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Resumo

O vértice de trés glions nao perturbativo desempenha um papel fundamental na ge-
racao dinamica de massa efetiva para o glion sem quebrar a simetria de gauge da QCD.
Isto é conseguido através do mecanismo de Schwinger pelo qual o vértice adquire po-
los longitudinalmente acoplados associados a excitagoes de estados ligados sem massa.
Neste contexto, uma aplicagao ingénua da Técnica de Gauge na solucao da identidade
de Slavnov-Taylor do vértice de trés glions distorce o seu contetido de polos, levando a
aparicao de polos esptrios em projecoes transversas deste vértice. Mostramos que uma
pequena modificagao da Técnica de Gauge, levando em conta a longitudinalidade de seus
polos geradores de massa, restaura a estrutura analitica do vértice produzindo projegoes
transversas regulares e em bom acordo com simulagoes na rede. Nossa construcao ¢ alcan-
cada separando a identidade de Slavnov-Taylor em duas equagoes analogas, uma satisfeita
pela parte regular do vértice, a outra pelos seus polos longitudinais, e sua principal con-
sequéncia operacional é a substituicao do propagador completo do gliion pelo seu “termo
cinético” nas expressoes classicas de Ball-Chiu. Comecamos com uma curta revisao do
aparato de Teoria de Campos de gauge nao Abelianos, culminando na derivacao da iden-
tidade de Slavnov-Taylor do vértice de trés glions. A seguir, discutimos brevemente o
papel do vértice de trés glions na geragao dinamica de massa do glion e como esta afeta
as divergéncias infravermelhas das fun¢oes de Green da QCD. Contudo, enfatizamos que
devido aos ghosts permanecerem sem massa nao-perturbativamente, divergéncias infra-
vermelhas originarias dos loops de ghosts podem persistir na teoria completa. A solugao
de Ball-Chiu da identidade de Slavnov-Taylor é entao discutida em detalhes, destacando
as modificagoes necessarias para preservar a longitudinalidade de seus polos geradores de
massa. Ato continuo, o kernel de espalhamento ghost-glion é avaliado numericamente sob
um truncamento em um loop vestido de sua equagao de Schwinger-Dyson e o resultado é
utilizado na Técnica de Gauge para determinar o vértice de trés glions nao perturbativo
em cinematica Euclidiana geral. As principais caracteristicas do vértice de trés glions
resultante sao a supressao e a divergéncia logaritmica no infravermelho do fator de forma
que acompanha sua estrutura tensorial de nivel de arvore. Nossos resultados concordam
no infravermelho com simulacoes na rede e equagoes de Schwinger-Dyson e recuperam o

comportamento perturbativo no ultravioleta.



Abstract

The nonperturbative three-gluon vertex plays a key role in the dynamical generation
of an effective gluon mass without breaking the gauge symmetry of QCD. This is achieved
by the Schwinger mechanism via the formation of massless bound state excitations in the
three-gluon vertex which endow it with longitudinally coupled poles. In this context, a
naive application of the Gauge Technique solution to the Slavnov-Taylor identity of the
three-gluon vertex distorts its pole content, leading to the appearance of spurious poles
in transverse projections of this vertex. We show that a slight modification of the Gauge
Technique, accounting for the longitudinality of the mass-generating poles, restores the
analytic structure of the vertex, entailing transverse projections that are regular and in
good agreement with lattice simulations. Our construction is accomplished by splitting
the Slavnov-Taylor identity into two analogous equations, one satisfied by the regular
part of the vertex, and the other by its longitudinal pole part, and its main operational
outcome is the substitution of the full gluon propagator by its “kinetic term” in the classic
Ball-Chiu expressions. We begin with a short review of the field-theoretic apparatus
of non-Abelian gauge theories, culminating in the derivation of the three-gluon vertex
Slavnov-Taylor identity. Then, we briefly discuss the role of the three-gluon vertex in the
generation of dynamical gluon mass and how the later affects the infrared divergences of
QCD Green’s functions. It is emphasized, however, that because ghosts remain massless
nonperturbatively, infrared divergences originating from ghost loops may persist in the full
theory. The Ball-Chiu solution of the Slavnov-Taylor identity is then discussed in detail,
highlighting the modifications needed in order to account for the longitudinality of its
mass generating poles. Next, the ghost-gluon scattering kernel is computed numerically
under a one-loop dressed truncation of its Schwinger-Dyson equation, and the result is fed
into the Gauge Technique solution to determine the nonperturbative three-gluon vertex
in general Euclidean kinematics. The main features displayed by the resulting three-gluon
vertex are the infrared suppression and logarithmic divergence of the form factors that
accompany its tree-level tensor structure. Our results compare well in the infrared to
simulations on the lattice and Schwinger-Dyson equations and recover the perturbative

behavior in the ultraviolet.
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Introduction

One of the most eminent challenges of current theoretical physics is to understand
the highly nontrivial features of the strong nuclear interaction through the theory of
Quantum Chromodynamics (QCD) [11] and its fundamental degrees of freedom, gluons
and quarks. QCD is a Non-Abelian gauge theory, based on the group SU(3), with quarks
being fermions carrying fractional electric charges, and gluons being the gauge bosons
that mediate the strong force [11]. The Non-Abelian nature of this theory implies, among
other things, that the gluon field is self interacting, which makes it far more complex
than the Abelian Quantum Electrodynamics (QED). But even among the Non-Abelian
interactions of the Standard Model, QCD is distinguished by the fact that its interaction
is strong.

Indeed, while a perturbative implementation of QCD is still possible at high energies,
by virtue of its asymptotic freedom [12, 13], some of the most prominent features of this
theory manifest in the infrared (IR) where the interaction becomes strong and transcends
a perturbative analysis. Paramount among these phenomena are the confinement [14—
16] of quarks and gluons, which states that free quarks and gluons are not observed
at low energies; dynamical chiral symmetry breaking [2, 10, 17-26], the mechanism by
which quarks acquire effective masses that far exceed their perturbative values; dynamical
gluon mass generation [6, 27-35], through which the gluon propagator becomes IR finite,
without adding a mass term or Higgs field to the Lagrangian; and the formation of the
rich spectrum of hadrons [11, 36, 37]. Evidently, the description of these phenomena from
first principles is only possible with nonperturbative tools.

In the attempt to describe QCD nonperturbatively, many approaches aim to com-

pute its Green’s functions, ¢.e. its full propagators and vertices, which encode all the
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information about the theory. Indeed, while the Green’s functions are not physical ob-
servables, given that they are dependent on the gauge and renormalization scheme cho-
sen, they can be appropriately combined to compute observables, which are gauge and
Renormalization Group invariant. In particular, in spite of the gauge fixing, the gauge
invariance of the theory manifests itself in a series of relations among the different Green’s
functions called Slavnov-Taylor identities (STIs) [38, 39], which encode the Bechi-Rouet-
Stora-Tyutin (BRST) [40-42] generalization of the gauge transformation for the gauge
fixed Lagrangian.

In recent works, a particular Green’s function, the three-gluon vertex, has been the
object of intense research efforts [4, 7, 8, 43-60]. This vertex plays an essential role in
the gluon mass generation mechanism [6, 32, 61-63] and is an ingredient in the analysis
of several nonperturbative problems, such as the formation of gluonic bound states [5,
64-66], called glueballs [67-70], and hybrid states [71], constituted by valence gluons and
quarks. Especially, it has been noted that the transversely projected nonperturbative
three-gluon vertex in Landau gauge exhibits a marked suppression with respect to its
perturbative version [4, 7, 43-60] and the impact of this suppression in the behavior of
other Green’s functions, as well as the bound state spectrum, was analyzed in numerous
recent works [5, 6, 56, 57, 62, 63, 71].

In this thesis, we investigate the nonperturbative behavior of the three-gluon vertex.
We will restrict ourselves to the pure Yang-Mills theory, in which all the fundamental
features of the three-gluon vertex are already manifest, with quark effects furnishing
subleading quantitative corrections [7, 57]. It will be shown that a sufficient condition
for its characteristic suppression is the masslessness of the ghost fields [4, 52|, whose
introduction is necessary in fixing the gauge covariantly [72]. Specifically, the masslessness
of the ghosts leads to the appearance of a logarithmic divergence [52] in the form factor
of the tree-level tensor structure of the transversely projected vertex. This divergence
forces the form factor to change sign for sufficiently small momenta, hence vanishing at
some intermediate point and being necessarily small in the neighborhood of that zero-
crossing [4, 52].

In contrast, the gluon propagator was found by the combined effort of several studies
to be IR finite and nonzero at the origin [6, 7, 30-35, 73-83]. Such a behavior of the

gluon field may be interpreted in terms of a dynamically generated effective gluon mass,
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as pioneered by Cornwall [27]. In this picture, the effective mass is generated without
breaking the gauge symmetry of the theory, nor changing the QCD Lagrangian in any
way, through the Schwinger mechanism [30-32, 34, 35, 62, 84-89]. As we will discuss,
this mechanism of dynamical gluon mass generation hinges on the appearance of massless
bound state excitations [27, 31, 32, 34, 35, 61, 62, 90] in the three-gluon vertex, which
acquires as a result a set of poles longitudinally coupled to the external gluon momenta.
These poles are responsible for the evasion of the so-called “seagull cancellation” which, in
the absence of such divergences, would force the gluons to remain massless under radiative
corrections [31, 32, 34, 35, 61]. Vitally, the longitudinality of these mass-generating poles
guarantees their decoupling from on-shell amplitudes [32, 86, 87, 89] and must be preserved
in any sound approximation scheme for the computation of the three-gluon vertex.
Among the nonperturbative methods which have become standard tools for analyzing
the IR behavior of QCD, we will be particularly concerned with the results of Monte Carlo
simulations on the lattice, and the Schwinger-Dyson equations (SDEs) and the Gauge
Technique in the continuum, each of which has a series of strengths and limitations.
Lattice QCD capitalizes on Wilson’s [14] formulation of gauge theories on a discretized
lattice of Euclidean space points and is suitable for numerical simulation of field configura-
tions [91], from which Green’s functions [7, 43-46, 48, 73-76, 78, 79, 81| and bound state
spectra [92, 93|, among other things [94], can be calculated. The main power of lattice
simulations lies in the fact that it approximates the real, continuum theory, by in princi-
ple controllable and systematically improvable parameters, namely the lattice spacing and
volume, and the number of field configurations probed by the Monte Carlo method. In the
limit of vanishing lattice spacing, infinite volume and configuration sampling, the full the-
ory is recovered. In practice, lattice simulations are extremely computationally intensive,
requiring the disputed resource of supercomputer time. Moreover, lattice simulations
are intrinsically limited in what they can compute. In particular, they cannot handle
Minkowski space and can only directly evaluate connected Green’s functions, whereas for
many purposes it is important to understand the behavior of the one particle irreducible
(1PI) functions. An important example where this limitation is specially important is
in the study of the gluon mass generation mechanism. Given that the mass-generating
vertex poles of the Schwinger mechanism are longitudinally coupled, they do not appear

directly in the lattice observables of vertex functions.



18

On the continuum front, the SDEs [95, 96| are the equations of motion of the complete
nonperturbative Green’s functions [97-100]. They constitute an infinite tower of coupled
nonlinear integral equations, valid at all momentum scales, which connect Green’s func-
tions of ever increasing order. The SDEs are valid in Euclidean as well as Minkowski
space [101-103], in principle, and can isolate 1PI functions. However, the infinite sys-
tem of coupled equations cannot generally be solved exactly. It is necessary to truncate
the tower of SDEs, retaining a finite, and usually small, subset of Green’s functions [98—
100, 104, 105]. This inevitable truncation is particularly problematic because there is no
parameter that controls the size of the ensuing error, and hence no a priori guarantee
that this error is small. Moreover, preserving the fundamental symmetries of the the-
ory - especially the gauge symmetry - under truncation is extremely difficult [2, 15, 25,
30, 59, 104-112], in general. Lastly, while the SDEs hold in principle in Minkowski, or
equivalently in the Euclidean space with complex momenta, most SDE studies are carried
out in the Euclidean metric. This is largely because the Green’s functions may contain
non-analiticities [101-103, 113-117] which must be dealt with carefully in the integrals
that the SDEs contain, complicating their solution. For Euclidean momenta the problem
is simplified because the non-analiticities of the Green’s functions that are most difficult
to handle are usually avoided.

Given that we lack an a priori systematically improvable truncation scheme for SDEs,
the success of their treatment is usually judged by the apparent convergence of the re-
sults obtained through ever more sophisticated truncations, and by their agreement to
the outputs of other methods, such as lattice QCD. In other words, one validates the
approximations employed a posteriori. In this context, it is important to enrich the reper-
toire of nonperturbative techniques we compare our results to, adding to the analysis the
outcomes of Gauge Technique, discussed below, Functional Renormalization Group [58,
60], the restrictions imposed by Operator Product Expansion [118], and others.

The focal point of this thesis is the analysis of the three-gluon vertex of QCD through
the Gauge Technique [119-123]. This approach consists of solving the STIs satisfied by
the Green’s functions of the theory to determine part of the form factors of one Green’s
function, usually a vertex [1, 4, 7, 124-128], in terms of the others that appear in the
identity. Naturally, since the STIs are valid nonperturbatively, the Gauge Technique

provides nonperturbative information on the vertex computed through it. Then, the
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Gauge Technique result can be used either as a nonperturbative Ansatz for the vertices
appearing in SDEs [2, 6, 10, 25, 107, 108, 119-122, 129-132], facilitating their truncation,
or as a point of comparison for the vertex computed by some other means.

However, in any Gauge Technique there will be a part of the vertex under consideration
that is left undetermined by the STI, which is a fundamental limitation of the method [106,
108, 131]. In this context, it is essential to preserve the analytic structure of the vertex
if this undetermined part is omitted in an approximation. This a nontrivial requirement,
because, as we will see in Chapter 4, a naive solution of the STI usually introduces
divergences, known as “kinematic divergences” [124-126], in certain kinematic limits. This
latter issue has been solved in classical works [124-126] under the assumption that the
vertex is regular. However, in the presence of dynamically generated gluon mass the
problem is aggravated, since in this case the vertex is actually required to have poles
which, as mentioned, must be longitudinally coupled [27, 31, 32, 34, 35, 61, 62, 90]. As
it turns out, a naive Gauge Technique construction of the three-gluon vertex gives rise
to poles that survive transverse projections of the vertex and are incompatible with the
required longitudinality of the vertex poles in the gluon mass generation mechanism [4].
Moreover, such transverse poles are decidedly not observed on the lattice [7, 43-49]. As
such, the usual Gauge Technique must be modified in the presence of dynamical gluon
mass generation, properly handling the longitudinality of the mass-generating poles.

The motivation of our study of the three-gluon vertex through the Gauge Technique
is threefold:

(1) On a purely theoretical side, we wish to demonstrate that a gauge technique solu-
tion of this vertex is perfectly consistent with gluon mass generation, once proper
account is taken of the requirement of longitudinally coupled vertex poles. Indeed,
the classical works of Ball-Chiu (BC) and others did not include the possibility of
dynamical mass generation, and a direct application of the BC solution is unsuit-
able in this case. The source of the difficulty in the dynamically massive case is
that the longitudinal vertex poles appear also in the tensor structures of the vertex
that contain the form factors that are left undetermined by the STI. As a result, if
the undetermined form factors are casually omitted in an approximation, the pole

structure of the vertex is distorted.

As we will show, a slight modification of the Gauge Technique construction is pos-
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(id)

sible, that takes explicitly into account the longitudinality of the vertex poles. The
fundamental step in this improved procedure is that the longitudinal pole structure
of the vertex is separated by splitting the STT into two equations, one involving only
the regular part of the vertex and one involving its pole content. The two result-
ing equations can then be solved separately. Surely enough, the Gauge Technique
vertex thus obtained still contains undetermined parts which, however, are regular,
and can be safely omitted without compromising the longitudinality of the poles
of the full vertex. Importantly, in the resulting solution the full gluon propagator
is substituted by its “kinetic term” only, which is defined by subtracting from the
inverse propagator its dynamical mass. Evidently, this means that in order to eval-
uate the Gauge Technique vertex, one must have knowledge of the dynamical gluon

mass, which must be computed by other means.

Then, we aim to connect the qualitative features of the nonperturbative three-gluon
vertex, its suppression with respect to the perturbative behavior, and its IR di-
vergences, to the behavior of the other Green’s functions that appear in its STI.
Namely, the gluon and ghost propagators and the ghost-gluon scattering kernel.
In particular, we will show that the kinetic term of the gluon propagator by itself
encodes most of the qualitative features of the three-gluon vertex, with the ghost

sector amounting to quantitative corrections.

Then, for a quantitative analysis, we explicitly compute an approximation to the
ingredients entering the STT of the nonperturbative three-gluon vertex, allowing us
to concretely evaluate its Gauge Technique solution including ghost sector correc-
tions, and contrast it to the results obtained for this vertex by other approaches.
Specifically, we use fits to lattice data for the ghost and gluon propagators that
are consistent with the gluon mass generation mechanism, whereas the ghost-gluon
scattering kernel is computed through a one-loop dressed truncation of its corre-
sponding SDE. We compare our Gauge Technique results for the three-gluon vertex
to lattice [44, 45] and SDE [53, 59] outputs obtained by other researchers and find
satisfactory agreement, indicating convergence of the state of the art nonperturba-

tive results for this function.

Beside achieving the above objectives, our work furnishes results that can be used
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as input for other computations that require knowledge about the three-gluon vertex.
Especially, recent work indicates that the nonperturbative behavior of this vertex plays
an important role in the description of glueballs [5] and hybrid states [71], and is a
crucial ingredient in the SDE of the gluon propagator itself, with important effects on the
generation of lattice-compatible gluon mass [6, 62, 63].

The material presented in this thesis is organized as follows:

In Chapter 2 we review some fundamental field theoretic concepts, such as the field
equations of motion, the definition of Green’s functions as expectation values of time-
ordered products of fields, the BRST symmetry of the gauge fixed Lagrangian, and present
a derivation of the STIs of QCD that will be used in this work. We end that chapter with
a short note on the renormalization of the Green’s functions related by the three-gluon
vertex STI.

The next chapter, 4, is devoted to reviewing the dynamical gluon mass generation and
some properties and implications of the ensuing IR finite gluon propagator. It is briefly
explained how gauge invariance enforces masslessness of the gauge fields in the absence
of poles in the vertices of the theory, and how the inclusion of such poles leads to the
generation of a dynamical mass. To simplify those computations whose details are not
essential to this work, while still being able to illustrate the main ideas, we cast the mass
generation mechanism in terms of scalar QED calculations. Still in Chapter 4, we show
that the dynamical gluon mass tends to reduce the degree of IR divergence of the QCD
Green’s functions, but that the nonperturbative masslessness of the ghost field implies
that some IR divergences survive [52], and in particular that the three-gluon vertex is
expected to have IR divergent form factors [52]. These divergence will be later connected
to the observed behavior of the three-gluon vertex at small momenta, including its IR
suppression and zero-crossing. Subsequently, we show that the IR divergences stemming
from the masslessness of the ghosts have important implications for the gluon propagator,
such as the existence of a maximum for this function and the divergence of its derivative.
We end by presenting an Ansatz for the gluon mass and kinetic term that capture the
main features of the gluon propagator and is consistent with the most up-to-date results
available for these functions.

Chapter 4 follows with a detailed discussion of the Gauge Technique solution of ver-

tices. To fix the ideas, we present first the case of scalar QED, where we can discuss more
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cleanly the problem of kinematic divergences and its resolution, as well as the modifica-
tions needed to perform the Gauge Technique in the presence of dynamically generated
gauge boson mass. Then, the BC solution for the three-gluon vertex and its modification
in the presence of dynamical gluon mass is presented. We conclude the chapter with an
explicit example of the appearance of spurious transverse poles in the vertex if the Gauge
Technique solution is applied in the dynamically massive case without the due account of
the special tensor structure of its pole content.

In Chapter 5 we analyze in detail the ghost-gluon scattering kernel, which is the most
complicated object appearing as ingredient in the Gauge Technique solution of the three-
gluon vertex. After recalling some of the fundamental properties of this scattering kernel
in the Landau gauge, specially its ultraviolet (UV) finiteness [39], we compute an approx-
imation for it, in general Euclidean kinematics, using a numerically solved truncation of
the SDE that it satisfies. The properties of the resulting ghost-gluon scattering kernel are
then analyzed in detail, with special attention to its IR divergences, and are compared to
results obtained by other means.

With all necessary ingredients at hand, we evaluate numerically the Gauge Technique
solution of the three-gluon vertex in general Fuclidean kinematics in Chapter 6. We
discuss in depth the nonperturbative behavior of the vertex, as found in our solution, with
special attention to its IR divergences and its suppression in comparison to its perturbative
behavior. Then we compare our results to those obtained from SDE [53, 59] and lattice
simulations [44, 45], by other authors, and discuss their agreement.

We present our conclusions and the prospects of further applications of our results in
Chapter 7.

In addition, we include five appendices. Appendix A contains the Feynman rules con-
sistent with our conventions and notations; In Appendix B we collect one-loop calculations
that are used in the main text for comparison to nonperturbative results or illustration
of certain concepts; In Appendix C we give expressions for the projectors that extract
the scalar form factors of the ghost-gluon scattering kernel and three-gluon vertex. In
Appendix D we present our conventions for converting Minkowski space expressions to
Euclidean space; Lastly, in Appendix E we collect the lengthy expressions for the one-loop
dressed integrals that determine the form factors of the ghost-gluon scattering kernel in

general Euclidean kinematics.
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2

Slavnov-Taylor identities

In this chapter we briefly review the field theoretic foundations for the work to come,
aiming at the derivation of the STIs of the three-gluon vertex. We follow closely the
presentation in [133], but with adaptations in notations and conventions.

Before we start, let us set some common notations.

Throughout this work, we use the convention g, = diag(1l, —1, —1, —1) for the metric
and denote the derivative with respect to space-time coordinates by d,. When products
of fields at different space-time points are differentiated, it becomes necessary to specify
which coordinate the fields are being differentiated with respect to. To that end, we add

the symbol of the coordinate being differentiated as an index to 0. For example,

g2 w9 (2.1)

G /N T Oz,

Since we will always denote Lorentz indices by Greek letters or explicit numbers, there is
no risk of confusing a spacetime coordinate with a Lorentz index. Finally, summation over
repeated indices is implied, except for those indices that denote a space-time coordinate,
e.g. in 0/'0% summation over y is implied, but not over y.

The content of this chapter is organized as follows. We review the quantization of the
pure Yang-Mills QCD theory in Section 2.1, following with the definition of the Green’s
functions as correlation functions of fields in Section 2.2. Next, we define the ghost-gluon
scattering kernel and prove its relation to the usual ghost-gluon vertex in Section 2.3.
In Section 2.4 we present the BRST transformations and derive the STIs of the gluon
propagator and three-gluon vertex. We close this chapter with a short discussion of the

constraint imposed by the three-gluon vertex STIs on the renormalization constants of
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the theory.

2.1 Pure Yang-Mills QCD

The fundamental fields of the pure Yang-Mills QCD are the gluon fields, to be denoted
by Afi(z), which are associated with the fundamental representation of the group SU(3).
A Latin index of a field denotes its color degree of freedom.

Our starting point is the classical Lagrangian density for the pure Yang-Mills theory,
1 12 a
EYM(ZE) = _ZF(? (x)F,uz/(x) ) (22)

where F () is called the “field strength tensor”. Fi, (r) is defined in terms of the gluon
field, A% (z), by

Fi,(x) = 0, A% () — 0, A} (x) + g f Ay () Af (), (2.3)

p

where ¢ is the coupling constant and ¢ are the structure constants of the SU(3) group,
which are anti-symmetric under the exchange of any two indices.

As all the theories describing the interactions of the Standard Model of particle physics,
QCD is a gauge theory. Specifically, the classical Lagrangian of Eq. (2.2) is invariant under

the local gauge transformation
Al(r) = Al = Al(x) + gf“bccSQb(x)A;(a:) — 0,00, (), (2.4)

where 66,(x) is an infinitesimal function and the prime denotes the transformed field.
The last term in Eq. (2.3), gf*°A’(x)Ag(z), is of fundamental importance. It manifests
the non-Abelian character of the gauge group of QCD and enriches this theory with self
coupling of the gluon field.

In order to quantize the theory, we need to fix the gauge. In this work we will restrict

ourselves to the linear covariant gauges, which are defined by the Lorentz condition
MAL(z) =0. (2.5)

At the level of the Lagrangian, the gauge fixing can be achieved by the method of Lagrange
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multipliers, adding to Eq. (2.2) the gauge fizring term

Lo(z) = —%[8“142(9:)][8”14‘;(9:)] | (2.6)

The Lagrange multiplier ¢ is called “gauge fixing parameter”.

However, while for QED gauge fixing as above is enough to allow a covariant quan-
tization of the theory, in non-Abelian gauge theories the S-matrix is not unitary when
Eq. (2.6) is added to the Lagrangian. To restore unitarity we have to introduce the
Faddeev-Popov ghosts term [72] to the Lagrangian. Specifically,

Lyp(z) = _[8uéa<x)][auca(x) + gfabcAZ(x)CC(x)] ) (2.7)

where ¢,(z) and ¢,(x) are the ghost and anti-ghost fields. The fields ¢,(z) and ¢,(x) must
be considered self-adjoint massless scalars that do not appear in the spectrum of final
states. Moreover, they violate the spin-statistics theorem, i.e. in spite of being scalars,

they anti-commute

{ca(2), en(y)} = cal@)en(y) + cn(y)cale) =0, (2.8)

and similarly {¢,(z),(y)} = 0 and {c.(x),é(y)} = 0. Nevertheless, the c,(x) and ¢,(z)

fields commute with the gluons, i.e.

[ca(), AL(y)] = ca(@) A (y) — A (y)ea(z) =0, (2.9)

as well as [¢,(z), AL (y)] = 0.
The complete Lagrangian of pure Yang-Mills QCD is then given by

L(z) = Lyy(z) + Ly(x) + Lep(z), (2.10)

which is suitable for covariant quantization.

The equations of motion of the fields can then be obtained from Eq. (2.10) using the

0L@) _, ( OLl)_
dp(x) On (8[8M¢(:c)]) ’ (2.11)

where ¢(z) is to be substituted by each of the fields Af.(z), c,(x) and &,(x). For the gluon

Euler-Lagrange equations,
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field one then obtains

£
g AL (RO [AY ()] + g £ e AL () Al () A ()

—gf " [0ues(w)]ce (), (2.12)

AL () = (1 - 1) 00" AS(2)] 1 gF ™0 AL (@) AS ()] + 9o A ()] AL ()

where 9% := 90,.

To obtain the equations of motion for the ghost fields, we must set a consistent con-
vention for differentiation with respect to anti-commuting variables. In this work it will
be understood that a derivative with respect to an anti-commuting variable is to be taken
from the left. In particular, in taking derivatives of a product of anti-commuting vari-
ables, the variable that is being differentiated must be anti-commuted to the left before

differentiation. For example, if 'y and C are a pair of anti-commuting variables

0[C1Cs]
oC

0[C1Cs]
0C,

With this convention, Eq. (2.11) yields for the fields ¢,(x) and ¢,(z) the equations of

motion

DPcy(r) = —gf“bcﬁ“[AZ(x)cc(x)], (2.14)
0%ey(x) = —gf“bCAZ(x)ﬁuéc(x). (2.15)

The quantization of the theory then proceeds by promoting the fields Af.(z), c.(z) and
() to operators' by prescribing their equal time commutation relations (ETCs). For

the gluon field the ETC reads

8z — o) [Af (), mp ()] = 167 g0, 0 (x — y) (2.16)

b

where 7,

(7) is the canonical momentum conjugate to A’(z), defined as

b ,_ OL(x) _ 0 0 Ab bde 40 c
m(x) = A ()] Oy Ap(x) — O A(x) — g f " Ag(x) A7 (x) —

%988’)/42(1:) . (2.17)

The gluon still commutes with itself at equal times, i.e. d(zo — yo)[A%(z), AL(y)] = 0, as

"More accurately, operator valued distributions [134].
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well as 6(zo — yo)[7%(x), 75 (y)] = 0.

One special case of the gluon field ETC that will be useful in this chapter is obtained
by setting u = v = 0 in Eqgs. (2.16) and (2.17). Specifically, since f*4 is anti-symmetric,
then f*%AY(z)AS(x) = 0, such that Eq. (2.17) reduces to

!
§

mo(x) = —0°Ab(x). (2.18)
Substituting the above result into Eq. (2.16) yields then

8z — o) [Af (), A5 (y)] = —i&8” 0 (z — y) . (2.19)

We must also prescribe ETCs for the ghost fields. First, let us define the canonical

momenta conjugate to the ¢,(z) and ¢,(x) fields by

0L (x)

op(x) = D0y ()] = 0% (),
ap(x) = 8[257(;;)] = —[0%y(x) + gfr¥AY(x)c.(2)], (2.20)

from which follows that
{ca(@),o0()} = {ca(@), 0 (y)} . {G(2),3(y)} = —{eu(2). a(y)}.  (2.21)
Now, we require that {c,(z), &(z)} = 0 holds at all times [135]. Then,
O {ca(x), ()} =0, (2.22)

which implies

{ey(1),0°Cq(2)} = —{Co(x),%4(x)} . (2.23)

Hence, if we prescribe the ETC for the ¢,(z) field, that of the ¢y(z) field follows by
imposing Eq. (2.23).

Then, we prescribe

0(wo = yo){@a(y), cs(2)} = =0(z0 — yo){0°caly), Go(w)} = 160D (@ —y),  (2.24)



2.2 Correlation functions 28

which completes the quantization, for the purposes of this work.

2.2 Correlation functions

A quantum field theory is completely determined by the content of its Green’s func-

tions, which are given by the time-ordered correlation functions

(O] T [p1(21)P2(22) - . - pn(a0)] 0) (2.25)

where the ¢;(x) can be any of the fields of the theory, |0) is the ground state of the
Hamiltonian and T is the time ordering operator.

The action of T on a product of fields is to rearrange them in decreasing order of
the time components of their arguments, x;, reading from left to right. For example, the

time-ordered product of two fields is given by

T [p1(z)Pa(y)] = 0(z0 — yo)P1(x)P2(y) £ O(yo — 0)P2(y)P1(7), (2.26)

where 6(z) is the Heaviside step function, and the relative sign between the products is
positive if the fields commute and negative if they anti-commute. It is a good moment to

recall that, regarding 6(x) as a distribution, its derivative is

=d(x). (2.27)

The correlation functions like Eq. (2.25) contain, however, somewhat redundant infor-
mation, including disconnected Feynman diagrams [136]. They can be decomposed into
the so-called connected Green’s functions, which are obtained by canceling from those of
Eq. (2.25) their disconnected parts [136].

In this work, we will use the notation

(T [or(21)da(22) - Pnl(n)]) (2.28)

to represent the connected counterpart to Eq. (2.25).

At this point, we emphasize that Lorentz invariance implies that the Green’s functions
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can only depend on the differences of the positions x;. More specifically,

(T¢1(z1)da(w2) . pulwn)]) = (T¢1 (21 = 2)Pa(w2 = 2) .. Pulxn — 2)]),  (2:29)

for any four-vector z.
Of special importance are the 2-point Green’s functions, called “propagators”. In the

pure Yang-Mills theory there are two to consider: the gluon propagator,

Rov(—y) = (TAY ) A )]); (2.30)

and the ghost propagator,
D2 —y) = —(Tleaw)n(y)]) (2.31)

In practice, it is more convenient to work with the Green’s functions in momentum
space. Taking the Fourier transform of Egs. (2.30) and (2.31), we define the momentum

space propagators as

AT(g) = 6N, (q) = / g e~ (T (A% (2) AL(0)]) (2.32)

D™(g) = §D(g) = / 2 e 07 (T (e ()(0)]) (2.33)

where we have used Eq. (2.29) to eliminate the integration over y. By Lorentz invariance

and the commuting nature of A%(z) and A%(0), it is easy to see that Eq. (2.32) implies

A (9) = Auulg) = Ap(=q) - (2.34)

As for the ghost propagator, since the c¢,(z) and ¢,(0) fields are anti-commuting and

self-adjoint, Eq. (2.33) leads to
D®(—q) = =[D*(q)]", (2.35)

where the { denotes Hermitian conjugation. Eq. (2.35) allows us to define the “ghost
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dressing function”, F(¢?), which is a Lorentz scalar, by

F).

Dab(q) — ,L»(Sab q2

(2.36)
In general, the connected Green’s functions contain diagrams that are “one particle
reducible”. These are the diagrams that can be written as a product of two Green’s
functions by cutting a single line. The diagrams that cannot be decomposed in this way
are said to be 1PI. Clearly, the 1PI functions contain all the information about the theory,
since all other Green’s functions can be expressed in terms of the former.
In particular, a connected 3-point Green’s function is composed of the corresponding

1PI vertex multiplied by the propagators of each external line.

auy
abc

The focal point of this thesis is the three-gluon vertex, '/ (q,r,p). It is related to

the connected Green’s functions with three gluon fields by

1o,

Lo (g, r,p) Dara(@) A (r) A (p) = / d'z d'y e (T [AL(2) AL (y) AL (0)] )
(2.37)
with momentum conservation expressed as ¢ + p +r = 0. It is often convenient to factor

out a color structure, defining

9" Lo (g, 7, p) =T (q,7,p) - (2.38)

The full 1PT three-gluon vertex is represented diagrammatically? in panel (a) of Fig. 2.1,
while the connected correlation of Eq. (2.37) is represented in panel (b) of that figure.

The reason for denoting the full three-gluon vertex by the double struck letter I'' will get
clearer in the next chapter. There, and in the subsequent treatment, it will be necessary
to separate the vertex into a part that contains poles and a part that is regular. Then, we
will employ the usual letter I' to denote the regular part only, whereas the double struck
version will refer to the complete vertex, i.e. the sum of regular and pole parts.

Another 1PI function that will be important in this work is the ghost-gluon vertex,

1%<(q, p,r), which is defined as

I‘Zl,’c(q,p, 7)D(q)D(p)AL (r) == — / dx dtye TPy T [A5(0)ca(m)En(y)] ). (2.39)

2All Feynman diagrams in this work have been drawn with JazoDraw 2.0 [137].
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| |
. abc

1)/1 \7‘ T F(xlw(q7 T, p) P

c, v b, p c,v b, 1
(a) (b)

Figure 2.1: (a): Diagrammatic representation of the 1PI full three-gluon vertex. The
grey circle denotes that the vertex is 1PI and dressed, whereas the wavy line represents
a gluon field. The arrows denote momentum flow. (b): Diagrammatic representation of
the connected correlation function of Eq. (2.37). Blue circles represent full propagators.

Again, we factor out a color structure to write

—gf*™T,(q,p,7) = FZbc(q,p, ). (2.40)

We represent diagrammatically the full 1PI ghost-gluon vertex in panel (a) of Fig. 2.2,

while the connected Green’s function of Eq. (2.39) is represented in panel (b) of the same

figure.
c, Cy b
b b
. 1be
p ¢ FZ “(¢,p,7) P q
A NN o R A
b ' ~a b ‘ ‘a

(a) (b)

Figure 2.2: (a): Diagrammatic representation of the 1PI ghost-gluon vertex. The dashed
line represents a ghost field, and the arrowhead over the line represents ghost number flow.
(b): Diagrammatic representation of the connected correlation function of Eq. (2.39).

With the conventions laid down in this section, the Feynman rules for the Green’s
functions at lowest order in perturbation theory can be obtained. We collect them in

Appendix A.

