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Resumo

Neste trabalho, nos estudamos um método de quantizacao e os efeitos dissipativos de uma
solugao topoldgica em um Condensado de Bose-Einstein. Em particular, nosso trabalho fo-
cou no estudo de um condensado unidimensional na presenca de uma solucao do tipo bright
soliton. Este tipo de sistema apresenta uma simetria translacional que permite ao soéliton
se mover no espago. No entanto, o método de quantizagao das Coordenadas Coletivas nao
é suficiente para explicar a dinamica e dissipacao deste tipo de sistema. No6s desenvolvemos
um Método das Coordenadas Coletivas Estendido, com intuito de quantizar o campo de
Schrodinger corretamente, descrevendo um sistema efetivo do tipo particula acoplada a um
banho térmico. Este método se mostrou adequado para tratar de Lagrangianas lineares na
derivada temporal. O método foi aplicado a um sistema com uma solugao do tipo bright soli-
ton. Nos mostramos que tanto a funcao de decaimento quanto a de difusao, sao dependentes
da temperatura e Markovianas. A forma da fungao de decaimento nos permitiu mostrar que

o processo de dissipacao do séliton se d& por uma forga do tipo Abraham-Lorentz.



Abstract

In this work, we studied the quantization and dissipation effects of a topological solution
of a Bose-Einstein Condensate. In particular, we used the one-dimensional condensate with
a bright soliton solution. This system presents a translational symmetry that allows the
soliton to travel in space. However, the quantization method of the Collective Coordinate
is not sufficient to explain either dynamics or dissipation that this soliton may present. We
have developed an Extended Collective Coordinate Method in order to correctly quantize a
Schrodinger field, describing an effective system of a particle coupled with a thermal bath.
This method proved itself adequate to treat Lagrangians that are linear in the time derivative.
We have applied our method in a system with a bright soliton. We found both damping and
dissipative functions to be temperature-dependent and Markovian. The form of the damping
function showed us that the dissipation process of the soliton is due to a Abraham-Lorentz

force.
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Introduction

The beginning of the 20th century was marked by countless works that shaped the foundations
of a new subject of physics that today we know as quantum mechanics. At that time, quantum
mechanics emerged as a mathematical artifact to explain radiation effects that the classical
mechanics was not able to describe. Max Planck himself was reluctant to believe that a real
physical system could present quantized levels of energy, contradicting his findings [1]. Not
long after, physicists from all over the world started to reach an agreement about this new
subject. The rising of quantum mechanics showed that other branches of physics could also
benefit from the richness of this new theory. In fact, the decade of 1920 is abundant in papers
that marked the beginning of quantum electrodynamics, quantum field theory, and quantum
statistics. In the path of field theory, in 1928 W. Heisenberg and W. Pauli published a work [2]
in which they developed a canonical quantization method to study quantum behavior from
classical field theory. The canonical quantization method was the first method presented
to go to a quantum approach from a classical description. Thenceforth, several different
methods of quantization were developed.

The decade of 1920 was also marked with the rising of the Bose-Einstein statistics.
In 1924, the Indian physicist Satyendra N. Bose was studying blackbody radiation, which he
was able to describe with the photon spectrum obtained by the statistics of indistinguishable
particles. At that time, he was unable to publish his findings as quantum mechanics was
still not widely accepted in the scientific community. Convinced by the importance of his
findings, he sent the article for one of that most prestigious physicists at the time — Albert
Einstein. Recognizing the impact of this work, Einstein translated the paper himself and
published in 1925 what is known nowadays as Bose-Einstein statistics |3, 4]. This system

of indistinguishable particles presented a threshold in which the particles were expected to
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condensate in the lowest energy state, given rise to a Bose-Einstein Condensate. Although
this system was predicted at the beginning of the century, the existent technology restricted
its experimental achievement for 70 years |5].

The system predicted by Bose and Einstein presents a very interesting statistics,
but it is quite different from real physical systems. Their description does not take into
account interactions, confinement potential, and other constraints that may arise. In 1961,
Gross [6] and Pitaevskii |7] derived, independently, a field equation to describe the dynamics
of Bose-Einstein Condensates of interacting particles, known as the Gross-Pitaevskii equation.
This equation is a non-linear Schrodinger-like equation that describes a classical mean-field
U(r,t). Although its derivation comes from quantum field theory, the macroscopic occupancy
of the condensate allows us to study the mean-field behavior through the condensate wave
function

One of the main features of an interacting Bose gas lies on its nonlinearity. A non-
linear theory provides a very rich physics in which topological deformations such as solitons
and vortex may arise. These topological effects are a special class of solutions of the non-linear
equation of motion, as the Gross-Pitaevskii equation. Here we will use topological, localized,
and solitonic solutions interchangeably. These solitonic solutions can be defined as a shape
conserved packet of matter that can travel freely in space. For having a fixed shape and
mass, these solitonic solutions resemble the behavior of an extended particle. Nevertheless,
this resemblance is merely qualitative, since classical field theory does not define the concept
of a particle.

To treat this localized solution as a particle, one must use a quantization method
to go beyond the mean-field approximation. The most adequate quantization method to treat
systems with a dynamical behavior is called Collective Coordinate Method [3|. This method
promotes the coordinate of the center of the localized solution to a dynamical variable, called
collective coordinate. A great advantage of using this method is to rewrite a complicated
field system as an effective system of a single particle in a bath of harmonic oscillators. The
particle is described by the center of the solitonic solution and the bath is composed of excited
quasiparticles acting as a thermal reservoir.

Although both particle and bath share the same microscopic origin, this effec-
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tive system resembles the one used within the system-plus-reservoir approach for treating
the quantum Brownian motion. Therefore, it seems reasonable to connect the quantization
method of dynamical systems with the quantum Brownian approach to study the dissipa-
tion and dynamical properties of localized solutions. In fact, a systematic methodology
was developed by Castro Neto and Caldeira in which they unified those two theories for a
one-dimensional scalar field [9].

Since the nonlinearity of the Bose-Einstein Condensation allows the appearance
of topological solutions, in this work we want to see how this theory can be applied in the
Schrodinger field. In particular, we want to apply the quantization method of the Collective
Coordinate and study dissipation effects in the one-dimensional Schrodinger field. Both the
Collective Coordinate Method and the study of quantum dissipation can be found in liter-
ature applied for scalar fields |3, 10]. In this work, we want to investigate the applicability
of those methods for a complex field with a Lagrangian that is linear in the time derivative.
As the experiments suggest, solitons are not stable configurations in Bose-Einstein Conden-
sates [11,12], and they suffer dissipative effects that are not well explained by the mean-field
approximation. In the literature, we can find several approaches to explain dynamical and
dissipative processes, which usually involves phenomenological methods. For instance, one
can make use of the stochastic projected Gross-Pitaevskii equation (SPGPE), in which dissi-
pative terms are added into the original equation |13, 14]. Here we want to be able to explain
dissipative behavior via a microscopic theory. We expect to be able to write an effective
system of a particle in a bath of oscillators using the adequate quantization method. Then,
we can study a theory for quantum dissipation in which we expect our dissipation parameters
(as damping and diffusion) to be temperature-dependent.

We begin our discussion, in Chapter 1, by presenting differences and similarities
between classical and quantum theories. The discussion follows the use of quantization
methods, in which we develop a very useful method for quantizing translationally invariant
systems. The method of Collective Coordinate is applied for a one-dimensional scalar field,
which is shown to present an effective behavior of a particle coupled with a bath of non-
interacting quasi-particles.

In Chapter 2, we introduce our object of study, which is a Bose-Einstein Con-
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densate. We begin with a basic analysis for the ideal Bose gas, in which we introduce
the Bose-Einstein distribution function n and show the possibility of high occupancy of its
ground state. Our discussion proceeds to the quantum field approach to understanding non-
ideal Bose gases. Some topological solutions for this system are shown and we close our
literature review with some important results found when we treat these systems beyond the
mean-field approximation.

Chapter 3 is dedicated to the development of our theory. We start defining the
Schrodinger field and proceed to apply the Collective Coordinate Method showed in Chapter
1. After the discussion about the applicability of the method, we propose an Extended
Collective Coordinate Method to treat Lagrangians that are linear in the time derivative of
the fields. Our effective Lagrangian is used in the Feynman-Vernon approach of the influence
functional for the study of quantum dissipation, showing that the effective system can be
treated in the same way as we show in the first chapter.

In Chapter 4, we apply the method developed in the previous chapter to the bright
soliton solution in a Bose-Einstein Condensate. We compare our results with the ones found
in the literature, showing that our theory is suitable to describe quantum dissipation in the
Schrodinger field. In this chapter, we also discuss the mechanism involved in the soliton
dissipation.

We finish the discussion of this dissertation with our conclusions in Chapter 5.
Here we review what we can find in the literature on this subject, the literature gaps we
expect to have filled, our main results, and propose future discussions on subjects that we

may have left behind.
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Chapter 1

Dynamics of Quantum Fields

When we first begin to learn about quantum theory, it becomes clear that quantum and
classical systems present very different approaches and results. In fact, each theory was
developed to deal with different systems. Whilst classical mechanics deals with macroscopic
systems with deterministic physical quantities, quantum theory was designed for treating
small atomic systems at zero (or very low) temperature. The intriguing part begins when a
system composed of many quantum particles (bosons or fermions) presents, among others, a
collective macroscopic behavior at finite temperatures. In this case, quantum and classical
theories coalesce, giving rise to several fascinating effects. In this work, we are particularly
interested in the study of the quantum dissipation of a collective variable in a macroscopic
system, such as a Bose-Einstein Condensate. This chapter is dedicated to the understanding
of how to reconcile classical and quantum theories, so we can reach our goal. We will describe

the method to quantize a scalar field and to study its dissipation properties.

1.1 From Classical to Quantum Theories

Before we discuss the method to investigate quantum properties in a scalar field, let us review
some disparities and similarities between classical and quantum theories.
In classical mechanics, a typical starting point is a system of a non-relativistic

particle in one-dimension. This particle can be described by a general Lagrangian of the
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form

L="0 vy, (1.1)

where m is the particle mass, ¢ is the velocity related to the ¢ coordinate and V' (q) is an
arbitrary potential energy, that depends only on the space variable. From the Lagrangian, it
is possible to write equations of motion and find solutions for ¢(¢). As we know, the solution
depends strongly on the form of the potential in which the particle is placed. Suppose a
bistable potential V'(¢) showed in figure 1.1.

V() 4

Figure 1.1: Illustrative bistable potential V' (¢) in one dimension.

This potential allows three distinct static solutions: ¢(t) = a, ¢(t) = b and ¢(t) = ¢. The
first and the third are stable solutions with the lowest potential energy V(a) = V(c), while
q(t) = b is an unstable one. Here we will focus only on the two stable solutions. A classical
particle placed in one of these two solutions will remain static unless an amount of energy
is given to the system. If a particle placed in ¢(t) = a receives an energy F smaller than
the energy barrier V/(b), it starts to describe an oscillatory movement around ¢(t) = a. Only
when a sufficient amount of energy is given, £ > V(b), the particle is allowed to move to
the other side of the barrier. The same happens for the other stable solution, ¢(t) = c.
However, if the Lagrangian 1.1 describes a quantum particle, the description would be quite
different — the Heisenberg uncertainty principle does not allow the same set of solutions as

in the classical case. The uncertainty principle states that, in quantum systems, solutions
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with both momentum and position cannot be determined with such a precision. A direct
consequence of this principle is that the lowest energy state is no longer V'(a) or V(¢). In fact,
if the barrier V' (b) is large enough, in the sense that tunneling effects could be neglected, the
potential in the neighborhood of ¢(¢) = a and ¢(t) = ¢ can be approximated by a harmonic

one. In this approximation, the lowest energy level is
1

in which w is the natural frequency of the harmonic oscillator. Another peculiarity is that
even if the particle presents energy lower than V' (b), and moves about ¢ = a, it could cross
the potential barrier through a tunneling process.

From the single-particle case, the differences between classical and quantum sys-
tems become clear. However, the similarities between these two theories arise in the context of
many-particle physics where there may be quantum systems with a collective behavior which
act as a classical particle, even though quantum effects are not fully suppressed. There are
several physical systems which lie on the edge between classical and quantum physics. Some
of the quantum systems that may present macroscopic behavior are, for example, superfluids,
superconductors, and laser light.

To understand how quantum properties appear in a macroscopic system, it is
convenient to use the concept of a field to describe a large amount of particles. Suppose we
have N identical particles connected one-by-one by N — 1 massless springs. To understand
this system, we could write the discrete form of the Lagrangian as equation 1.1, describing
the dynamics of each coordinate ¢, ¢, ..., gn. This system is exactly solvable for harmonic
springs, and many times it is convenient to describe it in the long wavelength or continuous
limit. In this description, our system can be interpreted as a continuous elastic string for
N — oo. This string is now represented by the field ¢(x,t), instead of the coordinate ¢(t).

The Lagrangian that describes a classical field can be written as a functional of the field ¢,

Li¢l =T[¢] = Vel (1.3)

where the first term describes the kinetic energy and the second one the potential energy.
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Suppose that this classical Lagrangian describes our elastic string in a similar bistable po-
tential as before. The Lagrangian density for a particular bistable potential of the type
U(¢) = (¢2 — 1)? can be written as

Z16)= 5 (Z—f) = (?) - (-1 (1.4)

This is the well-known ¢* theory [3]. The Euler-Lagrange equation of motion originated from
the ¢ theory presents, among others, a new class of solutions called the kink solution [3].

