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❈❆▼P■◆❆❙

✷✵✷✵



▼❛t❤❡✉s ❏✉♥ ❖t❛

❚❤❡ ❇❛❧❛♥❝❡❞ ❈♦♥♥❡❝t❡❞ k✲P❛rt✐t✐♦♥ Pr♦❜❧❡♠✿ P♦❧②❤❡❞r❛ ❛♥❞

❆❧❣♦r✐t❤♠s

❖ Pr♦❜❧❡♠❛ ❞❛ k✲P❛rt✐çã♦ ❈♦♥❡①❛ ❇❛❧❛♥❝❡❛❞❛✿ P♦❧✐❡❞r♦s ❡

❆❧❣♦r✐t♠♦s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡
❈♦♠♣✉t❛çã♦ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡
❈❛♠♣✐♥❛s ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠ ❈✐ê♥❝✐❛ ❞❛
❈♦♠♣✉t❛çã♦✳

❉✐ss❡rt❛t✐♦♥ ♣r❡s❡♥t❡❞ t♦ t❤❡ ■♥st✐t✉t❡ ♦❢
❈♦♠♣✉t✐♥❣ ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❛♠♣✐♥❛s ✐♥
♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡
❞❡❣r❡❡ ♦❢ ▼❛st❡r ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳

❙✉♣❡r✈✐s♦r✴❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❋❧á✈✐♦ ❑❡✐❞✐ ▼✐②❛③❛✇❛
❈♦✲s✉♣❡r✈✐s♦r✴❈♦♦r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ P❤❛❜❧♦ ❋❡r♥❛♥❞♦ ❙♦❛r❡s ▼♦✉r❛

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧ ❞❛
❉✐ss❡rt❛çã♦ ❞❡❢❡♥❞✐❞❛ ♣♦r ▼❛t❤❡✉s ❏✉♥ ❖t❛
❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦ Pr♦❢✳ ❉r✳ ❋❧á✈✐♦ ❑❡✐❞✐
▼✐②❛③❛✇❛✳
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■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
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❚❤❡ ❇❛❧❛♥❝❡❞ ❈♦♥♥❡❝t❡❞ k✲P❛rt✐t✐♦♥ Pr♦❜❧❡♠✿ P♦❧②❤❡❞r❛ ❛♥❞

❆❧❣♦r✐t❤♠s

❖ Pr♦❜❧❡♠❛ ❞❛ k✲P❛rt✐çã♦ ❈♦♥❡①❛ ❇❛❧❛♥❝❡❛❞❛✿ P♦❧✐❡❞r♦s ❡

❆❧❣♦r✐t♠♦s

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

❼ Pr♦❢✳ ❉r✳ ❋❧á✈✐♦ ❑❡✐❞✐ ▼✐②❛③❛✇❛
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

❼ Pr♦❢✳ ❉r✳ ❘✐❝❛r❞♦ ❋✉❦❛s❛✇❛
❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❲❛t❡r❧♦♦

❼ Pr♦❢✳ ❉r✳ ❊❞✉❛r❞♦ ❯❝❤♦❛ ❇❛r❜♦③❛
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❋❧✉♠✐♥❡♥s❡

❆ ❛t❛ ❞❛ ❞❡❢❡s❛✱ ❛ss✐♥❛❞❛ ♣❡❧♦s ♠❡♠❜r♦s ❞❛ ❈♦♠✐ssã♦ ❊①❛♠✐♥❛❞♦r❛✱ ❝♦♥st❛ ♥♦
❙■●❆✴❙✐st❡♠❛ ❞❡ ❋❧✉①♦ ❞❡ ❉✐ss❡rt❛çã♦✴❚❡s❡ ❡ ♥❛ ❙❡❝r❡t❛r✐❛ ❞♦ Pr♦❣r❛♠❛ ❞❛ ❯♥✐❞❛❞❡✳
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❨♦✉ ❝❛♥ ♦❢t❡♥ ✈✐❡✇ ❣❧✐♠♣s❡s ♦❢ ✐♥❣❡♥✐♦✉s✲
♥❡ss ♥♦t ❛s ✐♥❡①♣❧✐❝❛❜❧❡ ♠✐r❛❝❧❡s✱ ❜✉t ❛s t❤❡
r❡s✐❞✉❡ ♦❢ ❡①♣❡r✐❡♥❝❡✳ ❆♥❞ ✇❤❡♥ ②♦✉ ❞♦✱ t❤❡
✐❞❡❛ ♦❢ ❣❡♥✐✉s ❣♦❡s ❢r♦♠ ❜❡✐♥❣ ♠❡s♠❡r✐③✐♥❣
t♦ ✐♥st❡❛❞ ❜❡✐♥❣ ❛❝t✐✈❡❧② ✐♥s♣✐r❛t✐♦♥❛❧✳
✭●r❛♥t ❙❛♥❞❡rs♦♥ ✭✸❜✶❜✮✮



❆❣r❛❞❡❝✐♠❡♥t♦s

❉❡✈✐❞♦ às ❧✐♠✐t❛çõ❡s r❡❢❡r❡♥t❡s ❛♦ t❛♠❛♥❤♦ ♠é❞✐♦ ❞❡ss❡ t✐♣♦ ❞❡ s❡çã♦✱ ♦s s❡❣✉✐♥t❡s
❛❣r❛❞❡❝✐♠❡♥t♦s sã♦ ♠❛✐s ❜r❡✈❡s ❞♦ q✉❡ ❞❡✈❡r✐❛♠✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❝♦♠❡ç♦ ♣❡❧❛ ♠✐♥❤❛
❢❛♠í❧✐❛✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♠❡✉s ♣❛✐s✿ ▼ár❝✐♦ ❡ ❈❡❧✐♥❛✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ♣❡❧♦ ❛♠♦r ❡
♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s✳ ➱ ✉♠ t❛♥t♦ q✉❛♥t♦ ó❜✈✐♦✱ ♠❛s ❛❝❤♦ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ t✉❞♦
q✉❡ s♦✉✱ ♦✉ ♣♦ss❛ ✈✐r ❛ s❡r✱ t❡♠ r❡❧❛çã♦ ❞✐r❡t❛ ❝♦♠ ❛ ❡❞✉❝❛çã♦ q✉❡ ✈♦❝ês ♠❡ ❞❡r❛♠✳
❚♦❞❛s ♠✐♥❤❛s ❝♦♥q✉✐st❛s t❛♠❜é♠ sã♦ s✉❛s ❡ s♦✉ ❡t❡r♥❛♠❡♥t❡ ❣r❛t♦ ♣♦r s❡r ✜❧❤♦ ❞❡ ✈♦❝ês✳
❊♠ s❡❣✉✐❞❛✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ✐r♠ã♦s ▼ár❝✐♦ ❡ ▼❛r❝❡❧♦ ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❝♦♠♣❛♥❤❡✐r❛s
❑❛r♦❧ ❡ ❈❛r❧❛✳ ❈❛❞❛ ✉♠ ❞❡ ♥ós t❡♠♦s ♥♦ss❛s ♣❡❝✉❧✐❛r✐❞❛❞❡s✱ ❡ ❛ss✐♠ s❡♥❞♦✱ s❡♠♣r❡
❛♣r❡♥❞♦ ♠✉✐t♦ ❝♦♠ t♦❞♦s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ r❡❝é♠✲❝❤❡❣❛❞❛ ▼❛r✐❛♥❛✱ ♠✐♥❤❛ s♦❜r✐♥❤❛
q✉❡ tr♦✉①❡ ♠✉✐t❛ ❛❧❡❣r✐❛ ❡ ❢❡❧✐❝✐❞❛❞❡ ♣❛r❛ ♥♦ss❛ ❢❛♠í❧✐❛✳ P♦r ✜♠✱ s♦✉ ❣r❛t♦ ♣❡❧♦s ♥♦ss♦s
❡♥❝♦♥tr♦s✳ ❆✐♥❞❛ q✉❡ ❡st❡❥❛♠♦s ♠✉✐t❛s ✈❡③❡s ❞✐st❛♥t❡s ✜s✐❝❛♠❡♥t❡✱ é s❡♠♣r❡ ♠✉✐t♦ ❜♦♠
q✉❛♥❞♦ ♥♦s ❡♥❝♦♥tr❛♠♦s✳ ❱♦❝ês sã♦ ❣r❛♥❞❡s ✐♥✢✉ê♥❝✐❛s ♣❛r❛ ♠✐♠ ❡✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ ❡stã♦
♣r❡s❡♥t❡s ❡♠ t✉❞♦ q✉❡ ❢❛ç♦✳

❊♠ s❡❣✉✐❞❛✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s✿ ♦ ♣r♦❢❡ss♦r ❋❧á✈✐♦ ❑✳ ▼✐②❛③❛✇❛ ❡ ♦
♣r♦❢❡ss♦r P❤❛❜❧♦ ❋✳ ❙✳ ▼♦✉r❛✳ ❆q✉✐ ❛❣r❛❞❡ç♦ t❛♠❜é♠ à ♣r♦❢❡ss♦r❛ ❨♦s❤✐❦♦ ❲❛❦❛❜❛②❛s❤✐✱
q✉❡ ♣❛rt✐❝✐♣♦✉ ❞❡ t♦❞❛s ♥♦ss❛s r❡✉♥✐õ❡s ❡ ❢♦✐ ❡ss❡♥❝✐❛❧ ♣❛r❛ ♦s ❜♦♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s
♥❡ss❡ ♣r♦❥❡t♦✳ ❖❜r✐❣❛❞♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♣♦r t♦❞♦ ♦ tr❛❜❛❧❤♦ q✉❡ ❝♦♥❞✉③✐♠♦s ❥✉♥t♦s ❡
♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡ ✈♦❝ês ❝♦♠♣❛rt✐❧❤❛r❛♠ ❝♦♠✐❣♦ ❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s✳ ➱ ✉♠
♣r✐✈✐❧é❣✐♦ ♠✉✐t♦ ❣r❛♥❞❡ ♣♦❞❡r tr❛❜❛❧❤❛r ❝♦♠ ✈♦❝ês✳ ❙✐♥t♦ q✉❡ ❞❡✈♦ ❛❣r❛❞❡❝❡r ♥♦✈❛♠❡♥t❡
❛♦ ♣r♦❢❡ss♦r ❋❧á✈✐♦✱ q✉❡ ♠❡ ♦r✐❡♥t❛ ❞❡s❞❡ ❛ ✐♥✐❝✐❛çã♦ ❝✐❡♥tí✜❝❛✳ ❉❡s❞❡ q✉❡ ❝♦♠❡❝❡✐ ❛
❝♦♥❞✉③✐r ♣❡sq✉✐s❛s ❡♠ ♦t✐♠✐③❛çã♦ ❝♦♠❜✐♥❛tór✐❛ ❝♦♠ ♦ ❋❧á✈✐♦ ❡✉ ♠❡ s✐♥t♦ ♠❛✐s r❡❛❧✐③❛❞♦
❡ ❢❡❧✐③✳ ◆❛q✉❡❧❛ é♣♦❝❛✱ ❡✉ ♥ã♦ t✐♥❤❛ ❡①♣❡r✐ê♥❝✐❛ ❝♦♠ ♦t✐♠✐③❛çã♦ ❡ ♠❡✉ ❞❡s❡♠♣❡♥❤♦
❛❝❛❞ê♠✐❝♦ ♥ã♦ ❡r❛ ❞♦s ♠❡❧❤♦r❡s✳ ❆✐♥❞❛ ❛ss✐♠✱ s❡♠♣r❡ ❝♦♠ ♠✉✐t❛ ♣❛❝✐ê♥❝✐❛✱ ♦ ❋❧á✈✐♦ ♠❡
♦r✐❡♥t♦✉✳ ❆❝r❡❞✐t♦ q✉❡ ❤♦❥❡ s♦✉ ✉♠ ❝✐❡♥t✐st❛ ❞❛ ❝♦♠♣✉t❛çã♦ ♠❡❧❤♦r✱ ❡ ✐ss♦ ❞❡❝♦rr❡ ❞♦
tr❛❜❛❧❤♦ q✉❡ r❡❛❧✐③❡✐ ❝♦♠ ♦ ❋❧á✈✐♦✳

❊ss❡ é ♦ ♠❡✉ ♦✐t❛✈♦ ❛♥♦ ♥❛ ❯♥✐❝❛♠♣✱ ❡ ❞✉r❛♥t❡ ❡ss❡ t❡♠♣♦ ❥á ♠♦r❡✐ ❡♠ q✉❛tr♦
r❡♣ú❜❧✐❝❛s✳ ❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s q✉❡ ✜③ ❞✉r❛♥t❡ ❡ss❡ t❡♠♣♦ ✭❛s ❧✐st❛s s❡❣✉✐♥t❡s ♥ã♦ sã♦
❡①❛✉st✐✈❛s✮✿ ▼✐❧❧ôr✱ P❡♣❡✉✱ ❨❛♥✱ ❑✉r✉♠✐♥✱ ❱✐t✐♥❤♦✱ ❏❛❝❦✱ ❨❛❣♦✱ ❙❡✐❥✐✱ ▼❛r❝❡❧♦✱ ❍✉❣♦✱
❯❞✐✱ ❚✉t✐✱ ❚❛✛❛r❡❧✱ ❉✐♦❣♦✱ ❆♥tô♥✐♦✱ ❇♦r❣❡s✱ ❘♦❣❡r✱ P❡rô♥✐♦✱ ▼✉rr♦✱ ❇✉①❡①❛✱ ❍❡r♠❡s✱
❯r❛✱ ❙❤✐♠❛✱ ❆❧❡❣r✐❛✱ ❈❛♣✐tã♦✱ ❏♦❜s✱ ❏✉❧✐❛✱ ❆♥❞r❡✐❛✱ . . . ❊ss❡s ❢♦r❛♠ ❜♦♥s ❛♥♦s✱ ❡ é ✐♥❡❣á✈❡❧
q✉❡ ✈♦❝ês sã♦ r❡❧❡✈❛♥t❡s ♥✐ss♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ▲♦♥❞r✐♥❛✿ ❈❛✐♦t✱
❘❡♥❛♥✱ ❈❛r❧♦s ❡ ❚❛❦❡♦❀ ❡ ❛♦s ♠❡♠❜r♦s ❡ ❡①✲♠❡♠❜r♦s ❞♦ ▲❖❈♦✿ ❯❧②ss❡s✱ ●✉✐❧❤❡r♠❡✱ ❆❧❛♥✱
▲✉❝❛s✱ ▼❛r❝❡❧♦✱ ◆❛t❛♥❛❡❧✱ ❨✉❧❧❡✱ ❉❡②✈✐s♦♥✱ ❱✐t♦r ✭♦s ❞♦✐s✮✱ ❱✐♥✐❝✐✉s✱ ▼❛t❡✉s✱ ▼❛✉r♦ ✭♦s
❞♦✐s✮✱ ❆❧♦♥s♦✱ P❛✉❧♦✱ ❲❡❧✈❡rt♦♥✱ ❈❡❧s♦✱ ▼❛②❛r❛✱ ❆❧❡ss❛♥❞r❛✱ ❊♥♦q✉❡✱ P❡❞r♦✱ ❘❡♥❛t♦✱
❋❡❧✐♣❡✱ . . .

❆❣r❛❞❡ç♦ ❛♦ ❉❛✈✐ q✉❡✱ ❡♠ ✷✵✶✶✱ ♠❡ ✐♥❝❡♥t✐✈♦✉ ❛ ❡st✉❞❛r ♣❛r❛ ♦ ✈❡st✐❜✉❧❛r ❞❛ ❯♥✐❝❛♠♣✳
❊ss❛ ✉♥✐✈❡rs✐❞❛❞❡ ❢♦✐ ✉♠ ❣r❛♥❞❡ ♣r❡s❡♥t❡ ♥❛ ♠✐♥❤❛ ✈✐❞❛✳ ❚❡♥❤♦ ❝❡rt❡③❛ q✉❡ ❛ ❯♥✐❝❛♠♣ ❢❡③
❞❡ ♠✐♠ ✉♠❛ ♣❡ss♦❛ ♠❡❧❤♦r✳ ❉✐❣♦ ✐ss♦ ♥ã♦ só ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❡❧✐t❡ q✉❡ ❛ ✉♥✐✈❡rs✐❞❛❞❡
♣r♦❞✉③✱ ❝♦♠♦ t❛♠❜é♠ ♣❡❧❛s ✈✐✈ê♥❝✐❛s ❡ ❛♠✐③❛❞❡s✳ ❖ ■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ❢♦✐ ♠✉✐t♦



✐♠♣♦rt❛♥t❡ ♣❛r❛ ❞❡✜♥✐r ♦ q✉❡ s♦✉ ❤♦❥❡✳ ❉❡ss❛ ❢♦r♠❛✱ ❛❣r❛❞❡ç♦ ❞❡ ♠❛♥❡✐r❛ ❡s♣❡❝✐❛❧ ❛♦s
❞♦❝❡♥t❡s ❞❛ ár❡❛ ❞❡ t❡♦r✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ ❞♦ ■❈✱ q✉❡ ♠✐♥✐str❛♠ ót✐♠❛s ❛✉❧❛s ❡ s❡♠♣r❡
❢♦r❛♠ ❛❜❡rt♦s ❛ r❡s♣♦♥❞❡r❡♠ ❛s ♠✐♥❤❛s ❞ú✈✐❞❛s✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦s ❢✉♥❝✐♦♥ár✐♦s
❞❛ s❡❝r❡t❛r✐❛ ❞♦ ■❈✱ q✉❡ ♣❛❝✐❡♥t❡♠❡♥t❡ r❡s♣♦♥❞❡r❛♠✱ r❡♣❡t✐❞❛s ✈❡③❡s✱ ✈ár✐❛s ❞❛s ♠✐♥❤❛s
❞ú✈✐❞❛s s♦❜r❡ ❛❧❣✉♥s ♣r♦❝❡ss♦s ❜✉r♦❝rát✐❝♦s✳

❉❡✈♦ ❛❣r❛❞❡❝❡r t❛♠❜é♠ à ❚❛②♥á✱ ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦✳ ❆❝❤♦ ❜♦♥✐t♦ ❡
♣r❡❝✐♦s♦ ♦ q✉❛♥t♦ ♣♦❞❡♠♦s s❡r s✐♥❝❡r♦s ❡ ❛♣r❡♥❞❡r ✉♠ ❝♦♠ ♦ ♦✉tr♦✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈❡ s❡r
♣♦ssí✈❡❧ ❝♦♥t❛r ❡♠ ✉♠❛ ú♥✐❝❛ ♠ã♦ ♦ ♥ú♠❡r♦ ❞❡ ✜s✐♦t❡r❛♣❡✉t❛s ♥♦ ♠✉♥❞♦ q✉❡ ❡s❝✉t❛r✐❛♠✱
q✉❛s❡ t♦❞❛s ❛s ♥♦✐t❡s✱ ❛❧❣✉é♠ ❢❛❧❛♥❞♦ s♦❜r❡ ❣r❛❢♦s✱ ❛❧❣♦r✐t♠♦s ❡ ♠❛t❡♠át✐❝❛✳ ❋✐❝♦ ❢❡❧✐③
❞❡ ❝♦♠♣❛rt✐❧❤❛r♠♦s ♥♦ss❛s ✈✐❞❛s✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❝♦♠ ❛♣♦✐♦ ❞♦ ❈◆Pq✱ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡✲
s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦ ✲ ❇r❛s✐❧✳ ❉❡ss❛ ❢♦r♠❛✱ ❛❣r❛❞❡ç♦ ❛♦s ❝♦♥tr✐❜✉✐♥t❡s
❜r❛s✐❧❡✐r♦s q✉❡ ❛❥✉❞❛r❛♠ ❛ ✜♥❛♥❝✐❛r ♦s ♠❡✉s ❡st✉❞♦s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ❝♦♥tr✐❜✉✐♥t❡s
❞❛ ❇♦❧s❛ ❆❧✉♠♥✐✳ ❈r❡✐♦ q✉❡ ❡ss❛ ❜♦❧s❛ é ✉♠ ✐♠♣♦rt❛♥t❡ ✐♥❝❡♥t✐✈♦ ♣❛r❛ ❛ ♣❡sq✉✐s❛ ❞❡s❡♥✲
✈♦❧✈✐❞❛ ♥♦ ■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ❞❛ ❯♥✐❝❛♠♣✳

❊♠ ✶✻✼✻✱ ■s❛❛❝ ◆❡✇t♦♥ ❡s❝r❡✈❡✉ ❡♠ ✉♠❛ ❝❛rt❛ ♣❛r❛ ❘♦❜❡rt ❍♦♦❦❡✿ ✏❙❡ ❡✉ ✈✐ ♠❛✐s
❧♦♥❣❡✱ ❢♦✐ ♣♦r ❡st❛r s♦❜r❡ ♦♠❜r♦s ❞❡ ❣✐❣❛♥t❡s✑✳ ❉❡✈❡ s❡r ❡①tr❡♠❛♠❡♥t❡ ❝❧✐❝❤ê ✉t✐❧✐③❛r ❡ss❛
❢r❛s❡ ♥❡ss❛ ♦❝❛s✐ã♦✱ ♠❛s ♦s ♣♦✉❝♦s ✈✐s❧✉♠❜r❡s q✉❡ t✐✈❡ ❞♦ q✉❡ s❡ ❡♥❝♦♥tr❛✈❛ ❛trás ❞❛s
♠♦♥t❛♥❤❛s ❢♦✐ ❞❡✈✐❞♦ ❛♦s ♠✉✐t♦s ❣✐❣❛♥t❡s q✉❡ ♠❡ ❛❥✉❞❛r❛♠✳



❘❡s✉♠♦

❉❛❞♦ ✉♠ ✐♥t❡✐r♦ ✜①♦ k ≥ 2✱ ♦ ♣r♦❜❧❡♠❛ ❞❛ k✲♣❛rt✐çã♦ ❝♦♥❡①❛ ❜❛❧❛♥❝❡❛❞❛ ✭❇❈Pk✮ ❝♦♥✲
s✐st❡ ❡♠ ♣❛rt✐❝✐♦♥❛r ✉♠ ❣r❛❢♦ ❡♠ k s✉❜❣r❛❢♦s ❝♦♥❡①♦s ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s ❡ ❝♦♠ ♣❡s♦s
s✐♠✐❧❛r❡s✳ ❋♦r♠❛❧♠❡♥t❡✱ ❞❛❞♦ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ G ❝♦♠ ♣❡s♦s ♥ã♦✲♥❡❣❛t✐✈♦s ♥♦s ✈ért✐✲
❝❡s✱ ❞❡s❡❥❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ♣❛rt✐çã♦ {Vi}ki=1 ❞❡ V (G) t❛❧ q✉❡ ❝❛❞❛ ❝❧❛ss❡ Vi ✐♥❞✉③ ✉♠
s✉❜❣r❛❢♦ ❝♦♥❡①♦ ❡♠ G✱ ❡ ♦ ♣❡s♦ ❞❛ ❝❧❛ss❡ ❝♦♠ ♠❡♥♦r ♣❡s♦ é ♦ ♠❛✐♦r ♣♦ssí✈❡❧✳ ❊ss❡
♣r♦❜❧❡♠❛✱ ❝♦♥❤❡❝✐❞♦ ♣♦r s❡r NP✲❞✐❢í❝✐❧✱ ❢♦✐ ♠✉✐t♦ ✐♥✈❡st✐❣❛❞♦ ♣♦r ❞✐✈❡rs❛s ❛❜♦r❞❛❣❡♥s ❡
♣❡rs♣❡❝t✐✈❛s✿ ❛❧❣♦r✐t♠♦s ❡①❛t♦s✱ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ k ♦✉
❝❧❛ss❡s ❞❡ ❣r❛❢♦s✱ ✈❛r✐❛♥t❡s ♣ró①✐♠❛s ❞♦ ♣r♦❜❧❡♠❛ ❡ r❡s✉❧t❛❞♦s ❞❡ ✐♥❛♣r♦①✐♠❛❜✐❧✐❞❛❞❡✳ ❉♦
♣♦♥t♦ ❞❡ ✈✐st❛ ♣rát✐❝♦✱ ♦ ❇❈Pk é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠♦❞❡❧❛r ♣r♦❜❧❡♠❛s ❡♠ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡
✐♠❛❣❡♥s✱ ❛♥á❧✐s❡ ❞❡ ❝❧✉st❡rs✱ s✐st❡♠❛s ♦♣❡r❛❝✐♦♥❛✐s ❡ r♦❜ót✐❝❛✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♣r♦♣♦♠♦s
❞✉❛s ❢♦r♠✉❧❛çõ❡s ❜❛s❡❛❞❛s ❡♠ Pr♦❣r❛♠❛çã♦ ▲✐♥❡❛r ▼✐st❛ ❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❜❛s❡❛❞❛ ❡♠
Pr♦❣r❛♠❛çã♦ ▲✐♥❡❛r ■♥t❡✐r❛ ♣❛r❛ ♦ ❇❈Pk✳ ❆s ♣r✐♠❡✐r❛s ❞✉❛s ❢♦r♠✉❧❛çõ❡s sã♦ ❜❛s❡❛❞❛s
❡♠ ✢✉①♦s ❡ ♣♦ss✉❡♠ ✉♠ ♥ú♠❡r♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✈❛r✐á✈❡✐s ❡ r❡str✐çõ❡s✳ ❆ ú❧t✐♠❛ ❢♦r♠✉❧❛çã♦
❝♦♥té♠ s♦♠❡♥t❡ ✈❛r✐á✈❡✐s ❜✐♥ár✐❛s ❡ ✉♠ ♥ú♠❡r♦ ♣♦t❡♥❝✐❛❧♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s
q✉❡ ♣♦❞❡♠ s❡r s❡♣❛r❛❞❛s ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳ ■♥tr♦❞✉③✐♠♦s ♥♦✈❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈á❧✐❞❛s
♣❛r❛ ❡ss❡ ú❧t✐♠♦ ♠♦❞❡❧♦ ❡ ♣r♦❥❡t❛♠♦s ❛❧❣♦r✐t♠♦s ❞❡ s❡♣❛r❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡s✳
❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ♣♦❧✐é❞r✐❝♦s ❛ss♦❝✐❛❞♦s ❛ ❡ss❛ ❢♦r♠✉❧❛çã♦✳ P❡❧♦ q✉❡
s❛❜❡♠♦s✱ ♥ã♦ ❡①✐st❡♠ r❡s✉❧t❛❞♦s ❞❡ss❛ ♥❛t✉r❡③❛ ♣❛r❛ ♦ ❇❈Pk ♥❛ ❧✐t❡r❛t✉r❛✳ ❯t✐❧✐③❛♥❞♦ ❛
♣❧❛t❛❢♦r♠❛ ❖♣❡♥❙tr❡❡t▼❛♣ ❡ ♦s ❞❛❞♦s ♣ú❜❧✐❝♦s s♦❜r❡ ❛ ❝r✐♠✐♥❛❧✐❞❛❞❡ ❡♠ ❝❡rt❛s r❡❣✐õ❡s✱
❣❡r❛♠♦s ♥♦✈❛s ✐♥stâ♥❝✐❛s ❜❛s❡❛❞❛s ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ♣❛tr✉❧❤❛♠❡♥t♦ ♣♦❧✐❝✐❛❧✳ ❊①♣❡r✐♠❡♥t♦s
❝♦♠♣✉t❛❝✐♦♥❛✐s ♠♦str❛♠ q✉❡ ♦s ❛❧❣♦r✐t♠♦s ❡①❛t♦s ❜❛s❡❛❞♦s ♥❛s ♥♦ss❛s ❢♦r♠✉❧❛çõ❡s sã♦
s✉♣❡r✐♦r❡s ❛♦s ♠❡❧❤♦r❡s ♠ét♦❞♦s ❡①❛t♦s ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳



❆❜str❛❝t

●✐✈❡♥ ❛ ✜①❡❞ ✐♥t❡❣❡r k ≥ 2✱ t❤❡ ❜❛❧❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ✭❇❈Pk✮ ❝♦♥s✐sts
♦❢ ♣❛rt✐t✐♦♥✐♥❣ ❛ ❣r❛♣❤ ✐♥t♦ k ♠✉t✉❛❧❧② ✈❡rt❡①✲❞✐s❥♦✐♥t s✉❜❣r❛♣❤s ♦❢ s✐♠✐❧❛r ✇❡✐❣❤t✳ ▼♦r❡
❢♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤ts ♦♥ t❤❡ ✈❡rt✐❝❡s✱ ✇❡ ✇❛♥t
t♦ ✜♥❞ ❛ ♣❛rt✐t✐♦♥ {Vi}ki=1 ♦❢ V (G) s✉❝❤ t❤❛t ❡❛❝❤ ❝❧❛ss Vi ✐♥❞✉❝❡s ❛ ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤
♦❢ G✱ ❛♥❞ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❝❧❛ss ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✇❡✐❣❤t ✐s ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s
♣r♦❜❧❡♠✱ ❦♥♦✇♥ t♦ ❜❡ NP✲❤❛r❞✱ ❤❛s ❜❡❡♥ ❧❛r❣❡❧② ✐♥✈❡st✐❣❛t❡❞ ✉♥❞❡r ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s
❛♥❞ ♣❡rs♣❡❝t✐✈❡s✿ ❡①❛❝t ❛❧❣♦r✐t❤♠s✱ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r s♦♠❡ ✈❛❧✉❡s ♦❢ k ♦r
s♣❡❝✐❛❧ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✱ ❝❧♦s❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② r❡s✉❧ts✳ ❖♥
t❤❡ ♣r❛❝t✐❝❛❧ s✐❞❡✱ ❇❈Pk ✐s ✉s❡❞ t♦ ♠♦❞❡❧ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ❛r✐s✐♥❣ ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱
❝❧✉st❡r ❛♥❛❧②s✐s✱ ♦♣❡r❛t✐♥❣ s②st❡♠s ❛♥❞ r♦❜♦t✐❝s✳ ❲❡ ♣r♦♣♦s❡ t✇♦ ▼■▲P ❢♦r♠✉❧❛t✐♦♥s ❛♥❞
♦♥❡ ■▲P ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❇❈Pk✳ ❚❤❡ ✜rst t✇♦ ❛r❡ ❜❛s❡❞ ♦♥ ✢♦✇s ❛♥❞ ❤❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧
♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ❛♥❞ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❧❛st ❢♦r♠✉❧❛t✐♦♥ ❝♦♥t❛✐♥s ♦♥❧② ❜✐♥❛r② ✈❛r✐❛❜❧❡s
❛♥❞ ❛ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts t❤❛t ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡
✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤✐s ❧❛st
♠♦❞❡❧ ❛♥❞ ❞❡s✐❣♥ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ s❡♣❛r❛t✐♦♥ r♦✉t✐♥❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
♣r❡s❡♥t ♣♦❧②❤❡❞r❛❧ r❡s✉❧ts ❜❛s❡❞ ♦♥ t❤✐s ■▲P ❢♦r♠✉❧❛t✐♦♥✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡
✜rst ♣♦❧②❤❡❞r❛❧ st✉❞② ❢♦r ❇❈Pk ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❯s✐♥❣ t❤❡ ❖♣❡♥❙tr❡❡t▼❛♣ ♣❧❛t❢♦r♠ ❛♥❞
♣✉❜❧✐❝ ❝r✐♠❡ ❞❛t❛✱ ✇❡ ❣❡♥❡r❛t❡❞ ♥❡✇ ✐♥st❛♥❝❡s ❜❛s❡❞ ♦♥ ❛ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✳
❖✉r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ ❡①❛❝t ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦♣♦s❡❞
❢♦r♠✉❧❛t✐♦♥s ♦✉t♣❡r❢♦r♠ t❤❡ ♦t❤❡r ❡①❛❝t ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳



▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ ❇❈Pk ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✶ ●r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐♥ R2✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛ ❝♦r✲
r❡s♣♦♥❞s t♦ P ❛♥❞ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❚❤❡ r❡❞
❛rr♦✇ ✐♥❞✐❝❛t❡s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❣r♦✇t❤ ♦❢ ✈❡❝t♦r c ❛♥❞ t❤❡ r❡❞ ❞♦ts ❞❡♥♦t❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♠❡t❤♦❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✷✳✸ ■t❡r❛t✐♦♥s ♦❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✳ ❋✐❣✉r❡ ❜❛s❡❞ ♦♥ ▼✐②❛③❛✇❛ ❬✸✽❪✳ ✳ ✳ ✷✸
✷✳✹ ❊①❛♠♣❧❡ ♦❢ P ❛♥❞ PI ✇✐t❤ n = 2✳ ❚❤❡ s❤❛❞❡❞ ❛♥❞ ❞❛s❤❡❞ ❛r❡❛ ❝♦rr❡s♣♦♥❞

t♦ P ❛♥❞ PI ✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ ❤♦✇ a3 ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❛❝❡t ♦❢ PI ✱ ❜✉t
a1 ❞♦❡s ♥♦t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✺ ❊①❛♠♣❧❡ ♦❢ ❛ ♠❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t✳ ❚❤❡ ❣r❛② ✈❡rt✐❝❡s ❞❡♥♦t❡ ✈❡rt✐❝❡s
✐♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✶ ❊①❛♠♣❧❡ ❛❞❛♣t❡❞ ❢r♦♠ ▲✉❝❡rt✐♥✐✱ P❡r❧✱ ❛♥❞ ❙✐♠❡♦♥❡ ❬✸✶❪✳ ❋♦r k = 3✱ ♥♦t❡
t❤❛t {{v1}, {v2}, {v3, v4, v5}} ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ♠✐♥✲♠❛① ❇❈Pk

