
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦

■◆❙❚■❚❯❚❖ ❉❊
❈❖▼P❯❚❆➬➹❖

❊❧✐s❛ ❞❡ ❈áss✐❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s

▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r

♠♦❞❡❧✐♥❣ ❛♥❞ ❡❞✐t✐♥❣ ❞❡❢♦r♠❛t✐♦♥s

▼ét♦❞♦s ♠❛t❡♠át✐❝♦s ❡ ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛

♠♦❞❡❧❛❣❡♠ ❡ ❡❞✐çã♦ ❞❡ ❞❡❢♦r♠❛çõ❡s

❈❆▼P■◆❆❙

✷✵✶✼



❊❧✐s❛ ❞❡ ❈áss✐❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s

▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r ♠♦❞❡❧✐♥❣ ❛♥❞

❡❞✐t✐♥❣ ❞❡❢♦r♠❛t✐♦♥s

▼ét♦❞♦s ♠❛t❡♠át✐❝♦s ❡ ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❡

❡❞✐çã♦ ❞❡ ❞❡❢♦r♠❛çõ❡s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s ❝♦♠♦
♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ❉♦✉t♦r❛ ❡♠ ❈✐ê♥❝✐❛ ❞❛ ❈♦♠♣✉t❛çã♦✳

❉✐ss❡rt❛t✐♦♥ ♣r❡s❡♥t❡❞ t♦ t❤❡ ■♥st✐t✉t❡ ♦❢
❈♦♠♣✉t✐♥❣ ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❛♠♣✐♥❛s ✐♥
♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡
❞❡❣r❡❡ ♦❢ ❉♦❝t♦r ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳

❙✉♣❡r✈✐s♦r✴❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❙t♦❧✜

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧ ❞❛
❚❡s❡ ❞❡❢❡♥❞✐❞❛ ♣♦r ❊❧✐s❛ ❞❡ ❈áss✐❛ ❙✐❧✈❛
❘♦❞r✐❣✉❡s ❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦ Pr♦❢✳ ❉r✳ ❏♦r❣❡
❙t♦❧✜✳

❈❆▼P■◆❆❙

✷✵✶✼





❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦

■◆❙❚■❚❯❚❖ ❉❊
❈❖▼P❯❚❆➬➹❖

❊❧✐s❛ ❞❡ ❈áss✐❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s

▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r ♠♦❞❡❧✐♥❣ ❛♥❞

❡❞✐t✐♥❣ ❞❡❢♦r♠❛t✐♦♥s

▼ét♦❞♦s ♠❛t❡♠át✐❝♦s ❡ ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❡

❡❞✐çã♦ ❞❡ ❞❡❢♦r♠❛çõ❡s

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

• Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❙t♦❧✜ ✭❙✉♣❡r✈✐s♦r✴❖r✐❡♥t❛❞♦r✮
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯◆■❈❆▼P

• Pr♦❢❛✳ ❉r❛✳ ❍❡❧❡♥❛ ❈r✐st✐♥❛ ❞❛ ●❛♠❛ ▲❡✐tã♦
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯❋❋

• Pr♦❢✳ ❉r✳ ❘♦❞r✐❣♦ ▼✐♥❡tt♦
❉❡♣❛rt❛♠❡♥t♦ ❆❝❛❞ê♠✐❝♦ ❞❡ ■♥❢♦r♠át✐❝❛ ✲ ❯❚❋P❘

• Pr♦❢✳ ❉r✳ ❍é❧✐♦ P❡❞r✐♥✐
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯◆■❈❆▼P

• Pr♦❢❛✳ ❉r❛✳ ❲✉ ❙❤✐♥ ❚✐♥❣
❋❛❝✉❧❞❛❞❡ ❞❡ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛ ❡ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯◆■❈❆▼P

❆ ❛t❛ ❞❛ ❞❡❢❡s❛ ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s ❛ss✐♥❛t✉r❛s ❞♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡♥❝♦♥tr❛✲s❡ ♥♦
♣r♦❝❡ss♦ ❞❡ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛ ❞♦ ❛❧✉♥♦✳

❈❛♠♣✐♥❛s✱ ✶✵ ❞❡ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✼



✏❲❤❛t ♠❛❦❡s t❤❡ ❞❡s❡rt ❜❡❛✉t✐❢✉❧ ✐s t❤❛t
s♦♠❡✇❤❡r❡ ✐t ❤✐❞❡s ❛ ✇❡❧❧✳✑
✭❆♥t♦✐♥❡ ❙❛✐♥t✲❊①✉♣ér②✮



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst✱ ■ t❤❛♥❦ ♠② ♣❛r❡♥ts✱ ■s❛❜❡❧ ❛♥❞ ❋❧á✈✐♦✱ ❢♦r t❤❡ ♣s②❝❤♦❧♦❣✐❝❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt
❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ❡♥❝♦✉r❛❣❡♠❡♥t✱ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❧♦✈❡ ♦✛❡r❡❞ t❤r♦✉❣❤✲
♦✉t ♠② ❧✐❢❡✱ ❡s♣❡❝✐❛❧❧② ❛t t❤✐s st❛❣❡✳ ▼② ❜r♦t❤❡r ❛♥❞ ♠② ❤❡❛rt s✐st❡r✱ ❊❞✉❛r❞♦ ❛♥❞ ❙✐❧✈❛♥❛✱
❢♦r t❤❡ ❛❞✈✐❝❡ ❛♥❞ s✉♣♣♦rt✳ ❆❧❧ ♠② ❢❛♠✐❧② ❢♦r ❜❡✐♥❣ ❜② ♠② s✐❞❡ ❛t ❛❧❧ t✐♠❡s✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ♦❧❞ ❢r✐❡♥❞s ❛♥❞ ❝♦❧❧❡❛❣✉❡s ❢r♦♠ ❝♦✉rs❡s t❤❛t ❝♦❧❧❛❜♦r❛t❡❞✱
❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧②✱ ✇✐t❤ t❤❡ r❡❛❧✐③❛t✐♦♥ ❛♥❞ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤✐s ✇♦r❦✱ s❤❛r✐♥❣ ❡①♣❡r✐✲
❡♥❝❡s✱ s✉♣♣♦rt✐♥❣ ❛♥❞ ❝❡❧❡❜r❛t✐♥❣ ❛❝❤✐❡✈❡♠❡♥ts✳

▼❛♥② t❤❛♥❦s t♦ ♠② ❛❞✈✐s♦r✱ ❏♦r❣❡ ❙t♦❧✜✱ ❢♦r ❤✐s ❣✉✐❞❛♥❝❡✱ s✉♣♣♦rt✱ tr✉st✱ ♣❛t✐❡♥❝❡✱
✇✐s❞♦♠ ❛♥❞ ♣r♦❢❡ss✐♦♥❛❧✐s♠ ♦✛❡r❡❞ t❤r♦✉❣❤ ♠② r❡s❡❛r❝❤✳ ❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❛♠♣✐♥❛s
✭❯◆■❈❆▼P✮✱ t❤❡ ■♥st✐t✉t❡ ♦❢ ❈♦♠♣✉t✐♥❣ ✭■❈✮✱ ❛♥❞ t❤❡ ❱✐s✉❛❧ ❈♦♠♣✉t❡r ▲❛❜ ✭▲■❱✮ ❢♦r
t❤❡ ♦♣♣♦rt✉♥✐t② ❛♥❞ ❛✈❛✐❧❛❜❧❡ ✐♥❢r❛str✉❝t✉r❡✱ t❤❡ t❡❛❝❤❡rs ❛♥❞ st❛✛ ❢♦r t❤❡✐r s✉♣♣♦rt ❛♥❞
❣✉✐❞❛♥❝❡✳

❆t ❧❛st✱ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❈❆P❊❙ ✭❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡
P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r✮✱ ❛♥❞ ❈◆Pq ✭❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦
❡ ❚❡❝♥♦❧ó❣✐❝♦✮ t❤❛t ❣r❛♥t❡❞ ♠❡ s❝❤♦❧❛rs❤✐♣s ✭✵✶✲P✲✵✹✺✺✹✲✷✵✶✸ ❛♥❞ ✶✹✵✼✽✵✴✷✵✶✸✲✵✮✳



❘❡s✉♠♦

◆❡st❛ t❡s❡✱ ❞❡s❝r❡✈❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ❛❧❣♦r✐t♠♦ ❊❈▲❊❙ ✭❊❞✐t✐♥❣ ❜② ❈♦♥str❛✐♥❡❞ ▲❊❛st
❙q✉❛r❡s✮✱ ✉♠ ♠ét♦❞♦ ❣❡r❛❧ ♣❛r❛ ❡❞✐çã♦ ✐♥t❡r❛t✐✈❛ ❞❡ ♦❜❥❡t♦s ❞❡✜♥✐❞♦s ♣♦r ♣❛râ♠❡tr♦s
s✉❥❡✐t♦s ❛ r❡str✐çõ❡s ❧✐♥❡❛r❡s ♦✉ ❛✜♥s✳ ◆❡st❡ ♠ét♦❞♦✱ ❛s r❡str✐çõ❡s ❡ ❛s ❛çõ❡s ❞❡ ❡❞✐çã♦
❞♦ ✉s✉ár✐♦ sã♦ ❝♦♠❜✐♥❛❞❛s ✉s❛♥❞♦ ♠í♥✐♠♦s q✉❛❞r❛❞♦s r❡str✐t♦s✱ ❛♦ ✐♥✈és ❞❛ ❛❜♦r❞❛❣❡♠
♠❛✐s ❝♦♠✉♠ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ❯s❛♠♦s ❛r✐t♠ét✐❝❛ ❡①❛t❛ ♣❛r❛ ❞❡t❡❝t❛r ❡ ❡❧✐♠✐♥❛r
r❡❞✉♥❞â♥❝✐❛s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ r❡str✐çõ❡s ❡ ❡✈✐t❛r ❢❛❧❤❛s ❞❡✈✐❞♦ ❛ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✳

❖ ❛❧❣♦r✐t♠♦ ❊❈▲❊❙ t❡♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s✳ ❊♥tr❡ ❡❧❛s✱ ♣♦❞❡♠♦s ❝✐t❛r ❛ ❡❞✐çã♦ ❞❡
❞❡❢♦r♠❛çõ❡s s♣❧✐♥❡ ❝♦♠ ❝♦♥t✐♥✉✐❞❛❞❡ C

1✳ ◆❡st❛ t❡s❡✱ ❞❡s❝r❡✈❡♠♦s ✉♠ ♠ét♦❞♦ ✐♥t❡r❛t✐✈♦
❞❡ ❡❞✐çã♦ ❞❡ ❞❡❢♦r♠❛çõ❡s ❞♦ ♣❧❛♥♦✱ ♦ ❛❧❣♦r✐t♠♦ ✷❉❙❉ ✭✷❉ ❙♣❧✐♥❡ ❉❡❢♦r♠❛t✐♦♥✮✳ ❆s
❞❡❢♦r♠❛çõ❡s sã♦ ❞❡✜♥✐❞❛s ♣♦r s♣❧✐♥❡s ❞❡ ❣r❛✉ ✺ s♦❜r❡ ✉♠❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❛r❜✐trár✐❛✳
❊st❛s ❞❡❢♦r♠❛çõ❡s sã♦ ❡❞✐t❛❞❛s ❛❧t❡r❛♥❞♦✲s❡ ❛s ♣♦s✐çõ❡s ❞♦s ♣♦♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❞❛ ♠❛❧❤❛✳
❖ ❛❧❣♦r✐t♠♦ ❊❈▲❊❙ é ✉s❛❞♦ ❡♠ ❝❛❞❛ ❛çã♦ ❞❡ ❡❞✐çã♦ ❞♦ ✉s✉ár✐♦ ♣❛r❛ ❞❡t❡❝t❛r✱ ❞❡ ❢♦r♠❛
r♦❜✉st❛ ❡ ❡✜❝✐❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡str✐çõ❡s ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ C1 q✉❡ sã♦ r❡❧❡✈❛♥t❡s✱ ❣❛r❛♥✲
t✐♥❞♦ q✉❡ ♥ã♦ ❡①✐st❛♠ r❡❞✉♥❞â♥❝✐❛s✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♠♦ ♦s ♣❛râ♠❡tr♦s sã♦ ♠♦❞✐✜❝❛❞♦s
♣❡❧♦ ✉s✉ár✐♦✱ ♦ ❊❈▲❊❙ é ❝❤❛♠❛❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ♥♦✈❛s ♣♦s✐çõ❡s ❞♦s ♣♦♥t♦s ❞❡ ❝♦♥tr♦❧❡
s❛t✐s❢❛③❡♥❞♦ ❛s r❡str✐çõ❡s ❡ ❛s ♣♦s✐çõ❡s ❡s♣❡❝✐✜❝❛❞❛s ♣❡❧♦ ✉s✉ár✐♦✳

❆ ✜♠ ❞❡ ✈❛❧✐❞❛r ♥♦ss♦ ♠ét♦❞♦ ✷❉❙❉✱ ❡❧❡ ❢♦✐ ✉t✐❧✐③❛❞♦ ❝♦♠♦ ♣❛rt❡ ❞❡ ✉♠ ❡❞✐t♦r ✐♥✲
t❡r❛t✐✈♦ ♣❛r❛ ❞❡❢♦r♠❛çõ❡s ❞♦ ❡s♣❛ç♦ ✷✳✺❉✱ ♦ ❡❞✐t♦r Pr✐s▼②st✐❝✳ ❊st❡ ❡❞✐t♦r ❢♦✐ ✉t✐❧✐③❛❞♦✱
♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❛r❛ ❞❡❢♦r♠❛r ♠♦❞❡❧♦s tr✐❞✐♠❡♥s✐♦♥❛✐s ❞❡ ♦r❣❛♥✐s♠♦s ♠✐❝r♦s❝ó♣✐❝♦s ♥ã♦✲
rí❣✐❞♦s ❞❡ ♠♦❞♦ ❛ ❝♦✐♥❝✐❞✐r ❝♦♠ ✐♠❛❣❡♥s r❡❛✐s ❞❡ ♠✐❝r♦s❝♦♣✐❛ ót✐❝❛✳ ❚❛♠❜é♠ ✉t✐❧✐③❛♠♦s
♦ ❡❞✐t♦r ♣❛r❛ ❡❞✐t❛r ♠♦❞❡❧♦s ❞❡ t❡rr❡♥♦s✳



❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♣r❡s❡♥t t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠ ✭❊❞✐t✐♥❣ ❜② ❈♦♥str❛✐♥❡❞ ▲❊❛st ❙q✉❛r❡s✮✱
❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♦❜❥❡❝ts t❤❛t ❛r❡ ❞❡✜♥❡❞ ❜② ♣❛r❛♠❡t❡rs s✉❜❥❡❝t
t♦ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ■♥ t❤✐s ♠❡t❤♦❞✱ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ ✉s❡r ❡❞✐t✐♥❣ ❛❝t✐♦♥s
❛r❡ ❝♦♠❜✐♥❡❞ ✉s✐♥❣ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s ✐♥st❡❛❞ ♦❢ t❤❡ ✉s✉❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤✳
❲❡ ✉s❡ ❡①❛❝t ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❛♥❞ ❡❧✐♠✐♥❛t❡ r❡❞✉♥❞❛♥❝✐❡s ✐♥ t❤❡ s❡t
♦❢ ❝♦♥str❛✐♥ts ❛♥❞ t♦ ❛✈♦✐❞ ❢❛✐❧✉r❡s ❞✉❡ t♦ r♦✉♥❞✐♥❣ ❡rr♦rs✳

❚❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠ ❤❛s ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳ ❆♠♦♥❣ t❤❡♠✱ ✇❡ ❝❛♥ ❝✐t❡ t❤❡ ❡❞✐t✐♥❣
♦❢ C1✲❝♦♥t✐♥✉♦✉s s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣
♠❡t❤♦❞ ❢♦r ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♣❧❛♥❡✱ t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠ ✭✷❉ ❙♣❧✐♥❡ ❉❡❢♦r♠❛t✐♦♥✮✳
❚❤❡ ❞❡❢♦r♠❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② s♣❧✐♥❡s ♦❢ ❞❡❣r❡❡ ✺ ♦♥ ❛♥ ❛r❜✐tr❛r② tr✐❛♥❣✉❧❛r ♠❡s❤✳
❚❤❡ ❞❡❢♦r♠❛t✐♦♥s ❛r❡ ❡❞✐t❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ✐ts ❝♦♥tr♦❧ ♣♦✐♥ts✳ ❚❤❡ ❊❈▲❊❙
❛❧❣♦r✐t❤♠ ✐s ✜rst ✉s❡❞ ✐♥ ❡❛❝❤ ✉s❡r ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t✱ ✐♥ ❛ r♦❜✉st ❛♥❞
❡✣❝✐❡♥t ✇❛②✱ t❤❡ s❡t ♦❢ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts ♦❢ C

1 ❝♦♥t✐♥✉✐t②✱ ❡♥s✉r✐♥❣ t❤❛t t❤❡r❡ ❛r❡
♥♦ r❡❞✉♥❞❛♥❝✐❡s✳ ❚❤❡♥✱ ❛s t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝❤❛♥❣❡❞ ❜② t❤❡ ✉s❡r✱ ❊❈▲❊❙ ✐s ❝❛❧❧❡❞
t♦ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡
♣♦s✐t✐♦♥s s♣❡❝✐✜❡❞ ❜② t❤❡ ✉s❡r✳

❚♦ ✈❛❧✐❞❛t❡ ♦✉r ✷❉❙❉ ❛❧❣♦r✐t❤♠✱ ✇❡ ✉s❡❞ ✐t ❛s ♣❛rt ♦❢ ❛♥ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t♦r ❢♦r ✷✳✺❉
s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s✱ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✳ ❚❤✐s ❡❞✐t♦r ❤❛s ❜❡❡♥ ✉s❡❞✱ ♠❛✐♥❧②✱ t♦ ❞❡❢♦r♠
✸❉ ♠♦❞❡❧s ♦❢ ♥♦♥✲r✐❣✐❞ ❧✐✈✐♥❣ ♠✐❝r♦s❝♦♣✐❝ ♦r❣❛♥✐s♠s ❛s s❡❡♥ ✐♥ ❛❝t✉❛❧ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡
✐♠❛❣❡s✳ ❲❡ ❛❧s♦ ✉s❡❞ t❤❡ ❡❞✐t♦r t♦ ❡❞✐t t❡rr❛✐♥ ♠♦❞❡❧s✳



▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ ✭❛✮ ❚❤❡ ♠♦r♣❤♦❧♦❣② ♦❢ t❤❡ ♣r♦t♦③♦❛♥ ❉✐❧❡♣t✉s ❛♥s❡r ❀ ✭❜✮ ❛ ❝♦♥tr♦❧ ♠❡s❤
s✉rr♦✉♥❞✐♥❣ ❛ ✸❉ ♠♦❞❡❧ ♦❢ t❤❛t ♣r♦t♦③♦❛♥❀ ✭❝✮ ❛♥ ❛❝t✉❛❧ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡
✐♠❛❣❡❀ ❛♥❞ ✭❞✮ t❤❡ ❝♦♥tr♦❧ ♠❡s❤ ❛♥❞ ♠♦❞❡❧ ❞❡❢♦r♠❡❞ s♦ ❛s t♦ ♠❛t❝❤ ❛♥
❛❝t✉❛❧ ✐♠❛❣❡ ✉s✐♥❣ ♦✉r Pr✐s▼②st✐❝ ❡❞✐t♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✶ ❊①❛♠♣❧❡ ♦❢ ❛ ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✐♥ ❛ ❣r❛♣❤✐❝❛❧ ❡❞✐t♦r ❛s ❞❡s❝r✐❜❡❞
✐♥ P❛rt ■■✳ ❚❤❡ ✜✈❡ ♣❛r❛♠❡t❡rs ❛r❡ ♣♦✐♥ts ♦❢ R2 ✭❞♦ts✮✳ ❚❤❡r❡ ✐s ♦♥❡ ❝♦♥✲
str❛✐♥t r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❣r❛② q✉❛❞r✐❧❛t❡r❛❧✱ t❤❛t ✐♥✈♦❧✈❡s ✐ts ❢♦✉r ✈❡rt✐❝❡s❀
♥❛♠❡❧②✱ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ♠✉st ❛❧✇❛②s ❜❡ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠✳ ❚❤❡ ❛♥❝❤♦r s❡t
✐s A = {0} ✭♦♣❡♥ ❜♦❧❞ ❞♦t✮✱ ❛♥❞ t❤❡ ❞❡r✐✈❡❞ s❡t ✐s D = {1, 2, 3} ✭❜❧❛❝❦
❞♦ts✮✳ ✭❛✮ ❯s❡r✲s♣❡❝✐✜❡❞ ❝❤❛♥❣❡ ♦❢ t❤❡ ❛♥❝❤♦r ♣♦✐♥t p0 t♦ p′0❀ ✭❜✮ ❞❡s✐r❡❞
♣♦s✐t✐♦♥s p′1✱ p

′
2✱ ❛♥❞ p

′
3 ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts❀ ❛♥❞ ✭❝✮ ✜♥❛❧ ♣♦s✐t✐♦♥s p′′1✱ p

′′
2✱

❛♥❞ p′′3 ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts ❢♦r❝❡❞ ❜② t❤❡ ❝♦♥str❛✐♥t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✷ ❊①❛♠♣❧❡ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ n = 14 ♣❛r❛♠❡t❡rs P ❛♥❞m = 5 ❝♦♥str❛✐♥ts

R✳ ❚❤❡ r❡❝t❛♥❣❧❡s r❡♣r❡s❡♥t t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ♠❛tr✐① R✳ ❚❤❡ ❜❧❛❝❦
❞♦ts ❛r❡ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ R✳ ◆♦t❡ t❤❛t ❡q✉❛t✐♦♥s 1 ❛♥❞ 3 ❛r❡ ♥♦t
r❡❧❡✈❛♥t s✐♥❝❡ t❤❡② ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❛♥② ♣❛r❛♠❡t❡rs ♦❢ A ♦r D✳ ◆♦t❡ ❛❧s♦
t❤❛t t❤❡ ♣❛r❛♠❡t❡rs 2✱ 4✱ 6✱ 8✱ 10✱ ❛♥❞ 11 ❛r❡ ✜①❡❞ ❜✉t ♥♦t r❡❧❡✈❛♥t✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✸ ✭❛✮ ■❞❡♥t✐❢②✐♥❣ ♥♦♥✲r❡❞✉♥❞❛♥t C
1 ❝♦♥str❛✐♥ts ✭❣r❛② q✉❛❞r✐❧❛t❡r❛❧s✮ ✐♥ t❤❡

✷❉❙❉ ❛❧❣♦r✐t❤♠ ✭s❡❡ P❛rt ■■✮ ✇✐t❤ ✢♦❛t✐♥❣✲♣♦✐♥t✱ ❛♥❞ ✭❜✮ t❤❡ ❡①❛❝t ❛r✐t❤✲
♠❡t✐❝✳ ◆♦t❡ t❤❛t t❤❡ ✢♦❛t✐♥❣✲♣♦✐♥t ✈❡rs✐♦♥ ❞✐s❝❛r❞❡❞ ♦♥❡ ❝♦♥str❛✐♥t ✇❤✐❝❤
✐♥ ❢❛❝t ✐s ♥♦t r❡❞✉♥❞❛♥t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✺✳✶ ■♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❜❡t✇❡❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✻✳✶ ■♥✈❛r✐❛♥t ■✷ ♦❢ ❆❧❣♦r✐t❤♠ ✻✳ ❚❤❡ ❣r❛② ♣❛rts ❛r❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✼✳✶ ❇✐t s✐③❡ ❣r♦✇t❤ ✐♥ t❤❡ tr✐✈✐❛❧ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤♦✉t s✐♠♣❧✐✜❝❛t✐♦♥ ❢♦r r❛♥❞♦♠
♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡
♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s
✇✐t❤ n = 15 ❝♦❧✉♠♥s ❛♥❞ ✈❛r②✐♥❣ ♥✉♠❜❡rm ♦❢ r♦✇s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥
✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ◆♦t❡ t❤❛t t❤❡ ❜✐t s✐③❡ st♦♣s ❣r♦✇✐♥❣ ✇❤❡♥
m ❡①❝❡❡❞s n✳ ❚❤❡ s❧✐❣❤t ❞❡❝r❡❛s❡ ❢♦r m > n ✐s ❞✉❡ t♦ t❤❡ ❜❡tt❡r ❝❤❛♥❝❡s ♦❢
✜♥❞✐♥❣ ❛ s♠❛❧❧ ♣✐✈♦t ❛s m ✐♥❝r❡❛s❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✼✳✷ ❇✐t s✐③❡ ❣r♦✇t❤ ✇✐t❤ t❤❡ ●❈❉ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇sm✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t
s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡
m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r
❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹



✼✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜✲
❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s
m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞
❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s ✇✐t❤ n = 20 ❝♦❧✉♠♥s ❛♥❞ ✈❛r②✐♥❣ ♥✉♠❜❡r m ♦❢
r♦✇s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✼✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛✲
t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❦
r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜②
❢❛❝t♦r✐♥❣ 1000 20 × 20 ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ ❞❡✜❝✐❡♥t r❛♥❦ r✱ ✇✐t❤ ✶✵✲❜✐t
s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✼✳✺ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✲
✜❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s
♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s
❛♥❞ ❝♦❧✉♠♥s✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.10 ❛♥❞ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✹✼

✼✳✻ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✲
✜❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s
♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s
❛♥❞ ❝♦❧✉♠♥s✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.25 ❛♥❞ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✹✼

✼✳✼ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜✲
❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② h✳
❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜②
❢❛❝t♦r✐♥❣ 1000 20 × 20 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ ❞❡♥s✐t② h✱ ✇✐t❤ ✶✵✲❜✐t
s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✼✳✽ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜✲
❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ r❛♥❦ r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s
♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s
❛♥❞ ❝♦❧✉♠♥s ❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.10 ❛♥❞ ✶✵✲❜✐t
s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✼✳✾ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜✲
❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ r❛♥❦ r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s
♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s
❛♥❞ ❝♦❧✉♠♥s ❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.25 ❛♥❞ ✶✵✲❜✐t
s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✼✳✶✵ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜✲
❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❞❡♥s✐t② h✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s
♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 20 × 20 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ ❞❡♥s✐t② h
❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✶✵✳✶ ❆ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s ✭❛✮ ✇✐t❤♦✉t ❛♥❞ ✭❜✮ ✇✐t❤ C
1

❝♦♥t✐♥✉✐t②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✶✵✳✷ ❆ s♦❢t tr❛♥s❧❛t✐♦♥ ✇✐t❤ 2 ❛♥❝❤♦r ♣♦✐♥ts ✭❜❧❛❝❦ ♦♣❡♥ ❞♦ts✮ ❛♥❞ ❞❡r✐✈❡❞ ♣♦✐♥ts

✭❜❧❛❝❦ ❞♦ts✮ ✭❛✮ ❛♥❞ t❤❡ r❡s✉❧t ♦❢ ❞✐s♣❧❛❝✐♥❣ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts ❜② t❤❡ ✈❡❝t♦r
v ✭❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵



✶✷✳✶ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s uijk ✭❞♦ts✮ ♦❢ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts cijk ❢♦r t❤❡ ❇❡r♥st❡✐♥✲
❇é③✐❡r Bu

ijk ♦❢ ❞❡❣r❡❡ 5 r❡❧❛t✐✈❡ t♦ ❛ tr✐❛♥❣❧❡✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ❇é③✐❡r ❝♦♥tr♦❧
♥❡t ✭s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✶✷✳✷ ❆ ❞❡❢♦r♠❛t✐♦♥ ♦❢ R2 ♦❢ t❤❡ ✭❛✮ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✐♥ t❤❡ ✭❜✮ ❞❡❢♦r♠❡❞ r❡❢❡r✲
❡♥❝❡ ♠❡s❤ φ(T )✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✶✷✳✸ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts quijk ♦❢ ❛ ❞❡❣r❡❡ 3 ♣❛t❝❤ φu ❢r♦♠ Ω→ R
2 ❛♥❞❀ ✭❛✮

t❤❡✐r ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s uijk ♦♥ t❤❡ ❞♦♠❛✐♥ tr✐❛♥❣❧❡ u✳ ❚❤❡ ❝✉r✈❡❞ tr✐❛♥❣❧❡
♦♥ t❤❡ r✐❣❤t ✐s t❤❡ ✐♠❛❣❡ ♦❢ u ✉♥❞❡r t❤❡ ❞❡❢♦r♠❛t✐♦♥ φu✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✶✷✳✹ ✭❛✮ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❞❡❢♦r♠❛t✐♦♥ φ ♦❢
❞❡❣r❡❡ 3 ✇❤✐❝❤ s❛t✐s❢② C

0 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✶✷✳✺ ✭❛✮ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❞❡❢♦r♠❛t✐♦♥ φ ♦❢

❞❡❣r❡❡ 3 ✇❤✐❝❤ s❛t✐s❢② C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ✭t❤❡ ❣r❛② ❞✐❛♠♦♥❞s✮✳ ✳ ✳ ✳ ✻✼

✶✷✳✻ ❆ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❢♦r ❛ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❞❡❣r❡❡ 5✱ s❤♦✇✐♥❣ t❤❡ ❇é③✐❡r
❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✶✸✳✶ ▲❛❜❡❧s ♦❢ t❤❡ tr✐❛♥❣❧❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T t❤❛t s❤❛r❡❞ t❤❡ ♦r✐❡♥t❡❞
❡❞❣❡ e✱ ❛♥❞ t❤❡✐r ✈❡rt✐❝❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✶✸✳✷ ▲❛❜❡❧s ♦❢ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts t❤❛t ❢♦r♠ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ s❤❛r❡❞ ❡❞❣❡ e ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱ ❢♦r ❞❡❣r❡❡ d = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✶✸✳✸ ❆ s♣❧✐♥❡ ✇✐t❤ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧s ❛r♦✉♥❞ t❤❡ ✈❡rt✐❝❡s✳ ✼✵
✶✸✳✹ ▲❛❜❡❧s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ♦❜t❛✐♥ ❛ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐✲

❧❛t❡r❛❧s ❛r♦✉♥❞ t❤❡ ✈❡rt✐❝❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✶✹✳✶ ❈♦♥tr♦❧ ✢♦✇ ❢♦r ❛ t②♣✐❝❛❧ ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✭s♦❢t tr❛♥s❧❛t✐♦♥✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
✶✹✳✷ ❚r❛♥s❧❛t✐♥❣ ♦❢ t✇♦ ❛♥❝❤♦r ♣♦✐♥ts✳ ✭❛✮ ❆♥❝❤♦r ♣♦✐♥ts ✭s❡t A✮ s♣❡❝✐✜❡❞ ❜②

t❤❡ ✉s❡r❀ ✭❜✮ ✐♥✐t✐❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts ✭s❡t S✮ s❡❧❡❝t❡❞ ❜② t❤❡ ✉s❡r❀ ❛♥❞ ✭❝✮
❞❡r✐✈❡❞ ♣♦✐♥ts ✭s❡t D✮ s♣❡❝✐✜❡❞ ❜② t❤❡ ✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✶✹✳✸ ❚r❛♥s❧❛t✐♥❣ ♦❢ t✇♦ ❛♥❝❤♦r ♣♦✐♥ts✳ ✭❛✮ ❆♥❝❤♦r ♣♦✐♥ts A ✭❜❧❛❝❦ ♦♣❡♥ ❞♦ts✮✱
❞❡r✐✈❡❞ ♣♦✐♥tsD ✭❜❧❛❝❦ ❞♦ts✮✱ ❛♥❞ ♥♦♥✲r❡❞✉♥❞❛♥t r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts s♣❡❝✲
✐✜❡❞ ❜② ❊❈▲❊❙❀ ❛♥❞ ✭❜✮ ❝♦♥tr♦❧ ♣♦✐♥ts ✉♣❞❛t❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✶✹✳✹ ❊①❛♠♣❧❡s ♦❢ ✭❛✮ r♦t❛t✐♦♥ ❛♥❞ ✭❜✮ s❝❛❧✐♥❣ ♦❢ ♦♥❡ ❛♥❝❤♦r ♣♦✐♥t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✶✹✳✺ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❇é③✐❡r ♣❛t❝❤ ♦❢ ❞❡❣r❡❡ 6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✶✹✳✻ ❘❡❧❡✈❛♥t ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ✭❣r❛② ❞✐❛♠♦♥❞s✮ ❛♥❞ ❞❡r✐✈❡❞ ♣♦✐♥ts ❛❞❞❡❞

t♦ D ✭s♦❧✐❞ ❞♦ts✮ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ps ✇✐t❤ s ∈
A ∪ D ✭♦♣❡♥ ❞♦t✮✳ ❋♦r ❡❛❝❤ t②♣❡✱ t❤❡ ❧❡❢t ✜❣✉r❡ s❤♦✇s ❛ t②♣✐❝❛❧ s✐t✉❛t✐♦♥
✇❤❡r❡ t❤❡ ♣♦✐♥t ps ✐s s✉✣❝✐❡♥t❧② ❢❛r ❢r♦♠ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✬s ❜♦r❞❡r✳ ❚❤❡
r✐❣❤t ✜❣✉r❡ s❤♦✇s ❛ s✐t✉❛t✐♦♥ ♥❡❛r t❤❡ ❜♦r❞❡r ✇❤❡r❡ s♦♠❡ ♦❢ t❤♦s❡ ❝♦♥tr♦❧
♣♦✐♥ts ❛♥❞ ❝♦♥str❛✐♥ts ❛r❡ ♠✐ss✐♥❣✳ ❚❤❡s❡ ❞✐❛❣r❛♠s ❛r❡ ❣❡♥❡r❛❧✐③❡❞ t♦
✈❡rt✐❝❡s ♦❢ ❛r❜✐tr❛r② ❞❡❣r❡❡ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✶✹✳✼ ❊❞✐t✐♥❣ ♣♦✐♥t qu032 ✇✐t❤ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts qv122✱ q
u
122✱ q

v
131✱ q

u
131✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✶✺✳✶ ✭❛✮ ❆♥ ❛❝t✉❛❧ ♠✐❝r♦s❝♦♣❡ ✐♠❛❣❡ ♦❢ t❤❡ ♣r♦t♦③♦❛♥ ❈✳ ❡❧❡❣❛♥s ❀ ✭❜✮ ✷❉ ✈✐❡✇❀
❛♥❞ ✭❝✮ ✸❉ ✈✐❡✇ ♦❢ ❛ ❞❡❢♦r♠❡❞ ♠♦❞❡❧ ♦❜t❛✐♥❡❞ ✇✐t❤ Pr✐s▼②st✐❝✱ ♠❛t❝❤✐♥❣
t❤❡ ✐♠❛❣❡ ✭❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✶✼✳✶ ❚❤❡ ✸❉ ♠♦❞❡❧ ♠❡s❤ M ♦❢ ❛ ❉r❛❣♦♥ ❬✽✷❪✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ✽✻
✶✼✳✷ ❚❤❡ ✸❉ ♠♦❞❡❧ ♠❡s❤ M ♦❢ ❛ ❉r❛❣♦♥ ❬✽✷❪✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣♦✐♥t ❝❧♦✉❞✳ ✳ ✳ ✽✻
✶✼✳✸ ❆ ✸❉ ♠♦❞❡❧ ♠❡s❤ M s✉rr♦✉♥❞❡❞ ❜② ❛ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ P ✱ ❛♥❞ t❤❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ ✷❉ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼



✶✼✳✹ ❇❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s α0✱ α1✱ β0✱ β1 ❛♥❞ β2 ♦❢ ❛ ♣♦✐♥t p ♦❢ t❤❡ ✸❉ ♠♦❞❡❧
♠❡s❤ M ✱ r❡❧❛t❡❞ t♦ t❤❡ ♣r✐s♠ U ♦❢ t❤❡ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✶✼✳✺ ❆ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ ψ(P ) s✉rr♦✉♥❞✐♥❣ ❛ ❞❡❢♦r♠❡❞ ♠♦❞❡❧ ♠❡s❤ ψ(M)✳ ✽✽
✶✼✳✻ ❱✐❡✇ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ ψ(P ) ✐♥ t❤❡ xy✲♠♦❞❡✱ s❤♦✇✐♥❣ t❤❡

❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t G ✭❞♦tt❡❞ ❧✐♥❡✮ ♦♥ t❤❡
❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ φ(T )✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡✈❡❧♦♣ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ s♦❢t✇❛r❡ t♦♦❧s ❢♦r ✐♥t❡r❛❝t✐✈❡

❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs ♦❢ s♦♠❡ ♠♦❞❡❧ ♦r ♣r♦❝❡ss✱ s✉❜❥❡❝t t♦ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✱ ✐♥

❛ ❣❡♥❡r❛❧✱ r♦❜✉st✱ ❛♥❞ ❡✣❝✐❡♥t ✇❛②✳

❚❤✐s ♣r♦❜❧❡♠ ♦❝❝✉rs ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❛r❡❛s ♦❢ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s ❛♥❞ ✐♠❛❣❡

♣r♦❝❡ss✐♥❣✱ s✉❝❤ ❛s t❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧✐♥❣ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥✱ ✷❉ ❛♥❞ ✸❉ s♣❧✐♥❡ ♠♦❞❡❧✐♥❣✱

✐♠❛❣❡ ♠♦r♣❤✐♥❣✱ r❡❣✐str❛t✐♦♥ ❛♥❞ ✈❡❝t♦r✐③❛t✐♦♥✱ ❈❆❉✱ ❛♠♦♥❣ ♦t❤❡rs ❬✹✷✱ ✽✵✱ ✾✶✱ ✾✼❪✳ ❖t❤❡r

♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡ ❝♦♥tr♦❧ ♦❢ ✐♥❞✉str✐❛❧ ♣r♦❝❡ss ❛♥❞ ♣♦✇❡r ❣r✐❞s ❬✶✾❪✳

■♥ P❛rt ■✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠✳ ■♥ P❛rt ■■✱ ✇❡

❛♣♣❧② t❤✐s ♠❡t❤♦❞ t♦ t❤❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ♦❢ ❝r❡❛t✐♥❣ ❛♥❞ ❡❞✐t✐♥❣ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❧✐♥❡

❞❡❢♦r♠❛t✐♦♥s s✉❜❥❡❝t t♦ s♠♦♦t❤♥❡ss ❝♦♥str❛✐♥ts✳ ■♥ P❛rt ■■■✱ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ❡❞✐t♦r ♦❢ ✷✳✺❉

s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♦❧✐❞ ♠♦❞❡❧✐♥❣ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ P❛rt ■■✳

✶✳✶ P❛rt ■✿ ❚❤❡ ❊❈▲❊❙ ❆❧❣♦r✐t❤♠

■♥ P❛rt ■✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❜str❛❝t ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs

♦❢ s♦♠❡ ♠♦❞❡❧ ♦r ♣r♦❝❡ss✱ s✉❜❥❡❝t t♦ ❛✣♥❡ ❝♦♥str❛✐♥ts✱ ✐♥ ❛ ❣❡♥❡r❛❧ ✇❛②✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❛s ❛ ✜♥✐t❡ ❧✐st ♦❢ r❡❛❧ ✈❛❧✉❡❞ ♣❛r❛♠❡t❡rs p1, p2, ..., pn
t❤❛t ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❛ ✜♥✐t❡ s❡t ♦❢ ❛✣♥❡ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts❀ t❤❛t ✐s✱ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s

♦❢ ❞❡❣r❡❡ 1✱ ❧✐❦❡ 3p3 − 5p8 = 7✳

❲❡ ❛ss✉♠❡ t❤❛t✱ ❛t ❡❛❝❤ ❡❞✐t✐♥❣ ❛❝t✐♦♥✱ t❤❡ ✉s❡r s♣❡❝✐✜❡s ♥❡✇ r❡q✉✐r❡❞ ✈❛❧✉❡s ❢♦r s♦♠❡

s✉❜s❡t A ♦❢ ♣❛r❛♠❡t❡rs ✭t❤❡ ❛♥❝❤♦rs✮✱ ❛♥❞ ❞❡s✐r❛❜❧❡ ❜✉t ♥♦t r❡q✉✐r❡❞ ✏❤✐♥t✑ ✈❛❧✉❡s ❢♦r

❛♥♦t❤❡r s✉❜s❡t D ✭t❤❡ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✮✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡♥ s✉♣♣♦s❡❞ t♦ ❛❞❥✉st t❤❡

♣❛r❛♠❡t❡rs ✐♥ D ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡ ❝♦♥str❛✐♥ts✱ t❤❡ r❡q✉✐r❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ❛♥❝❤♦rs✱

❛♥❞ ❜❡ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ❤✐♥ts✳ ❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ❊❈▲❊❙ ✐s t❤❛t t❤❡ s❡ts

A ❛♥❞ D ❛r❡ ♥♦t ✜①❡❞✱ ❜✉t ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛t ❡❛❝❤ ❡❞✐t✐♥❣ ❛❝t✐♦♥✳

❚♦ s♦❧✈❡ t❤❡ st❛t❡❞ ♣r♦❜❧❡♠✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ❛♥❞ r♦❜✉st ♠❡t❤♦❞✱ t❤❛t ✇❡ ❝❛❧❧

❊❈▲❊❙ ✭❊❞✐t✐♥❣ ❜② ❈♦♥str❛✐♥❡❞ ▲❊❛st ❙q✉❛r❡s✮✳ ❚❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠ ✉s❡s ❧✐♥❡❛r s②st❡♠

s♦❧✈✐♥❣ ✇✐t❤ ❡①❛❝t ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝✱ t♦ ❞❡t❡❝t ❛♥❞ ❡❧✐♠✐♥❛t❡ r❡❞✉♥❞❛♥❝✐❡s ❛♠♦♥❣ t❤❡

❝♦♥str❛✐♥ts t❤❛t ❛r❡ r❡❧❡✈❛♥t t♦ ❡❛❝❤ ❡❞✐t✐♥❣ ❛❝t✐♦♥ ❛♥❞ t♦ ❛✈♦✐❞ ❢❛✐❧✉r❡s ❞✉❡ t♦ r♦✉♥❞✐♥❣✳

■t ✉s❡s ✇❡✐❣❤t❡❞ ❛♥❞ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡

❤✐♥ts ❛♥❞ t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ s❡t D✳

✶✾
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✶✳✷ P❛rt ■■✿ ❚❤❡ ✷❉❙❉ ❆❧❣♦r✐t❤♠

■♥ P❛rt ■■✱ ✇❡ ❛♣♣❧② t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠ t♦ ❛ s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✿ t❤❡ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣

♦❢ s♠♦♦t❤ s✐♠♣❧✐❝✐❛❧ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♣❧❛♥❡✳ ❲❡ ❞❡s❝r✐❜❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s

❛♣♣❧✐❝❛t✐♦♥✱ ❝❛❧❧❡❞ ✷❉❙❉ ✭✷❉ ❙♣❧✐♥❡ ❉❡❢♦r♠❛t✐♦♥✮✳

❚❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ❜② ❛ s♣❧✐♥❡ ❞❡✜♥❡❞ ♦♥ ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ❚❤❡ ❞❡s✐r❡❞

❞❡❢♦r♠❛t✐♦♥ ✐s s♣❡❝✐✜❡❞ ❜② ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ t❤❡ s♣❧✐♥❡✳ ❊❛❝❤

❡❞✐t✐♥❣ ♦♣❡r❛t✐♦♥ r❡q✉✐r❡s t❤❡ ❛✉t♦♠❛t✐❝ ❛❞❥✉st♠❡♥t ♦❢ s❡✈❡r❛❧ ♦t❤❡r ♥❡❛r❜② ❝♦♥tr♦❧ ♣♦✐♥ts

✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ s♣❧✐♥❡✳ ❚❤❡ s❡t ♦❢ ❛❞❥✉st❡❞ ♣♦✐♥ts ✐s ❞❡t❡r♠✐♥❡❞

❛t t❤❡ t✐♠❡ ♦❢ ❡❞✐t✐♥❣ t❤r♦✉❣❤ t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠✳ ❲❡ ✉s❡ t❤❡ ❊❈▲❊❙ ❣❡♥❡r❛❧ ♣❛r❛♠❡t❡r

❡❞✐t✐♥❣ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts s❡❧❡❝t❡❞ ✉♥❞❡r

t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ s♠♦♦t❤♥❡ss ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞✳

❚❤❡ ✷❉❙❉ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ❡❞✐t✐♥❣ ✸❉ s♣❧✐♥❡

s✉r❢❛❝❡s ❬✶✸✱ ✾✹❪✱ ❡❞✐t✐♥❣ ✷✳✺❉ ❛♥❞ ✸❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ❬✸✶❪✱ ✐♠❛❣❡ ♠♦r♣❤✐♥❣ ❬✹✷✱ ✺✸✱ ✻✸✱

✾✶❪ ❛♥❞ r❡❣✐str❛t✐♦♥ ❬✼✸✱ ✽✵✱ ✾✼❪ ❛♥❞ ✐♥t❡r❛❝t✐✈❡ ✐♠❛❣❡ ✈❡❝t♦r✐③❛t✐♦♥ ❬✾✷❪✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ s♣❧✐♥❡s ♦✈❡r ♦t❤❡r ❢✉♥❝t✐♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞s ✐s t❤❛t t❤❡②

❛❧❧♦✇ ❧♦❝❛❧ ❝♦♥tr♦❧✿ ✐❢ ✇❡ ❝❤❛♥❣❡ ♦♥❧② ♦♥❡ ❝♦♥tr♦❧ ♣♦✐♥t✱ t❤❡ s♣❧✐♥❡ ❝❤❛♥❣❡s ♦♥❧② ✇✐t❤✐♥

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧ ♦❢ t❤❡ ♠❡s❤ ❛♥❞ ♣❡r❤❛♣s ❛ ❢❡✇ ♦t❤❡r tr✐❛♥❣❧❡s s✉rr♦✉♥❞✐♥❣ ✐t ❬✷✺❪✳

❙✐♠♣❧✐❝✐❛❧ ✭tr✐❛♥❣✉❧❛r ♦r t❡tr❛❤❡❞r❛❧✮ ❇é③✐❡r ♣❛t❝❤❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r q✉❛❞r❛♥❣✉❧❛r

♣❛t❝❤❡s s✐♥❝❡ t❤❡② ❝❛♥ ❜❡ ❥♦✐♥❡❞ ✇✐t❤ ❛❧♠♦st ❛r❜✐tr❛r② t♦♣♦❧♦❣②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡✐r

❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

❙✐♥❝❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ ❛ ❝♦♥tr♦❧ ♠❡s❤ t❤❛t ❞❡❢♦r♠s s♣❛❝❡✱ r❛t❤❡r t❤❛♥ t♦

t❤❡ ♦❜❥❡❝t ♠❡s❤ ❞✐r❡❝t❧②✱ t❤❡ ❡❞✐t❡❞ ❞❡❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r ♠♦❞❡❧s✳ ❚❤✐s

♠❡t❤♦❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t t♦ ❜❡ ❞❡❢♦r♠❡❞✳

❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ✐s t❤❛t t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥tr♦❧ ♠❡s❤ ♣r♦✈✐❞❡s ❛♥ ✐♠♠❡❞✐❛t❡ ✐♥t✉✐t✐✈❡

✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥✱ ❛♥❞ ♦❢ t❤❡ s❝♦♣❡ ♦❢ ❡❛❝❤ ❝♦♥tr♦❧

♣❛r❛♠❡t❡r✳

❯♥❧✐❦❡ r❛❞✐❛❧ ❜❛s✐s ♠❡t❤♦❞s ❬✶✼✱ ✷✵❪✱ t❤❡ ✷❉❙❉ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❡♠❛✐♥s

s✐♠♣❧❡ ❛♥❞ ♦❢ ✜♥✐t❡ s✐③❡ ❡✈❡♥ ❛❢t❡r ❛♥ ❛r❜✐tr❛r✐❧② ❧♦♥❣ s❡q✉❡♥❝❡ ♦❢ ❡❞✐t✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❆t

❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❡①❝❡♣t ✐♥ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❤❛s ❛ s✐♠♣❧❡ ❛♥❛❧②t✐❝

❢♦r♠✉❧❛ t❤❛t ❛❧❧♦✇s t❤❡ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡s✳

✶✳✸ P❛rt ■■■✿ ❚❤❡ Pr✐s▼②st✐❝ ❊❞✐t♦r

■♥ P❛rt ■■■✱ ✇❡ ✉s❡❞ t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠ t♦ ✐♠♣❧❡♠❡♥t ❛♥ ❡❞✐t♦r ♦❢ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛✲

t✐♦♥s ❬✸✶✱ ✻✼❪ t♦ ❞❡❢♦r♠ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✱ ❝❛❧❧❡❞ Pr✐s▼②st✐❝ ❡❞✐t♦r✳

❚❤❡ Pr✐s▼②st✐❝ ✐s ❛♥ ❡✛❡❝t✐✈❡ ❛♥❞ ✉s❡r✲❢r✐❡♥❞❧② ❡❞✐t♦r t❤❛t ❝❛♥ ❜❡ ✉s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱

t♦ r❡♣r♦❞✉❝❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ✸❉ ♠♦❞❡❧s ♦❢ ♥♦♥✲r✐❣✐❞ ❝❡❧❧s ❛♥❞ ♦t❤❡r ♦r❣❛♥✐s♠s ✈✐❡✇❡❞

t❤r♦✉❣❤ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡s✳ ❙❡❡ ❋✐❣✉r❡ ✶✳✶✳

❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ✐s ❛♥ ❡✈♦❧✉t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡❞✐t♦r ❞❡s❝r✐❜❡❞ ✐♥

♠② ▼❛st❡rs ❞✐ss❡rt❛t✐♦♥ ❬✻✼❪✳ ❚❤❡ ✐♠♣r♦✈❡♠❡♥ts ✐♥❝❧✉❞❡✿ ✉s✐♥❣ t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✱

❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■✱ ✐♥st❡❛❞ ♦❢ ✢♦❛t✐♥❣✲♣♦✐♥t ❧✐♥❡❛r ❛❧❣❡❜r❛ ♣❛❝❦❛❣❡s❀ ❛ ♠♦r❡ ✢❡①✐❜❧❡ ❛♥❞

❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts ✭❛❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡ ❛♥❝❤♦rs ❛♥❞ ♠♦r❡

❞❡r✐✈❡❞ ♣♦✐♥ts✮❀ ❛♥❞ ❛ ❞✐✛❡r❡♥t ❣♦❛❧ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❧❡❛st sq✉❛r❡s ♠❡t❤♦❞✳ ❆❧s♦✱ ✇❡ ✉s❡❞





P❛rt ■

❚❤❡ ❊❈▲❊❙ ❆❧❣♦r✐t❤♠

✷✷



❈❤❛♣t❡r ✷

●❡♥❡r❛❧ P❛r❛♠❡t❡r ❊❞✐t✐♥❣

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♦❜❥❡❝ts t❤❛t ❛r❡ ❞❡✜♥❡❞

❜② ♣❛r❛♠❡t❡rs s✉❜❥❡❝t t♦ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❲❡ ♣r❡s❡♥t ❛❧s♦ ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t

t❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ ❤♦✇ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦

t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❛♥❞ ❝♦♥str❛✐♥ts✳

✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❣❡♥❡r❛❧ ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣ ✐♥✈♦❧✈❡s ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s ✭t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡✲

t❡rs✮ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ s✉❜❥❡❝t t♦ ❛ ✜①❡❞ s❡t ♦❢ ❧✐♥❡❛r ♦r ❛✣♥❡ ❡q✉❛t✐♦♥s ✭t❤❡ ❝♦♥str❛✐♥ts✮✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t p1✱ p2✱ . . .✱ pn ❜❡ t❤❡ n ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ p ❜❡ t❤❡ ✈❡❝t♦r

♦❢ t❤❡ ✈❛❧✉❡s ♦❢ t❤♦s❡ ♣❛r❛♠❡t❡rs✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡ ❝♦♥str❛✐♥ts ❛s ❛ ♠❛tr✐① ❡q✉❛t✐♦♥

Rp = q ✭✷✳✶✮

✇❤❡r❡ R ✐s ❛ ❝♦♥st❛♥t m×n ❝♦❡✣❝✐❡♥t ♠❛tr✐①✱ ❛♥❞ q ✐s ❛ ✈❡❝t♦r ♦❢ m ❝♦♥st❛♥ts ✭♣♦ss✐❜❧②

③❡r♦✮✳

❋♦r ❡①❛♠♣❧❡✱ ❛ ❝❤❡♠✐❝❛❧ ♣r♦❝❡ss ♠❛② ❤❛✈❡ ❢♦✉r ♣✉♠♣s ✇❤♦s❡ ✢♦✇ r❛t❡s p1✱ p2✱ p3✱ ❛♥❞

p4 ♠✉st ❛❧✇❛②s s❛t✐s❢② p1 + p2 = p3 ❛♥❞ p4 = p3 + 5✱ t❤❛t ✐s

[
1 1 −1 0

0 0 −1 1

]



p1
p2
p3
p4


 =

[
0

5

]
. ✭✷✳✷✮

❆♥② ❝❤❛♥❣❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦✉r r❛t❡s ♠✉st t❤❡♥ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ ❝❤❛♥❣❡

✐♥ ♦♥❡ ♦r ❜♦t❤ ♦❢ t❤❡ ♦t❤❡r t❤r❡❡✳

▲❡t P = {1, 2, ..., n} ❜❡ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡r ✐♥❞✐❝❡s✳ ❋♦r ❡❛❝❤ ❡❞✐t✐♥❣ ❛❝t✐♦♥✱ t❤❡ ✉s❡r

✭♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥✮ ♠✉st ❞❡✜♥❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ P ✿

• A ✭❛♥❝❤♦r✮✿ t❤❡ ✐♥❞✐❝❡s ♦❢ ♦♥❡ ♦r ♠♦r❡ ♣❛r❛♠❡t❡rs ✇❤♦s❡ ✈❛❧✉❡s ✇✐❧❧ ❜❡ s❡t ❜② t❤❡

✉s❡r❀

• D ✭❞❡r✐✈❡❞✮✿ t❤❡ ✐♥❞✐❝❡s ♦❢ ③❡r♦ ♦r ♠♦r❡ ♣❛r❛♠❡t❡rs t❤❛t ♠❛② ❜❡ ❛❞❥✉st❡❞ ✐❢ ♥❡❝❡ss❛r②

t♦ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥ts✳

✷✸
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❲❡ ❞❡♥♦t❡ ❜② F t❤❡ s❡t P \ (A ∪ D)✱ t❤❡ ✜①❡❞ ♣❛r❛♠❡t❡rs ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ♥♦t t♦ ❜❡

❝❤❛♥❣❡❞✳ ❋♦r ❡❛❝❤ ♣❛r❛♠❡t❡r s ∈ A✱ t❤❡ ✉s❡r t❤❡♥ s♣❡❝✐✜❡s ❛ ♥❡✇ ✈❛❧✉❡ p′s ✇❤✐❝❤ ✐s

♠❛♥❞❛t♦r②✳ ❋♦r ❡❛❝❤ s ∈ D✱ ❛ ♥❡✇ ✈❛❧✉❡ p′s ✐s ❛❧s♦ s✉❣❣❡st❡❞✳ ❚❤❡ ❡❞✐t✐♥❣ ❛❧❣♦r✐t❤♠ t❤❡♥

❝♦♠♣✉t❡s ❛ ♥❡✇ ✈❛❧✉❡ p′′s ❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r✳ ■❢ s ∈ A✱ p′′s ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ t❤❡ ❣✐✈❡♥ ✈❛❧✉❡

p′s✳ ■❢ s ∈ D✱ p′′s ✐s ❝❧♦s❡ t♦ p′s✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ❡q✉❛❧ t♦ ✐t✳ ❋♦r ❡✈❡r② s ∈ F t❤❡ ✈❛❧✉❡

❞♦❡s ♥♦t ❝❤❛♥❣❡✱ t❤❛t ✐s✱ t❤❡ ❞❡s✐r❡❞ ✈❛❧✉❡ p′s ❛♥❞ ✜♥❛❧ ✈❛❧✉❡ p′′s ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❝✉rr❡♥t

✈❛❧✉❡ ps✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❡❛❝❤ ♣❛r❛♠❡t❡r ♠❛② ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ s♦♠❡ ✈❡❝t♦r s♣❛❝❡ R
d✳ ■♥ t❤❛t

❝❛s❡✱ p ✐s ❛♥ n× d ♠❛tr✐①✱ ❛♥❞ q ✐s ❛♥ m× d ♠❛tr✐①✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

❝♦♥s✐❞❡r❡❞ ✐♥ P❛rt ■■✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✶✳

p0

p′0

p1

p2
p3

p4

✭❛✮

p′0
p′1

p′2 p′3

p4

✭❜✮

p′′0 = p′0

p′′1

p′′2
p′′3

p4

✭❝✮

❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛ ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✐♥ ❛ ❣r❛♣❤✐❝❛❧ ❡❞✐t♦r ❛s ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✳
❚❤❡ ✜✈❡ ♣❛r❛♠❡t❡rs ❛r❡ ♣♦✐♥ts ♦❢ R2 ✭❞♦ts✮✳ ❚❤❡r❡ ✐s ♦♥❡ ❝♦♥str❛✐♥t r❡♣r❡s❡♥t❡❞
❜② t❤❡ ❣r❛② q✉❛❞r✐❧❛t❡r❛❧✱ t❤❛t ✐♥✈♦❧✈❡s ✐ts ❢♦✉r ✈❡rt✐❝❡s❀ ♥❛♠❡❧②✱ t❤❡ q✉❛❞r✐❧❛t❡r❛❧
♠✉st ❛❧✇❛②s ❜❡ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠✳ ❚❤❡ ❛♥❝❤♦r s❡t ✐s A = {0} ✭♦♣❡♥ ❜♦❧❞ ❞♦t✮✱ ❛♥❞
t❤❡ ❞❡r✐✈❡❞ s❡t ✐s D = {1, 2, 3} ✭❜❧❛❝❦ ❞♦ts✮✳ ✭❛✮ ❯s❡r✲s♣❡❝✐✜❡❞ ❝❤❛♥❣❡ ♦❢ t❤❡ ❛♥❝❤♦r
♣♦✐♥t p0 t♦ p′0❀ ✭❜✮ ❞❡s✐r❡❞ ♣♦s✐t✐♦♥s p′1✱ p

′
2✱ ❛♥❞ p

′
3 ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts❀ ❛♥❞ ✭❝✮ ✜♥❛❧

♣♦s✐t✐♦♥s p′′1✱ p
′′
2✱ ❛♥❞ p

′′
3 ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts ❢♦r❝❡❞ ❜② t❤❡ ❝♦♥str❛✐♥t✳

✷✳✷ ❘❡❧❡✈❛♥t ❡q✉❛t✐♦♥s ❛♥❞ ✜①❡❞ ♣❛r❛♠❡t❡rs

❚❤❡ ❝♦♥str❛✐♥ts t❤❛t ✐♥✈♦❧✈❡ ♣❛r❛♠❡t❡rs ♦❢ A ♦r D ❛r❡ ❝❛❧❧❡❞ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts✳ ❚❤❡

✐♥❞✐❝❡s ♦❢ t❤❡s❡ ❝♦♥str❛✐♥ts ❝♦♠♣r✐s❡ t❤❡ s❡t E ✱ ❛ s✉❜s❡t ♦❢ R = {1, 2, ...,m}✳ ❲❡ ❞❡✜♥❡

t❤❡ s❡t F ′ ♦❢ ✜①❡❞ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❛s ❝♦♠♣r✐s✐♥❣ t❤❡ ✐♥❞✐❝❡s s ∈ F s✉❝❤ t❤❛t ps ♦❝❝✉rs

✐♥ s♦♠❡ ❡q✉❛t✐♦♥ ♦❢ E ✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✷✳

❋♦r ❛♥② s✉❜s❡t Y ♦❢ P ✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② pY t❤❡ s✉❜✈❡❝t♦r ♦❢ P ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡

❛❧❧ ❡❧❡♠❡♥ts ps ✇✐t❤ s ∈ Y ✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② s✉❜s❡t X ∈ R✱ ✇❡ ❞❡♥♦t❡ ❜② RXY t❤❡

s✉❜✲♠❛tr✐① ♦❢ R ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❡❧❡♠❡♥ts Rij ✇✐t❤ i ∈ X ❛♥❞ j ∈ Y ✳

❲❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ❢✉❧❧ ❝♦♥str❛✐♥t s②st❡♠ ✭✷✳✶✮ ❜② t❤❡ s♠❛❧❧❡r s②st❡♠

RED p
′′
D = qE −REA p

′
A −REF ′ pF ′ ✭✷✳✸✮

✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts E ✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤✐s s②st❡♠ ❛s Ax = b✱ ✇❤❡r❡

A = RED✱ x = p′′D ❛♥❞ b = qE −REA p
′
A −REF ′ pF ′ ✳
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1 2 3 4 5 6 7 8 9 10 11 12 13 14

1

2

3

4

5

E

R

P

A D F
′

❋✐❣✉r❡ ✷✳✷✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ n = 14 ♣❛r❛♠❡t❡rs P ❛♥❞ m = 5 ❝♦♥str❛✐♥ts R✳ ❚❤❡
r❡❝t❛♥❣❧❡s r❡♣r❡s❡♥t t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ♠❛tr✐① R✳ ❚❤❡ ❜❧❛❝❦ ❞♦ts ❛r❡ t❤❡ ♥♦♥③❡r♦
❡❧❡♠❡♥ts ♦❢ R✳ ◆♦t❡ t❤❛t ❡q✉❛t✐♦♥s 1 ❛♥❞ 3 ❛r❡ ♥♦t r❡❧❡✈❛♥t s✐♥❝❡ t❤❡② ❞♦ ♥♦t ✐♥✈♦❧✈❡
❛♥② ♣❛r❛♠❡t❡rs ♦❢ A ♦r D✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs 2✱ 4✱ 6✱ 8✱ 10✱ ❛♥❞ 11 ❛r❡
✜①❡❞ ❜✉t ♥♦t r❡❧❡✈❛♥t✳

✷✳✸ ❙♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡s ♦❢ A ❛♥❞ D✱ ❛♥❞ ♦❢ t❤❡ ♥❡✇ ✈❛❧✉❡s p′s✱ t❤❡ ♣r♦❜❧❡♠ ♠❛② ♦r ♠❛②

♥♦t ❤❛✈❡ ❛ s♦❧✉t✐♦♥✳

❲❡ s❛② t❤❛t ❛ ❣✐✈❡♥ ❝❤♦✐❝❡ ♦❢ A ❛♥❞ D ✐s str♦♥❣❧② s♦❧✈❛❜❧❡ ✐❢ ❢♦r ❛♥② ♣❛r❛♠❡t❡r ✈❡❝t♦r

p t❤❛t s❛t✐s✜❡s ❛❧❧ ❝♦♥str❛✐♥ts✱ ❛♥❞ ❛♥② ❛ss✐❣♥♠❡♥t ♦❢ ✈❛❧✉❡s ❢♦r p′A∪F t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥

p′′✱ t❤❛t s❛t✐s✜❡s ❛❧❧ ❝♦♥str❛✐♥ts✱ ✇✐t❤ p′′A = p′A ❛♥❞ p′′F = p′F ✳ ❚❤❛t ✐s✱ t❤❡ s❡t D ♦❢ ❞❡r✐✈❡❞

♣❛r❛♠❡t❡rs ♠✉st ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❛❧❧♦✇ ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♥❡✇ ✈❛❧✉❡s t♦ ❜❡ ❛ss✐❣♥❡❞

t♦ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ✐♥ A✱ ✇❤✐❧❡ s❛t✐s❢②✐♥❣ ❛❧❧ ❝♦♥str❛✐♥ts ❜② ❛ss✐❣♥✐♥❣ ❛♣♣r♦♣r✐❛t❡

♥❡✇ ✈❛❧✉❡s t♦ ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥ D✳

❲❡ s❛② t❤❡ ♣r♦❜❧❡♠ ✐s ✇❡❛❦❧② s♦❧✈❛❜❧❡ ✐❢ s✉❝❤ ❛ s♦❧✉t✐♦♥ ❡①✐sts ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❣✐✈❡♥

✈❛❧✉❡s p′A ❛♥❞ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ p′F ✳

✷✳✹ ❚❤❡ ♥❡❡❞ ❢♦r ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❡❞✐t✐♥❣ ♣❛r❛♠❡t❡rs ✇✐t❤ ❧✐♥❡❛r ❝♦♥str❛✐♥ts ♠❛② ✐♥✈♦❧✈❡ r❡❞✉♥❞❛♥t ❡q✉❛✲

t✐♦♥s✱ ✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ ❡❧✐♠✐♥❛t❡❞ t♦ ❝♦rr❡❝t❧② s♦❧✈❡ t❤❡ s②st❡♠✳ ❋♦r ❡①❛♠✲

♣❧❡✱ ✇❡ ♠❛② ❤❛✈❡ p1 + 2p2 = 0✱ p2 + p3 = 5✱ 2p3 − p1 = 10✳ ◆♦t❡ t❤❛t t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐s

❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ✜rst t✇♦✳

■♥ ❣❡♥❡r❛❧✱ ❛ ❝♦♥str❛✐♥t✲s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ❛ss✉♠❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s t♦❧❡r✲

❛♥t t♦ r♦✉♥❞✐♥❣ ❡rr♦rs✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡s❡ ❡rr♦rs✱ ✐♥ ❛♣♣r♦❛❝❤❡s t❤❛t ✉s❡ ✢♦❛t✐♥❣✲♣♦✐♥t

❛r✐t❤♠❡t✐❝✱ ❝❛♥ ❣❡♥❡r❛t❡ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ❝❛✉s✐♥❣ ❢❛✐❧✉r❡s ✐♥ t❤❡ r❡❧✐❛❜❧❡ ❞❡t❡❝t✐♦♥

♦❢ r❡❞✉♥❞❛♥❝✐❡s✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② ❛♥❞ ✐❣♥♦r❡ t❤❡ r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts ❜② ✉s✐♥❣ ❡①❛❝t ❛r✐t❤✲

♠❡t✐❝ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠s✳ ❋♦r t❤✐s t❛s❦✱ ✇❡ ✉s❡ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣✱

❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❋✐❣✉r❡ ✷✳✸ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✷❉❙❉ ❛❧❣♦✲

r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■ ♦❢ t❤✐s t❤❡s✐s✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ✉s❡ ♦❢ ❡①❛❝t ❛r✐t❤♠❡t✐❝ ✭t❤❡





❈❤❛♣t❡r ✸

❘❡❧❛t❡❞ ❲♦r❦

❚❤❡r❡ ❛r❡ ♠❛♥② s②st❡♠s ❢♦r ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♦❜❥❡❝ts ✉♥❞❡r ❧✐♥❡❛r ❛♥❞ ❛✣♥❡ ❝♦♥✲

str❛✐♥ts ❬✶✵✱ ✸✽✱ ✹✼✱ ✻✷✱ ✼✾❪✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛♥ ♦✈❡r✈✐❡✇ ❛❜♦✉t s♦♠❡ t❡❝❤♥✐q✉❡s✱

❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❢♦r ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣ ✇✐t❤ ❝♦♥str❛✐♥ts✳

✸✳✶ ❈♦♥str❛✐♥t✲❜❛s❡❞ ❡❞✐t✐♥❣ ❛♥❞ ♠♦❞❡❧✐♥❣

❚②♣✐❝❛❧ ❝♦♥str❛✐♥t✲❜❛s❡❞ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t♦rs r❡❝♦♠♣✉t❡ ❛❧❧ ♣❛r❛♠❡t❡rs ❛t ❡❛❝❤ ✉s❡r ❡❞✐t✐♥❣

r❡q✉❡st✱ ❛♥❞ ✉s❡ ♣❡♥❛❧t② t❡r♠s ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝❤❛♥❣❡s t♦ ♥♦♥✲❡❞✐t❡❞ ♣❛r❛♠❡t❡rs✳

❚❤❡ ▼❊❚❆❋❖◆❚ ❢♦♥t ❞❡s✐❣♥ s②st❡♠✱ ❞❡✈❡❧♦♣❡❞ ❜② ❑♥✉t❤ ✐♥ ✶✾✼✾ ❬✹✼❪✱ ❝❛♥ ❜❡ ✈✐❡✇❡❞

❛s ❛ ♣r❡❝✉rs♦r ♦❢ ❝♦♥str❛✐♥t✲❜❛s❡❞ ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣✳ ■t ✐s ❛ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ✇❤❡r❡

❢✉♥❝t✐♦♥ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ s✉❜❥❡❝t❡❞ t♦ ❧✐♥❡❛r ❛♥❞ ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ❧❡ts

t❤❡ ✉s❡r s♣❡❝✐❢② ❛♥② s✉❜s❡t ♦❢ ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✱ ❛✉t♦♠❛t✐❝❛❧❧② s♦❧✈✐♥❣ ❢♦r t❤❡ ♦t❤❡rs

✇❤❡♥ ❡♥♦✉❣❤ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ s♣❡❝✐✜❡❞✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ♥♦t ✐♥t❡r❛❝t✐✈❡✳

■♥ ✶✾✽✺✱ ◆❡❧s♦♥ ❬✻✷❪ ❞❡s❝r✐❜❡❞ ❏✉♥♦✱ ❛ ❝♦♥str❛✐♥t✲❜❛s❡❞ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t♦r ❢♦r ✷❉ ❞r❛✇✲

✐♥❣s✳ ▲❛t❡r✱ ❛♥ ❡①t❡♥❞❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡❞✐t♦r ✭❏✉♥♦✲✷✮ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❍❡②❞♦♥ ❛♥❞

◆❡❧s♦♥ ❬✸✽❪✳ ❲✐t❤ ❏✉♥♦✲✷✱ t❤❡ ✉s❡r ❝❛♥ ❣r❛♣❤✐❝❛❧❧② ❞❡✜♥❡ ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ❛r❡ s♦❧✈❡❞

❜② ❛ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥ s♦❧✈❡r ❝♦♠❜✐♥❡❞ ✇✐t❤ s♦♠❡ s②♠❜♦❧✐❝ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ✉s❡r ❝♦✉❧❞

❞❡✜♥❡ ❤✐♥ts ❢♦r ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs✳

✸✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ❜❛s✐s

❋♦r ❧✐♥❡❛r ❛♥❞ ❛✣♥❡ ❝♦♥str❛✐♥ts ✭✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s t❤❡s✐s✮✱ ❛ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ✐s

t♦ ♣r❡✲❝♦♠♣✉t❡ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s✐s ♦❢ ♣❛r❛♠❡t❡r ❝❤❛♥❣❡ ✈❡❝t♦rs t❤❛t ❤❛s s♠❛❧❧ s✉♣♣♦rt

❛♥❞ s♣❛♥s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝❤❛♥❣❡s ❛❧❧♦✇❡❞ ❜② t❤❡ ❝♦♥str❛✐♥ts❀ ❛♥❞ t❤❡♥ ❣✐✈❡ t❤❡

✉s❡r ❛ s❡♣❛r❛t❡ ✏❦♥♦❜✑ ❢♦r ❡❛❝❤ ✜♥✐t❡ ❡❧❡♠❡♥t✳

❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ❡❞✐t✐♥❣ ♦❢ s♣❧✐♥❡s ✇✐t❤ s♣❡❝✐✜❡❞ ❝♦♥t✐♥✉✐t②✳ ❊❛❝❤ ❜❛s✐s ❡❧❡✲