The kink solution is a topological deformation in the field space with the form
¢(r) = £ tanh (z — xg), (1.5)

in which the solution with the plus sign is called "kink" and the minus sign the "antikink",

with both forms showed in figure 1.2.

Figure 1.2: Plot of the kink solution 1.5, in which the "kink" is represented by the continuum
line and the "antikink" by the dashed line.

In order to illustrate the kink solution for our toy model of the elastic string, we
can imagine the generalization of the bistable potential of figure 1.1 to the potential energy
density of the field ¢. In this system, a kink solution could represent this string interpolating
from the minimum at ¢(z) = —1 to ¢(z) = 1 going over the potential energy barrier between

the two minima, as figure 1.3 illustrates.
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V() 4

> x)

Figure 1.3: Hlustrative form of the kink solution for an elastic string.

From this model, it is clear that this string presents a modulation around x = =z,
showing the topological nature of the kink solution. Leaving our toy model of a elastic string
for a more general classical field, the kink solution usually resembles an extended particle, in
the sense that it has a localized energy density about xy. This means that there is a localized
energy stored in the deformation of the field configuration when the solution interpolates
from one classical energy minimum to the other. Although the behavior of this solution
resembles an extended particle, the concept of a particle does not exist in the classical field
theory.

A classical field can be defined as a scalar function of space and time ¢(r,¢). The
states are specified by the fields themselves and their dynamics are described by an equation
of motion. In particular, for non-linear equations of motion, localized solutions are merely
a class of topological solutions of these differential equations. However, in quantum field
theory, the concept of a particle exists and can be understood as follows. Quantum fields
are no longer functions, but operators of space and time. The dynamics of these fields obey
the Heisenberg field equations of motion, but the solution of these equations are, again,
operators in the Hilbert space. These operators can act on vectors in that space, creating
and annihilating specific states in the Hilbert space. The concept of a particle arises from a
very specific set of states which carry energy and momentum. In other words, they are the
quanta of the classical normal modes which are labelled by frequency and wavevectors.

Since the concept of a particle can only exist in the context of quantum field theory,
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we can expect that some classical localized solutions, such as the kink solution, to have a
quantum analogue. In fact, there are several systems with classical localized solutions that
may exhibit quantum behavior, despite of describing in first approximation a macroscopic
classical behavior of the system. This macroscopic behavior is often described by a mean-
field. If the classical mean-field has a topological solution that resembles a particle, the
system can be quantized so we can explore its genuine characteristic of a quantum particle.
In the next few sections, we will show how to quantize a classical field and study, for example,

quantum dissipation in the effective quantum system.

1.2 Quantization of Localized Solutions

In treating quantum many-body problems, a set of new mathematical tools is necessary. In
this theory, the fields are operators in the Fock space that obey Heisenberg equations of
motion. Although the interpretation of a classical field diverges from that of quantum fields
in many ways, it is possible to neglect this difference at a first sight and make a semi-classical
approximation to obtain the mean-field behavior for the system. In doing so, we neglect
several quantum effects that must be recovered by approximation methods. Thus, the use
of a semi-classical approximation requires a quantization method to reincorporate quantum
fluctuations to the problem. In this section, we will show how to evaluate those quantum
fluctuations around a static localized mean-field.

Suppose that a many-body system can be described by the general Lagrangian

B 1 a¢>2 1 <a¢)2
L[Gﬁ]—/dfk(a ~ 35\ 5 ~U ()|, (1.6)
in which ¢ = ¢(z,t) is a scalar function of space and time. Since we want to study a general

system, we set U (¢) as an arbitrary function of the field. Using the definition
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we can define the kinetic and potential energy functionals, respectively as,

T ¢ = /dx%& (1.8)

and

Vgl = /dm B (%)2 + U(¢)] | (1.9)

From Lagrangian 1.6, we can find the Euler-Lagrange equation of motion for ¢(z,t). If
we choose to analyze a particular static solution, it can be obtained as an extreme of the
potential energy. In our case, the static solution is given by a functional derivative of the

potential 1.9,

oV

55 =0 (1.10)

Suppose one of the solutions of this equation is a localized static solution ¢g(x). This solution
describes a topological deformation of the field. Since our solution is a static one, the classical

energy is simply given by
B =V [po(a)). (1.11)

Any quantum fluctuation of this system will oscillate around the classical solution.
To find high order corrections for the energy, we need to expand the potential 1.9 around the

static solution. The functional Taylor expansion of the potential reads

V =V ¢ —i—%/dwégb [— (%)2 + (%)J d¢. (1.12)

Here we have expanded our field as a mean-field ¢q(x) plus fluctuations dé(z, ) as

o(z,t) = po(x) + 0p(x, ). (1.13)

The first term of equation 1.12 is the potential evaluated at ¢y. Terms that are of the first
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order in the fluctuations vanish because our solution is static and obeys the condition 1.10.
Second order terms in the fluctuations obey an eigenvalue problem that can be solved by

expanding d¢(x,t) as
0p(x,t) =Y cl(t)oou(), (1.14)
k

where {c(t)} are the set of new coordinates of our problem and d¢y(z) describe the normal

modes of the fluctuations, which are solutions of

[_ (%) i (%U)J S (x) = w2in(x). (1.15)

Solving the eigenvalue problem 1.15, the effective potential can be written as
V[¢o] + Z 5 CiWi- (1.16)

To write an effective Lagrangian for this system, we must write the kinetic energy 1.8 in the

new set of coordinates 1.14. In order to accomplish it, we first write

%
Q3|Q3

( +ch 5¢k ) )
= é(t)dgn(x (1.17)

k

Substituing 1.17 in the kinetic energy 1.8, we can write an effective Lagrangian of the form
L= Z { ¢ — Ck k} — Vo] (1.18)
=0

To summarize, our starting point was a quantum field theory in which we used a classical
approximation to find a static mean-field ¢o(z). To reincorporate the quantum fluctuations
neglected by the classical approximation, we expanded our scalar field around the mean-
field solution ¢ as done in 1.13. If we rewrite the Lagrangian using 1.13 and 1.14, we can

show that the classical field has a behavior described by the effective Lagrangian 1.18. This
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Lagrangian describes a set of infinite harmonic oscillators built upon the classical value V' [¢y].
The quanta of these oscillators can be interpreted as the quasiparticles of the system with
"wave functions" d¢y(x) that are related to a wavenumber &k and frequency wy.

Since the effective Lagrangian 1.18 describes a set of harmonic oscillators, the
coordinates ¢, can be quantized to rewrite the energy of the system with quantum corrections

as

E =V [¢o()] +%zk:hwk (1.19)
This means that, when we include quantum fluctuations into the problem, the energy 1.11 is
corrected by a term that is a summation of the zero point energies of harmonic oscillators.
The quantization procedure described above is valid if, and only if, the second
derivative of the potential 1.9 is different from zero for all values of ¢. The reason is that
higher orders corrections to the energy 1.19 require the use of a perturbation method, in
which the eigenvalues wy appear in the denominator to the perturbation theory. If the
denominator is zero at any point, the correction for the energy diverges. Therefore, the zero
eigenfrequency shows that the quantization method is not appropriate. In the case that
the eigenvalue problem 1.15 allows a solution with zero eigenvalue, we must use another
quantization procedure. The eigenvalue wy = 0 is known as a translational mode or zero-
mode. In the next section, we will explore the conditions under which the translational
mode appears, its physical meaning, and why the described procedure in this section is not

appropriated to treat the zero-mode.

1.3 Translational Modes

In the evaluation of the quantum corrections of a classical static solution, we have seen that
the procedure is highly dependent on the form of the potential V' [¢]. If the functional V [¢]

has its second derivative equal to zero in any configuration, this means that our eigenvalue
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problem 1.15 allows a solution with eigenfrequency wy = 0,

() (28) oo

The zero-mode is also called the translational mode. That is because it occurs in the quan-
tization of any static field ¢o(z) that is a solution of a translationally invariant potential
Vgl

Suppose ¢g(z) is a solution associated with the potential energy V' [po(x)]. In a
translationally invariant theory, a shifted solution ¢g(x — ) has the same energy V' [¢(z)],
independently of xy. That is, in the space of functions ¢, every point ¢o(z — o) for any
value of x(y has the same energy, creating an equipotential curve. In the equipotential curve,
we can always move from one point to another without changing the energy of the system.
This is called neutral stability. Therefore, although ¢q(x) was found to be an extreme of the
potential V' [po(x)], it is not a point of minimum in the field space, even locally.

To find the eigenfunction related to the zero-mode, we can write the equation of

motion 1.10 in the form

_Polw) | U()

= 5 =" (1.21)

Taking the derivative with respect to x, we obtain

5 = 0. (1.22)

0> | 9°U(9)\ 0o

(_8$2 o8 )
Comparing this equation to the eigenvalue problem 1.20, we can see that the zero-mode
eigenfunction is the local tangent in the field space, d¢y = dx(0py/Ix), connecting all shifted
functions along the equipotential curve.

Now that we have seen when the zero-mode appears, we can understand why
the quantization procedure from the last section was not suitable. The reason is that when
one of the modes has zero energy, the Lagrangian 1.18 misses one degree of freedom. The
summation over the k modes ), _, becomes >, _; if the first term of the summation is the

zero-mode wy = 0. As it was shown, xy can change freely along the equipotential curve, and
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therefore, we expect the effective Lagrangian to have a kinetic term related to the motion
of xy. Therefore, the absent degree of freedom is related to the translational motion of the
coordinate x.

Evidently, one could easily extend the presented approach for systems with more
than one dimension. In one dimension, there is one zero-mode corresponding to the transla-
tion along the x axes. Generalizing, in an N-dimensional problem, we should expect N zero
modes, one for each coordinate. Furthermore, there are other sources of zero modes, all re-
lated to symmetries that the system may present, but here we will focus on the translational
symmetry only.

To treat the zero-mode without losing any degree of freedom of the system, we
can make use of a quantization method called Collective Coordinate Method that was first

presented by Christ and Lee [15] and is deeply discussed in [3].

1.4 Collective Coordinate Method

When the system presents some sort of symmetry that gives rise to zero modes, one needs
a proper way to quantize this system. The literature shows several ways to treat the zero-
mode [15-19], and many of them involve the use of collective coordinates. In this section,
we will present the Collective Coordinate Method introduced by Christ and Lee [15]. This
method can be used as a quantization method to write an effective Lagrangian and an effective
Hamiltonian for translationally invariant theories.

Our starting point is a system described by a scalar field in 1 4+ 1 dimensions (1
spatial and 1 temporal), containing one zero-mode due to the translational invariance. This
system can be described by the general Lagrangian 1.6, written in terms of the scalar field

¢(x,t), with a localized solution ¢ that obeys

_82¢0(x — .1'0) i 8U<¢0)
92 9o

=0. (1.23)

To find quantum corrections to the the classical solution we follow the discussion, in the
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section 1.2 and expand our field as

d(x,t) = go(x — o) + ce(t)ddr(z — x0). (1.24)

This expansion leads to the eigenvalue problem

0? d*U
[‘@ ! <d752>¢0] O9x(x = 20) = widdu(e — 20, (1.25)
that has a zero mode for & = 0. Since we have already seen that the zero modes are

related to the translational freedom of the coordinate xy, and the summation over k in the
Lagrangian 1.18 misses one degree of freedom if wy = 0, we must assume that the coordinate
xo is a dynamical one. Therefore, a system with a zero-mode must have the center of the
solution dependent of time, xy = x¢(t). This dynamical coordinate is the so-called collective

coordinate. Accordingly, the proper expansion 1.24 of the field ¢(z,t) becomes
(. t) = do(x — xo(t)) + Y ex(t)dp(x — zo(1)). (1.26)
k=1

Note that the zero mode, k = 0, was replaced by making xy — z((t) and now the summation
begins at £ = 1. This replacement is the key feature of the Collective Coordinate Method.
Since a translationally invariant theory means that the potential V' [¢] is independent of z,

the effective potential 1.16 remains the same
1
Vel =V [éo] + ) 5ciwi. (1.27)
k=1

On the other hand, the kinetic energy depends on the time derivative of the field 1.26,

o(x,t) = — [%% + kz; Ck(.%fsm Ty + ; CLOPr, (1.28)

and, therefore, we should expect a different result for the effective kinetic energy.

Here it is convenient to make a change of variables and define ¢o(t) = xo(t) and
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qx(t) = ¢ (t) for k > 0, which allows us to write the effective Lagrangian as

ZQ_] edr — V{ar}H, (1.29)

jk‘O

where Mj;, is a matrix with elements

Moo:/ (—cbo quaw’“) ; (1.30a)

My, = Z / dq;06;=5 = a5¢"f k#0, (1.30D)

Mjk = 5jk‘7 j, k 7é 0. (1.30C)

To write the matrix elements, we have used the orthogonality between the normal modes
of the fluctuations d¢y. It is also worth remembering that the eigenfunction related to the
zero-mode is d¢g = 0x(0¢y/0x). Comparing the effective Lagrangian 1.29 with equation 1.18,
it is already possible to perceive what difference the introduction of a collective coordinate
makes.