❜✉t ✐t ✐s ♥♦t ❢♦r ❇❈Pk✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✹✳✶ ❉✐❣r❛♣❤ DF ❛♥❞ ❛ ❢❡❛s✐❧❡ s♦❧✉t✐♦♥ ❢♦r ❢♦r♠✉❧❛t✐♦♥ F2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✺✳✶ ■❧❧✉str❛t✐♦♥ ❢♦r ❛ (u, v)✲s❡♣❛r❛t♦r S✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts ❛ (u, v)✲♣❛t❤✳ ✹✶
✺✳✷ ■❧❧✉str❛t✐♦♥ ❢♦r ❝❧❛✐♠ ✺✳✶✳✷✳ ❊❛❝❤ ❜❛r ❤❛s ✉♥✐t ✇✐❞t❤ ❛♥❞ ❛ ❤❡✐❣❤t t❤❛t

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❝❧❛ss✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❢r♦♠ ❝♦♠♣✉t✐♥❣ t❤❡
❞❛s❤❡❞ ❛r❡❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✺✳✸ ■❧❧✉str❛t✐♦♥ ❢♦r Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✹ ✇❤❡♥ q = 2✳ ❆ss✉♠❡ s1 ❛♥❞ t1 ❜❡❧♦♥❣
t♦ ❝❧❛ss V1✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ (s2, t2)✲♣❛t❤ ❞✐s❥♦✐♥t ❢r♦♠ ❛ (s1, t1)✲♣❛t❤
✐♥ G[S]✱ s2 ❛♥❞ t2 ❜❡❧♦♥❣ t♦ V2 ♦♥❧② ✐❢ N(S) ∩ V2 6= ∅✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺✳✹ ❙❡♣❛r❛t✐♦♥ ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✐♥❡q✉❛❧✐t✐❡s✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥✲
❡q✉❛❧✐t② xu,i + xv,i − (xa,i + xb,i + xc,i) ≤ 1 ✐s ✈✐♦❧❛t❡❞ ✐♥ G✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✺✳✺ ❉r❛✇✐♥❣ ♦❢ t❤❡ ❝r♦ss ✐♥❡q✉❛❧✐t✐❡s✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❜♦✉♥❞✲
❛r② F ❛♥❞ ✇❡ ❞r❡✇ t❤❡ ❣r❛♣❤ ✐♥ ❛ ✇❛② t❤❛t t❤❡ ❢❛❝❡ ❝♦♥s✐❞❡r❡❞ ✐s ❡①t❡r♥❛❧✳
■❢ s1 ❛♥❞ t1 ❜❡❧♦♥❣ t♦ V1✱ t❤❡♥ s2 ❛♥❞ t2 ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ V2 ✭♦t❤❡r✇✐s❡✱
t❤❡r❡ ✇♦✉❧❞ ❜❡ ❝r♦ss✐♥❣ ❡❞❣❡s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✺✳✻ ❉♦♠❛✐♥ ♣r♦♣❛❣❛t✐♦♥✳ ❙✉♣♣♦s❡ ✐♥ ❛ ❣✐✈❡♥ ♥♦❞❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞
tr❡❡ ✇❡ ❤❛✈❡ t❤❡ ❛❜♦✈❡ ✐❧❧✉str❛t❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ F1 = {v8}
❛♥❞ F2 = {v4}✳ ❈❧❡❛r❧②✱ ❢♦r t❤✐s ♥♦❞❡✱ ✇❡ ❝❛♥ ✜① xv,i = 0✱ ❢♦r ❛❧❧ v ∈ V (C1)✳ ✹✾

✺✳✼ ■❢ opt(G) > 1✱ t❤❡♥ G ❤❛s ❛ ♠❛t❝❤✐♥❣ ♦❢ s✐③❡ k✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✺✳✽ ●r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜✐❥❡❝t✐♦♥ ν : S ∪ {v} → [k] \ [i− 1]✱ ✉s❡❞ t♦

❞❡✜♥❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r χ(v, i)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵



✺✳✾ ❇✐❥❡❝t✐♦♥s ❢r♦♠ s❡ts S ❛♥❞ Ŝ t♦ {1, . . . , k}✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ t♦
❞❡✜♥❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦rs φ(u, i, v, j) ❛♥❞ ψ(u, i, v)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✺✳✶✵ ◆❡st❡❞ tr❡❡s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ s❡t A = {e(Gj, k)}j∈[n]✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✺✳✶✶ ❙✉❜❣r❛♣❤ Gz✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✺✳✶✷ ❈♦♥str✉❝t✐♥❣ t❤❡ ✈❡❝t♦r (x̄, w̄) ❢r♦♠ ✈❡❝t♦rs ✐♥ F̄x ✭♦r Q✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✺✳✶✸ ❚❤❡ ♣❛t❤ P j

y ✐❢ |P i
y ∩ {sj, tj}| = 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✶✹ ❚❤❡ ❢♦✉r ❝❛s❡s ✐♥ t❤❡ ♣r♦♦❢✳ ❘❡❞ ❛♥❞ ❜❧✉❡ r❡♣r❡s❡♥t ❝❧❛ss σ(a) ❛♥❞ σ(b)✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✜❣✉r❡s ❣✐✈❡ ✉s ❛♥ ✐❞❡❛ ♦❢ ❤♦✇ ✇❡ ❝♦♥str✉❝t t❤❡ ❞❡s✐r❡❞
✈❡❝t♦rs✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✻✳✶ ■♥st❛♥❝❡s ♦❢ ❇❈P3 ❛♥❞ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✳ ❚❤❡ r❛❞✐✉s ♦❢ ❡❛❝❤ ✈❡rt❡① ✐s
♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts ✇❡✐❣❤t✳ ❚❤❡ ✈❡rt✐❝❡s ✐♥ V1 ❛r❡ ❝♦❧♦r❡❞ r❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✻✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ ❣r✐❞ ❣r❛♣❤s✳ ❚✐♠❡ ✐s ✐♥ ❧♦❣❛r✐t❤♠✐❝
s❝❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✻✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ r❛♥❞♦♠ ❣r❛♣❤s✳ ❚✐♠❡ ✐s ✐♥ ❧♦❣❛r✐t❤♠✐❝
s❝❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✻✳✹ ❊①♣❡r✐♠❡♥ts ❢♦r ❇❈P2 ♦♥ r❛♥❞♦♠ ❣r❛♣❤s ✇✐t❤ ✶✵✵✵ ✈❡rt✐❝❡s ❛♥❞ ❞✐✛❡r❡♥t
❞❡♥s✐t✐❡s✳ ❚✐♠❡ ✐s ✐♥ ❧✐♥❡❛r s❝❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✻✳✺ ■♥st❛♥❝❡ ♦❢ ❇❈P2 ✇✐t❤ w(v1) = w(v5) = w(v6) = 100 ❛♥❞ w(v2) = w(v3) =
w(v4) = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵



▲✐st ♦❢ ❚❛❜❧❡s

✻✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ ❣r✐❞ ❣r❛♣❤s s❤♦✇✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ♦❢
t❤❡ ❝r♦ss ✐♥❡q✉❛❧✐t✐❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✻✳✷ P❡r❢♦r♠❛♥❝❡ ♦❢ ❢❧♦✇ t♦ s♦❧✈❡ ❇❈P2 ♦♥ ❧❛r❣❡ ❣r✐❞s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
✻✳✸ ❘✉♥♥✐♥❣ t✐♠❡ ♦❢ ❢❧♦✇✲③ ♦♥ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣ ✐♥st❛♥❝❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
✻✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ♠✐♥✲♠❛① ❇❈Pk ✇❤❡♥ k ∈ {3, 4, 5, 6}✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✼✳✶ ❋♦r♠✉❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♥str❛✐♥ts ❢♦r ❛♥
✐♥st❛♥❝❡ ♦❢ ❇❈Pk ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ m ❡❞❣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

❆✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ ❣r✐❞ ❣r❛♣❤s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
❆✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ r❛♥❞♦♠ ❣r❛♣❤s ✇✐t❤ ✉♣ t♦ ✶✵✵ ✈❡rt✐❝❡s✳ ✽✶
❆✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ❇❈P2 ♦♥ r❛♥❞♦♠ ❣r❛♣❤s ✇✐t❤ ♦✈❡r ✶✵✵ ✈❡rt✐❝❡s✳ ✽✷
❆✳✹ P❡r❢♦r♠❛♥❝❡ ♦❢ ❝✉t ❛♥❞ ❢❧♦✇ t♦ s♦❧✈❡ ❇❈P2 ♦♥ ❧❛r❣❡ r❛♥❞♦♠ ❣r❛♣❤s✳ ✳ ✳ ✽✸
❆✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ♠✐♥✲♠❛① ❇❈Pk ✇❤❡♥ k ∈ {2, 3, 4, 5, 6}✳ ✳ ✳ ✳ ✳ ✳ ✽✹



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶✺
✶✳✶ ❈♦♥tr✐❜✉t✐♦♥s ❛♥❞ ❖✉t❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ Pr❡❧✐♠✐♥❛r✐❡s ✶✽
✷✳✶ ●r❛♣❤ ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷✳✷ ■♥t❡❣❡r ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷✳✶ ❇r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✷✳✷ ❇r❛♥❝❤✲❛♥❞✲❝✉t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✸ P♦❧②❤❡❞r❛❧ ❈♦♠❜✐♥❛t♦r✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✸✳✶ ▲✐♥❡❛r ❆❧❣❡❜r❛ ❛♥❞ P♦❧②❤❡❞r❛❧ ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✸✳✷ ❆ s❤♦rt ❡①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸ ❑♥♦✇♥ ❘❡s✉❧ts ✷✽
✸✳✶ ❍❛r❞♥❡ss ❛♥❞ ❆♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✷ ❆ ♥♦t❡ ♦♥ ▼✐♥✐♠✉♠ ❙♣❛♥♥✐♥❣ ❚r❡❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸✳✸ ▼■▲P ❢♦r♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✹ ❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥s ✸✺
✹✳✶ ❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✹✳✷ ❆s②♠♠❡tr✐❝ ❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✹✳✸ ❘❡❧❛①❡❞ ❢♦r♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺ ❈✉t ❋♦r♠✉❧❛t✐♦♥ ✹✵
✺✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✺✳✷ ❙❡♣❛r❛t✐♦♥ r♦✉t✐♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺✳✷✳✶ ❈♦♥♥❡❝t✐✈✐t② ✐♥❡q✉❛❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✺✳✷✳✷ ❈r♦ss ✐♥❡q✉❛❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✺✳✸ ❊♥❤❛♥❝✐♥❣ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✺✳✸✳✶ ❈♦✈❡r ✐♥❡q✉❛❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✺✳✸✳✷ ❉♦♠❛✐♥ Pr♦♣❛❣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✹ P♦❧②❤❡❞r❛❧ ❙t✉❞② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✺✳✹✳✶ P♦❧②❤❡❞r❛❧ ❙t✉❞② ❢♦r ✶✲❇❈Pk ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✺✳✹✳✷ P♦❧②❤❡❞r❛❧ ❙t✉❞② ♦❢ ❛ r❡❧❛①❡❞ ❢♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✻ ❈♦♠♣✉t❛t✐♦♥❛❧ ❊①♣❡r✐♠❡♥ts ✻✷
✻✳✶ ❇❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✻✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✻✳✸ ❖♥ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ❜♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
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❇✐❜❧✐♦❣r❛♣❤② ✼✹

❆ ❉❡t❛✐❧❡❞ ❘❡s✉❧ts ✼✾



✶✺

❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t V (G) ❛♥❞ ❡❞❣❡ s❡t E(G)✳ ❲❤❡♥
t❤❡ ❣r❛♣❤ G ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ V ❛♥❞ E✱ ✐♥st❡❛❞✳ ❋♦r ❛♥
✐♥t❡❣❡r t✱ t❤❡ s②♠❜♦❧ [t] ❞❡♥♦t❡s t❤❡ s❡t {1, 2, . . . , t} ✐❢ t ≥ 1 ❛♥❞ ∅ ♦t❤❡r✇✐s❡✳ ▲❡t k ❜❡
❛ ✜①❡❞ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆ k✲♣❛rt✐t✐♦♥ ♦❢ G ✐s ❛ ❝♦❧❧❡❝t✐♦♥ {Vi}i∈[k] ♦❢ ♥♦♥❡♠♣t② s✉❜s❡ts
♦❢ V s✉❝❤ t❤❛t

⋃k

i=1 Vi = V (G)✱ ❛♥❞ Vi ∩ Vj = ∅✱ ❢♦r ❛❧❧ i, j ∈ [k]✱ i 6= j✳ ❲❡ s❛② t❤❛t ❡❛❝❤
s❡t Vi ✐s ❛ ❝❧❛ss ♦❢ t❤❡ ♣❛rt✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ t❤❡ ❝❧❛ss❡s ❛r❡ ✐♥❞❡①❡❞✱ ✇❡ s♦♠❡t✐♠❡s
r❡❢❡r t♦ Vi ❛s t❤❡ i✲t❤ ❝❧❛ss✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t |V | ≥ k✱ ♦t❤❡r✇✐s❡ G ❞♦❡s
♥♦t ❛❞♠✐t ❛ k✲♣❛rt✐t✐♦♥✳ ❲❡ s❛② t❤❛t ❛ k✲♣❛rt✐t✐♦♥ {Vi}i∈[k] ♦❢ G ✐s ❝♦♥♥❡❝t❡❞ ✐❢✱ ❢♦r ❡✈❡r②
i ∈ [k]✱ t❤❡ s✉❜❣r❛♣❤ ♦❢ G ✐♥❞✉❝❡❞ ❜② Vi ✐s ❝♦♥♥❡❝t❡❞✳

❋♦r ❛♥② s❡t ♦❢ ♥✉♠❜❡rs S✱ ✇❡ ❞❡♥♦t❡ ❜② S≥ ✭r❡s♣✳ S>✮ t❤❡ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ✭r❡s♣✳
♣♦s✐t✐✈❡✮ ❡❧❡♠❡♥ts ♦❢ S✳ ▲❡t w : V → Q≥ ❜❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s ✇❡✐❣❤ts t♦ t❤❡ ✈❡rt✐❝❡s
♦❢ G✳ ❋♦r ❡✈❡r② s✉❜s❡t V ′ ⊆ V ✱ ✇❡ ❞❡✜♥❡ w(V ′) =

∑
v∈V ′ w(v)✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱

❢♦r ❛♥② s✉❜❣r❛♣❤ H ♦❢ G✱ ✇❡ ✉s❡ w(H) ♠❡❛♥✐♥❣ w(V (H))✳ ■♥ t❤❡ ❜❛❧❛♥❝❡❞ ❝♦♥♥❡❝t❡❞

k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ✭❇❈Pk✮✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ✈❡rt❡①✲✇❡✐❣❤t❡❞ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❛♥❞ ✇❡
s❡❡❦ ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❧✐❣❤t❡st ❝❧❛ss✳

Pr♦❜❧❡♠ ✶ ❇❛❧❛♥❝❡❞ ❈♦♥♥❡❝t❡❞ k✲P❛rt✐t✐♦♥ ✭❇❈Pk✮

■♥st❛♥❝❡✿ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ❛♥❞ ❛ ✈❡rt❡①✲✇❡✐❣❤t ❢✉♥❝t✐♦♥ w : V → Q≥✳

❋✐♥❞✿ ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥ {Vi}i∈[k] ♦❢ V (G)✳

●♦❛❧✿ ♠❛①✐♠✐③❡ mini∈[k]{w(Vi)}✳

❇❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ❆ss✉♥çã♦ ❛♥❞ ❋✉rt❛❞♦ ❬✹❪✱ ✇❡ ♥♦✇ ✐❧❧✉str❛t❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤✐s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣✳ ❙✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ♠❛♣ ♦❢ ❛ ❝✐t②
t❤❛t ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ♣❛tr♦❧❧✐♥❣ ❛r❡❛s✳ ▼♦r❡♦✈❡r✱ t❤✐s ♠❛♣ ❝♦♥t❛✐♥s ♣♦✐♥ts r❡♣r❡s❡♥t✐♥❣
❝r✐♠❡ ♦❝❝✉rr❡♥❝❡s✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❝r❡❛t❡ ❛ ❣r❛♣❤ Gp ❢♦r s✉❝❤ ❛ ♠❛♣✳ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s
V (Gp) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛tr♦❧❧✐♥❣ ❛r❡❛s✱ ❛♥❞ ❛♥ ❡❞❣❡ {p1, p2} ✐s ✐♥ E(Gp) ✐❢ ❛♥❞ ♦♥❧②
✐❢ ♣❛tr♦❧❧✐♥❣ ❛r❡❛ p1 ✐s ❛❞❥❛❝❡♥t t♦ p2✳ ◆❡①t✱ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ wp : V (Gp) → Q≥ t❤❛t
✐♥❞✐❝❛t❡s t❤❡ ❝r✐♠✐♥❛❧✐t② ✐♥ ❛♥ ❛r❡❛✳ ❙♦❧✈✐♥❣ ❇❈Pk ✐♥ (Gp, wp) ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ttr✐❜✉t✐♥❣
❝♦♥t✐❣✉♦✉s ♣❛tr♦❧❧✐♥❣ ❛r❡❛s t♦ k ♣♦❧✐❝❡ t❡❛♠s✱ ✐♥ ❛ ✇❛② t❤❛t t❤❡ ❝r✐♠✐♥❛❧✐t② ✐s ❜❛❧❛♥❝❡❞
❜❡t✇❡❡♥ t❤❡ t❡❛♠s ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✳

❇❡s✐❞❡s ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♦t❤❡r ♣r♦❜❧❡♠s ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱ ❞❛t❛
❜❛s❡✱ ♦♣❡r❛t✐♥❣ s②st❡♠s✱ ❝❧✉st❡r ❛♥❛❧②s✐s✱ ❡❞✉❝❛t✐♦♥✱ r♦❜♦t✐❝s ❛♥❞ ♠❡t❛❜♦❧✐❝ ♥❡t✇♦r❦s t❤❛t
❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ❜❛❧❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ❬✼✱ ✸✵✱ ✸✶✱ ✸✹✕✸✻✱ ✺✵❪✳ ❚❤❡s❡





✶✼

❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❢♦r❇❈Pk✳ ❆ ❢✉rt❤❡r ♣♦❧②❤❡❞r❛❧ st✉❞② ❜❛s❡❞ ♦♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥
✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡s❡ ❛r❡ t❤❡ ✜rst ♣♦❧②❤❡❞r❛❧
r❡s✉❧ts ❢♦r ❇❈Pk ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

▲❛st❧②✱ ✇❡ r❡♣♦rt ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✐♥ ❈❤❛♣t❡r ✻✳ ■♥ t❤❡ s❛♠❡ ❝❤❛♣t❡r✱
✇❡ ❛❧s♦ ♣r♦♣♦s❡ ♥❡✇ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✱ ❜❛s❡❞ ♦♥ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡s❡
✐♥st❛♥❝❡s ✇❡r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ ❖♣❡♥❙tr❡❡t▼❛♣ ❬✹✸❪ ❛♥❞ r❡❛❧✲✇♦r❧❞ ❝r✐♠❡ ❞❛t❛ ❛✈❛✐❧❛❜❧❡
❢♦r t❤❡ ♣✉❜❧✐❝✳ ❖✉r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❡①❛❝t ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ t❤❡
♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥s ♦✉t♣❡r❢♦r♠ s✐❣♥✐✜❝❛♥t❧② t❤❡ ♣r❡✈✐♦✉s s♦❧✈✐♥❣ ♠❡t❤♦❞s ❞✉❡ t♦ ▼❛t✐➣
❛♥❞ ❩❤♦✉ ❡t ❛❧✳ P❛rt✐❝✉❧❛r❧②✱ ✇❡ s♦❧✈❡ ❣r✐❞ ✐♥st❛♥❝❡s ✇✐t❤ s✐③❡s ♦✈❡r ✹✵✵ t✐♠❡s ❧❛r❣❡r t❤❛♥
t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛r❣❡st ✐♥st❛♥❝❡s s♦❧✈❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s st❛t❡✲♦❢✲t❤❡✲❛rt ❡①❛❝t ❛❧❣♦r✐t❤♠s✳

❚❤✐s ✇♦r❦ ❣❛✈❡ r✐s❡ t♦ t✇♦ ♣❛♣❡rs✳ ❖♥❡ ♦❢ t❤❡♠ ✐s ❛ s❤♦rt ✈❡rs✐♦♥ ♦❢ t❤✐s t❤❡s✐s
❛♥❞ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ♣r♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠❜✐♥❛t♦r✐❛❧
❖♣t✐♠✐③❛t✐♦♥ ✭■❙❈❖ ✷✵✷✵✮ ❬✸✾❪✳ ❚❤❡ ♦t❤❡r ♣❛♣❡r ✐s ♠♦r❡ ❝♦♠♣❧❡t❡ ❛♥❞ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥
t❤❡ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✭❊❏❖❘✮ ❬✹✵❪✳
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❈❤❛♣t❡r ✷

Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ ❝♦♥❝❡♣ts ❛♥❞ ♥♦t❛t✐♦♥s ❢r♦♠ t❤❡ ❛r❡❛s ♦❢ ●r❛♣❤
❚❤❡♦r②✱ ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣ ❛♥❞ P♦❧②❤❡❞r❛❧ ❈♦♠❜✐♥❛t♦r✐❝s✳ ❚❤❡ r❡❛❞❡r ❢❛♠✐❧✐❛r ✇✐t❤
t❤❡s❡ ❛r❡❛s ❝❛♥ s❛❢❡❧② s❦✐♣ ✐t✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ❤❡r❡ ❢♦❧❧♦✇s t❤❡ t❡r♠✐♥♦❧♦❣② ♣r❡s❡♥t❡❞ ❜②
❲❛❦❛❜❛②❛s❤✐ ❛♥❞ ❋❡rr❡✐r❛ ❬✶✼❪ ❛♥❞ ◆❡♠❤❛✉s❡r ❛♥❞ ❲♦❧s❡② ❬✹✷❪✳

✷✳✶ ●r❛♣❤ ❚❤❡♦r②

❆ ❣r❛♣❤ G ✐s ❛ t✉♣❧❡ (V (G), E(G)) ✇❤❡r❡ V (G) ❞❡♥♦t❡s ✐ts ✈❡rt❡① s❡t ❛♥❞ E(G) ✐ts ❡❞❣❡
s❡t✳ ❲❤❡♥ t❤❡ ❣r❛♣❤ G ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✉s❡ t❤❡ s✐♠♣❧✐✜❡❞ ♥♦t❛t✐♦♥ V ❛♥❞ E
✐♥st❡❛❞ ♦❢ V (G) ❛♥❞ E(G)✳ ❯♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞✱ ✇❡ ❛ss✉♠❡ t❤❛t n = |V | ❛♥❞m = |E|✳
❚❤r♦✉❣❤♦✉t t❤✐s t❡①t✱ G ✐s ❛❧✇❛②s ❛ ❣r❛♣❤✳

❲❡ ❞❡♥♦t❡ ❡❛❝❤ ❡❞❣❡ ✐♥ ♦✉r ❣r❛♣❤ ❜② {u, v}✱ ✇❤❡r❡ u, v ∈ V ❛r❡ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡
❡❞❣❡✳ ❚✇♦ ✈❡rt✐❝❡s u ❛♥❞ v ✐♥ G ❛r❡ s❛✐❞ t♦ ❜❡ ❛❞❥❛❝❡♥t ♦r ♥❡✐❣❤❜♦rs ✐❢ t❤❡ ❣r❛♣❤ ❝♦♥t❛✐♥s
❛♥ ❡❞❣❡ e = {u, v}❀ ♠♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t e ✐s ✐♥❝✐❞❡♥t t♦ ❜♦t❤ u ❛♥❞ v✳ ❙♦♠❡t✐♠❡s✱
✇❡ ♠❛② s✐♠♣❧② ✇r✐t❡ e = uv t♦ r❡❢❡r t♦ ❛♥ ❡❞❣❡ ✇✐t❤ ❡♥❞♣♦✐♥ts u ❛♥❞ v✳ ❋♦r ❛♥② s❡t ♦❢
✈❡rt✐❝❡s W ⊆ V ✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ W ❛s ❜❡✐♥❣ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛❞❥❛❝❡♥t
t♦ W ✱ ❢♦r♠❛❧❧② N(W ) = {v ∈ V \W : {u, v} ∈ E, u ∈ W}✳ ❲❤❡♥ W ❝♦♥t❛✐♥s ❡①❛❝t❧②
♦♥❡ ✈❡rt❡① v✱ ✇❡ ✉s❡ N(v) ✐♥st❡❛❞ ♦❢ N({v})✳ ■♥ ♦r❞❡r t♦ r❡❢❡r t♦ t❤❡ s❡t ♦❢ ❡❞❣❡s
t❤❛t ❝♦♥♥❡❝t ✈❡rt✐❝❡s ✐♥ W ✇✐t❤ ✈❡rt✐❝❡s ✐♥ N(W )✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ δ(W )✳ ■♥ ♦t❤❡r
✇♦r❞s✱ δ(W ) = {{u, v} ∈ E : u ∈ W, v ∈ V \W}✳

❲❤❡♥ H ✐s ❛ ❣r❛♣❤ s✉❝❤ t❤❛t V (H) ⊆ V (G) ❛♥❞ E(H) ⊆ E(G)✱ ✇❡ s❛② t❤❛t H ✐s
❛ s✉❜❣r❛♣❤ ♦❢ G ❛♥❞ ❞❡♥♦t❡ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ❜② H ⊆ G✳ ▲❡t W ⊆ V ✱ ✇❡ ✉s❡ G[W ] t♦
❞❡s✐❣♥❛t❡ t❤❡ s✉❜❣r❛♣❤ ♦❢ G ✇✐t❤ ✈❡rt❡① s❡t W ❛♥❞ ❡❞❣❡ s❡t {{u, v} ∈ E : u, v ∈ W}✳
❚❤❡ ♥♦t❛t✐♦♥ G − W ✐s ✉s❡❞ t♦ r❡❢❡r t♦ t❤❡ s✉❜❣r❛♣❤ G[V \ W ]✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ✉s❡
G − H✱ ❢♦r ❛♥② H ⊆ G✱ t♦ r❡❢❡r t♦ t❤❡ s✉❜❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t V \ V (H) ❛♥❞ ❡❞❣❡
s❡t {{u, v} ∈ E \ E(H) : u, v ∈ V (G−H)}✳

▲❡t p ∈ Z≥✱ ❛ ♣❛t❤ P ✐s ❛ ♥♦♥✲❡♠♣t② ❣r❛♣❤ s✉❝❤ t❤❛t p ≤ n✱ V (P ) = {v1, v2, . . . , vp}✱
|V (P )| = p ❛♥❞ E(P ) = {{v1, v2}, {v2, v3}, . . . , {vp−1, vp}}✳ ❲❡ s❛② t❤❛t P ❝♦♥♥❡❝ts v1
❛♥❞ vp ♦r t❤❛t P ✐s ❛ (v1, vp)✲♣❛t❤✳ ❚❤❡ ❣r❛♣❤ G ✐s s❛✐❞ t♦ ❜❡ ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r
❛♥② ♣❛✐r ♦❢ ❞✐st✐♥❝t ✈❡rt✐❝❡s u, v ∈ V ✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G t❤❛t ❝♦♥♥❡❝ts u ❛♥❞ v✱ t❤❛t
✐s✱ t❤❡r❡ ❡①✐sts P ⊆ G s✉❝❤ t❤❛t P ✐s ❛ (u, v)✲♣❛t❤✳ ▲❡t P ❜❡ ❛ ♣❛t❤✱ t❤❡ ❣r❛♣❤ C ✇✐t❤
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✈❡rt❡① s❡t V (C) = V (P ) ❛♥❞ ❡❞❣❡ s❡t E(C) = E(P ) ∪ {{v1, vp}} ✐s ❝❛❧❧❡❞ ❛ ❝②❝❧❡✳ ❆ tr❡❡

✐s ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇✐t❤♦✉t ❝②❝❧❡s❀ ❛ s✉❜tr❡❡ ✐s ❛ tr❡❡ t❤❛t ✐s ❛ s✉❜❣r❛♣❤ ♦❢ ❛ tr❡❡✳ ❲❡
s❛② t❤❛t ❛ tr❡❡ T s♣❛♥s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V (T )✳ ▼♦r❡♦✈❡r✱ ❛ tr❡❡ T ⊆ G ✐s ❛ s♣❛♥♥✐♥❣

tr❡❡ ♦❢ G ✐❢ ✐t s♣❛♥s V (G)✳
■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ❛❧s♦ ✇♦r❦ ✇✐t❤ ❞✐❣r❛♣❤s✳ ❆ ❞✐❣r❛♣❤ D ✐s ❛ t✉♣❧❡ (V (D), A(D))✱

✇❤❡r❡ V (D) ✐s ✐ts ✈❡rt❡① s❡t ❛♥❞ A(D) ✐ts ❛r❝ s❡t✳ ❆♥ ❛r❝ a = (u, v) ∈ A(D)✱ ✐s s✐♠✐❧❛r
t♦ ❛♥ ❡❞❣❡✱ ❜✉t ✐t ❛❧s♦ ❤❛s ❛♥ ♦r✐❡♥t❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛✐r ♦r❞❡r✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ t❤❡
❞❡✜♥✐t✐♦♥s ♣r❡s❡♥t❡❞ ❢♦r ✭✉♥❞✐r❡❝t❡❞✮ ❣r❛♣❤s✱ t❤❛t ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♥
♦r✐❡♥t❛t✐♦♥✱ ❛❧s♦ ❛♣♣❧✐❡s ❢♦r ❞✐❣r❛♣❤s✳ ❋♦r ❛♥② ❛r❝ (u, v) ∈ A(D)✱ ✇❡ s❛② t❤❛t ✈❡rt❡① u ✐s
t❤❡ s♦✉r❝❡ ✇❤✐❧❡ v ✐s t❤❡ t❛r❣❡t ♦❢ t❤❡ ❛r❝✳

▲❡t W ⊆ V (D)✱ ✇❡ ❞❡♥♦t❡ ❜② δ−(W ) = {(u, v) ∈ A(D) : u /∈ W, v ∈ W} t❤❡ ✐♥❝♦♠✐♥❣

❛r❝s ♦❢ W ✳ ❙✐♠✐❧❛r❧②✱ δ+(W ) = {(u, v) ∈ A(D) : u ∈ W, v /∈ W} r❡♣r❡s❡♥ts t❤❡ ♦✉t❝♦♠✐♥❣

❛r❝s ♦❢ W ✳
▲❡t p ≤ n✱ ❛ ❞✐r❡❝t❡❞ ♣❛t❤ P ✐s ❛ ♥♦♥✲❡♠♣t② ❞✐❣r❛♣❤ s✉❝❤ t❤❛t V (P ) = {v1, v2, . . . , vp}✱

|V (P )| = p ❛♥❞ A(P ) = {(v1, v2), (v2, v3), . . . , (vp−1, vp)}✳ ❆♥ ❛r❜♦r❡s❝❡♥❝❡
−→
T ❝❛♥ ❜❡ s❡❡♥

❛s ❛ ❞✐r❡❝t❡❞ tr❡❡❀ ✐t ✐s ❛ ❞✐❣r❛♣❤ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ r♦♦t r ∈ V (
−→
T ) s✉❝❤ t❤❛t✱ ❢♦r ❛♥②

v ∈ V (
−→
T ) \ {r}✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ❞✐r❡❝t❡❞ ♣❛t❤ ✐♥

−→
T t❤❛t ❝♦♥♥❡❝ts r ❛♥❞ v✳

✷✳✷ ■♥t❡❣❡r ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣

❆ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧ t♦ ❢♦r♠✉❧❛t❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤
❧✐♥❡❛r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❆❧❧ ❧✐♥❡❛r ♣r♦❣r❛♠s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

❬▲P❪ max cTx

s✳t✳ Ax ≤ b,

x ≥ 0,

✇❤❡r❡ c ∈ Rn ❛♥❞ b ∈ Rm ❛r❡ ✈❡❝t♦r ♦❢ ❝♦❡✣❝✐❡♥ts✱ x ∈ Rn ✐s ❛ ✈❡❝t♦r ♦❢ ✈❛r✐❛❜❧❡s✱ ❛♥❞
A ∈ Rm×n ✐s ❛ ♠❛tr✐① ♦❢ ❝♦❡✣❝✐❡♥ts✳ ■♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❞✐s❝✉ss✐♦♥✱ t❤❡ ✈❡❝t♦rs ♠❡♥t✐♦♥❡❞
❛r❡ ❛❧✇❛②s ❝♦❧✉♠♥ ✈❡❝t♦rs✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② xi t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ i✲t❤ ❝♦♦r❞✐♥❛t❡ ♦❢
✈❡❝t♦r x✳ ❲❤❡♥ ❛ ✈❡❝t♦r ❤❛s ❛❧❧ ❝♦♦r❞✐♥❛t❡s ❡q✉❛❧s t♦ ✶✱ ✇❡ ❞❡♥♦t❡ ✐t ❜② 1✱ ❛♥❞ ✇❤❡♥ ✐t
❤❛s ❛❧❧ ❝♦♦r❞✐♥❛t❡s ❛s ③❡r♦❡s ❜② 0✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ❜r❛❝❦❡ts ❬ ❪ t♦ ✐♥❞✐❝❛t❡ t❤❛t ✇❡
❛r❡ r❡❢❡rr✐♥❣ t♦ ❢♦r♠✉❧❛t✐♦♥s ✭❛s ✐♥ ❬▲P❪✮✳