2.3 The ghost-gluon scattering kernel

The STI that will be important in this thesis relates the three-gluon vertex to the
gluon and ghost propagators and a ghost-gluon interaction vertex. However, it is not

the ghost-gluon vertex of Eq. (2.39) that appears in this STI, but a close relative to it
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called “the ghost-gluon scattering kernel”, to be denoted by H{}ﬁc(q, p,r). In this section
we present the definition of Hﬁzc(q, p,r) and demonstrate its relation to the ghost-gluon
vertex.

We can define the 1PI ghost-gluon scattering kernel as the sum of the diagrams on
the right hand side of Fig. 2.3. In those diagrams, a little black cross denotes that the
two fields meeting there are evaluated at the same space-time coordinate. The tree-level

value of Hﬁﬁc(q, p,r) is given by

HISE)L) abc(q,p’ 7") = _gfabcglz,u . (241)

It will be useful to have a more compact diagrammatic expression for Hﬁﬁc(q, p, 7). Such
an expression is also shown in Fig. 2.3, but notice that the four point function denoted by

a black circle there is neither 1PI nor the full connected ghost-ghost-gluon-gluon function.

() \\: [ \{‘ él :

v
Hyy(q,p,7) = ,M‘— =

<d2>l’ﬂ <d3>uu

Figure 2.3: Diagrammatic definition of the ghost-gluon scattering kernel, Hﬁzc(q,p,r).
The first equation defines a compact diagrammatic representation in which the black circle
is not 1PI. The second equation expresses H{,’Zc(q, p,r) in terms of 1PI functions only. The
little black cross represents two fields evaluated at the same space-time coordinate.

To relate the ghost-gluon scattering kernel to a fully connected correlation function,

let us define the following Green’s functions

Hepllapr) = —of™™ [ dedlye T AR @), @a)A50)) (242

S0(a)D"(q) = —gf / d'z e (T [A](z)en(2)2e(0)]) (2.43)
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in both of which we emphasize the presence of gluon and ghost fields meeting at the
same point, . As usual, we can factor out the color structures, X%(q) = 6%, (q) and
H‘;Zd(q,p, r) = —gf"H,,(¢q,p,r). The function X%(q) and the connected correlation of
Eq. (2.43) are represented diagrammatically in Fig. 2.4.

Figure 2.4: (a): Diagrammatic representation of the 1PI function X% (q) appearing in the
Eq. (2.43). (b): The connected correlation function of Eq. (2.43).

Decomposing Eq. (2.42) into 1PI functions, we obtain the diagrams shown in Fig. 2.5.

In symbols, we write
My (. p,m) = [Hy (g, 0,7) + 25 (@) DT ()T (q, p,m) ] D (p)ALE (). (2.44)

Hence, the ghost-gluon scattering kernel is obtained from the connected ’H‘jl;d(q,p, r) of
Eq. (2.42) by removing the diagram containing the ¥,(q) of Eq. (2.43) and amputating

the external legs.

H (q,p,7) =

abd

2(q,p,r) into 1PI functions.

Figure 2.5: Decomposition of H

Now we want to establish the relation between the ghost-gluon scattering kernel and

the ghost-gluon vertex. Specifically, we will show that

¢"Hy(q,p,m) = T (q,p,7) - (2.45)
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To this end, we must first demonstrate that ¢"¥,(q) equals the ghost “self-energy”; i.e.

7", (q) = [D(q)]™" — [D(g)] ", (2.46)

where the superscript “(0)” denotes the tree-level value (see Appendix A).

To prove Eq. (2.46), we contract Eq. (2.43) with ¢” to obtain

¢"2) (@)D" (q) = igf*™" / d'z e O T [A](z)en (2)2(0)]) - (2.47)
Next, we bring the derivative inside the time ordered correlation through

Oy T[A) (z)en(2)ee(0)] = 97[0(x0) A () cn(2)Ce(0) — 0(—m0)Ce(0) AL () cn ()]
= T [0Y(A)(z)ca(2))e(0)] , (2.48)

where we used Eq. (2.26) and the fact that ¢, (z) and ¢.(0) anti-commute. Then, Eq. (2.47)

reads
PN OD ) = igf™ [ o T (AN )aO]).  (249)
Now, we invoke the equation of motion of Eq. (2.15) to rewrite
gF T [0 (A7 (@)ea (@) 2(0)] = —T [0, (@)2.(0)] . (250)
Moving the 9? outside the time-ordering operator using again Eq. (2.26) entails
T [07ca(2)2e(0)] = 07 T [ca(2)2e(0)] — 8(0){cc(0), Docalx)} - (2.51)
The Egs. (2.50) and (2.51), when used into Eq. (2.49), lead to
PEN@OD @) =i [ doe (T (o) 0)]) - San)e0). (o)) . (252
Finally, using the ETC of Eq. (2.24) into the Eq. (2.52) results in

7’3 (q)D*(q) = -0 + iq? / d'z e 9Y( T [ca(2)e(0)] ) = =6 — iG> D™(q) , (2.53)
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where the last equality is established by identifying the integral with that of Eq. (2.33).
From Eq. (2.53) the association (2.46) follows trivially.

With Eq. (2.53) in hands, we can proceed to derive Eq. (2.45). Contracting Eq. (2.44)
with ¢” and using Eq. (2.53) yields

[’ HE (g, p,7) —T9(q. p, )| DY (p) AL (r) = Hib(q,p,7) (2.54)

+ig’ T, (g, p,m) D" (q) D" (p) ALY (r) -
To evaluate the right hand side of Eq. (2.54), we contract Eq. (2.42) with ¢” to find

U ) = dgf [ diaatye T O T AT () (2)a(0) A1)
= gg [ dpdty eI (047 (x)en(o)) () AYO)] ) (255)
after bringing the derivative inside the correlation appropriately. Using the equation of

motion, Eq. (2.15), into Eq. (2.55) and moving the derivatives outside the correlation,

leads to

FHDq,p,r) = i / dhe d'y e itV T [0, (1) (y)])
_ i / dhx dby e PYT (o (2)6(y)))

= —iQQFZZ’C(q, p,7)D*(q) D% (p) AL (r). (2.56)

To get the last equality in (2.56), we identify the integral appearing in this equation with
that of Eq. (2.33).
Using Eq. (2.56) into Eq. (2.54) it thus follows that

[¢"Hyye (g, p,7) = Ty, p,m)] DY (p)ALE(r) = 0, (2.57)
from which Eq. (2.45) follows immediately.

2.4 BRST symmetry and the STIs

The Green’s functions, unlike physical observables, are gauge dependent objects. Nev-
ertheless, the gauge invariance of the theory is encoded into a series of relations among

the different Green’s functions. In Abelian theories, such as QED, these relations are the
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well known Ward identities (WIs), whereas in non-Abelian gauge theories the WIs are
generalized to the so-called ST1Is.

It is important to note, though, that since we had to fix the gauge in order to appro-
priately quantize the theory, the full Lagrangian of Eq. (2.10) is no longer invariant under
the gauge transformation of Eq. (2.4). However, it is possible to generalize Eq. (2.4) to
a transformation that includes the ghost fields, as discovered by Bechi, Rouet, Stora [40,
41] and Tyutin [42], under which the Lagrangian of the quantum theory is invariant. The

BRST transformation is the set of one-parameter variations

Al(z) — A= Aj(z) - gwf“bccb(x)AZ(x) + wd,cq(7) ; (2.58)
@) = o) = cule) — Sgwf ()l (259
G(x) — (1) = Gu(z) + %am;(x) : (2.60)

where w is an anti-commuting constant. In particular, w? = 0. Moreover, w anti-commutes

with ghost fields, and commutes with gluon ones, i.e.

w, Aj(2)] ={w, ca(z)} = {w, Ca(2)} = 0,
[w, affAZ(x)] ={w, cy(x)} ={w,dl¢,(x)} =0. (2.61)

Using the above properties of w it is easy to show that the transformed fields, A’, ¢ and
¢’, satisfy the same (anti-)commutation rules as the original ones.

Comparing the BRST transformation of the gluon field to Eq. (2.4) we notice that
Eq. (2.58) is a gauge transformation with 6,(x) = —wc,(x). As such, the classical La-
grangian of Eq. (2.2) is clearly BRST invariant. Then, the variations of the gauge-fixing
and the Faddeev-Popov Lagrangian terms, Egs. (2.6) and (2.7), respectively, can be shown
to cancel against each other [133] (up to a total divergence). Consequently, Eq. (2.10) is
symmetric under the combined transformations of Egs. (2.58), (2.59) and (2.60).

2.4.1 STI of the gluon propagator

By taking advantage of the BRST transformations, we are now in position to derive

STIs. One of the most important and yet simplest to demonstrate is the STI satisfied by
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the gluon propagator, which reads
q"q" AL (q) = —i&6™. (2.62)

Before proving Eq. (2.62), let us appreciate its significance. Specifically, the STT of
Eq. (2.62) allows us to perform our first example of a Gauge Technique implementation,
determining part of the nonperturbative propagator. We begin with the most general

Lorentz structure of A% (¢), which is given by

AW (q) = =i6” [Pu(9)A(¢) + . E(¢%)] | (2.63)

where A(¢?) and E(¢?) are scalar functions, which, by Lorentz symmetry, can only depend

on ¢?, and P, (¢) is the transverse projector defined as

Gy

p (2.64)

Pw(q) == gu

The STI of Eq. (2.62) is insensitive to, and hence does not determine, the function A(g?),
since ¢"P,,(q) = 0. However, combining Egs. (2.63) and (2.62) we see that E(¢*) = £/q*.

Therefore, the complete gluon propagator can be written as

Ajila) = =i |Pu(@)A(e?) + €23 (2.65)

The physical significance of Eq. (2.65) is that the longitudinal part of the gluon propa-

gator retains its tree-level form (see Appendix A) to all orders and even nonperturbatively.

In particular, in the Landau gauge, defined by & = 0, the gluon propagator is fully trans-
verse, i.e. ¢"A% (q) = ¢" A% (q) = 0.

Let us demonstrate Eq. (2.62) then. We begin by noticing that, since ghosts do not

appear in the spectrum, any correlation function with an unbalanced number of ghosts

and anti-ghosts vanishes. In particular,
(T[op A (z)en(y)]) = 0. (2.66)

Since the theory is BRST invariant, Eq. (2.66) must also hold if we transform the Af(z)
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and ¢, (y) fields in accordance with Egs. (2.58) and (2.60). Therefore,

(T (02 AL(2)0) Ay (y) — gf* 0% (ca(2) Ay (2))e(y) + Drca(®)E(y)]) =0, (2.67)

I =

where we used Eq. (2.66) and that w? = 0 to eliminate some terms.
The last two terms inside the time ordering operator in Eq. (2.67) cancel against each

other on invoking the equation of motion, Eq. (2.15). Thus,
(T [05 AL ()0, AL (y)] ) = 0. (2.68)
Moving the derivatives out of the time-ordered correlation then yields

0 = 90 (T[AL(x)A,(W)]) + 9% (3(z0 — yo)( T [Af (), Ag(w)]))
—id(wo — yo){ T [A5(x), 0y AL (y)])
= 9L0,(T[A(2) A (y)]) + €66 (x —y), (2.69)

on using the gluon ETC of Eq. (2.19). Fourier transforming Eq. (2.69) and using the

Lorentz invariance of the Green’s functions leads to
o / dlpet / d'y e (T ALz — y) AL(0)] ) — i€6™6P (g +p) = 0. (2.70)

Now we can identify the integral in Eq. (2.70) with the definition of the momentum
space gluon propagator in Eq. (2.32), to obtain

[P A% (—p) —i€6] 6D (g +p) = 0. (2.71)

Finally, 6 (q + p) enforces that p = —¢ and Eq. (2.62) follows.

2.4.2 Three-gluon vertex STI

We have now reached the culminating point of this chapter, which is to derive the STI

of the three-gluon vertex. We begin with the vanishing correlation

(T [Ca(@) AL (1) AS(2)]) = 0. (2.72)
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The same result must hold if we perform a BRST transformation on the fields. Hence,

using Eq. (2.72) we obtain

%@(T[AZ(QJ)AZ(?J)A%Z)D = —gf* T[4, (y)ca(y)ea() AL (2)])
— (T es(y)ea() AL (2)]) (2.73)

—gf (T [A(2)er(2)Ea(2) AL (y)])
—05( T lee(2)Ca(@) AL (w)]) (2.74)

where we have used the anti-commutation properties of the ghost fields and of w, and
moved the derivatives outside the time-ordering operation.

Next we Fourier transform the Eq. (2.74) and identify the resulting integrals with
Egs. (2.37), (2.39) and (2.42), to obtain

rzb,iy(q,r,p>A3’<q>Az’<r>Az’<p> = H2(r, q,p) + HE (p.q,7)
+ir, L0 (r, q, p) D(r) D(q) A% (p)
+ip, 5 (p, q,7) D(p) D(q) AL (r) . (2.75)

5

Now, we notice that the expression (2.65) for the full gluon propagator allows us to
write into Eq. (2.75)
a Ao -4
¢“Ag (q) = —Z£q—2- (2.76)
Then, we decompose H according to Eq. (2.44), use Eq. (2.36) and factor out the color

structures, to get

¢“ Loy (q,7,p) AL (1) AY (p )—iF(QQ){ [Hup(r,q,p) + (Zu(r) + i) D(r)Ty(r, ¢, )| AL (D)

— [Hup(pa,7) + (Z0(p) +ip) D)L p(p, g, 7)] AZ(T)} :
(2.77)

On the left hand side of Eq. (2.77) the three-gluon vertex appears contracted with gluon
propagators, whereas we want an STI with ¢®I',,/./(¢,7, p) in isolation. Fortunately, the
gluon propagator is invertible before we settle to Landau gauge. Specifically, it is easy to
verify from Eq. (2.65) that

—1 v v
A, (@)A™(q) =g, (2.78)
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with
1
A$@%=4RM®A“@5+Z%% - (2.79)

Then, contracting Eq. (2.77) with AEM(T)A;l”(p) leads to

0" Tapy(a.p,7) = PG [Hun(r,a.p) + (Su(r) + i) DTy (r,0.p)] A5 (1)

— [Hus(p,q.7) + (E0(p) + ip,) D(p)Ts(p, q,7)] AJIV(P)}‘ (2.80)

Decomposing the inverse propagators according to Eq. (2.79) then yields

P Copr(a.nr) = FI@){ A 6P Hos(p.a.r) — A7) PA() o (r..9)
—%’8 [T“HM(T, q,p) + (T“EM(T) + irz)D(r)Fv(r, q,p)}

+%Wmeﬂ+W&@+Ww@mmwﬂ}(mm

where we have used the fact that, by Lorentz symmetry, ¥,(r) must be of the form
¥, (r) = r,X(r?), which does not survive contraction with P%(r).

Lastly, the terms proportional to 1/¢ in Eq. (2.81) vanish identically by virtue of
Egs. (2.53) and (2.45). Hence, the final form of the STT for the three-gluon vertex is given
by [4, 126],

¢° Loy (q,7,0) = F(*) AT (0*)Py (p) Hap(p, q.7) — AN (r?)PG(r)Ha (r, ¢, p)] . (2.82)

after some relabeling of indices. As a check on the result, we can use the Feynman rules
in Appendix A to verify that Eq. (2.82) is satisfied at tree level.

While we have derived the three-gluon vertex STI with Iy, (¢, 7, p) contracted with
the momentum ¢, as in Eq. (2.82), there is nothing special about this momentum. In fact,
since the gluon fields commute, ]P‘;I;fy(q, r,p) is fully Bose-symmetric, i.e. it is invariant
under the permutation of any two of its legs, for example Fgﬁfy(q,r, p) = ]Pif,bu(q,p, r).
Hence, we must obtain STIs similar to Eq. (2.82), but with I, (q, 7, p) contracted with
either r* or p”.

Notice however, that since the structure constants f2¢ that we have factored out are

anti-symmetric, Bose symmetry of ]Pgl;fy(q, r,p) requires that the Lorentz structure of the

vertex, i.e. I'a,(q, 7, ), be anti-symmetric as well. Thus, the three-gluon vertex STIs with
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Iy (g, 7, p) contracted with either other momentum correspond to cyclic permutations

of Eq. (2.82). Specifically,

Tu ]POCMV(qa T, p) - F(T2) [A_l(q2)PZ(Q)HNV(Qa T, p) - A_I(PQ)Pﬁ(P)Hua(R r, Q)] ) (283)

P To(q,m,p) = F)[AT ()P (r) Hya (7,0, @) — A7) Po(q) Hop(g,p,m)] . (2.84)

2.4.3 The STI constraint of the ghost-sector

In addition to relating the three-gluon vertex to the gluon and ghost propagators and
the ghost-gluon scattering kernel, the STIs of Eqgs. (2.82), (2.83) and (2.84) also provide a
constraint on the ghost sector functions by themselves. This constraint will be important
later, in Chapter 4, when we decompose the Iy, (¢, 7, p) and H,,(q,p,r) in their most
general Lorentz structures and solve the STIs in favor of the three-gluon vertex. For the
moment, let us just derive this additional constraint.

We begin by contracting Eq. (2.83) with p¥, which yields
D" Tap(q,7,9) = F(r*) A (q*)p"Ph(q) Huw (g, 7,p) - (2.85)
Similarly, contracting Eq. (2.84) with r# leads to
" o (g,7,0) = —F (") A (¢*)r"Pe(q) Huulg, p, ) - (2.86)
The left hand sides of Egs. (2.85) and (2.86) are the same, and hence
P'Po(Q)F(r*) Hy(q,7,p) = —r"PL(a) F(p*) Huu(g, p,7) - (2.87)

The Eq. (2.87) is an equation involving only ghost sector functions. We can bring it to
a more symmetric form by contracting Eq. (2.87) with p®, using momentum conservation

on the right hand side, i.e. p = —q — r, and relabeling dummy indices, to obtain

P'p°PL(q)F(r*)H,,(q,r,p) = r*r°*PY(q)F (p*)H,u(q, p,7) (2.88)

which can be readily verified at tree level using the Feynman rules of Appendix A.

In words, the Eq. (2.88) says that the combination r*r*P(¢)F(p*)H,,(q,p,r) is sym-
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metric under the exchange of the momenta p and r. Recalling the diagrammatic repre-
sentation of H,,(q,p,r) in Fig. 2.3, we see that r and p correspond to the gluon and ghost
momenta, respectively. Thus, Eq. (2.88) imposes a nontrivial constraint on the gluon and
ghost legs of the ghost-gluon kernel. We emphasize, though, that H,,(q,p,r) is not itself
symmetric under the exchange of gluon and ghost legs, even at tree level where the gluon
leg has a Lorentz index, whereas the ghost leg has none. Instead, only the particular
combination given in Eq. (2.88), which contains a transverse projection of H,,(q,p,r)
combined with the ghost propagator, possesses this symmetry.

Finally, we point out that while we have derived Eq. (2.88) from the three-gluon vertex
STI, it can also be obtained more directly from an STI of the ghost sector alone [127].

2.5 The STIs and renormalization

As is well known, the STIs play a key role in the renromalizability of non-Abelian
gauge theories. In this work, we will not need to delve very deep into the renormalization
of QCD, thanks to the special property of the ghost-gluon scattering kernel being finite
in Landau gauge. Nevertheless, there is one aspect that we should discuss, which is the
limited freedom in defining the finite parts of the renormalization constants of the theory.

Let us define the gluon and ghost field strength renormalization constants, Z4 and Z,,
respectively, by

Ap?) = Z3 Ao(p?),  F(?) = 27 Fo(i®) (2.89)

where the index “U” denotes an unrenormalized quantity. Then, the renormalization

constants of the ghost-gluon and three-gluon vertices are defined as

Lu(q,p,r) =210, (q,p,7), Toyw(q;r,p) = Z3 T3, (q,7,p) - (2.90)

From Eq. (2.45) it is evident that H,,(q,p,r) must be renormalized with the same con-
stant, Z;, as the ghost-gluon vertex.

The STIs of the theory, in particular Eq. (2.82), are naturally satisfied by the un-
renormalized functions, provided a gauge invariant regularization, such as dimensional
regularization [138], is employed in their calculation. Now, we impose that the renormal-
ized functions also satisty the STIs. Substituting the renormalized functions as defined in

Egs. (2.89) and (2.90) into Eq. (2.82) and using the fact that the equation holds also for
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their unrenormalized counterparts we obtain [38, 39]

% _ 57 | (2.91)

In general, while the divergent parts of the renormalization constants are completely

fixed by the requirement that the divergences of the Green’s function be canceled, one

is still left with a freedom to define their finite parts. These can be defined by imposing

particular values for the Green’s functions at chosen kinematic configurations and an
overall scale.

For example, we will use extensively in this work the momentum subtraction schemes

(MOM) [139] in which we specify that the propagators attain their tree level values at the

Euclidean point ¢? = —u?, i.e.
A(=p®) = —— F(—p?) =1. (2.92)

However, Eq. (2.92) still does not define the finite parts of the vertex renormalization
constants. At this point, we can choose either I, (¢, p,7) or H,,(q,p,r) to reduce to tree-
level at some chosen kinematic configuration. Importantly, we cannot generally choose
both vertices to attain tree-level values simultaneously [139], due to Eq. (2.91). Instead,
once we have chosen to define either Z; or Z3, the remaining renormalization constant
must be determined by imposing Eq. (2.91) [139].

In the Section B.4 we give explicit examples of the above procedure using the one-loop

results for Iy, (¢, p,7) and H,,(q,p, ).
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3

Infrared properties of QCD with

dynamical gluon mass

It is well known that adding a gluon mass term to the Lagrangian of Eq. (2.2) explicitly
breaks gauge invariance. Nevertheless, Schwinger has shown [84, 85| that it is possible
in gauge theories for the gauge bosons to acquire effective masses dynamically, without
breaking gauge symmetry nor introducing a scalar Higgs field into the Lagrangian, if the
interaction is sufficiently strong. Specifically, the Schwinger model [85] consists of QED
in 141 dimensions, which is exactly solvable, and displays a dynamically massive photon.
Moreover, the fermions in the Schwinger model turn out to be confined [85], providing a
tempting analogy with QCD.

Schwinger’s notion of dynamically massive gauge bosons was then extended to Abelian
theories in more than 1+ 1 dimensions [86, 87] and non-Abelian theories followed [88-90)].

In the 1980s Cornwall proposed [27] that the Schwinger mechanism is realized in QCD,
i.e. that the gluon develops, nonperturbatively, an effective mass [27-29]. The existence of
a gluon mass has several important phenomenological implications, such as the IR freezing
of the running coupling [140-149], glueball masses compatible with lattice results [5, 64,
66-68], a maximum wavelength of gluons [150], and may help resolving [151] the Gribov
problem [152]. For its phenomenological relevance and theoretical elegance the idea of
dynamically generated gluon mass was revived in the last 15 years [6, 30-35] and gained
impetus as large volume lattice simulations produced strong evidence of its reality [7,
73-77, 79-81].

In order to trigger the Schwinger mechanism in QCD it is necessary that certain ver-

tices of the theory develop special kinds of poles [27, 90], arising from nonperturbative
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effects. The existence of such poles fundamentally alters the Gauge Technique construc-
tion of the three-gluon vertex, requiring us to review the mass generation mechanism
before embarking on the solution of the STI of Eq. (2.82).

In this chapter, we briefly review the principles of the Schwinger mechanism, starting
by recalling the recent lattice evidence of its realization in QCD, namely the observation
of an IR finite gluon propagator [7, 73-81]. In Section 3.2 we present the so-called “seagull
cancellation”, which prevents the gauge boson propagators from acquiring masses in the
perturbative setting, and proceed to explain in Section 3.3 how the presence of poles in
vertices evades this cancellation. Next, in Section 3.4 we discuss how the presence of a
gluon mass attenuates the IR divergences of QCD, and how some such divergences persist
due to the nonperturbative masslessness of the ghosts. Then, in Section 3.5 we show that
the gluon mass picture causes the gluon propagator to develop a maximum in Euclidean
space, and that this feature implies positivity violation of the gluon spectral function.
Finally, in Section 3.6 we present an Ansatz that captures the known properties of the
Euclidean space gluon propagator and is in agreement with lattice and SDE results for

this function.

3.1 Infrared finite gluon propagator

Large volume lattice QCD simulations in the Landau gauge display a clearly finite and
nonzero value for the scalar function A(g?) of the gluon propagator at ¢* = 0 [73-80]. In
fact, the finiteness of A(0) was more recently found to persist in the presence of dynamical
quarks [7, 81], for different values of the gauge fixing parameter [153, 154], &, as well as
for nonzero temperature [155-158]. For illustration, in Fig. 3.1 we show the propagator
obtained in pure Yang-Mills QCD of Refs. [73, 76] in the left panel, whereas on the right
one we show the corresponding results with three dynamical quarks of Ref. [7]. In both
cases the saturation of A(0) to a finite and nonzero value is clearly visible.

As we will show in this section, the finiteness of A(0) is a highly nontrivial feature of the
theory, which must be realized through nonperturbative effects. Indeed, in perturbation
theory A=1(0) = 0 [see the one loop propagator in Eq. (B.9)], such that A(0) is divergent.

The discussion of the IR finiteness of A(0) is better carried out by first defining the
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Figure 3.1: Left: Lattice results for the Landau gauge propagator of the gluon of pure
Yang-Mills QCD, from Ref. [73, 76]. Right: Gluon propagator in QCD with Ngp = 3 quark
flavors [7]. The renormalization point in both sets is u = 4.3 GeV.

gluon self-energy, i I1% (¢), by

where the common color factor §%° has been extracted. It follows from the STI satisfied
by A,.(q), Eq. (2.62), that the gluon self-energy must be transverse, i.e. ¢*II,,(gq) = 0.

Hence, we may write

M, (q) = Pu(gT(¢%), (32)

where I1(¢?) is a scalar with dimensions of mass squared. Combining Eqgs. (3.1) and (3.2)

with Eq. (2.79) allows us to write
ATH¢*) = ¢ +T1(g%). (3.3)

From Eq. (3.3) we see that the statement that A(0) is finite and nonzero amounts to
saying that T1(0) is finite and non-zero. Now, if TI(¢*) were constant Eq. (3.3) would take
the form of massive tree-level propagator, A (¢?) = 1/(¢> —m?). Obviously, since QCD
is asymptotically free, in the UV TI(¢%) must recover its perturbative behavior, which is
massless, from which follows that II(¢?) cannot be a constant. Notwithstanding that,
we may still say that the gluon propagator has a dynamical, i.e. momentum dependent,
mass, which falls off to zero in the UV.

In Fig. 3.2 we show the SDE for the gluon propagator in pure Yang-Mills QCD.
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Evidently, the gluon self-energy is given by the sum of the diagrams (a;), for i = 1,...5,
of that figure. Hence, IR finiteness of the gluon propagator implies that the contributions

of the diagrams (a;) must add up to a finite nonzero value as ¢ — 0.

(:\/\/!\/w:)_1 — (v +%W§::§)WV +3 W%M

,LLZ/

b

Figure 3.2: Diagrammatic representation of the gluon SDE.
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This statement may seem simple at first. However, as we will discuss in the next two
sections, the gauge invariance of the theory combined with an integral identity analytically
continued to arbitrary dimension, known as the “seagull identity”, requires that IT1(0) = 0,

unless some of the vertices appearing in the SDE of Fig. 3.2 possess poles at ¢ = 0.

3.2 The seagull cancellation

It is not the scope of this work to treat the generation of a dynamical gluon mass in
full detail, to which we refer the reader to the literature [31, 32, 34, 35|, and we want to
cover only the ideas that will be necessary for the Gauge Technique construction of the
three-gluon vertex later. For this reason, we simplify the presentation of the Schwinger
mechanism by framing it as if it were to take place in scalar QED, adapting our discussion
from [34]. Naturally, it is not proposed here that the mechanism is actually realized in
scalar QED, which is to be understood as a “make-believe” theory, in which the concepts
and calculations we want to illustrate, but do not need in full depth, become simpler.

The SDE for the photon in scalar QED is shown in Fig. 3.3. Notice the appear-
ance of two kinds of vertices: the 3-point vertex, e G,(¢q,7,p), and the 4-point vertex,
e*’G . (q,r, s,p), represented diagramatically in Fig. 3.4, and denoting by e the electric

charge. The Feynman rules for these vertices are given by

GV(q.rp)=—ilr—p)u.  GU(g,r,5,p) = —2igu . (3.4)
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Figure 3.3: Diagrammatic representation of the photon SDE. The zig-zag lines represent
photons, whereas the dashed double-lines represent scalar fields.
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Figure 3.4: (a): Diagrammatic representation of the 1PI 3-point vertex of scalar QED.
(b): Diagrammatic representation of the 1PI 4-point vertex of scalar QED.

The gauge invariance of scalar QED implies that the full photon propagator, denoted
by B,.(q), satisfies a WI identical to Eq. (2.62), with As substituted for Bs. Hence,

Byu(q) = —i Pw<q>B<q2>+sq’;# 7 (3.5)

with B(q?) scalar. Moreover, it follows from Eq. (3.5) that the photon self-energy, i C,,(q),

given by the sum of diagrams (¢;) and (c2) in Fig. 3.3, is transverse, i.e.

CMV(Q) = PMV(Q)C((]2) ) (36)

and

B™H¢*) = ¢+ C(¢%). (3.7)

Evidently, C(¢?) is the QED analog to the I1(¢?) of Eq. (3.3).
We will then show that C'(0) = 0, i.e. the photon in scalar QED remains massless in
spite of radiative corrections, unless G,(g,r,p) contains a special kind of pole at ¢ — 0.

Using the above notation and the Feynman rules of Eq. (3.4), the photon SDE can be
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written as

iCou(q) = € /k DUP)D(22)(2k + @)uGoa(—q, g + ks —k) — 262, /k D). (3.8)

where 2z := ¢+k, D(k?) denotes the propagator of the scalar field and we use the shorthand

notation of Eq. (B.1) for the integral measure. At tree level

D(O)(kQ) = ka _ m2 ) (39)
where m, is the mass of the scalar.
Now, the vertex G,(q,r,p) satisfies the WI
¢"Gu(q,r,p) =D '(p*) =D (r?), (3.10)

which can be checked imediately at tree level using Eqgs. (3.4) and (3.9). Differentiating
Eq. (3.10) with respect to ¢ and taking the ¢ — 0 limit, we obtain the special case

,0G,(a.r,—q —1)] _ 9D~1(r?)

o el (3.11)

G.(0,7r,—r) + (111_1% q

where we used momentum conservation to write p = —g — r. At this point, if we assume
G,(q,r,—q — r) does not have poles as ¢ — 0, the term in square brackets in Eq. (3.11)
vanishes in the ¢ = 0 limit. In this case we obtain®

9D (r?)

GM(O, r, —’I") = T . (312)

In particular, it is easy to verify that the tree-level vertex of Eq. (3.4) satisfies the no-pole
assumption, and that Eq. (3.12) holds at tree level.

Then, it is straightforward to show, by contracting Eq. (3.8) with ¢, that the WI of
Eq. (3.10) guarantees the transversality of C,,(q), i.e. ¢*C,.(q) = 0, such that Eq. (3.6)
holds, as it should. Consequently, to obtain C(g?) we contract Eq. (3.8) with P*(q),

'Ward’s original WI in spinor QED was actually of this form [159], and was later generalized to
unequal momenta by Takahashi [160].
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which leads to
i(d—1)C /D (K)D(=2)k, P (g )Gu(—q,quk,—k;)—QeZ(d—l)/D(k:Q), (3.13)
k

with d the space-time dimension.

Now, the ¢*q” part of P*(q) triggers the WI of Eq. (3.10), furnishing

2 2e? q° 2
i(d—1)C( | DD Gy(—a.0-+ k, —k) = =5 | kD)
7
0
+2€—q/k D(:2) — 262d/D (k). (3.14)
7

The second term on the first line vanishes because it is odd in k. As for the first term in

the second line, Lorentz symmetry allows us to shift the integration variable by k — k—gq,

/k k,D(22) /k (k — q),D(¥) = —q, /k D). (3.15)

Hence, Eq. (3.14) reads

yielding

i(d —1)C(q%) = 2€* /Dk2 V"Gu(—q,q + k, —k) —262d/Dk2 (3.16)

Having separated C(¢?) from the tensor structure of C),,(q), we may now set ¢ = 0

safely in Eq. (3.16), which in this limit reads

i(d—1)C(0) = 262 / DQ(k;z)k“Gu(O,k,—k:) 92 / D),
= 2¢? /232 (K*)k (k2) —2e 2d/1> (k%) (3.17)

where we used Eq. (3.12) to obtain the last line above.

Invoking the chain rule, the derivative term in Eq. (3.17) can be written as

oD~ (k?) 2k, OD(K?)
ok D2(k?) Ok (3.18)

Inserting this result into Eq. (3.17) leads to

C(0) = d4i_621 [ /k k;QaZ;](f) +g /k D(k:2)} | (3.19)
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To evaluate the integrals in Eq. (3.19), we transform to Euclidean space, following the

rules of Appendix D, and use spherical coordinates, such that

- 2€ [e'e) - ¢ e’
/L/J/ d—l Z,LL é_l
= dlkl |k ds) = dy y2 ds) 3.20
/k <27r>d/o IFI1H / 2<2w>d/0 vy / ’ (3:20)

where Q is the solid angle, y := k? and p is the 't Hooft mass scale, introduced to keep

the coupling, e, dimensionless [161] for any d. Then, since the integrands of the two terms
in Eq. (3.19) only depend on k?, the angular integration yields the same result for both,
leading to

[ o= [ o

(3.21)

Now we perform an integration by parts in the first integral of Eq. (3.21), to obtain

o 20D d o d [ a_
/ dy y> W) _ yﬂ?(y)‘o - —/ dyy2~'"D(y). (3.22)
0 0

2

For sufficiently large space-time dimension, d, the surface term ygD(y) |o° is undefined,
but so are the integrals in Eq. (3.21). In order to make sense of Eq. (3.21) we consider
d to be complex with Re(d) < d™, where d™ is sufficiently small for the integrals in
Eq. (3.21) to be finite and for y2D(y) — 0 as y — 0. For example, in the case of the
tree-level propagator of Eq. (3.9), the integrals in Eq. (3.21) are finite and the surface
term vanishes for Re(d) < 2, i.e. d™> = 2 for the tree level case.

Hence, for Re(d) < d™>, Egs. (3.21) and (3.22) entail?

/k (,W / D(k?) = (3.23)

Since for Re(d) < d™ the Eq. (3.23) defines an analytic function of d, the analytic

continuation theorem guarantees that Eq. (3.23) holds for d general.

Finally, using Eq. (3.23) into Eq. (3.19) leads to the announced result,

C(0)=0. (3.24)

It is important to emphasize that the result C'(0) = 0 is not realized diagram by

2For an alternative derivation that does no use integration by parts see [35].
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diagram. Instead, the two self-energy diagrams of Fig. 3.3 cancel against each other in
the ¢ — 0 limit. The diagram (c3) of Fig. 3.3 is usually called the “seagull diagram”, and
is quadratically divergent, making its cancellation crucial for the renormalizability of the
theory. It is for enforcing the cancellation of the seagull diagrams that Eq. (3.23) is called
the seagull identity [35].

The crucial steps leading to C'(0) = 0 are the gauge invariance of the theory, expressed
by the WI of Eq. (3.10), the no-pole assumption that led to Eq. (3.12), and finally the
seagull identity of Eq. (3.23).

