vi)
and .
Qij = 5 (Oiv; = Ojvi)
be the symmetric and antisymmetric part of the velocity gradient respectively. Consider
the distance s between X; and z;,
s? = dx;01;.

The rate of change of this distance with time is

dt 7 dt

where in the last equality we used the fact that the contraction between symmetric

(0z;0x;) and antisymmetric (£2;;) tensors vanish.

As dz; is arbitrary, D;; then encodes the variation in the distance between fluid
particles. Physically it is interpreted as a deformation on the fluid. The symmetric part

of velocity gradient (D;;) is usually called deformation tensor.

For the antisymmetric part, we note that for any cyclic indexes ¢, j, k the quantity
€2;; is the kth component of a vector wy, = € (0;v; — 0;v;), and that d;v; — 0;v; in terms

of wy, is %eijkwk. Moreover, the contraction of w;; with dz; is
1
QZJCS.TZ = §€ijkwk5£(]i.

Now this term, in vector representation, reads
1
Q.07 = 5@ X 0. (1.14)
Note that in the left hand side of the above equation the dot does not mean scalar product,
since (2 is not a vector (it is a second rank tensor); this dot represents a contraction and
as result we get a cross product. We are all familiar with this expression in the context

of classical mechanics as it represents a rotation with angular velocity equals to %&

The vector @ is called the vorticity and, physically, it quantifies the local spinning
motion of the fluid at some point. Furthermore, by using equation (1.8), we easily find
the evolution equation for the vorticity. By means of a simple substitution, we get

%;zﬁx(axwwﬁx (ﬁ)
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or equivalently

05 . s N = |(Ff
atzvx(va)+V><(p). (1.15)
A fluid with zero vorticity (<J = 0) is called an irrotational flow or potential flow,
because zero vorticity implies V x ¥ = 0 and therefore @ can be obtained from a scalar

potential field ¥, i.e.,
7=VU. (1.16)

Substituting both ¥ and V x @ = 0 in equation (1.9), we obtain
ov

1,
— f— 1.1
5 + 21} +h=g(t), (1.17)

where ¢(t) is some function of ¢.In the case of a steady flow, ¥ is independent of ¢. This
reads %112 + h = constant, which physically means that this quantity will be constant

along a streamline.

When the density remains constant along the fluid and throughout its motion, the
fluid is said to be incompressible. In this case the continuity equation becomes V-7=0

and the equation of motion can be reduced to one single scalar equation, i.e.,

V20 = 0. (1.18)

1.5 Lagrangian formulation for ideal fluids

We now consider a Lagrangian formalism for fluid dynamics. Sometimes this per-

spective allows us to simplify the process of solving the equation of motion for fluids.

1.5.1 Incompressible fluid case

We restrict ourselves to isentropic fluids, which are characterized by the relation
ﬁp = pﬁh. According to the variational principle, the equations of motion for incom-

pressible fluids can be derived from an action [3]
S = /Ldtl...dtN,

where L is the Lagrangian and ' are parameters that describe the evolution of the system.
In the presence of constrains, the Lagrangian must be modified accordingly. The complete
Lagrangian can then be written as L + 3, A\, F},, where F}, is a function that represents

the constraints and \,, are the Lagrange multipliers.

To construct the Lagrangian for fluids, let x; = z;(¢, a1, as, a3) be the coordinates
of a fluid particle. The equation of motion for a given fluid particle can be found by fixing
the values of aq, as, as. Then, the kinetic energy per unit mass is

1 0z; Ox;
20t ot

(1.19)
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where, once again we use the summation convention. The constraint imposed on the fluid,

according to [3], has to be
dm = pdxidradrs = daydasdas. (1.20)
This can be interpreted as the relation between point masses and fluid particles developed

in previous sections. For convenience, the constraint equation can also be written as

a(:13‘17 T2, $3) o 1

a<o{17 Q2, 063) p

The action is then given by

1
/ T + p a(xl’ b2, LS) - - dtdOéldOéQdOég,
8(061, Qg, 063) P

where p is the Lagrange multiplier of (1.20), which will become the pressure. Consequently,

the Euler-Lagrange equations become

Pz, d [0 doy;
x + D (x17$27x3) aj _ 0,
dt? dOéj 8(0(1, Ao, 063) dJZl
which can be reduced to ) 5

dt2 8(041, Qa, leg)
with 7, j, k cyclic.

To identify the Euler equations from this expression, it is necessary to rewrite it

as follows
d?z; N Op,xjxx)  ddz;  Op O(xy,a) N Op 0 (zj,xy) N dp 0(xj,x) 0
dtQ 8(041, 9, Oég) n dt dt 8041 8 (042, 063) 8042 (9 (Oég, Oél) 6043 8 (041, 042) o
Next, we replace % by v; and c‘% by %g—zj to obtain
dv; 1 0p
— =0 1.22
dt ~ pox; ’ (122)

which are the Euler equations since v; = v;(t, z,(1)).

Having a Lagrangian for the ideal fluid, it is straightforward to write down the
energy-momentum tensor and then explore symmetries to obtain conservation laws. This

will be developed in the following chapters.
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2 Analogue models of gravity

2.1 Introduction

The aim of this chapter is to review analogue models based on the theory of General
Relativity (GR) and to discuss the main concepts and uses of this topic. There are many
instances wherein analogue models of gravity arise as an effective method for describing
physical phenomena. For instance, analogue models play an important role in fluid dy-
namics, Bose-Einstein condensates and quantum field theory in curved space-times. Here
we focus our attention on those models that can be at least partially reproduced by fluid

flows.

Given that mathematics is the main language used for describing nature, it is not to
be unexpected that phenomena in different areas of physics have a similar (or equivalent)
theoretical description. Mathematically speaking, an analogue model can be thought of as
a framework wherein a set of tools developed in a given context is used to solve problems
in another background. This gives problems a new perspective once they are solved.
Analogue models are also useful when they are used to probe phenomena that cannot be
directly accessed by means of experiments. Perhaps the most popular example is the case
of phenomena associated with black holes [4] (for instance, the Hawking radiation) for
which analogue models based on classical fluids [5, 6, 7, 8] and condensates [9, 10, 11, 12]

are employed.

2.2 Analogue models in physics

The first analogue model in general relativity was developed by Gordon in 1923
[13] who presented an analogue space-time based on optics. People rapidly lost interest
in it and it took many years for it to be revisited. This happened with Unruh in 1981
with the article [5], where an analogue black hole model was developed. The model was
based on fluid dynamics and its aim was to emulate aspects of the physics of black holes.
In a supersonic fluid, something similar to an event horizon takes place, wherein acoustic
excitations are not able to escape a horizon. The associated phenomenon was therefore
referred to as a “dumb hole”. It was not until one decade later that such models became

dominant and that interesting topics about dumb holes started to be studied.

The main idea here is to model a physical system as a background which is rep-
resented by an effective metric. Then, excitations can be studied perturbatively as they

propagate on this background. These excitations can be broadly classified into rays and
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waves. Ray-like phenomena have as excitations particles/quasi-particles which propagate
along geodesics of the effective metric. On the other hand, to describe wave excitations we
need to derive a field equation which is compatible with that background. As we will show

later, in many cases this equation can be reduced to a massless Kein-Gordon equation,
1
——=0, (V—99""0,0) =0,
\/__g “( )
where g = det g, is the determinant of the effective metric. The scalar field ¢ represents

the excitation (which could be sound waves or quantum fields, for example).

Since particles have less structure than waves, analogue models within the ray-limit
are simpler. We therefore consider them first in the following sections, and we reserve the

discussion about the wave-limit to the next chapter.