▲❡t P = {x ∈ Rn : Ax ≤ b, x ≥ 0}✳ ❋♦r r❡❛s♦♥s t❤❛t ✇✐❧❧ ❜❡ ❝❧❡❛r ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ P ✐s
s❛✐❞ t♦ ❜❡ t❤❡ ♣♦❧②❤❡❞r♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢♦r♠✉❧❛t✐♦♥ ❬▲P❪✳ ❲❡ s♦♠❡t✐♠❡s r❡❢❡r t♦ ❬▲P❪

❛s ♠❛①✐♠✐③✐♥❣ cTx ♦✈❡r P ✳ ❆ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ✐♥❢❡❛s✐❜❧❡ ✐❢ ✐ts ❛ss♦❝✐❛t❡❞ ♣♦❧②❤❡❞r♦♥
P ✐s ❡♠♣t②✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧✐♥❡❛r ♣r♦❣r❛♠s✱ ✇❡ ♠✐❣❤t s❛② t❤❛t ❛ ✈❡❝t♦r x ∈ Rn ✐s ❛
s♦❧✉t✐♦♥✳ ❆ s♦❧✉t✐♦♥ ✐s ❢❡❛s✐❜❧❡ ❢♦r P ✐❢ x ∈ P ✳ ▲✐❦❡✇✐s❡✱ x ✐s ✐♥❢❡❛s✐❜❧❡ ❢♦r P ✐❢ x /∈ P ✳
❆♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ x∗ ✐s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t cTx∗ = max{cTx : x ∈ P}✳

▼❛♥② ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ ❧✐♥❡❛r ♣r♦❣r❛♠s✱ ❧✐❦❡ t❤❡ ✐♥t❡r✐♦r ♣♦✐♥t
❛♥❞ t❤❡ ❡❧❧✐♣s♦✐❞ ♠❡t❤♦❞✱ ❜✉t ✐♥ t❤✐s t❤❡s✐s ✇❡ ❛ss✉♠❡ ✇❡ s♦❧✈❡ ❧✐♥❡❛r ♣r♦❣r❛♠s ✇✐t❤ t❤❡
s✐♠♣❧❡① ♠❡t❤♦❞✳ ❆❧t❤♦✉❣❤ ✐ts t✐♠❡ ❝♦♠♣❧❡①✐t② ✐s ❡①♣♦♥❡♥t✐❛❧✱ t❤❡ s✐♠♣❧❡① ♠❡t❤♦❞ ✐s st✐❧❧
✉s❡❞ ♦♥ ♠❛♥② ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ❞✉❡ t♦ ✐ts ❡✣❝✐❡♥❝② ✐♥ s♦❧✈✐♥❣ ♣r❛❝t✐❝❛❧







✷✷

❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷ ❛r❡ ❡❛s② t♦ ❥✉st✐❢②✳ ▲❡t Pv ❜❡ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❢♦r
❬▲Pv❪ ❛♥❞ P ′

v ❜❡ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❢♦r ❬▲Pv❪ ✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥t❡❣r❛❧✐t②
❝♦♥str❛✐♥ts✳ ❙✐♥❝❡ P ′

v ⊆ Pv✱ ✐❢ Pv ✐s ❡♠♣t②✱ t❤❡♥ s♦ ✐s P ′
v✳ ❚❤❡r❡❢♦r❡✱ ❜r❛♥❝❤✐♥❣ ✇♦✉❧❞ ❣✐✈❡

♥♦ ❜❡♥❡✜ts ✐♥ t❤✐s ❝❛s❡✱ ❛♥❞ t❤❡ ♥♦❞❡ ❝❛♥ ❜❡ ♣r✉♥❡❞ ✭❝♦♥❞✐t✐♦♥ ✶✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♥♦❞❡
❝❛♥ ❛❧s♦ ❜❡ ♣r✉♥❡❞ ✐❢ x∗v ✐s ✐♥t❡❣❡r✱ s✐♥❝❡ t❤❡♥ x∗v ✐s ❛❧s♦ ♦♣t✐♠❛❧ ❢♦r P ′

v ✭❝♦♥❞✐t✐♦♥ ✷✮✳
◆♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ st❛t❡♠❡♥t t❤❛t ❛♥ ♦♣t✐♠❛❧

s♦❧✉t✐♦♥ ❢♦r P ′
v ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r Pv✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts

✉s t♦✇❛r❞s ❛ t❤✐r❞ ♣r✉♥✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❉✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞✱ ✇❡ st♦r❡ ✐♥
❛ ✈❛r✐❛❜❧❡ y t❤❡ ❜❡st ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❢♦✉♥❞ s♦ ❢❛r✱ ❛♥❞ ✉s❡ f(y) = cTy ❛s ❛ ❧♦✇❡r ❜♦✉♥❞
♦♥ t❤❡ ❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ■❢ x∗v ✐s s✉❝❤ t❤❛t f(x∗v) ≤ f(y)✱ ✇❡ ❝❛♥ s❛❢❡❧② ♣r✉♥❡
♥♦❞❡ v ✭❝♦♥❞✐t✐♦♥ ✸✮✳

❋✐♥❛❧❧②✱ ✐♥ ♦✉r ❞✐s❝✉ss✐♦♥✱ ✇❡ ♣❛rt✐t✐♦♥❡❞ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ✐♠♣♦s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s✱
♦r ❜r❛♥❝❤✐♥❣ r✉❧❡s✱ xi ≤ z ❛♥❞ xi ≥ z + 1✳ ◆❛t✉r❛❧❧②✱ ♦t❤❡r ✐♥❡q✉❛❧✐t✐❡s t❤❛t ♣❛rt✐t✐♦♥
t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ❛♥❞ ✐♥✈❛❧✐❞❛t❡ t❤❡ ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥ x∗v ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❞ ✐♥ t❤❡
❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♠❡t❤♦❞✳

✷✳✷✳✷ ❇r❛♥❝❤✲❛♥❞✲❝✉t

❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ■▲P✿

❬❇✫❈❪ max cTx

s✳t✳ Ax ≤ b,

Cx ≤ d,

x ≥ 0,

x ∈ Zn,

✇❤❡r❡ A ❤❛s ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ ❧✐♥❡s✱ ❜✉t C ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❧✐♥❡s✳
❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ❡♥❝♦❞❡❞ ✐♥ ♠❛tr✐① C ❝❛♥ ❜❡ ❡♥♦r♠♦✉s✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ✐t

♠✐❣❤t ♥♦t ❜❡ ❢❡❛s✐❜❧❡ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤✐s ❢♦r♠✉❧❛t✐♦♥✳ ❖♥❡ ✇❛② ♦❢ tr❡❛t✐♥❣
t❤✐s ❞✐✣❝✉❧t② ✐s ✇✐t❤ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✳ ❲❡ r❡♠❛r❦ ❤❡r❡ t❤❛t t❤✐s ♠❡t❤♦❞ ❝❛♥
❜❡ ✉s❡❞ t♦ s♦❧✈❡ ▲P✬s ❛s ✇❡❧❧ ❛s ■▲P✬s✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❞❞r❡ss ❤❡r❡ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡
t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ✐s ❜❡✐♥❣ ✉s❡❞ t♦ s♦❧✈❡ ▲P✬s ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢
❝♦♥str❛✐♥ts✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸✳✷ ✇❡ ❡❧❛❜♦r❛t❡ ♦♥ t❤❡ ❢❛❝t t❤❛t s♦❧✈✐♥❣ ■▲P✬s ✐s ❡q✉✐✈❛❧❡♥t t♦
s♦❧✈✐♥❣ ▲P✬s ✇✐t❤ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✭♣r♦❜❛❜❧② ✉♥❦♥♦✇♥✮ ✐♥❡q✉❛❧✐t✐❡s✳

●❡♦♠❡tr✐❝❛❧❧②✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t P
❜❡ t❤❡ ♣♦❧②❤❡❞r♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ ❬❇✫❈❪✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❧❡tQ ⊇ P
❜❡ ❛ r❡❧❛①❛t✐♦♥ ♦❢ P ✱ ❞❡s❝r✐❜❡❞ ❜② ❛❧❧ t❤❡ ❧✐♥❡s ✐♥ ♠❛tr✐① A ❛♥❞ ♦♥❧② s♦♠❡ ♦❢ t❤❡ ❧✐♥❡s ✐♥
♠❛tr✐① C✳ ▲❡t y ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r Q ♦❜t❛✐♥❡❞ ❜② ♦✉r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ s♦❧✈❡r
✭✇❤✐❝❤ ♠✐❣❤t ✉s❡ t❤❡ s✐♠♣❧❡① ♠❡t❤♦❞✮✱ ✇❡ ❤❛✈❡ t❤❡♥ t✇♦ ❝❛s❡s✿ ✭✐✮ y ∈ P ♦r ✭✐✐✮ y /∈ P ✳

■❢ y ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r Q ❛♥❞ y ∈ P ✭✐✮✱ t❤❡♥ y ♠✉st ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r
P ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ y /∈ P ✭✐✐✮✱ t❤❡r❡ ♠✉st ❡①✐sts ❛♥ ✐♥❡q✉❛❧✐t② πTx ≤ π0 s✉❝❤ t❤❛t✱
✐❢ ✇❡ ❛❞❞ t❤✐s ✐♥❡q✉❛❧✐t② t♦ Q✱ ♦❜t❛✐♥✐♥❣ Q′✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t❤❛t y ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ Q′✳
■♥ ♦t❤❡r ✇♦r❞s✱ y /∈ Q′ ✇❤❡r❡ Q′ = {x ∈ Rn : x ∈ Q, πTx ≤ π0}✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✉♣❞❛t❡ Q
t♦ Q′✱ ❛♥❞ r❡♣❡❛t t❤❡ ♣r♦❝❡ss ✉♥t✐❧ ✇❡ ❛rr✐✈❡ ❛t ❝❛s❡ ✭✐✮✳





✷✹

❆ ❤❛❧❢s♣❛❝❡ ✐s ❛ s❡t ♦❢ t❤❡ ❢♦r♠ {x ∈ Rn : aTx ≤ b} ❢♦r a ∈ Rn ❛♥❞ b ∈ R✳ ❆
♣♦❧②❤❡❞r♦♥ P ⊆ Rn ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ m ∈ Z≥ ❤❛❧❢s♣❛❝❡s✱ ✐✳❡✳ P = {x ∈ Rn : Ax ≤ b}✱
✇❤❡r❡ A ∈ Rm×n ❛♥❞ b ∈ Rm✳ ■❢ t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ✈❛❧✉❡ α ≥ 0 s✉❝❤ t❤❛t |xi| ≤ α✱ ❢♦r ❛❧❧
x ∈ P ❛♥❞ i ∈ [n]✱ ✇❡ s❛② t❤❛t P ✐s ❛ ♣♦❧②t♦♣❡✳ ❆ ♣♦✐♥t x ∈ P ✐s s❛✐❞ t♦ ❜❡ ❛ ✈❡rt❡① ♦❢ P
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣♦✐♥ts ✐♥ P \ {x}✳

❆♥ ✐♥❡q✉❛❧✐t② πTx ≤ π0✱ ❛❧s♦ ❞❡♥♦t❡❞ ❜② (π, π0)✱ ✐s s❛✐❞ t♦ ❜❡ ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② ❢♦r P
✐❢ ✐t ✐s s❛t✐s✜❡❞ ❜② ❛❧❧ ✈❡❝t♦rs ✐♥ P ✳ ❈♦♥s✐❞❡r ❛ s❝❛❧❛r α ∈ R>✱ s✐♥❝❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s (π, π0)
❛♥❞ (απ, απ0) ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ s❡t✱ ✇❡ s❛② t❤❛t t❤❡② ❛r❡ ✐❞❡♥t✐❝❛❧✳ ▲❡t (π, π0) ❛♥❞ (µ, µ0)

❜❡ t✇♦ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ✭❢♦r P✮ t❤❛t ❛r❡ ♥♦t ✐❞❡♥t✐❝❛❧✱ ✇❡ s❛② t❤❛t (π, π0) ❞♦♠✐♥❛t❡s

(µ, µ0) ✐❢ {x ∈ Rn : πTx ≤ π0} ⊆ {x ∈ Rn : µTx ≤ µ0}✳ ❆ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② (π, π0) ✐s
r❡❞✉♥❞❛♥t ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ P ✱ ✐❢ t❤❡r❡ ❡①✐st k ≥ 2 ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s (πi, πi

0)✱ ❢♦r i ∈ [k]✱
s✉❝❤ t❤❛t (

∑
i∈[k] αiπ

i)Tx ≤ (
∑

i∈[k] αiπ
i
0) ❞♦♠✐♥❛t❡s πTx ≤ π0✱ ✇❤❡r❡ αi ∈ R>✱ i ∈ [k]✳

❖❜s❡r✈❡ t❤❛t✱ ✐❢ (π, π0) ✐s r❡❞✉♥❞❛♥t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥ ❤♦❧❞s

{x ∈ Rn : (πi)Tx ≤ πi
0, ∀i ∈ [k]} ⊆ {x ∈ Rn : πTx ≤ π0}.

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ♦♥❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ st✉❞②✐♥❣ ♣♦❧②❤❡✲
❞r❛❧ t❤❡♦r② ✐s ♦♥ ✜♥❞✐♥❣ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❛r❡ ♥♦♥✲r❡❞✉♥❞❛♥t t♦ ❛ ♣♦❧②❤❡❞r♦♥ P ✳ ■❢ (π, π0)
✐s ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② ❢♦r P ❛♥❞ F = {x ∈ P : πTx = π0}✱ t❤❡♥ F ✐s s❛✐❞ t♦ ❜❡ ❛ ❢❛❝❡ ♦❢ P ✳
❆ ❢❛❝❡ F ♦❢ P ✐s s❛✐❞ t♦ ❜❡ ❛ ❢❛❝❡t ♦❢ P ✱ ✐❢ dim(F ) = dim(P) − 1✳ ❆♥ ✐♠♣♦rt❛♥t r❡s✉❧t
❢r♦♠ ♣♦❧②❤❡❞r❛❧ t❤❡♦r② s❛②s t❤❛t✱ ✐❢ P ✐s ❢✉❧❧ ❞✐♠❡♥s✐♦♥❛❧✱ (π, π0) ❞❡✜♥❡s ❛ ❢❛❝❡t ♦❢ P ✐❢
❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❞❡s❝r✐❜❡ P ❝♦♥t❛✐♥s ❛♥ ✐♥❡q✉❛❧✐t② t❤❛t ✐s ✐❞❡♥t✐❝❛❧
t♦ (π, π0)✳ ❚❤✉s✱ ✐❢ dim(P) = n✱ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❞❡✜♥❡ ❢❛❝❡ts ♦❢ P ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ ❜❡
♥♦♥✲r❡❞✉♥❞❛♥t✳

●✐✈❡♥ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s✱ ✇❡ ❝❛♥ ♥♦✇ s❤♦✇ t❤❛t ❛♥ ✐♥❡q✉❛❧✐t② (π, π0) 6= (0, 0)

❞❡✜♥❡s ❛ ❢❛❝❡t F ♦❢ ❛ ❢✉❧❧ ❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②❤❡❞r♦♥ P ❜② ✜♥❞✐♥❣ n ✈❡❝t♦rs x1, . . . , xn ∈ F
t❤❛t ❛r❡ ❆■✱ s✐♥❝❡ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t dim(F ) = n− 1✳ ❆♥ ❡q✉✐✈❛❧❡♥t ✇❛② ♦❢ ❡st❛❜❧✐s❤✐♥❣
t❤❛t (π, π0) ✐♥❞✉❝❡s ❛ ❢❛❝❡t ♦❢ P ✐s ❜② s❡❧❡❝t✐♥❣ t ≥ n ✈❡❝t♦rs x1, . . . , xt ∈ F ❛♥❞ s♦❧✈✐♥❣
t❤❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s

n∑

j=1

µjx
i
j = µ0 ∀ i ∈ [t],

❢♦r t❤❡ n+1 ✈❛r✐❛❜❧❡s µ ❛♥❞ µ0✳ ■❢ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ❢♦r t❤✐s s②st❡♠ ✐s ♦❢ t❤❡ t②♣❡ µ = λπ

❛♥❞ µ0 = λπ0 ❢♦r ❛ ❝♦♥st❛♥t λ 6= 0✱ t❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② (π, π0) ❞❡✜♥❡s ❛ ❢❛❝❡t✳

✷✳✸✳✷ ❆ s❤♦rt ❡①❛♠♣❧❡

❯♣ t♦ ♥♦✇✱ ✇❡ ♦♥❧② ❞❡✜♥❡❞ ❝♦♥❝❡♣ts ❢r♦♠ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❛♥❞ ♣♦❧②❤❡❞r❛❧ t❤❡♦r②✳ ❚❤❡
❜r❛♥❝❤ ♦❢ ♠❛t❤❡♠❛t✐❝s ❡♥t✐t❧❡❞ ♣♦❧②❤❡❞r❛❧ ❝♦♠❜✐♥❛t♦r✐❝s ❛♣♣❧✐❡s t❤❡s❡ ❝♦♥❝❡♣ts t♦ s♦❧✈❡
♣r♦❜❧❡♠s ✐♥ ❝♦♠❜✐♥❛t♦r✐❝s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ ♦♥❡ ♦❢ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳

▼❛♥② ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✭✐♥❝❧✉❞✐♥❣ NP✲❤❛r❞ ♦♥❡s✮ ❝❛♥ ❜❡ ❢♦r✲
♠✉❧❛t❡❞ ❛s ❛♥ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ max{cTx : x ∈ P ∩ Z}✱ ✇❤❡r❡
P = {x ∈ Rn : Ax ≤ b, x ≥ 0}✳ ▲❡t PI = conv(P ∪ Z)✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t✱





✷✻

max
∑

v∈V

xv

s✳t✳ xu + xv ≤ 1 ∀{u, v} ∈ E, ✭✷✳✶✮

xv ∈ {0, 1} ∀v ∈ V. ✭✷✳✷✮

▲❡t n = |V | ❛♥❞ ❧❡t PS ❜❡ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❛❜♦✈❡
❢♦r♠✉❧❛t✐♦♥✱ ✐✳❡✳ PS = conv({x ∈ Bn : x s❛t✐s✜❡s ✭✷✳✶✮}). ❲❡ ✜rst s❤♦✇ t❤❛t PS ✐s ❢✉❧❧✲
❞✐♠❡♥s✐♦♥❛❧ ✭dim(PS) = n✮✳ ◆❡①t✱ ✇❡ ❞❡r✐✈❡ ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② t❤❛t ❤❛s ❞✐♠❡♥s✐♦♥ n− 1✱
❛♥❞ t❤❡r❡❢♦r❡✱ ❞❡✜♥❡s ❛ ❢❛❝❡t ♦❢ PS✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶ dim(PS) = n✳

Pr♦♦❢✳ ▲❡t V = {v1, . . . , vn} ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❡t Si = {vi}✱ ❢♦r i ∈ [n]✳ ❈❧❡❛r❧② Si ✐s
❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t✱ s✐♥❝❡ ✐t ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ✈❡rt❡①✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s tr✐✈✐❛❧ t❤❛t
t❤❡ ❡♠♣t② s❡t ✐s ❛❧s♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t✳ ❋♦r ❛♥② i ∈ [n]✱ ❞❡✜♥❡ ei ❛s ❜❡✐♥❣ ❛ ✈❡❝t♦r
✇❤❡r❡ ♦♥❧② ✐ts i✲t❤ ❝♦♦r❞✐♥❛t❡ ✐s ♦♥❡ ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ❝♦♦r❞✐♥❛t❡s ❛r❡ ③❡r♦❡s✳ ❇❡❝❛✉s❡
♦❢ ♦✉r ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r ✈❛r✐❛❜❧❡s x✱ ei ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♦❧✉t✐♦♥ Si✳ ■♥ t❤✐s s❡♥s❡✱ ✇❡
s❛② t❤❛t ei ✐s t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r ♦❢ Si✳ ▼♦r❡♦✈❡r✱ 0 ✐s t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r ♦❢ t❤❡ ❡♠♣t②
s❡t✳ ❚❤✉s✱ ✇❡ ❢♦✉♥❞ n+1 ✈❡❝t♦rs ✐♥ PS✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡s❡ ✈❡❝t♦rs ❛r❡ ❛✣♥❡❧②
✐♥❞❡♣❡♥❞❡♥t✳

❈♦♥s✐❞❡r t❤❡ ♠❛tr✐① M ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ ❣✐✈❡♥ ❜② e1, . . . , en✱ ✐♥ t❤✐s ♦r❞❡r✳ ❲❡
r❡♣r❡s❡♥t t❤✐s ♠❛tr✐① ❜② M = [e1, . . . , en]✳ ◆♦t❡ t❤❛t M ✐s ❛♥ ✐❞❡♥t✐t② ♠❛tr✐① ✇✐t❤
❞✐♠❡♥s✐♦♥ n✳ ❍❡♥❝❡✱ t❤❡ ✈❡❝t♦rs {ei}i∈[n] ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡
♥✉❧❧ ✈❡❝t♦r ✇❡ ❢♦✉♥❞ n+ 1 ❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs t❤❛t ❜❡❧♦♥❣ t♦ PS✳

▲❡t ✉s ❜r❡❛❦ ❞♦✇♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✳ ■♥ ♦r❞❡r t♦ ❡♥✉♠❡r❛t❡ t❤❡ ❞❡s✐r❡❞ ♥✉♠❜❡r ♦❢
❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs✱ ✇❡ ✜rst ❝♦♥str✉❝t❡❞ ❢❡❛s✐❜❧❡ ❝♦♠❜✐♥❛t♦r✐❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡
♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤❡s❡ ✇❡r❡ ✈❡r② s✐♠♣❧❡ s♦❧✉t✐♦♥s✿ ❛♥ ❡♠♣t② s❡t ❛♥❞ s❡ts ✇✐t❤ ❡①❛❝t❧②
♦♥❡ ✈❡rt❡①✳ ◆❡①t✱ ✇❡ tr❛♥s❢♦r♠❡❞ t❤❡ s♦❧✉t✐♦♥s ✐♥t♦ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦rs ❛♥❞ ❛♥❛❧②③❡❞ t❤❡
❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ✈❡❝t♦rs✳ ■♥ ♦✉r ❝❛s❡✱ ❡❛❝❤ ✈❡❝t♦r ✇❛s ♣❛r❛❧❧❡❧ t♦ ❛ ❞✐✛❡r❡♥t
❛①✐s ♦❢ t❤❡ st❛♥❞❛r❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ s♦ ✐t ✇❛s ❡❛s② t♦ ❛r❣✉❡ t❤❛t t❤❡② ✇❡r❡ ❧✐♥❡❛r❧②
✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s t②♣❡ ♦❢ r❡❛s♦♥✐♥❣✱ ✇❤✐❝❤ ❡①♣❧♦r❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣r♦♣❡rt✐❡s
♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ s♦❧✉t✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ❛s♣❡❝ts ♦❢ ✐ts ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦rs✱ ✐s ❝♦♠♠♦♥❧②
✉s❡❞ ✐♥ ♣♦❧②❤❡❞r❛❧ ❝♦♠❜✐♥❛t♦r✐❝s✳

❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❝♦♥❝❡♣t✳ ❆ ❝❧✐q✉❡ C ⊆ V ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s
s✉❝❤ t❤❛t ❡❛❝❤ ♣❛✐r ♦❢ ♥♦❞❡s ✐♥ C ✐s ❝♦♥♥❡❝t❡❞ ❜② ❛♥ ❡❞❣❡✳ ❲❡ s❛② t❤❛t ❛ ❝❧✐q✉❡ C ✐s
♠❛①✐♠❛❧ ✐❢ t❤❡r❡ ✐s ♥♦ ❝❧✐q✉❡ C ′ ✐♥ G s✉❝❤ t❤❛t C ⊂ C ′✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱
✇❡ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ t♦ ❞❡r✐✈❡ ❛ ♥❡✇ ❢❛❝❡t✲❞❡✜♥✐♥❣ ✐♥❡q✉❛❧✐t②✳ ❯s✉❛❧❧②✱
✇❤❡♥ ♦♥❡ ♣r♦♣♦s❡s ♥❡✇ ✐♥❡q✉❛❧✐t✐❡s✱ ♦♥❡ ✜rst ❤❛s t♦ s❤♦✇ t❤❛t t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❛❧✐❞✳
❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❛❧✐❞✐t② ✐s tr✐✈✐❛❧ ❛♥❞ ✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✷ ▲❡t C ❜❡ ❛ ♠❛①✐♠❛❧ ❝❧✐q✉❡ ♦❢ G✱ t❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t②
∑

v∈C xv ≤ 1

❞❡✜♥❡s ❛ ❢❛❝❡t ♦❢ PS✳
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Pr♦♦❢✳ ▲❡t F ❜❡ t❤❡ ❢❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ❤❡♥❝❡

F =

{
x ∈ PS :

∑

v∈C

xv = 1

}
.

❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ F ✐s n− 1✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t V = {v1, . . . , vn} ❛♥❞ C = {v1, . . . , vk}✳

❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❛♥② ✈❡rt❡① vp✱ ✇✐t❤ p ∈ [n] \ [k]✱ t❤❡r❡ ❡①✐sts ❛ ✈❡rt❡① ℓ(vp) ∈ C
s✉❝❤ t❤❛t {ℓ(vp), vp} /∈ E ✭✐❢ t❤❡r❡ ✇❛s ♥♦ s✉❝❤ ✈❡rt❡①✱ t❤❡ ❝❧✐q✉❡ ✇♦✉❧❞ ♥♦t ❜❡ ♠❛①✐♠❛❧✮✳
▲❡t αp ❜❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡t {ℓ(vp), vp}✱ ❢♦r ❛❧❧ p ∈ [n] \ [k]✳
◆♦t✐❝❡ t❤❛t ({e1, . . . , ek} ∪ {αk+1, . . . , αn}) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ F ✳ ◆♦✇ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t
t❤❡s❡ ✈❡❝t♦rs ❛r❡ ❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t✳

❈♦♥s✐❞❡r ♠❛tr✐① M = [e1, . . . , ek, αk+1, . . . , αn] ❛♥❞ ♦❜s❡r✈❡ t❤❛t M ✐s ❛♥ ✉♣♣❡r tr✐❛♥✲
❣✉❧❛r ♠❛tr✐①✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ ♦❢ ✐ts ❝♦❧✉♠♥s ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs✳ ❙✐♥❝❡ M ❤❛s
n ❝♦❧✉♠♥s✱ dim(F ) = n− 1✳

P♦❧②❤❡❞r❛❧ st✉❞✐❡s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❧❡❞ t♦ ♠❛❥♦r ❛❝❤✐❡✈❡♠❡♥ts
✐♥ t❤❡ ❛r❡❛✳ ❚❤❡ str♦♥❣ ✐♥❡q✉❛❧✐t✐❡s ❞❡r✐✈❡❞ ❢♦r t❤❡ tr❛✈❡❧❧✐♥❣ s❛❧❡s♠❛♥ ♣r♦❜❧❡♠ ♠♦t✐✲
✈❛t❡❞ ❛ ✈❡r② ❡✣❝✐❡♥t ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❛❧❣♦r✐t❤♠ s♦❧✈❡❞ ✐♥st❛♥❝❡s ✇✐t❤
❛r♦✉♥❞ ❞♦③❡♥s ♦❢ t❤♦✉s❛♥❞s ♦❢ ✈❡rt✐❝❡s ❬✸❪✱ ✇❤✐❧❡ ❜❡❢♦r❡ ✉s✐♥❣ ♣♦❧②❤❡❞r❛❧ t❡❝❤♥✐q✉❡s✱ t❤❡
❛❧❣♦r✐t❤♠s ✇❡r❡ ❛❜❧❡ t♦ s♦❧✈❡ ♦♥❧② ✉♣ t♦ ✶✷✵ ✈❡rt✐❝❡s✳ ❆❧t❤♦✉❣❤ ♠♦r❡ ❝♦♥✈♦❧✉t❡❞✱ t❤❡
♣♦❧②❤❡❞r❛❧ st✉❞② ✇❡ ❝♦♥❞✉❝t ♦♥ ❙❡❝t✐♦♥ ✺✳✹ ✉s❡s ❛r❣✉♠❡♥ts t❤❛t ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s
♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳
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❛♥❞ ❧❡t I ❜❡ ❛ ❢❡❛s✐❜❧❡ ✐♥st❛♥❝❡ ♦❢ s✉❝❤ ❛ ♣r♦❜❧❡♠✳ ❲❡ ❞❡♥♦t❡ ❜② A(I) t❤❡ ❝♦st ♦❢ t❤❡
s♦❧✉t✐♦♥ r❡t✉r♥❡❞ ❜② A ♦♥ t❤❡ ✐♥st❛♥❝❡ I✳ ▼♦r❡♦✈❡r✱ ✇❡ ✉s❡ opt(I) t♦ r❡❢❡r t♦ t❤❡ ❝♦st
♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✐♥st❛♥❝❡ I✳ ▲❡t α ≥ 1✱ t❤❡ ❛❧❣♦r✐t❤♠ A ✐s s❛✐❞ t♦ ❜❡
❛♥ α✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐❢✱ ❢♦r ❛♥② ❢❡❛s✐❜❧❡ ✐♥st❛♥❝❡ I✱ ✐t ❤♦❧❞s
t❤❛t A(I) ≤ α opt(I)✳ ❙✐♠✐❧❛r❧②✱ A ✐s ❛♥ α✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
✐❢ A(I) ≥ 1

α
opt(I)✱ ❢♦r ❡✈❡r② ❢❡❛s✐❜❧❡ ✐♥st❛♥❝❡ I✳

❈❤❧❡❜í❦♦✈á ❬✶✷❪ ❞❡s✐❣♥❡❞ ❛ 4/3✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❇❈P2✳ ❋♦r ❇❈P3 ✭r❡s♣✳
❇❈P4✮ ♦♥ 3✲❝♦♥♥❡❝t❡❞ ✭r❡s♣✳ 4✲❝♦♥♥❡❝t❡❞✮ ❣r❛♣❤s✱ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛♣♣r♦①✐♠❛t✐♦♥ r❛✲
t✐♦ ✷ ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ❈❤❛t❛✐❣♥❡r ❡t ❛❧✳ ❬✶✵❪✳ ❚❤❡ ❝❛s❡ k = 3 ♦♥ ❣❡♥❡r❛❧ ❣r❛♣❤s ✇❛s
r❡❝❡♥t❧② ✐♥✈❡st✐❣❛t❡❞ ❜② ❈❤❡♥✱ ❈❤❡♥✱ ❈❤❡♥✱ ▲✐♥✱ ▲✐✉✱ ❛♥❞ ❩❤❛♥❣ ❬✶✶❪✳ ❚❤❡② ♣r❡s❡♥t❡❞
❛ 5/3✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❇❈P3 ❛♥❞ ❛ 3/2✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ♠✐♥✲♠❛① ❇❈P3✳ ❲✉ ❬✹✾❪
❞❡s✐❣♥❡❞ ❛ ❢✉❧❧② ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ✭❋P❚❆❙✮ ❢♦r ❇❈P2 ♦♥ ✐♥t❡r✈❛❧
❣r❛♣❤s✳ ❲❤❡♥ k ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✱ ❇♦r♥❞ör❢❡r✱ ❊❧✐❥❛③②❢❡r ❛♥❞ ❙❝❤✇❛rt③ ❬✾❪ ❞❡s✐❣♥❡❞
∆✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ❜♦t❤ ♠❛①✲♠✐♥ ❛♥❞ ♠✐♥✲♠❛① ✈❡rs✐♦♥s ♦❢ t❤❡ ❜❛❧❛♥❝❡❞
❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤❡r❡ ∆ ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛♥ ❛r❜✐tr❛r② s♣❛♥♥✐♥❣
tr❡❡ ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤ G✳ ❙♣❡❝✐✜❝❛❧❧② ❢♦r t❤❡ ♠❛①✲♠✐♥ ✈❡rs✐♦♥✱ t❤❡✐r ∆✲❛♣♣r♦①✐♠❛t✐♦♥
♦♥❧② ❤♦❧❞s ❢♦r ✐♥st❛♥❝❡s ✐♥ ✇❤✐❝❤ t❤❡ ❧❛r❣❡st ✇❡✐❣❤t ✐s ❛t ♠♦st w(G)/(∆ k)✳