In the case of QCD, due to its non-Abelian nature, the demonstration that the gluon
is massless in perturbation theory is naturally more complicated and is better carried
out by taking advantage of the synthesis of the Pinch Technique [27, 162-167] and the
Background Field Method [133, 168-170], known in the literature as the Pinch Technique-
Background Field Method (PT-BFM) scheme [104, 105, 110], whose Green’s functions
satisfy Abelian-like WIs, rather than the complicated STIs. Nevertheless, the derivations
are ultimately analogous, in that the gauge symmetry of the theory triggers a set of seagull
cancellations, under similar no-pole assumptions on the vertices, such that II(0) = 0 [32,
34, 35]. Hence, to generate a mass for the gauge bosons, without introducing a mass or

Higgs term in the Lagrangian, we must evade the seagull cancellation.

3.3 Evading the seagull cancellation

Consider now the possibility that ¢?0G,(q, 7, —q — 1)/0g¢" does not vanish as ¢ — 0.

To this end, let us suppose that the vertex contains a pole term,

Gulg,r,p) = Gulg,7,p) + Z—‘;U(q, D), (3.25)

where G, (q,r,p) and U(q,r,p) are regular at ¢ — 0.

The onset of the pole term in Eq. (3.25) must be realized in a gauge invariant way,
such that the WI of Eq. (3.10) is preserved. Setting ¢ = 0 in that equation and using
Eq. (3.25) leads to

U@©,r,—r)=0. (3.26)

Nevertheless, the derivatives of U(q,r, p) need not vanish. In fact, in the presence of the
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pole term in the vertex G,(g, 7, p), the Eq. (3.11) now yields

lim |G,(q,7,p) — LU(q,r,p)| = GO, 7, —1)
q—0 q

2

_dD7'(r?)  [9U(g,r,—q—1)
- Ok =0 '

instead of Eq. (3.12).

It is clear then, that if one repeats the calculations leading up to Eq. (3.24), the term
of Eq. (3.27) containing the derivative of D~ (k?) will still trigger the seagull identity of
Eq. (3.23), and cancel against the seagull diagram. However, the OU/Jg" term survives,

yielding

C(0) = —Q%ADQ(H) {kuw(_q’gqj Lkl (3.28)

q=0
Hence, if the full, nonperturbative, vertex G, (¢, r, p) contains a pole term as in Eq. (3.25),
with nonvanishing 0U(q,r, —q — r)/0¢" at ¢ = 0, an effective mass is generated for the
gauge boson.

An important property of the pole term in Eq. (3.25) is that it is longitudinally coupled,
i.e. it does not survive a transverse projection. As a result, this pole does not appear in
on-shell amplitudes, since the latter contain transversely polarized photons (see e.g. [86],
although their discussion is for a theory with fermions).

The pole in the vertex G,(g,7,p) can be realized if a massless bound state of scalars
forms [32, 86-88, 90]. In this case, Eq. (3.25) can be represented by the two diagrams
in Fig. 3.5, where the second diagram contains the massless bound state, and the first
corresponds to the regular part, G,(¢,7,p). In the massless bound state picture, the
longitudinality of the pole term in Eq. (3.25) is an immediate consequence of Lorentz
symmetry; the only possible Lorentz structure of the amplitude M), (q) of a photon to
transition to a massless bound state, shown to the left of the bracket in Fig. 3.5, is
0. M(q*).

Evidently, the formation of such massless bound states is not captured by perturbation
theory. Neither can it simply be put in by hand in the theory. Instead, like any bound
state, that which generates the ¢,U(g,r,p)/q* term in Eq. (3.25) is governed by a Bethe-
Salpeter equation (BSE), represented diagrammatically in Fig. 3.6. Hence, the G,(q,r,p)
will only acquire the pole term of Eq. (3.25) if the BSE admits nontrivial solutions, which
should only occur for sufficiently strong coupling.

We can thus summarize the ideas in this and the previous section as follows: if the
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Figure 3.5: Diagrammatic representation of Eq. (3.25) with the pole part ¢,U(q,r,p)/¢*
corresponding to massless bound state excitations in the photon leg. The red circle rep-
resents the regular part, G,(q,r,p), the continuous double line represents a bound state
and A is the 1PI interaction vertex between the bound state and two scalar fields. The
bracket defines the transition amplitude, M,(q), from a photon to a massless bound state.
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Figure 3.6: BSE governing the amplitude A of Fig. 3.5. The black circle represents the
interaction kernel between four scalars and contains connected contributions.

interaction of the theory is sufficiently strong, massless bound states can arise in the
fundamental vertices, endowing them with longitudinally coupled poles which lead to a
nonzero self-energy at zero momentum, i.e. a mass for the gauge boson. This poles are
realized without violating the WIs, and without altering the Lagrangian of the theory by
introducing Higgs fields nor, gauge symmetry breaking, mass terms.

This scenario can be generalized to QCD [31, 32, 34, 35, 61]. Since QCD has a larger
number of fundamental vertices, the gluon dynamical mass can have contributions from
poles in the three-gluon [32], four-gluon [61] and ghost-gluon [62] vertices. Nevertheless,
it is the nontrivial pole structure of the three-gluon vertex that seems to be the domi-
nant ingredient for the Schwinger mechanism in QCD [62]. As such, we will restrict our
attention to Iy, (q, 7, p).

We assume that massless bound states of two gluons are formed nonperturbatively,
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producing poles in the three-gluon vertex [32], such that we may write

Lo (¢, 7, p) = Lo (q,7,0) + Vo (g, 7, D), (3.29)

with Iy, (q, 7, p) regular and V,,,(q,r, p) contains poles at zero momenta.

Since the pole part V,,.(q,r,p) results from bound state excitations in each of the
channels, ¢, r and p, as shown in Fig. 3.7, it is necessarily longitudinally coupled. More
specifically, since the transition amplitude I,(q) shown in Fig. 3.7 can only be of the form

4ol (g?), the Lorentz tensor structure of V,,,(q,r, p) must be

(073 r 12
Vour(q,7,p) = (Z_2> R (q,7,p) + (T—’;) Sav(q,7,p) + <%) Tou(q,m,p), (3.30)

for some tensor functions R, (q, 7, p), Su(q,r,p) and T, (g, r, p). As aresult of Eq. (3.30),

the pole term V. (¢, r, p) is annihilated by a totally transverse projection,

P (@)P (1P (p)Vayw (g, m,p) = 0, (3.31)

such that the poles in the three-gluon vertex do not appear in on-shell amplitudes [32,

89)].

Figure 3.7: Diagrammatic representation of Eq. (3.29) with the pole part V,,, containing
massless bound state excitations in each of the channels, ¢, r and p. The red circle repre-
sents the regular part, I',,,. Diagram (b) represents the massless bound state excitation
on the ¢ channel, with I,(q) the transition amplitude from a gluon to a massless bound
state and B, the 1PI interaction vertex between two gluons and a massless bound state
excitation. The “c.p.” denotes the cyclic permutations of diagram (b).

Again, the dynamical onset of the pole part V,,,, of Eq. (3.29) is governed by a BSE [32]

and the existence of nontrivial solutions for it depends on the strength of the coupling.
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For illustration, in Fig. 3.8 we show the BSE satisfied by the transition amplitude B,,,
defined in Fig. 3.7, assuming that only the three-gluon vertex develops massless bound
state excitations. If the other fundamental vertices of the theory also contain longitudinal
pole parts [61, 62], analogous to V, then Fig. 3.8 must be substituted by a system of
coupled BSEs corresponding to the bound state amplitudes appearing in each of these

vertices [62].

Figure 3.8: BSE governing the amplitude B, of Fig. 3.7. The black circle represents the
interaction kernel between four gluons and contains connected contributions.

Since the pole part, V., of the vertex is produced dynamically, preserving the gauge
symmetry of QCD, the full vertex of Eq. (3.29) still satisfies the STI of Eq. (2.82). Then,
in complete analogy to the calculations leading to Eq. (3.28), the regular part, Iy, of
the three-gluon vertex triggers a series of seagull cancellations and does not contribute
to II(0), whereas the pole part, V,,,, evades the seagull identity, furnishing a nonzero
I1(0) [35].

Substituting Eq. (3.29) into the gluon propagator SDE of Fig. 3.2, it is natural to split
the contributions to A,,(¢) coming from the regular and the pole parts of the vertices.
Then, we can associate the self-energy terms containing the pole vertices to a dynamical
gluon mass, m?(¢*), and determine an SDE relating it to the pole part, V,,,, of the
vertex [6, 61, 171], as represented diagrammatically in Fig. 3.9. With this splitting, the

gluon propagator may be written as

AN = @I (%) —mP(¢) (3.32)

where ¢%J(q¢?) is called the “kinetic term” and contains all contributions from the regular
vertex terms. In particular, since the perturbative vertices do not contain the mass-
generating poles, J(g?) contains all the perturbative corrections to the propagator.

Combining Egs. (3.29) and (3.32), we can split the STI of Eq. (2.82) into two equa-
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Figure 3.9: Diagrammatic representation of the dynamical gluon mass equation, derived
from the gluon SDE of Fig. 3.2 by separating from it the terms which contain the pole
part, Vo, of the full three-gluon vertex of Eq. (3.29). The dashed box emphasizes the
Vaur, which is represented by a green circle.

tions?,

¢“Topw(a,7, ) = F(*) 0> J(0°)PL(p) Hap(p, ¢ 7) — r* T (r*)Po(r) How (r, ¢, p)] . (3.33)

and

0" Vaur (4, 7,9) = F(*)[m* (r*) P} (r) How (r, 4, p) — m*(0*)Py(p) Haw(p @ 7)) - (3.34)

Evidently, the cyclically permuted versions Egs. (3.33) and (3.34) also hold [4], following
from Egs. (2.83) and (2.84).

It remains, of course, to determine whether the QCD interaction is sufficiently strong
to trigger the Schwinger mechanism, i.e. for the BSEs governing the massless bound state
excitations, such as that of Fig. 3.8, to have nontrivial solutions. Indeed, it has been found
numerically that nontrivial solutions for bound state excitation in the three-gluon vertex
exist in pure Yang-Mill QCD [6, 32, 61, 62]. Moreover, the dynamical mass persists in
the presence of active quarks [33] and away from Landau gauge [172], in agreement with
lattice results [7, 73, 74, 76, 81, 153, 154].

Finally, the gluon mass solutions obtained numerically in Euclidean space are mono-
tonically decreasing functions of the Euclidean momentum ¢? [6, 32, 61, 62]. Moreover,
in the far UV, the leading behavior of m?(¢?) displays a power-law running [173]

2 A

m*(¢*) = 2 (3.35)

3 At first it seems this splitting may not be unique. However, when supplemented with renormalization
prescriptions for A(g?) and the vertices, it becomes uniquely defined [9)].
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up to logarithmic corrections. Here, \ is a characteristic scale of the dynamical mass
running. This fast fall-off of the dynamical mass in the UV is in agreement with Operator
Product Expansion analysis of the gluon propagator [27, 174] and guarantees that the
asymptotically free perturbative behavior of QCD is recovered for large momenta [173].
Having discussed the gluon mass generation mechanism, we now move over to explore
some of the implications of the IR finiteness of the gluon propagator that will be important

in this work.

3.4 Infrared divergences in nonperturbative QCD

One of the most important implications of the IR finiteness of the gluon propagator
is its effect in taming numerous IR divergences in QCD. Specifically, several Green’s
functions that are IR divergent in perturbation theory become IR finite, or have their
degree of divergence reduced, e.g. from pole to logarithmic, in the presence of a gluon
mass.

An important example is the ghost dressing function, F'(¢?). Unlike the gluons, the
lattice results indicate quite clearly that ghosts remain massless nonpertubatively [73, 76,
78, 81, 148, 175-177], i.e. the ghost propagator D(q?) diverges at ¢> = 0. Nevertheless, the
presence of a gluon mass causes the ghost dressing function, F'(¢?), defined in Eq. (2.36),
to saturate to a finite value at zero momentum [30, 83, 148, 177-180].

For illustration, lattice results for F'(¢?) are shown in Fig. 3.10, for the case of pure
Yang-Mills [175] (left panel) and for Ny = 3 quark flavors [148] (right panel). Indeed,
quantitative analysis of these results indicate they are consistent with a finite value at the
origin [30, 74, 178-180].

We can understand the saturation of F'(0) through a semi-perturbative calculation. We
start with the SDE for the ghost propagator [180], shown diagrammatically in Fig. 3.11.
If the self energy diagram in Fig. 3.11 is computed with the Feynman rules of Appendix A,
one obtains the well-known result of Eq. (B.15), after renormalization, which has a log-
arithmic divergence of the form In¢?, as ¢> — 0. Keeping the ghost propagator and the
ghost-gluon vertex at tree-level, but dressing the gluon propagator with the massive model

of Eq. (B.40), leads instead to

F(?) = Z. — 6°Ca /k q2k£‘;k +;>§'fk'fi]m2), (3.36)
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Figure 3.10: Left: Lattice results for the Landau gauge ghost dressing function, defined
in Eq. (2.36), of pure Yang-Mills QCD, from Ref. [175]. Right: Ghost dressing func-
tion in QCD with 3 dynamical quarks [148]. The renormalization point in both sets is
w=4.3 GeV.

Figure 3.11: Diagrammatic representation of the ghost propagator SDE.

written here in Fuclidean space, with C'y = 3 the Casimir eigenvalue in the adjoint
representation, and Z. given by Eq. (B.13). The above integral can be computed with
standard Feynman parametrization [133], yielding in Euclidean space (see Appendix D)

sC 2 2
F(*) = 1+ &{Bmzq‘l In (%) +¢°In (q_)

16mm?2q4

o+ ) [g? — on 2 ()] } S G

where «, 1= ¢%/(4r).
If we expand Eq. (3.37) around m? = 0 the usual one-loop expression of Eq. (B.15) is

recovered. Expanding it instead around ¢ — 0, for nonzero mass, leads to

B 3a,Ca m?
o) =1- 22 [2 In (F) n 1} , (3.38)

which is indeed finite.
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Evidently, the above argument must be understood as a qualitative explanation, since
the hard mass of Eq. (B.40) breaks gauge invariance, and we have not considered the
quantitative effects of the dressings of the vertex and propagators entering the SDE of
Fig. 3.11. Nevertheless, the hard mass propagator of Eq. (B.40) is a useful model for
an assessment of the qualitative effect of the finiteness of A(0) on different Green’s func-
tions. For the case of F'(¢?), more sophisticated analyses including propagator and vertex
dressings [3, 30, 83, 178-181] lead to the same conclusion that F'(0) is finite.

Similar reasoning can be applied to other diagrams containing internal gluon lines; the
gluon propagators may be substituted, at a qualitative level, by Eq. (B.40), producing
terms of the form 1/(k* + m?) in the Euclidean space integrands, with & the virtual
momentum. Then, the presence of a gluon mass reduces the degree of IR divergence of
the diagram, in comparison to the corresponding perturbative one, which would contain
terms of the form 1/k? instead.

However, not all IR divergences of QCD are tamed by the advent of the dynamical
gluon mass. Instead, since the ghosts remain massless, the IR divergences caused by
internal ghost lines, which are of the form 1/k?, persist nonperturbatively [52], albeit
with different coefficients, due to the various dressings of the propagators and vertices.

An important example of IR divergence that persist nonperturbatively appears in
the kinetic term of the gluon propagator, J(¢?), defined in Eq. (3.32). Taking a closer
look at the gluon SDE of Fig. 3.2, we note that the diagram (a3) contains only ghost
lines in its loop, and explicit calculation [52] leads to a contribution of the form ¢?In ¢>.
The gluon propagator itself does not contain any IR divergence, since ¢*Ing?> — 0 for
q*> = 0. However, factoring out the momentum ¢, as required by Eq. (3.32), leads to a
logarithmically divergent J(q?).

More specifically, adding the IR finite terms coming from the diagrams that contain
internal gluon lines to the IR divergence produced by diagram (a3), implies the asymptotic

behavior [52]

2
J(¢*) & aln (%) +b. (3.39)

Moreover, the sign of the prefactor a can be determined by explicit calculation within the

PT-BFM scheme and is found to be positive [52]. Hence,

lim J(¢%) = —cc. (3.40)

q%2—0
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Now, in the UV the full gluon propagator must recover its perturbative behavior.

Then, using the one loop result for J(q¢?) of Eq. (B.14), we see that

lim J(¢*) = o0. (3.41)

q2—oc0

Combining the two opposite limits of Eqgs. (3.40) and (3.41), it follows that J(¢*) must
change sign, and therefore contain a zero-crossing for some momentum ¢2, i.e. J(q%) = 0.

The logarithmic IR divergence of J(g?) has an important implication for the behavior
of the three-gluon vertex. Namely, Eq. (3.33) indicates that the regular part, 'y, (¢, 7, p),
of the three-gluon vertex may also have logarithmic IR divergences in its form factors [52].
Indeed, although the complete SDE for the three-gluon vertex is lengthy and difficult to
analyze, it is clear that it contains the two ghost triangle diagrams shown in Fig. 3.12.
Then, since the ghosts remain massless nonperturbatively the two diagrams in Fig. 3.12
yield logarithmic IR divergences for 'y, (¢, 7, p), just as indicated by the STI of Eq. (3.33)
and the divergence of J(q?).
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Figure 3.12: Ghost triangle diagrams contained in the full SDE of the regular part,
Lo (g, r,p), of the three-gluon vertex. Explicit minus signs for closed ghost loops have
been written to account for the Fermi statistics of the ghosts.

As a consequence of its logarithmic IR divergence, the I'y,.(q,p,r) is expected to
also display a zero-crossing [52], and consequent suppression with respect to tree-level.
Indeed, both features are observed on lattice simulations [7, 43-49] as well as continuum
results [4, 8, 50-60]. The ensuing suppression produced by the three-gluon vertex in the
integration kernels that it appears on is potentially phenomenologically relevant and has

been explored in several recent works [5, 6, 56, 57, 62, 63, 71].
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3.5 Maximum of the gluon propagator and positivity

violation

While the full gluon propagator is finite at zero momentum, the IR divergence of J(¢?)
has an important implication for the qualitative behavior of A(g?). Namely, A(¢?) has a
maximum in Euclidean space [52].

Following the Wick rotation prescriptions of Appendix D, the Eq. (3.32) is transformed
to

ANG) = @I(@) +m* (), (3.42)

- = J(@®) + T (%) + [m* ()], (3.43)

where the prime denotes derivative with respect to ¢2. Then we consider the ¢? limit of

Eq. (3.43). Using the asymptotic behavior of J(¢?) given in Eq. (3.39), we see that

lim ¢*J'(¢*) = a. (3.44)
q>—0
Assuming that the derivative of m?(¢?) is finite at the origin, as found in previous numer-
ical studies [6, 32, 63, 182], we are led to the asymptotic form for the derivative of the

gluon propagator

A(g?) = — A%0) {a In <Z—z) + c] : (3.45)

with ¢ := a + b+ [m?(0)]'. Hence, the derivative of the gluon propagator diverges loga-
rithmically at the origin.
Now, given that a and A(0) are positive, Eq. (3.45) gives

lim A'(¢%) = 00. (3.46)

q?—0

On the other hand, for large ¢* the perturbative behavior sets in, and Eq. (B.14) leads to

A(¢*)] <0, (3.47)

uv
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which, in combination with Eq. (3.46), implies that A’(¢?) changes sign. Hence, there
exists some Euclidean momentum ¢, such that A’(¢%) = 0, i.e. the gluon propagator
function A(g?) has an extremum. Moreover, ¢, must be a maximum, given the signs of
A'(¢?) in Egs. (3.46) and (3.47).

The existence of a maximum of the gluon propagator has a deep theoretical implication;
that the gluon propagator violates positivity of the spectral function.

To see this, consider the standard Kéllén-Lehmann representation [183] of the gluon

propagator

Alg®) = /OOO dtqf(fr)t, (3.48)

where p(t) is the gluon spectral function. Differentiating Eq. (3.48) with respect to ¢?
leads to

A(g) = — /0 N dtﬁi (3.49)

P2 +1)?]

and it is evident that A’(¢?) can only vanish if p(¢) changes sign in the interval [0, oc].

The result that p(t) changes sign is called “positivity violation”, and entails that the
gluon field in Landau gauge does not satisfy the Osterwalder-Schrader axioms [184, 185],
which require that p(¢) be nonnegative. The physical interpretation of positivity violation
is still discussed [15, 186, 187]. Nevertheless, the IR divergence of A’(¢?), stated in
Eq. (3.46), and the consequent maximum of the gluon propagator in Euclidean space are
features that can be used to restrict the behavior of p(t) [114], which in turn can be used

to analytically continue the Euclidean space propagator to the Minkowski space.

3.6 A consistent Ansatz for J(¢?) and m?(¢?)

As we have seen throughout this chapter, the gluon propagator in QCD has a dy-
namically generated effective mass, and its kinetic term, J(g?), has an IR logarithmic
divergence. To undertake the Gauge Technique determination of the three-gluon vertex,
which is the main goal of this work, we will need inputs for the gluon propagator functions
J(¢*) and m?(¢?) that capture the aforementioned features and accurately describes the
lattice data for A(g?).

To begin, the existing results for the gluon dynamical mass [6, 32, 63, 182] can all be
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fitted accurately with the functional form [62]

2
My

2 2
m = )
0= T @)y

(3.50)

with constants mg, p,, and 7. Note that the above expression reproduces the power-law
running of Eq. (3.35) for large momenta, with small logarithmic corrections embedded in
v, provided this parameter is small.

In contrast, the kinetic term .J(¢?) is very difficult to obtain from SDEs, given the need
to truncate the complicated SDE of the gluon propagator (see Fig. 3.2), which contains
various dressed vertices, in a way that preserves the transversality of the Landau gauge
A, (q) and its multiplicative renormalizability. Nevertheless, existing results [6] can be
fitted accurately with [4]

J(@) =1+ 02: (1 + ) [2 In (M) + é In (q—Zﬂ L (351)

g+ 7

where m?(¢?) is given in Eq. (3.50). Notice the presence of two kinds of logarithms in
Eq. (3.51): an “unprotected” logarithm, In(¢?/u?), which captures the IR divergence of
J(g%), stemming from the ghost loop in the gluon SDE [cf. Eq. (3.39)]; and a “protected”
logarithm, In[(¢® + pm?(q))/p?], which saturates to a finite value, In(pm?/u?), at the
origin and models the IR finite contributions from the gluon loops. The factors of 2 and
1/6 multiplying the protected and unprotected logarithms, respectively, can be justified
by a nonperturbative toy model calculation of the gluon SDE in the PT-BFM scheme [62].
Finally, for large ¢%, Eq. (3.51) recovers the one-loop behavior of J(¢?), given in Minkowski
space in Eq. (B.14).

Combining Egs. (3.50) and (3.51) into Eq. (3.42) provides a model for the Euclidean
gluon propagator [4] which can be fitted to the lattice data, shown in the left panel of
Fig. 3.1, and captures the qualitative properties of the nonperturbative A(g?) discussed
in this chapter, while recovering its perturbative behavior in the UV.

Naturally, due to truncation error in the dynamical equations governing the gluon
mass, different approximations [6, 32, 63, 182] lead to results for m?(¢?) with slightly
different runnings. In order to accommodate the uncertainty in the gluon mass, we allow
the exponent v in Eq. (3.50) to take on values in the interval v € [0,0.3]. Moreover,
we fix the parameters m2 = 0.147 GeV? and p?, = 1.18 GeV?, which are compatible with
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Figure 3.13: Left: Fit for the gluon propagator using Egs. (3.42), (3.50) and (3.51) for
v = 0, compared to the lattice results of Ref. [175]. The inset shows A™!(¢?).

the various results for m?(¢g?) [6, 32, 63, 182]. Also, we fix the value of the strong cou-
pling to oy = 0.22, for p = 4.3 GeV, found in previous analysis of the ghost propagator
SDE [180] and which is in agreement with lattice determinations of the coupling at this
renormalization point [188].

With the above restrictions, a least squares fit for the gluon propagator is obtained
for each value of v = 0, 0.1, 0.2 and 0.3 using the Egs. (3.50) and (3.51). At the level of
A(q?), the different fits are visually indistinguishable and we show in Fig. 3.13 only the
result with v = 0. It can be appreciated in Fig. 3.13 that the present model for the gluon
propagator has a maximum in the IR, more precisely at ¢, = 250 MeV. A maximum
around that same region is discernible in the lattice data [73, 76], shown in the same
figure, albeit with contamination of large noise in the IR.

The remaining parameters, p, 71 and 75, of Eq. (3.51) are found to depend smoothly

on v according to

py) = 100.8 — 82.217"%8
m(y) = 9.87 —6.967,

72(y) = 0.80+0.11exp(—107), (3.52)

to very good approximation, as shown in Fig. 3.14, where the values of p, 7, and v for
v = 0, 0.1, 0.2 and 0.3 are marked by stars, whereas the continuous curves represent
Eq. (3.52).

Using the sets of parameters given in the caption of Fig. 3.14 we obtain the J(¢?) and
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Figure 3.14: Values of p (left), 71 (center), and 7 (right) for Eq. (3.51) that fit the lat-
tice data for the gluon propagator for v = 0, 0.1, 0.2 and 0.3 are shown as stars; these
values are accurately described by the functional forms given in Eq. (3.52). The val-
ues marked by stars are given by [v, p, 71 (in GeV?), 7 (in GeV?)]: [0,100.8,9.87,0.91]
(blue stars), [0.1,96.7,9.15,0.84] (red stars), [0.2,90.3,8.45,0.81] (yellow stars), and
[0.3,83.5,7.84,0.80] (purple stars).
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Figure 3.15: Left: kinetic term, J(¢?), of the gluon propagator, defined in Eq. (3.51), for
v =0, 0.1, 0.2 and 0.3, corresponding to the blue continuous, red dashed, yellow dotted
and purple dot-dashed curves, respectively. Right: Gluon dynamical mass of Eq. (3.50),
with the same color coding for different values of v as in the left panel.

m?2(q?) shown in Fig. 3.15. The results for different values of «y are all qualitatively similar,
and J(¢?), in particular, shows significant quantitative variations in the IR only. In partic-
ular, the different J(¢?) of Fig. 3.15 have their zero-crossings located at ¢, = 140, 166, 187,
and 202 MeV, for v =0, 0.1, 0.2, and 0.3, respectively.
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4

The gauge technique implementation

We have already seen the simplest instance of the Gauge Technique in Subsection 2.4.1,
where we determined the longitudinal part of the gluon propagator from the STT it satis-
fies, namely Eq. (2.62). However, it is in the study of the vertex functions that the Gauge
Technique really shines [1, 4, 7, 124-128|, allowing part of the vertex tensor structures to
be determined from the STIs that connect them to other Green’s functions.

As we will discuss in detail throughout this chapter there are, in general, tensor struc-
tures of the vertices that satisfy the STIs trivially and are left undetermined by the Gauge
Technique. These are said to be the “transverse” vertex parts. Nevertheless, vertex ap-
proximations obtained through the Gauge Technique, neglecting the transverse pieces, can
be used as input to truncate SDEs for other Green’s functions, such as the propagators [2,
6, 25, 107, 108, 119-122, 130-132].

However, in order that the transverse pieces can be neglected safely it is fundamental
that the analytic structure of the vertices under consideration be preserved, at least as
far as their pole structures are considered, i.e. we must not introduce spurious poles
in the vertices when omitting the transverse pieces. In the absence of massless bound
state excitations in the vertices, a naive Gauge Technique solution may cause the vertex
approximation to have spurious poles in certain kinematic configurations [108, 124, 125],
known as “kinematic divergences”. These divergences have to be eliminated by a careful
rearrangement of the tensor bases, which we will refer to as the BC [125, 126] construction.

On the other hand, in the presence of massless bound state excitations, the vertex
is allowed to have poles, but it is fundamental that they remain longitudinally coupled.
In the case of the three-gluon vertex, the classical BC construction, which does not ac-

count for massless bound state excitations in the vertex, distorts the pole structure of the
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vertex when a massive gluon propagator is used, causing the poles to survive transverse
projections if the “transverse” tensor structures are neglected. We show that a slight
modification of the BC construction, which takes explicit advantage of the longitudinal
nature of the massless bound state excitation poles is possible, whose main upshot is the
substitution of the gluon propagator by its kinetic term only in the BC solution. This
procedure leads to self-consistent vertex approximations, even if the “transverse” pieces
are omitted.

We begin this chapter by reviewing in Section 4.1 the BC construction in scalar
QED [125], paying special attention to the problem of kinematic divergences and their
elimination. Then, in Section 4.2 we point out, still in scalar QED for illustration, how
the construction should be modified in the presence of massless bound state excitations.
Next, we discuss the BC construction of the regular part of the three-gluon vertex in
Section 4.3 and solve for the longitudinally coupled pole terms in Section 4.4. Finally, in
Section 4.5 we show, with analytic and numerical examples, that a naive application of the
BC construction for the three-gluon vertex, without proper account of the longitudinality
of the massless bound state poles, leads to poles that survive a transverse projection and

are not compatible with lattice simulations of this vertex.

4.1 Ball-Chiu construction in scalar QED

To fix the ideas before tackling the more complex Gauge Technique solution of the
three-gluon vertex, let us review the application of the method in scalar QED. We start
with the case where the vertex G,(q, 7, p) has no massless poles, and follow the discussion
of BC of Ref. [125] with minor adaptations. We will see the modifications needed in the
presence of a longitudinally coupled pole term in the next section.

The most general Lorentz structure of the vertex G,(q,r,p) is given by

GM(Q7T7p) :pu\P1<QaT7p) +Tu\:[/2(Q7r7p) ) (41)

such that the determination of the full G,(g,r, p) amounts to evaluating two unknown
scalar functions, ¥i(q,r,p) and Ws(q,r,p). Evidently, the WI of Eq. (3.10) allows us to

determine one of the above form factors. Choosing to eliminate W;(q,r,p), we contract
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Eq. (4.1) with ¢* and use Eq. (3.10) to obtain

brlan gy~ D0 =D <Z ;) Ua(g, ), (4.2)

such that Eq. (4.1) reads

Gularp) = Lo D76A) - D)+ = (L) | Walarn). (03

Now, it may seem that with Eq. (4.3) we are finished. However, note the presence of
q-p denominators in Eq. (4.3). For completely general Wy(q, 7, p), these denominators lead
to kinematic divergences whenever ¢ - p = 0. As we will just show, these divergences are
incompatible with the known ¢ = 0 limit of the WI, given in Eq. (3.12). Hence Eq. (4.3)
does not solve the WI completely for unconstrained Wy (g, r, p) and it is necessary to impose
a restriction on this form factor to eliminate the divergence in ¢ - p = 0.

Consider the ¢ — 0 limit of Eq. (4.3). In addition, suppose we approach this limit
through a trajectory (in the space of values of ¢) such that ¢ - p is non zero except at the
point ¢ = 0. Then, since at ¢ = 0 momentum conservation leads to » = —p, expanding

D~ 1(p?) in a Taylor series as

D—l 2
D'p*) =D ' (r*) +2(q - r)ﬁ—(T) , (4.4)
or?
and setting ¢ - r = —q - p, we obtain
D—l 2
Gu(0,r,—r) = 27’Ma () (4.5)

orz

which is, correctly, equivalent to Eq. (3.12). In contrast, if we approach the ¢ = 0 through
a trajectory where ¢ and p are orthogonal, i.e. ¢-p = 0, the ¢ — 0 limit of Eq. (4.3) is
undefined. This is not acceptable, since the ¢ = 0 limit of the right hand side of the WI
of Eq. (3.10) is path independent.

To reconcile these results, we impose on the Ws(q,r, p) of Eq. (4.3) the restriction

lim [(¢-7)Wa(q,r,p)] = lim [Dil(pz) — D*I(TZ)] , (4.6)

q-p—0 q-p—0

which eliminates the kinematic divergence. This constraint can be implemented easily be
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defining a new function Wy(q,r, p) by

Tyl rp) = D (p?) — D '(r?) 4 (q-p)Walg,,p). (4.7)

p2_T2

2:

Indeed, by momentum conservation p? — r?> = —q - (p — r), which implies

lim (p*> —r?) =¢q-r, (4.8)

q-p—0

such that Eq. (4.7) satisfies the constraint of Eq. (4.6) for any Wy(q, 7, p) that is regular
at ¢-p — 0. Then, substituting Eq. (4.7) into Eq. (4.3) yields

[D~'(p?) — D~ '(r?)] +(q-p)ry — (q-7) pu]Walq, 7, p) - (4.9)

Gu(q7r7p) = (T _p)ﬂ p2 — 2

The solution given by Eq. (4.9) is now free of kinematic divergences; there is still the
denominator p? — r?, which vanishes when p? = 72, but so does the numerator in this
case, yielding a regular result. In particular, the ¢ = 0 limit of Eq. (4.5) is now path
independent, as required.

Moreover, the Eq. (4.9) is still free of kinematic divergences even if we neglect the un-
determined part, i.e. set Wo(q,r, p) = 0. This latter point is key for practical applications
of the Gauge Technique solution of Eq. (4.9). Given that the WI does not allow us to
determine the full tensor structure of the vertex, in practice, we usually need to neglect
the undetermined piece, which we can do safely, at least as far as kinematic divergences
are concerned, if we use Eq. (4.9). In contrast, if the naive solution of Eq. (4.3) was used,
and Wy(q,r, p) was set to zero, spurious kinematic divergences would have arisen.

As an overall check, we use the tree level value of the propagator, given in Eq. (3.9),
and set @éo) (¢,r,p) = 0, to obtain indeed the tree-level form of the vertex, given by
Eq. (3.4).

Finally, let us point out that if we had had the foresight of writing the most general

tensor structure of G,(q,r,p) as

Gulq,r,p) = (r —p)uVilg,7,p) + [(q-p)rp — (q-7) pu]Walg, 7, p) (4.10)

which is also perfectly general, the solution of the WI of Eq. (3.10) would have led directly
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to
ﬁl(% r p) _ [D_l(p2) — D_l(r2)] ]

e (4.11)

That is, we would have obtained Eq. (4.9) right away. Thus, we see that the appearance of
kinematic divergences to eliminate depends on the tensor basis chosen to begin the Gauge

Technique solution, and clever choices of bases can simplify the analysis considerably.

4.2 Ball-Chiu vertex with dynamical mass generation

Let us now reconsider the BC construction of G, (g, r,p) in the presence of massless
bound state excitations as in Eq. (3.25), which must be longitudinally coupled to the
photon momentum.

Evidently, in order for the solution (4.9) for the vertex G,(q,r, p) to have a 1/¢* pole as
in Eq. (3.25), we must relax the condition that Wy(q, 7, p) is regular. Instead, we substitute
in Eq. (4.9)

Ulg,r,p)

T (4.12)

Uy(q,m,p) = Ua(q, 7, p) = Ua(q,r,p) +

with U (q,7,p) regular, such that we can keep using the symbol Wy(q,,p) for the regular
part of this form factor.

Next, it is straightforward algebra to check the identity

(q-p)rp—(q-1)pu= %qu(ﬁ — 1) — %qQ(r — D)y - (4.13)

Then, using Eqs. (4.12) and (4.13) into the BC solution (4.9) entails

Gu(g,r,p) = (r—p), { [D~(p*) — D (r?)) B U(q,r,p) }

pQ—T2 2

— (r* = r*)Ulg,r,p)

+(g-p)ry — (g-7) pul¥2(q. 7, p) + gy 2 (4.14)
Comparing the above expression to Eq. (3.25), we can identify
rr 2U q,7,p
U(g,r,p) = (@7.7) (4.15)
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such that Eq. (4.14) becomes

D1(p%) — ’1;21_(7‘2 - U(q,r,p)] + (g -p)r,—(q-r) pﬂ]ﬁz(% 7,p)

q
@) (4.16)

G#(qv rp) = (r— P)u

Importantly, the pole part in the last term of Eq. (4.16) is longitudinal, as it should.
Moreover, it remains so even if we omit the undetermined form factor Wy(q,r,p). Notice
that in the present case, the longitudinality of the pole part ensued without imposing any
additional restriction.