2.3 Analogue models in optics

We start by defining the notation that we are going to use in what follows. The

Minkowski metric is represented by

(1o
M =17 i )

Greek indices run from 0 to 3 while latin from 1 to 3. The 4-velocity, denoted by u*, can
be written as

u" = 7 (Ciight, V) ,
where ¢jgnt is the speed of light (that will be set to 1 for simplicity), ¢'is the velocity of

~1/2
the medium, and v = (1 - vz/cﬁght) ”

Let n be the refractive index of the medium. The Gordon metric is then defined

as )
v = Mw + (1 - 712) Uy Uy . (2.1)

When the medium is at rest, this metric reduces to

—L1o0
L = n , 2.2
Iu ( 0 |0, ) (2.2)

1
ds? = —ﬁdtQ + da?. (2.3)

which yields

In the case of geometric optics the (light) rays move at light speed and, as such, they
satisfy ds? = 0. Therefore

1
—== 2.4
= (2.4)

which is a well-known relation from optics.

da?‘
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The effective metric (2.2) describes light-rays in a medium with refractive index
n. It is also possible to substitute 7, by an arbitrary non-flat spacetime with metric h,,,.
From the point of view of geometrical optics, we could then write the Gordon metric as

follows: .
Gy = 0? {hw + <1 — n2> uuuy} , (2.5)
where () is a conformal factor. This expression, with all parameters depending on space

and time is the more general form of the Gordon metric.

Interesting applications of (2.5) and other effective metrics appear in metamate-
rials (materials obtained artificially in a laboratory with properties not usually found in
Nature). These materials can be synthetically produced in a way that their corresponding

effective metric emulates interesting examples of “physical spacetimes”.

As an application of the metric (2.5), let us set the conformal factor 2 as the
refractive index of the medium ©Q = n(Z). When the physical metric is the Minkowski
spacetime and the medium is at rest (u, = (1,0) = d7), the Gordon metric then becomes

G =1 (T + 0560 — 3205, (2.6)

which leads to the following line element:

ds? = —dt? + n*dx;da’. (2.7)
From here, we can emulate different metrics by manipulating the refractive index n. For
instance, if the refractive index takes the form

n(r)

C1+r2/a?’

then the line element (in spherical coordinates) becomes
2
2 _ 2 "o 2 02902 1 22 cin 042
ds” = —dt +m (dT’ + r*df” + r*sin (9d¢ ) . (28)

This is the metric of the Einstein static universe [14]. This opens the possibility of studying
several interesting examples of media with varying refractive index in terms of effective

metrics (see, for instance, [15]).

2.4 Analogue models in acoustics

Similarly to optics, acoustics can be described from two perspectives: geometrical
acoustics and physical acoustics. Here we focus on the first case (geometrical acoustics);

the second case will be discussed in detail in the following chapters.

Within the realm of geometrical acoustics, we can consider two cases: the classical

and the relativistic regimes.
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2.4.1 Classical regime

Most of the phenomena observed in the laboratory rarely reach relativistic veloc-
ities. In fact, relativistic acoustics are only manifested in astrophysical and cosmological
situations. In this way, an analogue model for acoustics within the classical limit is enough
for many experiments in laboratory. Here we make two considerations. First, let ¢ be the
speed of sound measured by an observer moving with the fluid, and ¢ the fluid velocity
measured in the laboratory. Using the Galilean velocity addition law, the sound velocity
in the laboratory will be

dx

where 7 defines the direction of propagation of sound.

In the ray-limit, condition 72 = 1 allows one to write equation (2.9) as
(A7 — ¥dt)* = Adt?,
which can be rearranged to
— (2= o) df? — 20dt - 47’ + di® = 0. (2.10)

This expression shows that sound rays will travel along null geodesics of the effective

g = O —(02—7}2)‘—vj
g 8y ) (2.11)

dat = (dt, d7).

metric

Then, as expected
ds® = gudatdz” = 0.

We note that, by inverting [g,,], we obtain the following expression for g"”

1 -1 ‘ —vJ
W= 2.12
9 202 ( —ut | 250 — pigd ) ’ ( )

so that g..g™ = 0,,.

The metric defined above is called the acoustic metric or Unruh’s metric [16]. We
note that the conformal factor 2 present in the acoustic metric cannot be determined in
the geometrical acoustics limit. As we will see later, this is no longer the case when we

consider the physical acoustics limit.

2.4.2 Relativistic regime

The simplest way to obtain the general form for the acoustic metric is by noting

that it can also be written in a similar way to the Gordon metric. In order to do that we
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must make some sense of the“refractive index” in acoustics, by relating n and ¢ in a kind
of “Gordon metric” for fluid mechanics. After tedious algebra considering the relativistic
equations of motion for fluids, one can show that that n should be substituted by cjignt/c.

In this way, the Gordon metric for geometrical acoustics has the following expression [16]

2
G = 2 [h,w + (1 - f) uuuyl . (2.13)

Clight
Once again, the physical metric h,, is arbitrary but when h,, — 1,, and ¢ < cjgns, one

can show that the above expression reduces to (2.11).

The acoustic metrics (2.13) and (2.11), with © undetermined, is essentially all
that can be done within the geometrical acoustics limit. As mentioned before, in order
to determine {2 we must enter the physical acoustics realm. We will show later that the

conformal factor is important for the study of sound waves in the medium.

2.5 Bose-Einstein condensates in analogue models

Leaving classical systems aside, Bose-Einstein condensates (BECs) become rele-
vant when we want to illustrate some effective metrics in laboratory. BECs are relatively
accessible when it comes to their generation and manipulation. An interesting character-
istic about sound waves in BECs is that they have a very small speed compared with
the speed found in classical fluids. This fact facilitates, in principle, the production of
horizons and ergo-regions. The high degree of quantum coherence and low temperatures
of BECs show that they are also attractive to mimic aspects of semiclassical gravity such
as Hawking radiation and particle production (more details about this topic can be found
in [17, 18, 19]).

The derivation of an analogue model based on BECs starts by splitting the wave
function (of BEC) ¥ into a background part plus a fluctuation, i.e., ¥ = (V) +1. However,

1 by itself, will not behave like an excitation over a background. Since

—10/h 1 \I,
b=e e/f<2|q/|n_z|h| > (2.14)

(where 1 and £ are quantum fields) one can prove that £ satisfy the massless Klein Gordon
equation, i.e.,
1

=0 (vV=99"0,6) = 0.

The effective metric g, here is similar to (2.11), with the difference that , v and ¢ are
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now given by

02—
me’
7=V0/m,
2= “(Q)P_
m

where p = |¥|, m is the mass and x(a) is a characteristic parameter of BECs.

We refer the reader to [20] for additional information and references on analogue

models based on BECs.

2.6  Surface waves

Surface waves on interfaces have a complex theory. Their physical properties in
general have a strong dependence on the wave frequency. Some aspects of the theory may
be simplified by using analogue models wherein the effective metric has the frequency
as a parameter. The first works on this topic are [8, 21]. It is also possible to obtain a
description of surface waves within the geometrical limit, but some assumptions must be
made to that end. Once again, if the wavelength and period of the surface wave are small

compared to the system scale, we can successfully adopt the metric
ds® = Q7 |~ df* + (d — 5dt)’]

where cg, is the speed of surface waves and ¢ is the horizontal velocity of the surface. We
see that this metric is defined in a (2+1)-spacetime and that surface waves also travel along
null geodesics of that spacetime. Although the above expression for the effective metric
seems to be simple it might get increasingly complicated depending on the speed of surface
Waves Cgy. In the physical limit case (i.e., when one considers wave properties of surface
waves), the effective metric also contributes to wave properties through the conformal
factor €2. With those considerations and after algebraic procedures, the expressions for the
effective metric for surface waves are similar in form to those obtained for the acoustics
case. This implies that they will have many features in common such as horizons and

ergo-regions. Some experimental results about this topic can be found in [22, 23].

2.7 Slow light in fluids

The electromagnetically induced transparency (EIT) is a technique which allows
one to manipulate the refractive index of a medium to drastically reduce the speed of light.
With this, event horizons and ergo-regions (for the slowed light) are easier to reproduce.

Since the EIT technique is complicated, the theory to derive an analogue model for those
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cases is quite involved. However, in the end, the theory can be shown to yield the following

effective metric

= ( —( 0’/ | —ovy/c ) (2.15)
— Qi / gy ‘ 0ij — 40 [ Ry

where « is a characteristic parameter of the experiment. Some exciting results based on
this field are found in [24, 25, 26].

The cases presented in this chapter are, in our view, the most relevant/interesting
examples that can be developed by means of analogue models of gravity. The remain-
ing models can be derived (or extended) from these fundamental examples. To obtain

additional information about other analogue models we refer to the reader to [20].