❇♦t❤ ❇❈Pk ❛♥❞ ♠✐♥✲♠❛① ❇❈Pk ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ♦♥ tr❡❡s ❛s s❤♦✇♥ ❜②
❋r❡❞❡r✐❝❦s♦♥ ❬✶✽❪✳ ❖♥❡ ♠❛② ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ✶✲❇❈P2 ♦♥ ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❝❛♥ ❜❡
s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤✐s ♣r♦❜❧❡♠ ❛❧s♦ ❛❞♠✐ts ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ♦♥
❣r❛♣❤s s✉❝❤ t❤❛t ❡❛❝❤ ❜❧♦❝❦ ❤❛s ❛t ♠♦st t✇♦ ❛rt✐❝✉❧❛t✐♦♥ ✈❡rt✐❝❡s ❬✶✱ ✶✷❪✳ ■♥ s♣❡❝✐❛❧✱
✇❤❡♥ t❤❡ ✐♥♣✉t ❣r❛♣❤ ✐s k✲❝♦♥♥❡❝t❡❞✱ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ♦t❤❡r ✐♥t❡r❡st✐♥❣
str✉❝t✉r❛❧ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r ❇❈Pk ❜② ▼❛ ❛♥❞ ▼❛ ❬✸✷❪✱ ●②ör✐ ❬✷✹❪✱ ❛♥❞
▲♦✈ás③ ❬✷✾❪✳ ▼❛♥② ♦t❤❡r r❡s✉❧ts ♦♥ t❤❡ ♠❡♥t✐♦♥❡❞ ♣r♦❜❧❡♠s ❛♥❞ ✈❛r✐❛♥ts ❤❛✈❡ ❛♣♣❡❛r❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✷✱ ✹✶✱ ✹✹✱✹✻❪✳

▼✐①❡❞ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ❢♦r ❇❈P2 ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ▼❛t✐➣ ❬✸✼❪
❛♥❞ ❢♦r ♠✐♥✲♠❛① ❇❈Pk ❜② ❩❤♦✉✱ ❲❛♥❣✱ ❉✐♥❣✱ ❍✉✱ ❛♥❞ ❙❤❛♥❣ ❬✺✵❪✳ ▼❛t✐➣ ❛❧s♦ ♣r❡✲
s❡♥t❡❞ ❛ ❱◆❙✲❜❛s❡❞ ❤❡✉r✐st✐❝ ❢♦r ❇❈P2✱ ❛♥❞ ❩❤♦✉ ❡t ❛❧✳ ❞❡✈✐s❡❞ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠
❢♦r ♠✐♥✲♠❛① ❇❈Pk✳ ❇♦t❤ ✇♦r❦s r❡♣♦rt❡❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥s ❛♥❞ ❤❡✉r✐st✐❝s✱ ❜✉t ♣r❡s❡♥t❡❞ ♥♦ ♣♦❧②❤❡❞r❛❧ st✉❞②✳

✸✳✷ ❆ ♥♦t❡ ♦♥ ▼✐♥✐♠✉♠ ❙♣❛♥♥✐♥❣ ❚r❡❡s

▼❛t✐➣ ❛♥❞ ❩❤♦✉ ❡t ❛❧✳ ❢♦r♠✉❧❛t✐♦♥s ✉s❡ ✢♦✇s t♦ ❣✉❛r❛♥t❡❡ t❤❛t ❡❛❝❤ ❝❧❛ss ✐s ❝♦♥♥❡❝t❡❞✳
❙✉❝❤ ❛♥ ✐❞❡❛ ✐s ✈❡r② ❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ t❤❡ ♠✐♥✐♠✉♠ s♣❛♥♥✐♥❣ tr❡❡ ✭▼❙❚✮ ♣r♦❜❧❡♠✳ ■♥ ❛ s❡♥s❡✱ ❇❈Pk ❛♥❞ ▼❙❚✬s ❛r❡ ❧♦♦s❡❧②
r❡❧❛t❡❞✱ s✐♥❝❡ ❝❤❡❝❦✐♥❣ ✐❢ ❛ s✉❜❣r❛♣❤ ✐s ❝♦♥♥❡❝t❡❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❤❡❝❦✐♥❣ ✐❢ t❤❡ s✉❜❣r❛♣❤
❝♦♥t❛✐♥s ❛ s♣❛♥♥✐♥❣ tr❡❡✳ ❋♦r ❛♥② V ′ ⊆ V ✱ G[V ′] ✐s ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ tr❡❡
T ⊆ G[V ′] s✉❝❤ t❤❛t T s♣❛♥s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V ′✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② s♦❧✉t✐♦♥ {Vi}i∈[k]
❢♦r ❇❈Pk✱ t❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❢♦r❡st {Ti}i∈[k]✱ s✉❝❤ t❤❛t Ti s♣❛♥s Vi✳

❚❤❡ ❢♦rt❤❝♦♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ❝♦♠❡ ❢r♦♠ t❤❡ ❡①❝❡❧❧❡♥t ❝❤❛♣t❡r ✇r✐tt❡♥ ❜② ▼❛❣♥❛♥t✐
❛♥❞ ❲♦❧s❡② ❬✸✸❪✳ ❘❡❝❛❧❧ t❤❛t ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ G ✐s ❛ s✉❜❣r❛♣❤ t❤❛t ✐s ❛ tr❡❡ ❛♥❞ s♣❛♥s
❛❧❧ t❤❡ ✈❡rt✐❝❡s ✐♥ G✳ ●✐✈❡♥ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G = (V,E) ✇✐t❤ ✇❡✐❣❤ts ♦♥ t❤❡ ❡❞❣❡s



✸✵

❣✐✈❡♥ ❜② ❛ ❢✉♥❝t✐♦♥ w : E 7→ Q≥✱ t❤❡ ♠✐♥✐♠✉♠ s♣❛♥♥✐♥❣ tr❡❡ ♣r♦❜❧❡♠ ❛s❦s ❢♦r ❛ s♣❛♥♥✐♥❣
tr❡❡ T s✉❝❤ t❤❛t w(T ) =

∑
e∈E(T )w(e) ✐s ♠✐♥✐♠✉♠✳

❲❤❡♥ ❢♦r♠✉❧❛t✐♥❣ ♣r♦❜❧❡♠s t❤❛t ❛✐♠ t♦ ✜♥❞ ❛ tr❡❡✱ ✇❡ ✉s✉❛❧❧② ❤❛✈❡ ❛ ❜✐♥❛r② ✈❛r✐✲
❛❜❧❡ xe✱ ❢♦r ❡❛❝❤ ❡❞❣❡ e ∈ E✱ t❤❛t ✐♥❞✐❝❛t❡s ✐❢ t❤❡ ❡❞❣❡ ❜❡❧♦♥❣s t♦ t❤❡ tr❡❡✳ ❚❤✉s✱ ✐t
✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ❤♦✇ t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ x ✈❛r✐❛❜❧❡s ✐s
❝♦♥♥❡❝t❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t✇♦ ❢♦r♠✉❧❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ t❤✐s r❡q✉✐r❡♠❡♥t ✐♥
❞✐✛❡r❡♥t ✇❛②s✳ ❚❤❡ ✜rst ♠♦❞❡❧ ✐s ♠♦r❡ ♥❛t✉r❛❧✱ ❜✉t ♥❡❡❞s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t✐❡s❀
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ❝♦♠♣❛❝t✱ ❜✉t ✐♥tr♦❞✉❝❡s ♥❡✇ ✢♦✇ ✈❛r✐❛❜❧❡s✳

❇❡❧♦✇ ✐s ❛♥ ■▲P ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ❛ ♣♦ss✐❜❧② ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts✳ ❚♦
s✐♠♣❧✐❢②✱ ❢♦r ❛♥② s❡t ♦❢ ❡❞❣❡s E ′ ⊆ E✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ x(E ′) =

∑
e∈E′ xe✳

min
∑

e∈E

w(e) xe

s✳t✳ x(E) = n− 1, ✭✸✳✶✮

x(δ(S)) ≥ 1 ∀S ⊂ V, S 6= ∅, ✭✸✳✷✮

xe ∈ {0, 1} ∀e ∈ E. ✭✸✳✸✮

❈♦♥str❛✐♥t ✭✸✳✶✮ ✐♠♣❧✐❡s t❤❛t ❡①❛❝t❧② n − 1 ❡❞❣❡s ❛r❡ ❣♦✐♥❣ t♦ ❜❡ ❝❤♦s❡♥✳ ■♥❡q✉❛❧✲
✐t✐❡s ✭✸✳✷✮ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ x ✈❛r✐❛❜❧❡s ✐s ❝♦♥♥❡❝t❡❞✳ ❖✈❡r❛❧❧✱
t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛❜♦✈❡ ✐s ✈❡r② s✐♠♣❧❡✱ ✐t ❥✉st st❛t❡s t❤❛t ❛ s♣❛♥♥✐♥❣ tr❡❡ ✐s ❛ ❝♦♥♥❡❝t❡❞
s✉❜❣r❛♣❤ ✇✐t❤ n− 1 ❡❞❣❡s✳

❆♥♦t❤❡r ✇❛② ♦❢ ❡♥s✉r✐♥❣ ❛ s♦❧✉t✐♦♥ ✐s ❝♦♥♥❡❝t❡❞ ✐s t♦ ❝❤♦♦s❡ ❛ ✈❡rt❡① s ∈ V t♦ ❜❡
❛ s♦✉r❝❡✱ ❛♥❞ s❡♥❞ ✢♦✇ ❢r♦♠ s t♦ ❡✈❡r② ♦t❤❡r ✈❡rt❡① ✐♥ t❤❡ ❣r❛♣❤✳ ❙✐♥❝❡ t❤❡ ✢♦✇ ❤❛s ❛
❞✐r❡❝t✐♦♥ ✖ ❢♦r ❛♥② ❡❞❣❡ {u, v}✱ ✐t ❡✐t❤❡r ❣♦❡s ❢r♦♠ u t♦ v ♦r ❢r♦♠ v t♦ u ✖ ✇❡ ❝r❡❛t❡ ❛
❞✐❣r❛♣❤D ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❣r❛♣❤G✳ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢D ✐s t❤❡ s❛♠❡ ❛sG✱ ❛♥❞ ❢♦r ❡❛❝❤
❡❞❣❡ ✐♥ G✱ ✇❡ ❛❞❞ t✇♦ ❛♥t✐✲♣❛r❛❧❧❡❧ ❛r❝s t♦ D❀ t❤❛t ✐s✱ A(D) = {(u, v), (v, u) : {u, v} ∈ E}✳

❆♥ ❛r❝ (u, v) ∈ A(D) ✇✐❧❧ ❜❡ ❛❧❧♦✇❡❞ t♦ ❤❛✈❡ ✢♦✇ ♣❛ss✐♥❣ t❤r♦✉❣❤ ✐t ♦♥❧② ✐❢ t❤❡
❝♦rr❡s♣♦♥❞❡♥t ❡❞❣❡ e = {u, v} ∈ E ✇❛s ❝❤♦s❡♥ ❜② t❤❡ xe ✈❛r✐❛❜❧❡✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ ✈❡rt❡①
✐♥ V \ {s} ✇✐❧❧ ♥♦t ♣r♦❞✉❝❡ ❛♥② ✢♦✇ ❛♥❞ ❝♦♥s✉♠❡ ❡①❛❝t❧② ♦♥❡ ✉♥✐t ♦❢ ✐t✳ ❚❤✉s✱ ❡✈❡r②
✈❡rt❡① ♠✉st ❜❡ ❝♦♥♥❡❝t❡❞ t♦ s✱ ❛♥❞ t❤❡r❡❜②✱ t❤❡ s✉❜❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ x ✈❛r✐❛❜❧❡s ♠✉st
❜❡ ❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡❢♦rt❤✱ ✇❡ r❡❢❡r t♦ ❛♥ ❛r❝ (u, v) s✐♠♣❧② ❛s uv❀ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② f(A′)

t❤❡ s✉♠ ♦❢ ✈❛r✐❛❜❧❡s
∑

a∈A′ fa✱ ✇❤❡r❡ A′ ⊆ A(D)✳

min
∑

e∈E

w(e) xe

s✳t✳ x(E) = n− 1, ✭✸✳✶✮

f(δ+(s))− f(δ−(s)) = n− 1, ✭✸✳✹✮

f(δ−(v))− f(δ+(v)) = 1 ∀v ∈ V \ {s}, ✭✸✳✺✮

fuv ≤ (n− 1)xe ∀e = {u, v} ∈ E, ✭✸✳✻✮

fvu ≤ (n− 1)xe ∀e = {u, v} ∈ E, ✭✸✳✼✮

fa ≥ 0 ∀a ∈ A(D), ✭✸✳✽✮

xe ∈ {0, 1} ∀e ∈ E. ✭✸✳✾✮
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❈♦♥str❛✐♥t ✭✸✳✶✮ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✳ ❊q✉❛❧✐t② ✭✸✳✹✮ ❣✉❛r❛♥t❡❡s t❤❛t
t❤❡ s♦✉r❝❡ ♦✉t♣✉ts n−1 ✉♥✐ts ♦❢ ✢♦✇✳ ❈♦♥str❛✐♥ts ✭✸✳✺✮ ❡♥s✉r❡ t❤❛t ❡❛❝❤ ✈❡rt❡① ❝♦♥s✉♠❡s
❡①❛❝t❧② ♦♥❡ ✉♥✐t ♦❢ ✢♦✇✳ ❋✐♥❛❧❧②✱ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮ ✐♠♣❧② t❤❛t ❛ ♣♦s✐t✐✈❡ ✢♦✇
✇✐❧❧ ♣❛ss ♦♥❧② t❤r♦✉❣❤ ❛r❝s t❤❛t ✇❡r❡ s❡❧❡❝t❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞❡♥t x ✈❛r✐❛❜❧❡s✳ ❚❤✐s
❢♦r♠✉❧❛t✐♦♥ ❤❛s ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts✱ ❜✉t ✐t ❛❧s♦ ✐♥tr♦❞✉❝❡s ♥❡✇ ✈❛r✐❛❜❧❡s✳

❆❧t❤♦✉❣❤ ❜♦t❤ ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ❝♦rr❡❝t❧② ✜♥❞ ❛♥ ▼❙❚❀ t❤❡ ♣♦❧②t♦♣❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✐r ❧✐♥❡❛r r❡❧❛①❛t✐♦♥s ❝❛♥ ❜❡ q✉✐t❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ✐♥❝✐❞❡♥❝❡
✈❡❝t♦rs ♦❢ s♣❛♥♥✐♥❣ tr❡❡s✳ ▼❛❣♥❛♥t✐ ❛♥❞ ❲♦❧s❡② ❬✸✸❪ ♣r❡s❡♥t ❢✉rt❤❡r ✐❞❡❛s t♦ str❡♥❣t❤❡♥
t❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s✳ ❚♦ ❛✈♦✐❞ ❞❡✈✐❛t✐♥❣ ❢r♦♠ t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ r❡❢❡r t❤❡
r❡❛❞❡r t♦ t❤❡✐r ✇♦r❦ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✸✳✸ ▼■▲P ❢♦r♠✉❧❛t✐♦♥s

❲❡ ♥♦✇ ♣r❡s❡♥t t❤❡ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ▼❛t✐➣ ❬✸✼❪ ❛♥❞ ❩❤♦✉ ❡t ❛❧✳ ❬✺✵❪✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ❛❧❧
❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✢♦✇ ✈❛r✐❛❜❧❡s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥♥❡❝t❡❞♥❡ss ♦❢ t❤❡
❝❧❛ss❡s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡s❡ ❛r❡ t❤❡ ♦♥❧② ❢♦r♠✉❧❛t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❢♦r ✈❛r✐❛♥ts ♦❢ t❤❡ ❇❈Pk ♣r♦❜❧❡♠✳ ❋♦r ♣r❡s❡♥t❛t✐♦♥ ♣✉r♣♦s❡s✱ ✇❡ ❞❡✜♥❡ ri ❛s ❜❡✐♥❣ t❤❡
r♦♦t ✭♦r r❡♣r❡s❡♥t❛t✐✈❡✮ ♦❢ ❝❧❛ss Vi✳

❋♦r♠✉❧❛t✐♦♥ ♦❢ ▼❛t✐➣

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ▼❛t✐➣ ✇❛s ❞❡s✐❣♥❡❞ ❢♦r ♠✐♥✲♠❛① ❇❈P2✱ ✇❤✐❝❤✱ ❛s ✇❡ st❛t❡❞
❡❛r❧✐❡r✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❇❈P2✳ ❚❤❡ ♠♦❞❡❧ ❝♦♥str✉❝t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤DM ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧
❣r❛♣❤ G ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭♥♦♥✲st❛♥❞❛r❞✮ ✇❛②✿

✭✐✮✳ V (DM) = V ∪ {s}✱ ✇❤❡r❡ s ✐s ❛ ✈❡rt❡① t❤❛t r❡♣r❡s❡♥ts ❛ s♦✉r❝❡❀

✭✐✐✮✳ A(DM) = {(u, v) : {u, v} ∈ E} ∪ {(s, v) : v ∈ V }✱ ♥♦t❡ t❤❛t ✇❡ ❛r❜✐tr❛r✐❧② ✜①❡❞ ❛♥
♦r✐❡♥t❛t✐♦♥ ❢♦r ❡❛❝❤ ❡❞❣❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❣r❛♣❤✳

❉✉❡ t♦ ❤♦✇ ✇❡ ❛r❡ ✜①✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛r❝s ✐♥ t❤❡ ❞✐❣r❛♣❤ DM ✱ ✇❤❡♥ t❛❧❦✐♥❣
❛❜♦✉t ▼❛t✐➣ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ s♣❡❛❦ ♦❢ tr❡❡s ✖ ✐❣♥♦r✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛r❝s ✖ ✐♥st❡❛❞
♦❢ ❛r❜♦r❡s❝❡♥❝❡s✳ ▲❡t Ti ❜❡ ❛ tr❡❡ t❤❛t s♣❛♥s Vi✱ ❢♦r i ∈ {1, 2}✳ ▲❡t T ′

i = Ti ∪ (s, ri)✳ ❚❤❡
❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛❜❧❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿

❼ xv✿ ✐❢ xv = 1✱ ✈❡rt❡① v ❜❡❧♦♥❣s t♦ V1✱ ♦t❤❡r✇✐s❡✱ v ∈ V2✱

❼ ya✿ ✐♥❞✐❝❛t❡s ✐❢ a ∈ A(T ′
1)✱

❼ za✿ ✐♥❞✐❝❛t❡s ✐❢ a ∈ A(T ′
2)✱

❼ fa✿ ✐♥❞✐❝❛t❡s t❤❡ ✢♦✇ ♦♥ ❛r❝ a✱ ✐❢ t❤❡ ✢♦✇ ✐s ♥❡❣❛t✐✈❡✱ ✐t ✐s ❣♦✐♥❣ ❝♦♥tr❛r② t♦ t❤❡ ❛r❝
❞✐r❡❝t✐♦♥✳

❋♦r ❛♥② ✈❡rt❡① v ∈ V (DM)✱ t❤❡ ✢♦✇ ✈❛r✐❛❜❧❡s s❤♦✉❧❞ ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

∑

a∈δ+(v)

fa =




n, v = s,(∑

a∈δ−(v) fa

)
− 1, ♦t❤❡r✇✐s❡,

✭✸✳✶✵✮
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✇❤✐❝❤ ✐s ✈❡r② s✐♠✐❧❛r t♦ ❤♦✇ ✇❡ ✉s❡❞ t❤❡ ✢♦✇ ✈❛r✐❛❜❧❡s ❢♦r ♦❜t❛✐♥✐♥❣ s♣❛♥♥✐♥❣ tr❡❡s✳ ❆
s♦✉r❝❡ ✈❡rt❡① ♦✉t♣✉ts ❡♥♦✉❣❤ ✢♦✇ ❢♦r ❡✈❡r② ♦t❤❡r ✈❡rt❡①✱ ❛♥❞ ❡❛❝❤ ✈❡rt❡① t❤❛t ✐s ♥♦t
❛ s♦✉r❝❡ ❝♦♥s✉♠❡s ♦♥❡ ✉♥✐t ♦❢ ✐t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ▼❛t✐➣✳
❆❣❛✐♥✱ ❢♦r A′ ⊆ A(DM)✱ ✇❡ ✉s❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥s ♦❢ t❤❡ t②♣❡ f(A′) =

∑
a∈A′ fa✳ ❚❤✐s

♥♦t❛t✐♦♥ ✐s ❛❧s♦ ✉s❡❞ ❢♦r t❤❡ s✉♠♠❛t✐♦♥ ♦❢ y ❛♥❞ z ✈❛r✐❛❜❧❡s✳

min − w(G) + 2
∑

v∈V

w(v) xv

s✳t✳ 2
∑

v∈V

w(v) xv ≥ w(G), ✭✸✳✶✶✮

2yuv ≤ xu + xv ∀(u, v) ∈ A(DM)\δ+(s), ✭✸✳✶✷✮

2zuv ≤ 2− xu − xv ∀(u, v) ∈ A(DM)\δ+(s), ✭✸✳✶✸✮

ysv ≤ xv ∀(s, v) ∈ δ+(s), ✭✸✳✶✹✮

zsv ≤ 1− xv ∀(s, v) ∈ δ+(s), ✭✸✳✶✺✮

fa ≤ nya + nza ∀a ∈ A(DM), ✭✸✳✶✻✮

fa ≥ −nya − nza ∀a ∈ A(DM), ✭✸✳✶✼✮

f(δ−(v))− f(δ+(v)) = 1 ∀v ∈ V, ✭✸✳✶✽✮

f(δ+(s)) = n, ✭✸✳✶✾✮

y(A(DM) \ δ+(s)) + z(A(DM) \ δ+(s)) = n− 2, ✭✸✳✷✵✮

y(δ+(s)) + z(δ+(s)) = 2, ✭✸✳✷✶✮

xv,∈ {0, 1} ∀v ∈ V, ✭✸✳✷✷✮

ya, za ∈ {0, 1} ∀a ∈ A(DM), ✭✸✳✷✸✮

fa ∈ R ∀a ∈ A(DM). ✭✸✳✷✹✮

❈♦♥str❛✐♥t ✭✸✳✶✶✮ ❣✉❛r❛♥t❡❡s t❤❛t V1 ✐s t❤❡ ❤❡❛✈✐❡st ❝❧❛ss✳ ❈♦♥str❛✐♥ts ✭✸✳✶✷✮ ✐♥❞✐❝❛t❡
t❤❛t ✐❢ a = (u, v) ∈ A(T ′

1)✱ t❤❡♥ ✈❡rt✐❝❡s u ❛♥❞ v ❛r❡ ✐♥ V1❀ s✐♠✐❧❛r❧②✱ ❝♦♥str❛✐♥ts ✭✸✳✶✸✮
✐♥❞✐❝❛t❡ t❤❛t ✐❢ a = (u, v) ∈ A(T ′

2)✱ t❤❡♥ u ❛♥❞ v ❛r❡ ♥♦t ✐♥ V1✱ ❛♥❞ t❤✉s✱ u, v ∈ V2✳
❈♦♥str❛✐♥ts ✭✸✳✶✹✮ ✐♥❞✐❝❛t❡ t❤❛t ✐❢ ❛♥ ❛r❝ (s, v) ∈ A(T ′

1)✱ t❤❡♥ v ∈ V1❀ ❛♥❞ ❝♦♥str❛✐♥ts
✭✸✳✶✺✮ s✐♠✐❧❛r❧② ❞♦ t❤❡ s❛♠❡ ✇❤❡♥ v ∈ V2✳ ■♥❡q✉❛❧✐t✐❡s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ ❛ttr✐❜✉t❡ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ✢♦✇ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ ❛♥ ❛r❝ a ∈ A(DM)✱ ✐♥ ♦t❤❡r ✇♦r❞s✱
✐❢ a ∈ T ′

1 ♦r a ∈ T ′
2✱ t❤❡♥ fa ∈ [−n, n]❀ ♦t❤❡r✇✐s❡✱ fa = 0✳ ❈♦♥str❛✐♥ts ✭✸✳✶✽✮ ❛♥❞ ✭✸✳✶✾✮

❛ttr✐❜✉t❡ t❤❡ ✢♦✇ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✵✮✳ ■♥❡q✉❛❧✐t② ✭✸✳✷✵✮ ✐♥❞✐❝❛t❡s t❤❛t t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛r❝s ✐♥ t❤❡ ❣r❛♣❤ T1∪T2 ♠✉st ❜❡ n−2✳ ❋✐♥❛❧❧②✱ ❝♦♥str❛✐♥ts ✭✸✳✷✶✮ ✐♠♣♦s❡
t❤❛t ❡①❛❝t❧② ✷ ❛r❝s t❤❛t ♦✉t❣♦❡s s ♠✉st ❜❡ s❡❧❡❝t❡❞✳

▲❡t m = |E| ❛♥❞ n = |V |✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ▼❛t✐➣ ❤❛s 2m + 3n ❜✐♥❛r②
✈❛r✐❛❜❧❡s✱ m + n r❡❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ 4m + 5n + 4 ❝♦♥str❛✐♥ts✳ ■♥ ❤✐s ♣❛♣❡r ❬✸✼❪✱ ▼❛t✐➣
r❡♣♦rts t❤❛t✱ ✇✐t❤ ❛ t✐♠❡ ❧✐♠✐t ♦❢ 2 ❤♦✉rs✱ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❝♦✉❧❞ ♦♥❧② ✜♥❞ ♣r♦✈❛❜❧②
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✐♥ ❣r❛♣❤s ✇✐t❤ ✉♣ t♦ 70 ✈❡rt✐❝❡s✳
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❋♦r♠✉❧❛t✐♦♥ ♦❢ ❩❤♦✉ ❡t ❛❧✳

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳ ❬✺✶❪ s♦❧✈❡s♠✐♥✲♠❛① ❇❈Pk ✇✐t❤ k ≥ 2✳ ❆❧t❤♦✉❣❤
♥♦t ❡①♣❧✐❝✐t❧② st❛t❡❞ ✐♥ t❤❡✐r ♣❛♣❡r✱ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❧s♦ ❜❛s❡❞ ♦♥ ❛ ❞✐❣r❛♣❤ DZ ❞❡✜♥❡❞
♦✈❡r t❤❡ ✐♥♣✉t ❣r❛♣❤ G = (V,E)❀ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t ✐t ❝r❡❛t❡s t✇♦ ❛♥t✐✲♣❛r❛❧❧❡❧ ❛r❝s
❢♦r ❡❛❝❤ ❡❞❣❡ ✐♥ E ✭t❤❡ st❛♥❞❛r❞ ✇❛②✮✳ ❋♦r♠❛❧❧②✱

✭✐✮✳ V (DZ) = V ∪ {s}✱ ✇❤❡r❡ s ✐s ❛ ✈❡rt❡① t❤❛t r❡♣r❡s❡♥ts ❛ s♦✉r❝❡✱

✭✐✐✮✳ A(DZ) = {(u, v), (v, u) : {u, v} ∈ E} ∪ {(s, v) : v ∈ V }✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡ ✉s❡❞ ❜② t❤❡ ♠♦❞❡❧✿

❼ xv,i✿ ✐♥❞✐❝❛t❡s ✐❢ ✈❡rt❡① v ∈ Vi✱

❼ rv,i✿ ✐♥❞✐❝❛t❡s ✐❢ v = ri✱

❼ yuv,i✿ ✐❢ (u, v) ∈ A(DZ) \ δ+(s)✱ t❤✐s ✈❛r✐❛❜❧❡ ✐♥❞✐❝❛t❡s ✐❢ u, v ∈ Vi✱ ♦t❤❡r✇✐s❡✱ ✐t
✐♥❞✐❝❛t❡s ✐❢ v ∈ Vi✱

❼ fa✿ ✐♥❞✐❝❛t❡s t❤❡ ✢♦✇ ♦♥ ❛r❝ a✱ ✐ts ✈❛❧✉❡ ✐s ♥♦t ❛❧❧♦✇❡❞ t♦ ❜❡ ♥❡❣❛t✐✈❡✳

❇❡❧♦✇ ✐s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ♠✐♥✲♠❛① ❇❈Pk ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳

min t

s✳t✳ t ≥
∑

v∈V (G)

w(v) xv,i ∀i ∈ [k], ✭✸✳✷✺✮

k∑

i=1

xv,i = 1 ∀v ∈ V, ✭✸✳✷✻✮

rv,i ≤ xv,i ∀v ∈ V, i ∈ [k], ✭✸✳✷✼✮

n rv,i ≤ (n+ 1−
v∑

u=1

xu,i) ∀v ∈ V, i ∈ [k], ✭✸✳✷✽✮

f(δ+(s)) = n, ✭✸✳✷✾✮

f(δ−(v))− f(δ+(v)) = 1 ∀v ∈ V (G), ✭✸✳✸✵✮

fsv ≤ n
k∑

i=1

rv,i ∀(s, v) ∈ δ+(s), ✭✸✳✸✶✮

fuv ≤ n

k∑

i=1

yuv,i ∀(u, v) ∈ A(DZ)\δ+(s), ✭✸✳✸✷✮

yuv,i ≤ xu,i ∀(u, v) ∈ A(DZ)\δ+(s), i ∈ [k], ✭✸✳✸✸✮

yuv,i ≤ xv,i ∀(u, v) ∈ A(DZ)\δ+(s), i ∈ [k], ✭✸✳✸✹✮

yuv,i ≥ xu,i + xv,i − 1 ∀(u, v) ∈ A(DZ)\δ+(s), i ∈ [k], ✭✸✳✸✺✮

xv,i, rv,i ∈ {0, 1} ∀v ∈ V, i ∈ [k], ✭✸✳✸✻✮

ya,i ∈ {0, 1} ∀a ∈ A(DZ)\δ+(s), i ∈ [k], ✭✸✳✸✼✮

fa ∈ R≥ ∀a ∈ A(DZ), ✭✸✳✸✽✮

t ∈ R≥. ✭✸✳✸✾✮
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❏✉st ❛s ✐♥ ▼❛t✐➣ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ s♦✉r❝❡ s s❡♥❞s n ✉♥✐ts ♦❢ ✢♦✇✱ ❛♥❞ ❡❛❝❤ ✈❡rt❡① ✐♥
V ❝♦♥s✉♠❡ ♦♥❡ ✉♥✐t✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥ V ❛r❡ ❧❛❜❡❧❡❞ ❢r♦♠ 1

t♦ n✳
❈♦♥str❛✐♥ts ✭✸✳✷✺✮ ❢♦r❝❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ ♠✐♥✐♠✐③❡ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❤❡❛✈✐❡st

❝❧❛ss✳ ❈♦♥str❛✐♥t ✭✸✳✷✻✮ ♠❡❛♥s t❤❛t ❡❛❝❤ ✈❡rt❡① ♠✉st ❜❡❧♦♥❣ t♦ ❡①❛❝t❧② ♦♥❡ ❝❧❛ss✳ ❋♦r
❡❛❝❤ ❝❧❛ss i ∈ [k] ❛♥❞ ✈❡rt❡① v ∈ V ✱ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✷✼✮ ✐♥❞✐❝❛t❡ t❤❛t ✈❡rt❡① v ❝❛♥ ❜❡ t❤❡
r♦♦t ri ❢♦r ❝❧❛ss i ♦♥❧② ✐❢ v ❜❡❧♦♥❣s t♦ Vi✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥str❛✐♥ts ✭✸✳✷✽✮ ✐♠♣❧② t❤❛t ri ✐s
t❤❡ ✈❡rt❡① ✐♥ Vi ✇✐t❤ ♠✐♥✐♠✉♠ ❧❛❜❡❧✳ ❈♦♥str❛✐♥ts ✭✸✳✷✾✮ ❢♦r❝❡ t❤❡ s♦✉r❝❡ s t♦ ♦✉t♣✉t n
✉♥✐ts ♦❢ ✢♦✇✱ ✇❤✐❧❡ ❝♦♥str❛✐♥ts ✭✸✳✸✵✮ ✐♠♣♦s❡ t❤❛t ❡❛❝❤ ✈❡rt❡① v ∈ V ❝♦♥s✉♠❡s ♦♥❡ ✉♥✐t
♦❢ ✢♦✇✳ ❋♦r ❡✈❡r② ❛r❝ (s, v) ∈ δ+(s)✱ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✸✶✮ s❛② t❤❛t t❤❡ ✢♦✇ fsv ❝❛♥ ♦♥❧② ❜❡
♥♦♥✲③❡r♦ ✐❢ v = ri✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② ❛r❝ a = (u, v) /∈ δ+(s)✱ ❝♦♥str❛✐♥ts ✭✸✳✸✷✮ st❛t❡
t❤❛t fa > 0 ✐♠♣❧✐❡s t❤❛t u ❛♥❞ v ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss✳ ❋✐♥❛❧❧②✱ ❝♦♥str❛✐♥ts ✭✸✳✸✸✮✱
✭✸✳✸✹✮ ❛♥❞ ✭✸✳✸✺✮ t✐❡ t♦❣❡t❤❡r t❤❡ x ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ y ✈❛r✐❛❜❧❡s✳

❚❤✐s ♠♦❞❡❧ ❤❛s 2nk + 2mk ❜✐♥❛r② ✈❛r✐❛❜❧❡s✱ 1 + 2m + n r❡❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ O(mk)

❝♦♥str❛✐♥ts✳ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❜② ❩❤♦✉ ❡t ❛❧✳ s❤♦✇ t❤❛t t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ❝♦♥s✐❞❡r✲
❛❜❧② ❢❛st❡r t❤❛♥ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ❜② ▼❛t✐➣✱ ❛♥❞ ✐t ✇❛s ❛❜❧❡ t♦ s♦❧✈❡ ✐♥st❛♥❝❡s ❢♦r ❇❈P2

✇✐t❤ ✉♣ t♦ 170 ✈❡rt✐❝❡s ✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t ♦❢ 2 ❤♦✉rs✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ k > 2✱ t❤❡②
❝♦♥❞✉❝t❡❞ ❡①♣❡r✐♠❡♥ts ♦♥❧② ✐♥ ❛ s✐♥❣❧❡ ❣r❛♣❤ ✇✐t❤ 70 ✈❡rt✐❝❡s✳ ■♥ ♦♥❡ ❤♦✉r✱ t❤❡② ✇❡r❡
❛❜❧❡ t♦ s♦❧✈❡ t❤✐s s✐♥❣❧❡ ✐♥st❛♥❝❡ ❢♦r k = 2, 3, 4, 5✱ ❜✉t ❢❛✐❧❡❞ ✇❤❡♥ k = 6✳
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❈❤❛♣t❡r ✹

❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥s

❇✉✐❧❞✐♥❣ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ✉s✐♥❣ ✢♦✇ ✈❛r✐❛❜❧❡s ❢♦r ♦❜t❛✐♥✐♥❣ k ❞✐s❥♦✐♥t tr❡❡s✱ ✇❡ ❞❡s✐❣♥❡❞
t✇♦ ♠✐①❡❞ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ❢♦r ❇❈Pk✳ ▲❡t (G,w) ❜❡ ❛♥ ✐♥♣✉t
❢♦r ❇❈Pk✱ ✇❡ ❞❡♥♦t❡ t❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s ❜② Fk(G,w) ❛♥❞ F̄k(G,w)✳ ❙♦♠❡t✐♠❡s✱ ✇❡ r❡❢❡r
t♦ t❤❡♠ s✐♠♣❧② ❜② F ❛♥❞ F̄ ✱ r❡s♣❡❝t✐✈❡❧②✳

✹✳✶ ❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❢♦r♠✉❧❛t✐♦♥ Fk(G,w) ✇❡ ❝♦♥str✉❝t ❛ ❞✐❣r❛♣❤ DF ❢r♦♠ t❤❡ ✐♥♣✉t
❣r❛♣❤ G = (V,E) ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ❛❞❞ t♦ G ❛ s❡t ♦❢ k ♥❡✇ ✈❡rt✐❝❡s S = {s1, . . . , sk}✳
❊❛❝❤ ✈❡rt❡① ✐♥ S r❡♣r❡s❡♥ts ❛ s♦✉r❝❡ ♦❢ ✢♦✇✳ ❙❡❝♦♥❞✱ ✇❡ r❡♣❧❛❝❡ ❡✈❡r② ❡❞❣❡ ♦❢ G ✇✐t❤
t✇♦ ❛♥t✐✲♣❛r❛❧❧❡❧ ❛r❝s✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❞❞ ❛♥ ❛r❝ ❢r♦♠ ❡❛❝❤ s♦✉r❝❡ t♦ ❡❛❝❤ ✈❡rt❡① ✐♥ V ✭s❡❡
❋✐❣✉r❡ ✹✳✶✭❛✮✮✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ✈❡rt❡① s❡t ♦❢ DF ✐s V (DF) = V ∪ S ❛♥❞ ✐ts ❛r❝ s❡t ✐s

A(DF) = {(u, v), (v, u) : {u, v} ∈ E} ∪ {(si, v) : i ∈ [k], v ∈ V }.