Remarkably, in Eq. (4.16) it is no longer the difference of two inverse propagators that
appears in the (r — p), term, as it was in Eq. (4.9), but D~'(p?) — D' () — U(q, 7, p).
When we come to the case of QCD, the analog expression will have the full gluon propa-
gator substituted by its kinetic term, of Eq. (3.32), only!

With Eq. (4.16) at hand, if the scalar propagator D(¢?) is known and given that
U(q,r,p) can be computed, in principle, from the massless bound state BSE through
Figs. 3.5 and 3.6, the full vertex G,(q,r,p) is determined, up to the “transverse” form
factor, Wy(q,, p).

In the case of the three-gluon vertex of QCD the situation is considerably more com-
plicated, for two main reasons: (7) the tensor structure of I'y,.(q,p,r) is much richer,
which naturally makes the analysis more difficult; and (i) the propagator that appears
in the three-gluon vertex STI of Eq. (2.82) is that of the gluon itself. Since the gluons
acquire a dynamical mass through the pole content of the vertex, the analytic structure
of the three-gluon vertex STI is modified on both sides of the equation, whereas in our
make-believe theory of scalar QED only the left hand side, i.e. G,(q,r,p), is fundamen-
tally changed when massless bound state excitations are added. The consequence of these
additional complications, as we will see in Section 4.5, is that the longitudinality of the
three-gluon vertex poles within a BC solution with dynamical gluon mass is not auto-
matic as it was found above for scalar QED. Instead, cancellation of transverse vertex
poles in the case of the three-gluon vertex restricts the pole content of its corresponding
undetermined “transverse” part, analogous to Wy(q,7,p).

In anticipation of the issues that will arise in the BC solution of the three-gluon vertex,

we will now derive Eq. (4.16) by an alternative method, which is far more suitable for the
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QCD case. The essential feature of this method is that the WI is split into two equations,
one for the regular part of the vertex, and another for its pole term, ¢,U(q, 7, p)/q?, taking
explicit advantage of the longitudinality of the latter.

We begin by splitting the scalar propagator D~1(¢?) as

D '(¢*) = D' (¢*) + D, ' (¢%), (4.17)

with D;1(¢?) and D;'(¢?) defined by requiring that the WI of Eq. (3.10) holds for the

regular and pole parts of the vertex in isolation, i.e.

¢"Gulq,rp) = D'(p*) — D' (r?),

Ulg,r,p) = Dy'(p°) —Dy'(r?). (4.18)

Then, we can solve the two STIs of Eq. (4.18) separately.

In the case of scalar QED the second line of Eq. (4.18) already contains the explicit
solution for U(q,r,p). As for G,(q,r,p), the first line of Eq. (4.18) is formally identical to
the original WT of the full vertex, just with the substitution of D(¢?) for Dx(¢*). Moreover,
G,(q,r,p) is regular, by assumption. Therefore, the BC solution of Eq. (4.9) is perfectly
valid for G, (q,r,p) with D(¢*) — Dg(q?), i.e.

D1 (p?) — D (r?)] + (g p)r.—(q- T’)Pu]ﬁﬂ% T, p) . (4.19)

Gﬂ(q7 Tap) = (’I“ _p)ﬂ p2 —r2

Combining Eq. (4.19) with Eq. (3.25) then yields for the full vertex

D) =P -~ (a7 Tt )

GM(Qarap) = (T_p)ﬂ p2_7.2

50707 = D (). (4.20)

Clearly, the pole term on the last line of Eq. (4.20) is longitudinal. Moreover, using
Egs. (4.17) and (4.18) we see that

D (p?) =D (r?) =D '(p*) =D (r*) = Ulg.r,p) (4.21)

which substituted in Eq. (4.20) leads precisely to Eq. (4.16).

At this point, it may seem odd that the pole piece is not written in the same tensor
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basis as the regular part. We can, of course, use again the identity (4.13) to rewrite

Eq. (4.20) for the full vertex in the BC basis. Specifically

Gu(q.rp) = (r — ), Vi(q,rp) + [(a- p)ry — (a-7) pu]Va(gq,m,p) (4.22)
where
= 2[D; ' (p?) = D' (r?)]

E12(Q7 r, p) = qu(Q? T, p) + (423)

¢*(p* —1?) ’
Curiously, when the full vertex is written in the BC basis the two pieces of the scalar
propagator recombine in the form factor \Tll(q, r,p) into the full D~1(¢?), using Eq. (4.17),
whereas in \sz(q,r, p) it is the D;'(¢*) that appears. Moreover, in this form the pole
structure of the vertex would be missed if we were to omit Cf’g(Q, r,p) entirely. Instead,
only Wy(g,r,p) can be omitted.

A few more clarifications about the solution in Eq. (4.23) are in order.

First, in Eq. (4.23) the pole in ¢* appears in \Tlg(q, r,p), which accompanies the “trans-
verse” tensor [(¢-p)r, — (q-7)pyl, t-e. ¢“[(¢-p)r, — (¢-7)p,) =0, in Eq. (4.22). Yet, the
pole in the vertex is longitudinal. This is not a contradiction, but a semantic ambiguity.
The key observation is that [(¢ - p)r, — (¢ - ) p,] is not strictly transverse; it does vanish
when contracted with ¢#, but contains g, contributions nonetheless, as Eq. (4.13) shows.

In fact, the appearance of a pole term in \Tlg(q,r, p) is a crucial feature of the full
vertex in the BC basis. As we will see in Section 4.4, the same situation happens in the
three-gluon vertex. The important practical consequence is that only the regular part of
the transverse form factors may be omitted, and it may be better, in fact, to leave the

pole part in a basis that makes its longitudinality explicit.

4.3 Ball-Chiu solution for the three-gluon vertex

We consider then the gauge technique solution for the three-gluon vertex, first con-
structed by Kim and Baker [124], and further analyzed by BC [126]. Importantly, the
original BC construction was devised without considering the possibility of massless bound

state excitations in the three-gluon vertex. Hence, it must be modified to account for the
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pole structure of the full three-gluon vertex of QCD with dynamically generated gluon
mass.

Following the second method presented in the previous section, we separate the vertex
Iy, (gq, r, p) into its regular, 'y, (¢, 7, p), and pole, Vi, (g, 7, p), parts and employ the split
STIs of Egs. (3.33) and (3.34). Since Iy, (g, 7, p) is, by assumption, regular and satisfies
an STI that is formally identical to that of the full vertex, only with the substitution
A7) — ¢*J(¢%) [¢f Egs. (3.33) and (2.82)], the BC solution can be safely applied
to the regular part of the STI. As for the pole vertex, it is better to exploit the strict
longitudinality of its tensor structure in the Gauge Technique solution and we postpone
its treatment to the next section.

In order to solve the STT of Eq. (3.33), we decompose the tensor functions appearing
in it in their most general Lorentz structures. For the ghost-gluon scattering kernel, which

appears on the right hand side of that equation, the most general form is given by
Huu(%pv T) = g;wAl + unVAZ + T,U,TVAS + quVA4 + r,uquB ) (424)

where the momentum dependence, A; = A;(q, p,r), has been suppressed for compactness.
At tree level, only Aﬁ‘” = 1 is non-zero. Note that in the Eq. (3.33), H,,(¢,p,r) appears
contracted with P¥(q). As such, only the form factors A;, A3 and A, can contribute to
the STT.

As for T'y,(q, 7, p), its most general Lorentz structure has 14 independent tensors.
Similarly to the case of scalar QED presented in Section 4.1, the STT of Eq. (3.33) does
not allow us to determine the full vertex, but only its “non-transverse” part, i.e. the part
that does not vanish upon contraction with the momenta ¢*, r* and p*. Specifically, we

can always write Iy, (¢, 7, p) as

" (q,r,p) = T¢H (q,r,p) + T3 (q,7,p) , (4.25)

with the “transverse” part, I't"” (¢, r, p), annihilated by the contractions

W' (q,r,p) = r L5 (¢, 7, p) = p, T3 (q,7,p) = 0. (4.26)

Evidently, the term I't*(q,r, p) cannot be determined through the STT.
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We shall not reproduce here the lengthy algebra leading to the solution of the STT, and
will go straight to the results of BC [126] instead. A detailed resolution, but in different
notation, is given by Kim and Baker [124]. Nevertheless, it is instructive to count the
number of independent equations that the STT constitutes, since this is what determines
how many of the form factors of the vertex can be computed from the identity.

The left hand side of Eq. (3.33), namely ¢°T',..(q, 7, p), is a function of two independent
momenta (one being dependent, since ¢+ p-+r = 0) with two free Lorentz indices. Hence,
it has 5 independent tensor structures, similarly to the H,,(q, p,r) of Eq. (4.24), yielding
thus 5 equations. Now, the cyclic permutations of Eq. (3.33) also hold, namely

Ty (q,7,0) = F(r*)[¢* T (*)Ph(q) Hyw (g, 7, p) — P2 T (0°)PY(r) Hua (7, 9)]

P Tapn(q, 7, p) = F(p*)[r?J (r*)Pl(r) Hya (7, p, @) — ¢° T (*)Ph(q) Hyp(q, p, 7)), (4.27)

yielding 5 more equations each.

It may seem then that we have 15 equations for 14 tensors. However, not all of
these equations are independent. Instead, as we have seen in Subsection 2.4.3, if we
contract each of the STIs with one more momentum, each pair of identities leads to a
cyclic permutation of the constraint of Eq. (2.88), which involves only the ghost sector
functions, F(¢*) and H,,(g,p,r), and does not determine form factors of the three-gluon
vertex. Using the tensor decomposition of Eq. (4.24), the constraint (2.88) can be written

in terms of the following ratio

R o2 = LA D) + D2 As(g mop) + (g D) Asarp)l g g

F(p?)[Ai(q, p,7) +12As(q, p,7) + (q - ) As(q, p,7)]

Since we can make three pairs of equations by contracting the three STIs with one of the
remaining momenta, there are two other constraints, namely, the Eq. (4.28) with cyclically
permuted arguments. Hence, out of the 15 equations encompassed by the three-gluon
vertex STI 3 are scalar constraints on the ghost sector. It is important to emphasize that
the existence of ezact solutions to the STI is conditioned to the constraints of Eq. (4.28)
being satisfied.

Next, of the 12 remaining equations, there is one that appears three times, i.e. with
two redundant repetitions. Specifically, contracting any of the three STIs of Eqgs. (3.33)

and (4.27) with the momenta and indices of the two remaining legs yields the exact same
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equation, ¢*r*p'I'su (¢, 7,p) = 0. Discounting the two redundancies leaves us with 10
independent equations, plus the aforementioned 3 constraints. Therefore, 10 form factors
can be determined from the STI, such that ['¢h”(¢,, p) can be parametrized in terms of
10 independent tensor structures, with the remaining 4 assigned to I't"”(q, r, p).

A convenient tensor basis for the three-gluon vertex is that of BC [126]. For the 10

tensor structures of I'sh”(¢,r, p), one may write
10
rew(grp) =Y Xiq.r,p)™, (4.29)

=1

where the tensors £;"" read

G =(g—r)"g G = —p’g", 0" = (g —r)"[g"r* — (q-7)9ap]
G = (r—p)g", " = —qg"", " = (r —p)[r'p* — (r-p)g"],
" =(p—qtyg L = =g, 6" =(p—a)"p*¢ — (- 991,
00" = q'rept + ¢'rvp*.

(4.30)

As for the transverse part, the Lorentz decomposition is
T (q,r,p) = Y Yilg,r,p)t5™, (4.31)

where the transverse tensors t;““ Y read

" =[(q-r)g™ — ¢"r[(r - p)g”

—(q-p)r],
ty" =[(r - p)g" =" @)r* — (r-
— (

ﬁ
bQ
~—
3
R

5" p-1)q"],

=[p-9)g" —p"¢"]l(q-r)p"
togr =9 [( - DPa = (0 - Q)7a] + Goal (0 7V — (@ 7)Dp) + Gapl(a - p)rv — (- )]

+ TaquV - paQuTV ) (432)

apy

and clearly vanish if contracted with ¢%, 7 or p”. Moreover, all the ;" — 0 if one of the

momenta ¢, r or p is set to zero. Comparing the above expressions to the tree-level form
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of the vertex, given in the Appendix A, we see that at tree level
X{"(q,r.p) = X q.r,p) = X (q,r.p) =1, (4.33)

with all other X =0 and Y, = 0.

A crucial property of the BC basis above is that its tensor structures have simple
transformations under the Bose symmetry exchanges of momenta and corresponding in-
dices. For example, under the simultaneous exchange g <> r and « <> p the tensor ¢
is invariant, while 3" <+ (2. As a result, the form factors X; and Y; also transform in
a simple fashion. Specifically, many of the X; and Y, are related by cyclic permutations

of the arguments, namely

(q,7,p) = (q,7,p) = Xa(p,q,7),
Xs(q,r,p) = Xo(r,p, @), Xslg,r,p) = Xalpg,7),
(¢,7,p) = X3(r,p,q),  Xolg,r,p) =
(¢,7,p) = (¢,7,p) =

Yi(r,p,q), Ys(q,7,p

Xu(q,r,p) = Xa(r,p,q), X7(q,7rp

XG q,7,p X3(p7£]ar>7

Ya(q, 7, p Yi(p,q,r). (4.34)

Moreover, the following transformations are easy to establish

X4(q7pvr)7 X7(qarap) :X7(p7 r, Q)7
_X5(Q7p7 70) ) XS(Qa T, p) = —Xg(p, T, q) )
X6<Qap>7')v X9 q,7m,p X9(p7 r, Q)a

(
Ya(q,p,7), Ys(q,7,p) = Ys(p,7,q),
(4.35)

Xl qar7p) XI(T7Q7p)7 X4 q,7,p

( _

Xo(q,7,p) =

Xs(q,rp) = X3(r,q,p),  Xelg,m,p
( _

(¢,7p) =

—Xo(rq,p),  Xs(q,mp) =
(¢,7,p) = ) =

Yi(g,r,p) = Yi(r,q,p), Ya(q,r,p) = ) =

whereas X1¢(g, 7, p) is anti-symmetric under the exchange of any two of its arguments and
Yi(q,r, p) is totally symmetric.

From Eq. (4.34), we see that only the form factors X; for ¢ = 1, 2, 3, 10 and the Y;
for j = 1,4 need to be computed, the remaining ones being obtained by permuting the
arguments.

Accordingly to the above observation, we only need to state the solution for the form

factors X; for ¢ = 1, 2, 3, 10, with the Y, undetermined by the STIs, and the remaining
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X; given by Eq. (4.34). Then, the BC solution may be written as [126]

1
Xi(q,m,p) = Z[Z(GW + Qprq) +p2(bq7“p + b?"qp) +2(q “pdprg + 7 'pdpqr)

+ (q2 - Tz)(brpq + bpgr — bgpr — bprq)] )

1
Xo(q,r,p) = 1[2(%7%1 — Qpgr) — (QQ - T2)<bqrp +brgp) +2(q pdprg — 7 pdpgr)

+ pz(bprq - bpqr + bqp?“ - brpq)] )

1
Xs(q,7,p) = m[arm — Qgpr + 7 pdgpr — q 'pqu] )

1
XlO(q: r, p) = _§[bq7’p + brpq + bpqr - bqpr - brqp - bp?"q] ) (436)

where we employ the compact notation

agrp =F(r)J(p)Ar(p; 7, q),
bgrp =F(r)J (p) As(p, 7, q)
dgrp =F(r)J (p)[Asa(p,7,q) — As(p, 7, q)] (4.37)

and emphasize that Eq. (4.36) solves the STIs of Egs. (3.33) and (4.27) as long as the
constraint of Eq. (4.28) and its cyclic permutations are satisfied.

At this point it is easy to check that the BC solution satisfies automatically the ex-
change relations of Eq. (4.35). Moreover, Eq. (4.36) is clearly free of kinematic diver-
gences; the only non-constant denominator that appears in the solution, namely ¢ — 2,
only vanishes when the numerator is also zero, yielding regular results.

Because Eq. (4.36) is Bose symmetric and free of kinematic divergences automatically,
independently of the Y; or the truncations used to evaluate F(¢*) and H,,(q,p,r), it is
rather suitable for approximations, including neglecting the Y;, at least as far as these
fundamental properties are concerned.

A particularly useful approximation consists of setting the ghost sector functions ap-
pearing in Eq. (4.36) to tree level, i.e. F(q) — 1, A1 — 1 and A3, Ay — 0. In this case,
the form factors reduce to the “Abelianized” forms, denoted by )A(i(q, D),

~

Rilarp) = 0 +I@], Ralgrp) = LD

q2—T2

)

~

Bafar) = 310@ - I Fuolarp) =0, (1.38)
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As it turns out, Eq. (4.38) is formally identical to performing a BC construction for an
analog of the three-gluon vertex with three “background” gluons, which satisfies Abelian-
like WI [127, 162, 189, 190], i.e. with no ghost sector functions. In fact, the only difference
between Eq. (4.38) and the alluded background three-gluon vertex, is that in the later
it is J(q)[1 + G(¢)] 2, rather than J(q¢?), that appears, where 1 + G(q) is a fundamental
function of the PT-BFM formalism and has been studied extensively [30, 146, 147, 166,
170, 191].

Before long, let us point out that Eq. (4.36) holds for unrenormalized as well as renor-
malized ingredients, provided that a gauge invariant regularization scheme is employed. If
we use for the J(¢*), F(¢*) and A;(q,r,p) data or expressions renormalized in some cho-
sen scheme, the X;(q,r,p) obtained from Eq. (4.36) will be automatically consistent with
that choice, i.e. Eq. (2.91) will be satisfied. Then, if one wants the X;(g,r,p) evaluated
in a different renormalization scheme, a finite renormalization of the ingredients will be
required. For example, if we set ¢, r and p in the symmetric configuration of Eq. (B.5),
there is no reason to expect that the Eq. (4.36) will yield X;(—p?) =1 in general. If one
wishes to transform to the scheme where X;(—p?) = 1 by definition, it suffices to multiply
all the X; (and Y}, if available) by the finite renormalization constant 23 = 1/X;(—pu?)

[see Section B.4 for concrete examples in perturbation theory].

4.4 The Gauge Technique solution of the pole vertex

Let us now solve the STT of Eq. (3.34) and its cyclic permutations. By virtue of the
strictly longitudinal tensor structure of V,,,, given in Eq. (3.30), the Eq. (3.34) has a
unique solution, which can be obtained with relatively simple algebra [182].

We begin by noticing that the longitudinality condition of Eq. (3.31) can be written
as [182, 192]

Vour(@:m.0) = [959597 — PL(Q)PL(r)PI(P)] Vipe(a,7,p)
4’9095 rrtglel PP 9Rgh 4udPrurtel 4ad’pup’yl,
— Y o L A o
q r p q*r q*p
rur’pup’ 95 qaqPrurtpup®
T 2 ) Verola:mop). (4.39)

by simply expanding Pg(q)PZ(r)P‘V’ (p). Separating from Eq. (4.39) the terms that con-
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tribute to each of the tensor structures in Eq. (3.30), we see that

(B0 T e Pv 5 o Tubv
Ry (q,7m,p) = (q 9,9’V — g, — 2,2 P g, + 32,2

27‘ 20,24 Tp ) Vﬂpa(Q,T p) (440)

where the factor of 1/2 in the second term appears because g,7, contributes to both
¢a Ry (g, 7, p) and 1,54,(q, r, p). Similarly, it is easy to confirm the presence of the factors
of 1/2 and 1/3 in the third and fourth terms, respectively.

Now, each of the contractions appearing in Eq. (4.40) can be evaluated by contracting
the STT of Eq. (3.34) (or its cyclic permutations) with the appropriate momenta. In
particular, the last term of that equation clearly vanishes. One thus obtains [4]

F<2‘12>{ 2(r2)P4(r) [g5 + P2(p)] Hyo (1,0, )

—m*(p*)P5(p) g5, + Pr(r)] Hoo(poq,7)} - (4.41)

R/W(Q7 r p)

Naturally, repeating the same procedure for the cyclic permutations of Eq. (3.34) leads to

Suala,rp) = D0 (2 APLD) 65 + P)] Ho 7.0
—m*(q*)P4(a) l97 + PL(p)] Hoo(a.7,p) }
Topdaorp) = “L 2 (2)P2a) [0 + P300) Hola.p.)

—m?(r?)PL(r) [g5 + P7(a)] Hyo (1, )} - (4.42)

It remains to verify that the solution in Eqgs. (4.41) and (4.42) is Bose symmetric, i.e.
that the V,,,(¢,7,p) so constructed is anti-symmetric under the simultaneous exchange
of a pair of momenta and indices.

Let us consider the exchange ¢, <> 7, p. It is immediate to see that T,,(q,r,p) is

anti-symmetric. Next, we show that the combination

(q—a) Rusla,r,0) + (%) Sanla.r,), (4.43)

q2

appearing in the full tensor structure of V,,, (¢, 7, p) of Eq. (3.30), is also anti-symmetric.

To this end, note that the solution in Eqs. (4.41) and (4.42) for the functions R, (g, 7, p)
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and S, (¢, 7, p) can be rewritten, with few algebraic rearrangements, as

(Z—‘;) Ry(q,7m.p) = (CJZ) F(QQQ) {m*(r*)Py(r) g + P7(p)] Hoo (7, 4. p)

_2m )P ( PH(p7q7 )}

(Z“:’Zf)m )r7PL(p) Hpo (D q,7) (4.44)
(%) Saw(a,7,p) = ( ) o q) lg0 + Py (p)] Hpo(q,7,p)
+2m* (p*) P (p) Hpa(p, 7, q)}
- (23:5) m*(p*)a"PL(p) Hpo (p, 7, q) (4.45)

At this point, it is clear that exchanging ¢, <> r,p the first two lines of Eq. (4.44)
transform to minus the first two lines of Eq. (4.45) and vice versa. That the third line of
each of the above equations also transform into minus the other is a result of the ghost
sector constraint, written in the form of Eq. (2.87). Notice that this constraint does not
involve the three-gluon vertex, and hence, is not modified by splitting the STT into regular

and pole parts. Thus, it follows that

(‘;‘; ) By a.7.7) & = (%5) Salg. 7). (4.46)
under the exchange ¢, <> 7, u, which guarantees that V.. (¢,7,p) = —Via(7,q,p).
Identical arguments can be used to show that V,,,(¢q,7,p) is anti-symmetric under the
exchange of any other pair of momenta and indices. Hence, the solution in Eqs. (4.41)
and (4.42) yields a Bose symmetric Vo, (g, 7, p).

Evidently, the solution in Eqgs. (4.41) and (4.42) can be written in the BC basis of
Eqs. (4.29) and (4.31), if one so wishes, which can be achieved by contracting V,,.,(¢,7, p)
with the projectors given in Section C.2. The resulting expressions with dressed ghost
sector are long and we will not use in this work. It will suffice to state the solution in
the Abelianized approximation, where we set to tree level the ghost sector functions in

Eqs. (4.41) and (4.42), i.e. F(¢?) = 1 and H,,(q,p,7) = gy,. Denoting by XY (g, r,p)
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and )A/jv(q, r,p) the Abelianized form factors of V. (¢, r, p) in the BC basis, we have

2/ 2 20,2 20,2 2.2

Sv B m*(¢*)  m*(r?) Sy 1 m?(r?) m?(q*)

Xl (Q7T7 p) - 2(]2 - 27”2 ) XQ <Q7T7p) - 5 T2 - q2 )
2. 2(.2 2.2/ 2

~ g*m?(r*) — r*m?*(q ~

Xy (q,m,p) = ) (@) X{y(g,r,p) =0,

¢r?(q> —r?)
¢[=m*(p?) + m*(¢*) — m?(r?)] + r*[m?(p*) + m*(¢*) — m*(r?)]

Sy B
Y\ (q,7,p) = 222 (2 — r2) )

2(,2 2(,.2 2(,.2 2,.2(1.2 2,.2(,2
-~ q.r|—m=(p°) + m=(q°) + m*(r°)| + ¢ m(r°) + r*m-(q

p2q27«2

with the remaining X} (¢,r,p) and }A/jv(q, r,p) given by cyclically permuting the indices,
as in Eq. (4.34).

Of fundamental importance in Eq. (4.47) is the fact that the 17]-‘/ (q,r,p) do not vanish,
in spite of them being associated to “transverse” tensor structures and the massless bound
state poles being longitudinal. As in Section 4.2, the resolution to this apparent paradox
is in the semantics of the term “transverse”, as applied to the t?‘“ " tensors of Eq. (4.32).
While these tensors vanish if contracted with ¢%, r* or p”, they do contain contributions

proportional to these momenta, and hence contribute to V,,.(q,r,p).

In fact, it is straightforward to check that if the %V(q, r,p) are neglected in V,

s b€
if we assume "
Vo (@.7,9) = Vi, (a,mp) =Y XY (q.7, )0, (4.48)
i=1
and use Eq. (4.47), then the longitudinality of V,,.(q,r,p) is lost, i.e.
PS(q)PL (1) Py (0)Vay (0,7, 9) # 0. (4.49)

Hence, casually neglecting the }Afjv(q,r, p) causes the pole part of the vertex to develop
spurious poles that are not longitudinally coupled. Instead, when the full tensor structure
is preserved, including the transverse pieces, then P(q)P%(r)Py(p)Vau (q,7,p) = 0 as it
should.

4.5 Naive BC construction and its problems

We conclude this discussion by considering what would we have obtained had we used
the BC solution directly for the full vertex, in the presence of a dynamically massive

gluon propagator, without care about the longitudinality of the mass-generating poles of
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Vv (q, 7, p). For simplicity, we focus on the Abelianized case, of Eq. (4.38), which already
captures the properties we wish to emphasize at the moment.

It is important to keep in mind that since the pole part V. (g, p,) is longitudinally
coupled, it should not appear in fully transverse projections of the three-gluon vertex. In
particular, V,,,(q, p,r) cannot be directly probed in lattice simulations in Landau gauge,
which can only evaluate projections of the vertex that are fully transverse [7, 44-46, 48,
49], since the field theoretic quantities that the lattice evaluates are the connected Green’s
functions. Specifically, the lattice observable for the three-gluon vertex is the connected
function defined in Eq. (2.37), which has the vertex contracted with three gluon propa-
gators, which are transverse in Landau gauge. Consequently, lattice results for the three-
gluon vertex should not contain poles. Yet, as we will now show, a naive application of the
Gauge Technique leads to the appearance of spurious poles in the transversely projected
vertex, which are eliminated on proper account of the longitudinality of V4. (¢, p, 7).

To begin, it is clear that if we apply the BC construction to the complete STI of
Eq. (2.82), including pole part, we obtain results formally identical to Eq. (4.36), except
that J(¢?) is substituted by A7'(¢%)/¢*. Importantly, J(¢*) and A~*(¢?*)/¢* have com-
pletely different behaviors near ¢*> = 0 in the presence of a gluon mass; J(g?) is only
logarithmically divergent [see Eq. (3.39)], whereas A~*(¢?)/q®> ~ —m?(0)/q?, i.e. it be-
haves as a pole near ¢> = 0. Let us see how these different analytic behaviors manifest in
a totally transverse projection of the three-gluon vertex.

Consider the totally symmetric kinematic configuration, defined in Eq. (B.5), and the
most general tensor structure of the three-gluon vertex in this limit, given in Eq. (B.24).

Contracting the latter equation with three transverse projectors and denoting

Toauu(% T, p) = PQ(Q)PZ(T)P(J (p)]PﬁﬂU<Qa r, p) ) (450)

we obtain

Tspo (0,7, 0) = L™ Q)T (g,7,p) = T¥™ (@) (r = palp— Qulg —7)s,  (451)

where L¥™(Q?) is defined in Eq. (B.24), and

Q) = X1 + SW(QY) — V@) (152
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Let us concentrate on the form factor L¥™(Q?), which has already been simulated on
the lattice [44, 45]. Its tree level, L¥™(Q?) = 1, is obtained by setting the X; and Y; to
their tree levels.

Now, let us denote by double struck letters, e.g. X;, the results for the form factors
as obtained with the direct application of the BC construction to the full vertex, and a
caret to denote the Abelianized approximation, where ghost sector functions are set to
their tree level values. Substituting J(¢*) — A7!(¢?)/¢* into Eq. (4.38), we have
1 dA™HQ*)  ATHQ?)

% AT(Q) i _
QA Q"

Xl(QQ) = Q2 )

X3(Q?) = (4.53)

where we made use of the fact that the expression for X 3(q,r,p) in Eq. (4.38) becomes a
derivative in the symmetric limit, where, in particular, ¢*> = 2. Hence, in the Abelianized
approximation

Qs

(@) + IA(Q) Qg Y4(Q2). (4.54)

brm@) =5 | S+ S| Th@)

Given that IESym(Cf) is a transverse projection of the three-gluon vertex, it should
not contain poles, since these are assumed to be longitudinally coupled. Nonetheless,
the first term on the right hand side of Eq. (4.54) is a pole if the gluon propagator is
massive. Hence, there must be some other pole in the remaining terms to cancel that of
the first. Next, as we have seen in Section 3.5, the derivative of the gluon propagator
is only logarithmically divergent, such that the pole in Eq. (4.54) cannot be canceled
by dA7Y(Q?)/dQ?*. As such, the pole in A™}(Q?)/Q?* can only be canceled by the Y,.
Specifically,

A ) 99,09 - *(@d)] =o. (1.55)

lim
Q%2—0 Q2

Therefore, in order to guarantee the longitudinality of the poles of the full vertex, we must
split the Y;(Q?) into

~

V(@) =Y (@) +Yi(@), (4.56)
with }Afj(Qz) undetermined, but regular, and the lA/jP (Q?) containing poles in Q? satisfying

71(Q2) 4 R
dim | =5 - Y@ - @@ =0, (4.57)
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At this point, we look back to the solution of the pole part of the vertex in Eq. (4.47),

for comparison. Taking the symmetric limit of the SA/jV(q, r,p) yields

R 202 2 R 202
RrQ = - 2 T
such that
4 - 2()2 2(()2
i@+ enre -t . (4.59)

It should not come as a surprise, at this stage of the discussion, that Eq. (4.59) has ezactly
the right pole structure to satisfy Eq. (4.55), since A71(0) = —m?(0), and eliminate the
pole in Eq. (4.54). Therefore, we can choose ?]-P(QQ) = }ZV(QQ) in Eq. (4.56). Using this
splitting, Eq. (4.54) becomes

Bm(@) = 5 [ S8+ BB Tigion + @)+ G R@) + 7 @),
(4.60)

with EA/]-(QQ) undetermined. Then, using the explicit expression of Eq. (4.59), and that
AHQ?) = Q2J(Q?) — m2(Q?), we obtain the final form of Lv™(Q2),

QA

Lo™(Q%) = J(Q*) + = V(@) + 5-Ya(@Q), (4.61)

@I@) @

2 dQ2 4
which is manifestly free of poles, and we can drop the double striking of Esym(QQ) alto-
gether, since Eq. (4.61) makes no explicit reference to the gluon mass.

The point we wish to emphasize, from the above discussion, is that if we had applied
the BC construction directly to the full vertex, we would not have been able to neglect
the undetermined “transverse” parts, ?Q in Eq. (4.54), right away. Instead, we have to
first impose Eq. (4.55), in order to be consistent with the longitundinality of the massless
bound state poles, and only after reaching Eq. (4.61) could the undetermined terms be
omitted?.

In contrast, if we use the modified BC construction of Sections 4.3 and 4.4, which takes
advantage of the longitudinality of the pole part V. (¢, p) from the onset, the result
(4.61) is obtained right away. Indeed, since V,,,(g,7,p) is strictly longitudinal, it does

not contribute to L¥™(Q?). Then, using the solution of the regular part of the vertex,

1See also Section VII of [4] for a distinct, but equivalent, treatment of the cancellation of poles in
L™(Q?) by the pole content of the Y;.
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Eq. (4.38), into Eq. (B.24) leads directly to Eq. (4.61), without a posteriori rearrangements
as we had to do in Eq. (4.54).

Clearly, the approach of splitting the STI into Eqs. (3.33) and (3.34), applying the
usual BC construction only for the regular part and taking advantage of the explicit
longitudinality of V.. (¢, r, p), leads to the correct result more expeditiously and elegantly.

Finally, we explore the numerical impact of the proper elimination of the poles. Let
us consider two approximations to L¥™(Q?), in both of which we neglect the transverse
terms Y;. The first approximation, which we will call “naively Abelianized”, consists of
Eq. (4.54) with the Y; set to zero, i.e.

7t [ATHQ?) | dATHQ?)

L¥™(Q%) = 0 + i0? : (4.62)

with 23" a finite renormalization constant, determined by imposing the renormalization

condition

LY ") =1, (4.63)

at a scale p?, usually employed on the lattice [44, 45]. The second truncation, to be
referred to as “properly Abelianized”, is obtained from the solution of the regular part of
the split STT in the Abelianized approximation, i.e. Eq. (B.24) with the X; of Eq. (4.38)
and the Y; set to zero. Specifically,

2 2
sym 2\ . 2 Q d‘](Q )
LYNQ7) = zy | J(Q) + 2 a7 | (4.64)
with 2§ determined by the renormalization condition
L™ (u?) =1. (4.65)

For the numerical analysis, Eqs. (4.62) and (4.64) must be understood as written in
Euclidean space, and p is chosen at 4.3 GeV. As for the ingredients J(Q?) and A(Q?), we
use the Ansatz of Egs. (3.51), (3.50) and (3.42).

The results of Eqs. (4.62) and (4.64) are compared to the lattice data for L¥™(Q?)
of Ref. [44, 45] in Fig. 4.1. It is clear from that figure that the qualitative behavior of
the naively Abelianized vertex is disfavored by the lattice results, which has no sign of

pole divergence, whereas the properly Abelianized model of Eq. (4.64) is in qualitative
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agreement with the lattice. At the quantitative level, the agreement is still unsatisfactory;
however, as we shall see in Chapter 6, quantitative agreement is obtained with the BC
construction when the ghost sector contributions are duly taken into account. This will
have to wait for the nonperturbative determination of the ghost-gluon scattering kernel,

which is the subject of the next chapter.

4 T
¢ Various lattices
—L3M(Q?)
37 oI ]

—_
—_
o

1072 1071
Q? [GeV?]

Figure 4.1: Form factor L®™(Q?) of the transversely projected three-gluon vertex of
Eq. (4.51). The circles represent the lattice results of [44, 45], with different colors for
each lattice setup therein. The blue continuous curve represents the naive and properly
Abelianized approximations of Eqs. (4.62) and (4.64), respectively.

In any case, Fig. 4.1 demonstrates quite clearly that the proper handling of the longi-
tudinal poles is necessary in a Gauge Technique Ansatz for the three-gluon vertex in the
presence of dynamical gluon mass generation through the Schwinger mechanism.