As a last remark, we note that among the effective metrics we mentioned, the
acoustic metric is more popular than others because of its simplicity and applicability
to a wide variety of experiments in the laboratory. Since our focus are analogue models
based on fluids, we provide a more detailed characterization of the metric (2.11) in the

next chapter.
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3 Analogue models in fluid dynamics

3.1 Introduction

As discussed in the previous chapters, analogue models are useful in many areas
of physics. They give a simplified description of phenomena and also illustrate aspects of
general relativity in the laboratory. Since Unruh’s first publication on the subject, many

authors studied different kinds of analog models in different contexts.

The analogue models considered before follow a certain general pattern. This can
be summarized in a two-step procedure: (1) the equations which characterize the system’s
background are obtained and (2) small perturbations on the main quantities involved are
considered (depending on the physical system, sometimes additional conditions are needed
in order to obtain the effective metric). For instance, in the vicinity of a black hole, the
accretion disc is described using relativistic hydrodynamics and the analogue description
of this system is still made by means of an effective metric. In this case, this effective
metric incorporates the physical metric due to the black hole and an acoustic metric
similar to (2.13). A detailed study of this subject can be found in [27]. In the same way,
one could construct analogue models that describe a wide variety of systems of almost

any area of physics.

As mentioned before, to derive an analogue model in fluid dynamics, whether
relativistic or not, there are different perspectives that could be adopted. Depending on
how one would like to study a physical system, a given perspective will be more convenient
than another. The simple perspective given by the case of the geometrical acoustic limit
was already considered in the previous chapter. Now we consider the case of physical
acoustics, which incorporates the wave properties of the perturbations in the analogue
model. For convenience, we restrict ourselves to non-relativistic velocities for the fluid
flow. Different properties of the acoustic metric will be discussed below, such as horizons,
ergo-regions and singularities. We also clarify an ambiguous definition of energy that

appears in this context and that will be important for the next chapter.

3.2 Effective field theory of ideal fluid

In order to construct an analogue model for fluids, we will first obtain a description
of fluid dynamics from the effective field theory perspective. Consider an ideal isentropic
fluid. We once again denote the density by p and the velocity of the flow by 7. According

to Eckart’s variational principle [28], the Lagrangian density of a fluid flow with these
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characteristics may be written as
1 -
L= opi* —pe+ ¥ [Gop + V- (p1)] | (3.1)

where € = £(p) is the internal energy per unit mass, ¥ is the Lagrange multiplier associated

with the mass conservation constraint, and % — Jp. Variation of £ with respect to v yields

—

7=V, (3.2)

which implies that ¢'is in fact irrotational. The Lagrange multiplier ¥ turns out to be the

scalar potential associated with the velocity of the fluid.

In this way, the Lagrangian density in terms of ¥ is given by

| N
L=—p {aoqf +o (Vo) + e} . (3.3)
Variation of £ with respect to p then yields
1 /= N2 Ope
U+ — (VU — = A4
v + 5 (V) 5 (3.4)
where the third term on the left hand side is identified with the specific enthalpy h, i.e.,
Ope
h=—. 3.5
op (3.5)

Taking the gradient of the expression (3.4) and using standard thermodynamics
to relate the specific enthalpy to pressure, one arrives to the Euler equations
817 —d 1 —
— + (V- V)7 =—=Vp,
ot + ( ) P b
as expected. With the Lagrangian density already defined, the energy-momentum tensor
and the energy of the fluid may be obtained in a straightforward way, by usual field

theoretical procedures.

3.3 Perturbations of the fluid flow and the Unruh’s metric

The second step to derive an analogue model is to split the system in question into

two sectors: a background part and a perturbative part. Let us write

{ U =0+,

(3.6)
P = pPo + 0,

where Wy and p represent the background and ¢ and p are the perturbations. Before
substituting these quantities in equation (3.3), we need to expand the internal energy
pe(p) around py. A Taylor series expansion applied pe(p) leads to

1on| ,
pe = poc(po) + hlpo) + 5 5p|p0 0’ +0(d").
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To find h(py) we use equations (3.2) and (3.4). The derivative of h is obtained through
the relation dp = pdh. Writing

on _10p
dp  pdp’
and evaluating at p = pg gives
2
¢
R (po) = =, (3.7)
Po
where, for convenience, we define ¢ as
dp
2 _
Ch = — . 3.8

Substituting all these expressions (including the perturbed quantities) back into the La-

grangian density, and retaining terms up to second order, we get

1¢? 1 N - S
L Lo— oo = 50" = 5p0 (Vo) = oV, - Vo, (3.9)

where the term L, represents the Lagrangian of the background. The remaining terms

can be identified with the Lagrangian for the perturbative terms, i.e.,

2
leg o

1 e 2 o
oL = —an’lﬂ — igg - §p0 (vw> —QovU- V’l?b, (310)

where 7 = 7, = VU, Consequently, the equation of motion for p is
p o —
o=—"5 (000 +7- V). (3.11)
€

Substituting this back into the Lagrangian density yields

2

oL = —;po (W)2 + ;'Zg (9ot + 7+ V) (3.12)

In this form, the Lagrangian has only 1) as a parameter and its equation of motion becomes
O+ V- -U)= (0 V)=V (pVy) =0. 3.13
(0+ U)C%(0+U )1/) (PO ¢) (3.13)
After tedious algebra this equation can be written in matrix form,
—po/c? —pv;/c3 O
(0 0;) o/ 0 puif <y ) W) . (3.14)
—pvi/c5 podi; — povivi/cy i
This matrix representation suggests that we introduce the so-called metric density

-1 — s
Fv =2 ( I ) . (3.15)

2
Co —U; c()(sij — Ui'Uj

It then follows from equation (3.13) that

9, (F™ 8,1 = 0.
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Now we note that, if we make the identification

FH = \/=qg"”, (3.16)

then the equation of motion for ¢ becomes the wave equation in a curved space-time with
metric g,,, i.e.,
1
——0, (V/—99""0,0) = 0. (3.17)
\/__g “( )
To obtain the explicit form of g,,, we first need to compute g"”. Taking the determinant

of the metric density

4
v P 14+N)/2 | v -
] = =5 = ()1 g = ()P

)

where N represents the number of spatial dimensions, the acoustic metric g, reduces to

g = L (’J())_Nz‘l U | —u/d ) (3.18)
\Vanl'| Co —v;/c? ‘ i — v,/

Therefore, the acoustic metric takes the form

,oo>N21 —(@—0?) | —y;
(P , 3.19
g = (& ( — (319)

where, as usual, we took g, = [g’“’]_1 so that guag® = d;,. As a result, the line element

is given by

_2
ds® = (io) . = (8 = v?) df? — 2u;dtda’ + 6y;da’da?] (3.20)
0

As expected, this last result agrees with the one found in the geometrical acoustics limit.

Moreover, the conformal factor can now be unequivocally determined, ans is given by

0= (“’)Nll . (3.21)

Co

We note in passing that, until now, we only considered non-relativistic fluids. To
obtain a general form of the acoustic metric including the relativistic case, one could start
from the relativistic energy-momentum tensor and follow the above steps. As a result,
one would find that the acoustic metric is changed only by its conformal factor, which

becomes )

oc[ 1
co(po + po)

where n is the particle density and py now represents the energy density. In addition, the
new acoustic metric will reduce to (3.19) when py < pg and py =~ mn, where m is the
average mass. For the present work, we are only interested in non-relativistic fluids, so

the expression (3.21) for © will be enough.
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The exciting part of constructing an analogue model appears when the effective
metric (the acoustic metric in this case) is viewed as a “physical metric” of some space-
time model along with its symmetries, possible ergo-regions, etc. Here we briefly consider
the meaning and implications of these concepts. Some of those topics will be further

developed in the following sections.