It is also possible to write the effective Hamiltonian from the Legendre transfor-

mation
H=> me— L, (1.31)
k

in which we have defined the canonical momenta as

oL
= . 1.32
Tk aqk ( 3 )

Substituting the Lagrangian 1.29 in the Legendre transformation 1.31, a straightforward

calculation leads us to the effective Hamiltonian

P> P 1 Moy Moy,
S ORULEED (st Mofhoicr) 4 vifedl, (139
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where M is a number with unit of mass, calculated by M = Det M, = Moo—>_ Mg,. P refers
to the conjugate momentum of the coordinate gy = z¢(t), that is P = my. This Hamiltonian
describes a particle with momentum P and mass M interacting with a bath of harmonic
oscillators, with the particularity that, in our case, it is the center of the static solution x¢(t)
which behaves as a particle. This particle (center of the solution), has an effective mass M,
that refers to the mass of the topological excitation.

So far our discussion of the Collective Coordinate Method has been purely clas-
sical. The entire procedure of the method can be resumed in two steps: acknowledge the
symmetries that produce the zero-modes and change the variables from ¢ to {g;} using the
center of the classical solution as a dynamical variable. Although the Collective Coordinate
Method can be easily found in the literature, it is limited to Lagrangians of the form 1.6
which are Lagrangians with a second-order time derivative for the kinetic energy. The liter-
ature fails to explain a systematic way to apply the method for Lagrangians with first-order
time derivatives, such as the Schrodinger’s field Lagrangian. Systems that are described by
the Schrodinger equation can also present a collective coordinate relative to the center of
a localized classical solution. The present method, as we are going to see, is not entirely
suitable for dealing with these systems. Therefore, our work lies in the extension of the
Collective Coordinate Method for Schrodinger fields.

The Hamiltonian 1.33 resembles the one of a Brownian particle, in which an
external particle interacts with the particles of a given medium. The main difference between
the Brownian motion described by the Hamiltonian 1.33 and the ordinary one is that the
environment, responsible for making the particle with momentum P to lose energy, have the
same nature and microscopic origin as the Brownian particle itself. We will dedicate the rest

of this chapter to review important features of quantum dissipation in this kind of system.

1.5 Quantum Dissipation

So far we have seen both differences and similarities between classical and quantum systems.
In order to treat a quantum system with a semiclassical approximation, a quantization pro-

cedure is required to reincorporate quantum fluctuations into the system. Furthermore, we
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have seen that, in the process of quantization, classical fields with topological solutions can be
described by an effective Hamiltonian of a particle coupled to a bath of oscillators, equation
1.33. Physically, these oscillators can be interpreted as quasiparticles, which collide with the
quantum particle, thus behaving as a thermal bath to the latter. In other words, a paradigm
of quantum Brownian motion.

Important features of the quantum Brownian motion were developed by Caldeira
and Leggett [10]. In their work, they studied a system of a single particle coupled with a
reservoir using the Feynman-Vernon formalism of the influence functional [20]. Among several
important results, their work showed that the mobility properties of a quantum system can
be described by damping and diffusion coefficients, in the same way as classical systems.
Although their work was not directly related to topological excitations in field theory, we
have seen that a field Lagrangian with localized solutions resembles an effective behavior of
a particle-plus-reservoir system, in which both particle and bath share the same microscopic
origin. A work done by Castro Neto and Caldeira [21] unified the quantization of a localized
solution with the dissipative aspects of the quantum Brownian motion. In their work, the
damping and diffusion functions of a scalar field in 1D were calculated successfully, showing
that the dissipation properties of a scalar field are temperature dependent. Later, a similar
approach was implemented for a scalar field in 2D [22]. Since we aim to investigate dissipative
aspects of a localized solution in the Schrodinger picture, we will highlight important features
and steps to understand quantum dissipation in these systems.

For the purpose of this dissertation, we will only focus on the main results of their
approach, since the whole discussion of quantum dissipation involves extensive mathematical
work. In appendices A and B, we develop the intermediate steps to obtain the main results
we will show in this section. For further details, an elucidative review of this subject can be
found in Ref. [23].

We begin with a Hamiltonian of a system-plus-reservoir in the form

H = Hg+ H; + Hg, (1.34)

in which Hg, H; and Hpy refers to the Hamiltonian of the system, interaction and reservoir,
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respectively. To find average values of any observable O at time ¢ (Heisenberg picture), the

operation

(O(t)) = (¥(0)] O(t) [¢(0))., (1.35)

must be performed for the system at an initially pure state |¢/(0)). Usually, for a system-
plus-reservoir, the choice of a pure state is not the most appropriate one. Since the bath
acts as a thermal reservoir for the system, and, as we know, a system at finite temperature

is better described by a mixed state, we should represent it by the density operator
p0) =D py [(0)) ((0)], (1.36)
P

where p, is the probability associated with the state |¢)(0)). The average of any observable

is now given by

(0(t)) = Tras {(1)00)} . (1.37)

where RS refers to the basis of the composite system formed by the reservoir (R) and the
system (.S). Since we are usually interested in the system S, we can use the properties of the

trace (A.6) and write 1.37 as
(0) =Tras {p(t)0} = Trs {[Trap(t)] O} = Trs {p(t)O} | (1.38)
where we have defined
p(t) = Trrp(t), (1.39)

as the reduced density operator for the system. When we trace out the coordinates of the
reservoir R, the only subspace remaining is that of the system of interest S. In the coordinate

representation, it can be shown (in the appendix A) that the reduced density operator of a
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system-plus-reservoir can be written using the Feynman-Vernon formalism as

plx,y,t) //da:dy o2y, 0) T(x,y, t; 2,9, 0), (1.40)

in which 7 is the well-known superpropagator of the system, defined as

T ptia'f. 0= [ [ Depyenn (Lot =S| Flewl ()

Here, Sg is the action corresponding to the Hamiltonian Hg and F is the so-called influence
functional, defined in equation A.17.

Summarizing, a system in contact with a thermal reservoir cannot be represented
by a pure state, because the reservoir itself mediates a coupling between the forward and
backward time evolutions required to describe the dynamics of the density operator. There-
fore, to understand the behavior of the subsystem S (by evaluating p(t)) one must firstly
understand how the system S acts on the reservoir R, and then how the latter reacts on
the former. This sort of feedback effect represents the influence of the reservoir R upon the
system S, and can be understood by evaluating the influence functional F.

Until now, our discussion was entirely general and could be applied to any system
written as 1.34. However, the influence functional can only be analytically solvable for some
specific systems. Therefore, we are going to show how this formalism can be applied for a
Hamiltonian similar to 1.33 in order to obtain the damping and diffusion functions. Our

model Hamiltonian in second quantization form reads

2
1
H = Wi (P — Zk hgjka;ak) + ;(hwk - ,U)@J]Laka (1.42)
J

in which g;; = (j| p|k) is the coupling matrix between the quantum particle with momentum
P and the set of quasiparticles with eigenstates |k), now represented by the creation az
and annihilation a, operators. The operator p is the one-body momentum operator that
in one dimension reads p = (—ih)0/0x, wy, are the eigenfrequencies of the k state and pu

is the chemical potential. This Hamiltonian represents a particle with total momentum P

surrounded by a set of indistinguishable particles that could be fermions or bosons. Since we
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want to apply this method for a Bose-Einstein Condensate later, the next results are for the
particular bosonic case.

To evaluate the influence functional, that is, the influence the bath produces on
the particle, one must define the appropriate set of coordinates for the bath. In dealing with
creation and annihilation operators, it is convenient to evaluate the influence functional in the
coherent state representation. A coherent state is defined as an eigenstate of the annihilation

operator [23]
ala) =ala). (1.43)

In this representation, it can be shown (appendix B) that the influence functional can be

written as

Fla,y] = / dp(e)dp(e/)dpu(y) pr(a’*, ) / Dp(a) / Du(y) erSrrleel=Sklva™) (1 44)
a/ ,-y/*

where dp and Dy are defined in B.16 and B.13, respectively. Here, Sg; is the action associated
with the reservoir R and the particle-reservoir interaction that can be obtained from H;, and

1s written as

Srilz,a] = /dt’ [Z (ajdy — apciy) + Z hgjroon, — Z(hwk — pagag| . (1.45)
k jk k
The influence functional is the average of the product of two time evolutions over the initial
state of the bath. As we have mentioned above, one of the time evolutions refers to the
evolution of the reservoir under the action of the system S, whereas the other is its time-
reversed partner. In this model, in which the bath is a harmonic one, the influence functional
can be exactly solved because the integrand of 1.44 is a Gaussian. The integral 1.44 has been

evaluated elsewhere in the context of polaron [21] and skyrmion dynamics [22], resulting in

F _ e—%@;[x,y]—%q’R[%y]’ (146)
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where the functions ®; and ®r are defined as

B, — / / d'dr’ [o(r') — y(t)] M(r' — ¢) [i(+') — §(t)] (1.47a)

v [ ] Cddr [a(7') - y(t)] D — ¥) o) = y()]. (1.47b)

Here v(7' —t') and D(7' —t') are known as the damping and diffusion functions respectively,

being defined as

At = — Z 934120 — 75) (k. — ;) cos(wp — w; )t

= ——9 /dw/dw S(w,w") [A(w) —R(wW)] (w — w') cos(w — W), (1.48)

and
D(t) = h? Z |95k (Fik + 7y + 27,78 (i — w;)? cos(wy — w;)t
ik

= %Q(t) /dw / dw' S(w,w") [A(w) + AW + 2n(w)n(w)] (w — w')? cos(w — w')t.
(1.49)

respectively. Here 7 is the bosonic distribution function, and 6(t) is the Heaviside function.
In the damping 1.48 and diffusion functions 1.49 we have introduced the scattering function

S(w,w’), that is defined as

S(w,w) = 3 lgiel?5w — w,)5(" — w), (1.50)
ik
in the sense that all the transport coefficients (damping and diffusion) depend on the scat-
tering of the quasiparticles by the particle. This means that, when the whole system is
described by a Hamiltonian of the type 1.42 or an action written as 1.45, the only thing
needed to understand the dissipative behavior of the particle is the coupling matrix g;, and
the eigenfrequencies wy.

With the influence functional calculated, we can proceed to understand the evo-
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lution of the system S. Substituting 1.46 in 1.41, the corresponding superpropagator can be

written as
x Yy . 1
‘7(1‘7 Y, t; q;/, y/’ ()) — / / ng'])y e%(ss[w}—ss[y]—%[w,y}) e—g‘PR‘ (151)
1./ y/

This expression show us that the quantum particle has its dynamics described by the effective

action
5[33, y] = SS[.T] o SS[y] - (I)I [Qf,y] ) (1'52)

where Sg is the action of the system S. We can make a change of variables to

r+y
R =
2
r=x-—y, (1.53)
and derive equations of motion from 1.52 as
.. t .
R+ 2/ y(t —t")Rdt' = 0, (1.54a)
0
t
P — 2/ vt —trdt' =0, (1.54b)
0

in which the function 7 is the damping function defined in 1.48. These equations are the
equations of motion for the "center of mass" (equation 1.54a) and "relative" coordinate
(equation 1.54b), associated to the coordinate representation of the reduced density operator
of the system. Whereas the first equation can be intuitively interpreted as describing the
dissipative motion of the particle represented by the density operator 1.40, the interpretation
of the second equation is not so straightforward. In reality, it is related to the diffusion process
the particle suffers, which can only be seen analyzing 1.54b in the Wigner representation of
that equation.

Summarizing, we have started from a quantum field theory in which a set of bosons

(or fermions) presented an organized behavior that could be described by a classical mean-
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field. The semiclassical quantization procedure showed that a localized mean-field solution
presents an effective behavior that can be interpreted as that of an extended-particle (a
soliton-like solution of the classical field equation) surrounded by a set of harmonic oscillators
(quasiparticles). If the system was composed only by the extended particle, it would move
with no resistance due to the translation invariance of the field equation. But, due to the
collective coordinate quantization method, particle and normal modes become coupled, and
the latter act as a thermal bath for the former. The particle’s dissipation and diffusion
coefficients are completely described by the action of the bath upon the particle, which can
be quantified by the influence functional F, and uniquely expressed in terms of the coupling
matrix gj.

Therefore, our job in the next few chapters is to define the system of interest and
apply the method presented here to find the coupling matrix and, consequently, the damping

and diffusion functions.



38

Chapter 2

Bose-Einstein Condensate

The Bose-Einstein Condensate was first predicted theoretically at the beginning of the twen-
tieth century and first achieved experimentally at its end. The complexity of both theory and
experiment reflects the intriguing features that a Bose gas can present. This is a many-particle
system that lies on the edge between quantum and classical mechanics. The Bose-Einstein
Condensate is defined by a macroscopic occupation of its ground state, which provides a
classically collective aspect for this system. However, at low temperatures, its properties are
described by a single particle Schrodinger equation.

In this chapter, we will show the most important features of the Bose-Einstein
Condensation, from the ideal gas to interacting and nonuniform systems. Our main goal is
to provide the tools to understand our object of study, since this system will be used later

to develop a theory similar to the one developed in the last chapter.

2.1 Ideal Bose gas

An ideal Bose gas is defined by a set of N bosons at very low temperature without inter-
particle interactions or external potential. Although this ideal system differs considerably
from condensates produced experimentally, its statistics provides the main basic concepts
that appear in more realistic systems. Here we will briefly review the description of an ideal
Bose gas and highlight the main concepts and results that arise in bosonic systems.