Lastly, one could posit that the IR finiteness of the gluon propagator is a result of
some mechanism other than the presence of massless bound state excitations described in
Chapter 3. In this case, the poles induced in the three-gluon vertex by the IR finiteness
of A71(Q?)/Q? might not be longitudinal, and could have appeared in the lattice results
for L™(Q?). As such, the absence of a pole behavior in the lattice data shown in Fig. 4.1
constitutes an evidence that the poles of the three-gluon vertex are indeed longitudinal,

and hence, strengthen the case for the realization of the Schwinger mechanism in QCD.
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D

The nonperturbative ghost-gluon

scattering kernel

In order to compute the three-gluon vertex through the BC solution of the previ-
ous chapter [see Eq. (4.36)], the most complex nonpertubative ingredient is the ghost-
gluon scattering kernel, H,,(q,p,r). Besides being an ingredient in the determination of
Lo (g, 7, p), the scattering kernel is related to the ghost-gluon vertex through Eq. (2.45),
which is another fundamental vertex of QCD appearing in the SDEs of several Green’s
functions, including the gluon and ghost propagators [see Figs. 3.2 and 3.11]. As such,
H,,(q,p,r) is a central object of the ghost sector of QCD.

In this chapter we focus on the nonperturbative determination of the Landau gauge
ghost-gluon scattering kernel through its SDE truncated at the one-loop dressed level. We
begin by reviewing some exact special properties of H,,(q,p,r) valid in the Landau gauge,
namely, the ghost-anti-ghost symmetry, the Taylor theorem and the UV finiteness of this
Green’s function, in Section 5.1. Then, in Section 5.2 we discuss some general aspects
of the one loop dressed truncation for the SDE governing H,,(q, p,r), following with a
more detailed presentation of the approximations used for the inputs of that equation in
Section 5.3. In Section 5.4 we present our numerical results for H,,(¢,p,r) in general
Euclidean kinematics, paying special attention to the IR divergences found for its form
factors. Moreover, we show that dressing the three-gluon vertex in the calculation of
H,,(q,p,r) tends to suppress the magnitude of its form factors. Then, in Section 5.5 we
use our results to calculate also the form factors of the ghost-gluon vertex, I',(q,p,7),
for which there is more extensive literature [43, 51, 55, 58, 60, 73, 118, 180, 193-197] to

compare our results to. In that section, we find a general agreement between our results
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and those of earlier studies. Finally, in Section 5.6 we show that the STI constraint over
the ghost sector, given by Eq. (4.28), is violated as a consequence of truncation. We
perform a quantitative comparison of the violation of the STI constraint for two different
approximations of H,,(q,p,r), allowing us to distinguish the truncation that minimizes

this problem in the IR.

5.1 Properties of the Landau gauge H,,(q,p,r)

In the Landau gauge, due to the transversality of the gluon propagator, the ghost-
gluon scattering kernel and vertex display some additional symmetries, which we can use
to guide and simplify the truncation of their SDEs. Let us take a moment to review these

Landau gauge special properties.

5.1.1 Ghost-anti-ghost symmetry

The ghost-gluon vertex, I',(q,p,r), defined in Eq. (2.39), has for its most general

Lorentz structure

L.(q,p,7) = Bi(q,p,7)q, + Balq,p,r)r, . (5.1)

Comparing Eq. (5.1) to the Feynman rule of Fig. A.2, we see that at tree level these

form factors reduce to B;O)(q,p, r) =1 and B;O)(q,p, r) = 0. Note also that combining

Eq. (2.45) with Eqgs. (4.24) and (5.1) allows us to relate the B; to the form factors of

H,,(q,p,r). Specifically,

Bi(g,p,7) = Ai(g,p,7) + ¢ As(q, p,7) + (q-7)Aslq, p,7);

Bs(q,p,7) = (q-7)As3(¢.p,7) + ¢ As(q,p, 7). (5.2)

In the Landau gauge the form factor B;(q,p, ), and only this form factor, is invariant

under the exchange of the ghost and the anti-ghost momenta [15, 180], i.e.

Bi(q,p,7) = Bi(p,q,7) - (5.3)

We will refer to this invariance as “ghost-anti-ghost symmetry”.

We present here the proof of Eq. (5.3) given in [180]. We start with the SDE for the
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ghost propagator, shown in Fig. 3.11, which reads
D7 Yq) = —iq*> — g*Ca / A" (E)D(q+k)(q+ k) Lu(—q.q+ Kk, —k). (5.4)
k

Since in the Landau gauge k,A" (k) = k, A" (k) = 0, using the Lorentz decomposition
(5.1) into Eq. (5.4) leads to

D7 (q) = —ig* + ¢*Caquqy / A"™(k)D(q + k)Bi(—q,q + k,—k), (5.5)
k

i.e. only the form factor B; contributes to the ghost SDE.

As discussed in detail in [198] the SDEs for 1PI functions always have one of the exter-
nal legs with a bare vertex, to avoid overcounting of diagrammatic corrections. Moreover,
one can derive different SDEs for the same Green’s function, with each of the external
legs containing the bare vertex [198]. In the case of the ghost propagator, the SDE shown
in Fig. 5.1 is also valid, and differs from that of Fig. 3.11 only by the placing of the bare

vertex.

Figure 5.1: Alternative SDE for the ghost propagator, with the bare vertex on the right
leg [¢f. Fig. 3.11].

Writing down the SDE of Fig. 5.1 and using the transversality of the Landau gauge
A (k) furnishes

D™Y(q) = —ig* + ¢°Caquay / A" (k)D(q + k)Bi(—q — k., q. k). (5.6)
k
Then, equating (5.5) and (5.6) requires

Finally, since B; is a Lorentz scalar, it is unchanged if we flip the signs of all its

momenta. Hence, Eq. (5.7) is equivalent to Eq. (5.3).
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5.1.2 Taylor theorem

We consider now the most important property of the Landau gauge H,, (¢, p, ), known

as the Taylor theorem [39).

Figure 5.2: Compact representation for the SDE of the ghost-gluon scattering kernel,
H,,(q,p,r), with the bare vertex on the ghost leg [cf. Fig. 2.3]. The black oval is not 1PI.

Similarly to the argument in the previous section, we can write the SDE of Fig. 2.3,
for the ghost-gluon scattering kernel, with the bare vertex on the ghost leg, as shown

compactly in Fig. 5.2. Then we can write

HVM(Qapa T) = gM” + /é(p + E)pApa(oD(p + E)ICVMU(% T, —E,p + E) ) (58)

for some four-point kernel K, (¢, 7, —¢, p + ¢) whose decomposition into 1PI functions is
unimportant for the present discussion. Now, in the Landau gauge the transversality of

the gluon propagator implies (p + ¢),A??(¢) = p,A*?({), such that

Hu,u(vaa 7’) = 9w + ppKuup(Q7p7 T) ) (59)

with
Ko (,0,7) = / AZODP + 0Ky —Cp 1) (5.10)
¢

Finally, setting p = 0 in Eq. (5.9), we obtain

Hl/,u(Qa 07 _Q> =G, (511)

i.e. the ghost-gluon scattering kernel reduces to its tree level in the soft ghost limit (p = 0)

in the Landau gauge. This result is what we call the Taylor theorem [39].



5.1 Properties of the Landau gauge H,,(q,p,7) 93

Now, using Eq. (2.45) to relate H,,(q, p,r) to the ghost-gluon vertex, we see that

I'.(q,0,—q) =qu. (5.12)

Comparing Eq. (5.12) to the Lorentz decomposition of I';,, given by Eq. (5.1), we find
that in the soft ghost configuration,

Bi(q,0,—1) — By(q,0,—q) = 1. (5.13)

It is important to emphasize that the form factors B;(q, p,r) and Bs(q, p,r) do not reduce
individually to their tree levels, only the combination in Eq. (5.13) does. Similarly, the
Ai(q,p,r) do not reduce to tree level individually in the soft ghost configuration, but
satisfy

Ai(q,0,—q) =1; As(q,0,—q)+ A3(q,0, —q) — As(q,0, —q) — A5(¢,0, —q) = 0. (5.14)

5.1.3 Renormalization

The Taylor theorem explained in the previous subsection has a crucial consequence for
the renormalization of the ghost-gluon vertex and scattering kernel. Specifically, since the
UV poles of Green’s functions are independent of the external momenta and Eq. (5.11)
is manifestly finite, then H,,(q,p,r) has to be UV finite in Landau gauge [39], in all
kinematic configurations. Evidently, by Eq. (2.45), the ghost-gluon vertex must be UV
finite as well.

Now, Eq. (5.12) is to be understood as unrenormalized, even though its subscript “U”
has been omitted for compactness. Renormalizing it according to Eq. (2.90) we obtain

for the renormalized vertex

[(4,0,—q) = Z1 gy, (5.15)

and Z; must be finite, since so is I',(¢, 0, —¢). In particular, if we choose as renormalization

condition for the vertex that I',(¢, 0, —¢) reduces to tree-level, then it follows that

Zy=1. (5.16)

This choice of renormalization scheme is referred to as the “Taylor scheme” [4, 199, 200]
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throughout this work. Clearly, the renormalized H,, (g, p,r) also reduces to its tree level,
that is H,,(q,0, —¢) = g, in the Taylor scheme [3].

The above Eq. (5.16), sometimes called the “non-renormalization” theorem [179, 188,
199, 201], implies that the SDEs for the ghost-gluon scattering kernel and vertex can be
multiplicatively renormalized in practice [3, 179, 180, 188, 198], even with truncations.
In fact, the UV finiteness of the Landau gauge I', allows the ghost propagator SDE of
Eq. (5.5) to also be renormalized multiplicatively in practice [179, 180, 198]. In contrast,
the implementation of multiplicative renormalization in general truncated SDEs is an ex-
tremely difficult problem [106, 108, 202, 203], and usually prompts the use of additional
approximations [2, 6, 25, 109, 204]. Moreover, the Taylor theorem allows the definition
of an effective charge depending only on the propagators [144, 179, 188]. These simplifi-
cations regarding renormalization, enabled by the Taylor theorem, are among the many
reasons why the Landau gauge is a favorite in SDE analyses. In particular, the Taylor
scheme of Eq. (5.16) has been extensively employed in the SDE literature [3, 8, 179, 180,
188, 194, 198].

5.2 Truncation of the SDE for H,,(q,p, 1)

Our starting point for the nonperturbative determination of the ghost-gluon scattering
kernel is its SDE of Fig. 2.3. We begin its treatment by assuming that the 1PI four-point
function appearing in diagram (ds),, of Fig. 2.3 is subleading, as indicated by recent
numerical studies [59, 205], and omit that diagram entirely.

Next, for the three-gluon vertex appearing in diagram (d,),, we keep only its regular
part, I'y,,. Because the pole part V,,, is longitudinally coupled and the Landau gauge
AM(q) is transverse, it is easy to see that the pole part would not contribute to the form
factors Ay, As and A4. Hence, neglecting the pole part is only an additional approximation
for the form factors As; and As. In any case, if the pole structure of the three-gluon
vertex was kept, it would induce poles in H,,(q, p,r) which would also be longitudinal
to the gluon momentum, and might contribute to the gluon mass. Nevertheless, there is
numerical evidence that the contribution of poles in the ghost-gluon sector to the gluon
mass is subleading [62].

With the above approximations, the so-called one-loop dressed truncation, the ghost-

gluon scattering kernel SDE of Fig. 2.3 is substituted by Fig. 5.3. Specifically, with the
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C, [ \: é l :
be H,LL' a .{ ‘
Hy (g, p,r) = k<~ + N +

ji q 4 a,v

j 4’ P /( 7 . \ P /4( . \

b b’
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Figure 5.3: One loop dressed truncation of the ghost-gluon scattering kernel SDE. The
red circle represents the regular part of the three-gluon vertex, as in Fig. 3.7.

momentum routing indicated in that figure, we have

Huu(vaa T) = gu,u + (dl)u,u + (dQ)V,u ) (517)
with
1
(@) = 2Cas, /Aﬁ(ﬁ)D(f D) D(E = )T ulq — £, 6+ p,¥)Br(—L = p,p. 1), (5.18)
VA
1
(dQ)Vu = §CA92pp /Af(ﬂ)Ao‘p(é +7r)D(l — q)I‘Wﬁ(r, —0—r0)Bi(qg—{,p,L+7).
/

It is evident from Eq. (5.18) that the Taylor theorem is preserved in the one-loop dressed
truncation, since both diagrams (d;),, and (ds),, are proportional to the ghost momen-
tum, p.

Meanwhile, as a result of the truncation, the ghost-anti-ghost-symmetry of Eq. (5.3)
is explicitly broken if Eq. (5.17) is used to compute the form factor B; through Eq. (5.2).
This issue arises because the corrections to the vertex in the anti-ghost leg in the full SDE
of Fig. 2.3 are allocated to the four-point function [198] present in diagram (ds), which we
omitted, ending up with corrections only to the vertex in the ghost leg. This problem can
be remedied by recalling that we might have derived the SDE shown in Fig. 5.3 with the
bare vertex on the ghost leg instead. Then, averaging the “ghost leg bare” and “anti-ghost
leg bare” SDESs restores the ghost-anti-ghost symmetry [198]. In practice, this procedure

amounts to the effective substitution in Eq. (5.18) of

Bl(_g 2y 6) - V1(€>Q7pa T) = [Bl(_g —Db,D, E) + BI(Q7£ —q, _e)] )

N~ N~

Bl(q - €7p7£+r) - V2(£7Q7p7 7”) - [Bl(q - f,p,g—l-’/’) + Bl(QJK —q, _E)] : (519)
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A similar procedure is commonly employed to restore Bose symmetry in analyses of the
gluonic vertices with truncated SDEs [53, 54, 206].

Finally, Eq. (5.17) must be consistently renormalized. To this end, we first multiply
that equation by Z; and substitute all quantities appearing in Eq. (5.18) by their renor-
malized counterparts using Eqgs. (2.89) and (2.90) and g = Z IZX *Z. go. Symbolically,
we find

AV
Hl/u(q7p7 T) = Zl |:g,u1/ + (dl)uu + (Z12A> (d2)uu:| )

ct3

= Z [QW + (dl)vu + (d2)w] ) (5‘20)

where we used the STI for the renormalization constants, Eq. (2.91), to obtain the last
line. At this point we may choose the renormalization prescription for the renormalized
quantities. Naturally, we will take advantage of the Taylor theorem and settle for the
Taylor scheme of Eq. (5.16). As for the gluon and ghost propagators that appear in
Eq. (5.18), we employ the common choice of Eq. (2.92), i.e. the MOM scheme.

A few additional approximations will be useful for numerical purposes, which we dis-

cuss in the next section.

5.3 Inputs and further approximations

In general, the SDEs are coupled integral equations that allow, in principle, the deter-
mination of all the Green’s functions of the theory. For example, the ghost-gluon scattering
kernel SDE of Eq. (5.18), if coupled to some truncated form of the gluon and ghost SDEs
of Figs. 3.2 and 3.11, respectively, and the three-gluon vertex SDE [53, 54], could be used
to determine all of these functions self-consistently. In practice, technical difficulties in
truncating these equations, as well as the intensive numerical effort necessary, prompts us
to adopt a different strategy.

Before stating the actual inputs used, we emphasize that we have found, by experiment,
that the STI constraint of Eq. (2.88) is violated in our numerical results for H,,(q,p, ).
This violation was found, after several numerical experiments and analytic calculations,
to not be a numerical issue, but an artifact of the truncation of the SDE. Moreover, the
issue is aggravated for large momenta if the inputs used for the propagators and vertices

contain their perturbative corrections. The reason for this behavior is that the one-loop
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dressed truncation contains two loop and higher corrections, but not all of them. As a
result, perturbative logarithms that should be canceled if all corrections were consistently
preserved end up uncanceled. These logarithms, which should be powers of In(¢*/u?), are
likely negligible near the renormalization point, u, and also probably subleading in the IR
where the gluon mass becomes the dominant scale. Nevertheless, for large momenta they
build up large violations of the symmetries of the theory, in particular the Eq. (2.88). A
workaround, which we have validated by experiment, is to use inputs for the propagators
and vertices appearing in Eq. (5.18) that tend to their tree levels in the UV. Evidently, the
reason this procedure works is that it results in H,,(q, p, ) recovering its one-loop behav-
ior, by construction, for large momenta. For definiteness, we shall denote the ingredients
that are used as inputs for the SDE of H,,(q, p,r) by a super/subscript “in”.

As was done in numerous previous works, e.g. Refs. [1, 2, 25, 171], we use for the gluon
propagator and ghost dressing function fits to the large volume lattice results available.

For the ghost dressing function, in particular, we use

01

F(¢*) = Fu(¢®) =1+ (5.21)

¢+ oy’
which fits the lattice data of [175] with the parameter values set to o; = 0.70 GeV? and
oy = 0.39 GeVZ2. Clearly, limg o Fl.(¢%) = 1, as discussed above. We compare the above
fit to the lattice data of [175] in Fig. 5.4, where we see that the IR structure of F(¢?) is

still well captured by Fi,.

| 3 Lattice V = 641
3 Lattice V = 80*
_En (qz)

1073 102 107" 1 10 102
¢* [GeV?]

Figure 5.4: Comparison of the fit (red curve), F (¢?), given by Eq. (5.21), for the ghost
dressing function, F(¢?), and the lattice data of Ref. [175] (circles).
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As for the gluon propagator, we substitute Eq. (3.42) for
ATNG) = AN = P Ju(d) + mP () (5.22)

with m?(¢®) given by Eq. (3.50) and the input kinetic term has the parametrization

Jo(d®) =1+ 02:8 ( n ) [2111 (q2+p—?2(q2)) + éln (Q—Z)} . (5.23)

¢+ [z H

Note that Eq. (5.23) differs from Eq. (3.51) by the substitution <1 + qQZim) — <q2::r2>’
which guarantees that limg2 . Ji.(¢>) = 1. The above model fits the gluon propagator
data of Ref. [73, 76, 175] for a, = 0.22, 71 = 12.68 GeV?, 7, = 1.05 GeV? and p = 102.3,
whereas the mass parameters are unchanged, i.e. m2 = 0.147 GeV?, p?, = 1.18 GeV* and
we choose v = 0.

On the left panel of Fig. 5.5 we compare the fit A,,(¢?) of Eq. (5.22) (blue curve) with
the lattice data of [175] (circles) and the fit composed of Egs. (3.42), (3.50) and (3.51)
(red dashed line). On the right panel of that figure we compare the corresponding J(g?)
and J,,(¢%) of Egs. (3.51) and (5.23), respectively. Notice that at the level of the gluon
propagator the A and A,, fits are visually indistinguishable, whereas the difference be-
tween J(q¢?) and J,,(¢*) increases in the UV, because for large ¢* the J,(¢*) sets in to

tree-level while J(¢?) displays the characteristic one-loop logarithm.

8 | ‘ ‘ ‘ 15
i b 3 Lattice V = 644
.7 bos-0:0% 2, Lattice V = 72*
T el A i Lattice V = 80* | N
2 S A R
e --A(d) <
A S
=4 . 05¢
i <
&0 -
o
o ‘ ‘ ‘ : -0.5 : ‘ ‘ ‘
¢? [GeV?] ¢ [GeV?]

Figure 5.5: Left: comparison of fits for the gluon propagator using A, (¢*) (blue contin-
uous), of Eq. (5.22), and the A(g?) (red dashed), given by Egs. (3.42), (3.50) and (3.51),
to the lattice data from Ref. [175]. Right: comparison of J,,(¢?) (blue continuous) and
J(g%) (red dashed), of Egs. (3.51) and (5.23), respectively.

Moving on to the three-gluon vertex, appearing in diagram (d,),,, of Fig. 5.3, we retain
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only the tensor structures that exist at tree level, which are expected to be dominant.
Moreover, we use the Bose symmetry relation of Eq. (4.34) to write the form factors X,
and X7 in terms of X;. Then, our Ansatz for the input three-gluon vertex reads

Lyap(r,v,0) — F;j‘aﬁ(r,v,é) =(r —0)gua X1 (r,v,£) + (v =€) 1Gap X" (v, £, 1)

+ (E - T)ozgﬁuXiln (E, r, U) . (524)

where v = —¢ — r. Then, for the form factor Xj* we use its Abelianized approximation of

Eq. (4.38), with J(¢?) substituted by the J,,(¢*) of Eq. (5.23), i.e.
. 1
Xy (rv,0) = S [7u(r®) + Ju(v?)]. (5.25)

While certainly a simplistic approximation, the I'}, 5(r,v,£) of Eq. (5.24) captures the
logarithmic IR divergence and characteristic suppression of the three-gluon vertex that are
expected on general grounds and observed in numerous previous studies, as discussed in
Section 3.4 and the literature there cited. Also, Iy, 5(r, v, £) preserves the Bose symmetry
of the three-gluon vertex.

Finally, we discuss the input for the ghost-gluon vertex. First of all, similarly to what
we do for the three-gluon vertex, we keep only the tree-level tensor structure of I',,, such
that only the form factor Bj is taken into account. Notice that in the Landau gauge the
form factor By would only contribute to the Az and As of Eq. (4.24). As such, setting
By — 0 is valid exactly, as far as Ay, A and A4 are concerned. Then, to obtain a model
for By, we run the SDE of Eq. (5.17) numerically with the above approximations and
setting additionally the input B; — 1, i.e. its tree level. Then, we project from the result

the form factor By in the totally symmetric configuration of Eq. (B.5) (in Euclidean space,

of course) and fit the resulting data with the form

Wi Q2

in 2\
Bl(Q )_1+ (1+w2Q2)i\7

(5.26)

to force its UV tail to reduce to tree-level. The fitting parameters that result are given by
wy =221 GeV™ 2 wy = 2.50 GeV~? and \; = 1.68. In Fig. 5.6 the B"(Q?) of Eq. (5.26)
(blue curve) is compared to the SDE result that it was fitted to (red dashed). Clearly,

the fit (5.26) is accurate in the IR, while forcing the tree level to be recovered for large
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momenta.
1.3 ‘ .
— B} (@)
{05l --Bi(Q?) |
< 12f
5y
_~1.15}
[
= o11f S
Q o mm e
1.05}
1 ‘
0 2 4 6 8 10

Figure 5.6: Red dashed curve: Form factor B;(Q?) in the totally symmetric configuration
of Eq. (B.5) obtained from the SDE of Eq. (5.17) with bare ghost-gluon vertex as input.
Blue curve: Fit, Bi*(Q?), given by Eq. (5.26), for the B;(Q?).

Finally, the form factors B; that appear in the Eq. (5.18) are still functions of three
momenta. To reduce the complexity of the problem, we assume that all the B; appearing
as inputs are functions of the corresponding gluon momentum only, i.e. its third argument,
and use Eq. (5.26). For example, By (—{—p, p,{) — Bi*(¢?). In particular, with the above
approximation, Eq. (5.19) reads

Vi(l,q.p,r) = V*(C,q,p,r) =B(%),

4 1. 4
Va(lyq,p,m) = Vi (a,p,r) =35 [BI*(v*) + By (0%)] . (5.27)

Implementing all the above approximations, the diagrams (d;),, and (d3),, of the

SDE for the ghost-gluon scattering kernel read

i Ain €2 En t2 En 32 in in
(dl)yu - ECAg2pp/ev ( ) t2g2) ( )P§<€) SH Bl (T2>V1 (€’Q7p7 T)’ (528)

i A () A (V) Fiu(s%) ap(,\Tin in
(dZ)V,u - _§CAg2 pp/gv 52 Pg(@)P p(v) yaﬁ(rvvag)v2 (KJQJ% T) )
withs=q— V0, t =—0—p.
One may then project out the form factors A; using the projectors of Eq. (C.1) and
transform to Euclidean space using the rules of Appendix D. The resulting expressions
for the A; are voluminous and are collected in Appendix E.

Lastly, the renormalization scale is set by the inputs themselves, which are all renor-
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malized at © = 4.3 GeV, since H,, is not further renormalized when using the Taylor

scheme, as we do. For the strong charge we set a; = 0.22 [180, 188].

5.4 Numerical analysis

For the numerical analysis of the Eq. (5.28), it is convenient to employ spherical coordi-
nates and regard the anti-ghost and ghost momenta, ¢ and p, respectively, as independent.
Then, using the notation of Egs. (D.14) and (D.16), we see that the numerical evaluation
of the A;(¢?%,p?,0), with € the angle between ¢ and p, consists of setting a discretized grid
of values for ¢, p* and 6, and compute a triple integral for each triple (¢?, p?,6). For the
squared momenta, we employed a logarithmically distributed grid of 96 values in the range

¢, pPelpx107° GeV?, 10* Ge\/z] . The extremities of this interval also set IR and UV
cutoffs for numerical integration. As for the angle 0, we set a uniform grid of 19 values in
the range [0, 7). Hence, since there are 5 different A;, we have in total 96 x 19 x 5 triple
integrals to evaluate.

An efficient and accurate numerical algorithm for evaluating these integrals is the
adaptative Gauss-Kronrod method of Ref. [207], employing an 11th degree polynomial
rule. Still, the numerical evaluation is quite time consuming and a parallelized computa-
tion is required. We implemented the numerical program in Fortran, using the Message
Passing Interface for parellelization and executed it in the Feynman Cluster of the John
David Rogers Computation Center (CCJDR) in the Institute of Physics “Gleb Wataghin”.

We present results first in general kinematics in Subsection 5.4.1, using 3D plots,
and then specialize to some notable kinematic limits for a more in depth analysis in

Subsection 5.4.2.

5.4.1 General kinematics

For a fixed angle 6, each A;(¢?,p?,0) consists of a surface in the (¢2,p?) space. In
Figs. 5.7 and 5.8 we show all the A;(q¢?, p?,0) for two choices of the angle, # = 0 and 7, in
order that the angular dependence can be appreciated.

Let us point out the features of the general kinematics A; that can be seen in Figs. 5.7
and 5.8: () in the IR, all the A; display significant deviations from their corresponding
tree-level values, but (ii) they all recover roughly their perturbative behaviors whenever
one momentum is large. This restoration of perturbation theory in the UV is, of course,

an automatic result of using inputs that tend to tree level for large momenta, as discussed



5.4 Numerical analysis 102

i
/’; 0

i
™
14 ?',!41 I"‘ “‘\\§

0 ~

e,

[T
. —-02}" lllz",;zﬁ:
T \ Wiitssay
> > [1]777 /9
g Sl )
3 Ny
Ng; - Ng_: 0. }j‘ !;,Il/
o L L
< < ~

<

108

¢ [GeV?| 100 103 p? [GeV?]

¢ [GeV?] 100 103 p? [GeV?]

Figure 5.7: The form factors A;(q?%, p?, 0) (top row) and As(¢?, p*,0) (bottom row) of the
ghost-gluon scattering kernel, for § = 0 (left) and 6 = 7 (right).

in the previous section. Also, (74) the angular dependence of the A; is mostly mild, with
the exception of A; which is altogether larger than 1 for small 6, but develop a “valley”
for § approaching 7, with A;(¢?, p?,m) < 1 in the region determined approximately by the
triangle 0 < p? < ¢°.

In what regards their deep IR behaviors, A; is clearly IR finite, whereas the remaining
ones all display growths in magnitude consistent with logarithmic IR divergences. To
interpret this behaviors, we give in Section B.5 the A; computed at one-loop with a hard
gluon mass, in the same spirit of the analyses presented in Section 3.4. In this semi-
perturbative analysis, we have found that the A; and A4 turn out IR finite, while A,,
Az and Aj are logarithmically divergent in the deep IR, as a result of the masslessness of
the ghosts. Moreover, these divergences stem from the diagram (d;),,, of Fig. 5.3, which

has more ghost propagators than (ds),,. Comparing our numerical results to the findings
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Figure 5.8: The form factors Az(q? p* 6) (top row), A4(¢? p? 6) (middle row) and

As(q?,p%,0) (bottom row) of the ghost-gluon scattering kernel, for § = 0 (left) and 6 = 7
(right).

of Section B.5 we see that almost all of the A; behave as expected on the basis of the

semi-perturbative calculations, with the surprising exception of Ay.
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The unexpected divergence of A4 was then investigated in more detail. First, by various
numerical experiments we have discarded the possibility that this behavior is a numerical
artifact. Then, by taking the zero momentum limit of the expression of Eq. (E.4) for
the contribution of the dressed diagram (ds),,, to the form factor A4, we have found that
its logarithmic divergence is induced by the three-gluon vertex. Specifically, the input
three-gluon vertex of Eq. (5.24) contains logarithmic divergences in the X, since J,
has an unprotected logarithm modeling the effect of massless ghosts (see Section 3.4),
and it is this divergence that contaminates A;. To be more precise, note that the three-
gluon vertex that appears in (d3),, depends on three momenta, including the integration
variable, such that .J,, appears in (ds),,, with three possible arguments, r2, ¢? and (¢+1)2.
Then, the logarithms of J,, that depend on the integration momentum are integrated an
yield finite results, whereas the logarithms that depend only on the external momentum,
r, are not affected by the integration and, thus, remain divergent. Symbolically, the terms

of Eq. (E.4) of the generic form

/ 1) f(@,p0), and / L0+ ) (0.p.0), (5.29)

L L

furnish IR finite contributions, whereas

/J(TQ)f(q,p, 0), (5.30)

L

is logarithmically divergent as r?> — 0. Indeed, we have also confirmed this explanation
numerically, by setting the input three-gluon vertex to its tree-level in Eq. (5.24), in which
case A, turns out IR finite as expected.

An important conclusion to be drawn from the above analysis is that the three-gluon
vertex can feed back additional IR divergences in Feynman diagrams of QCD. This ob-
servation, in turn, leads us to ask whether the IR divergences seen in A, A3 and As in
Figs. 5.7 and 5.8 are exclusively due to the integration of massless ghost propagators,
or whether they also receive contributions from the divergence of the three-gluon ver-

1

tex!. Performing an analysis similar to the above, for the contribution in Eq. (E.4) for

the remaining form factors, we have found that indeed the IR divergence of Aj is also

LOf course, since the logarithmic divergence of X is itself a consequence of the masslessness of the
ghosts [52] (see also Section 3.4), all IR divergences considered here may be attributed to D(q?) being
divergent.
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contaminated by the divergence of the three-gluon vertex, while the A;, A and Aj are

not.

5.4.2 Special kinematic limits

Let us take a closer look into the nonperturbative behavior of the H,,(q,p,r), by
selecting from the previously discussed results for the A;(¢?, p?, ) some special kinematic
limits. In particular, we consider: the (i) soft gluon limit, defined by vanishing gluon
momentum, r = 0; the (i) soft anti-ghost configuration, where ¢ = 0; and the (i)
totally symmetric limit, for which all momenta have the same magnitude, @), as given (in
Minkowski space) by Eq. (B.5). For the configurations (i) and (4 ), we show only the
form factors whose tensor structures survive in the corresponding limit. Naturally, the
vanishing of a given tensor structure does not imply that the corresponding form factor
itself vanishes, but its calculation becomes more difficult and we will not pursue in the
present work.

For all these limits, we show in each of Figs. 5.9, 5.10 and 5.11 four curves, turning off
gradually some of our ingredients to explore their effects. Specifically: (a) the blue con-
tinuous curves represent the corresponding result of the full nonperturbative calculation
of H,,(q,p,r), presented before as surfaces in Figs. 5.7 and 5.8; (b) the red dashed curves
resulting from our truncation when, in addition, we set the three-gluon vertex to tree
level, i.e. Xi* — 1 in Eq. (5.24); (c) the one-loop massive results of Section B.5, which
are represented by green dot-dashed curves; and, (d) the true one-loop results, i.e. with
massless gluon propagators, of Section B.2. The comparison of cases (a) and (b) allows us
to distinguish the effect on the A; of dressing the three-gluon vertex. In combination with
the set (c), we can also distinguish the IR divergence induced by the three-gluon vertex,
which is not accounted for in the one-loop massive calculation. Finally, comparison to
(d) allows us to see that the overall degree of IR divergence is reduced in the presence of
a gluon mass and to check that our results recover their perturbative behaviors, as they
should by construction with the inputs we are using.

Moreover, for the dimensionful form factors, A; with ¢ = 2,...,5, we show in the
foreground of Figs. 5.9, 5.10 and 5.11 the dimensionless combinations t2A;, with ¢ an ap-
propriate external momentum in the kinematic limit at hand, such that the magnitudes
of the different form factors can be duly compared with each other. Simultaneously, for

the dimensionful form factors we also show insets where the A; are displayed without
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multiplication by an external momentum. These insets allow the IR divergences to be ap-
preciated better; in the logarithmic scale employed, a logarithmic IR divergence manifests

as an asymptotically straight line.

(i) Soft gluon limit: the configuration defined by r = 0 reads in our parametrization,
Ai(q,—q,0) = A;(¢% ¢* 7). As such, it can be obtained by setting ¢*> = r* and 6 = 7
in A;(¢% p* 0). That is, they correspond to the “slices” defined by the intersections
of the surfaces on the right columns of Figs. 5.7 and 5.8 with a vertical plane across
the diagonal of each 3D “box”. The tensors surviving in this limit carry the form

factors Ai(q, —q,0) and As(q, —q,0), which are shown in Fig. 5.9.

The main feature of the nonperturbative A;(q, —¢,0) and ¢*As(q, —q,0) of Fig. 5.9
is the presence of a pronounced peak, centered at about 1 GeV, for both quantities.

Next, we notice that the results with dressed three-gluon vertex (blue curves) are

(0)

op- 10 the inset, we see clearly that

suppressed with respect to those obtained with I'
the form factor Ay, whose one-loop result of Eq. (B.21) has a pole in ¢?, becomes
only logarithmically divergent when a gluon mass is added, and remains so in the
full nonperturbative results. Finally, in the UV the one-loop behavior of Eq. (B.21)

is smoothly approached.
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Figure 5.9: (soft gluon kinematics) Left: Comparison between the A;(g, —¢,0) computed
using I}, 5 (blue continuous) and the one obtained when FSB 5 is used instead (red dashed).
The massless (purple dotted) and the massive (green dot-dashed) one-loop perturbative
results are given by Eqgs. (B.21) and (B.44), after conversion to Euclidean space, respec-
tively. Right: Same comparison for the dimensionless combination ¢®As(q, —¢,0). The
inset shows the corresponding As(q, —¢, 0) itself, using a logarithmic scale for ¢*, where
the IR divergences are clearly visible. Note that the purple dotted curve shows a much

steeper divergence, in fact a pole [see Eq. (B.21)].
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(1)

Soft anti-ghost limit: this kinematic limit can be obtained by setting ¢> = 0 in
our results? for A;(¢? p? 0). Note that this limit does not depend on 6, which, in
fact, becomes undefined. In this configuration we show the form factors A, (0, —r, )
and A3(0, —r,r), whose tensor structures survive, in Fig. 5.10. This figure exhibits
qualitative behavior very similar to those of Fig. 5.9, of course with A3 in place of
As. Dressing the three-gluon vertex furnishes an overall suppression of the result,
and the gluon mass leads to a reduction of the degree of IR divergence of Ay, while

the one-loop behavior of Eq. (B.19) is restored for large 2.

0.6

0 2 4 6 8 10 0 2 4 6 8 10

Figure 5.10: (soft gluon kinematics) Left: Comparison between the A;(0, —r, r) computed
using I}, 5 (blue continuous) and the one obtained when FL(B 5 is used instead (red dashed).
The massless (purple dotted) and the massive (green dot-dashed) one-loop perturbative
results are given by Eqgs. (B.19) and (B.43), after conversion to Euclidean space, respec-
tively. Right: Same comparison for the dimensionless combination r2A3(0, —r,7). The

inset

shows the corresponding Az(0, —r,7) itself, using a logarithmic scale for 72, where

the IR divergences are clearly visible. Again, the purple dotted curve has a clear pole
divergence [see Eq. (B.19)].