3.4 Some properties of the acoustic metric

Let us point out some features of the acoustic metric discussed above:

e It is Lorentzian, i.e., it has signature (—, +, +, +).

e In general relativity, a (3 + 1) Lorentzian metric has 6 degrees of freedom but the
acoustic metric is only defined by three scalar quantities, py, W and ¢q. This implies
that it is not possible to reproduce all aspects of a generic physical metric obtained

from Einstein’s field equations by means of analogue models.

e There is a correspondence between “steady flow” and “static metric” in general

relativity.

e Similarly to general relativity, it is possible to define the 4-velocity and proper time

. o\
o= (2) g = [ £ (2)
Po Co \ Po

respectively. However, these are not as relevant concepts as in the theory of relativity.

as

This is because the relevant physical quantities here are the perturbations of the

system and these are represented by the quantities ¥ and p.

e Notice that the “real physical metric of the system” is the Euclidean (or Minkowski)
metric. However, everything happens as if the perturbations propagate as waves in

an effective metric described by g, .

e [t isimportant to emphasize that a physical metric obtained by solving the Einstein’s
field equations relates the mass distribution to the spacetime curvature. However,
the acoustic metric does not relate any physical quantity with the space geometry;

it appears here only as a mathematical tool.

3.5 Killing vectors and the acoustic metric

Other interesting concepts related to Lorentzian spacetimes are horizons and ergo-
surfaces. In the case of a physical system such as a spinning black hole, these regions play

an important role because they change the spacetime structure in a radical way. In this
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way, it is to be expected that in the case of the acoustic metric these regions should play

an important role.

We start by classifying a metric according to how it depends on the time coordi-
nate. A metric is said to be stationary, if there is a reference frame where the metric is

time independent, i.e.,
aogw/ = 0. (322)

Otherwise it is said to be non-stationary.

We know that invariance of a physical quantity under some coordinate change
often gives rise to a conservation law. Consider an infinitesimal coordinate transformation
o* = x* + ¢, Under this coordinate change the metric transforms to

/ /
1ot ’ 81‘“ 61‘”

g (@) = S a) R g () 4 g0+ g0 (3.23)

To evaluate the change in the metric we compute the numerical value of both ¢ (z)

and ¢"(z7) in the coordinates z7, i.e.,
g (27) = g (27 +£7) m g () + ¢ 0a” + 9" Dak (3.24)
Taylor expanding ¢** in terms of 7 then gives

w'v' 2°) &~ " (%) + uaaa vy ogve N o Uaa uv
g'r (a7) m g" (27) + g 0aE” + 9" 0al" — £700yg (3.25)
=g" + 09",

where 0" = gH*0,E" + ¢g"*0,&" — £70,9" . This can also be expressed in a covariant form
(using VHEY = g7 0,&" + gMT'Y £%) as

Sg" = VHEY + VVEH, (3.26)

Or, equivalently,
59#1/ - —fou - vugu' (327)

We note that the form of the metric will not change under infinitesimal trans-

formations if 6g"” = 0. If g,, does not depend on time, it does not change under the

transformation
{ totte, (3.28)
T — T,
ie., o' — zt 4 €dfy. Taking
&* =6, (3.29)

it is straightforward to check that this vector in any coordinate then satisfies

VHEY 4+ VVEF = 0. (3.30)
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In this way, we get d¢g"” = 0 as we expected.

Any vector & satisfying (3.30) is then called a Killing vector field. We see that
the symmetries of space are manifested mathematically by means of Killing vector fields.
Hence, the Killing vector shown in (3.29) encodes the time translation symmetry of the

acoustic metric.

Returning to stationary metrics, there is an additional classification to consider.
The metric can be “static” or “non-static”. Mathematically speaking, if there is a coordi-

nate transformation for which the metric assumes the form
ds? = (ﬁufu)_l dr* + gz‘jdlﬁide, (3.31)

where £# is a timelike Killing vector, then the metric is said to be static.

For the acoustic effective metric, we see that if it is possible to find a coordinate
transformation 2 4z
v - dx

dT = dt + 2
cg— v

(3.32)

then the acoustic metric is static.

Looking closely at equation (3.32), we note that the new time coordinate 7 mixes t
and 7. This leads to an important implication when we talk about conservation of energy
in this context. In fact, since energy is not a (Lorentz) scalar, conservation of energy in
one frame does not imply that it is conserved in all frames. We note, however, that in the
acoustic context not all frames of reference are (physically) equivalent: unlike in general

relativity, the laboratory reference is a preferred frame in this case.

The acoustic metric also allows us to define, just as in general relativity, the con-

cepts of ergo-regions and horizons. These are defined as follows:

e An ergo-region is formed when the timelike Killing vector £ becomes spacelike, and

this occurs when |7 > .

e Horizons are surfaces from where null geodesics cannot escape, i.e., for which |0, | =

Co.

3.6 Conservation laws in acoustics

Noether’s Theorem relates conservation laws to symmetries of the action. Here we

use this to derive conservation laws for sound waves.
Let us rewrite the Lagrangian density for sound waves as

2
)

L= —;po (Vo) + ;’;g (9ot + - Vo)
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where, for the sake of simplicity, the term § of the left hand side of (3.12) was dropped.

Rearranging this Lagrangian, we get

1
L=v=959" 0000, (3.33)

where ¢g"” is the contravariant acoustic metric and g = det g,,. As a result, the action

associated to this Lagrangian density is given by

5 = / ;g”yﬁuwﬁyw\/—_gd4x. (3.34)

This shows that the term .
59" 0,
is indeed the Lagrangian of a scalar field in curved space-time with zero potential energy.

A general expression for the action will depend on g, ¥, and 9,7, ie., S =
S g, , 0u1]. The principle of least action (65 = 0) then leads to

\ 58 58
58 = / de ( S+ 500+ 55500 (w) (3.35)

For convenience, we split the terms of the above equation as follows:

0 ) )
0SS = /d4x\/_<\/_555g#,,> /d4x\/_<\/1_5;z >+/d4x688¢ ”

Integrating by parts, using the divergence theorem, and imposing that §¢) vanishes on the

boundary, the third term will vanish. The second term vanishes by virtue of the equation

of motion for v, i.e., @ = 0. Therefore, the variation of the action reduces to

5S = / dizy/ =g ( \/_;i(s ) (3.36)

Now we explore the symmetries of the action. Consider an infinitesimal translation
. . / . . .
expressed as a coordinate transformation x# = x#* — €. From the previous discussion, the

metric g, changes from g, to g, + d¢,., where
0Gu = Ve, + Ve (3.37)

Substituting this back into equation (3.36) yields

/d4:1:\/_el, <¢2—_95(;i>:0’ (3.38)

2
/- 5gW

where we used the fact that

/d4x\/—_g(vuel,)

1 68 1 68 1 68
V,le,—— = (V6 ) — +¢V, | — .
. < Vo'l 5g,uu> ( g ) Vo' 5guu : (\/ -9 6g,uy>
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The second part of equation (3.38) leads to a first conservation laws. Defining

2 08

™ = —— , 3.39
V=9 5g;w ( )

which is called the pseudo energy-momentum tensor, it follows from (3.38) that
vV, = 0. (3.40)

This expression encodes local conservation of energy-momentum. Such statement is not
enough to obtain a global conservation law unless the spacetime has a Killing vector &*.
In that case it follows at once that if T"" is conserved, then the quantity T#"¢, is also
conserved, i.e.,

v, (T™¢,) =0. (3.41)

Moreover,
1

\/__ga# (vV=g1"¢,) =0. (3.42)
If we denote the 4-vector density /—gT* ¢, by O, the above expression reduces into
0,9" =0, (3.43)
And the following quantity is then conserved in time
/s Qtn,d’r, (3.44)
where n,, denotes the normal to S (which is a spacelike surface).

We now proceed to compute the conservation laws for sound waves. Equation

(3.34) represents the action of a scalar field for which the Lagrangian is given by

1
L=59"040.9.

Its corresponding canonical momentum is
"y oL
9(0u1))

The energy-momentum tensor for this Lagrangian can then be written as follows [29]

= Oy, (3.45)

T = o — g™ L, (3.46)

where g"” is the acoustic metric. Substituting 7# and L into this energy-momentum tensor

we get

TH = Jrepdeh — g (;gaﬁaawaﬂw) . (3.47)

In the case of the acoustic metric, the Killing vector associated to the conservation

of energy was (3.29). Thus

2
0" = =G g5 = 0T gy, (3.43)
0
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Substituting the expression for T* we get

Q" = 3 (F0)" + 5% (0w~ 372 (7). (3.49)

_200

and we identify this as the energy density of sound waves. Thus
E= / Q°d%z (3.50)

is conserved and
1 .
E= /[ po Vw) (aow) QP%(pr)Z] P (3.51)

will be the total energy.