A gas of N indistinguishable non-interacting bosonic particles has its thermody-
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namics quantities originated by the partition function
7 — Z e PEE—1) (2.1)
Ey

in the grand-canonical ensemble. The parameter (3 is defined as § = 1/kgT, in which kg is the
Boltzmann constant and T the temperature of the gas. In order to describe this bosonic gas,
we must find the eigenenergies E} of the system. For a system of non-interacting particles,

the total Hamiltonian can be written as a sum of single-particle Hamiltonians

=Y m" (2.2)

%

since each particle behaves independently. This separable Hamiltonian, allow us to write the

energy Fj. as

= Z i, (2.3)

in which, 7, is the occupation number of the i single-particle energy state ¢;, i.e, the number
of bosons with the same set of quantum numbers 7. If our particles were fermions, n; could
only assume the values 0 or 1, due to Pauli exclusion principle. But since we are interested
in Bose systems, 7; can assume any integer value in the interval [0, N]. For such a system,

the grand canonical potential reads
1
Q=——InZ,
5

= %Zln (1 — ePlu=ey, (2.4)

With equation 2.4, we can evaluate the thermodynamic behavior of the system. For instance,

the number of particles is given by

a0
N:_%:Zeﬂq o Zn (2.5)

It is convenient to make a distinction between the number of particles in the lowest
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energy state, 1 = 0, and those in the excited states, ¢ # 0,

1 1
N=—ga_1t > Bl 1

i#0

= No+ N'. (2.6)

Besides the definition of the number of particles in each state, this quantity determines that
the chemical potential must be u < ¢y in order to have only positive values of Ny. The
thermal component of the gas, N’, accounts for every particle that is not in the condensate.
It is a summation over the excited states. For a given temperature and chemical potential,
the number of particles in the excited states increases smoothly with the size of the system,
as expected. However, the behavior of the condensate Ny is quite intriguing. When the
eigenenergy €, approximates the chemical potential u, the portion Ny increases drastically
and displays a divergence for y = €p. This is the main mechanism for the Bose-Einstein
condensation. In fact, Ny is usually called the condensate component of the gas, since it
shows the macroscopic occupation of the lowest level of energy as ¢y — pu.

For a bosonic gas obeying the condensation conditions, we have most of the parti-

cles found to be in the ground state, behaving as a whole. So, the many-body field operator
U(r) = Z Pil;, (2.7)
i=0

that represents the set of all particles in the system, can be simplified for condensates. Here,
a; is the annihilation operator for bosons. The macroscopic nature of the particles in the
ground state, allows us to neglect the commutation relations between the annihilation ag
and creation &E operators. Therefore, the condensate term pyay can be approximated by a

classical function

\i/(r) = \110(1') —+ Z QOZ(AII,
=1

= Wy (r) + 0U(r). (2.8)

This is known as the Bogoliubov approximation. Thus, in diluted Bose gases at very low
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temperature, it is possible to treat the particles in the ground state as a macroscopic classical

field. This result will become extremely useful in dealing with non-ideal Bose gas.

2.2 Non-ideal Bose gas

The difference between an ideal Bose gas and a non-ideal one begins with the nature of the
Hamiltonian that describes the system. For the ideal case, it was possible to find a separable
Hamiltonian, as equation 2.2, due to the absence of interparticle interactions. However, in a
real Bose gas, particles do interact with each other. A general Hamiltonian for interacting

systems can be written as

H= ZH + 2 ZH (2.9)

Even if we consider only two-body interactions, this non-separable Hamiltonian makes the
process of writing the grand canonical potential and finding thermodynamic quantities of
the system an excessively hard task. So, for non-ideal Bose gas, it is convenient to find an
alternative approach to study the system.

Since the majority of the particles are found to be in the ground state, we can make
use of a microscopic theory developed by Bogoliubov to describe an interacting Bose gas [24].
His theory was based on a principle that a system with a large number of atoms in the same
quantum state can be approximated by a classical function. This classical approximation
provides the correct macroscopic properties of the quantum system, if the right parameters
are chosen. To show how nonuniform Bose-Einstein condensate can be studied, we will apply
the Bogoliubov approximation, as in equation 2.8, for the system of interest. In terms of the

field operator \il, our many-body system can be described by the Hamiltonian

0= /drqﬁ ——v2+V( //drdr\w ()T (U (Jr — v') T (x) T (r),
(2.10)
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where the field operators, ¥(r) and ¥f(r), obey the commutation relations
(B (), ¥ ()] = o(r - 1), (2.11a)

(B (r), ¥(r)| =0. (2.11b)

The first and second terms of 2.10 are the one-body operators. The third term is the two-
body operator that describes the interaction between the particles. In a dilute Bose gas, we
can neglect higher orders of interactions, as three-body operators.

Considering that this Hamiltonian describes a bosonic system at very low temper-
ature and most of the particles are found to be in the lowest energy state, we can proceed to
apply the Bogoliubov approach. It would be careless to replace the field operator \i/(r) for a
classical function U(r) directly into the Hamiltonian 2.10 for a realistic potential. However,
the dilute condition allows us to admit that the interparticle distance is large enough, so
that the Born approximation can be applied. Our realistic potential U can be replaced by a
short-range pseudopotential gd(r — r’), where g is a coupling constant [25]

_ Amh*a

— 2.12
g o (2.12)

with a fixed s-wave scattering length a. The approximation of the potential by a delta
function means that the bosons only interact by contact.

Now that we have replaced the interparticle interaction U by an effective potential
that reproduces the correct scattering properties of the system, we can replace the field
operator 2.8 into the Hamiltonian 2.10. Considering only first order terms in the fluctuations,
the field equation of motion can be obtained in the Heisenberg picture by

ih%@(r,t) = [W(r,t), H]| . (2.13)

Thus, the time dependent equation of motion for the condensate wave function can be written
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as
zhg\ll(r t) = <—h—2V2 +V(r)+g|¥(r t)|2> U(r,t) (2.14)
at ) - 2m g ) ) . .
This equation is known as the Gross-Pitaevskii equation (GPE) [25]. This equation is very

similar to the Schrodinger equation. The main difference here is that the Gross-Pitaevskii
equation describes a field, not a single particle. Besides, GPE usually has a non-linear term
that is originated by the interparticle interaction.

For a field ¥ to be well described by the GPE 2.14, there are some requirements
that the system may obey. For instance, the number of bosons must be large enough to
allow us to use the concept of Bose-Einstein Condensation, the temperature must be close
enough to zero and our gas must be diluted. Under these conditions, we can assume that the
interparticle interactions are given only by direct contact and that our field can be approx-
imated by a macroscopic classical function. Moreover, the mean-field must be normalized
to the total number of particles [ |\I/]2 dr = N. Therefore, non-ideal dilute Bose gas at low
temperature can be described by a mean-field equation that comes from the second quantized
Hamiltonian 2.10.

For a stationary field, the solution of the equation 2.14 can be separated in two

parts, a spatial and a temporal one,
U(r,t) = Uo(r) e 7 = \/n(r) e w, (2.15)

where 1 is the chemical potential and n(r) is the density of the Bose-gas. With the separation
2.15, the time-independent GPE can be written as

(_j_mv2 + V() + g [To(r)2 - u) Wy (r) = 0. (2.16)

This non-linear differential equation has a variety of interesting solutions. A simple solution
of the GPE equation is when we consider the Thomas-Fermi limit. This limit occurs when
the density of the condensate n(r) changes very slowly in space. The first term in 2.16, which

depends on position, is proportional to A?, and is known as quantum pressure. Therefore,
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the limit in which the quantum pressure can be neglected is called the Thomas-Fermi limit.
If the spatial derivative can be neglected, equation 2.16 is no longer a differential equation,
and its solution can be simplified. The configuration of the field for the Thomas-Fermi limit

takes a particularly simple form [25],
n(r) = ———. (2.17)

Further developments on the form of the function Wy(r) = 4/n(r) requires the
definition of the external potential V' (r). The simplest case is the uniform gas, which occurs
in the absence of an external potential. In this case the uniform gas presents a density
no = p/g. Both uniform gas and Thomas-Fermi limit results are very important solutions
for the Gross-Pitaevskii equation. However, neither of them are localized solutions, in the
sense of presenting a non-trivial topological deformation. As we have seen in the previous
chapter, localized solutions present very interesting physics, in which the solution could
behave as an extended-particle. The Gross-Pitaevskii equation allows numerous different
localized solutions which are widely discussed both theoretically and experimentally in the
literature. In the next few sections, we will present some important localized solutions
for the time-independent Gross-Pitaevskii equation 2.16. These solutions are topological

deformations of the particle density and they describe the mean-field behavior of a superfluid.

2.3 Soliton Solution

Starting with the one-dimensional case, the class of topological solutions is called soliton
solutions [26]. The soliton solution is defined by a shape conserved wave-packet moving with
a constant velocity. The one-dimensional time independent Gross-Pitaevskii equation (GPE)

2.16 can be written as
V(@) + o) — ) W) = 0 (2.18)

The GPE 2.18 allows three different types of solitonic solutions. The type of solution depends

on the nature of the interaction between the bosons. For a system with repulsive interaction,
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the constant g is positive, g > 0. In this case, a localized suppression of the density appears
in the density distribution of the superfluid. This density pattern is called a grey soliton. In
the particular case in which the density completely vanishes at one point, this solution can
be called a dark soliton. However, if the system has an attractive interaction between the
bosons, g < 0, then the solution is called a bright soliton. The bright soliton is characterized
by a localized wave-packet in the condensate. Particularly, the bright soliton has a solution

of the form
U(z,t) =|V(0)| sech (%) e~ Ht/h (2.19)

where the parameter £ is the healing length, defined as

h
€= NCTT (2.20)

This quantity determines the minimum distance in which the superfluid order parameter can
change and naturally appears in spatially deformed solutions [27].

Both grey soliton and bright soliton solutions arise from a translationally invariant
theory, so the center of the solution can move freely in the space, acting as an ordinary
particle. However, in realistic environments, they can also collide with thermal fluctuations
as they move. These collisions are responsible for the soliton to lose energy and cease its
motion. The bright soliton solution will be used in Chapter 4 to study these dissipation

properties microscopically.

2.4 Vortex Solution

For a two-dimensional system, an important localized solution is a vortex. This type of
solution is a topological deformation in which the superfluid revolves around an axis. To
describe this system properly, let us define the polar coordinates r and ¢. In these coordinates,

the vortex solution has the form

W(r,t) = [Wo(r)| e e Ht/h (2.21)
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where the parameter ¢ is a integer to ensure that the GPE is single valued. The density can
be defined as \/n = |Vy(r)|. Note that due to the symmetry of the problem, the density
depends only on the radial coordinate r. Substituting 2.21 in the equation 2.16, the GPE
can be written as
h? 1 ( d) h? ¢* 9

_— | r— —_— Vir \\ — U, = 0. 2.22

e (r ) o L V) 4 gl — ] (222)
The exact solution of this equation, considering the quantum pressure term, confinement
potential, and interparticle interaction requires a numerical method [28]. To find an analytical

solution for the equation 2.22, we can take the Thomas Fermi limit and consider that the

first term of 2.22 vanishes. In this limit, the superfluid density can be written as

ng(r) = no <1 — g — V/(j>> , (2.23)
where ¢ is the healing length defined as in equation 2.20.

The main difference between the density profile of a superfluid with a single vortex
2.23 and the vortex-free condensate in the TF limit 2.17 is the presence of the term ¢*¢?/r?.
This term act as a centrifugal barrier, forcing the density to vanish at the center of the
solution. In fact, note that for a single quantized vortex, ¢ = 1. As the coordinate r
approximates the healing length &, the density tends to zero. This behavior characterizes a

singularity at the core region of a quantized vortex.

2.5 Beyond the Mean-Field Approximation

Although the Bose-Einstein Condensate presents a macroscopic behavior described by a
classical mean-field solution, some important quantum features have been neglected until
now. To fully understand the behavior of this system, we must take into account quantum
fluctuations. These fluctuations are responsible for describing any emergent, dissipative or
dynamical phenomena the system may present. However, there is a variety of ways to include
those quantum fluctuations into the problem.

One of the possible procedures to include these fluctuations is via numerical cal-
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culations. Numerical methods can provide comprehensive results of the system of interest,
being a convenient choice to deal with non-linear theories |29, 30]. This is a very useful
approach, but it has some limitations. An important constraint of this method is the com-
putational cost of the application of an algorithm in a system with many degrees of freedom.
Another aspect to take into account is that these methods are very sensitive to the specific
values of the parameters of the system. Therefore, not all dynamical or transient systems can
be fully understood by numerical methods alone. Still, there are several ways in which nu-
merical calculations can help to understand quantum fluctuations of a Bose gas with specific
configurations.

An alternative method to study these fluctuations emerge from systems in which
the experimental behavior is well known, but the microscopic theory is not exactly solvable.
This is the phenomenological approach, in which a theory is proposed to explain an exper-
imental result that an ab initio theory was not capable to describe so far. This method is
widely used in the literature to explain the behavior of a number of complex systems. For
instance, we could mention the work done by Rooney, Bradley, and Blakie [I1] in which
the dynamics of a vortex is studied phenomenologically. In their work, the authors separate
the condensate dynamics in three components: a movement without loss of energy, a decay
by damping, and a decay by diffusion. The damping and diffusion functions appear in the
theory by the argument that the experiments show this behavior that is not well explained
by the mean-field solution itself.