(iii )

Totally symmetric limit: transforming Eq. (B.5) to Euclidean space, we see that
we can obtain the totally symmetric limit from our general kinematics data by
setting ¢ = p* = @Q?%, and 0§ = 27/3. In this kinematic limit all tensor structures
of H,,(q,p,r) survive and the resulting form factors are shown in Fig. 5.11. In
particular, we gain access to the form factors A4 and As, not previously discussed
in the items (7) and (ii).

For the form factors A;, As and As, Fig. 5.11 displays the same patterns already

indicated in the previous items. Then, from the last plot, we see that As is also

2For evident practical limitations, we actually use the lowest ¢? available, ¢ = 5 x 107° GeV?.
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logarithmically IR divergent, and is suppressed in magnitude when the three-gluon
vertex is dressed. The most interesting result in this kinematics is that of A4. We

can see quite clearly in the corresponding inset, that A, is IR finite in the one-loop
(0)

massive result of Eq. (B.46) as well as in the nonperturbative result with I, 5.

However, when the three-gluon vertex is dressed, the IR behavior is dramatically
altered; its sign in the deep IR is flipped, from positive to negative, and it becomes
logarithmically divergent. Yet, as in all cases before, the degree of IR divergence
of Ay is still reduced in comparison to its one-loop result of Eq. (B.22), which is

restored for large Q2.

We summarize our observations about the presence and origin of the IR divergences

of our results for the A; in Table 5.1.

Form one-loop massive SDE with F;(fgﬁ SDE with I'} 5
factors | (d1)wyu (d2)up (d1)wu (d2)up (d1)wu (d2)up Total
Ay F F F F F F F
Ay LD F LD F LD F LD
As LD F LD F LD LD LD
Ay F F F F F LD LD
As LD F LD F LD F LD

Table 5.1: Summary of the infrared limits of the individual contributions of the diagrams
(dy) and (dq) of Fig. 5.3 to the form factors A; of the ghost-gluon scattering kernel. The
letter “F” stands for “finite”, and the acronym “LD” for “logarithmically divergent”. The

limits are for (7) the one-loop massive results [see Eqgs. (B.45), (B.43) and (B.46)]; (i) the

nonperturbative result obtained when Fg)czﬁ is used as input in the diagram (ds); and (447

the nonperturbative result obtained with I} 5.

Still regarding the IR divergences of the A;, let us make two more remarks: (i) because
the only A; that are IR divergent are dimensionful, whereas H,, is dimensionless, and
given that the divergences are logarithmic and only occur when all ¢ = p* = r? = 0, the
H,,(q,p,r) itself is IR finite. This is enforced by the fact that the momenta appearing
in the tensor structures that multiply the form factors [see Eq. (4.24)] vanish faster than
the A; diverge. In particular, the divergences observed in the A; in the present study do
not induce dynamical mass generation, which requires the vertices themselves, not just
certain form factors, to have longitudinally coupled poles. (i7) In all cases, including Ay,
the degree of IR divergence is reduced in the nonperturbative case in comparison to the

true one-loop behavior (with massless gluons). Indeed only logarithmic IR divergences
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Figure 5.11: (Totally symmetric limit) A;(Q?) and the dimensionless combinations
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Q*Ai(Q?), fori = 2,...,5, computed using I'l’, 5 (blue continuous) and ngﬁ (red dashed).
The purple dotted curves correspond to the one-loop results given in Eq. (B.22), while
the Q? — 0 limits of the one-loop massive case are expressed by Eq. (B.46). The in-
sets show the A;(Q?) in logarithmic scale of Q% where we can appreciate the logarithmic
divergences, when present, as well as the pole divergences of the massless one-loop result.

were found in our nonperturbative results, whereas the one-loop results of Section B.2

display poles in A; for:=2,...,5.
Before closing this section, we make one final observation, now about the IR finite form
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factor A;. First, we can see from Figs. 5.9, 5.10 and 5.11, as well as from the surfaces
of Fig. 5.7, that in the nonperturbative results, as well as in the one-loop massive case,
A1(0,0,0) =1, i.e. it tends to tree-level when all momenta vanish, independently of the
configuration from which the limit is approached. This observation contrasts with the one-
loop behavior, whose A;(0,0,0) limit, while finite, saturates to a different value for each
kinematic configuration of Figs. 5.9, 5.10 and 5.11. The result that the nonperturbative
A1(0,0,0) =1 can also be understood in the general context of a reduction of the degree
of IR divergence in the presence of a gluon mass. Specifically, the derivative 9A;/dp”, is
pole divergent at one-loop, and becomes either finite or logarithmically divergent with an

IR finite gluon propagator [see discussion surrounding Eq. (B.47)].

5.5 Results for the ghost-gluon vertex

With the general kinematics results for the A; at hand, it is natural to use Eq. (5.2)
to compute also the form factors of the ghost-gluon vertex, B; and Bs. Since the focus of
this thesis is on the three-gluon vertex and its determination from H,,, we will not show
here all of our results for I',, which can be found in Ref. [3]. Instead, we highlight a few
findings that are relevant in the present context.

In Fig. 5.12 we show the resulting B;(Q?) and By(Q?) in the totally symmetric config-
uration obtained from the A; of Fig. 5.11 using Eq. (5.2). For the ghost-gluon vertex, no
IR divergences were found in our nonperturbative results, and we refrain from comparing
them to a one-loop massive calculation. Both form factors exhibit peaks around 1 GeV,
which are suppressed in amplitude® by a factor of nearly 2.5 when the three-gluon vertex
is dressed. In the UV they both reduce to their one-loop results, which can be computed
easily from the results for Agl)(Qz) of Eq. (B.22) using Eq. (5.2).

The main value of computing the B; in the context of this thesis is that it allows us to
compare our results to those obtained by other authors, using different methods. Indeed
H,,(q,p,r) has not been studied much before, except in pertubation theory [126, 208],
whereas the ghost-gluon vertex has. In particular, the soft gluon, » = 0, configuration of
the form factor Bj(q,p,r) has been previously studied in various approaches, including
lattice simulation [73, 193], Operator Product Expansion [118], SDEs [55, 180, 194, 195],
Functional Renormalization Group [58, 60] and the Refined Gribov-Zwanziger method [51,

3By amplitude, we mean the value of peak subtracted by the tree-level, either B%O) =1or Béo) =0,
of the corresponding form factor.
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Figure 5.12: Form factors Bi(Q?) and By (Q?) of the ghost-gluon vertex, in the totally

symmetric configuration.
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Figure 5.13: Form factor By(q, —¢q,0) of the ghost-gluon vertex in the soft gluon configura-
tion. Our results are shown in blue, whereas [118] is represented by the green dot-dashed

curve, those of [195] by the red dashed, and those of [196] by the purple dotted. The
lattice data is from Refs. [73, 193].

In Fig. 5.13 we compare our results for the soft gluon Bj(q, —¢,0) (blue continuous
curve) to the lattice data of [73, 193] (circles) and continuum results of [118, 195, 196]
(green dot-dashed, red dashed and purple dotted, respectively). Clearly, our results are in
qualitative agreement with those of the cited literature. In particular, all studies compared

display a peak for By around 1 GeV, and are all within the noise of the available lattice

data. In addition, all results considered are consistent with B;(0,0,0) = 1.

Let us point out that we have also compared our results to those obtained on SU(2)
lattice simulations [43] and Functional Renormalization Group results [58], both of which

contain other kinematic configurations, and found qualitative agreement as well. However,
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we do not include the results of these references in Fig. 5.13 because, for [43] a quantitative
comparison between our SU (3) results with SU(2) lattice data is evidently inappropriate?,
whereas the results of [58] are renormalized in a very different scale and Ref. [60] considered

the three-dimensional theory.

5.6 Failure of the STI constraint

It is well known that truncating SDEs often breaks the symmetries of the theory,
specially when diagrams are omitted, as is the diagram (ds),,, of Fig. 2.3 in our truncation
(¢f. Fig. 5.3). As such, we do expect that some symmetry has been sacrificed in our
results for H,,(q, p, ), in spite of our efforts to retain as much as possible its fundamental
properties in the truncated SDE. Indeed, we found that the constraint of Eq. (4.28) is
violated, as we now discuss.

To quantify the violation of the constraint, we can use the ratio R(q?, p?, r?) itself,
defined in Eq. (4.28). If R(q% p? 1?) # 1, it will manifest a breaking of the gauge sym-
metry, since Eq. (4.28) is a consequence of the STIs of the theory (see Subsection 2.4.3).
In addition, different truncations can lead to values of R which differ from unity by more
or less. Hence the quality of different truncations can be compared quantitatively.

For the ghost dressing function, F'(¢*), appearing in Eq. (4.28), we shall not use the
F.(¢*) of Eq. (5.21). Since we used inputs that tend to tree level in the UV for our
computation of H,,, the latter recover its one-loop behavior for large momenta, as we
have seen in Section 5.4.2. As such, it is important that the F'(¢?) used to evaluate R also
contains its one-loop UV tail. For that matter, a fit for F/(¢*) that reduces to one-loop

for large ¢? is given by [2]

N 9C s q* + psM*(¢?)
FH ) =1+ 18+ [1 +d exp (—p4q2)} In ( e , (5.31)
with
2
M (g?) = — 5.32
O =1 (5:32)

and parameters m? = 0.16 GeV?, p2 = 0.69 GeV?, p3 = 0.89, py = 0.12GeV ™2, d = 2.36,
and p =4.3GeV. In Fig. 5.14, we compare the fit of Eq. (5.31) (black dashed) to the
lattice data of [175] (circles) and the F,,(¢*) of Eq. (5.21) (red continuous). Clearly,

“In [198] we have computed B; also for SU(2), finding rough quantitative agreement. Nevertheless,
there we used more rudimentary truncation and numerical methods.
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both fits capture the behavior of the lattice results in the IR, but differ from each other

increasingly in the UV.

3 ‘ ‘
_______ ¢ Lattice V = 644
3 Lattice V = 80*
25 —FE.(¢)
. --F(q?)
I
3y
=15
E
1 ==
0.5 ‘ ‘ ‘ ‘
1078 1072 10" 1 10 102

¢ [GeV?]

Figure 5.14: Comparison of the fit with UV logarithms given by Eq. (5.31) (black dashed)
to the SDE input F,,(¢*) (red curve), of Eq. (5.21), for the ghost dressing function, F(¢?).
The lattice data of Ref. [175] is also shown as circles.

Now, let us emphasize that Eq. (4.28) is satisfied trivially whenever the ghost and
gluon momenta have the same magnitude, i.e. p?> = r2. To see this, set p* = r? into that

equation to find

Ai(q,m,p) + P*As(q,r,p) — (*/2) Au(gq, 7, p)
Ai(g,p,r) + p*As(q,p.r) — (?/2)As(q, p,7)

R(¢*,p",p") = (5.33)

> —¢*—r?)/2 and similarly

where we used momentum conservation to write ¢ -7 = (p
q-p=(r?—¢*—p?)/2. Then, since the A; are Lorentz scalars, they can only depend on
the invariants ¢2, p?, and r%, i.e. A;(q,p,7) = ;L-(qQ,pz, r?), for some function ;L(qz,pz, r?).
Hence it follows from Eq. (5.33) that R(¢? p? p?) = 1. In particular, the constraint is
satisfied trivially in the totally symmetric (¢*> = p? = r?) and soft anti-ghost (¢ = 0)
limits. As such, we concentrate on configurations where p* # r2.

We will consider two different kinematic limits of R(q?, p?,7?). Moreover, we provide
a concrete example of the usage of R to compare the quality of different approximations
of H,,(q,p,r), by comparing two slightly different versions of our truncated SDE. Specif-
ically, in Fig. 5.15 we show the ratio R for (i) the configuration defined by ¢* = p* and
r? = 3p?, such that we may write R(¢?, p?,r?) = R(Q?, Q?, 3Q?), denoting the common
scale by @ (left panel); and (ii) the limit ¢> = Q?, p* = 3Q* and 72 = 4Q? (right panel).

For both of the configurations shown in Fig. 5.15 we present the R corresponding to two

different approximations for H,,: (a) our full nonperturbative result (blue continuous),
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Figure 5.15: The ratio R(q¢?, p?,7?) defined in Eq. (4.28), in two different kinematic con-
figurations: ¢* = p* = Q% and r? = 3Q? (left), and ¢* = Q?, p* = 3Q? and r? = 4Q?*
(right). The blue continuous curve corresponds to our full nonperturbative H,,(q,p, )
result, whereas the red dashed is obtained from our SDE truncation setting all vertices to
tree-level. The black dotted line represents the STI requirement R = 1.

using Eq. (5.28); and, (b) the result of Eq. (5.28) when in addition all the ghost-gluon
and three-gluon vertices appearing in it are set to tree-level (red dashed), i.e. B* — 1
and X}* — 1. For reference, we also show the STI requirement R = 1 (black dotted),
which would be satisfied by the ideal H,,(q,p,7) and F(q?).

The first observation we make from Fig. 5.15, is that for each truncation the corre-

sponding curve on the right panel, R(Q?, 3Q?% 4Q?), deviates less from its ideal value than
the curve on the left, R(Q?% Q?,3Q?), i.e.

|R<Q27 3Q274Q2> - 1| < |R(Q27 Q27 3Q2) - 1’ : (534)

This observation is in line with the discussion surrounding Eq. (5.33), according to which
the constraint is satisfied trivially when 7?/p? = 1. Indeed, in the configuration shown in
the right side of Fig. 5.15 we have r?/p* = 4/3, whereas on the left 7?/p* = 3.

Next, it is clear from Fig. 5.15 that the maximum violation of the constraint, to be
denoted dRpax := |R — 1], is reduced when the vertices are dressed. Specifically, we see
in the left panel of Fig. 5.15 that the maximum deviation of R(Q?% Q2% 3Q?) occurs in
the range Q = 1 - 1.5 GeV, and that 0R .. (Q?, Q?, 3Q?) is reduced from about 9% with
tree-level vertices to less than 5% with dressed Iap and By, Then, we can appreciate
that in the right panel of Fig. 5.15 the position of maximum violation of R(Q?, 3Q?, 4Q?)
from unity is shifted slightly to the IR, occurring in the range 0.8 - 1.1 GeV. Neverthe-
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less, 0Rmax(Q?, 3Q%,4Q?) exhibits the same overall behavior of R ., (Q?%, @2, 3Q?) under
dressing of the vertices appearing in the SDE. Specifically, while the truncation with
dressed vertices furnishes less than 1% maximum violation in the constraint, the result
with bare vertices gives almost 0R .y (Q?, 3Q?, 4Q?%) = 3%.

Also, it is seen in Fig. 5.15 that the full nonperturbative result has a larger violation
than the result with bare vertices for @ £ 2 GeV. Since in this thesis we are mainly
interested in the IR behavior of the QCD Green’s functions, this fact is not a major con-
cern for us. In fact, for the purposes of this work, it is natural to opt for the truncation
that minimizes the violation of the STI constraint in the IR. Hence, for the Gauge Tech-
nique determination of the three-gluon vertex in the following chapter, we will use the
H,,(q,p,r) obtained with dressed vertices®.

To wrap up this discussion, we point out that when H,,(q, p,r) is computed using
our one loop dressed truncation, but with propagators and vertices that contain their one
loop UV tails, the large momentum behavior of the Rs shown in Fig. 5.15 is substantially
worsened. Instead of slowly approaching the ideal value for large Q2 as the blue continuous
and red dashed curves in Fig. 5.15 do, the results would appear to deviate increasingly
from unit in the UV, at a characteristically logarithmic rate. This is the main reason we

opted to use the “in” fits presented in Section 5.3.

°In Ref. [4] some global measures of the violation of R = 1 were considered and also favor the result
with dressed vertices.
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6

The nonperturbative three-gluon vertex

We are finally in position to explore numerically the Gauge Technique construction
of the three-gluon vertex, discussed in Chapter 4. As we have already covered the main
theoretical concepts in previous chapters, the present one is almost entirely occupied with
numerical results.

We begin in Section 6.1 with an overview of the remaining calculations needed to eval-
uate the regular part of the three-gluon vertex, Iy, (q, 7, p), using the BC construction,
pointing out the limitations of our approach and the precautions needed in comparing our
results to those obtained by other means, specially regarding the vertex renormalization.
Then, we present our general Euclidean kinematics results, by means of 3D plots, and dis-
cuss the main features observed in the X;(q, r, p) form factors in Section 6.2. In Section 6.3
we select two special kinematic limits of our X;(q, r, p) and compare them to their one-loop
counterparts of Section B.3, showing a general agreement in the UV regime. To study
the IR behavior of our solution in more depth, we compare our results to SDE [53, 59
and lattice [44, 45] simulations in Section 6.4, where we note satisfactory agreement, thus
demonstrating the adequacy of the Gauge Technique vertex when properly accounting
for the longitudinality of the mass-generating poles in the BC construction, as discussed

throughout Chapter 4.

6.1 General consideration

Using the BC solution of Eq. (4.36) for the STI of the regular part of the three-gluon
vertex, we compute the form factors X;(q,r,p) [see Egs. (4.29) and (4.31)] of "5, (¢, 7, p)
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that contribute to said STI. Evidently, the “transverse” form factors, Y;, cannot be de-
termined through the Gauge Technique and are not covered in this thesis, except for the
perturbative results in Appendix B. Moreover, we focus our presentation on the form
factors X;(q,r,p) for : = 1, 2, 3 and 10, since the remaining X;(q,r,p) can be calculated
from the former by cyclic permutations of their arguments, as in Eq. (4.34).

To evaluate the solutions of Eq. (4.36) numerically, we use for the gluon kinetic term,
J(g%), and ghost dressing function, F'(¢?), the fits to lattice data of Egs. (3.51) and (5.31),
respectively. As anticipated in Subsection 3.6, to model the uncertainty in the running of
the dynamical gluon mass and the subsequent uncertainty in the kinetic term, we have
repeated the calculation for all the J(g?) obtained by using each of the four values of the
exponent 7 = 0, 0.1, 0.2 and 0.3 in Eq. (3.51). We emphasize that for this calculation
the fits used, Eqs. (3.51) and (5.31), are the ones that recover the corresponding one-loop
behaviors of the propagators in the UV.

For the ghost-gluon scattering kernel form factors, A;, for ¢« = 1, 3 and 4, which appear
in Eq. (4.36), we use the nonperturbative results of Chapter 5. More specifically, we use
our most complete Ansatz, of Eq. (5.28), with dressed vertices.

Given that the validity of the BC solution of Eq. (4.36) is conditioned by the constraint
(4.28), and given that our nonperturbative H,,, violates this condition, depending on the
kinematic configuration (see Section 5.6), it is important also to discuss the effect of this
symmetry breaking on the X; to be obtained. In particular, the ensuing X; will necessarily
not satisfy the STI exactly.

Notwithstanding that, we expect our results to still capture the main features of the
STT part of the three-gluon vertex, since the STT will be approximately satisfied. More-
over, we recall from Section 5.6 that the violation of the constraint by our results of
H,,(p1,p2, p3) becomes smaller as the ghost and gluon momenta, p, and ps, respectively,
become closer in magnitude. Because the A; appear in Eq. (4.36) in several permutations
of their arguments, it is not possible to characterize the effect of the violation of Eq. (4.28)
on the X;(g,7,p) in terms of two momenta only. Nevertheless, it is clear that the problem
will be smaller when all three arguments of the X;(q,r,p) have similar magnitudes, in
which case all the A; that appear in Eq. (4.36) will have their respective gluon and ghost
arguments close in magnitude as well. In particular, in the totally symmetric configura-

tion, ¢> = r? = p? = Q?, the A; appearing in the calculation of the X;(Q?) satisfy the
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constraint trivially. In contrast, whenever two of the momenta in X;(q,r,p) have very
different magnitudes, say ¢*> > p?, one may expect the violation of the constraint by the
input A; to translate into some additional error in the three-gluon vertex results.

It is important to emphasize that, unlike the ghost-gluon scattering kernel, the three-
gluon vertex in Landau gauge is an UV divergent function [133, 139, 208], which must be
renormalized nontrivially in general. Since we use as input for the evaluation of the form
factors X; the ghost-gluon scattering kernel renormalized within the Taylor prescription of
Eq. (5.16), our Gauge Technique three-gluon vertex results are automatically renormalized
in this same scheme, as discussed in the end of Section 4.3. Evidently, in comparing our
results to calculations performed in different schemes, finite renormalizations may be
necessary, in order to have the different results in the same prescription. We will point
out explicitly when this is done in this thesis.

As for the numerical methods necessary, the most difficult task was the evaluation of
the A;, already discussed in the previous chapter. Now, given the tabulated data for these
form factors, the BC solution for the Eq. (4.36) at a certain triple (g, p,r) may require
values of the A; at points not existent in the table. When these points are between
tabulated data we use the tensor product of B-splines method [209] for interpolation.
Yet, Eq. (4.36) could require the evaluation of A; for momenta beyond the range originally
computed. To avoid this issue, we took the precaution of computing the A; in a range much
larger than that intended for the evaluation of the X;. Specifically, as stated in Section 5.4,
the A; were computed for squared momenta in the range [5 x 107> GeV?,10* GeV?] ,

whereas we will evaluate the X; for squared momenta between [1073 GeV? 10% GeV?] .

6.2 General kinematics results

To present our results in general Euclidean kinematics, we will resort again to 3D plots,
on the lines of those of Subsection 5.4.1, using again the spherical coordinates notation
similar to Eq. (D.16), i.e. X;(q,7,p) = X;(¢?,72,0). Notice that § now stands for the
angle between ¢ and 7, and is not necessarily equal to the angle between ¢ and p. The
effect of varying the parameter v in Eq. (3.51) turns out to not be appreciable in the 3D
plots and we have thus chosen to present only the surfaces corresponding to v = 0.

In the Figs. 6.1, 6.2 and 6.3, we show surfaces for the X;(¢?,r%,0), for i = 1, 2 and 3,

as functions of ¢? and r? and fixed 0. To cover the angular dependence, we show three
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Figure 6.1: Three-gluon vertex form factor X;(q¢?,72,6) for § = 0 (top left), w/3 (top right)
and 27/3 (bottom left). The Abelianized X;(q¢?,72,6) is shown on the bottom right.

plots for each X;, with # = 0, 7/3 and 27/3.

In order to assess the effect of the ghost-sector in the BC solution for each X;, we
also show in the bottom right panel of each of Figs. 6.1, 6.2 and 6.3 the corresponding
Abelianized approximation, )/fi, of Eq. (4.38), for which H,, and F(¢®) are set to their
tree level values. Notice that the Abelianized approximation satisfies the constraint of
Eq. (4.28) trivially. In addition, the Abelianized form factors )/(\'1 have no dependence on
the angle, so we only need to show them for 6§ = 0.

For the form factors X;, for i = 1, 2 and 3, it is clear from Figs. 6.1, 6.2 and 6.3 that
the angular dependence is mild and their (anti-)symmetries with respect to the exchange
q? <> 12, expressed by Eq. (4.35), are preserved. Moreover, we see that the Abelianized
approximations, )?i, already capture the main qualitative features of the results, albeit

quantitatively different. In particular, we see that Xi(¢? r%, 0) and X5(¢?, 72, 0) diverge
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Figure 6.2: Three-gluon vertex form factor X(q?, 72, 0) for § = 0 (top left), w/3 (top right)
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better visibility, the ¢? and 72 axes in this figure are rotated by 7/2 with respect to the
other 3D figures.

logarithmically as either ¢ or r? tends to zero. This behavior is solely determined by the
logarithmic IR divergence of J(g?), which in turn is a consequence of the masslessness
of the ghosts (see Section 3.4), and for this reason is present already in the Abelianized
versions, X;(¢2,72,60) and X,(¢2,72,6).

In contrast, the form factor X3 exhibits a much steeper divergence in comparison with
X1(q?,72,0) and X5(¢? r? 0). In fact, the divergence of X3 is a simple pole when all
momenta vanish, and for this reason, we chose to render Fig. 6.3 with logarithmic scale
in the vertical axis as well.

It is seen clearly in Fig. 6.3 that the steeper divergence of X3(0,0,0) is present already

at the Abelianized level, i.e. )A(g,((), 0,0) is also a pole. Consequently, this behavior cannot



6.2 General kinematics results 121

X5(q%, 7%, 7/3) I[GOV‘IZ]

// ~
-
rodog
A ,‘ll"' %
0* el e ess >~
. 7
1 - LI e
B
L et e it
5 s GBI 7
N i g 5748 <7 S ~
% Sl 1024 oot rotassassatto etssst s o y
LLrAhcsr 0% > Gorbaeee st esctabtesthrsy
&) 2 > ettt :
& T o A s SeeS e ~
Lir 7 o & Py e ~
> o O 14 ,;ll‘{"l = .
5 ‘ = a0l e -
& o -10"4 P T N J
3 o 2275 -
i 5
2 [
* = a0
= N

¢’ [GeV?]

Figure 6.3: Three-gluon vertex form factor X3(q?,72,0) for § = 0 (top left), w/3 (top right)
and 27/3 (bottom left). The Abelianized X3(q¢?,72,6) is shown on the bottom right.

be caused by the ghost sector dressings, F'(¢*) and A;, and we can analyze it in the simpler
Abelianized approximation.

To study the )?3(0, 0,0) behavior we start by setting ¢*> = 72 in Eq. (4.38), that is, we
approach the all momenta vanishing limit along the diagonal of the blue surface in the
bottom right panel of Fig. 6.3. Evidently, due to the ¢*> — r? denominator, the expression

for X3(q% 72 p?) in Eq. (4.38) for ¢> = r? becomes a derivative, which in Euclidean space

reads

~ d 2
X3(¢% ¢*,2¢°(1 + cos0)) = —%, (6.1)

where we used momentum conservation to write p* = 2¢*(1 + cos ). Then, it is obvious
that since J(q?) is logarithmically IR divergent, i.e. contains an “unprotected” In(q*/u?),

the X3 (4%, 4%, 2¢*(1 4 cos b)) of Eq. (6.1) contains a simple pole, of the form 1/¢?. Hence,
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the pole divergence observed in Fig. 6.3 for X3 when all momenta vanish is a consequence
of the logarithmic IR divergence of the J(¢?), which in turn is the result of the masslessness

of the ghosts (see Section 3.4). In particular, for the fit (3.51), the Eq. (6.1) reads

~ Chrog | 1 T 1 q2
X;3(4%, %, 2¢%(1 0)) = — — (1 — In (L
3(q g, C]( + cos )) 2Ur | + FER. (q2—|—7'2)2 I 112 + ’
(6.2)

where the ellipses denote IR finite terms. Note that Eq. (6.2) contains in addition a
logarithmic divergence, which is however, subleading.

Given the importance of pole divergences in vertices in this work, it is necessary to
clarify the implications of the divergence of X3 and distinguish it from the mass-generating
poles discussed in Chapter 3 (see also [4]).

Firstly, the pole divergence of X3(0,0,0) does not produce a pole in the three-gluon
vertex itself. In particular, it does not in any way contradict our assertion that we
are determining the regular part, I's,. (g, p,7), of the vertex. Indeed, a pole in a given
form factor does not necessarily imply a pole in the vertex itself, since the form factors
come accompanied by tensor structures that, in general, contain momenta. The X3,

in particular, appears in the BC basis of Eq. (4.29) multiplied by the tensor ¢ f

3
apy o
Eq. (4.30), which contains three momenta. Given that the pole divergence of X3 happens

3

o 80€s to zero faster than enough to cancel the

when all momenta vanish, the tensor ¢
1/¢? divergence of the form factor.

Consequently, since I'y,,, (g, p, r) remains regular, the simple pole in X3 is not the kind
of divergence that triggers the gluon mass generation mechanism, explained in Chapter 3,
which requires the vertex itself to contain (longitudinal) poles. Finally, the divergence in
X3 does not in any way appear as a pole in the transversely projected vertex discussed in
Section 4.5. Indeed, since the derivative of J(Q?) appears multiplied by Q? in Eq. (4.61),
its contribution to L¥™(Q?) is IR finite.

Another important point we would like to discuss is the IR suppression of the three-
gluon vertex with respect to its tree level, which has been the subject of much recent
interest [4, 7, 8, 43-60] for its phenomenological and theoretical implications [5, 6, 56,
57, 62, 63, 71]. It is clear from Fig. 6.3 that the form factor X;, which accompanies the

tree-level tensor structure of the vertex, is suppressed with respect to its tree-level value,

Xfo) = 1, over a large region in the IR before its logarithmic divergence flips its sign.
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Additionally, we notice that the Abelianized approximation, X 1 1s even more suppressed
in the same region than the full result X;. From this comparison we can conclude that the
IR suppression of the three-gluon vertex, at the level of the Gauge Technique solution, is
dominated by the corresponding suppression of the kinetic term of the gluon propagator,
J(q).

Now, it may be argued that the one-loop result already displays IR suppression with
respect to tree level, since it is also logarihtmically divergent, as is clear from the expression
in Eq. (B.3). Nevertheless, we find that the nonperturbative X; is much more suppressed
than the one-loop result. For a concrete demonstration of this assertion, we computed
the one-loop version of X;(q¢?,72,6) for general ¢> and r?, where we chose = /2, such
that ¢-r = 0, to simplify the calculation a little. The result is given (in Minkowski space)
in Eq. (B.29); note that the one-loop expression must be renormalized in the Taylor
scheme by using Eq. (B.34), to compare to our nonperturbative X;. Then, in Fig. 6.4
we contrast our Gauge Technique X; (heat-mapped surface) to the one-loop result of
Eq. (B.29) (cyan transparent surface). The comparison of the two surfaces shows clearly
that the suppression of the nonperturbative X is much stronger than that of its one-loop

counterpart.

Q AL TA AT
= orsee et
a & )
=
" 0 n! ’’’’ ’ Xi(¢?,72,0) for 0 = m/2 and
§
T — g =12
-0.5 fi --?=10"" GeV?
¢ =1072 GeV?
—-q? =103 GeV?
-1 L L L L
0 2 4 6 8 10
¢ [GeV? 100 103 r? [GeV?] r [GEV]

Figure 6.4: Left: Comparison of the nonperturbative (heat-mapped surface) X;(¢? %, 0),
for & = /2, to its one-loop counterpart (cyan surface) of Eq. (B.29). Right: Special
kinematic cases of the nonperturbative X;(¢?, r% 7/2). The blue continuous curve corre-
sponds to the diagonal ¢ = r2. The red dashed, yellow dotted and purple dot-dashed are
obtained by fixing ¢? and varying 2.

It is also interesting to notice that Xi(q¢?,72,0) is largest along the diagonal ¢* = 72,

decreasing as we keep one momentum fixed and vary the other. On the right panel of
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Fig. 6.4 we illustrate this behavior by comparing slices of the surface on the left, and it is

seen more clearly that ¢*> = r? yields the highest curve.

0
O
R

0
/ 0 K

AR
0 0

AN

e

r? [GeV?|

R
RIS
...........5.........@

§
KA

A
RS
ORI

107

10°

K
OOKXIOONRNL KX
RRROXOCE RN
BRI
RS
RS

Q0
X 0 A
000 S
0 o
3 N
(X
RAS
00
00X

X (X
Y o
XXX AN
RGN
AR £
,...oo....“..z wasy
5
R

S oe et
7582
LAz

e

o208
o

{7

<2

y
255

7

TR

S

[GeV?]

]

e
q

0.06
0.04
0.02
-0.02
-0.04
-0.06
10

/

r? [GeV?

QA
o
o X
A
o (X &
XA 0
RO

"
XXX (X
e O
X RO K
NS %
R

XX
) KA
RERNNR
AT

107

500
..“““...
0

10°

0.06

0.04
0.

-0.02

[-A2D] (0°¢ D)y

£

Fonon
P
XD
BAAOORLS

R0
RRREOKRRN
B
o".o O

r? [GeV?]

S

10

AR
G
R
% ::.......“......&.."...“..." .
TR
(O R
4 X
% o

00
e WX
KRR
" XN
3.:::::. N
KRR
5
ORI

10°

W
A
O
RO
RURXAOE
K N...
&
RO
RS SEAS
RS
RERRRRALS LAY
hotece ot
,,0000%.:00

£

%

¢ [GeV?]

06

=
=) S
o

0.

[e-A2D] (g/x 7t h) 0Ty

A
o

r? [GeV?]

<>
o

107

%

X0

XX

K

XX \ /\ /
AN

s X
S \/\ /
(00

G
RO
OSSR
.ooo.....w.ss\.‘.\.:“.. QRS

‘§
o
N
KX XXX
JRRRORAG
(XX O
AR
N
’ o
KAXKALX OO00K
g SR X
s&:“ XK ”.“ .......ooo... X \, /
SRR UK KR /
UMY X
\ / ALY ....:.oo.us R \
RN
o

10°

(5
QN
RO
(XL
..o...:ss..
i
XXX XX
A XK
0 o
“.".“.“..2 % :...“.......t
RO R XXX
R
S
0.2““\00%00'», X

XX
SO XA
XIS o

‘o
B
3
o
&
7

© ¥ o4 o o T ©<

s 3 8 g 3 &%

s o o S ¢ o~

[o-A2D] (€/xg 7t D)OF

0 (top left), /3 (top

,0) for 0 =

7,2

Y

Three-gluon vertex form factor Xio(g?

Figure 6.5

)

) and 7/2 (bottom right

27/3 (bottom left

Y

ht)

rig

Since for this function

2 2
g, 0)
vanls

(

ized approximation of Eq. (4.38

5 we show the form factor X

ig. 6.

in F

Finally,

identically, we fill

hes

)

the bottom right panel of Fig. 6.5 with an additional angle,

the corresponding Abelian

= 7/2. Interestingly,

6

m

to vanish identically

)

1

this form factor was found by Davydychev, Osland and Tarasov

ish identically; but is

does not van

. In our nonperturbative results, Xiq

at one loop [208]

Moreover, our Xy shows no sign

to the other X;.

111 comparison

extremely suppressed

of IR d

s appearing in

1ent

ite of the logarithmic divergences of the ingred

ivergence, in sp

Eq. (4.36), namely A3 (see Table 5.1) and J(g*), which indicates a strong cancellation of

the inputs in the BC solution.

L Also by BC [126], in the Feynman gauge, £ = 1.
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6.3 Special kinematic configurations

We consider now two special kinematic limits for which we may perform additional
comparisons to the one-loop behavior of I',,, (g, r, p). Given the focus of this section on
the behavior of the nonperturbative X; for large momenta, we will restrict ourselves to
the v = 0 results, since the different values of + furnish nearly identical UV tails for the
J(q*) (see Fig. 3.15) and hence the Gauge Technique three-gluon vertex.

The first configuration we consider is the totally symmetric limit defined in Minkowski
space in Eq. (B.5). Specifically, the totally symmetric configuration is obtained by ex-
tracting the ¢*> = r? diagonals from the § = 27 /3 surfaces of Figs. 6.1, 6.2, 6.3 and 6.5.
Evidently, by Bose symmetry, the form factors X(Q?) and Xo(Q?) vanish identically in
this kinematic limit, such that we focus on X;(Q?) and X3(Q?).

In Fig. 6.6, the nonvanishing X;(Q?) are represented by blue continuous curves and are
compared to their one-loop values of Eq. (B.25), after conversion to Euclidean space and
renormalization in the Taylor scheme using Eq. (B.34), represented by red dashed lines. In
this figure we can see again and in more detail some of the features of X; and X3 already
discussed in the previous sections; especially, (a) the logarithmic and pole IR divergences
of X; and X3, respectively, and (b) the stronger suppression of the nonperturbative X;
than exhibited by its one-loop counterpart, with respect to the tree-level value X 1(0) = 1.