In this last expression, we note that there are additional second order terms con-
tributing to the total energy such as 0. It could be difficult to figure out that dy) or
v - 61& would contribute to the total energy had we not followed the action approach

considered above.

The energy is a crucial quantity which identifies in many cases whether solutions
of specific systems make sense physically. These criteria will be useful ahead to impose

conditions on solutions we find for the physical systems considered here.
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4 Analogue Model for Radial Flow

4.1 Introduction

We now use the tools developed in the previous chapters to study the case of an
ideal fluid flow with cylindrical symmetry, with velocity field given by ¥ = v(r)é,. We will
limit our analysis to the subsonic case, i.e., to v(r) < ¢, where ¢ is the speed of sound

when the fluid is at rest.

The case of a constant radial velocity was studied in [30]. This is the case where
U = acé,, with constant |a| < 1. The resulting effective metric then turns out to be that of
AdSy x S, where AdS, is the two-dimensional Anti-de Sitter (AdS) space. As well known,
the AdS space is nonglobally hyperbolic [4]. On nonglobally hyperbolic spacetimes, the
evolution of the wave equation is not completely determined by initial conditions (since,
by definition, the space does not admit a Cauchy surface in this case). Some kind of
boundary conditions is then needed in order to one obtain a deterministic solution to the
wave equation. In the case of AdS, extra boundary conditions should be specified at its
spatial infinity. As we shall see, this spatial infinity is mapped to the origin of the space
in the fluid dynamics analogy. In this way, the lack of global hyperbolicity of AdS can
be interpreted as the need to provide a description of how sound waves interact with the
point source/sink of the fluid. Such description is made by means of a phase difference

between ingoing and outgoing scattered waves.

Here we propose an alternative solution to this issue of extra boundary conditions.
This is done by regularizing the velocity profile of the fluid near the origin. After this
regularization, the resulting effective metric can be interpreted as that of a deformed AdS

spacetime.

4.2 Wave equation for sound waves

We start by studying sound waves in two dimensional ideal fluid flows. As discussed

above, we are interested in the case where the velocity can be written as
U =v(r)é,. (4.1)

The acoustic metric for the fluid flow then takes the form

o [ (¢ =v(r)?) —v(r)

@]

]

<
o
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where 0 = o(r) is the mass density and ¢ the speed of sound.

The continuity equation provides and additional relation between the mass density
and the velocity of the fluid:

— [ro(r)v(r)] =0, (4.3)

o(r) = : (4.4)

where A is an integration constant.

As noted before, the continuity equation requires the mass density to have the
form o(p) p%(m' Although this flow is somehow exotic, it will perfectly work for us as a
toy model in our context [30]. The line element is then given by

2

ds® = {— (02 — v2) dt? — 2udtdr + dr? 4 r?d6?| . (4.5)

2
As shown in previous chapters, when the fluid is irrotational, we can obtain the

fluid velocity from the gradient of a scalar field. We observe that the fluid velocity (4.1)

is indeed irrotational, so that we can represent it in terms of a scalar field W.

The next step is to consider a perturbation on this scalar field, i.e.,
W(t,r,0) = Wo(r) +v(t,r,0), (4.6)

where (¢, r,0) is the scalar field associated with the perturbation velocity.

According to (3.17), it is straightforward to write down the wave equation for
Y(t,r,0) with g, defined by equation (4.2). Before doing that, we take advantage of the

fact that the acoustic metric is static and use equation (3.32) to construct the transfor-

mation
dr=dt + —CQEUQ dr,
dp = dr, (4.7)
do¢ = db,

In this way, we can express the acoustic metric in static coordinates as

—(E =) 0 0

a(p)® 2
Gu'v = 2 0 Z=u(p)? 0 . (48)
0 0 0

Using relations (3.17) and (4.4) we see that the wave equation in the new coordi-

nates is then given by

TV _p(1- )y 20 plovd oty dovoy

o2 — ¢

where v = v(p) and ¢ = (7, p, @).

o " o dpdp P 05

(4.9)
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v(p)

ac

p=0

Figure 1 — Fluid flow with constant subsonic velocity, |a| < 1. ¢ is the speed of sound.

In order to solve this equation we use separation of variables and consider ¥ (7, p, ¢) =
T(T)R(p)P(¢). In this way, (4.9) is split into three equations:

CT(7) + w?T(7) = 0,

dr2
2 .2 .2 2

—v?/c* du 22k w
(1 -2/ 5 R(p) — =22 A R(p) + (S5 5 + %) R(p) = 0, (4.10)

dp? v p c

L5 P(0) + K2P(¢) = 0,

where w and k are the separation constants.

It immediately follows that the solutions for T'(7) and P(¢) are e and e*i®
respectively. To proceed with the calculation we must specify the form of the background

velocity v(r) in the differential equation for R(p).

The simplest case corresponds to a constant velocity profile, i.e., v(p) = ac, with
la| <1 (see figure (1)). In this case, the effective metric reduces to

A2

2

dp?

ds® = l—c2 (1 — a2) dr? + T + p*d¢?| . (4.11)

2

a?ctp 1

Before continuing this analysis we pause to discuss the geometry of the Anti-de

Sitter space, for reasons that will soon become obvious.

4.3 The Anti-de Sitter spacetime

We start by considering the n-dimensional Anti-de Sitter spacetime AdS,,. This
can be defined as a hyperboloid of radius R [31]

n—1
—(x0) 4 (%) - (= —R?, (4.12)
k=1
embedded in R"™! endowed with the (flat) metric,

ds? = — (dX0)2 + nf (ka)2 — (dX™)?. (4.13)
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Figure 2 — The AdS, space embedded in a Minkowski-like spacetime M2,

It is important to note that the AdS spacetime still have Lorentzian signature,
despite the appearance of two minus signs in the expression above. To clarify this fact,
we focus on the AdS, space with unit radius (R = 1) (see figure (2)). The line element
then becomes

ds® = —dT” + dX? — dW?,

If we use the so-called Poincaré coordinates,

u="T-X,
(4.14)
v=T+4 X,
we can define the time coordinate in terms of v and W as
w
t=—. 4.15
: (115)

Taking into account (4.12), we see that the coordinates (T, X, W) can be expressed solely

in terms of ¢ and u. Therefore, we get

T= 14 (1-7)],
X=o [1-w(147)],
W = ut.

Since u = %, the line element finally becomes

ds? = % (—d? + dr?). (4.16)
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We see from the above expression that we have a single time, ¢, in AdS, as expected. We

note that r = 0 is a singular point in these coordinates.

We see that the spatial boundary of the AdS spacetime is mapped to r = 0 in
the above coordinates. It is a well-known fact that the AdS spacetime in nonglobally
hyperbolic, so that extra boundary conditions must be specified at its spatial boundary
in order for one to solve the wave equation [32]. Therefore, we already expect some kind
of problem in solving the wave equation near r = 0 in the coordinates above. We will

arrive at this same conclusion, by an independent analysis, in the sections that follow.

Returning to the analogue model of the previous sections and comparing the met-
rics (4.11) and (4.16), we can identify that the underlying spacetime in this case is given
by AdS; x S*. Therefore, the acoustic metric which represents the radial fluid flow with
constant radial velocity has the above mentioned properties of AdS. In particular, sound
waves will now need the above mentioned extra boundary condition at the origin (p = 0).
Physically speaking, the specification of an extra condition at the origin can be inter-
preted as the need to provide a description of how sound waves interact with the point

source/sink.

4.4 The extra condition problem in the analogue model

We now return to the radial equation (4.10) which, for the constant radial velocity

profile v(p) = ac), reduces to

2 2

(1-a?)’ L i+ (1 T Z) R(p) = 0. (4.17)

p

Let us consider its axisymmetric solutions, which correspond to the case when
ep
Kk is equal to zero. The differential equation (4.17) then has as solutions e'e-a%  The

complete solution for ¢ (7, p) is thus

_j_wp i wp .
U(rp) = (e 4 gl T ) e, (4.18)
where 1 and £ are constants. We note that this solution is composed by ingoing and
outgoing circular waves.