Although the phenomenological approach can provide us with some good results,
it would be desirable to have a first-principle theory to explain these systems. The more
accurate way to go beyond the mean-field is by a microscopic theory. This is, to solve an
equation of motion that describes the excited particles interacting with the mean-field. In
1972, Alexander L. Fetter proposed a microscopic theory to include quantum fluctuations in a
static condensate [31]. In his work, the Bogoliubov approximation 2.8 was used to expand the
second quantized Hamiltonian 2.10 without an external potential, V' (r) = 0. Then, quantum
fluctuations were written in terms of a sum of quasiparticle creation a,t and annihilation oy

operators

00(r) = > [ur(r)ar — vi(r)af] (2.24a)
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00 (x) = > [up(r)af — vi(r)ay] (2.24b)

where the c-numbers wuy(r) and vy (r) are amplitudes of the quasiparticles. This expansion
of the fields 0¥ was essential to write the coupled differential equations that describe the

behavior of the amplitudes

—h?

<%V2 — M + 2_9’\1]0‘2) Uk — (\Ifo)ZUk = Ekuk, (225&)
_h2 2 2 *\2
%V —u+ 29|\Ifo| Vi — (\IJO) U = —Ekvk. (225b)

These equations are known as Bogoliubov equations. The solutions of these equations de-
scribe the spectrum of excited quasiparticles of the system. In his work, the author shows
the application of these equations to the uniform condensate and a condensate with a vor-
tex. Although such an analysis provides comprehensive results for the energy spectrum and
behavior of the quasiparticles, it does not explain the dynamics of some systems. To study
dissipation properties and dynamics, a more accurate theory must be used.

In Chapter 1, we have shown a method to describe the dynamics of a localized
solution in a scalar field. In 2016, Efimkin, Hofmann, and Galitski showed a similar appli-
cation of this method to study a particular Schrodinger field in one-dimension [32]. In their
work, they studied a condensate with a dynamical bright soliton with solution 2.19. They
proposed that a Schrodinger field with this localized solution should have the form

§mo

(2, 1) = to(x — wo(t)) + i ua(w — 2o(t)) + Y [u(x — wo(t) o — vz — zo(t)) ]

(2.26)

in which the first term is the bright soliton solution, the second term they introduce for
later convenience and the last term describes the modified Bogoliubov excitations 2.24. The
parameter 7, is the momentum of the condensate without the Bogoliubov excitations and u,
is an arbitrary function that was not defined explicitly. This type of solution, 2.26, made it

possible to write the corresponding Bogoliubov equations 2.25 and an effective Lagrangian
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for the moving center z,

My
2

L

0
+ Wkk/jZ() + Z Oéz <2ha — Ek> o, (227)
k

where M is the effective mass of the topological solution and Ej, are the eigenvalues found in
the Bogoliubov equations 2.25. From the effective Lagrangian 2.27, they proceed to define a

coupling parameter 7 of the form

(klo. p|KY  —(k|o. plk') Qp

1
Wkk’:_g ay oy — . , (2.28)
2%/( ) —(klo. p|K') (ko plk") aj,

where p = —ihd/0z is the momentum operator, o, is the Pauli matrix in the z direction and

the vectors |k) and |k) are defined as

= ") W= ") (2.29)
—Ug, uy,
This coupling parameter accounts for every interaction between quasiparticles and the moving
center zy(t).

To study the quantum dissipation of this system, in [32], they used the Keldysh
formalism to write a general form of the damping function and a scattering function in the
same form as we showed for a scalar field. Therefore, they showed that a Schrodinger field
with a localized solution can be described by a particle in a bath of oscillators. Although
their work also covers the main topics of our object of study, their discussion had a focus
quite different from ours, leaving some important features open for future analysis. For
instance, the second term in 2.26 was not well explored in their work. The usual application
of the Collective Coordinate Method does not provide this type of term in the process of
writing the effective Lagrangian. Thus, we must explore the application of the method and
the existence of the second term in 2.26. Another topic that was left for future discussions
was the exact calculation of the damping function. The method used to study quantum
dissipation in their work was equivalent to the Feynman-Vernon formalism showed in Chapter

1. Therefore we could show the equivalence between these methods and calculate the damping
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and diffusion functions exactly. Lastly, it would be desirable for prospective applications to
have a microscopic theory for a general localized solution of a Schrédinger field. A general
development would allow us to understand the uses and limitations of the method. In the
next chapter, we are going to show how to study quantum dissipation in a general Schrodinger
field, following the method developed in Chapter 1 and the microscopic theory showed in this

section.
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Chapter 3

A General Analysis of the Schrodinger
Field

So far we have seen that several many-particle systems require both quantum and classical
theories to understand its physical behavior. In the first chapter, we have developed a method
to study quantum dissipation in a one-dimensional scalar field. In particular, the quantization
method uses the collective behavior of the system to write an effective Lagrangian of a
particle coupled with a bath of harmonic oscillators. The properties of quantum dissipation
were based on the quantum Brownian motion, in which the behavior of the particle can be
completely understood by tracing out the coordinates of the reservoir. In the second chapter,
we presented tools to understand our system of interest. Our field is defined by a diluted set of
bosons at very low temperature. This system is known as Bose-Einstein Condensate, and it is
described by a field equation known as the Gross-Pitaeviskii equation. Some solutions of this
equation are localized ones, such as the soliton 2.19 and vortex solution 2.23. In this chapter,
we will apply the quantization method developed in Chapter 1 to the Schrodinger field. As
we are going to see, the direct application of the Collective Coordinate Method for this field
will show some complications. After a discussion about the applicability of the method, we
are going to develop an extended Collective Coordinate Method for the Schrédinger field and

study quantum dissipation in this system.



Chapter 3. A General Analysis of the Schrodinger Field 52

3.1 Defining the System of Interest

The system of interest is a set of N bosons that can be described by the Schrodinger La-
grangian

L= /dr {% (00— wi) - [;—2 (VI*) - (V) + U (T, xp)” : (3.1)

m

in which L is a functional of the field ¥ = W(r,t) and its complex conjugate U* = U*(r, ).
Here we have assumed that the bosons only interact by contact, in the same way as in
section 2.2. The function U(V*, ¥) is an arbitrary function of the fields, that can describe
the external potential, chemical potential, or any other constraint on the system. From the

Lagrangian 3.1, we can define a kinetic energy functional
T[U*, 0] = /dr7 (0¥ — wi), (3.2)

and a potential energy functional

m

Vo, 0] = / dr [;—2 (VI) - (VD) +U(\If*,\1/)} | (3.3)

Here it is important to compare both functionals of the Schrédinger field with the ones
associated with the scalar field, studied in Chapter 1. Both potential energy functionals, 1.9
for the scalar field and 3.3 for the Schrédinger field, have a V2 term and an arbitrary function
U. Although the potential energy functional from both theories are very similar, the kinetic
term changes considerably. For a scalar field, the kinetic energy functional has a second-order
time derivative of the field ¢, whereas the Schrodinger field presents the important feature
of being proportional to a first-order time derivative of its fields.

From the Lagrangian 3.1, we can find equations of motion for the fields by evalu-

ating
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oL d 0L oL
ov*  dt 9 AVA'%

~0. (3.4b)

As we have seen, the Schrodinger field is described by the Gross-Pitaeviskii equation. Thus,
the equations of motion can be written in the same way as equation 2.14 for the field W.
Consider that the system in question allows for static localized solutions ¥, and Vg, such
that ¥, = U} = 0. In this case, the equations of motion can be written as,

h2

— — VA =0, (3.5a)
wiw, 2M ’

ou
ov

h2
— — V¥, =0. (3.5b)

wiw, 2M

o
o+

A localized solution of these equations of motion describes the collective behavior of the Bose
gas. To find the fluctuation corrections for this system, we can apply the same procedure
used for the scalar field. Therefore, it is convenient to make a harmonic approximation in
the neighborhood of this static solution. A functional Taylor expansion of the potential

functional 3.3, up to second order around V¥, and ¥§, reads

2

i
V[WF, W) =V [T, ] + / dr [% (V6T - (V5D)
02U 02U 02U

1 0?U
+ 5 OV oW + OV + —— 000V + ovroU*

ov*ow ovov+ ow? w2

‘PS,‘PO)]

(3.6)

The first term is the potential 3.3 evaluated at the static solutions, so it is a constant.
Terms that are of first-order in the fluctuations vanish because we are considering only static
solutions that obey the equations 3.5. The only remaining terms are the ones quadratic in
the fluctuations. We will call these quadratic terms as V2 [&* ).

The usual procedure to diagonalize V?) [U* U] is by expanding the fluctuations
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as a set of quasiparticles [31]

= lu(r)ax(t) — vi(r)ai (1)), (3.7a)

k

= > [ui(r)ai(t) — ve(r)ow(t)], (3.7b)

with amplitudes ug(r) and vg(r) (uj(r) and vi(r)). These amplitudes must obey orthogonality

relations defined as

/dr (wuy, — vjvy,) = i, (3.8a)

dr (u;v), — v;uy) = 0. (3.8b)

—

The set of c-numbers ay(t) and «j(t) are analogous to annihilation and creation operators
of the harmonic oscillator problem. In this case, they are the c-number representation of
operators responsible for the annihilation or the creation of excited bosonic particles around
the localized solution (distorted vacuum). The expansion 3.7 establishes these functions as

a new set of coordinates of our system.

Substituting the expansion 3.7 in the quadratic terms of the potential, the second

variation V® of the potential reads

i . 1/ 0°U
V@ = /drz {Oéjak [ujﬁuk ) <a\11*2 UjVy + \Il2vjuk>}

ik
02U y
a\lj*Q .7 8\112 u] U

0*U
0@*2 v;v \I,Q u]uk

S;U ujuy 21} v ﬂ} (3.9)

* *

7 N

—ajoy {vjﬁuk -

J

RO = N = N

/\/\\

* |k * *
ooy, [ujﬁfuk —

where we defined the Hermitian operator

R_, 1 U 10U
L=57Y T avew T 2avar

(3.10)

With the substitution of the expansion 3.7 in the equations of motion 3.4, it is possible to
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show that the quasiparticle amplitudes u; and v; obey the following equations

02U
EUJj — ij = EjUj, (311&)
0*U
£Uj — WU]' = —Ejl)j. (311b)

These two coupled eingenvalue equations 3.11 are the Bogoliubov equations showed in the
previous chapter. They diagonalize correctly the second variation of the potential.
A straightforward calculation shows that the substitution of 3.11 in the potential

3.9 gives us
V=V, T+ Buojoy. (3.12)
k

Therefore, in the same way as for the scalar field, the Schrodinger field presents a classical
collective behavior with energy V [V}, U] and fluctuations with energy Fj. The exact value
of the quasiparticle energy Ej can be found by solving the equations 3.11. The Bogoliubov
equations allow for both positive and negative eigenvalues. However, the spectrum of energy
corrections must be bounded from below, thus we must choose only values of E; > 0. An-
other important feature of the Bogoliubov equations is the existence of a zero-mode Ey = 0
corresponding to the condensate without thermal fluctuations. As we have seen, the ap-
pearance of the zero-mode implies that our system presents a translational symmetry, which
allows the solutions ¥ and ¥, to have a degree of freedom related to it.

Therefore, in order to solve the problem analytically, we have made the approxi-
mation that our field was a static mean-field. Although this approximation was necessary to
find a localized solution, we have missed the translational degree of freedom. To deal with
this extra degree of freedom, we will use the so-called Collective Coordinate Method for the

Schrodinger field.
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3.2 Collective Coordinate Method

In principle, in the procedure to quantize a classical field theory, we can assume that the
solution of the field equation of motion is a static one. However, as we have seen above, the
evaluation of the fluctuation energy spectrum shows that some systems may present a zero
frequency mode. This mode provides us with the information that the classical solution has
a collective behavior of a moving particle. Therefore, in the quantization process, we expect
our effective Lagrangian to have a kinetic energy term for the dynamics of the center of the
classical solution. The Collective Coordinate Method reincorporates the dynamics of this
coordinate into the system by regarding it as a dynamical variable. Here we will apply the
method for a unidimensional Schrodinger field, in the same way as it was done in Chapter 1
for the scalar field.

The Lagrangian of the last section, equation 3.1, can be written as

L=T- <V RAEDS Ekoz};ozk> : (3.13)
k

where the third term describes the amplitude of the fluctuations about the classical solution
of its equation of motion. Because of the existence of a the zero-mode for this system, the
kinetic term cannot be suppressed. In order to include its dynamics into the system, the
center of the solution is considered as a dynamical variable, which means zq = x(t). In this

way, our field decomposition becomes
U(x,t) = Wo(z — xo(t)) + 0V (x — x(t), t). (3.14)

Note that the potential energy term in the Lagrangian 3.1 does not change by making this
assumption. The reason is that the potential energy functional depends only on the field
itself and its partial derivatives on space, not on time. The kinetic functional, on the other

hand, has a first order time derivative dependence, that using the definition 3.7 reads

0 0

V=—_ | —J -~ ok
or ° + Zk: <ak Gxuk W ox Uk

do+ Y (updy — vics) . (3.15)
k
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Substituting 3.15 in the kinetic energy functional 3.2, we can write the kinetic energy as

ih 0 , 0 .
T = /dac {(\1108\11 \Ifa\lf>x0

a a e o f £ O g
+Z a0y, vk—l—v 8 +ojag (v 8 Uy + u; aka

. 0 0 . 0 0 vt )| 4
—0;Qy, va Uk+ua — a0y, 0 uk—i-va T
+ Z {éz;ak (vivy, + wuy,) + dap (v;0p + uuyp)
jk

— day, (ujo, 4 vu,) — dGag (Viuy, + uvg) } } (3.16)

Considering the center of the solution as a dynamical variable, some new terms arise in the
kinetic energy functional.