♠❡♥t ❤❛s ❡①❛❝t❧② ♦♥❡ ❡❞✐t❛❜❧❡ ✈❛❧✉❡ ✭t②♣✐❝❛❧❧② ❛ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥t ♦r ✈❛❧✉❡✮✱ t❤❡ ♦t❤❡r

❇é③✐❡r ♣♦✐♥ts ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤♦s❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜②

❙❝❤✉♠❛❦❡r ❬✺✵❪ ❛♥❞ ♦t❤❡rs ❬✾✸❪✳

❖♥❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t t❡❝❤♥✐q✉❡ ✐s t❤❡ ❇✲s♣❧✐♥❡ ❛♣♣r♦❛❝❤ ❬✷✺❪✱ ✇❤❡r❡

t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝♦♥tr♦❧ ♣♦✐♥t ❢♦r ❡❛❝❤ ♣❛t❝❤✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ s♣❧✐♥❡ ✐s ❛✉t♦♠❛t✐❝❛❧❧②

✷✼



❈❍❆P❚❊❘ ✸✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ✷✽

❝♦♥t✐♥✉♦✉s t♦ t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ♦r❞❡r✳ ❇✲s♣❧✐♥❡s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r t❡♥s♦r ✭q✉❛❞✲

r❛♥❣✉❧❛r ♦r ❤❡①❛❤❡❞r❛❧✮ t②♣❡ ♠❡s❤❡s ✇✐t❤ r❡❣✉❧❛r t♦♣♦❧♦❣② ❬✶✽✱ ✷✶❪❀ ❡①t❡♥❞✐♥❣ t❤❡♠ t♦

✐rr❡❣✉❧❛r ❛♥❞ s✐♠♣❧✐❝✐❛❧ ♠❡s❤❡s ✐s ♣♦ss✐❜❧❡✱ ❜✉t r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞ ❬✸✼❪✳

❖♥❡ s❡r✐♦✉s ❧✐♠✐t❛t✐♦♥ ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥t t❡❝❤♥✐q✉❡ ✐s t❤❛t t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s✐s ♠✉st

❜❡ r❡❝♦♠♣✉t❡❞ ❡✈❡r② t✐♠❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧♦✇❡❞ s♦❧✉t✐♦♥s ❝❤❛♥❣❡❀ t❤❛t ✐s✱ ❡✈❡r② t✐♠❡ t❤❡

s❡ts A ♦❢ ❛♥❝❤♦rs ❛♥❞ D ♦❢ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs ❝❤❛♥❣❡✳

✸✳✸ ❖♣t✐♠✐③❛t✐♦♥

❙✐♥❝❡ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ✉s✉❛❧❧② ✉♥❞❡r✲❞❡t❡r♠✐♥❛t❡✱ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ ♠✉st ❜❡ ❝❤♦s❡♥ ❜②

♦♣t✐♠✐③✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐❛✳

❙②st❡♠s ❧✐❦❡ ▼❊❚❆❋❖◆❚ ❬✹✼❪ ❜✉✐❧❞ t❤❡ s❡t ♦❢ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs D ✐♥❝r❡♠❡♥t❛❧❧② ❜②

❛❞❞✐♥❣ ♣❛r❛♠❡t❡rs t♦ ✐t ❛❝❝♦r❞✐♥❣ t♦ ❝❡rt❛✐♥ ❛❞ ❤♦❝ ♣r✐♦r✐t② r✉❧❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✈❛r✐❛❜❧❡s

t❤❛t ✇❡r❡ ♠♦st r❡❝❡♥t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡t ♦❢ ❛♥❝❤♦rs A ♦❢ ♣r❡✈✐♦✉s ❛❝t✐♦♥s ❤❛✈❡ ❧♦✇❡r

♣r✐♦r✐t②✳ ❖t❤❡r s②st❡♠s ❬✶✵✱ ✸✽✱ ✻✷❪ s♦❧✈❡ ❢♦r ❛❧❧ ❝♦♥str❛✐♥ts s✐♠✉❧t❛♥❡♦✉s❧② ❜② ❛♥ ✐t❡r❛t✐✈❡

❛❧❣♦r✐t❤♠ ✉s✐♥❣ t❤❡ ❝✉rr❡♥t s✐t✉❛t✐♦♥ p ❛s ❛ st❛rt✐♥❣ ❣✉❡ss✳

✸✳✸✳✶ ▲❡❛st sq✉❛r❡s

❚♦ ❤❛♥❞❧❡ ✉♥❞❡r✲❞❡t❡r♠✐♥❛t❡ ❝♦♥str❛✐♥ts✱ ✇❡ ✐♥st❡❛❞ ✉s❡ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ ❧❡❛st sq✉❛r❡s

✇✐t❤ ✜rst✲❞❡❣r❡❡ ❝♦♥str❛✐♥ts ❬✻✻❪ t♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ p′′D t❤❛t ✐s ❝❧♦s❡st t♦ t❤❡ ❤✐♥ts p′D✳

❚❤✐s t❡❝❤♥✐q✉❡ ✇❛s ✉s❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ▼❛s✉❞❛ ❡t ❛❧✳ ❬✺✼❪ ❢♦r s✉r❢❛❝❡ ♠❡s❤ ❡❞✐t✐♥❣✳ ■t

❛❧❧♦✇s ❡❞✐t✐♥❣ ❛♥② ❝♦♥tr♦❧ ♣♦✐♥t A = {k} ❛♥❞ ❝♦♠♣✉t❡s t❤❡ r❡♠❛✐♥✐♥❣ ♣♦✐♥ts ✐♥ D = P\A

❜② s♦❧✈✐♥❣ ❛ ❧✐♥❡❛r s②st❡♠ t❤❛t ❝♦♠❜✐♥❡s t❤❡ ❝r✐t❡r✐♦♥ ♦❢ ❧❡❛st sq✉❛r❡s ❛♥❞ t❤❡ ❝♦♥str❛✐♥t

❡q✉❛t✐♦♥s✳

❖✉r ♠❡t❤♦❞✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ ❞✐✛❡rs ❢r♦♠ ▼❛s✉❞❛✬s ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡

❛♣♣❧✐❝❛t✐♦♥ ♣r♦✈✐❞❡s✱ ❛t ❡❛❝❤ ❡❞✐t✐♥❣ ❡✈❡♥t✱ ❛ s♠❛❧❧ s✉❜s❡t D ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ❝❛♥ ❜❡

❝❤❛♥❣❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ✉s❡ ❡①❛❝t ❛r✐t❤♠❡t✐❝ t♦ r❡❧✐❛❜❧② ❞❡t❡❝t ✐♥❝♦♥s✐st❡♥t ♦r r❡❞✉♥❞❛♥t

❝♦♥str❛✐♥ts✳

▲❡❛st sq✉❛r❡s ✇❡r❡ ❛❧s♦ ✉s❡❞✱ ❜② ❙♦r❦✐♥❡ ❛♥❞ ❈♦❤❡♥✲❖r ❬✼✾❪ t♦ ❣❧♦❜❛❧❧② ❛♣♣r♦①✐♠❛t❡

♣♦✐♥ts ❣✐✈❡♥ ❜② ✸❉ tr✐❛♥❣✉❧❛r ♠❡s❤❡s✳ ❍♦✇❡✈❡r t❤✐s t❡❝❤♥✐q✉❡ ❤❛s ♥♦ ❝♦♥❝❡♣t ♦❢ s♣❧✐♥❡s

❛♥❞ s♠♦♦t❤♥❡ss✳ ❚❤❡ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞ ♦♥❧② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❧❡❛st sq✉❛r❡s✳



❈❤❛♣t❡r ✹

❇❛s✐❝ ❚♦♦❧s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ ✉s❡❞ t♦ s♦❧✈❡ ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ❡①❛❝t ✐♥t❡❣❡r

❛r✐t❤♠❡t✐❝✳ ❚❤✐s ♠❡t❤♦❞ ❞❡t❡❝ts ❛♥❞ ❡❧✐♠✐♥❛t❡s r❡❞✉♥❞❛♥❝✐❡s ❛♠♦♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦❢

t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❛✈♦✐❞s ❢❛✐❧✉r❡s ❞✉❡ t♦ r♦✉♥❞✐♥❣ ❡rr♦rs✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❞❡s❝r✐❜❡❞ t❤❡

✇❡✐❣❤t❡❞ ❛♥❞ ❝♦♥str❛✐♥t ❧❡❛st sq✉❛r❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ ❞❡s✐r❡❞

❛♥❞ ✜♥❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳

✹✳✶ ❋r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣

❚♦ ❡①❛❝t❧② s♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠ ✐♥ ❊q✉❛t✐♦♥ ✭✷✳✸✮ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ✐♥t❡❣❡rs✱ ✇❡

✉s❡ ❛ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ❬✹✸❪ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① A ✭m× n✮✱ ✇✐t❤ r❛♥❦ r✳ ■t

❝♦♥s✐sts ♦❢ ✜✈❡ ✐♥t❡❣❡r ♠❛tr✐❝❡s✿ ΠR ✭m×m✱ ❛ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ♦❢ r♦✇s✮✱ L ✭m× r✮✱

D ✭r × r✱ ❞✐❛❣♦♥❛❧✮✱ U ✭r × n✮✱ ❛♥❞ ΠC ✭n × n✱ ❛ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ♦❢ ❝♦❧✉♠♥s✮ s✉❝❤

t❤❛t

A = ΠRLD
−1UΠC. ✭✹✳✶✮

◆♦t❡ t❤❛t✱ t❤❡ ♠❛tr✐❝❡s ΠR ❛♥❞ ΠC ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ✐♥t❡❣❡r ✈❡❝t♦rs t♦ s❛✈❡ s♣❛❝❡✳

❚❤❡ ♠❛tr✐❝❡s L ❛♥❞ U ❤❛✈❡ s♣❡❝✐✜❝ str✉❝t✉r❡s✿

L =

(
L̂

L̃

)
❛♥❞ U =

(
Û Ũ

)
✭✹✳✷✮

✇❤❡r❡ L̂ ✐s ❛♥ r × r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✱ Û ✐s ❛♥ r × r ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✱ ❜♦t❤

✐♥✈❡rt✐❜❧❡✱ ❛♥❞ L̃✱ Ũ ❛r❡ ❛r❜✐tr❛r② ✐♥t❡❣❡r ♠❛tr✐❝❡s ✇✐t❤ s✐③❡s (m− r)× r ❛♥❞ r× (n− r)✱

r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠❛tr✐① A ❜❡❧♦✇ ❤❛s m = 5 r♦✇s✱ n = 4 ❝♦❧✉♠♥s✱ ❛♥❞ r❛♥❦ r = 3✿

✷✾
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A =




4 9 16 29

−1 −6 −19 −16

1 5 15 19

5 6 −1 −12

5 10 15 20




✭✹✳✸✮

■ts ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ✉s✐♥❣ ❢✉❧❧ ♣✐✈♦t✐♥❣ ✐s





















0 0 1 0 0

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1









































−1 0 0

1 1 0

4 15 −80

5 24 −164

5 20 −120





























−1 0 0

0 −1 0

0 0 −80









−1 







−1 −6 −16 −19

0 1 −3 4

0 0 −80 0























1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0















❆s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✻✱ t❤❡ ❢❛❝t♦r✐♥❣ ❡♥❛❜❧❡s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ Ax = b

❢♦r ❛♥② ✐♥t❡❣❡r ✈❡❝t♦r b✱ ②✐❡❧❞✐♥❣ ❛ r❛t✐♦♥❛❧ ✈❡❝t♦r x✳

✹✳✷ ❯s✐♥❣ t❤❡ ❤✐♥ts

❇❡s✐❞❡s ❡①❛❝t s②st❡♠ s♦❧✈✐♥❣✱ t❤❡ ♦t❤❡r ♠❛✐♥ t♦♦❧ t❤❛t ✇❡ ✉s❡ ✐s t❤❡ ❧❡❛st sq✉❛r❡s ✭q✉❛❞r❛t✐❝

♦♣t✐♠✐③❛t✐♦♥✮ ♠❡t❤♦❞ ✇✐t❤ ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✉s❡❞ ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ♠♦r❡

t❤❛♥ ♦♥❡ s♦❧✉t✐♦♥ p′′D✱ t♦ ✜♥❞ t❤❡ ♦♥❡ t❤❛t ✐s ❵❝❧♦s❡st✬ t♦ t❤❡ ❣✐✈❡♥ ❤✐♥ts p′D✳

●✐✈❡♥ ❛ ✈❡❝t♦r x′ = (x′1, ..., x
′
n) ♦❢ ❞❡s✐r❡❞ ✈❛❧✉❡s✱ ✇❡ ✇❛♥t t♦ ✜♥❞ ❛ ✈❡❝t♦r x′′ =

(x′′1, .., x
′′
n) ♦❢ ✈❛❧✉❡s t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❡❛❝❤ ♥❡✇ ✈❛❧✉❡ x′′s ❛♥❞ t❤❡

❞❡s✐r❡❞ ✈❛❧✉❡ x′s✱ ✇❤✐❧❡ s❛t✐s❢②✐♥❣ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts Ax′′ = b✱ ✇❤❡r❡ A ✐s ❛♥② m × n

♠❛tr✐① ❛♥❞ b ✐s ❛ ✈❡❝t♦r ♦❢ m ❡❧❡♠❡♥ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇❛♥t t♦ ✜♥❞ t❤❡ ✈❡❝t♦r x′′ t❤❛t

♠✐♥✐♠✐③❡s t❤❡ ❣♦❛❧ ❢✉♥❝t✐♦♥

S(x) =
n∑

s=1

ws(xs − x
′
s)

2 ✭✹✳✹✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ws ✐s ❛ ✇❡✐❣❤t t❤❛t ✐♥❞✐❝❛t❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❤♦♥♦r✐♥❣ t❤❡ ❤✐♥t x′s
✭t❤❡ ❤✐❣❤❡r t❤❡ ✇❡✐❣❤t ✈❛❧✉❡ ws ✐s✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r ✇❡✐❣❤ts✱ t❤❡ ♠♦r❡ t❤❡ ❛❧❣♦r✐t❤♠

✇✐❧❧ tr② t♦ ♠❛❦❡ ✈❛❧✉❡ x′′s ❝❧♦s❡ t♦ x′s✮✳

❚❤✐s s✉❜♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ s♦❧✈✐♥❣ ❛ ❧✐♥❡❛r s②st❡♠ t❤❛t ✐♥❝❧✉❞❡s t❤❡ ❡q✉❛t✐♦♥s Ax = b✱

❛s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ✾✳
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✹✳✸ ❘❡❞✉♥❞❛♥t ❡q✉❛t✐♦♥s

■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡r❡ ❛r❡ ♦❢t❡♥ r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ s♦♠❡ ♦❢ t❤❡

♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥s✐❞❡r❡❞ ✜①❡❞✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♦❢ t❤❡ s✉❜♣r♦❜❧❡♠s t❤❛t ✇❡ ♥❡❡❞ t♦ s♦❧✈❡

✐s t♦ ✐❞❡♥t✐❢② ❛♥❞ ✐❣♥♦r❡ s✉❝❤ r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts✳

❚❤✐s t❛s❦ ✐s ❛ s✐❞❡ ❡✛❡❝t ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♦❢ t❤❡ ♠❛tr✐①

A ♦❢ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ Ax = b✳

■❢ t❤❡ r❛♥❦ r ❞❡t❡r♠✐♥❡❞ ❞✉r✐♥❣ t❤❡ ❢❛❝t♦r✐♥❣ ✐s ❧❡ss t❤❛♥ m✱ ❛s ✐♥ ❡①❛♠♣❧❡ ✭✹✳✸✮✱ t❤❡

s②st❡♠ Ax = b ❤❛s r❡❞✉♥❞❛♥t ❡q✉❛t✐♦♥s✱ ❛♥❞ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②

Âx = b̂ ✭✹✳✺✮

✇❤❡r❡ Â ✐s ❛♥ r × n ♠❛tr✐① ✇❤✐❝❤ ✐s t❤❡ ✜rst r r♦✇s ♦❢ Π−1
R A = LD−1UΠC✱ t❤❛t ✐s✱

L̂D−1UΠC❀ ❛♥❞ b̂ ✐s ❛♥ r✲❡❧❡♠❡♥t ❝♦❧✉♠♥ ✈❡❝t♦r✱ ✇❤✐❝❤ ✐s t❤❡ ✜rst r r♦✇s ♦❢ Π−1
R b✳ ❋♦r

t❤❡ ❡①❛♠♣❧❡ ✹✳✸✱ ✇❡ ❤❛✈❡

Â =



−1 0 0

1 1 0

4 15 −80





−1 0 0

0 −1 0

0 0 −80



−1 

−1 −6 −16 −19

0 1 −3 4

0 0 −80 0







1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0




=



−1 −6 −19 −16

1 5 15 19

4 9 16 29


 ✭✹✳✻✮

✹✳✹ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs

❆s ♦❜s❡r✈❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ❡❛❝❤ ♣❛r❛♠❡t❡r ✐s ❛ ✈❡❝t♦r ❢r♦♠ s♦♠❡

❈❛rt❡s✐❛♥ s♣❛❝❡ Rd ❛♥❞ ❡❛❝❤ ❝♦♥str❛✐♥t ✐s ❛♥ ❛✣♥❡ ❡q✉❛t✐♦♥ ♦♥ ✈❡❝t♦rs ♦❢ Rd✳ ❋♦r ❡①❛♠♣❧❡✱

t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠ ❣❡♥❡r❛❧✐③❡s tr✐✈✐❛❧❧② t♦ t❤✐s ❝❛s❡✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐♥

P❛rts ■■ ❛♥❞ ■■■ ❤❛s d = 2✳

❚❤❡♥ ❡q✉❛t✐♦♥s ✭✷✳✶✮ ❛♥❞ ✭✹✳✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s RP = Q ❛♥❞ AX = B✱ ✇❤❡r❡ P ✱ Q✱

X✱ ❛♥❞ B ❛r❡ ♠❛tr✐❝❡s ✇✐t❤ d ❝♦❧✉♠♥s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

✇❡ ❝♦♥s✐❞❡r ✐♥ P❛rts ■■ ❛♥❞ ■■■✳ ❙♦✱ ✐♥ t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ♠❛❦❡ t❤✐s ❛ss✉♠♣t✐♦♥✳



❈❤❛♣t❡r ✺

❚❤❡ ❊❈▲❊❙ ▼❡t❤♦❞

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♦✉r ✐♥t❡r❛❝t✐✈❡ ❛♥❞ ❣❡♥❡r❛❧ ♣❛r❛♠✲

❡t❡r ❡❞✐t✐♥❣ ♠❡t❤♦❞✱ t❤❛t ✇❡ ❝❛❧❧ ❊❈▲❊❙ ✭❊❞✐t✐♥❣ ❜② ❈♦♥str❛✐♥❡❞ ▲❊❛st ❙q✉❛r❡s✮✳ ❚❤✐s

♠❡t❤♦❞ ✐s s✉✐t❛❜❧❡ ❢♦r ❡❞✐t✐♥❣ ❛♥② ❦✐♥❞ ♦❢ ♦❜❥❡❝t t❤❛t ✐s ❞❡✜♥❡❞ ❜② ♣❛r❛♠❡t❡rs s✉❜❥❡❝t t♦

❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳

❊❈▲❊❙ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❝♦♠♣✉t✐♥❣ ❛ s❡t ♦❢ ✈❛❧✉❡s P ′′
D ❢♦r ❛

❣✐✈❡♥ s❡t D ♦❢ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✱ s♦ ❛s t♦ s❛t✐s❢② ❛ s❡t ♦❢ ❧✐♥❡❛r ❝♦♥str❛✐♥ts ❛❢t❡r t❤❡ ✉s❡r

❝❤❛♥❣❡s t❤❡ ❛♥❝❤♦r ♣❛r❛♠❡t❡rs t♦ ❣✐✈❡♥ ✈❛❧✉❡s P ′
A✱ ❛♥❞ ♣r♦✈✐❞❡s ❤✐♥ts P ′

D ❢♦r t❤❡ ❞❡r✐✈❡❞

♦♥❡s✳

✺✳✶ ❙✐♠♣❧✐✜❡❞ ❞❡s❝r✐♣t✐♦♥

❚❤❡ ❊❈▲❊❙ ♠❡t❤♦❞ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡❞✉r❡s✱ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ❛♥❞ ❊❈▲❊❙✳❯♣❞❛t❡✳

❚❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡✱ ❞❡s❝r✐❜❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✐s ❝❛❧❧❡❞

✇❤❡♥ t❤❡ ✉s❡r ❝❤♦♦s❡s t❤❡ s❡ts A ❛♥❞ D ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❛❞❥✉st❡❞ t❤r♦✉❣❤ s♦♠❡

❡❞✐t✐♥❣ s♦❢t✇❛r❡ ✭t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡✮✳ ❚❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✐s t❤❡♥ ❝❛❧❧❡❞ ♦♥❡ ♦r

♠♦r❡ t✐♠❡s ❛s t❤❡ ✉s❡r s♣❡❝✐✜❡s ♥❡✇ ✈❛❧✉❡s P ′
A ❢♦r t❤❡ ❛♥❝❤♦rs✱ t♦ ♠♦❞✐❢② t❤♦s❡ ♣❛r❛♠❡t❡rs

s♦ t❤❛t ❛❧❧ ❝♦♥str❛✐♥ts r❡♠❛✐♥ s❛t✐s✜❡❞✳ ❙❡❡ ❋✐❣✉r❡ ✺✳✶✳

❆♣❧✐❝❛çã♦

❊❈▲❊❙

❊❈▲❊❙✳■♥✐t✐❛❧✐③❡

❊❈▲❊❙✳❯♣❞❛t❡

A✱ D✱ R

Q✱ P

Q✱ R✱ P ′

P ′′

D

A✱ F
′
✱ E✱ ΠR✱ L✱ D✱ U ✱ ΠC✱ r

❋✐❣✉r❡ ✺✳✶✿ ■♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❜❡t✇❡❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✳

✸✷



❈❍❆P❚❊❘ ✺✳ ❚❍❊ ❊❈▲❊❙ ▼❊❚❍❖❉ ✸✸

❚❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡ ✐❞❡♥t✐✜❡s t❤❡ s✉❜s❡t E ⊆ R ♦❢ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts

❛♥❞ t❤❡ s❡t F ′ ⊆ F ♦❢ t❤❡ ✜①❡❞ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs✳ ❚❤✐s ♣r♦❝❡ss r❡❞✉❝❡s t❤❡ ❡❞✐t✐♥❣

♣r♦❜❧❡♠ t♦ t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs A ∪ D ∪ F ′ ❛♥❞ t❤❡ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts E ✳ ❚❤❡

❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡ ❛❧s♦ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡r❡ ❛r❡ r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts ✐♥ t❤❡

s❡t E ✳

❖♣t✐♦♥❛❧❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ❛❧s♦ ✈❡r✐✜❡s ✐❢ t❤❡ s❡ts A ❛♥❞ D✱ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛✲

t✐♦♥✱ s❛t✐s❢② t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❊❈▲❊❙✳ ■♥ ❛♥② ❝❛s❡✱ ✐t r❡t✉r♥s t❤❡

❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ t❤❡ ♥♦♥✲r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts✱ ✐♥ ❢❛❝t♦r❡❞ ❢♦r♠✱ t♦ ❜❡ ✉s❡❞ ❜② t❤❡

❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡✳

❇❛s✐❝❛❧❧②✱ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡✱ ❞❡s❝r✐❜❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✱

s♦❧✈❡s t❤❡ ❧✐♥❡❛r s②st❡♠ t❤❛t ❝♦♠❜✐♥❡s t❤❡ s❡t ♦❢ ♥♦♥✲r❡❞✉♥❞❛♥t r❡❧❡✈❛♥t ❝♦♥str❛✐♥t✱ t❤❡

s♣❡❝✐✜❡❞ ❛♥❝❤♦r ✈❛❧✉❡s P ′
A✱ ❛♥❞ t❤❡ ❤✐♥ts P ′

D✱ ❛♥❞ ❝♦♠♣✉t❡s t❤❡ ❞❡r✐✈❡❞ ✈❛❧✉❡s P ′′
D✳

✺✳✷ ❚❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡

❆❢t❡r ❞❡✜♥✐♥❣ t❤❡ s❡t E ✱ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ❡①tr❛❝ts t❤❡ r❡❧❡✈❛♥t ❡q✉❛t✐♦♥s ❛♥❞ r❡✇r✐t❡s

t❤❡♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s②st❡♠ ✭✷✳✸✮✳

■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ♠❛② ❜❡ r❡❞✉♥❞❛♥❝✐❡s ✐♥ s②st❡♠ ✭✷✳✸✮✳ ❚❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦✲

❝❡❞✉r❡ ❝♦♠♣✉t❡s t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ✭❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✮ ♦❢ t❤❡ ♠❛✲

tr✐① RED ✐♥t♦ ✐♥t❡❣❡r ♠❛tr✐❝❡s L,D,U ✱ ❛♥❞ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐❝❡s ΠR ❛♥❞ ΠC✱ s✉❝❤ t❤❛t

RED = ΠRLD
−1UΠC✳ ■♥ t❤❡ ♣r♦❝❡ss✱ ✐t ♦❜t❛✐♥s t❤❡ r❛♥❦ r ♦❢ RED✳ ❚❤❡ ✜rst r r♦✇s ♦❢

Π−1
R RED ❛r❡ ❛ s❡t ♦❢ ♥♦♥✲r❡❞✉♥❞❛♥t ❡q✉❛t✐♦♥s✳ ❚❤❡s❡ st❡♣s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳

❆❧❣♦r✐t❤♠ ✶✿ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡

■♥♣✉t✿ A✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ a ❛♥❝❤♦r ♣❛r❛♠❡t❡rs❀
D✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ n ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs❀
R✿ l × c ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ ❛❧❧ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s❀
Q✿ m× j ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ ❛❧❧ ❝♦♥str❛✐♥ts❀
P ✿ n× j ♠❛tr✐① ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs❀
strong✿ ❜♦♦❧❡❛♥ ✢❛❣ r❡q✉❡st✐♥❣ str♦♥❣ s❛t✐s✜❛❜✐❧✐t②❀
method✿ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ❢❛❝t♦r✐♥❣✳

❖✉t♣✉t✿ F ′✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ f r❡❧❡✈❛♥t ✜①❡❞ ♣❛r❛♠❡t❡rs❀
E ✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ m r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts❀
ΠR, L,D, U,ΠC, r✿ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♦❢ RED✳

✶ ❜❡❣✐♥
✷ ✭E ✱ F ′✮ ← ❊❈▲❊❙✳❊①tr❛❝t❘❡❧❡✈❛♥t ✭A✱ D✱ R✮
✸ ✭ΠR✱ L✱ D✱ U ✱ ΠC✱ r✮ ← ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ✭RED✱ method✮
✹ ✐❢ strong t❤❡♥
✺ ✐❢ ♥♦t ❊❈▲❊❙✳❈❤❡❝❦❙tr♦♥❣❙♦❧✈❛❜✐t✐t② (R, E ,A,F ′, Q, P,ΠR, L, r) t❤❡♥
✻ ❡rr♦r ✏❙tr♦♥❣ s♦❧✈❛❜✐❧✐t② ✐s ♥♦t s❛t✐s✜❡❞✦✑
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■❢ t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳✷✮ ✐s r❡q✉✐r❡❞✱ t❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡✲

❞✉r❡ ❝❤❡❝❦s ✐t ✐♥ st❡♣ ✺✳ ■❢ t❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❊❈▲❊❙ ♠❡t❤♦❞ ✐s ♥♦t s❛t✐s✲

✜❡❞✱ t❤❡♥ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ✐s ♥♦t ❝❛❧❧❡❞✳ ❖t❤❡r✇✐s❡✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡t✉r♥❡❞ ❜② t❤❡

❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡ ✇✐❧❧ ❜❡ ✉s❡❞ ❜② t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✐♥ ♦r❞❡r t♦

❝♦♥str✉❝ts ❛ ♥♦♥✲r❡❞✉♥❞❛♥t ❧✐♥❡❛r s②st❡♠ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸✮✳

✺✳✷✳✶ ❚❤❡ ❊❈▲❊❙✳❊①tr❛❝t❘❡❧❡✈❛♥t ♣r♦❝❡❞✉r❡

❚❤❡ ❊❈▲❊❙✳❊①tr❛❝t❘❡❧❡✈❛♥t ♣r♦❝❡❞✉r❡ ✐❞❡♥t✐✜❡s t❤❡ ❡q✉❛t✐♦♥s ♦❢ R t❤❛t ❞❡♣❡♥❞ ♦♥ ❛♥②

♣❛r❛♠❡t❡r ♦❢ t❤❡ s❡ts A ♦r D✳ ❚❤❡ s❡t E ♦❢ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts ❝♦♥s✐sts ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳

❇❛s❡❞ ♦♥ t❤❡ s❡t E ✱ t❤❡ ❊❈▲❊❙✳❊①tr❛❝t❘❡❧❡✈❛♥t ♣r♦❝❡❞✉r❡ ❞❡✜♥❡s t❤❡ s❡t F ′ ♦❢ ✜①❡❞

r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs✳ ❚❤❡s❡ st❡♣s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳

❆❧❣♦r✐t❤♠ ✷✿ ❊❈▲❊❙✳❊①tr❛❝t❘❡❧❡✈❛♥t

■♥♣✉t✿ A✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ a ❛♥❝❤♦r ♣❛r❛♠❡t❡rs❀
D✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ n ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs❀
R✿ l × c ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ ❛❧❧ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s✳

❖✉t♣✉t✿ E ✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ m r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts❀
F ′✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ f r❡❧❡✈❛♥t ✜①❡❞ ♣❛r❛♠❡t❡rs✳

✶ ❜❡❣✐♥
✷ ❢♦r i← 1 t♦ l ❞♦
✸ ✐❢ (∃j ∈ {1, . . . , c}), j ∈ A ∪ D t❤❡♥
✹ E ← E ∪ {i}

✺ ❢♦r ❡❛❝❤ i ∈ E ❞♦
✻ ❢♦r j ← 1 t♦ c ❞♦
✼ ✐❢ ((RE)ij 6= 0) ❛♥❞ (j /∈ A ∪ D) t❤❡♥
✽ F ′ ← F ′ ∪ {j}

✺✳✷✳✷ ❚❤❡ ❊❈▲❊❙✳❈❤❡❝❦❙tr♦♥❣❙♦❧✈❛❜✐t✐t② ♣r♦❝❡❞✉r❡

❚❤❡ ❊❈▲❊❙✳❈❤❡❝❦❙tr♦♥❣❙♦❧✈❛❜✐t✐t② ♣r♦❝❡❞✉r❡ ✈❡r✐✜❡s ✇❤❡t❤❡r t❤❡ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts

❝❛♥ ❜❡ s❛t✐s✜❡❞ ❢♦r ❛♥② ❛ss✐❣♥♠❡♥t ♦❢ ✈❛❧✉❡s ♦❢ t❤❡ ❛♥❝❤♦r ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧

❥✉st✐✜❝❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✷✳✷✳ ❚❤❡s❡ st❡♣s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✸✳
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❆❧❣♦r✐t❤♠ ✸✿ ❊❈▲❊❙✳❈❤❡❝❦❙tr♦♥❣❙♦❧✈❛❜✐t✐t②

■♥♣✉t✿ R✿ l × c ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ ❛❧❧ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s✳❀

E ✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ m r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts❀

A✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ a ❛♥❝❤♦r ♣❛r❛♠❡t❡rs❀

F ′✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ f r❡❧❡✈❛♥t ✜①❡❞ ♣❛r❛♠❡t❡rs❀

Q✿ m× j ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ ❛❧❧ ❝♦♥str❛✐♥ts❀❀

P ✿ n× j ♠❛tr✐① ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs❀

ΠR✿ m×m ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ♦❢ r♦✇s❀

L✿ m× r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀

r✿ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐① RED✳

❖✉t♣✉t✿ ❇♦♦❧❡❛♥ ✢❛❣ ✐♥❞✐❝❛t✐♥❣ ✐❢ t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳

✶ ❜❡❣✐♥

✷ C ← Π−1
R (QE −REF ′PF ′)

✸ K ← Π−1
R REA

✹ ✭Ĉ, C̃✮ ← ▲✐♥❙②s✳❙♣❧✐t❘♦✇s✭C, r✮

✺ ✭K̂, K̃✮ ← ▲✐♥❙②s✳❙♣❧✐t❘♦✇s✭K, r✮

✻ X1 ← L̂−1Ĉ

✼ X2 ← L̂−1K̂

✽ Y1 ← L̃X1

✾ Y2 ← L̃X2

✶✵ r❡t✉r♥ Y1 = C̃ ❛♥❞ Y2 = K̃

✺✳✸ ❚❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡

■❢ str♦♥❣ s♦❧✈❛❜✐❧✐t② ✇❛s ♥♦t ❝❤❡❝❦❡❞ ✐♥ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡✱ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡

✜rst ✉s❡s t❤❡ ♠❡t❤♦❞✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✶✱ t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡ ✇❡❛❦ s♦❧✈❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✭✷✳✸✮ ✐s s❛t✐s✜❡❞ ❢♦r t❤❡ ❣✐✈❡♥ ✈❛❧✉❡s P ′
A ❛♥❞ ❝✉rr❡♥t ✈❛❧✉❡s

♦❢ PF ′ ✳ ❚❤❛t ✐s✱ ✐❢ t❤❡r❡ ✐s ❛ ❞✐s♣❧❛❝❡♠❡♥t P ′′
D ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts s✉❝❤ t❤❛t ❛❧❧ ❝♦♥str❛✐♥ts

✐♥ RE ❛r❡ s❛t✐s✜❡❞✳ ❲❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✱ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡

r❡t✉r♥s ❛ ♠❡ss❛❣❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♥♦t✐❢②✐♥❣ t❤❛t t❤❡ s♣❡❝✐✜❡❞ ❛♥❝❤♦r ♣❛r❛♠❡t❡r ✈❛❧✉❡s

❛r❡ ♥♦t ✈❛❧✐❞✳ ❚❤❡♥✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♣r♦❝❡❞✉r❡ ❝❛♥❝❡❧s t❤❡ ❡❞✐t✐♥❣ ❛❝t✐♦♥ ❛♥❞ t❤❡ ✉s❡r

♠✉st s❡❧❡❝t ♥❡✇ ✈❛❧✉❡s ❢♦r t❤❡ ❛♥❝❤♦rs✳

❖t❤❡r✇✐s❡✱ ✐❢ t❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ t❤❡ ✈❛❧✉❡s P ′′
D ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣❛r❛♠✲

❡t❡rs ❛r❡ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡✱ ❡❛❝❤ t✐♠❡ t❤❡ s✉❣❣❡st❡❞ ✈❛❧✉❡s P ′
D

❛r❡ ❣✐✈❡♥ ❜② t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡✱ ❜② s♦❧✈✐♥❣ t❤❡ s②st❡♠

ÂP ′′
D = B̂ ✭✺✳✶✮

✇❤❡r❡ Â ✐s t❤❡ ✜rst r r♦✇s ♦❢ LD−1UΠC ❛♥❞ B̂ ✐s t❤❡ ✜rst r r♦✇s ♦❢ Π−1
R B✱ ♦❜t❛✐♥❡❞ ❢r♦♠

t❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡✳

❚❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡ s♦❧✈❡s t❤❡ ❧❡❛st sq✉❛r❡s s②st❡♠✱ ❡q✉❛t✐♦♥s ✭✾✳✻✮ ❛♥❞ ✭✾✳✽✮✱

♦❜t❛✐♥✐♥❣ t❤❡ ♥❡✇ ❝♦♠♣✉t❡❞ ✈❛❧✉❡s P ′′
D ❢♦r t❤❡ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❞❡✲

s❝r✐❜❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✾✳✶✳
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❚❤❡ st❡♣s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✹✳

❆❧❣♦r✐t❤♠ ✹✿ ❊❈▲❊❙✳❯♣❞❛t❡

■♥♣✉t✿ A✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ a ❛♥❝❤♦r ♣❛r❛♠❡t❡rs❀
F ′✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ f r❡❧❡✈❛♥t ✜①❡❞ ♣❛r❛♠❡t❡rs❀
E ✿ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ m r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts❀
R✿ l × c ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ ❛❧❧ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s❀
Q✿ m× j ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ ❛❧❧ ❝♦♥str❛✐♥ts❀
ΠR, L,D, U,ΠC, r✿ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♦❢ RED❀
P ′✿ n× j ♠❛tr✐① ♦❢ t❤❡ s✉❣❣❡st❡❞ ✈❛❧✉❡s ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs✳

❖✉t♣✉t✿ P ′′
D✿ n× j ♠❛tr✐① ♦❢ t❤❡ ♥❡✇ ✈❛❧✉❡s ♦❢ t❤❡ n ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✳

✶ ❜❡❣✐♥
✷ B ← QE −REAP

′
A −REF ′PF ′

✸ ✭B̂✱ B̃✮ ← ▲✐♥❙②s✳❙♣❧✐t❘♦✇s✭Π−1
R B, r✮

✹ ✭L̂, L̃✮ ← ▲✐♥❙②s✳❙♣❧✐t❘♦✇s✭L, r✮

✺ ✐❢ ❊❈▲❊❙✳❈❤❡❝❦❲❡❛❦❙♦❧✈❛❜✐t✐t②✭L̂✱ L̃✱ B̂✱ B̃✮ t❤❡♥

✻ P ′′
D ← ▲❙◗✳❙♦❧✈❡ ✭M ✱ L̂✱ D✱ U ✱ ΠC✱ B̂✱ P ′✮

✼ ❡❧s❡
✽ ❡rr♦r ✏❲❡❛❦ s♦❧✈❛❜✐❧✐t② ✐s ♥♦t s❛t✐s✜❡❞✦✑

✺✳✸✳✶ ❚❤❡ ❊❈▲❊❙✳❈❤❡❝❦❲❡❛❦❙♦❧✈❛❜✐t✐t② ♣r♦❝❡❞✉r❡

❚❤❡ ❊❈▲❊❙✳❈❤❡❝❦❲❡❛❦❙♦❧✈❛❜✐t✐t② ♣r♦❝❡❞✉r❡ ✈❡r✐✜❡s ✇❤❡t❤❡r t❤❡ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts

❝❛♥ ❜❡ s❛t✐s✜❡❞ ❢♦r ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ t❤❡ ❛♥❝❤♦r ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥

✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✷✳✶✳ ❚❤❡s❡ st❡♣s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✺✳

❆❧❣♦r✐t❤♠ ✺✿ ❊❈▲❊❙✳❈❤❡❝❦❲❡❛❦❙♦❧✈❛❜✐t✐t②

■♥♣✉t✿ L̂✿ r × r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
L̃✿ (m− r)× r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀

B̂✿ r × r ♠❛tr✐① ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
B̃✿ (m− r)× r ♠❛tr✐① ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts✳

❖✉t♣✉t✿ ❇♦♦❧❡❛♥ ✢❛❣ ✐♥❞✐❝❛t✐♥❣ ✐❢ t❤❡ ✇❡❛❦ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳
✶ ❜❡❣✐♥

✷ X ← L̂−1B̂

✸ Y ← L̃X

✹ r❡t✉r♥ Y = B̃



❈❤❛♣t❡r ✻

❋r❛❝t✐♦♥✲❋r❡❡ ▲❉❯ ❋❛❝t♦r✐♥❣

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ s♦❧✈❡ ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ✐♥t❡❣❡r ❝♦✲

❡✣❝✐❡♥ts✳ ❲❡ ♥❡❡❞ t♦ ❡①❛❝t❧② s♦❧✈❡ t❤❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ ❢♦r ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t

❡q✉❛t✐♦♥s✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❤❛s ❞❡s❝r✐❜❡❞ ❜② ❏❡✛r❡② ❬✹✸❪✳ ❲❡ r❡✐♠♣❧❡♠❡♥t❡❞ ❤✐s ❛❧❣♦r✐t❤♠

✇✐t❤ ♠✐♥♦r ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♣✐✈♦t✐♥❣ str❛t❡❣② ✭❢✉❧❧ ♣✐✈♦t✐♥❣ ✐♥st❡❛❞ ♦❢ ♣❛rt✐❛❧ ♣✐✈♦t✐♥❣✮

❝♦❧✉♠♥ ♣❡r♠✉t❛t✐♦♥✳

✻✳✶ ❚❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♣r♦❝❡❞✉r❡ ✉s❡❞ ❜② ❊❈▲❊❙✳ ❚❤❡

❢❛❝t♦r✐③❛t✐♦♥ ✭✹✳✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣ t❤❡ ●❛✉ss✲❏♦r❞❛♥ ❡❧✐♠✐♥❛t✐♦♥ ❛❧❣♦r✐t❤♠

t♦ ✉s❡ ❢r❛❝t✐♦♥✲❢r❡❡ ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝ t❤❛t ✉s❡s ❝r♦ss ♠✉❧t✐♣❧✐❝❛t✐♦♥ t♦ ❛✈♦✐❞ ❢r❛❝t✐♦♥s✳

◆❛♠❡❧②✱ ✇❡ ✉s❡ t❤❡ ♣✐✈♦t ✈❛❧✉❡ t♦ ♠✉❧t✐♣❧② t❤❡ t❛r❣❡t r♦✇✱ ✐♥st❡❛❞ ♦❢ ❞✐✈✐❞✐♥❣ t❤❡ ♣✐✈♦t

r♦✇✳ ❆s ✇❡ s❤❛❧❧ s❡❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ s✐♠♣❧✐❢② t❤❡ ♠❛tr✐❝❡s ❞✉r✐♥❣ t❤✐s ❛❧❣♦r✐t❤♠ ❜②

r❡♠♦✈✐♥❣ ❝♦♠♠♦♥ ❢❛❝t♦rs ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❡❛❝❤ ❡q✉❛t✐♦♥✳

❚❤❡ ❢❛❝t♦r✐♥❣ ✐s ❡①❡❝✉t❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ✭❆❧❣♦r✐t❤♠ ✻✮ ✇❤✐❝❤

❢❛❝t♦rs t❤❡ ♠❛tr✐① A ✐♥t♦ ♠❛tr✐❝❡s ΠR✱ L✱ D
−1✱ U ❛♥❞ ΠC✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♠❛tr✐❝❡s ΠR ❛♥❞

ΠC ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ✐♥t❡❣❡r ✈❡❝t♦rs t♦ s❛✈❡ s♣❛❝❡✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞

t❤❛♥ ♥❡❝❡ss❛r② ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t❤❡ ✉s❡r t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ t❤r❡❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞s✱

❛s ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ♦♥✳

❚❤❡ r❛♥❦ r ♦❢ t❤❡ ♠❛tr✐① ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥③❡r♦ r♦✇s ♦❢ t❤❡ tr✐❛♥❣✉❧❛r✐③❡❞ ♠❛tr✐①

U ✳ ■♥ st❡♣ ✶✺ ♦❢ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r✱ t❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❘❡♠♦✈❡◆✉❧❧P❛rts ❞✐s❝❛r❞s

❛❧❧ ③❡r♦ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❛tr✐❝❡s L✱ D✱ ❛♥❞ U ✳

❚❤❡ ♠❛✐♥ ❧♦♦♣ ✐♥✈❛r✐❛♥t ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✭■✶✮ st❛t❡s t❤❛t ❢♦r♠✉❧❛ ✭✹✳✶✮ ✐s ✈❛❧✐❞❀ t❤❛t

✐s✱ t❤❡ ♠❛tr✐❝❡s ΠR✱ L✱ D
−1✱ U ❛♥❞ ΠC✱ ✐♥ t❤❛t ♦r❞❡r✱ ❛r❡ ❛ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t

❛rr❛② A✳ ❚❤✐s ✐♥✈❛r✐❛♥t ✐s tr✉❡ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❡✈❡r② st❡♣✳

✸✼



❈❍❆P❚❊❘ ✻✳ ❋❘❆❈❚■❖◆✲❋❘❊❊ ▲❉❯ ❋❆❈❚❖❘■◆● ✸✽

❆❧❣♦r✐t❤♠ ✻✿ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r

■♥♣✉t✿ A✿ m× n ♠❛tr✐① ♦❢ ✐♥t❡❣❡rs❀
method✿ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞✿ ✏◆♦♥❡✑✱ ✏●❈❉✑ ♦r ✏❚✉r♥❡r✑✳

❖✉t♣✉t✿ ΠR✿ m×m r♦✇ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①❀
L✿ m× r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
D✿ r × r ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
U ✿ r × n ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
ΠC✿ n× n ❝♦❧✉♠♥ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①❀
r✿ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐① A✳

✶ ❜❡❣✐♥
✷ ΠR ← Im×m❀ L← Im×m❀ D ← Im×m❀ U ← Am×n❀ ΠC ← In×n

✸ i← 1❀ j ← n
✹ ✇❤✐❧❡ i ≤ m ❛♥❞ i ≤ j ❞♦
✺ (j,ΠR, L, U,ΠC)← ▲✐♥❙②s✳P✐✈♦t✭i, j,m, n,ΠR, L, U,ΠC✮
✻ ✐❢ Uii 6= 0 t❤❡♥
✼ ✐❢ i = 1 t❤❡♥
✽ (L,D,U)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇✭i− 1, i, n,m, L,D, U,method✮

✾ Lii ← LiiUii ❀ Dii ← DiiUii

✶✵ ❢♦r t ❢r♦♠ i+ 1 t♦ m ❞♦
✶✶ (L,D,U)← ▲✐♥❙②s✳❊❧✐♠✐♥❛t❡❱❛r✐❛❜❧❡✭i, t, n, L,D, U✮
✶✷ (L,D,U)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇✭i, t, n, L,D, U,method✮

✶✸ (L,D)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥✭i,m, L,D,method✮
✶✹ i← i+ 1

✶✺ r ← i− 1❀ (L,D,U)← ▲✐♥❙②s✳❘❡♠♦✈❡◆✉❧❧P❛rts✭L,D,U, r✮

❆ s❡❝♦♥❞❛r② ❧♦♦♣ ✐♥✈❛r✐❛♥t ✭■✷✮ s❛②s t❤❛t t❤❡ ♠❛tr✐❝❡s L ❛♥❞ U ❛r❡ ♣❛rt✐❛❧❧② tr✐❛♥❣✉❧❛t❡❞

❛♥❞ t❤❡ r❛♥❦ ♦❢ A ✐s ❛t ❧❡❛st i✳ ❙♣❡❝✐✜❝❛❧❧②✿

• t❤❡ ✜rst i− 1 r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ U ❛r❡ ❛♥ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ ♥♦♥③❡r♦

❡❧❡♠❡♥ts ✐♥ t❤❡ ❞✐❛❣♦♥❛❧❀

• t❤❡ ❡❧❡♠❡♥ts ✐♥ r♦✇s i t♦ m ❛♥❞ ❝♦❧✉♠♥s 1 t♦ i− 1 ❛♥❞ j + 1 t♦ n ♦❢ U ❛r❡ ③❡r♦❀

• t❤❡ ✜rst i − 1 r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ L ❛r❡ ❛ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ ♥♦♥③❡r♦

❡❧❡♠❡♥ts ✐♥ t❤❡ ❞✐❛❣♦♥❛❧❀

• ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ D ❛r❡ ♥♦♥③❡r♦❀

• t❤❡ ❡❧❡♠❡♥ts ✐♥ r♦✇s 1 t♦ i− 1 ❛♥❞ ❝♦❧✉♠♥s i t♦ m ♦❢ L ❛r❡ ③❡r♦❀

• r♦✇s i t♦ m ❛♥❞ ❝♦❧✉♠♥s i t♦ m ♦❢ L ❛r❡ ❛♥ ✐❞❡♥t✐t② ♠❛tr✐①✳

▲♦♦♣ ✐♥✈❛r✐❛♥t ■✷ ✐s tr✉❡ ❜❡❢♦r❡ st❡♣ ✷ ❛♥❞ ❛❢t❡r st❡♣ ✶✹✱ ✐♥❝❧✉s✐✈❡✳ ❙❡❡ ❋✐❣✉r❡ ✻✳✶✳