This solution in coordinates (t,r,0) can be written as ¢ = mp_ + {1, where
Yy = el eia ¢t

Computing the energy for each solution (using the relation (3.51)), we note that both
1, and Y_ have finite energy. In this way there is no canonical choice of a unique linear
combination of 1, and ¥ _ that determines a solution to this problem. In order to specify

such a distinguished linear combination of ¥ we need to provide a relation between n and
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Figure 3 — Phase difference between ingoing and outgoing waves according to (4.21) for the case v(p) = ac.

&. This is intimately related to the fact that the spatial boundary of AdS needs an extra

boundary condition for the wave equation since this space is non-globally hyperbolic.

We would like to relate this extra boundary condition for v at the origin with a
physical property of the wave. In order to do that we consider the phase difference §(w)

between ingoing and outgoing waves. From (4.18) we get

§(w) = arg <g> . (4.19)

We see that, in order to determine §(w), it is necessary to use an extra condition to relate

¢ and 7. This can be done by defining a parameter /3 as follows [33]
¥(0) + BY'(0) = 0. (4.20)

Substituting ¢ (7, p) in the above condition, we obtain

wp wp
P g 22 ] =0
glc(l—a2)+ ] n[c(l—oﬂ) ]
Therefore S
iz —

5(2) = a ( ) , 421
(o) = ong (0 (4.21)
where z = ﬁ Figure (3) shows d(z) as a function of z. We emphasize that the

parameter [ is still arbitrary, so that the dynamical evolution of sound waves is not

uniquely determined until we specify .

Physically speaking, an ambiguous dynamical evolution does not make sense and

that is why one needs to impose an extra condition on the system so that a unique,



Chapter 4. Analogue Model for Radial Flow 44

17 o) S —————
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Figure 4 — Arbitrary smooth transitions near the origin for the fluid flow to regularize v(p).

deterministic, evolution for fields (¢ in our case) is obtained. As we mentioned above, the
AdS spacetime in coordinates (7, p, ¢) has its boundary at the origin and, therefore, this

extra condition should be related to the behavior of the fluid flow near p = 0.

4.5 Regularization of v(p)

We now consider regularizations of this model near the source/sink at the origin
and impose conditions on them in order that no extra boundary conditions are required

at the origin.

As we shall see, there are many options that can be chosen to regularize v(p). We
investigate, in what follows, if removing the singularity of v(r) at the origin is enough to
obtain a unique dynamical evolution for sound waves. Note that v(r) is not well defined
at the origin in the model above and that a radial velocity profile can only be continuous
at r =0 if v(0) = 0.

Therefore, we consider regularizations of v(p) by setting v(p) to zero at the origin.
For p > 0, the velocity should then increase until it becomes constant. For the moment,
the consider the transition of v(p) from v(0) = 0 to v(p) = e as being arbitrary. Figure

(4) shows different possible choices of velocity profiles of this kind.

Let us then consider a velocity profile which can be Taylor expanded at the origin

as

v(p) = ac (f) ;n >0, p < po, (4.22)
0

where py and n are (still undetermined) parameters. Notice that this profile must still

be matched to another expression, valid for instance for p > py, which approaches the
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constant value ac for v for large p. We see that pg is related with the width of the region

wherein v(p) is not constant, and that n determines how fast v(p) grows near the origin.

4.5.1 Solutions to wave equation near the origin

To simplify future expressions, let us introduce a dimensionless radial coordinate
x = p/po and a dimensionless frequency m = wpy/c. With v(p) given by (4.22), the radial

part of the wave equation (4.10) in terms of x and m is then given by
2
(1 — asz”) R"(z) — L (1 — a4x4") R (x) + m*R(z) = 0. (4.23)
x

Notice that the above equation is meaningful only for z < 1. We also note that =z = 0
is a singular regular point of this ordinary differential equation. We can then use the

Frobenius method to write a solution of (4.23) as follows
R(z) =2 ) apa”. (4.24)
k=0

Substituting this into equation (4.23) we find that s =n+1or s =0. For s =n + 1 we

obtain a first solution: -
Ri(z) = 2" apat. (4.25)
k=0

The case when s = 0 does not correspond to a solution in the form (4.24). The reason is
that this is the tricky case of the Frobenius method for which the difference between the
two roots of the indicial polynomial is an integer. However, in this case one can construct

a second solution from R;(z) as follows [34]

: Ro(z) = pRy(x) Inz + Y bpat, (4.26)
k=0

where p is a constant.

Recall that n is fixed but arbitrary. For each value of n the coefficients of the above
series expansions may be then computed in recursive form. However, there is no closed

form for them in general.
As an example, for n = 1 the solutions can be shown to take the form:

Ry(x) = 2% + (%2 — %) ot + 35 (m* — 28m2a® + 640*) 2% + O (a7)

Ry(z) =1 — im*In(x)2? — %: (3m? + 120® — m*In x + 16a%In x) 2* + O (2°)

and their corresponding plots are shown in figure (5). We chose the parameters in these

solutions so that the values of R;(0) and Ry(0) are zero and one respectively.

Having solved the above equation near the origin we can write the complete solu-

tion of ¢ as a function of 7 and = = p/py as

Y(r,x) = Ay (7, ) + Bibo(T, ), (4.27)
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Figure 5 — Solutions of spatial part of the wave equation (4.23). The plot corresponds to the case n = 1,
but its behavior at x = 0 is similar for any other value of n.

where (7, 1) = Rp(x)e 7, k= 1,2.

We see that Ry(z) and Rs(z) are fairly well-behaved functions near the origin.
However, since we are dealing with a physical system, another consideration to be kept

in mind is that sound waves must carry a finite energy.

4.5.2 Finite energy condition

We start by considering the acoustic energy derived in the previous chapter. Ac-
cording to the transformation laws for a tensor density, the expression for O in the

coordinates z# = (7, p, ¢) is

Ozt

ox”

o, (4.28)

’ 8xa
T
Q ’5@5'

where 2 = (t,7,0). Once again, 2* and z* are related through the transformation (4.7).

The quantity Q° represents the acoustic energy density.Using the above transfor-

mation law, we get the corresponding quantity in the 2 coordinates:

;o 0xY ox" 0z 0 0 0
Q= e gt ¥ = Q5 5
(4.29)
v(p)
=9 e ur

This shows, once more, that the acoustic energy density is not the same in coordinates

(7, p, ). For this reason, the energy may or may not be conserved in a generic reference
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frame; this will depend on the coordinates in which it is measured. The “physical frame”

in which we should measure the energy, in our case, is the laboratory frame.

Another consequence of having a non-homogeneous transformation for the time
coordinate is that 7 does not represent the real (laboratory) time anymore. Quantities
in this coordinate system do not represent a direct physical meaning. For instance, Q°
represents the acoustic energy density, but QY does not because, in these coordinates,
6% is not the sound wave velocity. This will be important when we examine the energy

of the sound waves.

From the results of the previous section, we can now write v, back in the coordi-
nates (t,r,6) by using (4.7). Next we compute the total energy for each solution (¢4 (¢,r)
and (¢, r)) using equation (3.51)'. By doing this, we arrive at the conclusion that for
n < 1, both solutions (¢, 7) and 1y(t,7) carry finite energy. On the other hand, only
1 (t,r) carries a finite energy for n > 1. We refer the reader to appendix B for approxi-

mated expressions of this energy.

In this way, for n > 1 the second solution of the wave equation does not fulfill the
finite energy condition and should be disregarded. This eliminates the ambiguity related
to the need of an extra boundary condition at the origin. We are therefore compelled to
work with regularizations for which n lies in the interval [1, 00). It is interesting to note,
in passing, that this is precisely the condition that makes the velocity profile not only

continuous but also differentiable at the origin.

To sum up, a regularized v(p) provides the fluid flow with an adequate behavior
at p = 0, but this is not sufficient to provide a unique dynamical evolution for sound
waves because of the arbitrariness of the regularization. The finite energy condition plays
an important role to limit that arbitrariness. Particularly, only the regularizations which
behave as (4.22) near the origin and with n > 1 are capable to determine uniquely the

dynamical evolution of sound waves.