Next, we notice that while in the IR both the nonperturbative X; and X3 deviate
substantially from their corresponding one-loop results, they approach their perturbative
behaviors for large Q2.

Still in Fig. 6.6 we show a physically motivated fit for the nonperturbative X;(Q?)
(purple dotted line) given by,

2 1, Cacs K1 N Q%+ pem*(Q?) N @*
@) = e [”H(Q?/@)H?’“ l 2 ]“ <u>}

Cao,
ﬁh (1-1), (6.3)

_l_

with m?(Q?) given by Eq. (3.50) with v = 0, the constant Z is defined in Eq. (B.7) and
the fitting parameters are k; = 135.3, ko = 0.086 GeV?, and pe = 140.4. The above fit
was designed to reproduce the one-loop behavior of X;(Q?) for large Q2.

The second kinematic configuration we consider is the asymmetric limit, defined by
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Figure 6.6: Left: Nonperturbative form factor X;(Q?) in the totally symmetric configura-
tion (blue continuous) compared to its one-loop counterpart of Eq. (B.25) (red dashed).
Also shown is the fit of Eq. (6.3) (purple dotted) for the nonperturbative result. Right:
Same comparison but for the X3(Q?). For this form factor we have not constructed a fit.

setting the momentum p = 0. Note that in our spherical coordinates notation this

limit corresponds to 72> = ¢? with the angle # = 7. Hence we may write equiva-
lently X;(q, —¢q,0) or X;(¢% ¢* 7). In this kinematic configuration, only the form factors
X1(¢?, ¢, 7) and X3(q¢?, ¢%, w) are nonvanishing and the corresponding one-loop results are
given by Eq. (B.28), after duly renormalizing with Eq. (B.34) and converting to Euclidean
space.

The Gauge Technique and one-loop X;(q?, ¢?, 7) are represented in Fig. 6.7, by blue
continuous and red dashed curves, respectively. Clearly, the asymmetric X; and X3
exhibit the same overall features of the symmetric case of Fig. 6.6. The only additional
comment we should make is that in the asymmetric limit the nonperturbative X; seem to
not recover exactly the UV tails of their one-loop results, but run parallel to them, with
small offsets at large momenta.

This small discrepancy is likely due to the fact that the input A; violate the STI
constraint of Eq. (4.28) in this kinematics. Indeed, since p = 0, the asymmetric limit
corresponds to the most extreme instance of unequal scales for the arguments of the
Xi(q,r,p). As we have discussed in Section 6.1, this is precisely the situation where the
violation of the constraint is expected to manifest in our computation of the X;. In
contradistinction, the symmetric limit of Fig. 6.6 has the constraint of Eq. (4.28) satisfied
trivially for all the A; appearing in the BC solution. Anyhow, the nonperturbative and

one-loop X;(q?, ¢?, ) still agree satisfactorily for most purposes.
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Figure 6.7: Left: Nonperturbative form factor X;(¢?, ¢?, 7) in the asymmetric configura-
tion (blue continuous) compared to its one-loop counterpart of Eq. (B.28) (red dashed).
Right: Same comparison but for the X3(¢?, ¢%, 7).

6.4 Comparison to other nonperturbative results

While the results of the previous section establishes that the nonperturbative BC
construction of I'y,, adequately reproduces the perturbative regime for large momenta,
it is instructive to compare our results to those obtained by different nonperturbative
methods that probe the IR. In this section, we compare our three-gluon vertex results to
SDE solutions [53, 59] and lattice simulations [44, 45].

Because different authors have used various tensor bases, and correspondingly different
definitions of form factors, a direct comparison of their results to our X; is not generally
possible. Nevertheless, certain transverse projections of the three-gluon vertex, which
can be written as linear combinations of the X; and, in general, also the Y;, have been
studied previously. Since in the Gauge Technique the “transverse” form factors, Y;, are
undetermined, in the projections appearing below that involve these quantities we have
no option at this point but to resort to the additional approximation Y¥; = 0. Evidently,
this constitutes an additional source of error, whose impact on the results cannot be fully
addressed at the moment.

The transverse projections we shall consider can all be written in the general form

Wa‘”’(q, T, p)Tauu<Q7 r, p)
W"““’(q, r, p)Waw/(qa r, p) ’

L(g,r,p) = (6.4)

for some W (q,r,p) which depends on the particular choice or needs of the different

authors. In Eq. (6.4), we use again an overline to denote contraction with three transverse
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projectors, i.e.

TO&MV(% T, p) = PQ(Q)PZ(T)P(J (p)]PBﬂU<Qa T, p) . (65)

Moreover, we recall that the double struck I'y,, represents the full vertex, including
pole part. However, since the pole term V,,, (¢, p,7) in Eq. (3.29) is strictly longitudinal
[Eq. (3.31)], it decouples from the transversely projected vertex, such that the Eq. (6.4)

may as well be cast as

W“’“’(q, r, p)rauu(Q7 T, p)
. _ | 6.6
(q;r7p) Wo‘“”(q,T,p)Wauu(q7 T, p) ( )

Importantly, since the pole part V,,, (¢, p, ) does not appear in projections of the form of
Eq. (6.6), calculations of the vertex that restrict themselves to such transverse projection

cannot directly access the pole structure of the vertex.

6.4.1 Comparison to SDE results

In Refs. [53, 59] the three-gluon vertex SDE was solved numerically under certain
approximations. More specifically, the authors considered the transverse projection of
Eq. (6.6) with

=(0
W (47, 0) = WERB(q, 7, p) = T (g, 7, D) . (6.7)

We denote this particular definition of L(q,r,p) by L°®(q,r, p).

Substituting the BC basis expression for I'y,.(q,p,r) given by Egs. (4.31), (4.29)
and (4.25) into Eq. (6.6) and using the above definition of W3>>(q, 7, p), the L%*(q,r, p)
can be expressed in terms of the form factors X;(q,r,p) and Y;(q,7,p). The resulting

expressions are rather lengthy in general kinematics, but simplify considerably for certain

limits which we consider next.

(i) Totally symmetric configuration: In the totally symmetric limit defined by Eq. (B.5),
the L3°"(q,r, p) reads (in Euclidean space)

D) = X(Q) - H@X(@) + Q@) — @@ (68

As we will have to omit the undetermined Y;(Q?) from Eq. (6.8) in our comparison,
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(iii)

let us at least note that at one-loop, Eq. (B.25) yields
5 iy W2y 4 2y 2
2OV(Q) - QY (@) = 0039, (6.9)

using a; = 0.22 as in the rest of this work. The smallness of the one-loop value of
the Y;(Q?) terms suggests that their omission from Eq. (6.8) should be forgivable at

a first approximation.

Orthogonal symmetric configuration: Setting the momenta ¢ and r to be orthogonal,

0 = m/2, with equal magnitudes, ¢*> = r?, one obtains

1
L2 (r? r? 7 /2) :?[Xl(ra r? 7w /2) +6X,(2r% 1%, 31 /4) — r* Xs(r?, 1?7 /2)
— 8r?X3(2r% 12 31 /4) + rtY (r: r? w/2) + 4rtY (20, 1%, 31 /4)

—3r?Y,(r? r?, 7 /2)]. (6.10)

Note that in this configuration p? = 2r2.

Asymmetric limit: In the p = 0 limit, equivalently ¢* = r? with 6 = 7, L°®(q,r, p)

attains its simplest form, namely
L(¢%) = X1(¢*, ¢, m) — ¢ Xa(¢*, %, 7). (6.11)

In Ref. [53, 59] this configuration is referred to as “orthogonal soft” and defined
by letting ¢ = 0 with § = 7/2. However, by virtue of the Bose symmetry of the
three-gluon vertex, L%°®(q,r,p) reduces to an expression exactly equivalent [4] to
Eq. (6.11) whichever momentum ¢, r or p is set to zero, with only the substitution

of ¢> by r? or p.

A remarkable property of the asymmetric configuration is that it does not involve
“transverse” form factors, Y;, which is due to the fact that the transverse tensors

t{wu of Eq. (4.32) all vanish if any one of ¢, r or p is set to zero.

Naturally, to compare our results, which are given in the Taylor renormalization

scheme, to the SDE solution of Ref. [53, 59|, the two sets of data must be renormal-

ized in the same scheme. To ensure that this is the case, we rescale all sets of results
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Figure 6.8: Comparison of the results for L°°® using our Gauge Technique three-gluon
vertex (blue continuous) to the SDE results of Refs. [53, 59] (red dashed). The kinematic
configurations shown are: (i) the totally symmetric (top left), Eq. (6.8), the (i7) orthogonal
symmetric (top right), Eq. (6.10), and the (4i7) asymmetric (bottom), Eq. (6.11).

such that LP®(q,r,p) reduces to tree-level at a point Q* = p? in the totally sym-
metric configuration. That is, we compute our version of L%"®(q,r,p) and rescale it,

LP®(q,r,p) — 25°L%""(q, r, p), by the finite 25"* such that
LPE(p?) = 1. (6.12)

The exact same procedure is then applied for the SDE data set. As such, both sets agree
exactly at the point L%°"(u?), and can be compared fairly.

The comparison of our results to the SDE solution of Ref. [53, 59] is shown in Fig. 6.8,
represented by blue continuous and red dashed curves, respectively. For this analysis, we
chose to present our results in the case v = 0.2, although other values of v lead to similar
curves. It is clear from this figure that the Gauge Technique and SDE solutions have

similar shapes, but differ significantly in the region of momenta about 0.1 - 1 GeV. In the
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asymmetric case the range over which the results differ is even longer and extends to the
UV. Nevertheless, it is remarkable that the positions of the zero-crossings of the Gauge

Technique and SDE results almost coincide.

6.4.2 Comparison to lattice simulations

Lastly, we compare our Gauge Technique results to the lattice simulations of [44, 45].
In Refs. [44, 45] two kinematic configurations were considered, which give rise to two
different projections of the form (6.6).

The first configuration is again the totally symmetric limit of Eq. (B.5). However, the
projection considered on the lattice simulation is different from that treated in the SDE
analysis of [53, 59], furnishing a linear combination of X;(Q?) and Y;(Q?) different from
Eq. (6.8). Specifically, the projection performed on the lattice is given by substituting [44,
45]

1
Wopw(q,m,p) = Wi (q,r,p) = Fiﬁy(q, D)+ 55 (r=palp = @)ula—r),,  (6.13)

into Eq. (6.6).

In this case, the appropriate combination of BC basis form factors reads

L"™(Q) = X,(Q%) — %X?,mﬂ + Q%) - Y@, (6.14)

which is the Euclidean space version of Eq. (B.24). Once again, we will have to omit the
“transverse” form factors Y;(Q?). We nonetheless mention that at one-loop the results in
Eq. (B.25) yield, for a; = 0.22, the small constant value

Q2
2

Ly

i Y (Q?) =0.08. (6.15)

The second kinematic limit considered on the lattice is the asymmetric limit, p = 0,

with the projection [44, 45]

Wop(@,7,p) = Wi (a,7,p) = 2,Pau(q) .- (6.16)
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With the above substitution into Eq. (6.6) one finds in the asymmetric limit
Lasym(q2> =X1(q2,q2,7r) —q2X3(q2,q2,7r). (6.17)

Notice that the lattice projection L*Y™(g?) leads to the exact same combination of X; as
the L°®(¢?) of Eq. (6.11).

The lattice data of [44, 45] is renormalized in two different schemes for each of the
above configurations. Specifically, the symmetric configuration data is renormalized such
that L™ (pu?) = 1, whereas the asymmetric data is renormalized with L*™(p?) = 1,
where = 4.3 GeV. In order to compare our Gauge Technique results fairly to the lattice,

we rescale our expressions for L¥™(Q?) and L*™(¢?) by
L¥M(Q) = LYY, L) - AL () (6.18)
with the finite renormalization constants defined by the prescriptions
L¥(p*) =1;  L™™(p®) =1. (6.19)

Note that the constants 23"™ and 23™™ have different numerical values, namely z3"™" = 0.95

asym

and z37" = 0.93. Nevertheless, they both differ only slightly from unit, as is expected for
MOM schemes in general [139].
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Figure 6.9: Comparison of our Gauge Technique results for L¥™(Q?) (left) given by
Eq. (6.14), with Y;(Q?*) — 0, and for L*¥™(¢?) (right) of Eq. (6.17) to the corresponding
lattice data of Refs. [44, 45] (circles). The blue continuous, red dashed, yellow dotted and
purple dot-dashed curves correspond to v = 0, 0.1, 0.2 and 0.3, respectively, in Eq. (3.51).

The comparison of our results to those of the lattice, from [44, 45], is shown in Fig. 6.9.
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We focus on the IR behavior and show our results for each value of v =0, 0.1, 0.2 and 0.3
by blue continuous, red dashed, yellow dotted and purple dot-dashed curves, respectively.

It is clear from Fig. 6.9 that our Gauge Technique results capture the qualitative be-
havior of the L¥™(Q?) and L*Y™(¢?) rather well and even agree satisfactorily at a quan-
titative level. In particular, both lattice and Gauge Technique results exhibit distinguish-
ably a zero-crossing for each of the kinematic limits considered, L%¥™(Q?) and L*Y™(q?).
Naturally, the presence of the zero-crossing is accompanied by an overall suppression of
L¥™(Q?) and L*™(¢?) in the IR, with respect to their tree-level values [L(®) = 1, for
both projections|, and is consistent with the prediction in Section 3.4 based on the non-
perturbative masslessness of the ghosts [52].

The agreement between our Gauge Technique and the lattice results in Fig. 6.9 is to be
contrasted with the clear incompatibility of the Naive Gauge Technique construction with
the lattice data, as had been shown in Fig. 4.1. When the longitudinality of the massless
excitations of the three-gluon vertex, responsible for generating the dynamical gluon mass,
is properly taken into account in the Gauge Technique construction, as done in this thesis,
not only is the spurious pole seen in Fig. 4.1 eliminated entirely, but, with proper ghost
sector corrections, even quantitative agreement is obtained in Fig. 6.9. Surely enough,
the agreement seen in Fig. 6.9 is the most important result in this work.

Let us make a few more observations regarding our results:

(i) The main manifestation of the uncertainty in the running of the gluon mass, modeled
in our analysis by varying the exponent v in Egs. (3.50) and (3.51), is in the position
of the zero-crossings of L¥™(Q?) and L*Y™(¢?). Specifically, the positions of the
zero-crossings, for both L¥™(Q?) and L*™(¢?), moves towards larger momenta as
the mass runs faster, i.e. for larger values of 7. Comparing to Fig. 3.15, we see that
this positive correlation between v and the position of the zero-crossing is already

present in the input J(g?).

(77) Since the L projections of Eqs. (6.14) and (6.17) involve different combinations of
X, and X3, and each of these involves various combinations of A; and F(¢?), in
addition to J(¢?) in the BC solution of Eq. (4.36), there is no reason to expect
the crossings of L¥™(Q?) and L*¥™(¢?) to coincide with that of the kinetic term.
In Table 6.1, we give exact values for the positions of the zero-crossings of J(¢?),

LY™(Q%) and L*™(g?) obtained in our calculations. Indeed, from this table we



6.4 Comparison to other nonperturbative results 134

gl qs L "
[in MeV] | [in MeV] | [in MeV]
0 140 109 180
0.1 166 128 204
0.2 187 143 221
0.3 202 155 237
Table 6.1: Comparison of the zero-crossing positions ¢,, Q7" and ¢;>™", of the input

J(g%), the L»™(Q?), and the L3¥™(¢?), respectively, for each value of .

(iii)

see that the zero-crossings of these three functions are different, even for fixed ~.
Specifically, the crossing of L¥™(Q?) is shifted by about 20% towards the IR with
respect to that of J(g?), whereas the crossing of L*Y™(¢?) is shifted about 20% to
the UV.

We also point out that the Gauge Technique and lattice results for L%™(Q?), seen in
Fig. 6.9, agree acceptably in spite of the fact that we have omitted the “transverse”
form factors, Y;(Q?), in Eq. (6.14). This observation provides a posteriori evidence

that the transverse form factors are subleading in the IR.
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7

Discussion and Conclusions

We performed a detailed analysis of the implementation of the Gauge Technique for the
three-gluon vertex in the presence of dynamical gluon mass generation. We have demon-
strated that a proper Gauge Technique construction, in this context, requires additional
care to retain the longitudinality of the massless bound state vertex poles associated with
gluon mass generation in the Schwinger mechanism. Since the presence of longitudinally
coupled vertex poles was not entertained in the classical works [124, 126], a naive appli-
cation of the BC solution with massive gluon propagators distorts the pole content of the
vertex, causing the poles to spuriously survive transverse projections [4]. Nevertheless, we
demonstrated that a proper account of the longitudinal nature of the vertex poles in the
BC construction cures this issue entirely, furnishing results for the transversely projected
three-gluon vertex that are free of poles, as they should.

The crucial step of the Gauge Technique with dynamically massive gluons is to split
the original STT into two analogous equations, one governing the regular part of the vertex,
and the other relating its pole content to the gluon dynamical mass [4]. The net effect
of this construction is that in the BC solution for the regular part of the vertex the full
gluon propagator should be substituted by its kinetic term only [4].

Beyond establishing the theoretical viability of the Gauge Technique construction in
the presence of dynamical gluon mass, we have concretely evaluated the three-gluon ver-
tex with modern nonperturbative ingredients for the ghost propagator, gluon kinetic term
and ghost-gluon scattering kernel [3]. We observed satisfactory agreement, both quali-
tative and quantitative, to SDE [53, 59] and lattice [44, 45] results in the IR, while the
perturbative behavior of the vertex is recovered for large momenta. In this respect, it is

interesting to note that the effect of the ghost sector functions appearing in the Gauge
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Technique solution for the three-gluon vertex amounts to quantitative corrections only,
albeit relevant ones. Indeed, the Abelianized approximation of the vertex, where only
the kinetic term of the gluon propagator is retained in the calculation, already captures
the main features of the more complete result, although we emphasize that quantitative
agreement requires the ghost sector to be taken into account [4].

Of particular importance for future works is the observed IR suppression of the three-
gluon vertex with respect to its tree level [4, 7, 43-60]. We have demonstrated that
the suppression of the nonperturbative vertex is much stronger than that of its one-loop
counterpart. Moreover, we have shown that in the Gauge Technique this suppression is
dominantly due to the kinetic term of the gluon propagator, which is itself suppressed in
comparison to its respective tree level value.

Within this thesis, we have explored the effect of the three-gluon vertex suppression
on the nonperturbative ghost-gluon scattering kernel. As shown in detail in Chapter 5,
dressing the three-gluon vertex that appears in the SDE governing H,,,, tends to reduce the
magnitude of the form factors of the ghost-gluon scattering kernel and vertex. Neverthe-
less, in our truncation of the H,, SDE we have modeled the three-gluon vertex dressing by
retaining only its tree-level tensor structures and approximated the corresponding form
factors by their Abelianized forms. Importantly, while it is natural to expect that the
dominant effect of the three-gluon vertex is encoded into its tree-level tensor structures,
the form factors that vanish at tree-level are found to be non-zero nonperturbatively. As
such, considering only the tree-level tensor structure of the three-gluon vertex could over-
estimate the overall suppression, which may be partially compensated by the remaining
form factors. Therefore, it would be instructive to explore the impact of the full tensor
structure of the three-gluon vertex in the ghost-gluon interaction, which we would like to
do in the near future.

Similarly, other studies [5, 6, 56, 57, 62, 63, 71] have investigated the impact of the
three-gluon vertex suppression on various quantities of theoretical and phenomenological
interest, such as gluon mass generation and gluonic bound states spectra, mostly also
resorting to very simplified models of the three-gluon vertex. Given the importance of
this effect in the recent literature, it would be interesting to reassess the implications of
the three-gluon vertex suppression with more complete models. In this regard, our Gauge

Technique results could provide useful input.
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Another aspect to which we have devoted special attention is the survival of some IR
divergences in QCD in spite of the IR finiteness of the gluon propagator. Specifically, the
nonperturbative masslessness of the ghost field is known to imply [52] that loop integrals
containing ghost propagators can be IR divergent. We have shown that some form factors
of the ghost-gluon scattering kernel and of the three-gluon vertex exhibit IR divergences
of precisely this origin. Moreover, we have distinguished these set of divergences from
the mass-generating vertex poles, emphasizing that the divergence of some form factors
of a given vertex does not necessarily imply the divergence of the vertex as whole. In
particular, the H,, and the regular part of the three-gluon vertex, I'y,,, are IR finite, in
spite of containing IR divergent form factors, due to the momenta in their tensor structures
vanishing in the limits where their form factors diverge.

As a consequence of the IR divergence of its form factors, the transversely projected
three-gluon vertex displays a characteristic zero-crossing in the deep IR, which is shared
by the kinetic term of the gluon propagator. The latter fact has important implications
for the gluon propagator, namely, the divergence of its derivative at the origin, and the
existence of a maximum in Euclidean space, with ensuing positivity violation [7, 52], as
discussed in Section 3.5. Combined, these two properties can help reconstruct the gluon
propagator in the complex plane [114].

Given that the gluon kinetic term encodes such critical information about the behavior
of the gluon propagator, it is clearly deserving of more extensive studies. Yet, its SDE is
extremely difficult to truncate and renormalize consistently, while lattice simulations can
only access the full propagator, with no direct handle over its kinetic and dynamical mass
components.

A rather enticing implication of this work is that our Gauge Technique construction
may as well be “inverted”; instead of using the propagator functions to compute the three-
gluon vertex, we could use the lattice results for the latter to determine the so-far elusive
gluon kinetic term. Indeed, we have been exploring this possibility, with a groundwork
study published [8] and a more extensive analysis recently submitted [9].

Now, our analysis has evidently been carried out under approximations and simplifi-
cations, whose impact should be addressed by further work.

To begin with, this study was carried out in the more strict context of pure Yang-Mills

QCD, for simplicity, but dynamical quarks should eventually be included in the analysis
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in order to accurately describe the physical world. In this context, it is important to
stress that although in this thesis we have derived the three-gluon vertex STI from the
pure Yang-Mills Lagrangian, that relation remains formally identical in the presence of
dynamical quarks [38, 39, 124, 126, 133]. As such, our analysis could be carried out
without major modification in the “unquenched” context, i.e. with quarks. To that end, it
would suffice to use as ingredients the correspondingly unquenched functions J(¢?), F(¢?)
and H,,(q,p,r). The latter two are expected to be only mildly affected by unquenching
effects [81], since ghosts do not couple directly to quarks. Consequently, we expect that the
leading unquenching effect on the Gauge Technique three-gluon vertex should be encoded
in the kinetic term of the gluon propagator, which is sensitive to the quark content of
the calculation [33, 210]. In fact, in a recent study we have performed such a partial
unquenching of the Gauge Technique three-gluon vertex, including quark effects on J(¢?)
only, and found satisfactory agreement to unquenched lattice results [7].

Another limitation of our approach lies in the fact that the H,, we have used as input
for the Gauge Technique construction violates the STI constraint of Eq. (4.28), as a result
of the truncation of its SDE [3], which implies that our numerical results for the three-
gluon vertex only approximately satisfy the STIL. It is important to emphasize, however,
that the breaking of symmetry associated with the violation of Eq. (4.28) is not related
to the presence of a gluon mass, but to the practical need to truncate the SDE. Indeed,
similar violation of the STI constraint would be obtained in a massless solution of the SDE,
under similar truncation, and, in fact, even in a perturbative calculation beyond one loop
if the diagrammatic corrections associated with (ds),, were omitted, as we had to do in
the present treatment. As such, we expect that this issue does not compromise the main
conclusion of this work that the Gauge Technique vertex is consistent with dynamically
generated gluon mass.

Yet, it would be interesting to develop a truncation of the SDE of H,,, that satisfies
Eq. (4.28). Such a truncation would require a more sophisticated Ansatz for the vertices
that appear as inputs in the full SDE of Fig. 2.3. In particular, it would be necessary
to account for the ghost-ghost-gluon-gluon vertex appearing in diagram (d3),, of that
equation. Granted that the overall quantitative impact of this four-point function should
be small [59, 205], its inclusion in some form is needed to preserve gauge symmetry.

Perhaps, a Gauge Technique construction for that four-point function would be possible,



139

on the lines of Ref. [211].

The most fundamental drawback of the Gauge Technique framework is that it leaves
the transverse form factors undetermined. For the purpose of this work, whose main
objective was to establish the adequacy of a Gauge Technique construction of the three-
gluon vertex in the presence of dynamical gluon mass, this issue is a minor concern.
Indeed, the uncertainty on the Y; form factors only affects our analysis inasmuch as we
need to compute certain linear combinations of X; and Y; to compare to the results
obtained by different authors, using other tensor bases, and the lattice data, which is
necessarily transversely projected in Landau gauge. In fact, if we could compare our
results for the X; directly to data obtained by other methods for these form factors, the
indetermination of the Y; in our analysis would not be a concern at all.

However, in application of our results to the evaluation of other quantities that depend
on the three-gluon vertex, e.g. Green’s functions obtained by SDEs and bound state
problems treated by BSEs, the omission of the transverse form factors, Y;, could be more
problematic. Case in point, it is well known from QED studies [106, 108, 111] that the
omission of the transverse part of the photon-fermion vertex in the fermion SDE frustrates
the cancellation of certain divergences, fundamentally distorting the UV behavior of the
resulting fermion propagator and compromising its multiplicative renormalizability [2, 25,
106, 108, 109, 111]. Tt is only natural to suspect that similar problems could arise in SDE
treatments of functions involving the three-gluon vertex, such as the dynamical gluon
mass equation [6, 212], if only the Gauge Technique vertex is used.

Hence, it is imperative that the transverse part of the vertex be studied in more depth,
which can only be accomplished by using other techniques, such as SDEs [50, 53, 54, 59].
Indeed, we have an ongoing investigation on the subject whose results we hope to make

public soon.
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A

Feynman rules

In this appendix we collect the Feynman rules of pure Yang-Mills QCD, consistent
with the conventions adopted throughout this thesis.

The tree-level gluon and ghost propagators are given in Table A.1. The Feynman rules
for the vertices are given in Table A.2.

In addition to the expressions in Figs. A.1 and A.2 one must also account for: (%)
a minus sign for closed ghost loops, due to their Fermi statistics [133, 213]; and (i)

the appropriate symmetry factors of diagrams that are unchanged by permuting internal

lines [213].
’ L 4.4 o2y _ L
aanny | AT ) = —i6 P (@A) + 5| | AT = 5
q F(O) 2
o« e DO (g) = id q§q> FO(g) =1

Figure A.1: Feynman rules for the tree-level gluon and ghost propagators.
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gf*r,(q,7,p)

T (q,7,9) =gau(q — )0 + g (r — p)a

+ gD — Q)

My, m v,n

Lo (a.r,p 1)

F(O) mnrs __

pvpo

_igz[fmsefem (g,upgl/o - g;wgpa>
+fm’l’b6f687" (g,uagljp - g,upgua)
+ e fen (g,ucrgl/p - g;wgpa)]

Figure A.2: Feynman rules for the ghost-gluon, three-gluon and four-gluon vertices, as
well as for the ghost-gluon scattering kernel at tree-level; we choose the convention in
which all momenta are entering in the vertices. Note that at tree-level the four gluon

vertex is momentum independent.
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B

Some perturbative results

We collect here the one-loop results used throughout the text for the ghost-gluon
scattering kernel and the three-gluon vertex. The calculations presented in this appendix
were performed with the aid of Package X [214, 215].

All calculations have been carried out in Landau gauge, ¢ = 0, using the Feynman
rules of Appendix A. We employ dimensional regularization [161, 216] with d = 4 — 2e,

and use the shorthand notation for the integral measure

/e:: (;:d/ddz, (B.1)

where 4 is the 't Hooft mass, introduced in order to keep the coupling constant, g, di-

mensionless [161] for any d.
With the above conventions, the UV divergences that appear at one-loop are all pro-
portional to

1
=Y + In(47), (B.2)

™| =

where v ~ 0.57722 is the Euler-Mascheroni constant.

An integral that is ubiquitous in the one loop calculation of 3-point functions is

—i(47r)d/2 1
U /E(q—i-f)?(p_g)zp? (B.3)

o(q,p,r) =

where,
(1 —e)(1+¢)

(1 — 2e) ’ (B4)

0=

and I'(z) is the Euler function. The triangle integral of Eq. (B.3) is finite in four dimen-

sions and attains a particularly simple closed form in the totally symmetric configuration,
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defined in Minkowski space by

Q2
g p=q-r=pr=——. (B.5)
Specifically,
7
D, ) = 2 = S5 B 6
q2:p2:r2:Q2 sp(q p ) QO(Q ) Q2 ( )
where

£ Mo (3) - (2)] w2 o

and 1 (z) is the trigamma function, defined as

U (z) = d—21n[F(z)] : (B.8)

dz2?

Notice that in Eq. (B.6) we simplify the functional dependence of scalar functions of three
momenta to the single scale, (), when we specialize to the symmetric configuration.

Finally, the results in this appendix are given in Minkowski metric. They can be
transformed to Euclidean space using the rules of Appendix D.

The material in this Appendix is organized as follows. In Section B.1 we recall the
one loop results for the ghost and gluon propagators. In Sections B.2 and B.3 we give one
loop results for the ghost-gluon scattering kernel and the three-gluon vertex, respectively.
In Section B.4 we discuss the renormalization of H,,(q,p,r) and I'y,. (g, 7, p) consistent
with the STI of Eq. (2.91). Lastly, in Section B.5 we extend the one loop calculation of
H,,(q,p,r) to include a hard gluon mass as a regulator to study the IR divergences of its

form factors.

B.1 Propagators

At one loop, the gluon propagator is given by the well-known form [133]

1

A i(g) = —io® Puld) o
U

, (B.9)

where we defined

: (B.10)



B.2 Ghost-gluon scattering kernel 144

and the unrenormalized Jél)(cf) is given by

1), 2y _ _asCA 1_ _ﬁ
Jol (@) =17 {78{‘g ln< " +97¢ (B.11)

with Cy = 3 the Casimir eigenvalue in the adjoint representation. As for the ghost

dressing function, we have [133]

PO g2y =1 4 20 {3 F —In <—Z—Z)] +4} . (B.12)

167 €

Renormalizing Egs. (B.9) and (B.12) in the MOM scheme of Eq. (2.92), the renormal-

ization constants defined in Eq. (2.89), are found to be

CYSOA 78
Zy = 1+ (?+97> :

Qg CA

3
Z. = 1+ -—+4]. (B.13)
167 €

Hence, the renormalized J®(¢?) and F™"(¢?) reduce to

13a.,C 2

M(2) = 1 AL (L B.14
3a CA q2

FO>P) = 1—-"=LIn(-=). B.15

B.2 Ghost-gluon scattering kernel

The Feynman diagrams for the ghost-gluon scattering kernel are shown in Fig. B.1,

where it is understood that the color factor —gf®¢ is extracted.

;Lglr
|

1 _ K
Hzgu)(Q7p7 7”) - ' —+ oy +

(dl)wl (dQ)V/A

Figure B.1: Feynman diagrams for the ghost-gluon scattering kernel at one loop.

The results for the ghost-gluon scattering kernel are all found to be UV finite, in agree-
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ment with the Taylor theorem [39] (see Section 5.1.2). To avoid too much repetition, we
show here the results renormalized up to a choice of the finite part of the renormaliza-
tion constant (see Sections 2.5 and B.4 for more details on this freedom). Evidently, at
order g? the multiplication of the renormalization constant Z; with the unrenormalized
H,,(q,p,r) only yields contributions to the part that was nonzero at tree level. As such,
we write Z; multiplying only the tree level term.

Below, we present results for four kinematics configurations, recalling that the most

general Lorentz structure of H,,(q,p,r) is given in Eq. (4.24).

1. Soft ghost limit: This kinematic configuration is defined by setting the momentum
of the ghost to p = 0, which implies, by momentum conservation, r = —q. The

tensorial decomposition of H,,(q, p,r) of Eq. (4.24) in this case collapses to
H)(0,0,-q) = AV g + 1457 + A7 = A = AP g0, (B.16)

where we omitted the functional dependence of the form factors on the remaining

momentum to make Eq. (B.16) compact.

In this kinematic limit, due to the Taylor theorem (see Section 5.1.2) the unrenor-
malized ghost-gluon scattering kernel reduces to tree level. Then, the form factors

are necessarily given by [cf. Eq. (5.14)]

AM(q,0,—q) = 7y ;

AP (q,0,—q) + AV (q,0, —q) — AV (q,0,—q) — A (q,0,—q) =0;  (B.17)

with Z; finite in Landau gauge and defined in Eq. (2.90).

2. Soft anti-ghost limat: This limit is defined by letting the anti-ghost momentum

vanish, i.e. ¢ = 0. In this case, the tensorial structure of Hﬁ,a)(q, p,7) becomes

H(l)(O, —r,r) = Agl)(O, —7,7) G + Agl)(07 —7,T) Ty (B.18)

v

with the two surviving form factors given by

1lOzSCA .

AP, 1) = 21+ D

(B.19)
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3. Soft gluon limit: This kinematic configuration is defined by » = 0, i.e. vanishing

gluon momentum. In this limit the tensorial structure of H,,(q,p,r) reduces to

HY (g, —4,0) = AV (¢, —4.0) g, + A5 (¢, ~¢,0)q,q, , (B.20)

and the form factors attain the forms

3 CA
AV, —q 00 =2, AV(q,—q,0) = 22
1 (qv q, ) 1, 2 (Q7 q, ) 167Tq2

(B.21)

Curiously, the result for Agl)(q, —q,0) in Eq. (B.21) differs from its tree-level value,
A§°)(q, —q,0) = 1, only by the finite renormalization. Thus, its urenormalized value,

A(l)

10(q,—q,0) = 1, is just its tree level value. We emphasize that this result is not

an example of the Taylor theorem, which applies to the soft ghost, i.e. p = 0,

configuration, and holds to all orders (see Section 5.1.2). Instead, the fact that the
(1)

one-loop soft gluon result is A;

(¢,—q,0) = 1 may be a casual coincidence. At
this level, the contributions of diagrams (d;),, and (dz),, of Fig. B.1 to the form
factor A; happen to cancel in the soft gluon configuration. This cancellation seems
to occur only because the gluon propagator scalar function, A(g?), and the ghost

propagator, D(q), differ only by a —i at tree level, i.e. A©(¢?) = —iD©(q), and

would be easily spoiled by further dressing the vertices or the propagators.

4. Symmetric configuration: In the totally symmetric configuration, defined in the
Eq. (B.5), all tensor structures of the ghost-gluon scattering kernel survive, and the

form factors A; are given by

Qg CA

AVQ) =21+ S 91 7) AP = s (14 )
AP(Q) = s (449T). AP(Q) = - (4 21),
A(Q) =~ 2= 1), (B.22)

with Z the constant defined in Eq. (B.7).
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B.3 Three-gluon vertex

For the three-gluon vertex at one loop the Feynman diagrams are given in Fig. B.2.
Notice that diagrams (e2)a,, and (e3)q,u, contain closed loops of ghosts, which lead to a
minus sign from the Fermi statistics of these fields. Moreover, the swordfish diagrams,
(€4)apvs (€5)amw and (eg)auw, have a symmetry factor of 1/2, since, for each of these, the

two internal lines can be exchanged without changing the content of the diagram.

l q, o, a

l q, o, a

abc _
Ea,uu(‘]a r,p) = +
D, v, (f/ \ T,y b
D, v, c/ \ T, b
(el)n;m
§lq,wa §lq.atn
ST Pomeeeennns o
‘DVFJJ’J %\‘7/111 pl/(rjf %\Vr.y,b
f«2 apy (GB)Q;U/
a, a a, a
| @ a0,
l
3
p, v, C \7;Lb p, v, C \rpb
p, v, C \ r, b

<65)r1;11/ (e(i)n;m
64 apv

Figure B.2: Feynman diagrams for the three-gluon vertex at one loop.