Pursuing the quantization procedure, we must regard the new set of coordinates,
ax(t) and «aj(t), as bosonic annihilation and creation operators, respectively. Given this
definition, we can interpret physically each new term. Terms that are proportional to a;a
and ajaj are responsible for producing Cherenkov radiation. This means that these terms
are responsible for the absorption and emission of quasiparticles due to the movement of the
center zg. If the center of the solution moves very slowly compared to the characteristic speed
of excitations of the medium, #y < cs, these radiation terms can be neglected. Terms that
are proportional to aja, and o;aj are related to scattering processes of the quasiparticles.
Lastly, terms with &aj and ¢&;ay, vanish because of the orthogonality relations 3.8. Therefore,

within this set of approximations, the kinetic energy 3.16 can be written as

T = 53:0 + Zk hgjraay, + & Z oy — Qo) (3.17)
J

where we have defined the constant

—/dx in (\110(%@ q/*aa w) (3.18)
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and the coupling matrix as
1 (.0 . 0 J . 9

Comparing the kinetic energy 3.17 found by the direct use of the Collective Coordinate
Method to the Schrodinger field with equation 1.29 found for the scalar field, we can see
some disparities. The first and most important difference from both developments is that,
in the Schrodinger field, the kinetic energy does not have a quadratic term in the velocities,
as in 1.29. The reason for this is related to the fact that the initial Lagrangian 3.1 was only
first-order in the time derivative. Since we already know that the localized solution can move
in space, the effective Lagrangian of the center of the solution is expected to have a kinetic
energy of the form M3 /2. So, from the effective Lagrangian found by the direct application
of the method for a Schrodinger field, it is possible to conclude that the method was not
appropriate to reincorporate the translational mode into the problem. Therefore, we must

develop an extended Collective Coordinate Method to apply to a Schrédinger field.

3.3 Extended Collective Coordinate Method

The Collective Coordinate Method is widely discussed in the literature for theories described
by a Lagrangian of the type 1.6, in which the kinetic term is proportional to #%. However,
as we have just mentioned above, its application to the Schrédinger field cannot account
for the kinetic energy associated to the localized solution. In the direct application of the
method, the field, initially assumed to be static, is rewritten as a mean field plus fluctuations
all centered at a dynamical variable as in 3.14. A direct consequence of this substitution is
the form of the kinetic energy, since it depends on the time derivative of the field. Another
subtle consequence, that is usually overlooked in the discussion of the method, is the effect
of the substitution 3.14 in the equations of motion 3.5. The initial static condition for the
solution Uy allows us to write the equations of motion 3.5 with W, = 0. However, in the

quantization method the solution depends indirectly on time, so the equations of motion
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should be rewritten as

) oU 2 92
B Whig = | - g 2
Mor T 9|y g 2moz2 (8.20a)
0°*0
) oU 12 97
RS Wiy = | - Ty 20b
Mo 0T ou vew, 2mOx? 0 (3.20b)

where the left hand side of the equations are the time derivatives of Wo(x — xo(t)). In the
standard application of the method, we assume that the left hand sides of the equations
3.20a and 3.20b are close enough to zero, Wo(x — x(t)) ~ 0. The physical implication of
this assumption is that the solution ¥y is not deformed by the moving center z4(t) since the
equations of motion remain unchanged.

To improve the precision of the method for the Schrodinger field, we will consider
deformations of the solution due to the movement of its center. Therefore, to continue the
quantization procedure, we must solve the new set of equations of motion 3.20. These are
coupled partial differential equations with a forced term. Therefore, we must determine the

homogeneous (1)y) and the particular (¢p) solutions

Uo(x — x0(t) = o(z — 20(t)) + VYp(x — x0(t)), (3.21)

separately. The solution of the homogeneous case 1)y obeys 3.5 as before. To determine the
particular solution, we can make a substitution of 3.21 in the equations 3.20. The equations

of motion for the particular solution can be written as

(9 ) . _ U 0°U . R
ih (8_x¢0 Ty = VO v Yp + DU*OU vt Vp — %@ﬂ)p, (3.22a)
. 0 ) . 02U . 02U B2 92
—h (%% Ty = OV O+ - ¢P + —a\lf*a\l’ . ¢P - %w@/ﬁa (3.22b)

To solve these equations correctly, the solution 1)p must have the form of the forced term.

So, we can write the particular solutions as

Yp = —ip(x)i, (3.23a)
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vy = ip*(x)io, (3.23b)

in which ¢ is a function of space that will define the deformation of the localized solution.

Substituing 3.23 in 3.22, the equations of motion become

0 0°U 0*U o
h (—¢*> = . o — - T — 0", (3.24a)
dx ") WU, T WOV, 2m O
0 ) 0°U 0*U . R
—h (%% T ovavt |, T owov|,. T 2moa?” (3.240)

These are the equations of motion that determine the deformation of the solution due to the
movement of the center zy. Further developments on the form of the functions ¢ and ¢*
require information about U (¥, U*).

A direct consequence of considering the deformation of the static solution is in the
form of the field. The former field decomposition, written as a mean field plus fluctuations,

now has an additional deformation term
U(z,t) = o(x — xo(t)) — ip(x)To + OV (x — 2o(t), 1), (3.25)

where the first term is the localized solution of the homogeneous equation 3.5, the second
term is the deformation of this solution, and the last one is the fluctuation 3.7. Note that,
when we explicitly include the deformation contribution, the form of the field becomes the
same as that proposed in [32], as we have written in 2.26.

Substituing 3.25 in the kinetic functional 3.2, we can write it as

7=5 [ (¢ 5tvn+ogii)
K

+ 5 Zo + Zo Jzk hgjraay + b ; (dypo, — dray) (3.26)

in which x and gj; are a constant and the coupling matrix defined by 3.18 and 3.19, re-
spectively. When we consider the deformation of the mean-field solution, the kinetic energy

functional gains a new term, dependent on #3. This term describes the movement of the
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center xy. Since the kinetic energy is defined by Mwv?/2, the soliton mass must be defined as
M—h/d ( *ﬁw + glb*) (3.27)
a TP 9r 0T P ) '

where a dimensional analysis confirms that M has unity of mass. The resulting effective

Lagrangian for the Schrédinger field can be written as

L

Mzi?2 k. _ . ih e . .
=3 L 5950 + 2o Zk; hgjkajjoy, + o zk: (pag — dpay,) — zk: Eragar —V [Yg, ]
J

(3.28)

The extended Collective Coordinate Method we have developed is different from
the conventional one described in section 3.2, because it takes into account solitonic defor-
mations. These deformations allow us to write an effective Lagrangian with a kinetic energy
term for the moving coordinate zy. Although we had to adjust the method, the effective
Lagrangian 3.28 is very similar to equation 1.29 found for the scalar field case. This is, the
effective behavior of a Bose gas is of a moving particle zy in a bath of harmonic oscillators.
The main difference is the presence of an additional term, proportional to k. In the next
section, we will discuss how to apply the method developed in Chapter 1 to the study of

quantum dissipation in the effective Lagrangian found here.

3.4 Quantum Dissipation for a Bose gas

In the last section, we have showed that a Bose gas with a localized solution has an effective
behavior of a particle in a "bath of oscillators". Physically, the particle is represented by
the center of the topological solution g in xy, and the reservoir is composed of excited
quasiparticles. To understand quantum dissipation in this system, our starting point is the
effective Lagrangian 3.28 found in the last section.

The total action of this system is defined by

S = / Ldt. (3.29)
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Since our system is composed of two main components, the particle and the bath, the total
action can be broken into two subsystems: a particle action Sg plus a bath and interaction

action Sgy,

S [Z’Q, CY] = SS [.To] + SR[ [Z’Q, CY] N (330)

in which Sg and Sg; can be defined by the Lagrangian 3.28 as

)
Ss 0] = / (M;‘J + g:i:o — V[, %]) dt, (3.31a)

Skr [x, ] = /dt [xo zk: hgjra oy, + 5} Ek: (a0 — djoy) — zk: Ekozkak] . (3.31Db)
j

The particle action Sg contains the kinetic energy for the dynamics of 2y and an additional
term proportional to . This additional term is the main difference between the scalar case
developed in Chapter 1 and the Schrodinger case. Since this new term is linear in the velocity,
the equation of motion for the center of the solution must remain unchanged. Furthermore,
the dynamics and dissipation of the system depend only on the behavior of the reservoir,
thus we must compare the bath action from both theories. Note that the action Sgy of the
subsystem R is the same as the one used in section 1.5, and therefore, the procedure for
dealing with both cases must be the same.

To summarize, a Schrodinger field with a localized solution has an effective be-
havior of a particle coupled to a reservoir. To understand the behavior of the particle, we
must evaluate the influence functional 1.44 and write the associated equations of motion for
the system 1.54. This procedure results in two quantities that describe the dissipation of this
particle: the damping and diffusion functions. Fortunately, the description of the Schrodinger
field reflects exactly the results found for a scalar field. Therefore, to study the dissipative
dynamics emerging from a Schrédinger field, we only need to evaluate the expressions for the
damping 1.48 and diffusion 1.49 functions.

Both damping and diffusion functions depend on the form of the coupling constant

gjk, defined in 3.19. This constant is written in terms of the solutions of the Bogoliubov
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equations 3.11. Therefore, in order to calculate those functions, we need the solutions for
the quasiparticles amplitudes. Some problems allow for an exact solution of the Bogoliubov
equations. In this case, we can use the discrete description of the excitations to perform our
calculations, in the same way it was done for the optical polaron case in [9]. However, if we
only have the asymptotic form of the quasiparticle solutions, which usually is the case, we
can use the continuum approximation as above to find both damping and diffusion functions
in terms of the phase shifts of the scattered quasiparticles. This last scenario was used in the
calculations of the acoustical polaron case in [9] and in the study of skyrmions in a quantum

Hall ferromagnet [22].

3.5 Summary of the Method

As we have seen, the method described in Chapter 1 can be adapted to study quantum
dissipation of localized solutions of a Schrodinger field. The Lagrangian that describes this
field is first-order in time derivative. This feature requires an adaptation of the Collective
Coordinate Method to write an effective Lagrangian for a static solution.

In section 3.3, we presented an extended Collective Coordinate Method, suitable
to deal with the Schrédinger field. This method presents an additional term for the effective
Lagrangian, which is not necessary for dealing with the scalar case. In section 3.4, we showed
that the additional term does not interfere with the equations of motion for the moving center
2. Therefore, the quantum dissipation analysis remains the same for both theories.

Summarizing, in this chapter we developed a general method to study quantum
dissipation in a Schrédinger field. The application of this method for a particular case can

be summarized in the following steps:
1. Define the initial Lagrangian 3.1;
2. Find a localized solution from the equation of motion 3.20;
3. Solve the Bogoliubov equations 3.11;

4. Make the coordinate zy a dynamical variable;
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5. Solve the equations for the deformation 3.24;

6. Evaluate the damping 1.48 and diffusion 1.49 functions, using the results of steps 2, 3
and 5.

Note that the main difference between the adapted method for the Schrodinger
field and the one developed in Chapter 1 is the step 5. For a scalar field, the deformation due
to the movement of the solution is negligible. However, a system described by the Lagrangian

3.1 showed an effective behavior highly sensitive to the deformation of the localized solution.
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Chapter 4

Bright Soliton Analysis

In the previous chapter, we have developed a one-dimensional theory to study quantum
dissipation in the Schrodinger field. Until this point, our discussion has been entirely general
and could be applied for any topological solution which may present dynamical behavior. In
this chapter, we will apply our theory to the case of a one-dimensional condensate with a

bright soliton solution.

4.1 Static Bright Soliton

Our analysis begins with the discussion of the static mean-field solution and its small ampli-
tude fluctuations. In this section, we will develop the steps 1 to 3 of our method, that is, the
discussion before promoting the center of the solution to a dynamical variable.

Our system is a one-dimensional Bose gas in the absence of an external potential.
The corresponding Lagrangian for this system is a particular case of equation 3.1 and can be

written as

2

ov

ox

L:/dx [%i(wf—xw)—%

g
Tl - ér\m‘*] . (4.1)

The parameter p is the chemical potential and g is the interaction parameter. Assuming the
condensation condition, we set the chemical potential to be negative. For this system, we

will suppose a attractive interaction, which means g < 0.
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The equation of motion for this system can be obtained by the extremization of
the action related to the Lagrangian 4.1 resulting in the Gross-Pitaeviskii equation without

the external potential,

Yt @) ~ ) Wola) = 0. (12)

As we have seen in Chapter 2, this equation allows a topological solution called the bright

soliton. The normalized solution can be written in the same way as 2.19,
_[2]p] L0\ i
Uo(z,t) =4/ —— sech < e . (4.3)

The solution 4.3 is the generalization of equation 2.19 showed in Chapter 2. Here, the center
of the solution is placed at an arbitrary position xy. In figure 4.1, we show the density
distribution related to the bright soliton solution. Note that the density is centered around

xo = 0 and it vanishes for x > £, characterizing the topological aspect of the solution.

n(x) g/2|ulo

-5 0 5

x/é

Figure 4.1: Density distribuition representation of the static bright soliton centered in xq = 0.

If we consider small amplitude oscillations around this topological solution, we
can expand the Lagrangian 4.1 up to second order in the fluctuations. This expansion leads
to the Bogoliubov eigenvalue equations 2.25 for the bright soliton

—h? 0?