■♥ ❛❞❞✐t✐♦♥✱ ❛❢t❡r st❡♣ ✸ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿ t❤❡ ❡❧❡♠❡♥t Uii ✐s ♥♦♥③❡r♦ ❛♥❞

❡❧❡♠❡♥ts Ui+1,j t♦ Umj ❛r❡ ❛❧❧ ③❡r♦ ✭✐♥✈❛r✐❛♥t ■✷′✮✳

❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡ ✇❤❡♥ j < i✱ t❤❛t ✐s✱ r♦✇s i t♦ m ♦❢ U ❛r❡ ③❡r♦✳
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ΠR

ΠC

L D U

1

✳

✳

✳

m

1 . . . m

1

✳

✳

✳

i
✳

✳

✳

m

1 . . . i . . . m

1

✳

✳

✳

i
✳

✳

✳

m

1 . . . i . . . m

1

✳

✳

✳

i
✳

✳

✳

m

1 . . . i . . . j . . . n

1

✳

✳

✳

n

1 . . . n

❋✐❣✉r❡ ✻✳✶✿ ■♥✈❛r✐❛♥t ■✷ ♦❢ ❆❧❣♦r✐t❤♠ ✻✳ ❚❤❡ ❣r❛② ♣❛rts ❛r❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts✳

✻✳✷ P✐✈♦t✐♥❣

❚❤❡ ❛✉①✐❧✐❛r② ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳P✐✈♦t s✇❛♣s t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ L✱ D✱ U ✭❛♥❞ ΠR✱

ΠC✮ t♦ ❜r✐♥❣ t❤❡ ❝❤♦s❡♥ ♣✐✈♦t ❡❧❡♠❡♥t Uks t♦ ♣♦s✐t✐♦♥ Uii✳ ■t ♠❛② ❛❧s♦ r❡❞✉❝❡ j✳

❆❧❣♦r✐t❤♠ ✼✿ ▲✐♥❙②s✳P✐✈♦t

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀

j✿ ❧❛st ❝♦❧✉♠♥ ♥♦♥③❡r♦ ✐♥ ♠❛tr✐① U ❀

m✿ ♥✉♠❜❡r ♦❢ r♦✇s ✐♥ ♠❛tr✐① A❀

n✿ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥ ♠❛tr✐① A❀

ΠR, L, U,ΠC✿ ❢❛❝t♦r✐♥❣ s❛t✐s❢②✐♥❣ ✐♥✈❛r✐❛♥ts ■✶ ❛♥❞ ■✷✳

❖✉t♣✉t✿ j✿ ❧❛st ❝♦❧✉♠♥ ♥♦♥③❡r♦ ✐♥ ♠❛tr✐① U ❀

ΠR, L, U,ΠC✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳

✶ ❜❡❣✐♥

✷ x← i+ 1❀ y ← i❀ s← i❀ t← i❀

✸ (U,ΠC, j)← ▲✐♥❙②s✳●❛t❤❡r◆♦♥③❡r♦❈♦❧✉♠♥s✭i, j, U,ΠC✮

✹ ✐❢ j < i t❤❡♥

✺ r❡t✉r♥ (j,ΠR, L, U,ΠC)

✻ pivot← Uii

✼ ❢♦r p ❢r♦♠ i t♦ m ❞♦

✽ ❢♦r q ❢r♦♠ i t♦ j ❞♦

✾ ✐❢ Upq 6= 0 ❛♥❞ (pivot = 0 ♦r |Upq| < |pivot|) t❤❡♥

✶✵ pivot← Upq❀

✶✶ s← p❀ t← q

✶✷ ✐❢ pivot = 0 t❤❡♥

✶✸ j ← i− 1

✶✹ r❡t✉r♥ (j,ΠR, L, U,ΠC)

✶✺ ✐❢ i 6= t t❤❡♥

✶✻ (U,ΠC)← ▲✐♥❙②s✳❙✇❛♣❈♦❧✉♠♥s✭i, t, U,ΠC✮

✶✼ ✐❢ i 6= s t❤❡♥

✶✽ (ΠR, L,D, U)← ▲✐♥❙②s✳❙✇❛♣❘♦✇s✭i, s,ΠR, L,D, U✮
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✻✳✸ ❱❛r✐❛❜❧❡ ❡❧✐♠✐♥❛t✐♦♥

❚❤❡ ❛✉①✐❧✐❛r② ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❊❧✐♠✐♥❛t❡❱❛r✐❛❜❧❡ ♠♦❞✐✜❡s t❤❡ ♠❛tr✐① U s♦ t❤❛t r♦✇

t ✭> i✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ♣❡r♠✉t❡❞ ✈❛r✐❛❜❧❡ i✳

❆❧❣♦r✐t❤♠ ✽✿ ▲✐♥❙②s✳❊❧✐♠✐♥❛t❡❱❛r✐❛❜❧❡

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
t✿ ♥❡①t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
n✿ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥ ♠❛tr✐① A❀
L,D,U ✿ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢❛❝t♦r✐♥❣✳

❖✉t♣✉t✿ L,D,U ✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ Lti ← LttUti

✸ Dtt ← DttUii

✹ ❢♦r s ❢r♦♠ i+ 1 t♦ n ❞♦
✺ Uts ← (Uii Uts)− (Uti Uis)

✻ Uti ← 0

❖♥ ✐♥♣✉t✱ ✐♥✈❛r✐❛♥ts ■✶ ❛♥❞ ■✷′ ❛r❡ ✈❛❧✐❞✳ ❖♥ ♦✉t♣✉t✱ r♦✇ t ♦❢ U ✱ Lti✱ ❛♥❞ Dtt ❛r❡ ♠♦❞✐✜❡❞

s♦ t❤❛t ✐♥✈❛r✐❛♥ts ■✶ ❛♥❞ ■✷′ ❛r❡ st✐❧❧ ✈❛❧✐❞✱ ❛♥❞ Uti = 0✳

✻✳✹ ❘♦✇ ❛♥❞ ❝♦❧✉♠♥ s✐♠♣❧✐✜❝❛t✐♦♥

❚❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇ ❡❧✐♠✐♥❛t❡s ❝♦♠♠♦♥ ❢❛❝t♦rs ♦❢ t❤❡ r♦✇ t ♦❢ t❤❡

♠❛tr✐① U ✱ ❛❞❥✉st✐♥❣ L ❛♥❞ D s♦ t❤❛t ✐♥✈❛r✐❛♥t ■✶ ✐s ♣r❡s❡r✈❡❞✳ ■t ❞♦❡s ♥♦t ❛✛❡❝t ✐♥✈❛r✐❛♥t

■✷′✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡t❤♦❞ ❛r❣✉♠❡♥t✱ ✐t ❝❛♥ ✉s❡ ●❈❉ ✭●r❡❛t❡st ❈♦♠♠♦♥ ❉✐✈✐s♦r✮

❡❧✐♠✐♥❛t✐♦♥✱ ♦r ❚✉r♥❡r✬s ●❈❉✲❢r❡❡ ♠❡t❤♦❞✱ ♦r ✭❢♦r ❝♦♠♣❛r✐s♦♥ ♣✉r♣♦s❡s✮ ♥♦ s✐♠♣❧✐✜❝❛t✐♦♥

❛t ❛❧❧✳ ❙❡❡ ❈❤❛♣t❡r ✼✳

❆❧❣♦r✐t❤♠ ✾✿ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
t✿ ♥❡①t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
n✿ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥ ♠❛tr✐① A❀
L,D,U ✿ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢❛❝t♦r✐♥❣❀
method✿ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞✿ ✏◆♦♥❡✑✱ ✏●❈❉✑ ♦r ✏❚✉r♥❡r✑✳

❖✉t♣✉t✿ L,D,U ✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ ✐❢ method = “GCD′′ t❤❡♥
✸ (L,U)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇●❈❉✭i, t, n, L, U✮

✹ ❡❧s❡ ✐❢ method = “Turner′′ t❤❡♥
✺ (D,U)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇❚✉r♥❡r✭i, t, n,D, U✮

■❢ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥method ✐s ✏●❈❉✑✱ t❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥ ❡❧✐♠✐♥❛t❡s

❝♦♠♠♦♥ ❢❛❝t♦rs ♦❢ t❤❡ ❝♦❧✉♠♥ i ♦❢ t❤❡ ♠❛tr✐① L✱ ❛❞❥✉st✐♥❣ D s♦ t❤❛t ✐♥✈❛r✐❛♥t ■✶ ✐s
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♣r❡s❡r✈❡❞✳ ❙❡❡ ❈❤❛♣t❡r ✼✳ ■t ❞♦❡s ♥♦t ❛✛❡❝t ✐♥✈❛r✐❛♥t ■✷′✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t❤✐♥❣

✇❤❡♥ method ✐s ✏❚✉r♥❡r✑ ♦r ✏◆♦♥❡✑✳

❆❧❣♦r✐t❤♠ ✶✵✿ ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
m✿ ♥✉♠❜❡r ♦❢ r♦✇s ✐♥ ♠❛tr✐① A❀
L,D✿ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢❛❝t♦r✐♥❣❀
method✿ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞✿ ✏◆♦♥❡✑✱ ✏●❈❉✑ ♦r ✏❚✉r♥❡r✑✳

❖✉t♣✉t✿ L,D✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ ✐❢ method = “GCD′′ t❤❡♥
✸ (L,D)← ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥●❈❉✭i,m, L,D✮

✻✳✺ ❈♦♠♣✉t✐♥❣ ❝♦st

❚❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ✭❆❧❣♦r✐t❤♠ ✻✮ ❡①❡❝✉t❡s Θ(m2n) ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s

❢♦r ❛ ❣❡♥❡r❛❧ m × n ♠❛tr✐① ♦❢ r❛♥❦ m✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ t✲❜✐t ♥✉♠❜❡rs t❛❦❡s t✐♠❡

Θ(t2)✳ ❙✐♥❝❡ t❤❡ ❜✐t s✐③❡ ♦❢ t❤❡ ♠❛tr✐① ❡♥tr✐❡s ❣r♦✇s ❧✐❦❡ Θ(m) ✭✇❤❡t❤❡r ✇✐t❤ ●❈❉ ♦r

❚✉r♥❡r✬s s✐♠♣❧✐✜❝❛t✐♦♥✮✱ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ❛❧❣♦r✐t❤♠ ✐s Θ(m4n)✳



❈❤❛♣t❡r ✼

❙✐♠♣❧✐✜❝❛t✐♦♥ ❚❡❝❤♥✐q✉❡s ❢♦r ▲❉❯

❋❛❝t♦r✐♥❣

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❥✉st✐❢② t❤❡ ♥❡❡❞ ❢♦r ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❝♦♠♠♦♥ ❢❛❝t♦rs ♣r❡s❡♥t✐♥❣ t❤❡

♣❧❛✐♥ ❢r❛❝t✐♦♥✲❢r❡❡ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥✱ ❛♥❞ ❞❡s❝r✐❜❡ t✇♦ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ✭●❈❉

❛♥❞ ❚✉r♥❡r✮✳ ❲❡ ❝♦♠♣❛r❡ ❜♦t❤ ♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ♦❢ t❤❡ ♠❛tr✐①

❡❧❡♠❡♥ts r❡s✉❧t✐♥❣ ♦❢ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹

✼✳✶ P❧❛✐♥ ❢r❛❝t✐♦♥✲❢r❡❡ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❬✽✼❪ s❤♦✇s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❢r❛❝t✐♦♥✲❢r❡❡ ●❛✉ss✲

❏♦r❞❛♥ ❡❧✐♠✐♥❛t✐♦♥ ♦♥ ❛ ♠❛tr✐① A ✇✐t❤♦✉t ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❝♦♠♠♦♥ ❢❛❝t♦rs✱ ♦❜t❛✐♥✐♥❣ t❤❡

♠❛tr✐① U ✳ ❲❡ ♦♠✐t t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ L ❛♥❞ D ♠❛tr✐❝❡s ❛♥❞ t❤❡ ♣✐✈♦t✐♥❣ st❡♣✱ ❢♦r

❝❧❛r✐t②✳

A = U =




8 7 4 1

4 6 7 3

6 3 4 6

4 5 8 2


→




8 7 4 1

0 20 40 20

0 −18 8 42

0 12 48 12




→




8 7 4 1

0 20 40 20

0 0 880 1200

0 0 480 0


→




8 7 4 1

0 20 40 20

0 0 880 1200

0 0 0 −576000




❆ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠ ✇❤❡♥ ✉s✐♥❣ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t t❤❡ ❜✐t s✐③❡ ♦❢ t❤❡ ✐♥t❡❣❡rs ❣❡♥❡r❛t❡❞

❞✉r✐♥❣ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s ❬✸✸❪✳ ■♥ t❤✐s

❡①❛♠♣❧❡✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❛tr✐① U ❛r❡ ✐♥ s✐❣♥❡❞ ✸✲❜✐t ✐♥t❡❣❡rs ✭❡①❝❧✉❞✐♥❣

s✐❣♥✮ ❜✉t t❤❡ r❡s✉❧t✐♥❣ U ♠❛tr✐① ❤❛s ✷✶✲❜✐t ✐♥t❡❣❡rs✳ ■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡ ✐♥♣✉t ♥✉♠❜❡rs ❤❛✈❡

t ❜✐ts ✭❡①❝❧✉❞✐♥❣ s✐❣♥✮✱ t❤❡ ✜♥❛❧ ♠❛tr✐❝❡s ✇✐❧❧ ❤❛✈❡ t · 2r−1 ❜✐ts✱ ✇❤❡r❡ r ✐s t❤❡ r❛♥❦ ✭t❤❡

♥✉♠❜❡r ♦❢ ♥♦♥✲r❡❞✉♥❞❛♥t ❡q✉❛t✐♦♥s✮✳ ❙❡❡ ❋✐❣✉r❡ ✼✳✶✳

✹✷
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✉
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r♦✇s ✐♥ t❤❡ ♠❛tr✐① A
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❛①
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✉
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❜
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0.4
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0.8
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·105

❘♦✇s ✐♥ t❤❡ ♠❛tr✐① A

♠
❛①
✐♠

✉
♠

❜
✐t
s✐
③❡

✐♥
U

❋✐❣✉r❡ ✼✳✶✿ ❇✐t s✐③❡ ❣r♦✇t❤ ✐♥ t❤❡ tr✐✈✐❛❧ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤♦✉t s✐♠♣❧✐✜❝❛t✐♦♥ ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡
❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s ✇✐t❤ n = 15 ❝♦❧✉♠♥s ❛♥❞
✈❛r②✐♥❣ ♥✉♠❜❡r m ♦❢ r♦✇s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
◆♦t❡ t❤❛t t❤❡ ❜✐t s✐③❡ st♦♣s ❣r♦✇✐♥❣ ✇❤❡♥ m ❡①❝❡❡❞s n✳ ❚❤❡ s❧✐❣❤t ❞❡❝r❡❛s❡ ❢♦r
m > n ✐s ❞✉❡ t♦ t❤❡ ❜❡tt❡r ❝❤❛♥❝❡s ♦❢ ✜♥❞✐♥❣ ❛ s♠❛❧❧ ♣✐✈♦t ❛s m ✐♥❝r❡❛s❡s✳

✼✳✷ ❙✐♠♣❧✐❢②✐♥❣ ❜② ●❈❉ ❡❧✐♠✐♥❛t✐♦♥

❚❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ♦❢ t❤❡ ♥✉♠❜❡rs ❝❛♥ ❜❡ ❣r❡❛t❧② r❡❞✉❝❡❞ ❜② ❞✐✈✐❞✐♥❣ ❡❛❝❤ ❝♦♠♣✉t❡❞

r♦✇ ❜② t❤❡ ●❈❉ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❛♥❣❡ ❣r♦✇t❤ ✐♥ s✉❜s❡q✉❡♥t st❛❣❡s ♦❢

t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ✐s r❡str✐❝t❡❞ t♦ ❛ ❧❡✈❡❧ ✐♥❤❡r❡♥t ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❬✽✼❪

s❤♦✇s t❤❡ r❡s✉❧t ❢♦r ♦♥ t❤❡ s❛♠❡ ♠❛tr✐① U ✳

U =




8 7 4 1

4 6 7 3

6 3 4 6

4 5 8 2


→




8 7 4 1

0 1 2 1

0 −9 4 21

0 1 4 1


→




8 7 4 1

0 1 2 1

0 0 11 15

0 0 1 0


→




8 7 4 1

0 1 2 1

0 0 11 15

0 0 0 1




■♥ t❤✐s ❡①❛♠♣❧❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❛tr✐① U ❝❛♥ ❜❡ st♦r❡❞ ✐♥ ✺✲❜✐t s✐❣♥❡❞

✐♥t❡❣❡rs✳ ◆♦t❡ t❤❛t t❤❡ L ♠❛tr✐① ♠✉st ❜❡ ❛❞❥✉st❡❞ t♦♦ t♦ ♠❛✐♥t❛✐♥ t❤❡ ✐♥✈❛r✐❛♥ts✳ ❲✐t❤

t❤✐s ♦♣t✐♠✐③❛t✐♦♥✱ ✇❡ ♦❜s❡r✈❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t t❤❡ ❜✐t s✐③❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡

♠❛tr✐① U ❣r♦✇s ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s ✭s♣❡❝✐✜❝❛❧❧②✱ ❝❧♦s❡ t♦ t · r✮✱ ✐♥st❡❛❞

♦❢ ❡①♣♦♥❡♥t✐❛❧❧②✳

❚♦ ♦❜t❛✐♥ ❛ ❧✐♥❡❛r ❣r♦✇t❤ ♦❢ t❤❡ ♠❛tr✐❝❡s L ❛♥❞ D✱ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① L ❛♥❞

t❤❡ r❡❧❛t❡❞ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① D ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❜② t❤❡ ●❈❉ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts✳ ❙❡❡

❋✐❣✉r❡ ✼✳✷✳

❚❤❡s❡ s✐♠♣❧✐✜❝❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇●❈❉✳ ❚❤✐s

♣r♦❝❡❞✉r❡ ✜♥❞s t❤❡ ❧❛r❣❡st ❝♦♠♠♦♥ ❢❛❝t♦r ●❈❉ ✐♥ r♦✇ t ❛♥❞ ❞✐✈✐❞❡s t❤❛t ❢❛❝t♦r ✐♥t♦ t❤❛t

r♦✇✱ ❛♥❞ ♠✉❧t✐♣❧✐❡s ✐t ✐♥t♦ ❝♦❧✉♠♥ t ♦❢ L✳

❚❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥●❈❉ ✜♥❞s t❤❡ ●❈❉ ❝♦♠♠♦♥ ❢❛❝t♦r ❜❡t✇❡❡♥

t❤❡ ❝♦❧✉♠♥ i ♦❢ t❤❡ ♠❛tr✐① L ❛♥❞ t❤❡ ❡❧❡♠❡♥t Dii ♦❢ t❤❡ ♠❛tr✐① D✳ ❚❤❡♥✱ ✐t ❞✐✈✐❞❡s t❤❡

❝♦❧✉♠♥ i ♦❢ L ❛♥❞ t❤❡ ❡❧❡♠❡♥t Dii ❜② t❤❛t ●❈❉ ❢❛❝t♦r✳
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❋✐❣✉r❡ ✼✳✷✿ ❇✐t s✐③❡ ❣r♦✇t❤ ✇✐t❤ t❤❡ ●❈❉ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣
❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s ❛♥❞
❝♦❧✉♠♥s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳

❆❧❣♦r✐t❤♠ ✶✶✿ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇●❈❉

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
t✿ r♦✇ t♦ s✐♠♣❧✐❢②❀
n✿ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥ ♠❛tr✐① A❀
L,U ✿ ❢❛❝t♦r✐♥❣ ♠❛tr✐❝❡s✳

❖✉t♣✉t✿ L,U ✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ gcd← Ut,i+1

✸ ❢♦r s ❢r♦♠ i+ 1 t♦ n ❛♥❞ (gcd 6= 1) ❞♦
✹ gcd← ▲✐♥❙②s✳❈❛❧❝✉❧❛t❡●❈❉✭gcd, Ut,s✮

✺ ✐❢ gcd > 1 t❤❡♥
✻ ❢♦r s ❢r♦♠ i+ 1 t♦ n ❞♦
✼ Uts ← Uts/gcd

✽ Ltt ← Ltt ∗ gcd

❆❧❣♦r✐t❤♠ ✶✷✿ ▲✐♥❙②s✳❙✐♠♣❧✐❢②▲❈♦❧✉♠♥●❈❉

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
m✿ ♥✉♠❜❡r ♦❢ r♦✇s ✐♥ ♠❛tr✐① A❀
L,D✿ ❢❛❝t♦r✐♥❣ ♠❛tr✐❝❡s✳

❖✉t♣✉t✿ L,D✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ gcd← Dii

✸ ❢♦r t ❢r♦♠ i t♦ m ✇❤✐❧❡ gcd 6= 1 ❞♦
✹ gcd← ▲✐♥❙②s✳❈❛❧❝✉❧❛t❡●❈❉✭gcd, Lti✮

✺ ✐❢ gcd > 1 t❤❡♥
✻ ❢♦r t ❢r♦♠ i t♦ m ❞♦
✼ Dii ← Dii/gcd

✽ Lti ← Lti/gcd
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✼✳✸ ❚✉r♥❡r✬s ●❈❉✲❢r❡❡ s✐♠♣❧✐✜❝❛t✐♦♥

■♥ ✶✾✻✽✱ ●✳ ❍✳ ❇❛r❡✐ss ❬✹❪ ♦❜s❡r✈❡❞ t❤❛t s♦♠❡ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡ ❝♦♠♣✉t❡❞ r♦✇s ❛r❡

♣r❡❞✐❝t❛❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ♠♦r❡ ❝♦♠♣❧❡① ❢♦r♠✉❧❛s ✐♥ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ st❡♣✳

▲❛t❡r✱ ✐♥ ✶✾✾✺✱ P❡t❡r ❘✳ ❚✉r♥❡r ❬✽✼❪ ♦❜s❡r✈❡❞ t❤❛t s♦♠❡ ♦❢ t❤❡s❡ ❢❛❝t♦rs ❝❛♥ ❜❡ ❢♦✉♥❞

❡❛s✐❧②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛❢t❡r ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ i✱ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ♦❢ r♦✇ i− 2 ♦❢ t❤❡

♣❛rt✐❛❧❧② tr✐❛♥❣✉❧❛t❡❞ ♠❛tr✐① ❞✐✈✐❞❡s ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡✇ r♦✇s i, i+ 1, . . . ,m✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥

✇✐t❤ ❚✉r♥❡r✬s s✐♠♣❧✐✜❝❛t✐♦♥ ♦♥ t❤❡ s❛♠❡ ♠❛tr✐① U ✳

U =




8 7 4 1

4 6 7 3

6 3 4 6

4 5 8 2


→




8 7 4 1

0 20 40 20

0 −18 8 42

0 12 48 12


 ✭✜rst st❛❣❡✮

→




8 7 4 1

0 20 40 20

0 0 880 1200

0 0 480 0


→




8 7 4 1

0 20 40 20

0 0 110 150

0 0 60 0


 ✭s❡❝♦♥❞ st❛❣❡✮

→




8 7 4 1

0 20 40 20

0 0 110 150

0 0 0 −9000


→




8 7 4 1

0 20 40 20

0 0 110 150

0 0 0 −450


 ✭t❤✐r❞ st❛❣❡✮

◆♦t❡ t❤❛t✱ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ t❤❡ ♣✐✈♦t U11 = 8 ❞✐✈✐❞❡s ❛❧❧ ❡❧❡♠❡♥ts ♦❢ s✉❜✲♠❛tr✐① Uij ✇✐t❤

i, j ∈ {3, 4}✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♦r✐❣✐♥❛❧ ♠❛tr✐① ❤❛s ✸✲❜✐t ✐♥t❡❣❡r ❡❧❡♠❡♥ts✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥

❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ✶✻✲❜✐t ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝✳

❚✉r♥❡r✬s ❛❧❣♦r✐t❤♠ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❛tr✐① U ✐s ❛✉✲

t♦♠❛t✐❝❛❧❧② ❞❡t❡❝t❡❞ ❛s t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♦❢ Unn ✭❛♣❛rt ❢r♦♠ s✐❣♥❡❞ ❝❤❛♥❣❡s✱ ✐❢ ♣✐✈♦t✐♥❣ ✐s ✉s❡❞✮✳

❙t✐❧❧✱ ❚✉r♥❡r✬s ❛❧❣♦r✐t❤♠ r❡❞✉❝❡s t❤❡ ❣r♦✇t❤ ✐♥ t❤❡ ❜✐t s✐③❡ ♦❢ ❡❧❡♠❡♥ts t♦ ❧✐♥❡❛r ✐♥st❡❛❞ ♦❢ ❡①♣♦✲

♥❡♥t✐❛❧ ❬✹✱ ✸✸✱ ✽✼❪✳

❆ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ●❈❉ ❛♥❞ ❚✉r♥❡r✬s s✐♠♣❧✐✜❝❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ✐♥

t❤❡ ❢❛❝t♦r❡❞ ♠❛tr✐❝❡s ✐s s✐♠✐❧❛r ✐♥ ❜♦t❤ ♠❡t❤♦❞s✳ ❙❡❡ ❋✐❣✉r❡ ✼✳✸✳
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❋✐❣✉r❡ ✼✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s
✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 ♠❛tr✐❝❡s ✇✐t❤
n = 20 ❝♦❧✉♠♥s ❛♥❞ ✈❛r②✐♥❣ ♥✉♠❜❡r m ♦❢ r♦✇s✱ ✇✐t❤ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✶✵✲❜✐t s✐❣♥❡❞
✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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❚❤❡ ♣r♦❝❡❞✉r❡ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇❚✉r♥❡r ✐♠♣❧❡♠❡♥ts t❤❡ ❚✉r♥❡r✬s ❛❧❣♦r✐t❤♠ t♦ ❡❧✐♠✐♥❛t❡ t❤❡

❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ r♦✇ t✳ ◆♦t❡ t❤❛t ❚✉r♥❡r✬s s✐♠♣❧✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ♠❛tr✐① L✳

❆❧❣♦r✐t❤♠ ✶✸✿ ▲✐♥❙②s✳❙✐♠♣❧✐❢②❯❘♦✇❚✉r♥❡r

■♥♣✉t✿ i✿ ❝✉rr❡♥t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
t✿ ♥❡①t r♦✇ ✐♥ t❤❡ ❢❛❝t♦r✐♥❣ ♣r♦❝❡ss❀
n✿ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥ ♠❛tr✐① A❀
D,U ✿ ❢❛❝t♦r✐♥❣ ♠❛tr✐❝❡s✳

❖✉t♣✉t✿ D,U ✿ ✉♣❞❛t❡❞ ❢❛❝t♦r✐♥❣✳
✶ ❜❡❣✐♥
✷ ✐❢ i ≥ 2 t❤❡♥
✸ ❢♦r s← i+ 1 t♦ n ❞♦
✹ Uts ← Uts/Ui−1,i−1

✺ Dtt ← Utt/Ui−1,i−1

❍♦✇❡✈❡r✱ ✇❤✐❧❡ ❚✉r♥❡r✬s ♠❡t❤♦❞ s❛✈❡s s♦♠❡ t✐♠❡ ❜② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ●❈❉✱

✐t ♠❛② r❡s✉❧t s❧✐❣❤t❧② ✐♥ ❛ ❜✐t ❧❛r❣❡r ♥✉♠❜❡rs✱ ❜❡❝❛✉s❡ ✐t ❢❛✐❧s t♦ ❡❧✐♠✐♥❛t❡ s♦♠❡ ❝♦♠♠♦♥ ❢❛❝t♦rs

t❤❛t ♠❛② ❛r✐s❡ ❜② ❝♦✐♥❝✐❞❡♥❝❡ ✕ ❧✐❦❡ t❤❡ ❢❛❝t♦r 20 ✐♥ r♦✇ 2 ♦❢ t❤❡ ❡①❛♠♣❧❡✳ ■t ❛❧s♦ s❛✈❡s t✐♠❡

❜② ♥♦t ♠♦❞✐❢②✐♥❣ t❤❡ ♠❛tr✐① L✳ ❖t❤❡r ❛✉t❤♦rs ❤❛✈❡ ✐❞❡♥t✐✜❡❞ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥ t❤❡

♠❛tr✐❝❡s L✱ D✱ ❛♥❞ U t❤❛t ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❝♦♠♣✉t✐♥❣ t❤❡ ●❈❉ ❬✺✽❪✳

❖r✐❣✐♥❛❧❧②✱ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ❢❛❝t♦r✐♥❣ ♠❡t❤♦❞ ✇❛s ❞❡✜♥❡❞ ♦♥❧② ❢♦r sq✉❛r❡ ♦r ♥♦♥✲s✐♥❣✉❧❛r

♠❛tr✐❝❡s ❬✹✱ ✷✹✱ ✻✵✱ ✻✺✱ ✾✻❪✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❉✳ ❏✳ ❏❡✛r❡② ❬✹✸❪ ✇❤✐❝❤

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛r❜✐tr❛r② r❡❝t❛♥❣✉❧❛r ♠❛tr✐❝❡s ♦❢ ❛♥② r❛♥❦ r✳

✼✳✸✳✶ ❇✐t s✐③❡ ❣r♦✇t❤ ❢♦r r❛♥❦ ❞❡✜❝✐❡♥t ♠❛tr✐❝❡s

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❤♦❧❞ ❛❧s♦ ❢♦r r❛♥❦✲❞❡✜❝✐❡♥t sq✉❛r❡ ♠❛tr✐❝❡s✿ t❤❡ ❜✐t s✐③❡ ❣r♦✇s ❧✐♥❡❛r❧② ✐♥
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s♠❛❧❧❡r ♠❛tr✐① ❡❧❡♠❡♥ts✳ ❙❡❡ ❋✐❣✉r❡ ✼✳✹✳ ■♥ t❤❡s❡ t❡sts✱ ❡❛❝❤ ♠❛tr✐① ✇❛s ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐✲

♣❧②✐♥❣ t✇♦ ♠❛tr✐❝❡s ♦❢ s✐③❡ 20 × r ❛♥❞ r × 20 ✇✐t❤ r❛♥❞♦♠ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❛♥❣❡
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❋✐❣✉r❡ ✼✳✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❦ r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s
✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 20×20 ♠❛tr✐❝❡s
✈❛r②✐♥❣ t❤❡ ❞❡✜❝✐❡♥t r❛♥❦ r✱ ✇✐t❤ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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✼✳✸✳✷ ❇✐t s✐③❡ ❣r♦✇t❤ ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♠❛tr✐① ✐s s♣❛rs❡✱ ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ ✐ts ❞❡♥s✐t② h ♦❢ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥ts✳ ❋✐❣✉r❡s ✼✳✺ ❛♥❞ ✼✳✻ s❤♦✇ ❤♦✇ t❤❡ ❜✐t s✐③❡ ❣r♦✇s ❛s

❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❢♦r ✜①❡❞ ❞❡♥s✐t✐❡s h ≈ 0.10 ❛♥❞ h ≈ 0.25✳

❋✐❣✉r❡ ✼✳✼ s❤♦✇ ❤♦✇ t❤❡ ❜✐t s✐③❡ ✈❛r✐❡s ✇✐t❤ h ❢♦r ❛ ✜①❡❞ ♠❛tr✐① s✐③❡✳
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❋✐❣✉r❡ ✼✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧
❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡
♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.10 ❛♥❞
✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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❋✐❣✉r❡ ✼✳✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✳ ❚❤❡ ✈❡rt✐❝❛❧
❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡
♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✱ ✇✐t❤ ❞❡♥s✐t✐❡s h ≈ 0.25 ❛♥❞
✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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❋✐❣✉r❡ ✼✳✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② h✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s
t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 20 × 20 s♣❛rs❡
♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ ❞❡♥s✐t② h✱ ✇✐t❤ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳

✼✳✸✳✸ ❇✐t s✐③❡ ❣r♦✇t❤ ❢♦r s♣❛rs❡ ♠❛tr✐❝❡s ✇✐t❤ ❞❡✜❝✐❡♥t r❛♥❦

❋✐❣✉r❡s ✼✳✽ ❛♥❞ ✼✳✾ s❤♦✇ ❤♦✇ t❤❡ ❜✐t s✐③❡ ❣r♦✇s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛♥❦ r ❢♦r ❞❡♥s✐t✐❡s h ≈ 0.10

❛♥❞ h ≈ 0.25✳ ❋✐❣✉r❡ ✼✳✶✵ s❤♦✇ ❤♦✇ t❤❡ ❜✐t s✐③❡ ✈❛r✐❡s ✇✐t❤ h ❢♦r ❛ ✜①❡❞ ♠❛tr✐① s✐③❡✳
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❋✐❣✉r❡ ✼✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❦ r✳ ❚❤❡ ✈❡rt✐❝❛❧
❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛✲
tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤
❞❡♥s✐t✐❡s h ≈ 0.10 ❛♥❞ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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❋✐❣✉r❡ ✼✳✾✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤✲
♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❦ r✳ ❚❤❡ ✈❡rt✐❝❛❧
❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣ 1000 s♣❛rs❡ ♠❛✲
tr✐❝❡s ✈❛r②✐♥❣ t❤❡ s✐③❡ m = n ♦❢ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤
❞❡♥s✐t✐❡s h ≈ 0.25 ❛♥❞ ✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳
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❋✐❣✉r❡ ✼✳✶✵✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜✐t s✐③❡ ❣r♦✇t❤ ❜❡t✇❡❡♥ t❤❡ ●❈❉ ❛♥❞ ❚✉r♥❡r s✐♠♣❧✐✜❝❛t✐♦♥
♠❡t❤♦❞s ❢♦r r❛♥❞♦♠ r❛♥❦ ❞❡✜❝✐❡♥t s♣❛rs❡ ♠❛tr✐❝❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② h✳
❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❜✐t s✐③❡ ❛♠♦♥❣ ❛❧❧ ❡♥tr✐❡s ♦❜s❡r✈❡❞ ❜② ❢❛❝t♦r✐♥❣
1000 20 × 20 s♣❛rs❡ ♠❛tr✐❝❡s ✈❛r②✐♥❣ t❤❡ ❞❡♥s✐t② h ❛♥❞ t❤❡ r❛♥❦ ❞❡✜❝✐❡♥t r✱ ✇✐t❤
✶✵✲❜✐t s✐❣♥❡❞ ✐♥t❡❣❡r ❡❧❡♠❡♥ts✳

✼✳✸✳✹ ❉✐s❝✉ss✐♦♥ ❛❜♦✉t t❤❡ r❡s✉❧ts

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡s❡ t❡sts t❤❛t s♣❛rs✐t② ❛♥❞ ❧♦✇ r❛♥❦ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡ t❤❡ r✉♥♥✐♥❣

t✐♠❡ ♦❢ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ❛❧❣♦r✐t❤♠ ❜♦t❤ ❜② r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐❝❡s L̂ ❛♥❞ Û ✭t♦ m×r

❛♥❞ r×n ✐♥st❡❛❞ ♦❢ m×m ❛♥❞ n×n✱ r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❜✐t s✐③❡ ♦❢ t❤❡✐r ❡❧❡♠❡♥ts✳

❚❤❡ ❧❛st ❢❛❝t♦r ✐s q✉✐t❡ s✐❣♥✐✜❝❛♥t ✐❢ ❢✉❧❧ ●❈❉ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ❚✉r♥❡r ♠❡t❤♦❞✱

❡✈❡♥ t❤♦✉❣❤ t❤❡ t✇♦ ❛r❡ ♥❡❛r❧② ❡q✉✐✈❛❧❡♥t ❢♦r ❞❡♥s❡ ❢✉❧❧✲r❛♥❦ ♠❛tr✐❝❡s✳



❈❤❛♣t❡r ✽

❙♦❧✈✐♥❣ ❊①❛❝t ▲✐♥❡❛r ❙②st❡♠s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ s♦❧✈❡ ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts

✐♥ ❢❛❝t♦r❡❞ ❢♦r♠ ❬✹✸❪✱ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥

❈❤❛♣t❡r ✻✳

✽✳✶ ❙♦❧✈✐♥❣ t❤❡ s②st❡♠

❲❡ ❛ss✉♠❡ ✐♥ ❣❡♥❡r❛❧ t❤❛t t❤❡ ❧✐♥❡❛r s②st❡♠ t♦ ❜❡ s♦❧✈❡❞ ✐s

AP = B ✭✽✳✶✮

✇❤❡r❡ P ✐s ❛♥ ✉♥❦♥♦✇♥ ❛rr❛② ♦❢ n r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ ❛♥❞ B ✐s ❛ ❦♥♦✇♥ ✈❡❝t♦r ♦❢ m ✐♥t❡❣❡rs✳

❙✉❜st✐t✉t✐♥❣ ❢♦r♠✉❧❛s ✭✹✳✶✮ ❛♥❞ ✭✹✳✷✮ ✐♥t♦ s②st❡♠ ✭✽✳✶✮✱ ✇❡ ❤❛✈❡

ΠR

(
L̂

L̃

)
D−1

(
Û Ũ

)
ΠCP = B. ✭✽✳✷✮

▲❡tt✐♥❣ X = ΠCP ✱ Y = UX ❛♥❞✱ B̂ ❛♥❞ B̃ ❜❡ t❤❡ ✜rst r ❛♥❞ ❧❛st m − r ❡❧❡♠❡♥ts ♦❢ Π−1
R B✱

r❡s♣❡❝t✐✈❡❧②✱ ❊q✉❛t✐♦♥ ✭✽✳✷✮ ❜❡❝♦♠❡s

(
L̂

L̃

)
D−1Y =

(
B̂

B̃

)
. ✭✽✳✸✮

❲❡ ❝❛♥ s♣❧✐t t❤❡ s②st❡♠ ✭✽✳✸✮ ✐♥t♦ t✇♦ s②st❡♠s

L̂D−1Y = B̂ ❛♥❞ L̃D−1Y = B̃. ✭✽✳✹✮

❙✐♥❝❡ L̂D−1 ✐s ❛♥ r × r ✐♥✈❡rt✐❜❧❡ ♠❛tr✐①✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ✜rst s②st❡♠ ❢♦r Y

Y = DL̂−1B̂. ✭✽✳✺✮

❚❤❡ ♠❛tr✐① DL̂−1 t✉r♥s ♦✉t t♦ ❜❡ ✐♥t❡❣❡r ❬✹✸❪✱ t❤❡r❡❢♦r❡ Y ✐s ❛ ❛rr❛② ♦❢ ✐♥t❡❣❡rs✳

✺✵
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❚♦ s♦❧✈❡ t❤❡ s②st❡♠ ✭✽✳✷✮✱ ✇❡ ❝❛♥ ✜♥❞ X ❜② s♦❧✈✐♥❣

(
Û Ũ

)(X̂
X̃

)
= Y ✭✽✳✻✮

t❤❛t ✐s✱ ❜② s♦❧✈✐♥❣

ÛX̂ = Y − ŨX̃ ✭✽✳✼✮

✇❤❡r❡ X̃ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✳ ❙❡tt✐♥❣ X̃ = 0✱ ✇❡ ❣❡t

X̂ = Û−1Y. ✭✽✳✽✮

❚❤❡♥ ✇❡ ❝❛♥ ❣❡t t❤❡ s♦❧✉t✐♦♥ P ❜②

P = Π−1
C X. ✭✽✳✾✮

❚❤❡ ♠❛tr✐① Û−1 ✐s ♥♦t ✐♥t❡❣❡r✱ t❤❡r❡❢♦r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✭✽✳✽✮ ♠✉st ❜❡ ❞♦♥❡ ✇✐t❤ r❛t✐♦♥❛❧

❛r✐t❤♠❡t✐❝✱ ❛♥❞ X̂ ✐s ❛ ✈❡❝t♦r ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳

❚❤❡ st❡♣s ❢♦r s♦❧✈✐♥❣ t❤❡ s②st❡♠ ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✹✳ ❚❤❡ r❛♥❦ r ❛♥❞ t❤❡ ♠❛tr✐❝❡s

ΠR✱ L✱ D✱ U ❛♥❞ ΠR ❛r❡ r❡❝❡✐✈❡❞ ♦❢ t❤❡ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ♣r♦❝❡❞✉r❡✳

❆❧❣♦r✐t❤♠ ✶✹✿ ▲✐♥❙②s✳❙♦❧✈❡

■♥♣✉t✿ L̂✿ r × r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
D✿ r × r ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
Û ✿ r × r ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
ΠC✿ n× n ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ♦❢ ❝♦❧✉♠♥s❀
B̂✿ n× j ♠❛tr✐① ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts✳

❖✉t♣✉t✿ P ✿ n× j ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♥❡✇ ✈❛❧✉❡s ♦❢ t❤❡ n ♣❛r❛♠❡t❡rs✳
✶ ❜❡❣✐♥

✷ Y ← DL̂−1B̂

✸ X̂ ← Û−1Y

✹ X̃ ← 0

✺ X ← ▲✐♥❙②s✳❏♦✐♥❘♦✇s✭X̂, X̃✮
✻ P ← Π−1

C X
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✽✳✷ ❈❤❡❝❦✐♥❣ ❝♦♥s✐st❡♥❝②

❚❤❡ s❡❝♦♥❞ s②st❡♠ L̃D−1Y = B̃ ✐♥ ❊q✉❛t✐♦♥ ✭✽✳✹✮ ✐s ♥♦♥✲❡♠♣t② ♦♥❧② ✐❢ t❤❡ r❛♥❦ r ♦❢ A ✐s ❧❡ss

t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ r♦✇s m✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❡✐t❤❡r s♦♠❡ ❝♦♥str❛✐♥ts ❛r❡ r❡❞✉♥❞❛♥t✱ ♦r t❤❡r❡ ❛r❡

✐♥❝♦♠♣❛t✐❜❧❡ ❝♦♥str❛✐♥ts✳

✽✳✷✳✶ ❲❡❛❦ s♦❧✈❛❜✐❧✐t②

❚♦ ✈❡r✐❢② ✇❤❡t❤❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✭✽✳✶✮ ✐s ❝♦♥s✐st❡♥t✱ ❢♦r t❤❡ ❣✐✈❡♥ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♠❛tr✐① B✱

✐t ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t t♦ ❝❤❡❝❦ ✐❢ t❤❡ ❜♦tt♦♠ ❤❛❧❢ ♦❢ t❤❡ ❊q✉❛t✐♦♥ ✭✽✳✸✮ ✐s s❛t✐s✜❡❞ ✇✐t❤

t❤✐s ✈❛❧✉❡ Y ✱ t❤❛t ✐s

L̃L̂−1B̂ = B̃. ✭✽✳✶✵✮

✽✳✷✳✷ ❙tr♦♥❣ s♦❧✈❛❜✐❧✐t②

❙tr♦♥❣ s♦❧✈❛❜✐❧✐t② ♠❡❛♥s t❤❛t t❤❡ s②st❡♠ ✭✽✳✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛ss✐❣♥♠❡♥t P ′
j t♦ t❤❡ ❛♥❝❤♦r ♣❛✲

r❛♠❡t❡rs✳ ❘❡❝❛❧❧ t❤❛t B = QE −REA P
′
A −REF ′ PF ′ t❤❡♥

Π−1
R B = Π−1

R (QE −REF ′ PF ′)−Π−1
R REA P

′
A. ✭✽✳✶✶✮

❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ♠❛tr✐① Π−1
R B ❛s

Π−1
R B = C −KP ′

A

✇❤❡r❡ C = Π−1
R (QE −REF ′ PF ′) ❛♥❞ K = Π−1

R REA✳

❚❤❡ ♠❛tr✐❝❡s Π−1
R B✱ C ❛♥❞ K ❝❛♥ ❜❡ s♣❧✐t ❛s

(
B̂

B̃

)
=

(
Ĉ

C̃

)
−

(
K̂

K̃

)
P ′
A ✭✽✳✶✷✮

✇❤❡r❡ B̂✱ Ĉ✱ ❛♥❞ K̂ ❛r❡ t❤❡ r ✜rst r♦✇s ♦❢ t❤❡ ♠❛tr✐❝❡s Π−1
R B✱ C✱ ❛♥❞ K✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t✇♦

❡q✉❛t✐♦♥s

B̂ = Ĉ − K̂P ′
A ❛♥❞ B̃ = C̃ − K̃P ′

A. ✭✽✳✶✸✮

❙✉❜st✐t✉t✐♥❣ B̂ ❛♥❞ B̃ ✐♥ t❤❡ ❊q✉❛t✐♦♥ ✭✽✳✶✵✮✱ ✇❡ ❤❛✈❡

L̃L̂−1(Ĉ − K̂P ′
A) = C̃ − K̃P ′

A

L̃L̂−1Ĉ − C̃ = (L̃L̂−1K̂ − K̃)P ′
A. ✭✽✳✶✹✮

❙♦✱ t♦ ✈❡r✐❢② ✇❤❡t❤❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✭✽✳✶✮ ✐s ❝♦♥s✐st❡♥t ❢♦r ❛♥② B✱ ✐t ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

t♦ ❝❤❡❝❦ ✐❢

L̃L̂−1Ĉ = C̃ ✭✽✳✶✺✮

L̃L̂−1K̂ = K̃. ✭✽✳✶✻✮
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✽✳✸ ❆♥ ❡①❛♠♣❧❡

❈♦♥s✐❞❡r✐♥❣ t❤❡ s②st❡♠ AP = B✱ ✇❤❡r❡ A ✐s t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❡①❛♠♣❧❡ ✭✹✳✸✮✱ ❛♥❞ B t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥t❡❣❡r ✈❡❝t♦r✳

A =




4 9 16 29

−1 −6 −19 −16

1 5 15 19

5 6 −1 −12

5 10 15 20




❛♥❞ B =




142

42

40

−128

50



. ✭✽✳✶✼✮

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♠❛tr✐❝❡s✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹✳



















0 0 1 0 0

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1





































−1 0 0

1 1 0

4 15 −80

5 24 −164

5 20 −120



























−1 0 0

0 −1 0

0 0 −80









−1 







−1 −6 −16 −19

0 1 −3 4

0 0 −80 0























1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0















.