▲❡t {−→Ti}i∈[k] ❜❡ ❛ s❡t ♦❢ ❛r❜♦r❡s❝❡♥❝❡s s✉❝❤ t❤❛t {V (
−→
Ti)}i∈[k] ✐s ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥

♦❢ G✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r❡s❡♥t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛❜❧❡s✿

❼ ya✿ ✐♥❞✐❝❛t❡s ✐❢ ❛♥ ❛r❝ a ∈ A(D) ❜❡❧♦♥❣s t♦ A(
−→
Ti) ∪ {(si, ri)}✱ ❢♦r s♦♠❡ i ∈ [k]❀

❼ fa✿ r❡♣r❡s❡♥ts t❤❡ ✢♦✇ ♦♥ ❛r❝ a✱ ❡❛❝❤ ✈❡rt❡① v ✇✐❧❧ ❝♦♥s✉♠❡ w(v) ✉♥✐ts ♦❢ ✢♦✇✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ✐s s❤♦✇♥ ❜❡❧♦✇✳

Fk(G,w) max f(δ+(s1))

s✳t✳ f(δ+(si)) ≤ f(δ+(si+1)) ∀i ∈ [k − 1], ✭✹✳✶✮

f(δ−(v))− f(δ+(v)) = w(v) ∀v ∈ V, ✭✹✳✷✮

fa ≤ w(G)ya ∀a ∈ A(DF), ✭✹✳✸✮

y(δ+(si)) ≤ 1 ∀i ∈ [k], ✭✹✳✹✮

y(δ−(v)) ≤ 1 ∀v ∈ V, ✭✹✳✺✮

ya ∈ {0, 1} ∀a ∈ A(DF), ✭✹✳✻✮

fa ∈ R≥ ∀a ∈ A(DF). ✭✹✳✼✮
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✹✳✷ ❆s②♠♠❡tr✐❝ ❋❧♦✇ ❋♦r♠✉❧❛t✐♦♥

❖✉r s❡❝♦♥❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❇❈Pk✱ ❞❡♥♦t❡❞ ❜② F̄k(G,w)✱ ✐s ❛❧s♦ ❜❛s❡❞ ♦♥ ❛ ❞✐❣r❛♣❤✱ ✇❤✐❝❤
✇❡ ❞❡♥♦t❡ ❜② DF̄ ✳ ❚❤✐s ❞✐❣r❛♣❤ ❤❛s ✈❡rt❡① s❡t V (DF̄) = V ∪ {s} ❛♥❞ ❛r❝ s❡t

A(DF̄) = {(u, v), (v, u) : {u, v} ∈ E} ∪ {(s, v) : v ∈ V }.

❆s ✇❡ ♠❡♥t✐♦♥❡❞✱ ✇❡ ❛ss✉♠❡ t❤❡r❡ ✐s ❛ t♦t❛❧ ♦r❞❡r✐♥❣ ≻ ❞❡✜♥❡❞ ♦♥ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳
■♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✢♦✇s ♦❢ t②♣❡ i ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❧❛ss❡s i ∈ [k]

t❤❛t t❤❡② ✇✐❧❧ ❞❡✜♥❡✳ ❋♦r ❡❛❝❤ a ∈ A(DF̄) ❛♥❞ i ∈ [k]✱ ✇❡ ❝r❡❛t❡ ❛ r❡❛❧ ✈❛r✐❛❜❧❡ fa,i t❤❛t
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♠♦✉♥t ♦❢ ✢♦✇ ♦❢ t②♣❡ i t❤❛t ♣❛ss❡s t❤r♦✉❣❤ ❛r❝ a✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
✉s❡ ❜✐♥❛r② ✈❛r✐❛❜❧❡s ya,i t♦ ✐♥❞✐❝❛t❡ ✐❢ ❛r❝ a ∈ A(DF̄) ❜❡❧♦♥❣s t♦ A(

−→
Ti) ∪ {(s, ri)}✳ ❚❤❡

✢♦✇ ✈❛r✐❛❜❧❡ fa,i ❝❛♥ ♦♥❧② ❛ss✉♠❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ✐❢ ya,i = 1✳ ❚❤❡ r♦♦t ri ✇✐❧❧ r❡❝❡✐✈❡ |Vi|
✉♥✐ts ♦❢ ✢♦✇ ❛♥❞ ❡❛❝❤ ✈❡rt❡① ✐♥ V ✇✐❧❧ ❝♦♥s✉♠❡ ❛ s✐♥❣❧❡ ✉♥✐t ♦❢ ✢♦✇✳ ❚❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡
✈❡rt✐❝❡s ✐♠♣♦s❡s t❤❛t✱ ❛♠♦♥❣ t❤❡ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤ ❛r❜♦r❡s❝❡♥❝❡✱ t❤❡ r♦♦t ✐s t❤❡ s♠❛❧❧❡st
♦♥❡ ✭t❤✐s ❤❡❧♣s ❜r❡❛❦✐♥❣ s②♠♠❡tr✐❡s✮✳

❋♦r s✐♠♣❧✐❝✐t②✱ ❢♦r ❛♥② A′ ⊆ A(DF̄) ❛♥❞ ✐♥t❡❣❡r i ∈ [k]✱ ✇❡ ✉s❡ t❤❡ s❤♦rt ♥♦t❛✲
t✐♦♥ y(A′, i) t♦ r❡♣❧❛❝❡ t❤❡ s✉♠

∑
a∈A′ ya,i✳ ❲❡ ✉s❡ s✐♠✐❧❛r ♥♦t❛t✐♦♥ ❢♦r t❤❡ s✉♠♠❛t✐♦♥ ♦❢

✢♦✇ ✈❛r✐❛❜❧❡s✳

F̄k(G,w) max
∑

v∈V (D
F′ )

w(v) y(δ−(v), 1)

s✳t✳
∑

v∈V

w(v) y(δ−(v), i) ≤
∑

v∈V

w(v) y(δ−(v), i+ 1) ∀i ∈ [k − 1], ✭✹✳✽✮

y(δ+(s), i) ≤ 1 ∀i ∈ [k], ✭✹✳✾✮
∑

i∈[k]

y(δ−(v), i) ≤ 1 ∀v ∈ V, ✭✹✳✶✵✮

ysv,i + y(δ−(u), i) ≤ 1 ∀u, v ∈ V, v ≻ u, i ∈ [k], ✭✹✳✶✶✮

fa,i ≤ n ya,i ∀a ∈ A(D), i ∈ [k], ✭✹✳✶✷✮

f(δ+(v), i) ≤ f(δ−(v), i) ∀v ∈ V, i ∈ [k], ✭✹✳✶✸✮
∑

i∈[k]

f(δ−(v), i)−
∑

i∈[k]

f(δ+(v), i) = 1 ∀v ∈ V, ✭✹✳✶✹✮

ya,i ∈ {0, 1} ∀a ∈ A(D), i ∈ [k], ✭✹✳✶✺✮

fa,i ∈ R≥ ∀a ∈ A(D), i ∈ [k]. ✭✹✳✶✻✮

❚♦ s❤♦✇ t❤❛t t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥❞❡❡❞ ♠♦❞❡❧s ❇❈Pk ❝♦rr❡❝t❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②t♦♣❡✳

Qk(G,w) = conv({(y, f) ∈ B(n+2m)k × R(n+2m)k : (y, f) s❛t✐s✜❡s ✐♥❡q✳ ✭✹✳✽✮− ✭✹✳✶✻✮}).

▲❡t V = {Vi}i∈[k] ❜❡ ❛ ❝♦♥♥❡❝t❡❞ k✲s✉❜♣❛rt✐t✐♦♥ ♦❢ G s✉❝❤ t❤❛t w(Vi) ≤ w(Vi+1) ❢♦r

❛❧❧ i ∈ [k − 1]✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r i ∈ [k]✱ t❤❡r❡ ❡①✐sts ✐♥ DF̄ ❛♥ ❛r❜♦r❡s❝❡♥❝❡
−→
Ti
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r♦♦t❡❞ ❛t ri s✉❝❤ t❤❛t V (
−→
Ti) = Vi ❛♥❞ v ≻ ri ❢♦r ❛❧❧ v ∈ Vi \ {ri}✳ ◆♦✇✱ ❧❡t gi ❜❡ t❤❡

❢✉♥❝t✐♦♥ gi : A(
−→
Ti) ∪ {(s, ri)} → R≥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

gi((u, v)) =

{
1, ✐❢ v ✐s ❛ ❧❡❛❢ ♦❢

−→
Ti ,

1 +
∑

(v,z)∈A(
−→
Ti)
gi((v, z)), ♦t❤❡r✇✐s❡✳

■t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥ t❤❛t gi((s, ri)) = |Vi|✳
❲❡ ♥♦✇ ❞❡✜♥❡ ✈❡❝t♦rs ρ(V) ∈ B(n+2m)k ❛♥❞ τ(V) ∈ R(n+2m)k s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ❛r❝

a ∈ A(DF̄) ❛♥❞ i ∈ [k]✱ ✇❡ ❤❛✈❡

ρ(V)a,i =
{

1, ✐❢ a ∈ A(−→Ti) ∪ {(s, ri)},
0, ♦t❤❡r✇✐s❡✱

τ(V)a,i =
{
gi(a), ✐❢ a ∈ A(−→Ti) ∪ {(s, ri)},
0, ♦t❤❡r✇✐s❡✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ❝❧❛✐♠❡❞ st❛t❡♠❡♥t ♦♥ Qk(G,w)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ❚❤❡ ♣♦❧②t♦♣❡ Qk(G,w) ✐s ♣r❡❝✐s❡❧② t❤❡ ♣♦❧②t♦♣❡

conv({(ρ(V), τ(V)) ∈ B(n+2m)k × R(n+2m)k : V ✐s ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥ ♦❢ G}).

Pr♦♦❢✳ ▲❡t (y, f) ❜❡ ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ Qk(G,w)✳ ❋♦r ❡✈❡r② i ∈ [k]✱ ❞❡✜♥❡ t❤❡ s❡t
Ui = {v ∈ V : y(δ−(v), i) = 1}✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✵✮ t❤❛t✱ ❢♦r ❡✈❡r② ✈❡rt❡①
v ∈ V ✱ ❛t ♠♦st ♦♥❡ ♦❢ t❤❡ ❛r❝s ❡♥t❡r✐♥❣ ✐t ✐s ❝❤♦s❡♥✳ ❖❜s❡r✈❡ t❤❛t ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✷✮
❢♦r❝❡ t❤❛t ❛ ✢♦✇ ♦❢ t②♣❡ i ❝❛♥ ♦♥❧② ♣❛ss t❤r♦✉❣❤ ❛♥ ❛r❝ ♦❢ t②♣❡ i ✐❢ t❤✐s ❛r❝ ✐s ❝❤♦s❡♥✳
❍❡♥❝❡✱ ❡✈❡r② ✈❡rt❡① r❡❝❡✐✈❡s ❛t ♠♦st ♦♥❡ t②♣❡ ♦❢ ✢♦✇ ❢r♦♠ ✐ts ✐♥✲♥❡✐❣❤❜♦rs✳ ❋✉rt❤❡r♠♦r❡✱
✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✹✮ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✢♦✇ t❤❛t ❡♥t❡rs ❛ ✈❡rt❡① ❛♥❞ ❧❡❛✈❡s
✐t ❛r❡ ♦❢ t❤❡ s❛♠❡ t②♣❡✱ ❛♥❞ t❤❛t ❡❛❝❤ ✈❡rt❡① ❝♦♥s✉♠❡s ❡①❛❝t❧② ♦♥❡ ✉♥✐t ♦❢ s✉❝❤ ✢♦✇✳
■♥❡q✉❛❧✐t✐❡s ✭✹✳✾✮ ✐♠♣❧② t❤❛t ❛❧❧ ✢♦✇ ♦❢ ❛ ❣✐✈❡♥ t②♣❡ ♣❛ss❡s t❤r♦✉❣❤ ❛t ♠♦st ♦♥❡ ❛r❝ t❤❛t
❤❛s ❛ t❛✐❧ ❛t t❤❡ s♦✉r❝❡ s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❛t {Ui}i∈[k] ✐s ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥
♦❢ G✳

❚♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡✱ ❧❡t V = {Vi}i∈[k] ❜❡ ❛ ❝♦♥♥❡❝t❡❞ k✲♣❛rt✐t✐♦♥ ♦❢ G✳ ❲❡ ❛ss✉♠❡
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t w(Vi) ≤ w(Vi+1) ❢♦r ❛❧❧ i ∈ [k − 1]✳ ▲❡t (y, f) ❜❡ ❛ ✈❡❝t♦r
s✉❝❤ t❤❛t y = ρ(V) ❛♥❞ f = τ(V)✳ ❋♦r ❡❛❝❤ i ∈ [k]✱ ❡✈❡r② ✈❡rt❡① ✐♥

−→
Ti ❤❛s ✐♥✲❞❡❣r❡❡

❛t ♠♦st ♦♥❡✱ ❛♥❞ ri ✐s t❤❡ s♠❛❧❧❡st ✈❡rt❡① ✐♥ V (
−→
Ti) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r❞❡r ≻✳ ❚❤✉s✱

✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✵✮ ❛♥❞ ✭✹✳✶✶✮ ❤♦❧❞ ❢♦r (y, f)✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρ(V)✱ t❤❡ ❡♥tr② ♦❢ y
✐♥❞❡①❡❞ ❜② (s, ri) ❛♥❞ i ❡q✉❛❧s ♦♥❡✱ ❢♦r ❛❧❧ i ∈ [k]✳ ❈♦♥s❡q✉❡♥t❧②✱ (y, f) ❛❧s♦ s❛t✐s✜❡s
✐♥❡q✉❛❧✐t✐❡s ✭✹✳✾✮✳ ❘❡❝❛❧❧ t❤❛t gi((s, ri)) = |Vi| ❢♦r ❡✈❡r② i ∈ [k]✳ ❚❤✐s ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❛t
✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✷✮ ❛r❡ s❛t✐s✜❡❞ ❜② (y, f)✳

◆♦t❡ t❤❛t✱ ❢♦r ❡✈❡r② i ∈ [k]✱ t❤❡ ❢✉♥❝t✐♦♥ gi ❛ss✐❣♥s t♦ ❡❛❝❤ ❛r❝ (u, v) ∈ A(−→Ti)∪{(s, ri)}
t❤❡ ✈❛❧✉❡ ♦♥❡ ♣❧✉s t❤❡ s✉♠ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ s✉❜✲❛r❜♦r❡s❝❡♥❝❡s ♦❢

−→
Ti r♦♦t❡❞ ❛t t❤❡

♦✉t✲♥❡✐❣❤❜♦rs ♦❢ v ✐♥
−→
Ti ✳ ❍❡♥❝❡✱ ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✸✮ ❛♥❞ ✭✹✳✶✹✮ ❤♦❧❞ ❢♦r (y, f)✳ ❋✐♥❛❧❧②✱

✐♥❡q✉❛❧✐t✐❡s ✭✹✳✽✮ ❛r❡ s❛t✐s✜❡❞✱ ❛s ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ ♣❛rt✐t✐♦♥ V ❛r❡ ✐♥ ❛
♥♦♥✲❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ ✇❡✐❣❤ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (y, f) ❜❡❧♦♥❣s t♦ Qk(G,w)✳
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✹✳✸ ❘❡❧❛①❡❞ ❢♦r♠✉❧❛t✐♦♥s

❋♦r♠✉❧❛t✐♦♥s F ❛♥❞ F̄ ♦r❞❡r t❤❡ ❝❧❛ss❡s ♦❢ ❛ s♦❧✉t✐♦♥ ❜② t❤❡✐r ✇❡✐❣❤ts ❛♥❞ t❤❡♥ t❤❡
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♠❛①✐♠✐③❡s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ✜rst ❝❧❛ss✳ ◗✉✐t❡ tr✐✈✐❛❧❧②✱ ✇❡ ❝❛♥ ❝r❡❛t❡
s✐♠✐❧❛r ❢♦r♠✉❧❛t✐♦♥s F ′ ❛♥❞ F̄ ′ ✐♥ ❛ ✇❛② t❤❛t t❤❡② ❞♦ ♥♦t ✐♠♣♦s❡ s✉❝❤ ❛♥ ♦r❞❡r✐♥❣✳ ■♥
t❤❡s❡ ♥❡✇ ❢♦r♠✉❧❛t✐♦♥s✱ ✇❡ ❝❤❛♥❣❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ ♠❛①✐♠✐③❡ ❛ ✈❛r✐❛❜❧❡ z ≥ 0✳
❋♦r F ′ ✇❡ r❡♠♦✈❡ ❝♦♥str❛✐♥ts ✭✹✳✶✮ ❛♥❞ ❛❞❞ ❝♦♥str❛✐♥ts z ≤ f(δ+(si))✱ ❢♦r ❡✈❡r② i ∈ [k]✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❝♦♥str✉❝t ❢♦r♠✉❧❛t✐♦♥ F̄ ′ ❜② r❡♠♦✈✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✽✮ ❛♥❞ ❛❞❞✐♥❣ t❤❡
✐♥❡q✉❛❧✐t✐❡s z ≤∑

v∈V w(v) y(δ
−(v), i)✱ ❢♦r i ∈ [k]✳

❚❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ ❝❧❡❛r❧② ✈❛❧✐❞❀ ❤♦✇❡✈❡r t❤❡s❡ ♥❡✇ ③✲✈❡rs✐♦♥s ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥s
♠❛② ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❛❦❡ ❛♥② ❝♦♥♥❡❝t❡❞ k✲
♣❛rt✐t✐♦♥ {Vi}i∈[k] ✐♥❞✉❝❡❞ ❜② ❛ s♦❧✉t✐♦♥ ❢♦r F ✱ ✇❡ ❝♦✉❧❞ ❡❛s✐❧② ❝r❡❛t❡ ❛♥ ✏❡q✉✐✈❛❧❡♥t✑
s♦❧✉t✐♦♥ {V ′

i }i∈[k] s✐♠♣❧② ❜② r❡❧❛❜❡❧✐♥❣ t❤❡ ❝❧❛ss❡s✱ t❤❛t ✐s✱ ❜② ❛ss✐❣♥✐♥❣ V ′
i = Vj✱ i 6= j✱

s✉❝❤ t❤❛t {Vi}i∈[k] = {V ′
i }i∈[k]✳ ❚❤✉s✱ ❡❛❝❤ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r F ❤❛✈❡ k! s②♠♠❡tr✐❝

❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ✐♥ F ′✳
❆✈♦✐❞✐♥❣ s②♠♠❡tr✐❡s r❡❞✉❝❡s t❤❡ s♣❛❝❡ ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ✇✐t❤♦✉t ❝♦♠♣r♦♠✐s✐♥❣ t❤❡

❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛ ✈❡r② ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ ❛♠♦♥❣ t❤❡ ✐♥t❡❣❡r
❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❝♦♠♠✉♥✐t②✳ ❍♦✇❡✈❡r✱ ❛ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ❢❡✇❡r s②♠♠❡tr✐❡s ✇✐❧❧ ♥♦t
❛❧✇❛②s ❤❛✈❡ ❛ ❜❡tt❡r ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ❢❛❝t✱ ♦♥ s♦♠❡ ❝❧❛ss❡s ♦❢ ✐♥st❛♥❝❡s✱ s✉❝❤ ❛
♣❤❡♥♦♠❡♥♦♥ ✇❛s ♦❜s❡r✈❡❞ ✐♥ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✭s❡❡ ❈❤❛♣t❡r ✻✮✳
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❈❤❛♣t❡r ✺

❈✉t ❋♦r♠✉❧❛t✐♦♥

■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝✉t✲❜❛s❡❞ ■▲P ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❇❈Pk✳ ❚❤✐s ❈✉t ❢♦r♠✉❧❛✲
t✐♦♥ ✖ ❞❡♥♦t❡❞ ❜② Ck(G,w)✱ ♦r s✐♠♣❧② C ✖ ✐s ❞❡✜♥❡❞ ❞✐r❡❝t❧② ♦♥ t❤❡ ✐♥♣✉t ❣r❛♣❤ ❛♥❞ ✐t
❤❛s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t✐❡s✳ ❲❡ ❞❡r✐✈❡ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s✱ ❞❡s✐❣♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
s❡♣❛r❛t✐♦♥ r♦✉t✐♥❡s ❛♥❞ ✐♠♣❧❡♠❡♥t ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥❞✉❝t
❛ ♣♦❧②❤❡❞r❛❧ st✉❞② ❜❛s❡❞ ♦♥ t❤✐s ❈✉t ❢♦r♠✉❧❛t✐♦♥✳

✺✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s

▲❡t (G,w) ❜❡ ❛♥ ✐♥♣✉t ❢♦r❇❈Pk✱ t❤❡ ■▲P ❢♦r♠✉❧❛t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❢♦r❇❈Pk✱ ❝❛❧❧❡❞ Ck(G,w)✱
✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❡♥tr❛❧ ❝♦♥❝❡♣t✳ ▲❡t u ❛♥❞ v ❜❡ t✇♦ ♥♦♥✲❛❞❥❛❝❡♥t ✈❡rt✐❝❡s ✐♥
❛ ❣r❛♣❤ G✳ ❲❡ s❛② t❤❛t ❛ s❡t S ⊆ V \ {u, v} ✐s ❛ (u, v)✲s❡♣❛r❛t♦r ✐❢ u ❛♥❞ v ❜❡❧♦♥❣
t♦ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ G − S✳ ❲❡ ❞❡♥♦t❡ ❜② Γ(u, v) t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♠✐♥✐♠❛❧
(u, v)✲s❡♣❛r❛t♦rs ✐♥ G✳

■♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ✉s❡ ❛ ❜✐♥❛r② ✈❛r✐❛❜❧❡ xv,i✱ ❢♦r ❡✈❡r② v ∈ V ❛♥❞ i ∈ [k]✱ t❤❛t ✐s
s❡t t♦ ♦♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ❜❡❧♦♥❣s t♦ t❤❡ i✲t❤ ❝❧❛ss✳

Ck(G,w) max
∑

v∈V

w(v) xv,1

s✳t✳
∑

v∈V

w(v) xv,i ≤
∑

v∈V

w(v) xv,i+1 ∀i ∈ [k − 1], ✭✺✳✶✮

∑

i∈[k]

xv,i ≤ 1 ∀v ∈ V, ✭✺✳✷✮

xu,i + xv,i −
∑

z∈S

xz,i ≤ 1 ∀uv /∈ E, S ∈ Γ(u, v), i ∈ [k], ✭✺✳✸✮

xv,i ∈ {0, 1} ∀v ∈ V ❛♥❞ i ∈ [k]. ✭✺✳✹✮

■♥❡q✉❛❧✐t✐❡s ✭✺✳✶✮ ✐♠♣♦s❡ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✇❡✐❣❤t ♦r❞❡r✐♥❣ ♦❢ t❤❡ ❝❧❛ss❡s✳ ■♥❡q✉❛❧✐✲
t✐❡s ✭✺✳✷✮ r❡q✉✐r❡ t❤❛t ❡✈❡r② ✈❡rt❡① ✐s ❛ss✐❣♥❡❞ t♦ ❛t ♠♦st ♦♥❡ ❝❧❛ss✳ ■♥❡q✉❛❧✐t✐❡s ✭✺✳✸✮
❣✉❛r❛♥t❡❡ t❤❛t ❡✈❡r② ❝❧❛ss ✐♥❞✉❝❡s ❛ ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤ ✭s❡❡ ❋✐❣✉r❡ ✺✳✶✮✳ ❚❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥ ♠❛①✐♠✐③❡s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ✜rst ❝❧❛ss✳ ❖❜s❡r✈❡ t❤❛t✱ ❥✉st ❧✐❦❡ ✇❡ ❞✐❞ ❢♦r t❤❡ ✢♦✇
❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦✉❧❞ ❡❛s✐❧② ❝r❡❛t❡ ❛ ❢♦r♠✉❧❛t✐♦♥ C ′ t❤❛t ❞♦ ♥♦t r❡q✉✐r❡ ♦r❞❡r✐♥❣
t❤❡ ❝❧❛ss❡s ❜② t❤❡✐r ✇❡✐❣❤ts✳ ▼♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✳











✹✺

❆❧❣♦r✐t❤♠ ✶ ❘❡❞✉❝❡ ❙❡♣❛r❛t♦r ❆❧❣♦r✐t❤♠
✶✿ ♣r♦❝❡❞✉r❡ ❘❡❞✉❝❡❙❡♣❛r❛t♦r✭G,w, i, u, v, S✮
✷✿ ❢♦r z ∈ S ❞♦

✸✿ ✐❢ N(z) ∩Hv = ∅ ♦r N(z) ∩Hu = ∅ t❤❡♥
✹✿ S ← S \ {z}
✺✿ ❢♦r z ∈ S ❞♦

✻✿ ℓuz ← ShortestPath(G, u, z)

✼✿ ℓvz ← ShortestPath(G, v, z)

✽✿ ✐❢ ℓuz + ℓvz − w(z) > w(G)
k−i+1

t❤❡♥

✾✿ S ← S \ {z}
r❡t✉r♥ S

❚❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② t♦ s❡♣❛r❛t❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✐♥❡q✉❛❧✐t✐❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❧❣♦r✐t❤♠
✉s❡❞ t♦ ✜♥❞ ❛ ♠✐♥✐♠✉♠ ❝✉t✳ ❲❡ ✉s❡ ●♦❧❞❜❡r❣✬s ♣r❡✢♦✇ ❛❧❣♦r✐t❤♠ ❬✷✵❪ ❢♦r ♠❛①✐♠✉♠ ✢♦✇✱
✇❤♦s❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ✐sO(ñ2

√
m̃)✱ ❢♦r ❛ ❞✐❣r❛♣❤ ✇✐t❤ ñ ✈❡rt✐❝❡s ❛♥❞ m̃ ❛r❝s✳ ❚❤✉s✱ ✐♥ t❤❡

✇♦rst✲❝❛s❡✱ ❝❤❡❝❦✐♥❣ ❢♦r ❡✈❡r② i ∈ [k]✱ ❛♥❞ ❝❛♥❞✐❞❛t❡ ♣❛✐rs u✱v ✐♥ Di✱ t❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t②
♦❢ t❤✐s s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s O(kn4

√
n+m)✳ ❉❡s♣✐t❡ t❤❡ ❤✐❣❤ t✐♠❡ ❝♦♠♣❧❡①✐t②✱ ✇❡

♥♦t❡ t❤❛t✱ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts✱ ♦♥❧② ❛ ✈❡r② s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ❛r❡
❢r❛❝t✐♦♥❛❧✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ❛r❝ ❝♦♥tr❛❝t✐♦♥s ♦♥ ❛❧❧ ❛r❝s ♦❢ Di s✉❝❤ t❤❛t ❜♦t❤ ♦❢
✐ts ❡♥❞♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ ✈❡rt✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❛r✐❛❜❧❡s ♦❢ ✐♥t❡❣❡r ✈❛❧✉❡✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❛♥ ❛r❝ (u2, v1) ∈ A1 ✐s ❝♦♥tr❛❝t❡❞ ✐❢ x̃u,i = x̃v,i = 1✱ ❛♥❞ ❛♥ ❛r❝ (u1, u2) ∈ A2

✐s ❝♦♥tr❛❝t❡❞ ✐❢ x̃u,i = 1✳ ❆❢t❡r s✉❝❤ ❛r❝ ❝♦♥tr❛❝t✐♦♥s✱ t❤❡ ❣r❛♣❤s ✉s✉❛❧❧② ❤❛✈❡ ❛ s♠❛❧❧
♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❛r❝s✱ ❛♥❞ s♦ t❤❡ ♣r♦♣♦s❡❞ s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠ r✉♥s q✉✐❝❦❧② ✐♥
♣r❛❝t✐❝❡✳

✺✳✷✳✷ ❈r♦ss ✐♥❡q✉❛❧✐t✐❡s

◆♦✇ ✇❡ t✉r♥ t♦ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ ✐♥❡q✉❛❧✐t✐❡s ✭✺✳✼✮ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s G = (V,E)✱ r❡str✐❝t❡❞
t♦ t❤❡ ❝❛s❡ S = V ✳ ❈♦♥s✐❞❡r ❛ ♣❧❛♥❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G✱ ❛♥❞ ❧❡t F ❜❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛
❢❛❝❡ ✇✐t❤ ❛t ❧❡❛st 4 ❞✐st✐♥❝t ✈❡rt✐❝❡s ❛♥❞ ✇✐t❤ ♥♦ r❡♣❡❛t❡❞ ✈❡rt✐❝❡s✳ ❚❛❦❡ ❢♦✉r ❞✐✛❡r❡♥t
✈❡rt✐❝❡s✱ s❛② s1, s2, t1, t2✱ t❤❛t ❛♣♣❡❛r ✐♥ ❛ ❝❧♦❝❦✇✐s❡ ♦r❞❡r ✐♥ F ✳ ❙✐♥❝❡ G ✐s ♣❧❛♥❛r✱ ✐t ❞♦❡s
♥♦t ❝♦♥t❛✐♥ ✈❡rt❡①✲❞✐s❥♦✐♥t ♣❛t❤s P1 ❛♥❞ P2✱ ✇✐t❤ ❡♥❞♣♦✐♥ts s1, t1 ❛♥❞ s2, t2✱ r❡s♣❡❝t✐✈❡❧②✳
❋♦r S = V ✱ ✐♥❡q✉❛❧✐t✐❡s ✭✺✳✼✮ s✐♠♣❧✐✜❡s t♦

xs1,σ(1) + xs2,σ(2) + xt1,σ(1) + xt2,σ(2) ≤ 3. ✭✺✳✽✮

❲❡ r❡❢❡r t♦ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛s ❝r♦ss ✐♥❡q✉❛❧✐t✐❡s ✭❋✐❣✉r❡ ✺✳✺ ❡①♣❧❛✐♥s t❤❡ ♥❛♠❡✮✳
❋♦r t❤❡ s❡♣❛r❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝r♦ss ✐♥❡q✉❛❧✐t✐❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ✈❡rt✐❝❡s ✐♥ F ✱ ✇❤❡r❡

|F | = f ✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥ O(fk2) t✐♠❡ ❝♦♠♣❧❡①✐t② ❛❧❣♦r✐t❤♠ ✭t❤❡ s❛♠❡ ❝♦♠♣❧❡①✐t②
♠❡♥t✐♦♥❡❞ ❜② ❇❛r❜♦③❛ ❬✺❪✱ ✇✐t❤♦✉t ♠✉❝❤ ❞❡t❛✐❧❀ t❤❡ ❛❧❣♦r✐t❤♠s ❛r❡ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t✮✳
◆❡①t✱ ✇❡ ❣✐✈❡ ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳

▲❡t x̃ ∈ Rnk ❜❡ ❛ ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦❢ ❢♦r♠✉❧❛t✐♦♥ C✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♦r❞❡r✐♥❣
♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ F ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② tr❛✈❡rs✐♥❣ ✐ts ✈❡rt✐❝❡s ✐♥ ❝❧♦❝❦✇✐s❡ ♦r❞❡r ❢r♦♠
❛♥ ❛r❜✐tr❛r② ✜①❡❞ ✈❡rt❡①✳ ❋♦r ❡✈❡r② j ∈ [f ]✱ ✇❡ ❞❡♥♦t❡ ❜② F (j) t❤❡ jt❤ ✈❡rt❡① ♦❢ F ✐♥
s✉❝❤ ❛♥ ♦r❞❡r✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡✜♥❡ ♠❛tr✐❝❡s L ❛♥❞ R s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ j ∈ [f ] ❛♥❞



✹✻

s1

s2

t1

t2

❋✐❣✉r❡ ✺✳✺✿ ❉r❛✇✐♥❣ ♦❢ t❤❡ ❝r♦ss ✐♥❡q✉❛❧✐t✐❡s✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❜♦✉♥❞❛r② F
❛♥❞ ✇❡ ❞r❡✇ t❤❡ ❣r❛♣❤ ✐♥ ❛ ✇❛② t❤❛t t❤❡ ❢❛❝❡ ❝♦♥s✐❞❡r❡❞ ✐s ❡①t❡r♥❛❧✳ ■❢ s1 ❛♥❞ t1 ❜❡❧♦♥❣
t♦ V1✱ t❤❡♥ s2 ❛♥❞ t2 ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ V2 ✭♦t❤❡r✇✐s❡✱ t❤❡r❡ ✇♦✉❧❞ ❜❡ ❝r♦ss✐♥❣ ❡❞❣❡s✮✳

❡❛❝❤ i ∈ [k]✱

L(j, i) = max
j′∈[j]

{
x̃F (j′),i

}
❛♥❞ R(j, i) = max

j′∈[f ]\[j−1]

{
x̃F (j′),i

}
.