(%@ — 2g|‘1’o(x)|2> up — (Wo(z)) v = hwyuy, (4.42)
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—h? 02
(ST it 20l ()?) v — (W3(a) P = . (4.40)

Here the quasiparticle energy was written in terms of the frequencies as Ey = hwy. The

corresponding frequency for this fluctuations have the form

e

WE =
2m’

where k is the wave number and [k] = L.
The eigenmodes of the Bogoliubov equations 4.4 for the bright soliton solution

4.3 have already been obtained in [33] and they have the form

ikx

= EE ) (k€ + i tanh (z/€)]?, (4.6a)
v — m sech?(z/€). (4.6b)

Therefore, we have a static mean-field 4.3 with small amplitude fluctuations with the form
4.6. This completes the first three steps of our method in which it was possible to use the

approximation of a static field.

4.2 Effective Lagrangian

To study the dissipation properties of the solitonic solution we must promote the center of the
solution to a dynamical variable xg = (). Our aim in this section is to define a dynamical
collective coordinate for the center of the solution and write an effective Lagrangian for the
localized solution.

As it was discussed in the last chapter, the Schrodinger field requires that we
also modify the equations of motion for the moving soliton when defining the collective
coordinate. This modified equation of motion describes the deformation of the solution due

to its movement. Therefore, our field is composed of a mean-field term 1y, a deformation
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correction —ip(x)io and fluctuations oW:

U(x,t) = o(x — zo(t)) — ip(x)Eo + OV (x — 20(1),1). (4.7)

Substituing the expansion 4.7 in the original Lagrangian 4.1, we can write

Mi? . . ih Cw s
L= 5 0 + i Z hgjrajjay + 5} Z (qpap — agay)
ik k
= D (e — pagon =V [¥5, ] (438)

k

in which the soliton mass M and coupling constant g;; are defined in 3.27 and 3.19, respec-
tively. For the particular case of the bright soliton, the term of 3.28 dependent of x does not
appear. The reason for this is that x is calculated in terms of the mean-field solution and
since the bright soliton is a real solution, it turns out to be zero, by definition.

At this point, we have shown that our system behaves as a particle with coordinate

xo in a thermal bath. We can separate the Lagrangian 4.8 in three main contributions,

L[xo,a] = Lg [xo] + Lg [a] + Ly [xg, o], (4.9)

where Lg is the Lagrangian of the particle, Li the Lagrangian of the reservoir, and L; is the

interaction between the particle and the bath. Each contribution is defined as

-2
Mzj

Ls [ro) = 500 — v [ ], (4.10a)
Lrla] = D) Z (o, — doy) — Z(hwk — W) oo, (4.10b)
k k
Ly [zo, 0] = %o Z hgjrajay. (4.10c)
ik

Now we can proceed to study the quantum dissipation of this effective particle.
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4.3 Coupling Constant

Both damping 1.48 and diffusion 1.49 functions are dependent on the coupling constant. This
constant is responsible for describing the interaction between the particle and the reservoir.
Therefore, in order to understand dissipative properties of this system, we must calculate

exactly the constant defined by 3.19

gjk = %/dm i <U;0%3Uk - u’;(%uk - vj(%v,’; + uJ%UZ) . (4.11)

It is important to compare the form of our coupling g;; and the constant 7j;

defined in 2.28. The interaction term found in [32] has two main components, the scattering
terms which are proportional to aa® and radiation terms proportional to aa and a*a*.
In Chapter 3, we have used the approximation that the center of the solution zy travels
with a small speed v < ¢, and any interaction with the quasiparticles is by scattering
process. Therefore, if we neglect the radiation terms of 7, the interaction term we find is in
accordance with the one found in [32]. In fact, the substitution of the fluctuations amplitudes
4.6 in the coupling constant 4.11 gives the same result as the scattered contribution of .

A straightforward calculation of 4.11 gives

o (R R+ 52+ kj+1/€)
3L sinh [5€ (j — k)] (K2 + 1/€2) (j2 + 1/€2)

9k (4.12)
This constant describes a quasiparticle in the j* state interacting with the center of the
solution xy and being scattered to the k" state. The coupling constant is symmetric in the
interchange of j and k, that is, gz = gr;. In the limit when j = £ the coupling takes the

form

4 E(3k*+1/€%)
CO3LE (k24 1/e2)?

Gk (4.13)

To visualize the behavior of g;, we can define the dimensionless quantities k§, 7§ and Lgjy,

and plot ' 4.12 for j # k and 4.13 for j = k. Figure 4.2 shows the behavior of the coupling

!The plot of figure 4.2 was made using the Python libriries pandas [34] and Matplotlib [35].
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Figure 4.2: Behavior of the coupling constant for values of k¢ and j¢ in the interval [—20, 20].

constant for different values of 7 and k. One notices that the diagonal along which j ~ k

turns out to provide the most relevant values of the coupling g;.

4.4 Damping and Diffusion

Here we will develop the procedure to calculate both damping and diffusion functions.
Starting with the continuum approximation for the quasiparticle spectrum as

defined in 1.48, we have

y(t) = —%H(t) / dw/dw' S(w,w') [A(w) — R(W)] (w — ') cos(w — w')t. (4.14)

As we have seen in the last section, the scattered quasiparticles present a peak in the coupling
for values of £ =~ j. For this reason, it is convenient to define a new set of variables in the

form

n=w-—uw, (4.15a)
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/
=Y (4.15b)

and rewrite the damping 1.48 as

()= 5700 [ o [ an (e FEIDZTEZIE o). (a10)

This change of variables allows us to calculate this function in the peak region of the coupling,
since its main contribution occurs when n — 0. In the appendix C, we show the calculation

of the scattering function S(¢,n) in the limit of n — 0,

) 4R?
N S(e,m) = e f(e), (4.17)
where the function f(p) is defined as
(2hp + |u])?
Fp) = 22T 1) 4.18
= g+ )

Furthermore, the term dependent on the bosonic distribution n can be approximated by a

derivative with respect to the variable ¢, for n close to zero

n(e +n/2) —nle —n/2) _ dn(p)

fy, ML 19
which allows us to write the damping function as
4h3 o ( dn(gp)) o
t) = ———0(t d — dnn® t). 4.2
10 = gupeg®® [ o 50 (<52 [ dm? eostur) (4.20)

The term cos(nt) oscillates rapidly for long periods of time. Thus, we would expect that the
integral in dn to vanish, unless 7 is so small that it counterbalances large values of ¢. Since
we have shown that 7 is in fact close to zero, the integral in dn can be evaluated exactly. For

long periods of time t, we can write the damping function as

V(t) = =3(T)6" (1), (4.21)
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where the temperature dependent 4(7') is defined as

(T 4R4 ( 1 ) Ood elho+|ul)/ kT 199
) = 53w \lT /0 # FO) et 1 (4.22)

and ¢”(t) is the second derivative of the Dirac delta function.

The diffusion function can be handled analogously, and reads
D(t) = D(T)d"(t), (4.23)

where D(T) is given by

1 1
(el /isT — 1) (ol kot — 12

(4.24)

_ 4pt [
D) = g [ f0)

Since the Bose-Einstein Condensation is expected to happen at low temperatures,
we can analyze both 4(T) and D(T) in this temperature limit. Accordingly, our damping

and diffusion coeflicients can be written as

_ TN [

D) = Girre <l~cB_T>/o e (O (4.25a)

D ant (= —(hp+|pl)/ kT

D(T) = ome? dp e I (), for kT < (hp — p). (4.25Db)
0

In this limit, as the temperature decreases, both damping and diffusion coefficients go to zero
very rapidly. This is expected since, for T" = 0, there are no quasiparticles being scattered.

With this last result, we can also calculate the ratio between D(T) and 4(T) which reads

2 — oMkpT. (4.26)

Notice that, even at low temperatures, this ratio is the same as the classical result for the
fluctuation-dissipation theorem for the Brownian motion [36].
Lastly, one of the main reasons to calculate explicitly the form of the damping

function is to write the equation of motion for our particle. The equation of motion for the
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coordinate of the center of the solution is given by
.. t .
B2 / Y(t — )Rt = 0. (4.27)
0

Substituing 4.21 in 4.27 and integrating by parts we can write the equation of motion for the

center of the solution as
R—25(T)R = 0. (4.28)

This equation is called the Abraham-Lorentz equation which is characterized by the time
derivative in the acceleration. Thus, the equation of motion for the center of the soliton

shows us a dissipative behavior, which we will discuss in more details in the next section.

4.5 Discussion

In this chapter, we have used the theory developed in Chapter 3 for the study of quantum
dissipation in the particular case of a bright soliton solution. As we have shown, a system that
can be described by the effective Lagrangian of the form 3.28 has its dissipative properties
completely described by the evaluation of the coupling constant g;;. The coupling accounts
for any interaction between the excited quasiparticles and the center of the solution xq. Since
we are only interested in solutions that move with speeds much smaller than the characteristic
speed of excitations in the condensate, we can assume that only scattering processes play a
significant role in the dissipative mechanism of the soliton.

For the bright soliton, the coupling constant was found to be a symmetric function
peaked in the neighborhood of the diagonal j &~ k. The exact form of the coupling allow
us to evaluate both damping 4.21 and diffusion 4.23 functions. They are both temperature-
dependent, showing that the dissipation of the soliton is highly related to the behavior of the
excited bosons. The time dependence is given by the second derivative of the Dirac delta
function. This characterizes a Markovian process, which is described by a delta function or
its derivatives. Physically, this means that our dissipation has no memory. Therefore, the

dynamics of the particle does not depend on its previous history but is local in time. In
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the limit of low temperatures, we have shown that both damping and diffusion coefficients
decrease exponentially as the temperature goes to zero. In fact, for zero temperature, we
expect no excited quasiparticles in our system. Thus, in this limit, the soliton has its mobility
increased, since there is no dissipative process occurring. The particular case of high tem-
peratures was not investigated, since the Bose-Einstein condensation is expected to happen
only for temperatures below a critical value.

Using the exact form of the damping 4.21 in the equation of motion for the center
of the solution 1.54, we were able to write the corresponding equation of motion for the
center of the soliton, as equation 4.28. This equation of motion has a Abraham-Lorentz type
of force, that is proportional to R. In electrodynamics, this kind of force can be interpreted
as a radiation damping, since it is related with the emission of photons by an accelerating
charge. Here, the interpretation of this force is quite different. As discussed in Chapter 3,
our analysis considered the low speed limit, in which the radiation terms aa and a*a* were
neglected. Since our effective Lagrangian 4.8 takes into account only scattering process of the
quasiparticles with the soliton, there is no radiation term involved in the exchange of energy
from the soliton to the excited bosons. Therefore, although our equation of motion gives rise
to an Abraham-Lorentz force, here the correct interpretation is that the soliton will experience
dissipation due to inelastic scattering of the quasiparticles. This result agrees with the one
found in [32], where the authors also find an equation of motion with an Abraham-Lorentz
type of force.

In order to compare our results with [32], we can use their approximation of the
low frequency limit in 4.25a to evaluate the integral exactly. In this limit, the parameter

f(p) in 4.18 can be approximated by

i f9) = (4.29)

Substituting 4.29 in the expression 4.25a, we can perform the integral to rewrite 4.27 as

16mh
_ —lul/ksT p — 4.30
OMT | ‘ ’ (4.30)

which agrees exactly with the equation of motion found in [32].
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Chapter 5

Conclusions

In this work, we have seen the importance of considering quantum effects in macroscopic
systems such as the Bose-Einstein Condensate. A Bose gas has the intriguing feature of
condensing the majority of its particles in a single particle ground state. This is the main
reason that allows us to analyze a quantum gas by a macroscopic wave function W. This
function is a classical mean-field that obeys a non-linear Schrodinger-like equation called the
Gross-Pitaevskii equation. This equation is suitable to understand condensates when the
temperature is close enough to zero. For higher values of the temperature, the system will
present excited bosons that we may call quasiparticles, which result from the quatization
of fluctuations about the classical solution. Those quasiparticles are responsible for any
dissipative effect the condensate may present.

The nonlinearity of the Gross-Pitaevskii equation allows this system to present
topological solutions that are of great experimental interest. To treat this system properly,
our approach considered two main steps: a quantization method and the study of dissipation.
Our idea was to apply a quantization method called Collective Coordinate Method in order to
show that this system is equivalent to the model of a particle coupled to a reservoir, where the
center of the topological solution is represented by the particle and the excited quasiparticles
play the role of the thermal reservoir. This reminds us of a semi-phenomenological approach
to deal with the quantum Brownian motion, in which a quantum particle has its dynamics
determined by its coupling to a properly chosen bath. In our case, both particle and bath

have the same microscopic origin, and therefore, we expected dissipative properties to depend
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on the temperature of the excited quasi-particles.
The Collective Coordinate Method is presented in the literature in several con-

texts, but it usually involves the quantization of scalar fields that obey a Lagrangian of the

type

Lol = [ da [(%) —v<¢>] , (5.1)

in which the kinetic energy is quadratic in the time derivative of the field ¢. As we saw,
the direct application of this method led us to an effective behavior without a kinetic term
Muv?/2 for the center of the solitonic solution. This result contradicts both experiments and
theory, showing that the Collective Coordinate method is not suitable to quantize localized

solutions of the equations of motion resulting from a Lagrangian of the type

L= /dx [% (00— wi) — V(v \If)] . (5.2)

The Schrédinger Lagrangian presents a kinetic energy that is written in terms of a first-order
time derivative. Since the quantization method is highly dependent on the form of the kinetic
term, in order to quantize a topological solution described by 5.2 we must make adjustments
to the method.