In each of the kinematic configurations that we considered, the tensor structure of
the three-gluon vertex collapses to only a few independent tensors, instead of the 14 of
Egs. (4.30) and (4.32). Consequently, some form factors appear in linear combinations,
making it impossible to determine the individual X; and Y; from the final, collapsed,
expressions. Instead, to compute the individual form factors, they must first be separated
from the general kinematics result, and the desired kinematic limit be taken only as
the last step of the calculation. This procedure is facilitated by using the projectors of
Section C.2.

Unlike the ghost-gluon scattering kernel, 'y, (¢, p,7) is found to be UV divergent in

Landau gauge. Importantly, in our one loop calculations we only find such divergences in
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the form factors that are non-zero at tree-level, namely X, X, and X7 [see Eq. (4.33)].
This had to be the case, since the other form factors cannot pick-up a renormalization at
order g2. Thus the finiteness of the non-tree-level form factors constitutes a sanity check
on our results.

We consider four kinematic limits and, again, we give the results renormalized, up to

a choice of the finite part of the renormalization constant.

1. Symmetric configuration: In the kinematic limit of Eq. (B.5) the tensor structure

of the three-gluon vertex collapses to [139, 208]

Fauu(‘]arap) - Lsym(Q2) a;w(%rp)

—[X3<c2> s <Q2>]< Palp— g -1y (B23)

2
" {Xi”(QQ) + Q_Yl(QQ) +Y) (QQ)l (ql/rapu - CIurupa) .
with
sym 2\ 2 Q2 Q4 2 Q2 2
L¥™(Q7) = X1(Q7) + —X3(Q )+ Y4(Q ) + Y4(Q ). (B.24)
Then, the one loop results for the form factors are
M2y — i, 4Ca Q° M2 _
XQ) =z + == i {511 ( " ~52-97|, X,’(Q*) =0, (B.25)
(1 (2y — Ca (12 _
XB (Q2> - 487TQ2 (38 - 71) ) Xl(] (Q2> =0,
W2y O‘sCA . 1) /A2 _ OéSCA
V@) = — 5o oL (587 —1937) , YUQ) = g 0 (365 + 1797),

with Z defined in Eq. (B.7) and ZE® the finite part of the three-gluon vertex renor-

malization constant, Z3, defined by

17OéSCA

75" =7 A8m e

(B.26)

The remaining form factors are all obtained from the above by Bose symmetry using

Eq. (4.34).

Notice that the vanishing of the form factors X, and Xy in the symmetric config-
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uration is required by them being anti-symmetric under the exchange of q <> r [see

Eq. (4.35)].

. Asymmetric configuration: The asymmetric configuration is defined by setting one
of the gluon momenta to zero, specifically we choose p = 0. By Bose symmetry,
similar results, with permuted arguments, would be obtained if we chose a different
leg to carry zero momentum. The tensor structure of the three-gluon vertex in this

kinematics reduces to [208]

Top (2, —¢,0) = 2¢0uq,[X1(q, —¢,0) + ¢ Xa(q, —4,0)] — 2¢0q,9,X3(q, —q, 0)

— (g + 4u90)[X1(0, ¢, —q) — X2(0, ¢, —q)]. (B.27)

Then, at one-loop the surviving form factors read

C 2
XWY(q, —q,0) = zir 4 =222 [51111( Z > - 61}

1447T
1 37CYSCA
xXM(0,¢,—q) — X0(0,¢,—q) = XM(q,—4,0) . (B.28)

Individually, the terms Xfl)(O, q,—q) and X2(1)(O, ¢, —q) both have a In(0) IR diver-

gence in this kinematics. Nevertheless, their difference is finite.

. General orthogonal configuration: In this configuration, the momenta ¢ and r have
independent magnitudes, ¢? and 72, but are set to be orthogonal, i.e. ¢-r = 0.
Consequently, by momentum conservation p? = ¢? +r2. For this kinematic limit we
have computed only the form factor X, which is given by

2 2 _ rfin asCa 4 2,2 4 q
Xi(g", 1", m/2) =Z; —I—W{G(Qq +128¢°r* + 3r*) In (_?)

_ 2— 2
+6 (3" + 128¢°r + 9r* )1n( >—72 (4" +10°% +7%) In (%)
‘ 2+ . _ . -
~oil D) qz; ¢~ [le —Liz () + Liz (+7') — Liz (—2 1)}

— 4(9¢* 4+ 172¢%r* + 9r4)} : (B.29)
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with z = <\/—_q2 \/—_7’2> <\/_+Z —7’2> and

Lig() = — /0 =0, (B.30)

t

the dilogarithm (or Spence function). Notice that the above expression is symmetric

under the exchange ¢® <> r?, as it should be from Bose-symmetry [see Eq. (4.35)].

4. Orthogonal symmetric configuration:

In the special case of Eq. (B.29) with ¢*> = r?, we obtain

aCA

X 2 2 2 :Zﬁn
l(q 7q 77T/ ) 3 288

2
lmzl < a ) —108In(2) — 95| . (B.31)
12
Combining the above results with those of Sections B.1 and B.2, we can then check
that the BC solution of Eq. (4.36) for the STI is satisfied in the special case of the X
form factor in the symmetric configuration, as long as the renormalization constants Z;
and Z3 satisfy Eq. (2.91). Specifically, in this limit Eq. (4.36) reduces to
Q2
Xi(Q%) = F(@)J(@) | Al(@Q) + Q*43(Q%) — - Au(@) | (B.32)
which can be promptly verified to order ay from our results. More extensive checks of
the STI, which confirm the correctness of our results, have been carried out, but are not
detailed here.

Finally, we compared our results to those of Refs. [139, 208] and found them to agree

after taking into account the differences in conventions.

B.4 Consistent renormalization schemes

As discussed in Section 2.5, we have the freedom to choose the finite part of one more
renormalization constant, i.e. either Z; or Zi" but not both, since Eq. (2.91) must be
satisfied. We now discuss a few possible choices of renormalization schemes and their
consistency with Eq. (2.91).

Given that the ghost-gluon scattering kernel is UV finite in Landau gauge, we may
simply choose to set Z; = 1. This choice amounts to the so-called Taylor scheme (see

Section 5.1.3), and in this case the form factor A;(q, p,r) reduces to tree level to all orders
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in the soft ghost kinematics, p = 0. With this choice, we impose that Eq. (2.91) is satisfied
to determine Zs, using Eq. (B.13). Thus, we obtain

CYSCA 51
Z3=1 — 1 B.
’ +1447T(E+6)’ (B.33)
such that Eq. (B.26) yields
[ M (B.34)
o 144m '

Alternatively, one may choose to define Zi" by requiring that the form factor X;(q,r, p)
reduces to its tree level, Xfo)(q, r,p) = 1, at some desired kinematic limit. For example,
we can choose the totally symmetric configuration X 1(1) (Q?) of Eq. (B.25) to reduce to tree
level at the Euclidean momentum Q% = —p?. We will call this choice the X;-symmetric

scheme and denote the corresponding renormalization constants by a caret. In this case,

A OJSCA
Zim =1 2+97 B.
3 +1447r(5 +97) , (B.35)
such that
A OéSOA 51
Z3=1 — +52+97 ). B.36
ST 1o (’5 o > (B-36)
Then, using Eq. (2.91) one finds
. C
le1+o‘6A(I—1), (B.37)
T

which is different from the Taylor scheme value of Z; = 1.

The fact that the Eq. (2.91) leads to Zy # 7y shows that we could not have chosen
them independently, as explained in Section 2.5. Let us consider one more case.

One might as well have chosen to define the value of Z; by requiring that the ghost-
gluon scattering kernel form factor A; in the totally symmetric configuration, A;(Q?), of
Eq. (B.22), reduces to tree level at the Euclidean point Q* = —u?, i.e. Aj(—p?) = 1. Let
us call this choice the A;-symmetric scheme and use a tilde to denote its corresponding

renormalization constants. In this case one obtains

CVSCYA
967

Zy=1- 9+1), (B.38)
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Table B.1: Comparison of numerical values of the form factors of H,, and I'y,, that
exist at tree level, in different renormalization schemes, namely: (i) The Taylor scheme,
where A; is set to tree level in the soft ghost kinematics; (i7) The A;-symmetric scheme;
and (ii7) the X;-symmetric scheme. We used «; = 0.22 for this example.

Scheme Ar(p,0,—p) | Ar(p?) | X (p?)

Taylor 1 1.025 | 0.982
Aj-Symmetric 0.975 1 0.958
X1-Symmetric 1.018 1.042 1

Using Eqs. (B.38) and (B.13) into Eq. (2.91) yields

OéSCA
2881

~ asCa (102

Zs =1 —_= —37 Zfin _ —37) . B.
3=14 o0 (= +9 3), f + (95 — 37) (B.39)

€
Clearly, Z, is different from both, Z, and Z;.

Finally, the different choices of renormalization scheme discussed in this section lead
to slightly different numerical values for those form factors of H,,(q, p,r) and Iy, (g, 7, p)
that exist at tree level. We illustrate this effect in Table B.1, where it is shown the value of
the form factors A;(q, p,r) and X;(q,r, p) in different configurations, as computed in each
of the renormalization schemes above. Evidently, the numerical value of these form factors
in different renormalization schemes depends on the value a. For constructing Table B.1
we used the value a, = 0.22, which is used throughout the main text. Notice then, from
Table B.1, that the different choices of renormalization scheme lead to variations of a few

percent in the numerical values of the form factors.

B.5 One loop massive results

Although a hard mass term in the Lagrangian breaks the gauge symmetry of the
theory, we can often gain a better understanding of the qualitative behavior of the Green’s
functions of QCD from one loop calculations with a massive gluon propagator. For the
special case of the ghost-gluon scattering kernel, we can see from the results of Section B.2
that the form factors A;, for i = 2,...,5, all diverge as poles in the limit when all momenta
tend to zero. In the presence of an IR finite gluon propagator, it is expected that these
divergences would be attenuated, or even eliminated.

We now study the IR divergences of the A; in the presence of an IR finite gluon

propagator. To this end, we repeat the calculations of Section B.2 using the hard mass
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gluon propagator, which, in Landau gauge reads

AR() = =i P (@AM (¢?) (B.40)

pv

with

NI p— (B.41)

2 —m2’
The soft ghost configuration still retains the values in Eq. (B.17). We consider then

the other configurations presented in Section B.2.

1. Soft anti-ghost limit: In the ¢ = 0 kinematics, we obtain

Caas
AP0, =1, 1) =2 — 1927/::167“4{ S

2
— 7 (2m4 + 6m2r? + 7“4) In (—T—2>
m

VT~ Am2r2 4 2
+(T8+6m27“6—40m47‘4)m1n[< d e +T)+1]

2m?

2
+ 2 (m2 — 7“2)2 (m6 +13m*r? — Tm?rt — 7“6) In (L) } )

m2 _ 7:2

C s ’

A0, =1, r) =AY ) ogmSt — GmteS — 1 (8m* + %) In o
3 m?
(V¥ —4m2r2 — r?)

2m?2 +1

+ (r® + 6m*r® — 40m*r*)Vrt — 4m2r2In [

2
—8m®r? 42 (m? —r2)” (4m® + 16m*? — 4m?* — %) In (m—_ﬂ) } |

Taking the m — 0 limit of the above expressions we recover the one-loop result of

Eq. (B.19). On the other hand, in the limit r* — 0, Eq. (B.42) leads to

lim AﬁlM)(o, —r,r) =2,

r2—0

Chra r?
lim A0, —r 1) = — * 112In( —— ) =31/ . B.43
7«21%0 3 (0,-mr) 2887mm?2 n m?2 ( )

Then, in the presence of a massive gluon propagator, A(IIM) is infrared finite, whereas

AélM) has a logarithmic IR divergence.



B.5 One loop massive results 154

2. Soft gluon limit: In the r = 0 limit, the one loop massive result is

(1n) _ asCa 8 6,2 ? 6,2
2
3miq* — 2m?¢® — (4m?¢® + 2¢°) In (— 2(] 2)} ,
m=—q
1M asCA q2
A0 m0) =g 2ot o'yt s ) (=)

2
+ (20m8 —25m°q* + m?q® + 4q8) In <m2m—_qz> — 4m2q6] .

(B.44)

In the m — 0 limit of Eq. (B.44), one recovers the one-loop results of Eq. (B.21).
On the other hand, in the limit ¢* — 0, Eq. (B.44) yields

lim AglM) (q,—q,0) =71,

q%2—0

. C q*

lim A8 (g, —q,0) =2 [61n [ —L ) —59] . B.4
P02 (¢:=4,0) 5767m? Oln m? % (B45)

Therefore, in the presence of a massive gluon propagator, ASM) has a logarithmic

IR divergence.

3. Symmetric configuration: In the symmetric limit of Eq. (B.5) the expressions for
the form factors for general Q?> and m? are rather long and we choose to not report

them here. Instead, we give the Q* — 0 limit only,

lim AM(Q?) =7, ,

Q250

o 1)~ o (2) ]

Jim A (Q?) = — 11&;‘3‘;2 :6 In (-%) — 23+ 31] ,
-

Jim AP (Q2) = — 152‘*7;“;2 :6 In <_%) 1+ 42} . (B.46)

The above results for AglM) and ASM) are IR finite, whereas the ASM), AélM) and

AglM) are logarithmically divergent.
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Comparing the above one loop massive results with the expressions of Section B.2,
obtained with massless gluons, we conclude that the introduction of a gluon mass reduces
the degree of IR divergence of the form factors A;, for ¢« = 2, 3 and 5, from poles to
logarithms, while A, becomes altogether finite in the massive one loop result, and A; is
IR finite in both cases.

Furthermore, we have verified that all the IR divergences found in the one loop massive
HS,M) (q,p,r) originate from the diagram (d;),, of Fig. B.1, i.e. the triangle with two
internal ghost lines. Indeed, the diagram (ds),, turns out IR finite contributions to
all five A; in the presence of a gluon mass. On the other hand, (d;),, contains only
one internal massive propagator. Consequently, although the degree of IR divergence of
(dy),,, is reduced from pole to logarithmic, with respect to the result with massless gluons,
some divergences persist due to the masslessness of the ghosts. Our finds are in perfect
agreement with the discussion in Section 3.4.

Another qualitative feature we would like to emphasize is that in the massive gluon
results the form factor A; reduces to tree level (up to the finite renormalization) when all
momenta are set to zero, as can be seen from Egs. (B.43), (B.45) and (B.46). In contrast,
with a massless gluon propagator, the value of A;(0,0,0) depends on the configuration
from which the limit is approached [cf. Eqs. (B.17), (B.19), (B.21) and (B.22)]. This
behavior can be understood from the factorization of the ghost momentum demonstrated

in Section 5.1.2, which leads to the Taylor theorem. This factorization implies
Ai(g,p,7) = Z1 +p° 3,(q,p,7) (B.47)

where J,(q, p, r) is some loop integral. For a massless gluon, J,(g, p, ) happens to develop
a pole in 1/p, when all momenta tend to zero, and Eq. (B.47) yields a finite, but path
dependent value. On the other hand, in the presence of a gluon mass, J,(g, p, ) diverges
only logarithmically as all momenta tend to zero, such that p”J,(¢,p,r) — 0 as p — 0,
independently of the path. Alternatively, it is clear from Eq. (B.47), that if J,(q,p,r)
has a pole in 1/p when all momenta vanish, then the derivative of A; with respect to p is
divergent. On the other hand, in the presence of a gluon mass this derivative becomes IR
finite.

Lastly, we point out that the soft gluon kinematics AglM) (¢, —¢,0) no longer reduces

to tree level in the presence of a gluon mass [cf. Egs. (B.44) and (B.21)], except at ¢ = 0,
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as the cancellation between (d;),,, and (ds),,, discussed below Eq. (B.21) is spoiled. In
contrast, the Taylor theorem still holds in the massive case, since it is a consequence
of the Landau gauge gluon transversality alone (see Section 5.1.2), not depending on a

cancellation between the diagrams contributing to H,,.
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C

Projectors

For some calculations it is convenient to have explicit algebraic projectors that extract
the form factors of vertex functions. In this appendix we present the projectors that
isolate the form factors of the ghost-gluon scattering kernel and the three-gluon vertex
from the general tensorial structures of H,,(q,p,r) and I',,.(q, r, p), respectively.

We express the equations in this appendix in Minkowski space.

C.1  Ghost-gluon scattering kernel form factors

The form factors A;, for : = 1,...,5, of the ghost-gluon scattering kernel may be ex-
tracted from the general Lorentz decomposition of H,,(q, p, ) given in Eq. (4.24) through

the projections [3]
T (g, 7)Hyu(g, p, 1)

Ai(Q7p7 7") = 2h2(q, T) (Cl)
where
le<QJ T) :h(q7 T) [h’(qa T)gluy + hl“’(q’ T)] )
2uy<q7 T) = h(Q? T)T,Qg,ul/ - 2h‘(Q7 T>7,,u7,.1/ - 3r2hMV(Q7 T) )
3#1’((]’ T) = 2#’/(7,’ q) )
T (g, r) =h(q,r)(r - 9)g" + 2h(q,r)g"r" + 3(r - )R (¢, 7)
and

h(g,r) =¢*r* = (¢-r)*, W*"(q,r)=(q-7)[¢""" + ¢ —r*¢"¢" — ¢r*r” . (C.3)
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Notice that the h(q,r) and h**(q,r) of Eq. (C.3) are symmetric under the exchange of
q <> r, and that h*”(q,r) is symmetric under p <+ v. Moreover, by momentum conserva-

tion, ¢ + p 4+ r = 0, it is easy to show that

h(q,7) = h(q,p) = h(p,r),
W (q,r) = h*"(q,p) =" (p,7). (C.4)

C.2 Three-gluon vertex form factors

The form factors X;(¢,r,p) and Yj(q,r,p) of the three-gluon vertex can be obtained
by projecting Iy, (g, 7, p) through

XZ(Qa r, p) - XiaHV<Q7 r, p)anV(qa r, p) ) <C5)

forte=1,...,10, and
Y}(Q7 Ta p) = yj{XMV(q’ ’I", p)]POéMV(Qa ’I", p) ) (06)

forj=1,...,4.

The expressions for the X (q,r,p), for i = 1,2,3 and 10, read

1

X (q, 7, p) :W

{(q -1)? (2¢%g" — 2rg®) = 3rig® (¢r" + g'r)
+(q-r)’[Pr g™ — g™ + ¢ (¢ —r?) g™ + 2r*rH)

+q“ (—6q”7"“ +q" (4" = 2r") + g™ + 6rir’ + rgg‘“’) — 4rSrtyY
e r2r“ga”} +q-r [7"2 (3q”r“ (¢" +r")+rt (3q”7‘0‘ + 2q2ga”)
+q“ (—6q”r“ + q" (6" — 3r") — 2¢*g" + 6r“r”) )

=3¢ (1" (2¢° (¢" —1") = (q" = 2r")) + ¢" (¢"'r* + ¥ (¢° + 7)) |
+q* [q” (37“0‘7“" - 7"290‘“) +q° (37“”7"” - 7’29’“’) + 72 (ritg™ — r”ga”)}

+ ¢*r? [q” (rar“ + 7“290‘“) — ¢~ (3q”r“ +q" (r” —2¢") = 3rtr” + rzg‘“’)

— 2rrH Y PV gt 4 Pt g ] } ) (C.7)
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(67727 1 v 14 (0% (0% v v
X 0rp) =gy~ 2 3 )

— (q-r)?[4g o — 6" (¢ +17) + ¢ g™ — ¢Prig™ + ¢rv g™
+¢° (—6q"r" +4¢" (¢" +17) + ¢°g" — 6rir” —1°gH")

+ ¢2q g + ArortrY it g™ rzr”ga“]

+q-r[3¢° (¢" (¢ + 7" (¢ + 7)) + " (207" — r* (3¢ + 21)))

+ 72 (3q”r"r“ +3¢"r (¢" + 1) + ¢% (6r*r” — 3¢" (2¢” + 3r"))
+2¢°7 g™ + 247" ™) | + ¢*r* [q” (ror* 79 4 % (3¢ "

+ " (r" —2q¢") + 3rtr” — r2g“”) — 2PV Pt gt T‘2T“gmj}

+q¢* [q” (7‘2g°‘“ — 37"%"“) +q“ (TQQ‘“’ — 37““7"”) + 72 (Vg — r“gm’)] } ,

(¢ + 1)
2(q* —r?)h*(q,7)

X [ —4ghr® +2¢% (¢" —2r") + q2go‘“ + 2r%rt 4 7‘29“’“‘] +q-r

X?,a‘mj((b r, p) = -

{37‘4q"‘q“ +q* (Brort —r?g™) + (¢ - 1)?

X [rz (—3q”ra + q% (6¢" — 3rt) — 2nga”) —3¢* (g"r™ + " (¢* — 27"6“))]
+ ¢*r? [ = 2¢"r® + ¢% (¢ — 2rH) + rort — r2g““} +2(q - r)3ga”} ,

apy 1 v y o o o
Xio" (.7, p) :W{i”q'r[qﬂ (q"r + 1" (r*—q%)) — ¢"r r“]
+(q-r)?[ =" g™ 4 g g™ — g™ g ]+ 3¢t (¢t — ')

+ 7% [q? (¢" g™ + 17 g™ — r'g™) + ¢* (3¢"r" = 3¢"rY — ¢*g") ] } , (C.8)

where h(q,r) is defined in Eq. (C.3).
The remaining A; are given by cyclically permuting the arguments and Lorentz indices,

simultaneously, of Egs. (C.7) and (C.8) [see Eq. (4.34)]. Specifically,

XM (q,rp) = X["(r,p,q), XM (q,r,p) = X (p,q,r),
X (g, p) = X, p,q), XM (g, p) = X(p,q,7r),

X" (q,r,p) = X" (r,p,q), Xy (g, p) = X"(p,q,T). (C.9)
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The form factors V;, for j = 1 and 4, are then given by

apy
1

apy
4

(q,7m,p) =

(¢,7m,p) =

1

Tk LR LA R ST
L Ry 2OV 20V o {20V OB 20 o 200 o
+ ¢ (4¢°r™ + 4r'r® + (r* — %) g™) + ¢rog" — rProgh”

+ g% (4¢"r" + et = 2¢" (¢ + V) — g + 17" |

+ (g2 [ ("™ + q"g™ + ¢°g") ' — (= 4g"ror + gt — 3¢P¢ g
— 3¢%r" g™" 4+ g (2(]”7"Cy — 4r¥r® + q2ga") + ¢*re g

+q° (2q”r“ — drtrk 4+ 4q" (¢V + 2rY) + q2g‘“') )r2 + q2( — 8¢"r*rt

+ 20 (2¢" — V) — 4rorVrt 4 gt 4 ¢t (47T + 2 (24 — ) 1Y)

+ ¢V gt + qQTO‘g“”)] +q- 7‘[ —q* (5qar“r” — 5rorirY 4 gty

+q” (57“"7““ — rzga“) + 2k g™ 4 " (57“0‘7“” — 7“290”’) — r2q“g"

+ 20" ) + P (T¢ ot = 3ror et P gt — gt g™t P gt

+ ¢ (q”ra +rvr® — 7“29"”) + r2rogh 4 g (gt A et gt (TrY — 3¢Y)
—r2g") + 5t (¢ (¢ (¢ — 1) — @) — ¢"¢'r) | + 5 gt

+¢° (7‘0‘ (57"“7“” — 7’2g‘“’) — 2 (rV gt + r”ga”)) + ¢'r? [Bq”rar“ — %Y
+ 12 g™t — g g™ — Vg™ 4 ¢t (¢ = 3t + ¢ + 1P g™)

+ 72" 4 g (¢t = 3t 4+ g™ ) | = Pt (B et — Y + 17 g™)
+ " (rPg™ =) + g% (3(g7r — @) — et gt 4 g™ ) | } :

R
4h3(q,r)

{(q X 7,)4 [quga,u + 2qugau 4 qag/u/ _ rugozu _ T/Lgom _ 2ragul/:|

+ (g r)* [Bg"rort + 2r°¢ g™ + ¢ (—=5¢"r™ — Bg°r” + 5rorY + 2r*g™)

+ qa (_Qqu,r,u + Oty + 27,29;11/) o 2q2rugoa/ o 2q2rugau o 2q27,,agw/}
+(q-7)? [qQ (7¢"rr* 4+ r¥ (10g"r* + r# (7¢* — 8r?)))

+ 7% (¢° (¢" Bq” — Tr") = T¢"r") + 2¢°r%g" — 2¢" (54" + ¢°g™)) |
+q-r[ = 10g 7 =20 (¢ (Vg™ + ¢"9™) + ¢* (9" — 5¢""))

+ 2 (5¢" T 4 8¢t (1" — ") = 5¢" (¢"r* + ¥ (¢ — 1)) + 247 g™
+ 2q2ruga,u, + 2q27,ag,u,1/)] + q2r2 [q2r,u (Squ,r,a + Y (3qa o QTQ)) + T2

X (@ (r' g™ + g™ — ¢"g") — ¢* (3(¢"T" + ¢"V) = 2¢"¢" + ¢*g")) | } :

(C.10)
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Finally, the remaining ); are given by cyclically permuting the arguments and Lorentz

indices, simultaneously, of Egs. (C.10) [see Eq. (4.34)]. Namely,

apy pro apy vop

5 (g,mp) = Vi (r,p,q), 5" (g, ) = Y (pasr) (C.11)
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Euclidean space

In order to transform expressions given in Minkowski metric to Euclidean space, the

time component of any four vector, ¢ = (qo, q1, g2, ¢3), becomes imaginary, i.e.

q— (igg, qt', 45, q5) (D.1)

where the ¢ are real and a sub/superscript “E” denotes the Euclidean version of a quan-
tity. Simultaneously, the metric is transformed to g,, — d,,. Consequently, ¢2 = —¢°.

Additionally, the integral measure of Eq. (B.1) becomes

/k—>z/k (D.2)

For most of the scalar functions used in this work, we define their Euclidean versions

by just substituting the momenta in their arguments by ¢ times their Euclidean versions,

e.g.

Fy(qz) = F((ige)*) = F(—qz) = F(¢*). (D.3)

Then, the form factors A;, for j = 1,...,5, of the ghost-gluon scattering kernel are written
as

A?(QE7PE7 TE) = Aj (ina 1Dg, irE) ) (D-4)

and similar definitions are used for the scalar form factors of other vertex functions.
An exception to the above rule is the gluon propagator scalar function A(g?). It is

convenient to define its Euclidean space version with an extra sign,

AE(Q]?D) = _A((iQE)2) = _A(qz)a (D5)
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such that it is positive for ¢2 > 0, e.g. AV (¢?) =1/¢2.

D.1 Spherical coordinates

To evaluate loop integrals numerically, it is convenient to parametrize the momenta
in spherical coordinates. Moreover, in practice we set the space time dimension to d = 4.

In this case the internal momentum, kg, is expressed as
ky = |kgs|(cos 1, sin @y cos @, sin g sin ps cos @3, sin ¢ sin g sin 3) , (D.6)

where |kg| := /K2 is the Euclidean modulus of k. Then, the integral measure of Eq. (D.2)
reads explicitly

1 o - . T ‘ 21
[ = [l [ s [Cagsing, [Cam. )
o (21 o 0 0 0

Consider next a scalar integral of the form

i f(QE7 kE) ) (D.S)

for some scalar function f(g¢g, k) of an external momentum ¢ and the loop momentum

kg. Without loss of generality, we can do the integral in the rest frame of ¢y, i.e.
s = |¢s/(1,0,0,0). (D.9)

Since f(qy, k) is scalar, it can only depend on ¢2, k2 and qg - ks = |qs||ks| cos p;. Hence,

the integrals over ¢, and @3 can be performed analytically, yielding

f<qE,kE>=% / ke ksl / dipr sin? o f (g k) (D.10)

kg 0

In the evaluation of 3-point functions it is necessary to deal with scalar integrals

depending on two external momenta, say ¢z and pg, such as

/ 9(qe, pe; k) - (D.ll)

kg

To compute these, we may still use the parametrization of Eq. (D.9) for ¢s. As for pg, we
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may choose without loss of generality

pE - |pE|(COSGJSin0707O> ) (D]_Q)

where 6 is the angle between ¢ and pg, and is then limited to the interval [0, 7]. Then, a

scalar function g(gg, pg, k&) can depend on ¢2, p2, k2, as well as on the inner products

G Py = |qel||pe|cost,
G - ke = |qs||ks|cos oy,
e ks = |p||ks|(cos @ cos @i + sin @ sin @ cos ) . (D.13)

Hence, in Eq. (D.11) we can generally only perform analytically the integration over (s,

yielding

1 o0 ™ ) ™ )
/g(qmpE,kE):—g/ d|’fx~:||/fE|3/ ds0181n2901/ e sin® 3 g (e, Pe, ke) -
kg (2m)® Jo 0 0
(D.14)

In all above integrals, it may be convenient to perform the change of variables y := k2,

(o] 1 o0
|tk =5 [y (D.15)
0 2 0

Let us also take the chance to define a notation that will be employed in the presenta-

such that

tion of numerical results in general kinematics. For any scalar form factor that depends
on three-external momenta, e.g. A?(qE, Pg, T's), Momentum conservation, gg + pg +rg = 0,
implies that only two of the momenta are independent, say ¢z and py. Then, using the
parametrization of Egs. (D.9) and (D.12), we can always express the functional depen-
dence of A% on the momenta in terms of their squares, ¢ and p2, and the angle between

them, ¢ = arccos|(¢s - px)/(|gs| [pe|)]. Therefore, we can express the A as

A?<qE7pE7 Tp) = A?(Ql?:?pﬁa 0). (D.16)

We will use the two notations in Eq. (D.16) interchangeably in the main text.
Finally, the subscripts “E” will be omitted outside the present appendix, for compact-
ness. It will be clear, either by context, or by explicit assertion, when expressions are

written in Euclidean space.
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D

Expressions for the Euclidean space A;

In this appendix we present the expressions obtained for the form factors A; of the
ghost-gluon scattering kernel by projecting Eq. (5.17) with the projectors of Eq. (C.1).
We use the approximations discussed in Section 5.3 and transform to Euclidean space
using the rules of Appendix D. The lengthy Lorentz algebra was done using Package X
[214, 215].

We will express the A; as the sum of their tree-level values and the contributions
from each of the diagrams (d),, and (dz),,, which will be specified by a superscript, i.e.
Ay =AY 4 AW 4 Al

To make the expressions somewhat more compact we introduce the auxiliary variables
s=q—4{, t=——p,u=—p—q, and v = —¢ + p+ q, with the notation a1 =/¢-p,

ay =/{-q, a3 = p-q, for the inner products, and define

Ty := hp, + 3(])2 + a3)2 , Ty = hpy + 3((]2 + a3>2 ’
Ty := —p*¢* + p* — 2a3(¢* + as) , Tp:= —p*¢* + ¢" — 2a5(p” + a3),
Ts := p*a5 + ¢*a’} — 2a,azas . (E.1)

Also, the arguments of the various functions appearing in the expressions are denoted as
a super /subscript, e.g. f(x,y,2) = foy. and f(z,y,2) = f*°.
Lastly, all the propagator and vertex form factors are understood to mean their “input”

approximations, namely A, (q), X}"(r,t,¢), F..(q), and B"(Q), presented in Section 5.3.
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Then, the contributions from diagram (d;),, to each form factor read

Ald) _ ig*Ca /]C(ch) a1 [hyg ? = Tj)
! 4, e ’

. ig?Cy [ K®)
A = _ 94 A /fh]%q 7z {hpq€2 [al (4as + p* + 3¢%) — 2as (a3 +p*) + 2hpq}

- [a%hpq — 2a9 (p2 (3a1a3 + 2a1¢% + hpq) + as (4a1a3 +3a1¢* + hpq))

a1 (¢* (60105 + a1p® + Barg® + 2hyy) + 2a3(@ras + hyy)) + 303 (a5 +9%)" | |

i 20 ]C(dl)
Ag,dl) = g4 - /h2 /2 {3a:1)’q4 +a1q° [a2 (a2p2 - 6a1a3) - 3hpq€2]
£ '¥pq

+2a2a3 (alagag + hpq€2)} R

_1g°Cy
4

AW _ o haf? [3a1 (a5 + ¢%) — 2a5 (a5 + %) + 2hy]
4 = zhgqu Pq 1\a3 T4 23 TP Pq

+ a1 [—a1¢® (Baraz + 3a1¢” — Basas + 2hyy) + 2a2a3(2a1a3 — azaz + hyg)

—ap® (¢*(as — 2a1) + 3azas)]}

 2Cy [ K
Aédl) _tgta / {fh |:CL2(CI,2 — 2ay) (3a§ + hpq) + 3a1¢> (a1a3 N 2a2a3)
¢

4 h2, ¢
+ 3a§a3p2] — hpel? [az(ar — 2as) + 3a1¢°] } , (E.2)
where
’C(dl) = A (£2> F (t2) F (82) B21(Sa —t, U)Vl(fa 4, p, ’f‘) ) <E3)
s2t2
The contributions of diagram (ds),, may be written as
A(dg) _ ig2CA /ICZqufuv + ICuUZSzwg + K@Zusg}éu (E 4)
’ 2/, hZ, (2 ’ '
with
A (2 A (v?) F (s*) Va(¢ X{v?
lczyz = ( ) (U ) (S )VQ( 4, D, ’I") 1 ‘ <E5)

522

Then, the S; are given by

Sfm} = _hpq {a1 [(ag + q2) (T5 + hpq 82) — a2 (62 (2&3 (CL3 +p2) -+ hpq) + T5)]
+CL% [(13 62 (a3 + q2) — Tg,} + (Clg + p2) [—CLQ T5 + ag 62 (ag p2 — hpq) -+ hpq 64] } ,

Siwe = _hpq<a1 + as) (—a1 + a3 +p2) [hpq ? — T5} )
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vlu
S1

luv
Sy

uvl
S

vlu
Sy

= —hyg {T5 [a% + aq (aQ —as — q2) + ao (CL3 + pZ)} + arhp, ¢t — 2 [af(hpq — 2asa3)
+a1q” (a] — hpg) + arhpg(az — az) + a2 p*(a1as + hpg) + asashyy) } (E.6)
= —alTy +d’ [3a2 (2a3 (as +p*) + p°¢* — ¢*) + (a3 + ¢°) (3 (as + q2)2 + hpq)]

pe [3a§ Ty + az (¢ (2003 + 17asp® + p*) + 242 (503 + 4p%) + ¢* (as + 7p°))
— 0% (3az (3¢ (a3 + p*) + asp® + ¢*) + 2hp (0° + 2¢%)) } + (% — as) (as +p?)
X [ang — hpel? (2a3 +p* + ¢°) ] —a [ag’ Ty + hpel® (a3 + ¢°) (2a3 + p* + ¢°)
— a3 (p* (20a3 + 17asq® + ¢*) + 243 (5as + 4¢%) + p* (9as + 7¢%))

+anl® (p* (1503 + Sasg® — ¢") + a3 (1005 + 7¢°) + 3p* (205 +¢2)) |

— a3 [3a3Ty + aa (Gagp® + p? (1503 + 9a3q® — ) + g (5% — 23)

— 3a3q” (a3 + ¢°) ) — hpq (% (4a3 +p* +3¢°) + 2 (a5 + ¢*) (p + 9)?) }
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