4.6 Global solution to the wave equation

With the results found above, we are ready to solve the wave equation in the whole
space. We already noticed that, when n > 1, Ry(x) (or equivalently v, (7, x)) is the only

physically allowed solution. For instance, if n = 1, then v(x) ~ acx for + < 1. We note

that n could also take non-integer values such as % or g
There are, of course, many transitions that satisfy a fluid flow behavior in such a
way that v(z) = acx™ (n > 1) near the origin and v(z) = ac far from the origin. Some

of those could lead to an analitic solutions of the wave equation and some could not. The

L The energy density was integrated over a disc of radius ry in such a way rq ~ 0 just as p.
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Figure 6 — Fluid flow according to equation (4.30) for different values of n.

casiest way to find one of those family of transitions is to define v(z) in a piecewise way.

For instance, the following fluid flow is a good candidate to be considered

o) = { acsin (%az") T <1, (4.30)

ac x> 1.

As another example, one could replace the sine term with v(z) = ac (1 —e™*)". The
advantage of defining v(z) in a piecewise way is that for z > 1 the solutions are already

known.

4.6.1 Numerical solution

The profiles considered above do not admit analytic, closed form, solutions. So we
turn to a numeral analysis of the solutions for the wave equation in this context. In order
to do that, we consider the velocity profile to be given by (4.30). This is shown in figure
(6). Since the solutions in the x > 1 region are already given by ingoing and outgoing
waves as found in section 4.4, we now focus on solving the wave equation in the z < 1

region.

There is a complication associated with the numerical solution here. The point
x = 0 cannot be directly used to provide an initial condition to the differential equation
for the differential equation is singular there. To circumvent this difficulty we use the
series solution developed above to obtain initial conditions at © = € with € is a very small
quantity. The differential equation can then be solved numerically with initial conditions

at this point. We therefore split the domain into the following three regions:
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Region v(x) Solution for R(z)

0<z<e | Facx" Ry (x)

e<xr <1l | acsin (gx”) Rx(x), to be solved numerically

I<zr<oo|ac R(a:):neﬂ'% +ge'Ter, m = wpy/c

In this way, for the second region (¢ < z < 1), we should impose the following

initial conditions

R = Ry (e),
Ryg(€) = Ri(e).
Likewise, the solution for the region 1 < x < oo should satisfy
(1) = e T4 4 g
N (432)
RN(1) = —iglgne =07 iy le 107,

Once again, we can use the phase difference between ingoing and outgoing waves
to analyse the physical process that occurs near the origin. Since this requires one to
know the solution for the x > 1 region, the phase difference must be computed in that
region. The phase difference as a function of the dimensionless frequency m = wpg/c is
d(m) = arg(§/n). To find the coefficients n and &, we consider the relations (4.32). The

phase difference then becomes

§(m) = arg |e 17 & (4.33)
mE 1))

where

~B (4.34)

~—

Using (4.31) we can then compute (numerically) the solution Ry(x) and then B.
Figure (7) shows a particular solution to the wave equation (for m = 10 and o = 1/2).
We note Ry(z) fits nicely to the other regions and that the amplitude and frequency of

sound waves are constant outside the transition region of v(x).

If we look at the definition of B, we note it depends (implicitly) on the frequency
m. For this reason, the phase difference defined in (4.33) cannot be plotted directly. In this
way, we must construct B by computing Ry(1) and Ry (1) for different values of m and
only then we can obtain an interpolated function for B(m). Once calculated B = B(m)

numerically, we can then plot the phase difference §(m), The result is shown in figure (8).

To summarize, the regularized v(r) we considered led to a certain behavior for
the solution near the origin. This yielded a unique dynamical evolution for the sound
waves. In figure (8) we observe that this leads to a phase difference (between ingoing and

outgoing waves) with periodic behavior.
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Figure 7 — Numerical solution of sound waves moving along the fluid flow shown in (4.30), here m = 10
and o = 1/2.
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Figure 8 — Phase difference between ingoing and outgoing scattered waves as a function of m. As can be
seen, there is a periodic behavior which not appears for the case v(p) = ac.
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Figure 9 — Plot of v(z) = actanh z, this case solves the wave equation analytically. Near the origin, this
can also be approximated by acz which corresponds to the case n = 1 in the Frobenius solution (z < 1).

The problem with numerical procedures is that, besides the fact that their solutions
are hard to manipulate, from them it is not easy to see how the solutions change under
a variation of the parameters. On the other hand, the only way to obtain an analytic

description for the problem is by finding a fluid flow which:

e Leads to a wave equation with analytic solutions.

e Has the required behavior (near the origin) that leads to sound waves with finite

energy.

4.6.2 An analytic solution

The advantages of analytical solutions over their numerical counterparts are nu-
merous. Besides allowing one to easily probe for interesting physical limits, they often
provide a qualitative understanding on how each parameter affects the physics of the

system.

Finding a fluid flow that leads to an analytical solution for the wave equation with
the characteristics described above is not an easy task. After an extensive investigation,

we could find one that fits perfectly our needs. This is given by
v(x) = actanh (4.35)

(see figure (9).
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According to results from the previous sections, the fluid flow (4.35) belongs to
the regularization class where n = 1, so that it fulfills the necessary conditions near the
origin.

Going back to the analogue model, the velocity profile given by (4.35) leads to the
following radial equation (4.10):
2d’R  1—o*tanh'zdR

R=0. 4.36
dx? sinh z coshz dz m ( )

(1 — a*tanh® :U)
The solutions to this equation can be analytically obtained and are given by

imak(x) .mx(x) 1 1 csch’x
R:t = eXp [—M] exXp [ill—QQ 2F1 aq:+§,a:‘:—§,c:|:,—1_7a2 . (437)

We see that its first term is composed of two exponential functions while its second term
is given by a hypergeometric function [35]. The functions k(z), x(z) and the parameters
a+, c+ are given by

k(x) = In (1 — a® + csch’z),

X(x) = Insinh z,

1 im/2 (4.38)
a+ = = )
2 1+«
m
—1+
C:t 1 _ 052’

where, as before, © = p/py and m = wpy/c.

As already discussed, these solutions must reduce to ingoing and outgoing waves

m
1—a?

when z — oo. It is straightforward to show that, indeed, R4 o exp (iz’ ) for = large.

Let us write the complete solution to the wave equation as a linear combination
of R, and R_, i.e.,
R(z) = AR, (x) + DR_(x), (4.39)

where A and D are constants to be determined. Here we appeal to the Frobenius solutions
found in previous sections to select the physically accepted solution. From the analysis of

section 4.5, we see that
R(0)=AR_(0)+ DR, (0) =0 (4.40)

is the condition that must be used to obtain the desired solution. Thus, without consid-

ering global constant phases, A and D can then be written as follows

exp [—bln(l*a%] r (1 — [im )

B B 2i—a) 1—a?

A=+R.(0) = r(1-22)r(1-1m2) 7 4.41
exp [=5] 1 (1 4 42) ”

D=-R (0)=—

D (1+22)r (14 22)
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These constants encode the information about the regularization made at the origin.

Having obtained these expressions for A and D, the solution R(z) now provide a
complete description for circular waves moving on this fluid. In particular, the way by
which the waves interact with the source/sink located at x = 0 (or equivalently r = 0) is

also encoded in R(z).

Our next step is to obtain the phase difference §(m) for this solution. We must,
therefore, obtain an asymptotic expression for R(z) for large x. In order to do that, we
define

e = cschx, (4.42)

which goes to zero when z — oo, and take the asymptotic limit for the hypergeometric
function as e — 0. Expanding the hypergeometric function in terms of this quantity we

get
P (s + - ! G NPV LU 2140 (") (4.43)
a — Q= — —.C — = € € . .
S A S B R S Qs 4(1—a?)cs

Next, we compute the asymptotic limit for x(z) and y(z). Using again the param-

eter €, we obtain

exp [—iﬂi_(x(i)] — (1 — o 62> “iaw

4.44
m1In (1 —a?) ) ime? Lo ( 4) (4.44)
Rexp | —t———" — €
P 21— ) 201 — a)(1 — a?)
and
—In2
exp =% mx(xz R exp iiw
1—a« 1—a? (4.45)
-mIn2 . mx '
= exp ¢21 2 exp {j:zl — 042} .
As a result, when z — oo we can write the asymptotic solution as
(T, x) — | By(€)Aexp (ﬁ) + B_(€)Dexp <1ZTZ?>] e (4.46)
where global phases were dropped and the parameters By are
mln2 (1 + 46&) € ime?
Bi(e) = +i 1 - O (') ].
0 =ow [t ( R T R