In the usual application of the method, the field is expanded as a mean-field plus

fluctuations as

d(x,t) = ¢o(x — 2o(t)) + 0p(x — 2o(t), ). (5.3)

The substitution of this expansion in the Lagrangian 5.1, neglecting any changes on the
equations of motion, results in an effective kinetic term for the coordinate zy. We have shown
that, for the Schrodinger field, the effective behavior of the dynamics of the coordinate xg
is highly dependent on the changes in the equations of motion. In other words, in order to
obtain the correct effective behavior, our expansion must include deformations of the static

solution. Therefore, the correct expansion in the Extended Collective Coordinate Method
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has the form

U(x,t) = o(x — zo(t)) —ip(x)to + IV (x — x0(t), 1), (5.4)

where the first term has the form of the static solution, and the second term describes the
deformation of 1y as it moves in the space. The last term describes the excited quasiparticles
of our bosonic field. The substitution of the expansion 5.4 in the Lagrangian 5.2 gives the
expected equivalent system of a particle in a bath of harmonic oscillators. Then, we have
shown that this effective behavior can be described in the same way as it was done in the
case of scalar fields.

With a general theory developed for Schrodinger fields, we were able to apply
our method for the case of a bright soliton in one-dimension. In Chapter 4, we have recov-
ered some results that were found in the literature by other methods and have obtained
the precise form of the damping and diffusion coefficients. Both of those functions are
temperature-dependent, showing that the soliton mobility highly depends on the temper-
ature of the excited quasiparticles. In the low-temperature limit, we have shown that our
mobility increases drastically, as the damping and diffusion coefficients vanish. The time
dependence of the damping and diffusion functions is given by a second time derivative of
the Dirac delta function, showing that the dissipation is Markovian. This reminds us of
the quantum Brownian motion, although the damping force now depends on the first time
derivative of the acceleration of the particle. This results agrees with the one found in the
literature by a similar formalism. The term with the time derivative of the acceleration re-
sembles the Abraham-Lorentz force responsible for the phenomenon of radiation damping in
electromagnetism. However, in our case, the method we have developed does not take into
account any contribution for emission of excitations (quasi-particles) by the soliton. There-
fore, our Abraham-Lorentz type of force must be interpreted as a dissipative effect due to
inelastic scattering by the quasiparticles of the system. In other words, the coupling between
the soliton and quasiparticles describes a scattering process in which the latter can absorb
energy from the soliton, leading to the eventual dissipation of the topological solution.

We should remark that a viscous force proportional to the velocity of the soliton
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would result from the backscattering of quasiparticles [9,21,22,32], a process (j = —k) which
is absent from the coupling constant 4.12.

In this work, we were able to study the quantum dissipation of a soliton-like
solution of a Schrodinger field by a semi-classical quantization procedure. We have proposed
an appropriate way to apply the quantization method for the dynamical solitonic solutions
and shown that the effective behavior can be studied within a system-plus-reservoir approach.

Although we have applied our method only for a one-dimensional system, the
procedure can be easily extended for other systems. For instance, one could choose a Bose gas
with a external potential in a "pancake" shape, this is a quasi two-dimensional condensate. As
we know, a vortex solution 2.23 can be obtained from the Gross-Pitaevskii equation. Studies
have shown that the center of the vortex obeys an equation of motion with an Ohmic friction
term [37], different from what we have found for the solitonic case. Thus, a Schrédinger field
can present different types of dissipation mechanisms that are worthy investigating. Our
method could also improve the understanding of the dynamics of other topological solutions
such as systems with vortex-antivortex pair in a "pancake" shaped potential and vortex and
current dissipation in a toroidal condensate. Therefore, future work on this subject will
involve the application of the method we have developed in different topological solutions
of the Schrodinger field to study dissipation properties by first-principles theory. It would
also be desirable to apply our Extended Collective Coordinate Method to other types of

Lagrangians that are linear in the field time derivative.
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Appendix A

Feynman-Vernon Formalism

In this appendix our aim is to highlight the main steps to understand how the reduced density
matrix can be written in the Feynman-Vernon Formalism of the influence functional.
As we did in Chapter 1, we begin with a Hamiltonian of a system-plus-reservoir

in the form
H=Hgs+ H; + Hpg, (A1)

in which Hg, H; and Hpy refers to the Hamiltonian of the system, interaction and reservoir
respectively. To find average values of any observable O at time ¢ (Heisenberg picture), the
choice of a pure state is not the most appropriate one in the system-plus-reservoir approach.
Since the system R act as a thermal reservoir for the system S, and, as we know, a system
at finite temperature is described by a mixed state, we should represent it by the density

operator
p0) =Dy [0(0)) (L (0)], (A.2)
¥

where py, is the probability associated with the the pure state [¢/(0)). Since the time evolution
of the physical state |¢(0)) is given by

[0(t)) = e 4(0)), (A.3)
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we can write the time evolution of the density operator as
) =D oy [0(0) ((6)] = e/ p(0)e UM, (A.4)
P
In this representation, the average of any observable is now given by

(0()) = Tras {p(H)0(0)} . (A.5)

where RS refers to the basis of the composite system R ® S. One important property of
the trace is that given a linear operator O that lives in the space A ® B, the trace of this

operator is equal to the partial traces over each subspace
Trap {0} = Tra{Trs0} = Try {Tr40} . (A.6)

Since we are usually interested in the behavior of the system .S, we can use this property in

A5 to write

(0) = Tras {p(t)0} = Trs {[Trap(t)] O} = Trs {H(H)0} . (A7)

where we have defined

p(t) = Trrp(t), (A.8)

as the reduced density operator of the system. The reduced density operator is the trace of

the full density operator over the coordinates of the reservoir. Therefore, once we have the

knowledge of this operator, we know how the reservoir acts on the subsystem S of interest.
In order to write explicitly the density operator, we will define z(¢) as the co-

ordinate of the subsystem S and R(t) as the vector that represents the coordinates of the
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reservoir K. In the coordinate representation, the total density operator is given by

M%R%Qiﬁi////ﬁﬂwﬂ%@Wﬂ%R$fiﬂmKW%Qt%QUD

x p(z', Ry, Q’,0), (A.9)
where K(z,R,t;2',R’,0) and K*(y,Q,t;y', Q’,0) are the Feynman propagators defined as
K(z,R,t;2,R’,0) = (xR | exp <—%Ht> |Z'R),
K*(5Q1:4/.@.0) = (Qleap (1 1) I/ Q). (A.10)

Therefore, to write the reduced density matrix, we must trace out the coordinates of the

bath, that is, to evaluate

Fay.t) = / IR (2R p(t) [yR) . (A11)

in which p(t) is defined in A.9. We can make a simplification of A.11 and assume that our
system is initially separable. This means that the composite system RS, at ¢ = 0, can be

written as
plz', Ry, Q,0) = ps(2’,y,0)pr(R', Q',0). (A.12)
Substituting this specific choice in A.9, we can write
plx,y,t) = //dx'dy’ J(x,y,t; 2"y, 0)p(2’, 4, 0), (A.13)

in which J is the well-known superpropagator of the system defined as

Ty, 2y, 0) = / / / IRAQARK (v, R, #:2', R, 0) K* (3, R, t:¢/, Q' 0)

X ﬁR(R/a Q/7O>‘ <A14)

This superpropagator J is responsible for the time evolution of the reduced density operator,
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ps(x’,y',0), describing the system S at time ¢’ = 0 to a final state pg(z,y, t) at the time ¢’ = t.

The time evolution of the system of interest S is related to the behavior of the
bath and the interaction between them. To evaluate the total propagator K(z,R,t;2’, R/, 0)
can be quite laborious, since it involves an enormous number of variables. In order to ease
this procedure, we can make use of the Feynman path integral formulation. In the functional

integral representation, it can be shown [33] that the total propagator can be written as

T R

K(z,R,t;2',R’,0) = / Dx(t"YDR(t")exp {%S [:E(t’),R(t’)]} : (A.15)

! Rl

where S [z, R] is the action of the composite system RS. Substituing A.15 in the superprop-

agator A.14 we can write

J(x,y, t;2',9,0) / / DxDy exp{h(Sg[ | — Sg[y])} Flx,y], (A.16)

in which Sg is the action corresponding to the Hamiltonian Hg and F is the so-called influence

functional. The influence functional in the coordinate representation is defined as

R R

Flol = [ IRaQRp(R.Q0) [ PR [ DO cap {5(Suir. R - Suly. Q)

(A.17)

where Sg; is the action of the reservoir R and interaction 1.
With the superpropagator written in the Feynman-Vernon formalism, we can

finally write the reduced density matrix as

p(z,y,t) //dxdypxyO)J(xy,twyO)
://dx’dy' ﬁ(x’,y/,O)/ / DDy enSsl=5sbD) Flz 4. (A.18)
x/ y/
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Appendix B

Influence Functional in the Coherent

State Representation

For a system with a Hamiltonian written in terms of creation and annihilation operators for
the quasiparticles interacting with a particle as equation 1.42, it is convenient to write the
influence functional in the coherent state representation. For the particular case of bosons,

these operators obey the following commutation relations
lag, ap] = [aL,aH =0 and [ak,al,] = Ok - (B.1)
A coherent state is defined as an eigenstate of the annihilation operator
ala) =ala). (B.2)

In order to write the influence functional in the coherent state representation for

the reservoir, we will rewrite the propagator of expression A.14 as
i [t
K(a* t;a/,0) = (o] T exp <_ﬁ/ dt'H(t’)) '), (B.3)
0

where 7T is the time ordering operator. We can split our time interval in equally spaced parts



APPENDIX B. Influence Functional in the Coherent State Representation 89
defined by € = t/(IN — 1). Using this definition we can write
K(a* t;a/,0) = (o {exp (—%Igleﬂ {exp (—%FIE)} {exp (—%He)} la’) . (B.4)
Using the completeness relation
/ ) ay do_ (B.5)
we can rewrite the propagator as
d*a; i i
K(a*, t;a/,0) H / H (ajs1|exp (—ﬁHé) la;) (B.6)
=
Now, we can expand the exponentials up to first order in the parameter € as
N-1
i€ (4| H(2)) |aj)
K(a* t;a/,0) / aji1|oy) [ — J L1 (B.7)
(H > ]1_[ T (aj41]ay)
The term of B.7 in parenthesis can be re-exponentiated resulting in
Lo\ Vo N1
K(a* t;a/,0) (H / ]) H (ovjy1]or) exp (Z ﬁHj—H,j) ) (B.8)
j=0 7=0
where we have defined the matrix element Hj; ; as
L HED s
Hjpr, = (aj| H(ty) ’a3>. (B.9)
(ajela)
It can be shown that the scalar product of two coherent states (c41]c;) reads
1 * * *
(ajilay) = exp | =5 [ (@5 — ;1) = (af —ajy) aja] g - (B.10)
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Substituing B.10 in B.8, the propagator becomes
K(a* t;a',0) (H/d2a3> Nz:; { g+1_—€aj1)
th %%_1 - Hjﬂ,j} . (B.11)
In the limit that e — 0, we can further write B.11 as
K(a*,t:0,0) /Du ) exp {S [a(t), a* (t)]}, (B.12)
where we have defined
D) = lim_ {:ﬁ: / %} , (B.13)
and
Sla(t),a*(t)] = / dt’ {Zzh [a*(t)a(t) — a(t)a*(t)] — H(a*,a)} : (B.14)
0

Substituting the propagator B.12 in the superpropagator A.14, the influence functional in

the coherent state representation can be finally written as

Fla,yl = / dp(a)dp(a’)du(")pr(a”™, ') / Dp(a) / Du(y) erSmlbrel=ShuliaD - (B.15)
Oél ,Y/*

in which du(«) is defined as

(B.16)
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Appendix C

Scattering Function

For the evaluation of the scattering function

S(w,w’) = [gnl*d(w — w))d(w — wy), (C.1)

ik

we will first suppose the wave numbers k£ and j can be written as

k=, (C.2)

where n is an integer. Taking the continuum limit of C.1, the scattering function can be

written as

S(w,w') = <§>2/dkzdj 970 (w — w;)d(W' — wp). (C.3)

In order to take advantage of the integrals of Dirac delta functions, let us remind the rela-

tionship between the wave number £ and the eigenfrequencies wy,

e

= : C4
We = 5 (C.4)
Now, we can make a change of variables and rewrite our integral as
S(w,w') = (£>2 s /dwkdw M dw —w;)o(wW' — wg). (C.5)
’ w/) 2h TR J
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Performing the integrals in dwy, and dw;, our scattering function S(w,w’) obtain its final form

S(w,w') = (5)2 m M (C.6)

™ 2h ww'

Here we have used the definition C.4 to rewrite the coupling function defined in 4.12 as

™ (w = o) (@ + o' + Ve + |l /h)

- . (C.7)
3L sinh [561/2 (Vi = v/@) | (@ + lul /1) (o + 1l /1)

g (w,w)

We can now perform the substitution of the variables w, w’ for ¢, n defined in 4.15,

and take the limit when n — 0

lim S _ C.8
it (p.m) = 9¢2r? f(g). (C.8)
where the function f(p) is defined as
2hp + |p|)?
fle) = (2 + |ul)} (C.9)

— (hp A+ u)t
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