■♥ ♦t❤❡r ✇♦r❞s✱ L(j, i) ✭r❡s♣✳ R(j, i)✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐♥ ❛♥ ❡♥tr②
♦❢ x̃ ✐♥❞❡①❡❞ ❜② i ❛♥❞ ❜② ❛ ✈❡rt❡① t❤❛t ❛♣♣❡❛rs ❜❡❢♦r❡ ✭r❡s♣✳ ❛❢t❡r✮ F (j) ✐♥ t❤❡ ♦r❞❡r✐♥❣✳
❈❧❡❛r❧②✱ L ❛♥❞ R ❝❛♥ ❜❡ ❝r❡❛t❡❞ ✐♥ O(fk)✳

❋♦r ❡✈❡r② j ∈ [f ] \ {1}✱ ❛♥❞ ❡✈❡r② i1, i2 ∈ [k] ✇✐t❤ i1 6= i2✱ ✇❡ ❞❡✜♥❡✿

L2(j, i1, i2) =

{
x̃F (1),i1 + x̃F (2),i2 , ✐❢ j = 2,

max
{
L2(j − 1, i1, i2); L(j − 1, i1) + x̃F (j),i2

}
, ♦t❤❡r✇✐s❡.

◆♦t❡ t❤❛t✱ ❣✐✈❡♥ j ≥ 2 ❛♥❞ i1, i2 ∈ [k]✱ L2(j, i1, i2) ✐s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ x̃F [j′],i1 +

x̃F [j′′],i2 ❢♦r ❛❧❧ j′, j′′ ∈ [j] ✇✐t❤ j′ < j′′✳ ❖✉r ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ❢♦r ❡✈❡r②
j ∈ {3, . . . , f − 1} ❛♥❞ ❡✈❡r② i1, i2 ∈ [k] ✇✐t❤ i1 6= i2✱ ✐t ❝❤❡❝❦s ✇❤❡t❤❡r L2(j − 1, i1, i2) +

x̃F (j),i1 + R(j + 1, i2) > 3✱ t❤❛t ✐s✱ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛ ✈✐♦❧❛t❡❞ ❝r♦ss ✐♥❡q✉❛❧✐t② ✭✇✳r✳t✳ F ✮
s✉❝❤ t❤❛t σ(1) = i1✱ σ(2) = i2 ❛♥❞ t1 = F (j)✳ ❈❧❡❛r❧②✱ ♦♥❡ ♠❛② ❛❧s♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡
✈✐♦❧❛t❡❞ ✐♥❡q✉❛❧✐t✐❡s ✭✐❢ ❛♥②✮✳

❆❧❣♦r✐t❤♠ ✷ ❈r♦ss ✐♥❡q✉❛❧✐t✐❡s s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠✳
✶✿ ♣r♦❝❡❞✉r❡ ❈r♦ss❙❡♣❛r❛t✐♦♥✭F, L2, R, x̃✮
✷✿ ❢♦r j ∈ [f − 1] \ [2] ❞♦
✸✿ ❢♦r i1 ∈ [k] ❞♦

✹✿ ❢♦r i2 ∈ [k] \ {i1} ❞♦
✺✿ ✐❢ L2(j − 1, i1, i2) + x̃F (j),i1 +R(j + 1, i2) > 3 t❤❡♥

✻✿ r❡t✉r♥ ❚r✉❡ ✭❢♦✉♥❞ ✈✐♦❧❛t❡❞ ❝r♦ss ✐♥❡q✉❛❧✐t②✮
r❡t✉r♥ ❋❛❧s❡

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ▲❡t F ✱ L2✱ R ❛♥❞ x̃ ❜❡ ❛s ❞❡✜♥❡❞✳ ❚❤❡♥✱ ❆❧❣♦r✐t❤♠ ✷ r❡t✉r♥s tr✉❡ ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝r♦ss ✐♥❡q✉❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ F t❤❛t ✐s ✈✐♦❧❛t❡❞ ❜② x̃✳

Pr♦♦❢✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝r♦ss ✐♥❡q✉❛❧✐t② t❤❛t ✐s ✈✐♦❧❛t❡❞ ❜② x̃✱ ❆❧❣♦✲
r✐t❤♠ ✷ r❡t✉r♥s tr✉❡✳ ▲❡t xs1,σ(1)+xs2,σ(2)+xt1,σ(1)+xt2,σ(2) > 3✳ ❆ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ t❤❛t s1, s2, t1, t2 ∈ F ❛r❡ s✉❝❤ t❤❛t (s1, s2, t1, t2) = (F (j1), F (j2), F (j3), F (j4))✱



✹✼

✇✐t❤ 1 ≤ j1 < j2 < j3 < j4 ≤ f ✳ ❆s ✇❡ st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ ❢♦r ❛♥② j ≥ 2 ❛♥❞ i1, i2 ∈ [k]✱

L2(j, i1, i2) = max{x̃F [j′],i1 + x̃F [j′′],i2 : ∀j′, j′′ ∈ [j], j′ < j′′}.

❍❡♥❝❡✱ t❤❡ ✐♥❡q✉❛❧✐t② xs1,σ(1) + xs2,σ(2) ≤ L2(j3 − 1, σ(1), σ(2)) ❤♦❧❞s✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡
♦❢ ❤♦✇ ✇❡ ❞❡✜♥❡❞ ♠❛tr✐① R✱ ✐t ✐s ❛❧s♦ tr✉❡ t❤❛t xt2,σ(2) ≤ R(j3 + 1, σ(2))✳ ❈♦♥s✐❞❡r t❤❡
✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ j = j3✱ i1 = σ(1) ❛♥❞ i2 = σ(2)✖ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s
tr✉❡ ❜❡❢♦r❡ t❤✐s ✐t❡r❛t✐♦♥✱ ✇❡ ❛r❡ ❞♦♥❡✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ♦✉r r❡♠❛r❦s✱ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥
❧✐♥❡ ✺ ✐s s❛t✐s✜❡❞✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s tr✉❡✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡r❡ ✐s ♥♦ ✈✐♦❧❛t❡❞ ❝r♦ss ✐♥❡q✉❛❧✐t② ❜✉t t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s tr✉❡✳
❆ss✉♠❡ t❤✐s ❤❛♣♣❡♥s ❛t ❛♥ ✐t❡r❛t✐♦♥ ✇❤❡r❡ j = j3✱ i1 = a ❛♥❞ i2 = b✳ ▲❡t j1, j2, j4 ∈ [f ] ❜❡
s✉❝❤ t❤❛t L2(j3−1, a, b) = x̃F [j1],a+ x̃F (j2),b ❛♥❞ R(j3+1, b) = x̃F [j4],b✳ ❚❤❡♥✱ t❤❡ ❛❧❣♦r✐t❤♠
r❡t✉r♥✐♥❣ tr✉❡ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t xF (j1),a + xF (j2),b + xF (j3),a + xF (j4),b ≤ 3✳

✺✳✸ ❊♥❤❛♥❝✐♥❣ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡❧❛❜♦r❛t❡ ♦♥ ❢✉rt❤❡r t❡❝❤♥✐q✉❡s t❤❛t ✇❡ ✉s❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❈✉t ❢♦r♠✉❧❛t✐♦♥✳

✺✳✸✳✶ ❈♦✈❡r ✐♥❡q✉❛❧✐t✐❡s

❈♦♥s✐❞❡r ❛♥ ✐♥♣✉t ✐♥st❛♥❝❡ (G,w) ♦❢ ❇❈Pk✳ ❆s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❛❧✐❞ ❢♦r Pk(G,w)✳

∑

v∈V

w(v) xv,i ≤
w(G)

k − i+ 1
∀i ∈ [k − 1]. ✭✺✳✺✮

◆♦t❡ t❤❛t✱ ❢♦r ❡❛❝❤ i ∈ [k − 1]✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❡q✉❛❧✐t② ✭✺✳✺✮ ❞❡✜♥❡s ❛ ❦♥❛♣s❛❝❦
♣r♦❜❧❡♠ ✇✐t❤ ❝❛♣❛❝✐t② w(G)/(k − i + 1)✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❡①t❡♥s✐✈❡
✇♦r❦ r❡❣❛r❞✐♥❣ str♦♥❣ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ 0/1 ❦♥❛♣s❛❝❦ ♣♦❧②t♦♣❡ ❛s ❢♦❧❧♦✇s✳

❋♦r ❡❛❝❤ ✐♥❡q✉❛❧✐t② ♦❢ ❝❧❛ss ✭✺✳✺✮✱ ✇❡ ✉s❡ t❤❡ ❤❡✉r✐st✐❝s ✐♠♣❧❡♠❡♥t❡❞ ❜② ❲♦❧t❡r ❬✹✽❪ t♦
s❡♣❛r❛t❡ ❧✐❢t❡❞ ♠✐♥✐♠❛❧ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❡①t❡♥❞❡❞ ✇❡✐❣❤t ✐♥❡q✉❛❧✐t✐❡s✳ ❋♦r ❝♦♠♣❧❡t❡✲
♥❡ss✱ ✇❡ ♥♦✇ s❤♦rt❧② ❞✐s❝✉ss s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛s s✉rr♦✉♥❞✐♥❣ ❧✐❢t❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s✳

❲❡ ❜❡❣✐♥ ❜② ❞❡✜♥✐♥❣ t❤❡ ❦♥❛♣s❛❝❦ ♣r♦❜❧❡♠✳ ●✐✈❡♥ ❛ ❝❛♣❛❝✐t② b ∈ R≥ ❛♥❞ t ✐t❡♠s✱
✇❤❡r❡ ❡❛❝❤ ✐t❡♠ i ∈ [t] ❤❛s ✇❡✐❣❤t ai ∈ R≥ ❛♥❞ ♣r♦✜t ci ∈ R≥❀ t❤❡ ❦♥❛♣s❛❝❦ ♣r♦❜❧❡♠ ❛s❦s
❢♦r ❛ s❡t ♦❢ ✐t❡♠s t❤❛t ♠❛①✐♠✐③❡ t❤❡ ♣r♦✜t s✉❜❥❡❝t t♦ t❤❡ ❦♥❛♣s❛❝❦ ❝❛♣❛❝✐t②✳ ❋♦r♠❛❧❧②✱ ✐t
❝❛♥ ❜❡ ✇r✐tt❡♥ s✐♠♣❧② ❛s max{cx : ax ≤ b, x ∈ Bt}✱ ✇❤❡r❡ xi✱ ❢♦r i ∈ [t]✱ ✐♥❞✐❝❛t❡s ✐❢ ✐t❡♠ i

s❤♦✉❧❞ ❜❡ s❡❧❡❝t❡❞ ♦r ♥♦t✳
❆ s❡t C ⊆ [t] ✐s ❝❛❧❧❡❞ ❛ ❝♦✈❡r ✐❢

∑
i∈C ai > b✱ ✐♥ ❧❛② t❡r♠s✱ ✐t ✐s s✐♠♣❧② ❛ s❡t ♦❢ ✐t❡♠s

t❤❛t ❞♦ ♥♦t ✜t ✐♥ t❤❡ ❦♥❛♣s❛❝❦✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ♠✐♥✐♠❛❧ ❝♦✈❡r C ⊆ [t]✱ ✐s ❛ ❝♦✈❡r s✉❝❤
t❤❛t✱ ❢♦r ❛♥② i ∈ C✱ t❤❡ s❡t C \ {i} ✐s ♥♦t ❛ ❝♦✈❡r✳ ❆♥② ✭♠✐♥✐♠❛❧✮ ❝♦✈❡r C✱ ❞❡✜♥❡s ❛
❝♦rr❡s♣♦♥❞✐♥❣ ✭♠✐♥✐♠❛❧✮ ❝♦✈❡r ✐♥❡q✉❛❧✐t②

∑

i∈C

xi ≤ |C| − 1. ✭✺✳✾✮



✹✽

❚♦ ♦❜t❛✐♥ ❧✐❢t❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s ✇❡ st❛rt ❢r♦♠ ❛ ♠✐♥✐♠❛❧ ❝♦✈❡r ✐♥❡q✉❛❧✐t② ✭✺✳✾✮✱ ❛♥❞
t❤❡♥ ✜♥❞ ❝♦❡✣❝✐❡♥ts αi ≥ 0✱ ❢♦r i ∈ [t] \ C✱ s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✐♥❡q✉❛❧✐t②

∑

i∈C

xi +
∑

i∈[t]\C

αixi ≤ |C| − 1 ✭✺✳✶✵✮

✐s ✈❛❧✐❞✳ ❈❧❡❛r❧②✱ ✐❢ αi > 0✱ ❢♦r s♦♠❡ i ∈ [t] \ C✱ ✐♥❡q✉❛❧✐t② ✭✺✳✶✵✮ ❞♦♠✐♥❛t❡s ✭✺✳✾✮✳
◆♦✇✱ ❧❡t p ❜❡ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❤❡❛✈✐❡st ✐t❡♠ ✐♥ t❤❡ ❝♦✈❡r✱ t❤❛t ✐s✱ p = maxi∈C{ai}✳ ❲❡

❞❡✜♥❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ C ❛s ❜❡✐♥❣ t❤❡ s❡t E(C) = C ∪ {i ∈ [t] \ C : ai ≥ p}✳ ❆ ✈❡r②
s✐♠♣❧❡ ❧✐❢t❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t② ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜② ♥♦t✐❝✐♥❣ t❤❛t ✐❢ ✭✺✳✾✮ ✐s ✈❛❧✐❞✱
t❤❡ ❡①t❡♥❞❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t②

∑
i∈E(C) xi ≤ |C|−1 ✐s ❛❧s♦ ✈❛❧✐❞✳ ◆❛t✉r❛❧❧②✱ ♠♦r❡ ❡❧❛❜♦r❛t❡

✐❞❡❛s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ♣❡r❢♦r♠✐♥❣ t❤❡ ❧✐❢t✐♥❣ ♦❢ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s✳ ❆s ✇❡
s❛✐❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤✐s ✇❛s ❛ ✈❡r② ❜r✐❡❢ ❡①♣♦s✐t✐♦♥ t♦ s♦♠❡ ♦❢ t❤❡ ❝♦♥❝❡♣ts s✉rr♦✉♥❞✐♥❣
✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ✵✴✶ ❦♥❛♣s❛❝❦ ♣♦❧②t♦♣❡✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞
t♦ ❲♦❧t❡r✬s t❤❡s✐s ❬✹✽❪✱ ❛♥❞ t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ s✉r✈❡② ✇r✐tt❡♥ ❜② ❍♦❥♥②✱ ●❛❧❧②✱ ❍❛❜❡❝❦✱
▲üt❤❡♥✱ ▼❛tt❡r✱ P❢❡ts❝❤ ❛♥❞ ❙❝❤♠✐tt ❬✷✺❪✳

✺✳✸✳✷ ❉♦♠❛✐♥ Pr♦♣❛❣❛t✐♦♥

❙✉♣♣♦s❡ t❤❛t ♦✉r ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠ ✐s ❝✉rr❡♥t❧② ❡①♣❧♦r✐♥❣ ❛ ♥♦❞❡ ✐♥ t❤❡ ❜r❛♥❝❤✲
❛♥❞✲❜♦✉♥❞ tr❡❡✳ ❉♦♠❛✐♥ ♣r♦♣❛❣❛t✐♦♥ r❡❢❡rs t♦ t❡❝❤♥✐q✉❡s t❤❛t ❛✐♠ t♦ t✐❣❤t❡♥ t❤❡ ✈❛r✐❛❜❧❡
❜♦✉♥❞s ❜❛s❡❞ ♦♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❝✉rr❡♥t ♥♦❞❡✳ ❲❤❡♥ ❛ ❝♦♠♣❧❡t❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ s♦❧✈❡r✱ t❤❡ s♦❧✈❡r ✐ts❡❧❢ ❝❛♥ r❡❞✉❝❡
t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✱
❢♦r ❡①❛♠♣❧❡✱ t❤❡ s♦❧✈❡r ♠❛② ♥♦t ❜❡ ❛❜❧❡ t♦ ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✱
s✐♥❝❡ ♦♥❧② ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ♠✐❣❤t ❜❡ ❛✈❛✐❧❛❜❧❡ t♦ ✐t✳ ❚❤✉s✱ ❜❛s❡❞ ♦♥ t❤❡
✇♦r❦ ♦❢ ❍♦❥♥② ❡t ❛❧✳ ❬✷✻❪✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡ t❤❡ ❞♦♠❛✐♥s
♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ ♦✉r ❢♦r♠✉❧❛t✐♦♥ C✳

❋♦r ❛♥② j ∈ [k]✱ ❧❡t Fj ⊆ V ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✜①❡❞ ♦♥ ❝❧❛ss j ✐♥ t❤❡ ❝✉rr❡♥t
♥♦❞❡ ♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ Fj ❝♦♥t❛✐♥s ❛❧❧ ✈❡rt✐❝❡s v ∈ V s✉❝❤
t❤❛t ✈❛r✐❛❜❧❡ xv,j ✇❛s ✜①❡❞ t♦ ♦♥❡✳ ▲❡t ✉s ✜① i ∈ [k] ❛♥❞ ❛ss✉♠❡ Fi 6= ∅✳ ❈♦♥s✐❞❡r t❤❡
❣r❛♣❤ Gi = G[V \ ⋃i′∈[k]:i′ 6=i Fi′ ]✱ t❤❛t ✐s✱ Gi ✐s t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② r❡♠♦✈✐♥❣
t❤❡ ✈❡rt✐❝❡s t❤❛t ✇❡r❡ ✜①❡❞ ✐♥ ❝❧❛ss❡s ❞✐st✐♥❝t ❢r♦♠ i✳ ▲❡t C1, . . . , Ct ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ Gi✱ ❛♥❞ s✉♣♣♦s❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t Fi ∩ V (Ct) 6= ∅ ✭s❡❡
❋✐❣✉r❡ ✺✳✻✮✳ ❚❤❡♥✱ ❢♦r ❛♥② ✈❡rt❡① u ∈ V (Cj)✱ ✇✐t❤ j ∈ [t− 1]✱ ✇❡ ❝❛♥ ✜① t❤❡ ✈❛r✐❛❜❧❡ xu,i
❛t ③❡r♦✱ ♦r ✐❢ ✈❛r✐❛❜❧❡ xu,i ✇❛s ❛❧r❡❛❞② ✜①❡❞ t♦ ♦♥❡✱ ✇❡ ❝❛♥ ❞❡❝❧❛r❡ t❤❡ ❝✉rr❡♥t ♥♦❞❡ ❛s
✐♥❢❡❛s✐❜❧❡ ❛♥❞ ♣r✉♥❡ ✐t ✭s❡❡ ❋✐❣✉r❡ ✺✳✻✮✳

✺✳✹ P♦❧②❤❡❞r❛❧ ❙t✉❞②

❲❡ ♥♦✇ ♣r❡s❡♥t ♣♦❧②❤❡❞r❛❧ r❡s✉❧ts ❜❛s❡❞ ♦♥ t❤❡ ❈✉t ❢♦r♠✉❧❛t✐♦♥✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ✶✲❇❈Pk ❝❛s❡✱ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ❝❧❛ss ✐s t❤❡ s❛♠❡ ❛s ✐ts
❝❛r❞✐♥❛❧✐t②✳ ◆❡①t✱ ✇❡ ♣r❡s❡♥t ❢♦r♠✉❧❛t✐♦♥ C ′✱ t❤❡ ③✲✈❡rs✐♦♥ ♦❢ C✱ ❛♥❞ ✇❡ ❞❡r✐✈❡ ♣♦❧②❤❡❞r❛❧
r❡s✉❧ts ❢♦r ✐t✳













✺✹

✭✶❛✮ ■❢ y /∈ W ∪ {v}✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦rs ❜❡❧♦♥❣ t♦ F̂ ✿

γ′ = γ +
i−1∑

ℓ=j+1

e(vℓ, ℓ) ❛♥❞ γ′′ = γ′ + e(y, j).

❚❤❡r❡❢♦r❡✱ λγ′ = λ0 ❛♥❞ λγ
′′

= λ(γ′+e(y, j)) = λ0✳ ❍❡♥❝❡✱ λ(e(y, j)) = λy,j =

0 ❢♦r y /∈ W ∪ {v}✳

✭✶❜✮ ■❢ y ∈ W ∪ {v}✱ t❤❡♥ y = vℓ ❢♦r s♦♠❡ ℓ ∈ {i, i + 1, . . . , k}✳ ❚❛❦❡ t❤❡
s✉❜♣❛rt✐t✐♦♥ γ′ ❛♥❞ ❝♦♥str✉❝t ❛ ♥❡✇ s✉❜♣❛rt✐t✐♦♥ γ′a ❜② r❡♣❧❛❝✐♥❣ y ✇✐t❤ u✳
❚❤❡♥✱ ❢r♦♠ γ′a✱ ❝♦♥str✉❝t t❤❡ s✉❜♣❛rt✐t✐♦♥ γ′b ❜② ❛❞❞✐♥❣ y t♦ ❝❧❛ss j✳ ❚❤❡s❡
s✉❜♣❛rt✐t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✈❡❝t♦rs

γ′a = γ′ − e(y, ℓ) + e(u, ℓ) ❛♥❞ γ′b = γ′a + e(y, j).

◆♦t❡ t❤❛t ❜♦t❤ ✈❡❝t♦rs γ′a ❛♥❞ γ
′
b ❛r❡ ✐♥ F̂ ⊆ F ✳ ❚❤✉s✱ λy,j = 0 ❢♦r y ∈ W∪{v}✳

❈❛s❡ ✷✳ ▲❡t j ∈ [k] \ [i]✳

✭✷❛✮ ■❢ y = vj✱ ❧❡t wℓ ❜❡ ❛ ✈❡rt❡① t❤❛t ✐s ❛ ♥❡✐❣❤❜♦r ♦❢ vℓ ✐♥ G[Vℓ] ❢♦r ℓ ∈
[k] \ [j − 1]✳ ❚❤❡♥✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦rs ❜❡❧♦♥❣ t♦ F̂ ✿

θ = γ +
k∑

ℓ=j

e(wℓ, ℓ) ❛♥❞ θ′ = θ − e(y, j).

❖❜s❡r✈❡ t❤❛t θ, θ′ ∈ F̂ ⊆ F ❛♥❞ t❤✉s λy,j = 0✳

✭✷❜✮ ■❢ y 6= vj✱ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r γu = γ − e(v, i) + e(u, i)✳ ■❢ y = v✱
t❛❦❡ γ̃u = γu − e(vj, j) + e(y, j)❀ ❛♥❞ ✐❢ y 6= v✱ t❛❦❡ γ̃y = γ − e(vj, j) + e(y, j)✳
❘❡❝❛❧❧ t❤❛t λvj ,j = 0✳ ❙✐♥❝❡ γ✱ γu✱ γ̃u, γ̃y ∈ F̂ ⊆ F ✱ ✐t ❢♦❧❧♦✇s t❤❛t λy,j = 0✳

❈❛s❡ ✸✳ ❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❡♥tr✐❡s ♦❢ λ ✐♥❞❡①❡❞ ❜② i✳
❋♦r ❡❛❝❤ y ∈ V ✱ ❧❡t Gy ❜❡ s✉❝❤ t❤❛t G − Gy ❛❞♠✐ts ❛ r♦❜✉st ❝♦♥♥❡❝t❡❞ (k − i)✲

s✉❜♣❛rt✐t✐♦♥ Vy ✭✇❤❡r❡ Gy ✐s ❛ s✉❜❣r❛♣❤ ♦❢ G ❛s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✮✳ ▲❡t φ ❞❡♥♦t❡ t❤❡
✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r ♦❢ Vy✱ ❛♥❞ ❧❡t φy = φ+

∑
w∈V (Gy)

e(w, i)✳

✭✸❛✮ ❙✉♣♣♦s❡ y /∈ S ∪ {u, v}✳ ■♥ t❤✐s ❝❛s❡✱ Gy − y ✐s ❝♦♥♥❡❝t❡❞✳ ❈♦♥s✐❞❡r
φ′ = φy − e(y, i)✳ ❈❧❡❛r❧②✱ φy, φ

′ ∈ F̂ ⊆ F ✳ ❚❤✉s✱ λy,i = 0 ❢♦r ❡✈❡r② y ∈
V \ (S ∪ {u, v})✳
✭✸❜✮ ▲❡t y ∈ S∪{u, v}✳ ■❢ y ∈ {u, v} t❤❡♥ Gy ❝♦♥s✐sts ♦❢ ♣r❡❝✐s❡❧② t❤❡ ✈❡rt❡① y✳
❙✐♥❝❡ φy ❜❡❧♦♥❣ t♦ F̂ ⊆ F ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

λ(φ+ e(y, i)) = λy,i = λ0.

◆♦t❡ t❤❛t ❜❡❝❛✉s❡ ❈❛s❡ ✷ ✐s ✈❛❧✐❞✱ λφ = 0✳



✺✺

■❢ y ∈ S✱ t❤❡♥ {u, v, y} ⊆ V (Gy) ❛♥❞ V (Gy) ∩ S = {y}✳ ❙✐♥❝❡ φy ∈ F̂ ⊆ F

❢♦r ❡✈❡r② y ∈ S✱ r❡❝❛❧❧✐♥❣ t❤❛t λw,i = 0 ❢♦r ❡✈❡r② w ∈ V \ (S ∪ {u, v})✱ ✇❡
❤❛✈❡ t❤❛t λu,i + λv,i + λy,i = λ0 ❢♦r ❡✈❡r② y ∈ S✳ ❈♦♠❜✐♥✐♥❣ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s
❡q✉❛❧✐t✐❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t λy,i = −λ0 ❢♦r ❡✈❡r② y ∈ S✳

P✉tt✐♥❣ t♦❣❡t❤❡r ❈❛s❡s ✶✱ ✷ ❛♥❞ ✸✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t λ = λ0λ̂✱ ❛s ✇❡ ✇❛♥t❡❞ t♦ s❤♦✇✳

▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t ✐❢ xu,i + xv,i −
∑

s∈S xs,i ≤ 1 ✐♥❞✉❝❡s ❛ ❢❛❝❡t ♦❢ Pk(G)✱ t❤❡♥ G
✐s (u, v, S, i)✲r♦❜✉st✳ ❙✉♣♣♦s❡ G ✐s ♥♦t (u, v, S, i)✲r♦❜✉st✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✈❡rt❡① z ∈
V s✉❝❤ t❤❛t ❢♦r ♥♦ ♠✐♥✐♠❛❧ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ Gz t❤❡r❡ ✐s ❛ r♦❜✉st ❝♦♥♥❡❝t❡❞ (k − i)✲
♣❛rt✐t✐♦♥ {Vj}j∈[k]\[i] ♦❢ G − Gz✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ❝♦♥♥❡❝t❡❞ (k − i + 1)✲
s✉❜♣❛rt✐t✐♦♥ {Vj}j∈[k]\[i−1] ♦❢ G s✉❝❤ t❤❛t

✭✐✮ z ∈ Vi✱

✭✐✐✮ |Vi ∩ {u}|+ |Vi ∩ {v}| − |Vi ∩ S| = 1✱ ❛♥❞

✭✐✐✐✮ |Vj−1| ≤ |Vj| ❢♦r ❛❧❧ j ∈ [k] \ [i]✳

❈♦♥s✐❞❡r ♥♦✇ ❛ ✈❡rt❡① x̄ ♦❢ Pk(G) t❤❛t ❜❡❧♦♥❣s t♦ F̂ ✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t x̄z,i = 1✳
▲❡t Wj = {w ∈ V : x̄w,j = 1} ❢♦r ❡❛❝❤ j ∈ [k] \ [i − 1]✳ ❙✐♥❝❡ x̄ ∈ F̂ ✱ ✐t ❝❧❡❛r❧② ❤♦❧❞s
t❤❛t |Wi∩{u}|+ |Wi∩{v}|− |Wi∩S| = 1 ❛♥❞ |Wj−1| ≤ |Wj| ❢♦r ❡✈❡r② j ∈ [k] \ [i]✳ ❚❤✉s✱
{Wj}j∈[k]\[i−1] ✐s ❛ ❝♦♥♥❡❝t❡❞ (k− i+1)✲s✉❜♣❛rt✐t✐♦♥ ♦❢ G t❤❛t s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ✭✐✮✕✭✐✐✐✮✱
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ x̄z,i = 0 ❢♦r ❡✈❡r② ✈❡rt❡① x̄ ∈ F̂ ✳ ❇✉t t❤❡♥✱ F̂ ✐s ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ ❢❛❝❡ {x ∈ Pk(G) : xz,i = 0}✱ ❛♥❞ s♦ F̂ ✐s ♥♦t ❛ ❢❛❝❡t ♦❢ Pk(G)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡
♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

✺✳✹✳✷ P♦❧②❤❡❞r❛❧ ❙t✉❞② ♦❢ ❛ r❡❧❛①❡❞ ❢♦r♠✉❧❛t✐♦♥

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥ C ′k(G,w)✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ❢♦r♠✉❧❛t✐♦♥ Ck(G,w) ❜② ❞r♦♣✲
♣✐♥❣ t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ❝❧❛ss❡s ✭✺✳✶✮ ❛♥❞ ❛❞❞✐♥❣ ❛ ♥❡✇ ♥♦♥✲♥❡❣❛t✐✈❡ ✈❛r✐❛❜❧❡ z ✇❤✐❝❤ ✐s
s♠❛❧❧❡r t❤❛♥ t❤❡ ✇❡✐❣❤t ♦❢ ❡❛❝❤ ❝❧❛ss✳

C ′k(G,w) max z

s✳t✳ z ≤
∑

v∈V

w(v) xv,i ∀i ∈ [k], ✭✺✳✶✶✮

∑

i∈[k]

xv,i ≤ 1 ∀v ∈ V, ✭✺✳✷✮

xu,i + xv,i −
∑

s∈S

xs,i ≤ 1 ∀uv /∈ E, S ∈ Γ(u, v), i ∈ [k], ✭✺✳✸✮

xv,i ∈ {0, 1} ∀v ∈ V ❛♥❞ i ∈ [k], ✭✺✳✹✮

z ∈ R≥ . ✭✺✳✶✷✮

▲❡t P̄k(G,w) = conv({(x, z) ∈ Bnk ×R≥ : (x, z) s❛t✐s✜❡s ✭✺✳✶✶✮, ✭✺✳✷✮ ❛♥❞ ✭✺✳✸✮})✳ ❋♦r
❡❛s❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ r❡❢❡r t♦ t❤✐s ♣♦❧②t♦♣❡ s✐♠♣❧② ❛s P̄ ✳ ❚❤❡ ♣♦❧②❤❡❞r❛❧ st✉❞② ✇❡