These parameters encode all the asymptotic limit results. From (4.46) we are able to
identify the coefficients of ingoing and outgoing scattered waves and write the phase

difference. This yields

(4.47)
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Therefore, in the limit of # — oo and using the coefficients given in (4.47) the

phase difference becomes

d(m) = arg {—exp [z

mln(l_{ P(1+1@_”;2)F(1—’1mf)r(1—fg{j)' )
o T ) () ()

Figure (10) shows the phase difference given by the above relation. We observe

that its behavior is similar to the one found numerically. We can now go a step further
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and find the limit of small m that should be compared to the AdS case. We note that
the behavior of §(m) agrees with the result found in [30]. If we compare both results up

to first order in m, we may then conclude that this regularization attributes a certain
definite value to 8 (defined in (4.20)), which is given by

8—1n (ﬁ) | (4.49)

Figure (11) shows an agreement between the phase difference obtained from regu-
larizing v(z) and that obtained from using the extra boundary condition (4.21). In order
for us to understand physically the implications of such agreement, let us go back to

dimensionful quantities. The dimensionless frequency m is then written as
m = wpo/c = 27po/A,

where we used the fact that Ac = 27w, A being the wavelength of the sound wave. Recall
that the parameter py represents the region where v(p) raises from zero to its constant
value. We see that, for small m, the sound wavelength is much larger than py (the radius
which is related with the region where v(p) is not constant). Physically speaking, within
this limit, the sound waves cannot properly probe the region for which v(p) is not constant

and, as a result, the results found in [30] are approximatelly valid.
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5 Conclusions

Analogue models of gravity have become an important tool for exploring different
aspects of general relativity in terms of concepts associated with other physical systems.
Here we studied an analogue model based on classical fluid dynamics. We were specially
interested in the case of a constant radial fluid flow with a point source/sink at the origin.
We showed that the resulting effective metric corresponds in this case to an AdS, x S*
spacetime. It is well known that the AdS spacetime is nonglobally hyperbolic. This implies
that the dynamics of fields in this background is not well defined unless extra boundary
conditions are prescribed (in this case at the spatial boundary of AdS). On the analogue
model end this implies that one needs to specify extra boundary conditions at the origin.
This corresponds to an effective description of how the field interacts with the point

source/sink of the flow.

We also considered regularizations of the fluid velocity near the source/sink at the
origin. By imposing physical conditions on the system (a finite energy condition for sound
waves), we found that a certain class of regularizations leads to a well defined dynamics for
sound waves without the need of extra boundary conditions. On the effective spacetime

end this corresponds to the introduction of a deformation of AdS near its spatial infinity.

When compared to the results found in the AdS case, we found that the reg-
ularization attributes a periodic behavior to the phase difference between ingoing and
outgoing waves. We also showed that, when the wavelength of the sound is much larger
than the effective radius set by the regularization, the effects of the latter are negligible,

as expected.
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APPENDIX A - Viscosity in fluids

The ideal fluid model is the simplest description one could adopt for studying fluid
dynamics. Sometimes this is good enough, sometimes we need more. The next simplest

model arises when we take into account another property of fluids, which is their viscosity.

Consider the volume V' shown in figure (12). In the case of an ideal fluid, the force
density T is always normal to the surface V. In the case of real fluids, one also has a
tangential component, which gives rise to a momentum transfer between two adjacent
surfaces similar to dV. Mathematically, this momentum transfer is described by means
of a tensor 7;; (the viscosity stress tensor) which is added to the stress tensor of the ideal
fluid:

oij = —poij + Ty (A.1)

The momentum flux density tensor then becomes

Hi]’ = —0yj + pUﬂ}j. (AQ)

As the viscosity is related to the momentum transfer, it should be expressed in
terms of the velocity gradient O;v;. It can be shown that, under appropriate physical

assumptions [1],
2
Tijg =1 (ai’l)j + aj?)i - 351J8kvk) + féijakvk, (A3)

where 7 and ¢ (independent of v;) are called coefficients of viscosity and they are non-

negative.

fluid flow ds T

Figure 12 — Some region of volume V inside a fluid flow. There is a force per unit area 7 (called shear
stress) acting on a surface element d.S of 9V
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It is straightforward to find the equations of motion once we have the expression
for I1,;. It follows from (1.12) that

1 1 1
Oyv; + (vOk) v; = —=0ip + Eaz(()zvi + - <77 + 5) 0;Ok vy, (A.4)
p P P 3

If the fluid is incompressible, the Navier—Stokes equations arises:
1 1
Opv; + (VkOk) v; = —;aip + ;3181% (A.5)

ie.,

— ]_ —
o+ (5-V) 5= —Vp+ IV (A.6)
p p

We note that when the fluid has zero viscosity, the above equations reduce to the

Euler equations (1.3).
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APPENDIX B - An approximation for com-
puting the energy for sound

waves near the origin

Before computing the energy for sound waves, we need to derive expressions for
¥y (t, x) near the origin. To do that, we first solved the radial part of the wave equation
shown in (4.23). The solutions can be expressed in a simple way if we consider only the

first two terms in powers of x:

Rl(T, x) — 1 + alx"+2 +0 ($n+3) :

(B.1)
Ro(r,z) =1+ (b +cilnx)2® + O (ZL‘3> .
As long as x is small, this approximation is valid.
We note that, no matter what is the value of n, at x = 0 we get
R:(0) =0,
1(0) (B.2)
Ry(0) =1,

which is also an important result for one to identify the solutions only by checking its

value at origin.

The solutions to the wave equation near the origin are then written as (7, z) ~
Ay (1, 2) + Dipo(7, ), where

Uy (1, 1) = (:U”“ + alx””) e T

B.3
Uy(T,2) = {1 + (b +c1lnx) ZBQ} e T, (B:3)

As we mentioned before, the energy is supposed to be measured in the laboratory
frame, i.e., in coordinates (t,r,6). Thus, we should express the solutions of sound waves
back into coordinates (t,r,#). Since the relation between x and r is linear, for simplicity,
we could maintain z as the radial coordinate (where x = p/py = 1/19). For the time
coordinate, however, we need to transform it through the relations (4.7). For the fluid

flow shown in (4.22), this transformation for 7 yields

n

acx
T :t—F/mﬁ)d.’B. (B4)

Therefore

argr™t! ( n+13n+1 2n)
T=t+ 241 Y T o ) T .
cn+1) 2n 2n
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Using the same approximation as that used for Ry(z), the above relation can be written

as

We emphasize that this approximations are used only to illustrate how the results behave

near the origin. The solutions (B.3) in coordinates (t, z,6) then reduce to

n+1
_ (.n+1 n+2 _warer —iwt
wl(t .Z') - (iU +ax ) exp [ ? C('TL + 1) ] )

n+1
WATgT ] iwt

(B.6)

Uo(t, ) = [1 + (by +c11Inx) ;1;-2} exp [_Zc(n—l—l)

We can also obtain, in a similar way, formal results for the total energy for different

values of n:
e Forn=1/2
3Acos*(wt) o 1
~ /2 (2,2
Ei = 0acr T (3a x+5) 0
Argw?(1 — cos(2wt)) ) 1
B, ~ o \/E(oz x+3)‘0.
e forn=1
B~ A(1 + cos(2wt)) 2 1’
2aery 0
Argw? sin?(wt) 1
E, ~ 3 Inz|,.
e For n =3/2
B~ 5A(1 + cos(2wt)) 52 17
Sacry 0
B~ Arqw?(cos(2wt) — 1) !
2 2ac3\/1 o
e Forn =2
B~ 3A(1+cos(2wt))x317
4acery 0
Argw?(cos(2wt) — 1) !
E2 ~ .
dacdx 0
e Forn =3

A {1 + cos (Zwt + T2 )} .
x

B~ 3v3 Yac 1
1~ )
acerg 0
A 2 2 TWT 1
1 0
row? sin (wt—l— 6\@%0)

Es

Q

dacdx?
0
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Looking at these results for the energy, we observe that when n > 1 the energy for
the second solution (¢5(t, x)) is not finite near the origin, so that (¢, x) does not fulfill
the finite energy condition. In this way, the second solution should be discarded and, as

a result, no extra boundary conditions are required.
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