✺✻

❞❡r✐✈❡ ❢♦r P̄ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✇❡ ♦❜t❛✐♥❡❞ ❢♦r Pk(G)✳ ❍♦✇❡✈❡r✱ P̄ ❤❛s ♦♥❡
❡①tr❛ ❞✐♠❡♥s✐♦♥ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ Pk(G)✱ ❞✉❡ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ r❡❛❧ ✈❛r✐❛❜❧❡ z✳
❚♦ ❤❛♥❞❧❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ❞❡✜♥❡ P̄x ❛s ❜❡✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ P̄ ✐♥t♦ t❤❡ s♣❛❝❡ ♦❢ t❤❡ x
✈❛r✐❛❜❧❡s✱ ✐✳❡✳✱ P̄x = conv({x ∈ Bnk : x s❛t✐s✜❡s ✭✺✳✷✮ ❛♥❞ ✭✺✳✸✮})✳ ❈❧❡❛r❧②✱ Pk(G) ⊆ P̄x✳

❚❤❡ ♥❡①t r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣②✳ ❋✐rst✱ ✇❡ s❤♦✇ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✺
t❤❛t✱ ♦♥ s♦♠❡ ❝❛s❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❧✐❢t ❛ ❢❛❝❡ F̄x ♦❢ P̄x t♦ ♦❜t❛✐♥ ❛ ❢❛❝❡ F̄ ♦❢ P̄ ✱ s✉❝❤
t❤❛t dim(F̄ ) ≥ dim(F̄x) + 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ s❛② t❤❛t s♦♠❡
✐♥❡q✉❛❧✐t✐❡s t❤❛t ✐♥❞✉❝❡ ❢❛❝❡ts ♦❢ P̄x ❛r❡ ❛❧s♦ ❢❛❝❡t✲❞❡✜♥✐♥❣ ❢♦r P̄ ✳ ◆❡①t✱ ✇❡ s❤♦✇ ✐♥
▲❡♠♠❛ ✺✳✹✳✻ t❤❛t ❢❛❝❡t✲❞❡✜♥✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ♦❢ Pk(G) ♠❛② ❛❧s♦ ❞❡✜♥❡ ❢❛❝❡ts ♦❢ P̄x✳ ❯s✐♥❣
❜♦t❤ r❡s✉❧ts✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t s♦♠❡ ✐♥❡q✉❛❧✐t✐❡s t❤❛t ✐♥❞✉❝❡ ❢❛❝❡ts ♦❢ Pk(G) ❛❧s♦ ❞❡✜♥❡
❢❛❝❡ts ♦❢ P̄ ✳

❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞✱ ❧❡t ✉s ❞❡✜♥❡ p ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ G ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✳
❲❡ ❛ss✉♠❡ p ≥ k✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❤❛s ❝♦st ③❡r♦ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ✐s
s♦❧✈❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✺ ▲❡t πx ≤ π0 ❜❡ ❛ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ♣♦❧②t♦♣❡ P̄✳ ❈♦♥s✐❞❡r t❤❡

❢❛❝❡s F̄ = {(x, z) ∈ P̄ : πx = π0} ❛♥❞ F̄x = {x ∈ P̄x : πx = π0}✳ ■❢ dim(F̄x) ≥ nk− p+1✱

t❤❡♥ dim(F̄ ) ≥ dim(F̄x) + 1✳

Pr♦♦❢✳ ▲❡t d ❜❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ F̄x✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ s❡t {x0, x1, . . . , xd} ♦❢ d + 1

❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs ✐♥ F̄x✳ ▲❡t Q = {(x0, 0), (x1, 0), . . . , (xd, 0)}✱ ❝❧❡❛r❧② Q ⊆ F̄ ✳
■t r❡♠❛✐♥s t♦ ❝♦♥str✉❝t ♦♥❡ ❡①tr❛ ✈❡❝t♦r t❤❛t ✐s ❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧
t❤❡ ✈❡❝t♦rs ✐♥ Q✳

❈♦♥s✐❞❡r t❤❡ ✈❡❝t♦r
x̄ =

1

d+ 1
(x0 + x1 + . . .+ xd),

s✐♥❝❡ x̄ ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✈❡❝t♦rs ✐♥ F̄x✱ x̄ ❜❡❧♦♥❣s t♦ F̄x✳ ❋✉rt❤❡r♠♦r❡✱ x̄ ❤❛s✱ ❛t
♠♦st✱ nk−d ❝♦♦r❞✐♥❛t❡s ✇✐t❤ ③❡r♦ ✈❛❧✉❡✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t✱ ❢♦r v ∈ V ❛♥❞ i ∈ [k]✱ x̄v,i = 0

✐❢ ❛♥❞ ♦♥❧② ✐❢ x0v,i = x1v,i = . . . = xdv,i = 0✳ ❍❡♥❝❡✱ ✐❢ x̄ ❤❛❞ ❛t ❧❡❛st nk − d+ 1 ❝♦♦r❞✐♥❛t❡s
✇✐t❤ ③❡r♦ ✈❛❧✉❡✱ t❤❡♥ F̄x ✇♦✉❧❞ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d− 1✱ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ●✐✈❡♥ t❤❛t d ≥ nk−p+1✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛t ♠♦st p−1 ❝♦♦r❞✐♥❛t❡s ♦❢ x̄ ❛r❡
③❡r♦ ✈❛❧✉❡❞✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ❝❧❛ss i ∈ [k]✱ t❤❡r❡ ❡①✐sts v ∈ V ✱ s✉❝❤ t❤❛t w(v) ❛♥❞ x̄v,i
❛r❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✳

❋♦r ❡✈❡r② i ∈ [k]✱ ❧❡t w̄i =
∑

v∈V w(v) x̄v,i✳ ❖❜s❡r✈❡ t❤❛t w̄i > 0✱ ❢♦r ❛❧❧ i ∈ [k]✳
❉❡✜♥❡ w̄ = mini∈[k] w̄i✱ t❤❡♥ t❤❡ ✈❡❝t♦r (x̄, w̄) ❜❡❧♦♥❣s t♦ F̄ ❛♥❞ ✐t ✐s ❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t
✇✐t❤ t❤❡ ✈❡❝t♦rs ✐♥ Q ✭s❡❡ ❋✐❣✉r❡ ✺✳✶✷✮✳

▲❡♠♠❛ ✺✳✹✳✻ ❙✉♣♣♦s❡ πx ≤ π0 ✐s ❛♥ ✐♥❡q✉❛❧✐t② t❤❛t ✐s ✈❛❧✐❞ ❢♦r ❜♦t❤ Pk(G) ❛♥❞ P̄x✳

▲❡t F ❛♥❞ F̄x ❜❡ t❤❡ ❢❛❝❡s ✐♥❞✉❝❡❞ ❜② (π, π0) ✐♥ t❤❡ ♣♦❧②t♦♣❡s Pk(G) ❛♥❞ P̄x✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♥ dim(F ) ≤ dim(F̄x)✳

Pr♦♦❢✳ ❙✐♥❝❡ Pk(G) ⊆ P̄x✱ ❛❧❧ t❤❡ dim(F ) + 1 ❛✣♥❡❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs t❤❛t ❜❡❧♦♥❣
t♦ F ❛❧s♦ ❜❡❧♦♥❣ t♦ F̄x✳

❈♦r♦❧❧❛r② ✺✳✹✳✼ dim(P̄) = nk + 1✳





✺✽

❍❡♥❝❡✱ λz,i = −λ0✳
❈♦♥s✐❞❡r j ∈ [k] \ {i}✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦r (e(u, i) + e(z, j)) ❜❡❧♦♥❣s t♦ F̂ ⊆ F ✱ ✐t ❢♦❧❧♦✇s

t❤❛t λ(e(u, i)+e(z, j)) = λ0✱ ❛♥❞ t❤✉s λz,j = 0✳ ❙✐♠✐❧❛r❧②✱ ✇❤❡♥ z = u✱ λ(e(v, i)+e(u, j)) =
λ0 ❛♥❞ λu,j = 0✳

❙♦ ❢❛r✱ ✇❡ s❤♦✇❡❞ t❤❛t F̂ ✐s ❛ ❢❛❝❡t ♦❢ P̄x✳ ❙✐♥❝❡ P̄x ✐s ❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧✱ dim(F̂ ) = nk−1✳
❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✺✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② xu,i+xv,i−

∑
s∈S xs,i ≤ 1 ✐♥❞✉❝❡s

❛ ❢❛❝❡t ♦❢ P̄ ✳

❚❤❡♦r❡♠ ✺✳✹✳✶✶ ▲❡t {si, ti}i∈[2] ⊆ V ❜❡ ❛ s❡t ♦❢ ❞✐st✐♥❝t ♣❛✐rs ♦❢ ✈❡rt✐❝❡s s✉❝❤ t❤❛t t❤❡r❡

✐s ♥♦ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❡rt❡①✲❞✐s❥♦✐♥t (si, ti)✲♣❛t❤s ✐♥ G✱ ❢♦r i ∈ [2]✳ ▼♦r❡♦✈❡r✱ ❧❡t σ : [2]→ [k]

❜❡ ❛♥ ✐♥❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ❧❡t I ❜❡ ✐ts ✐♠❛❣❡✳ ❚❤❡♥ t❤❡ ❝r♦ss ✐♥❡q✉❛❧✐t②

xs1,σ(1) + xt1,σ(1) + xs2,σ(2) + xt2,σ(2) ≤ 3

✐♥❞✉❝❡s ❛ ❢❛❝❡t ♦❢ P̄ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞

✶✳ t❤❡r❡ ✐s ♥♦ ✈❡rt❡① z ∈ V s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② i ∈ [2]✱ z ✐s ❛ (si, ti)✲s❡♣❛r❛t♦r❀ ❛♥❞

✷✳ {s2, t2} ✐s ♥♦t ❛ (s1, t1)✲s❡♣❛r❛t♦r✱ ❛♥❞ {s1, t1} ✐s ♥♦t ❛ (s2, t2)✲s❡♣❛r❛t♦r✳

Pr♦♦❢✳ ▲❡t F̂ ❜❡ t❤❡ ❢❛❝❡ ♦❢ P̄x ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ t❤❡♦r❡♠ st❛t❡♠❡♥t✳ ❋✐rst✱
✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ✐❢ ❡✐t❤❡r ❝♦♥❞✐t✐♦♥ (1) ♦r (2) ✐s ♥♦t s❛t✐s✜❡❞✱ F̂ ✐s ♥♦t ❛ ❢❛❝❡t ♦❢ P̄x✳

❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ✈❡rt❡① z ✇❤✐❝❤ ✐s ❛ (si, ti)✲s❡♣❛r❛t♦r✱ ❢♦r ❡✈❡r② i ∈ [2]✳ ▲❡t x̃ ❜❡ ❛♥
✐♥t❡❣❡r ✈❡❝t♦r t❤❛t ❜❡❧♦♥❣s t♦ F̂ ✳ ❚❤✉s✱ t❤❡r❡ ♠✉st ❡①✐st j ∈ [2]✱ s✉❝❤ t❤❛t sj ❛♥❞ tj ❛r❡
❝♦♥♥❡❝t❡❞ ✐♥ t❤❡ s✉❜❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s {v ∈ V : x̃v,j = 1} ❛♥❞ z ❜❡❧♦♥❣s
t♦ t❤✐s s✉❜❣r❛♣❤✳ ❍❡♥❝❡✱ F̂ ⊆ {x ∈ P̄x :

∑
i∈[k] xz,i = 1} ❛♥❞ F̂ ✐s ♥♦t ❛ ❢❛❝❡t✳

◆♦✇ s✉♣♣♦s❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s {s2, t2} ✐s ❛ (s1, t1)✲s❡♣❛r❛t♦r✱ t❤❡♥ ✇❡ s❤❛❧❧ ❞❡♠♦♥✲
str❛t❡ t❤❛t F̂ ⊆ {x ∈ P̄x : xs1,σ(1) + xt1,σ(1) − xs2,σ(1) − xt2,σ(1) = 1}✳ ❆❣❛✐♥✱ ❧❡t x̃ ❜❡ ❛♥
✐♥t❡❣❡r ✈❡❝t♦r t❤❛t ❜❡❧♦♥❣s t♦ F̂ ✳ ▲❡t i ∈ [2] ❜❡ s✉❝❤ t❤❛t x̃si,σ(i) = x̃ti,σ(i) = 1✳ ■❢ i = 1✱
❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t x̃s2,σ(1) = 1✳ ❙✐♥❝❡ x̃ ∈ F̂ ✱ t2 ❜❡❧♦♥❣s t♦ ❝❧❛ss σ(2)
✐♥ x̃ ❛♥❞ x̃t2,σ(1) = 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ i = 2✱ x̃s2,σ(1) = x̃t2,σ(1) = 0 ❛♥❞ ❡①❛❝t❧② ♦♥❡
✈❡rt❡① ❢r♦♠ {s1, t1} ❜❡❧♦♥❣s t♦ ❝❧❛ss σ(1) ✐♥ t❤❡ s♦❧✉t✐♦♥ ✐♥❞✉❝❡❞ ❜② x̃✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❜♦t❤
❝❛s❡s ✐t ❤♦❧❞s t❤❛t xs1,σ(1) + xt1,σ(1) − xs2,σ(1) − xt2,σ(1) = 1✳

◆❡①t✱ ✇❡ t✉r♥ t♦ ♣r♦✈✐♥❣ t❤❛t F̂ ✐s ❛ ❢❛❝❡t ✐❢ (1) ❛♥❞ (2) ❛r❡ s❛t✐s✜❡❞✳ ■♥ ♦r❞❡r t♦
❡♥✉♠❡r❛t❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❡❝t♦rs ❝♦♥t❛✐♥❡❞ ✐♥ F̂ ✱ ✇❡ st❛rt ✇✐t❤ ❛ s✐♠♣❧❡ ❝❧❛✐♠ ❛❜♦✉t
♣❛t❤s t❤❛t ❛✈♦✐❞s s♣❡❝✐✜❝ ✈❡rt✐❝❡s✳ ❆❧❧ ♣❛t❤s ♠❡♥t✐♦♥❡❞ ❤❡♥❝❡❢♦rt❤ ❛r❡ s✐♠♣❧❡✳

❈❧❛✐♠ ✺✳✹✳✶✷ ❋♦r ❛♥② ✈❡rt❡① y ∈ V \ {s1, t1, s2, t2}✱ t❤❡r❡ ❡①✐sts a, b ∈ [2]✱ a 6= b✱ s✉❝❤

t❤❛t t❤❡r❡ ✐s ❛ (sa, ta)✲♣❛t❤ P
a
y ⊂ G t❤❛t s❛t✐s❢② t❤❡ ♣r♦♣❡rt✐❡s✿ y /∈ V (P a

y ) ❛♥❞ |V (P a
y ) ∩

{sb, tb}| ≤ 1✳

Pr♦♦❢✳ ❋♦r s♦♠❡ i ∈ [2]✱ t❤❡r❡ ♠✉st ❡①✐st ❛ (si, ti)✲♣❛t❤ P i
y t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ y✱

♦t❤❡r✇✐s❡✱ ❝♦♥❞✐t✐♦♥ (2) ✇♦✉❧❞ ♥♦t ❤♦❧❞✳ ▲❡t j ∈ [2] \ {i}✱ ✐❢ |P i
y ∩ {sj, tj}| ≤ 1 t❤❡ ❝❧❛✐♠

❤♦❧❞s ✇✐t❤ a = i ❛♥❞ b = j✳ ❚❤✉s✱ ❛ss✉♠❡ t❤❛t P i
y ❝♦♥t❛✐♥s ❜♦t❤ sj ❛♥❞ tj✳ ■♥ t❤✐s s❡tt✐♥❣

✭s❡❡ ❋✐❣✉r❡ ✺✳✶✸✮✱ t❤❡r❡ ✐s ❛ (sj, tj)✲♣❛t❤ P j
y ⊂ P i

y t❤❛t ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✇✐t❤ {si, ti, y}✳







✻✶

❛❞❥❛❝❡♥t t♦ P b
y ✱ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❡rt❡① u′ ∈ {sa, ta} \V (P ′

y)✳ ■t ❢♦❧❧♦✇s
❢r♦♠ ♦✉r ❝♦♥str✉❝t✐♦♥ t❤❛t t❤❡ ✈❡❝t♦r e(P b

y , j) + e(P ′
y, j) + e(u′, σ(a)) ❜❡❧♦♥❣s

t♦ F ⊆ F ✭s❡❡ ❋✐❣✉r❡ ✺✳✶✹✮✱ ❛♥❞ ❛s ❛ r❡s✉❧t λy,j = 0✳

✭✷❜✮ ❖✉r ❧❛st ❝❛s❡ ✐s ✇❤❡♥ Hy ∈ {Hs, Ht} ❛♥❞ j = σ(a)✳ ❆ss✉♠❡✱ ✇✐t❤ ♥♦
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t Hy = Hs✳ ■❢ t❤❡r❡ ✐s ❛ ♣❛t❤ Py t❤❛t ❝♦♥♥❡❝ts y t♦
t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ P a

y ❛♥❞ ❛✈♦✐❞ sb✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥
❈❛s❡ ✭✶❜✮✳ ❍❡♥❝❡✱ ✇❡ s✉♣♣♦s❡ sb ✐s ❛ (y, us)✲s❡♣❛r❛t♦r✳ ▲❡t P ′

s ❜❡ ❛ ♣❛t❤ t❤❛t
❝♦♥♥❡❝ts sb t♦ ❛ ✈❡rt❡① ✐♥ N(us)∩Hs✳ ❈♦♥s✐❞❡r t❤❡ ♣❛t❤ Ps,t ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧②
❛♥❞ ❧❡t P b

y ❜❡ ❛ (sb, tb)✲♣❛t❤ s✉❝❤ t❤❛t ✐t ❝♦♥t❛✐♥s Ps,t ❛♥❞ P ′
s✱ ❛♥❞ V (P b

y ) ∩
V (P a

y ) = V (Ps,t)✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ t❤❛t P b
y ❞♦❡s ♥♦t ✐♥t❡rs❡❝t

✇✐t❤ {sa, ta, y}✳ ■♥t❡r❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡s ♦❢ a ❛♥❞ b ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❛t❤ P b
y

✐♥st❡❛❞ ♦❢ P a
y ✱ ✇❡ r❡❞✉❝❡ ❈❛s❡ ✭✷❜✮ t♦ ❈❛s❡s ✭✶❛✮ ❛♥❞ ✭✷❛✮ ✭❋✐❣✉r❡ ✺✳✶✹✭❞✮✮✳

❋✐♥❛❧❧②✱ ✇❡ ♥♦✇ r❡❢❡r t♦ ❡♥tr✐❡s λy,j✱ y ∈ {si, ti}i∈[2]✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦♥❞✐t✐♦♥ (2)✱
❢♦r ❛♥② a, b ∈ [2]✱ a 6= b✱ t❤❡r❡ ♠✉st ❡①✐st ❛ (sa, ta)✲♣❛t❤ P a s✉❝❤ t❤❛t V (P a)∩{sb, tb} = ∅✳
❍❡♥❝❡✱ ❢♦r ❛♥② j ∈ [k] \ {σ(b)}✱ ✐t ❤♦❧❞s t❤❛t t❤❡ ✈❡❝t♦r e(P a, σ(a)) + e(tb, σ(b)) + e(sb, j)

❜❡❧♦♥❣s t♦ F ✳ ❚❤❡r❡❢♦r❡✱ λsi,j = 0✱ ❢♦r ❛♥② i ∈ [2] ❛♥❞ j ∈ [k] \ {σ(i)}✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✈❡❝t♦rs e(P 1, σ(1)) + e(s2, σ(2)), e(P

1, σ(1)) + e(t2, σ(2)) ❛♥❞ t❤❡✐r
❝♦✉♥t❡r♣❛rts e(P 2, σ(2)) + e(s1, σ(1)), e(P

2, σ(2)) + e(t1, σ(1))✳ ❇❡❝❛✉s❡ ❛❧❧ t❤❡s❡ ✈❡❝t♦rs
❜❡❧♦♥❣ t♦ F ❛♥❞ ❣✐✈❡♥ ♦✉r ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ❢♦r t❤❡ ③❡r♦ ✈❛❧✉❡❞ ❡♥tr✐❡s ♦❢ λ✱ ✇❡ ❡♥❞ ✉♣
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✳

λs1,σ(1) + λt1,σ(1) + λs2,σ(2) = λ0, ✭✺✳✶✸✮

λs1,σ(1) + λt1,σ(1) + λt2,σ(2) = λ0, ✭✺✳✶✹✮

λs2,σ(2) + λt2,σ(2) + λs1,σ(1) = λ0, ✭✺✳✶✺✮

λs2,σ(2) + λt2,σ(2) + λt1,σ(1) = λ0. ✭✺✳✶✻✮

❙✉❜tr❛❝t✐♥❣ ✭✺✳✶✻✮ ❢r♦♠ ✭✺✳✶✺✮ ✇❡ ♦❜t❛✐♥ t❤❛t λs1,σ(1) = λt1,σ(1)✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✐t ❛❧s♦ ❤♦❧❞s
t❤❛t λs2,σ(2) = λt2,σ(2)✳ ▼♦r❡♦✈❡r✱ s✉❜tr❛❝t✐♥❣ ✭✺✳✶✸✮ ❢r♦♠ ✭✺✳✶✺✮ ❣✐✈❡s ✉s λt2,σ(2) = λt1,σ(1)✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

λs1,σ(1) = λt1,σ(1) = λs2,σ(2) = λt2,σ(2) =
λ0
3
.



✻✷

❈❤❛♣t❡r ✻

❈♦♠♣✉t❛t✐♦♥❛❧ ❊①♣❡r✐♠❡♥ts

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ ❛ P❈ ✇✐t❤ ■♥t❡❧✭❘✮ ❳❡♦♥✭❘✮ ❈P❯
❊✺✲✷✻✸✵ ✈✹ ❅ ✷✳✷✵●❍③✱ ✹✵ ❝♦r❡s✱ ✻✹ ●❇ ❘❆▼ ❛♥❞ ❯❜✉♥t✉ ✶✽✳✵✹✳✷ ▲❚❙✳ ❚❤❡ ❝♦❞❡ ✇❛s
✇r✐tt❡♥ ✐♥ ❈✰✰ ✉s✐♥❣ t❤❡ ❣r❛♣❤ ❧✐❜r❛r② ▲❡♠♦♥ ❬✶✹❪✳ ❲❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t
❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❈✉t ❢♦r♠✉❧❛t✐♦♥ C ✉s✐♥❣ ❙❈■P ✻✳✵ ❬✶✾❪ ❛♥❞ ●✉r♦❜✐ ✾✳✵ ❬✷✸❪ ❛s
t❤❡ ▲P s♦❧✈❡r✳ ❲❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ❛❧❣♦r✐t❤♠s ✭✉s✐♥❣ ♦♥❧② ●✉r♦❜✐
✾✳✵✮ ❜❛s❡❞ ♦♥ t❤❡ ❋❧♦✇ ❢♦r♠✉❧❛t✐♦♥s F ❛♥❞ F̄ ❛♥❞ ♦♥ t❤❡ ♠♦❞❡❧s ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ ❜②
▼❛t✐➣ ❬✸✼❪ ❛♥❞ ❩❤♦✉ ❡t ❛❧✳ ❬✺✵❪✳ ❊❛❝❤ ❛❧❣♦r✐t❤♠ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❤❛❞ ✹ t❤r❡❛❞s ❛✈❛✐❧❛❜❧❡
t♦ ✐t✳ ❲❡ ✉s❡❞ ❙❈■P ✻✳✵ ✐♥ ♦✉r ❜r❛♥❝❤✲❛♥❞✲❝✉t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤r❡❡ r❡❛s♦♥s✳ ❋✐rst✱
✉♥❧✐❦❡ ●✉r♦❜✐ ✾✳✵✱ ❙❈■P ❛❧❧♦✇s ❢♦r ♠✉❧t✐♣❧❡ r♦✉♥❞s ♦❢ ❝✉t ❣❡♥❡r❛t✐♦♥ ✐♥ ♥♦♥✲r♦♦t ♥♦❞❡s
♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ tr❡❡✳ ❙❡❝♦♥❞✱ ✐t ❤❛s ❜✉✐❧t✲✐♥ r♦✉t✐♥❡s ❢♦r s❡♣❛r❛t✐♥❣ t❤❡ ❧✐❢t❡❞
♠✐♥✐♠❛❧ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤✐r❞✱ ✐t ❛❧❧♦✇s t❤❡ ✉s❡r t♦ ✇r✐t❡ ❛
❝✉st♦♠ ❞♦♠❛✐♥ ♣r♦♣❛❣❛t✐♦♥ r♦✉t✐♥❡✱ ❛s t❤❡ ♦♥❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳

❉✉❡ t♦ s♠❛❧❧ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ♣r❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥ts✱ ✇❡ r❡♣❧❛❝❡ ✐♥❡q✉❛❧✐t✐❡s
✭✹✳✺✮✱ ✭✹✳✶✵✮ ❛♥❞ ✭✺✳✷✮ ✇✐t❤ ❡q✉❛❧✐t✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ t♦ ❡✈❛❧✉❛t❡ str✐❝t❧② t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ♠❡♥t✐♦♥❡❞ ❢♦r♠✉❧❛t✐♦♥s✱ ❛❧❧ st❛♥❞❛r❞ ❝✉ts ✉s❡❞ ❜② ❙❈■P ❛♥❞ ●✉r♦❜✐ ❛r❡ ❞❡❛❝t✐✈❛t❡❞✱
❡①❝❡♣t ❢♦r t❤❡ ❧✐❢t❡❞ ♠✐♥✐♠❛❧ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s✳

❋✐♥❛❧❧②✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ✇❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞
t❤❡✐r ❝♦rr❡s♣♦♥❞❡♥t ③✲✈❡rs✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦✲
r✐t❤♠ ❢♦r C ′ ❛♥❞ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ❛❧❣♦r✐t❤♠s ❢♦r F ′ ❛♥❞ F̄ ′✳

✻✳✶ ❇❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s

❈♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ♦♥ ✐♥st❛♥❝❡s ❝♦♥s✐st✐♥❣ ♦❢ ❣r✐❞ ❣r❛♣❤s ❛♥❞ r❛♥❞♦♠ ❝♦♥♥❡❝t❡❞
❣r❛♣❤s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❬✸✼✱✺✵❪✳ ■♥ t❤✐s ✇♦r❦✱ ❜❡s✐❞❡s ❡✈❛❧✉❛t✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠s ♦♥ ✐♥st❛♥❝❡s
♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❧❛r❣❡r ❣r❛♣❤s✱ ❞✐✛❡r❡♥t ✇❡✐❣❤t
❞✐str✐❜✉t✐♦♥s ❛♥❞ r❡❛❧ ✇♦r❧❞ ✐♥st❛♥❝❡s✳

❚❤❡ ❣r✐❞ ✐♥st❛♥❝❡s ❛r❡ ♥❛♠❡❞ ✐♥ t❤❡ ❢♦r♠❛t ❣❣❴❤❡✐❣❤t❴✇✐❞t❤❴❬❛⑤❜⑤❝❪ ❛♥❞ t❤❡ r❛♥❞♦♠
✐♥st❛♥❝❡s ❤❛✈❡ ♥❛♠❡s ✐♥ t❤❡ ❢♦r♠❛t r♥❞❴♥❴♠❴❬❛⑤❜⑤❝❪✱ ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s
❛♥❞ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ t❤❡ ❣r❛♣❤✳ ❚❤❡ ❧❡tt❡rs ❵❛✬✱ ❵❜✬ ❛♥❞ ❵❝✬✱ ✐♥❞✐❝❛t❡ t❤❛t t❤❡
✇❡✐❣❤ts ♦❢ t❤❛t ✐♥st❛♥❝❡ ❛r❡ ✐♥t❡❣❡rs ♦❜t❛✐♥❡❞ ✉♥✐❢♦r♠❧② ❢r♦♠ t❤❡ ✐♥t❡r✈❛❧s [1, 100]✱ [1, 500]
❛♥❞ [1000, 5000]✱ r❡s♣❡❝t✐✈❡❧②✳



✻✸

■♥ ❛❧❧ ♦❢ t❤❡s❡ ✐♥st❛♥❝❡s✱ t❤❡ ✇❡✐❣❤ts ❛r❡ ✐♥t❡❣❡rs ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ t❤r❡❡ ✐♥✲
t❡r✈❛❧s✱ ♥❛♠❡❞ ❛✱ ❜ ❛♥❞ ❝✱ ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥st❛♥❝❡ ♥❛♠❡s✿ a = [1, 100]✱
b = [1, 500] ❛♥❞ c = [1000, 5000]✳

■♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ❛ r❛♥❞♦♠ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ m ❡❞❣❡s ✭✇✐t❤
m > n−1✮✱ ✇❡ ✜rst ✉s❡ ❲✐❧s♦♥✬s ❛❧❣♦r✐t❤♠ ❬✹✼❪ t♦ ❣❡♥❡r❛t❡ ❛ ✉♥✐❢♦r♠❧② r❛♥❞♦♠ s♣❛♥♥✐♥❣
tr❡❡ T ♦♥ n ✈❡rt✐❝❡s✱ ❛♥❞ t❤❡♥ ❛❞❞ m− n+ 1 ❞✐st✐♥❝t ♥❡✇ ❡❞❣❡s s❡❧❡❝t❡❞ r❛♥❞♦♠❧② ❢r♦♠
E(Kn) \ E(T ) ✇✐t❤ ✉♥✐❢♦r♠ ♣r♦❜❛❜✐❧✐t②✳ ❲✐❧s♦♥✬s ❛❧❣♦r✐t❤♠ r❡t✉r♥s ❛ s♣❛♥♥✐♥❣ tr❡❡ T
s❛♠♣❧❡❞ ❢r♦♠ t❤❡ s❡t τn ✖ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ s♣❛♥♥✐♥❣ tr❡❡s ♦❢ Kn ✖ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1/|τn|✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❢♦r ❡❛❝❤ ❢♦r♠❛t ✭❝♦♥s✐❞❡r❡❞ ❛ ❣r❛♣❤ ❝❧❛ss✮ ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ t❛❜❧❡s
❛♥❞ ♣❧♦ts✱ ✇❡ ❣❡♥❡r❛t❡❞ ✶✵ r❛♥❞♦♠ ✐♥st❛♥❝❡s✳ ❚❤❡ r❛♥❞♦♠♥❡ss ♦❢ ❣r✐❞ ✐♥st❛♥❝❡s r❡❢❡r t♦
t❤❡✐r ✇❡✐❣❤ts✱ ❛♥❞ ♦❢ r❛♥❞♦♠ ❣r❛♣❤s r❡❢❡rs t♦ t❤❡ ❣r❛♣❤s ❛♥❞ t❤❡ ✇❡✐❣❤ts✳

❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ ❝r❡❛t❡❞ ✐♥st❛♥❝❡s ❜❛s❡❞ ♦♥ ❛ r❡❛❧✲✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥✱ ♥❛♠❡❧② ❞❡♠❛r✲
❝❛t✐♦♥ ♦❢ ♣r❡✈❡♥t✐✈❡ ♣♦❧✐❝❡ ♣❛tr♦❧ ❛r❡❛s ❬✹❪✳ ❚❤✐s ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ s✉❜❞✐✈✐❞✐♥❣ ❛ ❣✐✈❡♥
♠❛♣ ✐♥t♦ k ✭❝♦♥t✐❣✉♦✉s✮ r❡❣✐♦♥s s✉❝❤ t❤❛t ❡✈❡r② r❡❣✐♦♥ ❤❛s r♦✉❣❤❧② t❤❡ s❛♠❡ ❝r✐♠❡ r❛t❡✳
❊❛❝❤ ♦❢ t❤♦s❡ r❡❣✐♦♥s ✐s ❛ss✐❣♥❡❞ t♦ ❛ ♣♦❧✐❝❡ ♣❛tr♦❧ t❡❛♠✳ ❈❧❡❛r❧②✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡
♠♦❞❡❧❡❞ ❛s ❇❈Pk✳

❯s✐♥❣ t❤❡ ❖❙▼♥① ❬✽❪ ❧✐❜r❛r② ✇❡ tr❛♥s❢♦r♠❡❞ ♠❛♣s ❢r♦♠ ❖♣❡♥❙tr❡❡t▼❛♣ ❬✹✸❪ ✐♥t♦
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❚❤❡ ❡❞❣❡s ✐♥ t❤❡ ❣r❛♣❤s ❣❡♥❡r❛t❡❞ ❜② ❖❙▼♥① ❝♦rr❡s♣♦♥❞ t♦ s❡❝t✐♦♥s
♦❢ t❤❡ str❡❡ts✳ ❆s s♦♠❡ ♦❢ t❤❡s❡ ❡❞❣❡s ♠❛② ❜❡ t♦♦ ✏❧♦♥❣✑ ✭♦✈❡r ✷✵✵ ♠❡t❡rs✮✱ ✇❡ s✉❜❞✐✈✐❞❡
❧♦♥❣ ❡❞❣❡s ✐♥t♦ s♠❛❧❧❡r ❡❞❣❡s s♦ t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ❡❞❣❡ ✐s ❧✐♠✐t❡❞ t♦ 200 ♠❡t❡rs✳

❲♦r❦✐♥❣ ✇✐t❤ t❤❡ ❙♦❝r❛t❛ ❖♣❡♥ ❉❛t❛ ❆P■✱ ✇❡ ❞♦✇♥❧♦❛❞❡❞ t❤❡ P✉❜❧✐❝ ❙❛❢❡t② ❞❛t❛ ❢♦r
t❤❡ ❝✐t✐❡s ♦❢ ❈❤✐❝❛❣♦✱ ▲♦s ❆♥❣❡❧❡s ❛♥❞ ◆❡✇ ❨♦r❦❀ ❛♥❞ ✉s✐♥❣ t❤❡ tr❛♥s♣❛r❡♥❝② ✇❡❜s✐t❡ ♦❢ t❤❡
❉❡♣❛rt♠❡♥t ♦❢ P✉❜❧✐❝ ❙❛❢❡t② ♦❢ ❙ã♦ P❛✉❧♦✱ ✇❡ ❞♦✇♥❧♦❛❞❡❞ ❞❛t❛ ❢♦r t❤❡ ❝✐t② ♦❢ ❈❛♠♣✐♥❛s✳
❚❤❡ ♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣ ✐♥st❛♥❝❡s t❤❛t ✇❡ ❣❡♥❡r❛t❡❞ ❤❛✈❡ ♥❛♠❡s ✐♥ t❤❡ ❢♦r♠❛t ♥❛♠❡❴♥❴♠✱
✇❤❡r❡ ♥❛♠❡ ❞❡♥♦t❡s t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♦❣r❛♣❤✐❝ r❡❣✐♦♥✱ n = |V | ❛♥❞
m = |E|✳

❋♦r ❡❛❝❤ ✈❡rt❡① v ♦❢ ❛ ❣r❛♣❤ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ♠❛♣✱ ✇❡ ❛ss✐❣♥ ❛ ✇❡✐❣❤t t❤❛t ✐s ♣r♦♣♦r✲
t✐♦♥❛❧ t♦ t❤❡ ❝r✐♠❡ r❛t❡ ❣❡♦❣r❛♣❤✐❝❛❧❧② ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t ✐♥ t❤❡ ♠❛♣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ v✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ r❡❣✐♦♥ ♦❢ ❛ ❝✐t② ❛♥❞ C ❜❡ ❛
s❡t ♦❢ ♣♦✐♥ts ♦❢ t❤✐s r❡❣✐♦♥ ✇❤❡r❡ ❝r✐♠❡s ❤❛✈❡ ♦❝❝✉rr❡❞✳ ▲❡t d : C×V → Q≥ ❜❡ ❛ ❢✉♥❝t✐♦♥
t❤❛t ❝♦♠♣✉t❡s t❤❡ ❞✐st❛♥❝❡ ✭✐♥ ♠❡t❡rs✮ ♦❢ ❛ ❝r✐♠❡ t♦ ❛ ✈❡rt❡①✱ ❛♥❞ f : R→ R ❜❡ t❤❡ ♥♦r✲
♠❛❧ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ ♠❡❛♥ µ = 0 ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ = 0.5✳ ❲❡
❝♦♥s✐❞❡r t❤❛t ❛ ❝r✐♠❡ ❤❛s ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ✈❡rt✐❝❡s t❤❛t ❛r❡ ✇✐t❤✐♥ ❛ r❛❞✐✉s
♦❢ ✷✵✵ ♠❡t❡rs ❢r♦♠ ✐t✳ ❙♦✱ ❢♦r ❡❛❝❤ ♣♦✐♥t c ∈ C✱ ✇❡ ❞❡✜♥❡ Vc = {v ∈ V : d(c, v) ≤ 200}✱
❛♥❞ Fc =

∑
v∈Vc

f(d(c, v)/200)✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ✈❡rt❡① v ∈ V ✱ ✇❡ s❡t ✐ts ✇❡✐❣❤t ❛s

w(v) =

⌊
100

∑

c : v∈Vc

f(d(c, v)/200)

Fc

⌋
.

◆♦t❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t ♦❢ ❛ ✈❡rt❡① ❛❣r❡❡s ✇✐t❤ t❤❡ ♥♦t✐♦♥ t❤❛t
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ ❝r✐♠❡ ♦✈❡r ❛ r❡❣✐♦♥ ✐s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡
❝r✐♠❡✳
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❛s t❤❡ s✐③❡ ♦❢ t❤❡ ❣r✐❞s ❣r♦✇s✱ t❤❡ ♥✉♠❜❡r ♦❢ s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s ❛❧s♦ ✐♥❝r❡❛s❡s❀ t❤✉s✱ ♦♥
❧❛r❣❡r ❣r✐❞s✱ ♦r❞❡r✐♥❣ t❤❡ ❝❧❛ss❡s ♠✐❣❤t ✐♠♣r♦✈❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s✳ ❙✉❝❤ ❛ ❜❡❤❛✈✐♦r ❝❛♥
❜❡ s❡❡♥ ✐♥ ❚❛❜❧❡ ✻✳✷✱ ✇❤❡r❡ ✇❡ s❤♦✇ ✐♥st❛♥❝❡s ♦❢ ❣r✐❞ ❣r❛♣❤s ✇✐t❤ ♠❛♥② ✈❡rt✐❝❡s t❤❛t
❝♦✉❧❞ ♦♥❧② ❜❡ s♦❧✈❡❞ ❜② ❢❧♦✇ ❛♥❞ ❢❧♦✇✲③✳ ◆♦t✐❝❡ ❤♦✇ ❢❧♦✇ ✇❛s s✉♣❡r✐♦r ♦♥ ❛❧♠♦st
❛❧❧ t❤❡ r♦✇s ♦❢ t❤❡ t❛❜❧❡✳

❢❧♦✇ ❢❧♦✇✲③
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❚❛❜❧❡ ✻✳✷✿ P❡r❢♦r♠❛♥❝❡ ♦❢ ❢❧♦✇ t♦ s♦❧✈❡ ❇❈P2 ♦♥ ❧❛r❣❡ ❣r✐❞s✳

■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ❢❧♦✇ ❛♥❞ ❢❧♦✇✲③ ✇❡r❡ t❤❡ ♦♥❧② ❛❧❣♦r✐t❤♠s ❛❜❧❡ t♦ s♦❧✈❡ t❤❡
♣♦❧✐❝❡ ♣❛tr♦❧❧✐♥❣ ✐♥st❛♥❝❡s ✇✐t❤✐♥ t❤❡ t✐♠❡ ❧✐♠✐t❀ ✇✐t❤ t❤❡ ❧❛tt❡r ❛❧❣♦r✐t❤♠ ❤❛✈✐♥❣ ❛ ❜❡tt❡r
♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡✳ ❆s ❚❛❜❧❡ ✻✳✸ ✐♥❞✐❝❛t❡s✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ❤❛r❞❡r t♦ s♦❧✈❡ ❛s t❤❡
✈❛❧✉❡ ♦❢ k ✐♥❝r❡❛s❡s✳

■♥ t❤✐s s❡♥s❡✱ ✇❡ ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ❡①♣❡r✐♠❡♥ts ❢♦r k > 2 ♦♥ ❣r✐❞ ❣r❛♣❤s ❛♥❞ r❛♥❞♦♠
❣r❛♣❤s✱ ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✹✳ ❚♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳✱
✇❤✐❝❤ ✐s ✐♥t❡♥❞❡❞ t♦ ♠✐♥✲♠❛① ❇❈Pk✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❝✉t ❛♥❞ ✢♦✇ ❢♦r♠✉❧❛t✐♦♥s ✇✐t❤ ♠✐♥✲
♠❛① ♦❜❥❡❝t✐✈❡ ✭✐✳❡✳ ♠✐♥✐♠✐③✐♥❣ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ k✲t❤ ❝❧❛ss✮✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❞❡♥♦t❡❞
❜② t❤❡ str✐♥❣ ✏✭♠✐♥✲♠❛①✮✑ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡✐r ♥❛♠❡s✳ ❙✐♥❝❡ ❢❧♦✇✲③ ✭♠✐♥✲♠❛①✮ ❤❛❞
t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡s❡ ✐♥st❛♥❝❡s✱ ✇❡ ♦♠✐t t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s
✐♥ ❚❛❜❧❡ ✻✳✹ ✭t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ❝❛♥ ❝❤❡❝❦ t❤❡ ❚❛❜❧❡ ❆✳✺ ❢♦r t❤❡ ❡①♣❛♥❞❡❞ r❡s✉❧ts✮✳
❲❡ r❡♠❛r❦ t❤❛t ❛❧t❤♦✉❣❤ ❩❤♦✉ ❡t ❛❧✳✬s ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ s♦❧✈❡❞ ♦♥❡ s♣❡❝✐✜❝ ✐♥st❛♥❝❡ ✐♥
✺✵✽✳✾✸ s❡❝♦♥❞s✱ ❢❧♦✇✲③ ✭♠✐♥✲♠❛①✮ s♦❧✈❡❞ ✺ ♠♦r❡ ✐♥st❛♥❝❡s ♦❢ t❤❡ s❛♠❡ ❣r❛♣❤ ❝❧❛ss✳
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❣❣❴✵✼❴✶✵❴❛ ✸ ✶✵ ✶✱✻✺✹ ✵✳✺✽ ✷ ✶✱✵✼✷✱✶✵✼ ✻✵✸✳✾✼
❣❣❴✵✼❴✶✵❴❛ ✹ ✶✵ ✶✸✱✹✽✽ ✷✳✹✼ ✶ ✾✾✱✽✽✵ ✻✽✳✾✺
❣❣❴✵✼❴✶✵❴❛ ✺ ✶✵ ✷✵✽✱✶✶✽ ✸✽✳✵✶ ✵ ✲ ✲
❣❣❴✵✼❴✶✵❴❛ ✻ ✼ ✶✱✾✼✻✱✷✶✼ ✹✶✼✳✺✾ ✵ ✲ ✲
r♥❞❴✶✵✵❴✶✺✵❴❛ ✸ ✶✵ ✺✽✻ ✵✳✹✶ ✾ ✶✵✾✱✼✾✾ ✼✵✳✵✹
r♥❞❴✶✵✵❴✶✺✵❴❛ ✹ ✶✵ ✼✱✺✼✷ ✷✳✶✾ ✹ ✶✱✵✶✾✱✽✽✻ ✻✹✶✳✸✻
r♥❞❴✶✵✵❴✶✺✵❴❛ ✺ ✶✵ ✶✽✽✱✼✼✶ ✼✹✳✹✾ ✵ ✲ ✲
r♥❞❴✶✵✵❴✶✺✵❴❛ ✻ ✻ ✶✱✺✶✻✱✾✷✻ ✽✸✽✳✼✽ ✶ ✷✵✺✱✷✹✼ ✺✵✽✳✾✸

❚❛❜❧❡ ✻✳✹✿ ❈♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts ❢♦r ♠✐♥✲♠❛① ❇❈Pk ✇❤❡♥ k ∈ {3, 4, 5, 6}✳





✼✶

❝♦♥str✉❝t❡❞ ✐♥st❛♥❝❡s ❢♦r ❇❈Pk ❝♦♥s✐st✐♥❣ ♦❢ ❣r✐❞ ❣r❛♣❤s ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ✈❡rt✐❝❡s ❛r❡
❛ss✐❣♥❡❞ ✉♥✐t ✇❡✐❣❤ts✱ ❡①❝❡♣t ❢♦r ❡①❛❝t❧② (k+1) r❛♥❞♦♠ ✈❡rt✐❝❡s t❤❛t ❤❛✈❡ ❛ ❣✐✈❡♥ ✭❧❛r❣❡✮
✇❡✐❣❤t p > 1✳ ❍❡♥❝❡✱ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❛♥ ♦♣t✐♠❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ ❢r❛❝✲
t✐♦♥❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✢♦✇✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ♦♥ t❤❡s❡ ✐♥st❛♥❝❡s✳
■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ s❡t p = 100 ❛♥❞ ❣❡♥❡r❛t❡❞ ✶✵ ✐♥st❛♥❝❡s ❝♦♥s✐st✐♥❣ ♦❢ ❣r✐❞ ❣r❛♣❤s
✇✐t❤ ❤❡✐❣❤t ✺ ❛♥❞ ✇✐❞t❤ ✶✵✳ ❢❧♦✇ ❝♦✉❧❞ ♥♦t s♦❧✈❡ t❤❡s❡ ✐♥st❛♥❝❡s ✇✐t❤✐♥ ❛ t✐♠❡ ❧✐♠✐t ♦❢
✶✽✵✵ s❡❝♦♥❞s✱ ✇❤✐❧❡ ❝✉t ✭✇✐t❤ t❤❡ ❧✐❢t❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s✮ s♦❧✈❡❞ ❡❛❝❤ ♦❢ t❤❡♠ ✐♥ ❧❡ss
t❤❛♥ ✶ s❡❝♦♥❞✳

❚❤✐s ❣✐✈❡s ❛♥ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ❧✐❢t❡❞ ❝♦✈❡r ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✉s❡❢✉❧ ✐♥ ❝✉tt✐♥❣ ♦✛ ❢r❛❝✲
t✐♦♥❛❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❝✉t✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ ②✐❡❧❞ ❛
❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧✳



✼✷

❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥

❲❡ ♣r♦♣♦s❡❞ t✇♦ ▼■▲P ❛♥❞ ♦♥❡ ■▲P ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❇❛❧❛♥❝❡❞ ❈♦♥♥❡❝t❡❞ k✲P❛rt✐t✐♦♥
Pr♦❜❧❡♠✳ ❚❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ❛❧❧ ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ✐♠♣♦s✐♥❣ ❛♥ ♦r❞❡r✐♥❣ ♦❢ t❤❡
❝❧❛ss❡s {Vi}i∈[k]✱ s✉❝❤ t❤❛t w(Vi) ≤ w(Vi+1)✱ ❢♦r ❛❧❧ i ∈ [k − 1]✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♠❛② ❡❛s✐❧②
♠♦❞✐❢② t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ ❝❛♣t✉r❡ ❞✐✈❡rs❡ ❝♦♥❝❡♣ts ♦❢ ✏❜❛❧❛♥❝❡✑✱ s✉❝❤ ❛s ♠✐♥✐♠✐③❡
t❤❡ ❤❡❛✈✐❡st ❝❧❛ss ♦r t❤❡ ♠❛①✐♠✉♠ ❞✐✛❡r❡♥❝❡ ♦❢ ✇❡✐❣❤ts ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss❡s✳

❚❤❡ ✜rst t✇♦ ❢♦r♠✉❧❛t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞ ❛r❡ ❜❛s❡❞ ♦♥ ✢♦✇s ✐♥ ❛ ❞✐❣r❛♣❤ ❝r❡❛t❡❞
❢r♦♠ t❤❡ ✐♥♣✉t ❣r❛♣❤✳ ❚❤❡ ✜rst ♦❢ t❤❡♠✱ F ✱ ❤❛s ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞
❝♦♥str❛✐♥ts✳ ❚♦ ♦✈❡r❝♦♠❡ t❤❡ ❛♣♣❛r❡♥t ❞✐s❛❞✈❛♥t❛❣❡s ♦❢ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ❧✐❦❡ s②♠♠❡tr✐❡s
❛♥❞ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ✈❡rt✐❝❡s✱ ✇❡ ❞❡s✐❣♥❡❞ F̄ ✳ ❆❧t❤♦✉❣❤ ♠♦r❡ ❝♦♠♣❧❡①
t❤❛♥ t❤❡ ❢♦r♠❡r✱ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❛✈♦✐❞s s♦♠❡ s②♠♠❡tr✐❡s ❛♥❞ ❤❛s ❧❡ss ❞❡♣❡♥❞❡♥❝② ♦♥
t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ✈❡rt✐❝❡s✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❢♦r♠✉❧❛t✐♦♥ F ✇❛s s✐❣♥✐✜❝❛♥t❧② s✉♣❡r✐♦r t♦
t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥ F̄ ✳

❚❤❡ t❤✐r❞ ♦❢ ♦✉r ❢♦r♠✉❧❛t✐♦♥s✱ ❞❡♥♦t❡❞ ❜② C✱ ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ✐♥♣✉t ❣r❛♣❤ ❛♥❞ ❤❛s ❛♥
❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✐♥❡q✉❛❧✐t✐❡s✱ t♦ ✇❤✐❝❤ ✇❡ ♣r❡s❡♥t❡❞ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
s❡♣❛r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛ ❧✐❢t✐♥❣ ♣r♦❝❡❞✉r❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ ❝❧❛ss ♦❢
✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ s❤♦✇❡❞ ❤♦✇ t♦ s❡♣❛r❛t❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡♠
✭❝r♦ss ✐♥❡q✉❛❧✐t✐❡s✮ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts s❤♦✇❡❞ t❤❛t
t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ✐♠♣r♦✈❡s ❣r❡❛t❧② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❜r❛♥❝❤✲❛♥❞✲❝✉t ❛❧❣♦r✐t❤♠✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♠♣❛❝t ♦❢ ♦r❞❡r✐♥❣ t❤❡ ❝❧❛ss❡s ❜② t❤❡✐r ✇❡✐❣❤ts✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡
❞❡r✐✈❡❞ ❢♦r♠✉❧❛t✐♦♥s F ′✱ F̄ ′ ❛♥❞ C ′✱ ✇❤✐❝❤ ❛❞❞ ❛ r❡❛❧ ✈❛r✐❛❜❧❡ z ❛♥❞ ❛✈♦✐❞ s✉❝❤ ❛♥ ♦r❞❡r✐♥❣✳
❆❧t❤♦✉❣❤ t❤❡s❡ ③✲✈❡rs✐♦♥s ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ s②♠♠❡tr✐❡s✱ ❝♦♠♣✉t❛t✐♦♥❛❧
❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡❞ t❤❛t✱ ✐♥ s♦♠❡ ❝❛s❡s✱ t❤❡② ♠✐❣❤t ②✐❡❧❞ ❢❛st❡r ❛❧❣♦r✐t❤♠s✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ♦✉r ❡①♣❡r✐♠❡♥ts s❡❡♠ t♦ ✐♥❞✐❝❛t❡ t❤❛t ♦r❞❡r✐♥❣ ✐s ❜❡♥❡✜❝✐❛❧ ♦♥❧② ❢♦r ✐♥st❛♥❝❡s ✇✐t❤
♦✈❡r 104 ✈❡rt✐❝❡s✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐s st✐❧❧ ♥❡❡❞❡❞ t♦ ❢✉❧❧② ✉♥❞❡rst❛♥❞ t❤❡ ❡✛❡❝t✐✈❡♥❡ss
♦❢ ❜r❡❛❦✐♥❣ s②♠♠❡tr✐❡s✳

❲❤❡♥ t❤❡ ✈❡rt✐❝❡s ❤❛✈❡ ✉♥✐❢♦r♠ ✇❡✐❣❤t✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡❞ t❤❛t s♦♠❡ ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡
♠♦❞❡❧ ❞❡✜♥❡ ❢❛❝❡ts ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦❧②t♦♣❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❝♦♥❞✉❝t❡❞ ❛ ♣♦❧②❤❡❞r❛❧
st✉❞② ❢♦r t❤❡ ③✲✈❡rs✐♦♥ ♦❢ ❈✉t ❢♦r♠✉❧❛t✐♦♥✱ ♥❛♠❡❧② C ′✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦
♣r❡✈✐♦✉s ♣♦❧②❤❡❞r❛❧ st✉❞② ✇❛s r❡♣♦rt❡❞ ❢♦r ❇❈Pk ♦r ♠✐♥✲♠❛① ❇❈Pk✳



✼✸

❋♦r♠✉❧❛t✐♦♥ ★ ❇✐♥❛r② ❱❛r✐❛❜❧❡s ★ ❘❡❛❧ ❱❛r✐❛❜❧❡s ★ ❈♦♥str❛✐♥ts

❈✉t C kn 0 O(2n)
❋❧♦✇ F O(kn+m) O(kn+m) O(kn+m)
❆s②♠♠❡tr✐❝ ❋❧♦✇ F̄ O(k(n+m)) O(k(n+m)) O(k(n2 +m))
▼❛t✐❝ ❬✸✼❪ O(n+m) O(n+m) O(n+m)
❩❤♦✉ ❡t ❛❧✳ ❬✺✵❪ O(k(n+m)) O(n+m) O(km)

❚❛❜❧❡ ✼✳✶✿ ❋♦r♠✉❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♥str❛✐♥ts ❢♦r ❛♥ ✐♥st❛♥❝❡
♦❢ ❇❈Pk ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ m ❡❞❣❡s✳

❚❛❜❧❡ ✼✳✶ s✉♠♠❛r✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥s
♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✐♥❞✐❝❛t❡❞ t❤❛t t❤❡ ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s
❤❛✈❡ ❛ ❝♦♥s✐❞❡r❛❜❧② ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛❝t ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ❧✐t❡r❛✲
t✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢❧♦✇ ✇❛s ❛❜❧❡ t♦ s♦❧✈❡ ❣r✐❞s ✇✐t❤ ♦✈❡r ✹✵✵ t✐♠❡s ♠♦r❡ ✈❡rt✐❝❡s t❤❛♥
t❤❡ ❣r✐❞s s♦❧✈❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❡①❛❝t s♦❧✈✐♥❣ ♠❡t❤♦❞s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ▼♦r❡♦✈❡r✱ ♦♥❧②
t❤❡ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ✢♦✇ ❢♦r♠✉❧❛t✐♦♥ ✇❡r❡ ❛❜❧❡ t♦ s♦❧✈❡ r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s✳ ❍❡♥❝❡✱
✐♥ ❛ ♣r❛❝t✐❝❛❧ ❝♦♥t❡①t✱ ✐❢ ♦♥❡ ✇❛♥ts t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ❛♥ ✐♥st❛♥❝❡ ♦❢ ❇❈Pk✱
♦♥❡ ❝♦✉❧❞ ❜❡❣✐♥ ❜② ❝❛rr②✐♥❣ ♦✉t ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❢❧♦✇✳ ◆♦t ♦♥❧② ❢❧♦✇ ✐s ❡❛s✐❡r t♦
✐♠♣❧❡♠❡♥t t❤❛♥ t❤❡ ♦t❤❡r ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✱ ❜✉t ✐t ❛❧s♦ ❤❛❞ t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ r❡s✉❧ts✳

❆❧t❤♦✉❣❤ ❝✉t ✇❛s ♠♦r❡ ❡✣❝✐❡♥t ♦♥ r❛♥❞♦♠ ❣r❛♣❤s ✇✐t❤ ❛ ❤✐❣❤❡r ❞❡♥s✐t② ♦❢ ❡❞❣❡s✱
❢❧♦✇ ❤❛❞ ❛ s✉♣❡r✐♦r ❜❡❤❛✈✐♦r ♦✈❡r❛❧❧✳ ❚❤❡r❡❢♦r❡✱ ❢✉t✉r❡ ✇♦r❦ ✐s st✐❧❧ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦
♠❛❦❡ ❝✉t ♠♦r❡ ❝♦♠♣❡t✐t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝♦✉❧❞ ✐♥✈❡st✐❣❛t❡ ♥❡✇ ✈❛❧✐❞ ✐♥❡q✉❛❧✐t✐❡s
❛♥❞ ❞❡s✐❣♥ ✭✐❢ ♥❡❡❞❡❞✮ ❡✣❝✐❡♥t s❡♣❛r❛t✐♦♥ r♦✉t✐♥❡s✳ ❋✉rt❤❡r♠♦r❡✱ ♦✉r ❡①♣❡r✐♠❡♥ts s❤♦✇
t❤❛t ♦✉r ❢♦r♠✉❧❛t✐♦♥s ❤❛❞ ❞✐✣❝✉❧t✐❡s ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ k✳ ◆❡✇ ✐❞❡❛s ❛♥❞ ❢♦r♠✉❧❛t✐♦♥s
♠❛② ❜❡ ♥❡❡❞❡❞ t♦ s♦❧✈❡ ❡✣❝✐❡♥t❧② ✐♥ s✉❝❤ ❝❛s❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ♦♥❧② ❝♦♥❞✉❝t❡❞ ❛ ♣♦❧②❤❡❞r❛❧
st✉❞② ❜❛s❡❞ ♦♥ ❈✉t ❢♦r♠✉❧❛t✐♦♥✳ ❖♥❡ ❝♦✉❧❞ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢❛❝✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡
♣♦❧②t♦♣❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ F ✱ ❤♦✇❡✈❡r s✉❝❤ ❛ ♣♦❧②t♦♣❡ ♠❛② ♥♦t ❜❡ ❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧✱ ✇❤✐❝❤
♠✐❣❤t ❣✐✈❡ r✐s❡ t♦ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳

❆❧❧ t❤❡ ✐♥st❛♥❝❡s ✇❡ ✉s❡❞ ✐♥ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✇✐❧❧ s♦♦♥ ❜❡ ❛✈❛✐❧❛❜❧❡ ❛t
t❤❡ ✇❡❜s✐t❡ ♦❢ t❤❡ ▲❛❜♦r❛t♦r② ♦❢ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢
❈❛♠♣✐♥❛s ✶✳

✶❤tt♣s✿✴✴✇✇✇✳❧♦❝♦✳✐❝✳✉♥✐❝❛♠♣✳❜r✴✜❧❡s✴✐♥st❛♥❝❡s



✼✹

❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ P✳ ❆❧✐♠♦♥t✐ ❛♥❞ ❚✳ ❈❛❧❛♠♦♥❡r✐✳ ❖♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♠❛① ❜❛❧❛♥❝❡ ♣r♦❜❧❡♠✳ ■♥
❆r❣❡♥t✐♥✐❛♥ ❲♦r❦s❤♦♣ ♦♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❲❆■❚✬✾✾✮✱ ♣❛❣❡s ✶✸✸✕✶✸✽✱
✶✾✾✾✳

❬✷❪ ▼❛tt✐❛s ❆♥❞❡rss♦♥✱ ❏♦❛❝❤✐♠ ●✉❞♠✉♥❞ss♦♥✱ ❈❤r✐st♦s ▲❡✈❝♦♣♦✉❧♦s✱ ❛♥❞ ●✐r✐
◆❛r❛s✐♠❤❛♥✳ ❇❛❧❛♥❝❡❞ ♣❛rt✐t✐♦♥ ♦❢ ♠✐♥✐♠✉♠ s♣❛♥♥✐♥❣ tr❡❡s✳ ■♥ P❡t❡r ▼✳ ❆✳ ❙❧♦♦t✱
❆❧❢♦♥s ●✳ ❍♦❡❦str❛✱ ❈✳ ❏✳ ❑❡♥♥❡t❤ ❚❛♥✱ ❛♥❞ ❏❛❝❦ ❏✳ ❉♦♥❣❛rr❛✱ ❡❞✐t♦rs✱ ❈♦♠♣✉t❛✲
t✐♦♥❛❧ ❙❝✐❡♥❝❡ ✖ ■❈❈❙ ✷✵✵✷✱ ♣❛❣❡s ✷✻✕✸✺✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✷✳

❬✸❪ ❉❛✈✐❞ ❆♣♣❧❡❣❛t❡✱ ❘♦❜❡rt ❇✐①❜②✱ ❲✐❧❧✐❛♠ ❈♦♦❦✱ ❛♥❞ ❱❛s❡❦ ❈❤✈át❛❧✳ ❖♥ t❤❡ s♦❧✉t✐♦♥
♦❢ tr❛✈❡❧✐♥❣ s❛❧❡s♠❛♥ ♣r♦❜❧❡♠s✳ ✶✾✾✽✳

❬✹❪ ❚❤✐❛❣♦ ❆ss✉♥çã♦ ❛♥❞ ❱❛s❝♦ ❋✉rt❛❞♦✳ ❆ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ❢♦r ❜❛❧❛♥❝❡❞ ❣r❛♣❤ ♣❛r✲
t✐t✐♦♥✐♥❣✿ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r t❤❡ ❞❡♠❛r❝❛t✐♦♥ ♦❢ ♣r❡✈❡♥t✐✈❡ ♣♦❧✐❝❡ ♣❛tr♦❧ ❛r❡❛s✳ ■♥
❍❡❝t♦r ●❡✛♥❡r✱ ❘✉✐ Pr❛❞❛✱ ■s❛❜❡❧ ▼❛❝❤❛❞♦ ❆❧❡①❛♥❞r❡✱ ❛♥❞ ◆✉♥♦ ❉❛✈✐❞✱ ❡❞✐t♦rs✱
❆❞✈❛♥❝❡s ✐♥ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ✭■❇❊❘❆▼■❆ ✷✵✵✽✮✱ ♣❛❣❡s ✻✷✕✼✷✱ ✷✵✵✽✳

❬✺❪ ❊❞✉❛r❞♦ ❯❝❤♦❛ ❇❛r❜♦③❛✳ Pr♦❜❧❡♠❛s ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❝♦♠ r❡str✐çõ❡s ❞❡ ❝♦♥❡①✐❞❛❞❡
✢❡①✐❜✐❧✐③❛❞❛s✳ ▼❛st❡r✬s t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ✶✾✾✼✳

❬✻❪ ❘♦♥❛❧❞ ■✳ ❇❡❝❦❡r✱ ■s❛❜❡❧❧❛ ▲❛r✐✱ ▼❛r✐♦ ▲✉❝❡rt✐♥✐✱ ❛♥❞ ❇r✉♥♦ ❙✐♠❡♦♥❡✳ ▼❛①✲♠✐♥
♣❛rt✐t✐♦♥✐♥❣ ♦❢ ❣r✐❞ ❣r❛♣❤s ✐♥t♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ◆❡t✇♦r❦s✱ ✸✷✭✷✮✿✶✶✺✕✶✷✺✱
✶✾✾✽✳

❬✼❪ ❘♦♥❛❧❞ ■ ❇❡❝❦❡r ❛♥❞ ❨❡❤♦s❤✉❛ P❡r❧✳ ❙❤✐❢t✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r tr❡❡ ♣❛rt✐t✐♦♥✐♥❣ ✇✐t❤
❣❡♥❡r❛❧ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣♦r✐t❤♠s✱ ✹✭✷✮✿✶✵✶✕✶✷✵✱ ✶✾✽✸✳

❬✽❪ ●❡♦✛ ❇♦❡✐♥❣✳ ❖❙▼♥①✿ ◆❡✇ ♠❡t❤♦❞s ❢♦r ❛❝q✉✐r✐♥❣✱ ❝♦♥str✉❝t✐♥❣✱ ❛♥❛❧②③✐♥❣✱ ❛♥❞
✈✐s✉❛❧✐③✐♥❣ ❝♦♠♣❧❡① str❡❡t ♥❡t✇♦r❦s✳ ❈♦♠♣✉t❡rs✱ ❊♥✈✐r♦♥♠❡♥t ❛♥❞ ❯r❜❛♥ ❙②st❡♠s✱
✻✺✿✶✷✻✕✶✸✾✱ ✷✵✶✼✳

❬✾❪ ❘❛❧❢ ❇♦r♥❞ör❢❡r✱ ❩✐❡♥❛ ❊❧✐❥❛③②❢❡r✱ ❛♥❞ ❙t❡♣❤❛♥ ❙❝❤✇❛rt③✳ ❆♣♣r♦①✐♠❛t✐♥❣ ❜❛❧❛♥❝❡❞
❣r❛♣❤ ♣❛rt✐t✐♦♥s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✶✾✲✷✺✱ ❩■❇✱ ❚❛❦✉str✳ ✼✱ ✶✹✶✾✺ ❇❡r❧✐♥✱ ✷✵✶✾✳

❬✶✵❪ ❋ré❞ér✐❝ ❈❤❛t❛✐❣♥❡r✱ ▲✐❧✐❛♥❡ ❘✳ ❇✳ ❙❛❧❣❛❞♦✱ ❛♥❞ ❨♦s❤✐❦♦ ❲❛❦❛❜❛②❛s❤✐✳ ❆♣♣r♦①✐✲
♠❛t✐♦♥ ❛♥❞ ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② r❡s✉❧ts ♦♥ ❜❛❧❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥s ♦❢ ❣r❛♣❤s✳
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1.2 ✶✵ ✹✻✷ ✺✽✷ ✶✻✳✾✼ ✶✵ ✺✽✹ ✹✱✼✷✼ ✻✸✳✺✸ ✶✵ ✺✱✼✹✻ ✽✳✽✼ ✶✵ ✼✱✺✻✶ ✶✷✳✶✼

r♥❞❴✺✵✵❴✸✷✷✻❴❛ n
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1.3 ✶✵ ✶✶ ✷✷ ✵✳✼✾ ✶✵ ✶✶ ✸✵ ✶✳✶✼ ✶✵ ✹✾✺ ✸✳✼✷ ✶✵ ✷✺✶ ✹✳✷✶

r♥❞❴✺✵✵❴✸✷✷✻❴❝ n
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r♥❞❴✺✵✵❴✶✶✶✽✵❴❛ n
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r♥❞❴✺✵✵❴✶✶✶✽✵❴❜ n
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1.5 ✶✵ ✵ ✷✸✵ ✾✳✸✼ ✶✵ ✵ ✸✸✸ ✾✳✻✻ ✶✵ ✶✷✱✹✽✷ ✽✽✳✺✷ ✶✵ ✹✱✽✸✾ ✺✹✳✷✻
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r♥❞❴✶✵✵✵❴✸✾✽✶❴❛ n
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