❚❤❡ s②st❡♠ ✭✽✳✸✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❢❛❝t♦r✐♥❣ ♠❛tr✐❝❡s✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ s②st❡♠




−1 0 0

1 1 0

4 15 −80

5 24 −164

5 20 −120






−1 0 0

0 −1 0

0 0 −80




−1

Y =




0 0 1 0 0

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1




−1 


142

42

40

−128

50







−1 0 0

1 1 0

4 15 −80

5 24 −164

5 20 −120






−1 0 0

0 −1 0

0 0 −80




−1

Y =




42

40

142

−128

50



. ✭✽✳✶✽✮

❈❤❡❝❦✐♥❣ t❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✽✳✶✵✮✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ A ✐s ❝♦♥s✐st❡♥t

[
5 24 −164

5 20 −120

]

−1 0 0

1 1 0

4 15 −80




−1 


42

40

142


 =

[
−128

50

]

[
−128

50

]
=

[
−128

50

]
. ✭✽✳✶✾✮

❙♦❧✈✐♥❣ t❤❡ ✜rst s②st❡♠ ✭✽✳✺✮ ❢♦r Y ✱ ✇❡ ❤❛✈❡

Y =



−1 0 0

0 −1 0

0 0 −80






−1 0 0

1 1 0

4 15 −80




−1 


42

40

142


 =




42

−82

−920


 . ✭✽✳✷✵✮
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❙♦❧✈✐♥❣ t❤❡ s❡❝♦♥❞ s②st❡♠ ✭✽✳✽✮ ❢♦r X̂✱ ✇❡ ❤❛✈❡

X̂ =



−1 −6 −16

0 1 −3

0 0 −80




−1 


42

−82

−920


 =




59

−95/2

23/2


 . ✭✽✳✷✶✮

❙❡tt✐♥❣ X̃ = 0✱ ❛♥❞ s♦❧✈✐♥❣ ♦❢ ❊q✉❛t✐♦♥ ✭✽✳✾✮ ❢♦r P ✱ ✇❡ ❤❛✈❡

P =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0




−1 


59

−95/2

23/2

0


 =




59

−95/2

23/2

0


 . ✭✽✳✷✷✮

❚❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r P ♠❛② ❜❡ ❝♦♥✈❡rt❡❞ ❢r♦♠ r❛t✐♦♥❛❧ t♦ ✢♦❛t✐♥❣✲♣♦✐♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥✲

✈❡rt✐♥❣ t❤❡ r❛t✐♦♥❛❧ s♦❧✉t✐♦♥ P ✐♥ ❊q✉❛t✐♦♥ ✭✽✳✷✷✮✱ ✇❡ ❤❛✈❡

P =




59

−95/2

23/2

0


 =




59

−47.5

11.5

0


 . ✭✽✳✷✸✮



❈❤❛♣t❡r ✾

❙♦❧✈✐♥❣ t❤❡ ▲❡❛st ❙q✉❛r❡s Pr♦❜❧❡♠

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ✭❧❡❛st sq✉❛r❡s✮ ♠❡t❤♦❞ ❬✻✻❪ ✇✐t❤ ❛✣♥❡

❝♦♥str❛✐♥ts✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✉s❡❞ ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ s♦❧✉t✐♦♥✱ t♦ ✜♥❞ ✈❛❧✉❡s ♦❢ P ′′
D

t❤❛t ❛r❡ ✏❝❧♦s❡✑ t❤❡ ❣✐✈❡♥ ❤✐♥ts P ′
D✳

❲❡ ❝♦♠❜✐♥❡ t❤❡ ❧❡❛st sq✉❛r❡s ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣✱ ✐♥ ♦r❞❡r t♦

♦❜t❛✐♥ ❛ ❜❡st s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs ✇✐t❤ ❝♦♥str❛✐♥ts✳

✾✳✶ ❈♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧ t❤❡ ♣r♦❝❡❞✉r❡ ▲❙◗✳❙♦❧✈❡ ✉s❡❞ ❜② ❊❈▲❊❙✳❯♣❞❛t❡✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✺✳✸✳ ■t r❡❝❡✐✈❡s t❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♦❢ t❤❡ m × n ❝♦♥str❛✐♥t ♠❛tr✐① A✱ t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❡❝t♦r B ❛♥❞ t❤❡ ❤✐♥ts P ′ ❢♦r t❤❡ n ✉♥❦♥♦✇♥s✳ ■❢ r = n✱ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ s♦❧✉t✐♦♥

✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❝♦♥str❛✐♥t s②st❡♠ ✭✷✳✸✮ AX = B ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✶✳

❖t❤❡r✇✐s❡✱ ✐❢ r < n✱ t❤❡ s②st❡♠ ❤❛s ♠❛♥② s♦❧✉t✐♦♥s ❛♥❞ t❤❡ ♣r♦❝❡❞✉r❡ ❤❛s t♦ ♠✐♥✐♠✐③❡ t❤❡

❣♦❛❧ ❢✉♥❝t✐♦♥ S ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✹✳✹✮ ✇❤✐❧❡ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✭✹✳✺✮✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥

❈❤❛♣t❡r ✹✳

❆t t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥t✱ t❤❡ ❣r❛❞✐❡♥t ∇S ♦❢ t❤❡ ❣♦❛❧ ❢✉♥❝t✐♦♥ S ♠✉st ❜❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡

s♦❧✉t✐♦♥ s❡t ♦❢ t❤❡ ♥♦♥✲r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥ts✳ ❚❤❡ ❣r❛❞✐❡♥t ❝♦♥s✐sts ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s

∂S

∂Ps

(P ) = 2ws(Ps − P
′
s) ✭✾✳✶✮

❢♦r s = 1, 2, . . . , n✳ ❚♦ ❜❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝♦♥str❛✐♥t s♦❧✉t✐♦♥ s♣❛❝❡✱ t❤❡ ❣r❛❞✐❡♥t ∇S(P ′′)

♠✉st s❛t✐s❢②

∂S

∂Ps

(P ′′) = −
n∑

k=1

ΛkÂks ✭✾✳✷✮

✇❤❡r❡ ❡❛❝❤ ✈❛r✐❛❜❧❡ Λk ✐s ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡ r❡❛❧ ❝♦❡✣❝✐❡♥t✱ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❬✻✹❪ ♦❢ t❤❡

❝♦♥str❛✐♥t ❡①♣r❡ss❡❞ ❜② r♦✇ k ♦❢ t❤❡ s②st❡♠ ✭✹✳✺✮✳ ❋r♦♠ ✭✾✳✶✮ ❛♥❞ ✭✾✳✷✮ ✇❡ ❣❡t

2wsP
′′
s +

n∑

k=1

ΛkÂks = 2wsP
′
s. ✭✾✳✸✮

✺✺
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❊q✉❛t✐♦♥ ✭✾✳✸✮ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠

MP ′′ + Â⊤Λ =MP ′ ✭✾✳✹✮

✇❤❡r❡ M ✐s t❤❡ n× n ✐♥✈❡rt✐❜❧❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ Mss = 2ws❀ Â
⊤ ✐s t❤❡ tr❛♥s♣♦s❡ ♦❢ Â❀ ❛♥❞

Λ ✐s ❛♥ ❛rr❛② ✇✐t❤ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs Λ1, ...,Λm✳

❲❡ ❝❛♥ ❝♦♠❜✐♥❡ ❊q✉❛t✐♦♥ ✭✾✳✹✮ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ✭✹✳✺✮ ♦❜t❛✐♥✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s ❧✐♥❡❛r

s②st❡♠

MP ′′ =MP ′ − Â⊤Λ

ÂP ′′ = B̂. ✭✾✳✺✮

❙②st❡♠ ✭✾✳✺✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ t✇♦ st❡♣s❀ ♥❛♠❡❧②✱ s✐♥❝❡ ÂM−1Â⊤ ✐s r × r ✐♥✈❡rt✐❜❧❡ ♠❛tr✐①✱ ✇❡

❝❛♥ s♦❧✈❡ t❤❡ ✜rst s②st❡♠ ❢♦r Λ

ÂM−1Â⊤Λ = ÂP ′ − B̂. ✭✾✳✻✮

❚❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ P ′′ ❜② s♦❧✈✐♥❣

MP ′′ =MP ′ − Â⊤Λ. ✭✾✳✼✮

❚❤❛t ✐s✱

P ′′ = P ′ −M−1Â⊤Λ. ✭✾✳✽✮

❚❤❡s❡ st❡♣s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✺✳

❆❧❣♦r✐t❤♠ ✶✺✿ ▲❙◗✳❙♦❧✈❡

■♥♣✉t✿ M ✿ n× n ♠❛tr✐① ♦❢ ✇❡✐❣❤t❀
L̂✿ r × r ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
D✿ r × r ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
U ✿ r × n ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
ΠC✿ n× n ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ♦❢ ❝♦❧✉♠♥s❀
B̂✿ r × j ♠❛tr✐① ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts❀
P ′✿ n× j ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s✉❣❣❡st❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳

❖✉t♣✉t✿ P ′′✿ n× j ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♥❡✇ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳
✶ ❜❡❣✐♥
✷ ✐❢ r = n t❤❡♥

✸ ✭Û , Ũ✮ ← ▲✐♥❙②s✳❙♣❧✐t❈♦❧✉♠♥s✭U, r✮

✹ P ′′
D ← ▲✐♥❙②s✳❙♦❧✈❡ ✭L̂✱ D✱ Û ✱ ΠC✱ B̂✮

✺ ❡❧s❡

✻ Â← L̂D−1UΠC

✼ Λ← (ÂM−1Â⊤)−1(ÂP ′ − B̂✮

✽ P ′′ ← P ′ −M−1Â⊤Λ
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✾✳✷ ❆♥ ❡①❛♠♣❧❡

❈♦♥s✐❞❡r✐♥❣ t❤❡ s②st❡♠ AP = B✱ ✇❤❡r❡ A ✐s t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❡①❛♠♣❧❡ ✭✹✳✸✮✱ ❛♥❞ B t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥t❡❣❡r ✈❡❝t♦r✳

A =




4 9 16 29

−1 −6 −19 −16

1 5 15 19

5 6 −1 −12

5 10 15 20




❛♥❞ B =




142

42

40

−128

50



. ✭✾✳✾✮

❚❤❡ ♠❛tr✐❝❡s Â ❛♥❞ B̂ ❛r❡

Â =



−1 −6 −19 −16

1 5 15 19

4 9 16 29


 ❛♥❞ B̂ =




42

40

142


 . ✭✾✳✶✵✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛tr✐❝❡s M ❛♥❞ P ′ ❢♦❧❧♦✇✐♥❣

M =




2 0 0 0

0 2 0 0

0 0 2 0

0 0 0 2


 ❛♥❞ P ′ =




1

1

1

1


 . ✭✾✳✶✶✮

❲❡ s♦❧✈❡ t❤❡ s②st❡♠ ✭✾✳✺✮ ✐♥ t✇♦ st❡♣s✳ ❋✐rst✱ s♦❧✈✐♥❣ t❤❡ ❊q✉❛t✐♦♥ ✭✾✳✻✮ ❢♦r Λ

Λ =




327 −310 −413

−310 306 420

−413 420 597




−1 

−1 −6 −19 −16

1 5 15 19

4 9 16 29







1

1

1

1



−




42

40

142


 =



−123/20

−23/4

−7/20


 . ✭✾✳✶✷✮

❚♦ ✜♥❞ P ′′✱ ✇❡ s♦❧✈❡ t❤❡ ❊q✉❛t✐♦♥ ✭✾✳✽✮

P ′′ =




1

1

1

1







2 0 0 0

0 2 0 0

0 0 2 0

0 0 0 2




−1 


−1 1 4

−6 5 9

−19 15 16

−16 19 29






−123/20

−23/4

−7/20


 =




3/2

−3/2

−23/2

23/2


 . ✭✾✳✶✸✮

❈♦♥✈❡rt✐♥❣ t❤❡ r❛t✐♦♥❛❧ s♦❧✉t✐♦♥ P ′′ ✭✾✳✶✸✮ ♦❜t❛✐♥❡❞ ❜② ❧❡❛st sq✉❛r❡s✱ ✇❡ ❤❛✈❡

P ′′ =




3/2

−3/2

−23/2

23/2



=




1.5

−1.5

−11.5

11.5



. ✭✾✳✶✹✮

◆♦t❡ t❤❛t✱ ✉♥❧✐❦❡ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✸✱ t❤❡ ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥ ✐s ❝❧♦s❡ t♦ t❤❡

✈❡❝t♦r P ′✳
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❈❤❛♣t❡r ✶✶

❘❡❧❛t❡❞ ❲♦r❦

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ❛❜♦✉t ♠❡t❤♦❞s ❢♦r ❞❡❢♦r♠❛t✐♦♥s ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧

♠♦❞❡❧s ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❲❡ ❢♦❝✉s✱ s♣❡❝✐✜❝❛❧❧②✱ ♦♥ t❡❝❤♥✐q✉❡s t❤❛t ✉s❡ ✷❉ ❝♦♥tr♦❧

♠❡s❤❡s t♦ ❞❡✜♥❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥✳

✷❉ ❞❡❢♦r♠❛t✐♦♥s ❤❛✈❡ ♠❛♥② s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡r❡ ✐s ♥♦ s✐♥❣❧❡ ❛♣♣r♦❛❝❤

t❤❛t ✐s ♦♣t✐♠❛❧ ❢♦r ❛❧❧ ♦❢ t❤❡♠✳

❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❢♦r♠❛t✐♦♥ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ❢r❡❡✲❢♦r♠ ❞❡❢♦r✲

♠❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♠❛❣❡ ♠♦r♣❤✐♥❣ ❛♥❞ r❡❣✐str❛t✐♦♥✳ ❚❤❡s❡

t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ s✉r✈❡②❡❞ ❜② ❲♦❧❜❡r❣ ❬✾✶❪ ❛♥❞✱ ♠♦r❡ r❡❝❡♥t❧②✱ ❜② ■s❧❛♠ ❡t ❛❧✳ ❬✹✷❪✳ ❩✐t♦✈❛

❛♥❞ ❋❧✉ss❡r ❬✾✼❪ ❛♥❞ ❙♦t✐r❛s ❡t ❛❧✳ ❬✽✵❪ ♣r♦✈✐❞❡ r❡✈✐❡✇s ♦❢ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥ ♠❡t❤♦❞s✱ ✐♥❝❧✉❞✐♥❣

✷❉ ❞❡❢♦r♠❛t✐♦♥ t❡❝❤♥✐q✉❡s✳

❙♠♦♦t❤ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s ❛❧s♦ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧ s❤❛♣❡ ❡❞✐t✐♥❣✳ ❙❡❡ ❈❤❛♣t❡r ✶✻✳

▼❛♥② ❡①✐st✐♥❣ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ♣r♦✈✐❞❡ ❝♦♥t✐♥✉✐t② ✭C0✮ ❜✉t ♥♦t s♠♦♦t❤♥❡ss ✭C1✮✳

❚❤❡ ❢❡✇ ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r C1 ❞❡❢♦r♠❛t✐♦♥ ❡✐t❤❡r ♣r♦✈✐❞❡ ❧✐tt❧❡ ❝♦♥tr♦❧ ✭❧✐❦❡ ❇✲s♣❧✐♥❡s ✇❤✐❝❤

❛r❡ ♣r❛❝t✐❝❛❧ ♦♥❧② ✇✐t❤ ❛ r❡❣✉❧❛r ❣r✐❞ ♠❡s❤✮❀ ♦r ❛r❡ ❤❛r❞ t♦ ❡❞✐t ❜❡❝❛✉s❡ t❤❡② ❤❛✈❡ ❛ ✈❡r② ❧❛r❣❡

♥✉♠❜❡r ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ♥♦♥✲✐♥t✉✐t✐✈❡ ❡✛❡❝ts ❛♥❞ ❝♦♥str❛✐♥ts❀ ♦r ②✐❡❧❞ ❞❡❢♦r♠❛t✐♦♥s ✇❤♦s❡

r❡♣r❡s❡♥t❛t✐♦♥s ❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② ❝♦♠♣❧❡① ❛s t❤❡② ❛r❡ ❡❞✐t❡❞✳

✶✶✳✶ ◆♦♥✲s♣❧✐♥❡ ♠❡t❤♦❞s

❙♦♠❡ ♠❡s❤✲❜❛s❡❞ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❛tt❡♠♣t t♦ ♦❜t❛✐♥ C
1 s♠♦♦t❤♥❡ss ❜② t❤❡ ✉s❡ ♦❢

♥♦♥✲♣♦❧②♥♦♠✐❛❧ ✐♥t❡r♣♦❧❛t✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜② t❤❡ ❝♦♥tr♦❧ ♠❡s❤ ✈❡rt✐❝❡s

❛♥❞✴♦r ❢❛❝❡s✳ ❙♦♠❡ t❡❝❤♥✐q✉❡s ❛r❡✿

• ▼❡❛♥ ✈❛❧✉❡ ❝♦♦r❞✐♥❛t❡s✿ t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❛s ♦♥❡ ❡❛r❧② ❛♣♣r♦❛❝❤✱ ✐t ✐s

✐♥✜♥✐t❡❧② s♠♦♦t❤ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ ❜✉t ✐s ♥♦t C1 ❛t t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❝♦♥tr♦❧ ♠❡s❤ ❬✷✾✱

✸✵✱ ✹✵✱ ✹✺✱ ✺✷❪✳

• ❍❛r♠♦♥✐❝ ❝♦♦r❞✐♥❛t❡s✿ t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ✐s s♠♦♦t❤ ❡✈❡r②✇❤❡r❡✱ ❜✉t ❞♦❡s ♥♦t ❤❛✈❡

❝❧♦s❡❞ ❢♦r♠✉❧❛s✱ ❛♥❞ ✐s ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡ ♥✉♠❡r✐❝❛❧❧② ❬✹✹❪✳

• ●r❡❡♥ ❝♦♦r❞✐♥❛t❡s✿ t❤✐s t❡❝❤♥✐q✉❡ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❛♣♣r♦❛❝❤❡s t♦ ✐♥t❡r♣♦❧❛t✐♦♥✳

■t ❤❛s ❝❧♦s❡❞ ❢♦r♠✉❧❛s✱ ❜✉t ✐s st✐❧❧ ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡✳ ■t ❛❧s♦ ②✐❡❧❞s q✉❛s✐✲❝♦♥❢♦r♠❛❧

❞❡❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤ ♣❛rt✐❛❧❧② ♣r❡s❡r✈❡s t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ♦❜❥❡❝ts✳ ❬✺✹✱ ✼✽❪✳

✻✶
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• ❘❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s✿ ❛♥♦t❤❡r ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤ t♦ ♥♦♥✲s♣❧✐♥❡ ♠♦❞❡❧✐♥❣ ✉s❡s ❛ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ❬✶✼✱ ✷✵❪✳ ❊❛❝❤ t✐♠❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ❡❞✐t❡❞✱ ♦♥❡

r❛❞✐❛❧ ❡❧❡♠❡♥t ✐s ❛❞❞❡❞ t♦ ✐ts ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ✐ts ❝♦❡✣❝✐❡♥t ✐s ♠❛♥✐♣✉❧❛t❡❞ ❞✐r❡❝t❧② ❜②

t❤❡ ✉s❡r✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② ✢❡①✐❜❧❡✱ ❜✉t ❤❛s t❤❡ ❞r❛✇❜❛❝❦ t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡

❞❡❢♦r♠❛t✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤♦✉t ❜♦✉♥❞ ❛s ❡❞✐t✐♥❣ ❣♦❡s ♦♥✳ ■t ✐s ❛❧s♦ ❞✐✣❝✉❧t t♦ ❡♥s✉r❡ t❤❛t

t❤❡ ❞❡❢♦r♠❛t✐♦♥ r❡♠❛✐♥s ♦♥❡✲t♦✲♦♥❡✱ ✇✐t❤♦✉t ✏❢♦❧❞✲♦✈❡r✑✳

✶✶✳✷ ❙♣❧✐♥❡ ♠❡t❤♦❞s

▼❛♥② ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧✐♥❣ ♠❡t❤♦❞s ✉s❡ ♣♦❧②♥♦♠✐❛❧ s♣❧✐♥❡s✱ t❤❛t ✐s✱ ♣✐❡❝❡✇✐s❡✲❞❡✜♥❡❞ ❢✉♥❝t✐♦♥s

✇❤❡r❡ ❡❛❝❤ ♣✐❡❝❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ ❞♦♠❛✐♥ ❝♦♦r❞✐♥❛t❡s✱ ❞❡✈❡❧♦♣❡❞ ❜② P❛✉❧ ❞❡ ❈❛st❡❧❥❛✉

❛♥❞ P✐❡rr❡ ❇é③✐❡r ❬✷✺❪✳

❇❛rr ❬✺❪✱ ❛♥❞ ❙❡❞❡r❜❡r❣ ❛♥❞ P❛rr② ❬✼✹❪ ✇❡r❡ t❤❡ ♣✐♦♥❡❡rs ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s♣❛❝❡ ❞❡❢♦r✲

♠❛t✐♦♥ ♠❡t❤♦❞ ✉s✐♥❣ s♣❧✐♥❡s ❛s ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ♥❛♠❡❧② ❢r❡❡✲❢♦r♠ ❞❡❢♦r♠❛t✐♦♥ ✭❋❋❉✮✳

❉✉❡ t♦ ✐ts ❛❞✈❛♥t❛❣❡s✱ t❤❡ ❋❋❉ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ❛❧❧♦✇✐♥❣ s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s

❛♥❞ ✈❛r✐❛t✐♦♥s ❬✶✺✱ ✸✶✱ ✺✻❪✳

❙♣❧✐♥❡✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥ ❡❞✐t♦rs ❢♦r ♠♦❞❡❧✐♥❣ ♦❢ ✸❉ ♦❜❥❡❝ts ❣❡♥❡r❛❧❧② ✉s❡ ❛ ❝♦♥tr♦❧ ♠❡s❤

❝♦♥s✐st✐♥❣ ♦❢ ❡✐t❤❡r ❤❡①❛❤❡❞r❛ ❬✺✶✱ ✼✹❪ ♦r t❡tr❛❤❡❞r❛ ❬✽✱ ✹✶✱ ✾✺❪ ❞❡✜♥❡❞ ❜② ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts✳

❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ P❛rt ■■■✱ ♦♥❡ ❝❛♥ ❛❧s♦ ✉s❡ ♣r✐s♠❛t✐❝ ❡❧❡♠❡♥ts ❬✻✼❪✳

■♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t✱ ♠♦st s♣❧✐♥❡✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ✉s❡ q✉❛❞r❛♥❣✉✲

❧❛r ♦r tr✐❛♥❣✉❧❛r ♣❛t❝❤❡s✳ ❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡ ♠♦r♣❤✐♥❣ ❬✺✸✱ ✻✸❪✱ r❡❣✐str❛t✐♦♥ ❬✼✸❪✱ ❛♥❞

✈❡❝t♦r✐③❛t✐♦♥ ❬✾✷❪✳ ❙✐♠♣❧✐❝✐❛❧ ✭tr✐❛♥❣✉❧❛r ♦r t❡tr❛❤❡❞r❛❧✮ ❇é③✐❡r ♣❛t❝❤❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r

q✉❛❞r❛♥❣✉❧❛r ♣❛t❝❤❡s s✐♥❝❡ t❤❡② ❝❛♥ ❜❡ ❥♦✐♥❡❞ ✇✐t❤ ❛❧♠♦st ❛r❜✐tr❛r② t♦♣♦❧♦❣②✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡✐r ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

❈♦♠♣❛r❡❞ t♦ ♥♦♥✲s♣❧✐♥❡ ♠❡t❤♦❞s✱ s♣❧✐♥❡s ❣❡♥❡r❛❧❧② ✉s❡ ♠♦r❡ ❝♦♥tr♦❧ ♣♦✐♥ts✱ ❜✉t ❝❛♥ ✉s❡

❛ ❝♦♥tr♦❧ ♠❡s❤ ✇✐t❤ ❢❡✇❡r ❝❡❧❧s✳ ❆♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♣❧✐♥❡ ❛♣♣r♦❛❝❤ ✐s t❤❛t t❤❡

❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✐ts ❡❞✐t✐♥❣ ❤✐st♦r②✳ ◆❛♠❡❧②✱ t❤❡ ♥✉♠❜❡r ♦❢

♣❛t❝❤❡s ❛♥❞ ❝♦♥tr♦❧ ♣♦✐♥ts ✐s ✜①❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♠❡s❤✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①✐st❡♥❝❡

♦❢ ❛ s✐♠♣❧❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❛r♦✉♥❞ ❛ ♣♦✐♥t ✐s ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ✐♥

♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s t❤❛t r❡q✉✐r❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥✳



❈❤❛♣t❡r ✶✷

❚r✐❛♥❣✉❧❛r ❙♣❧✐♥❡s ❉❡❢♦r♠❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐❡✇ t❤❡ t❤❡♦r② ♦❢ ❇é③✐❡r s♣❧✐♥❡s ❞❡✜♥❡❞ ♦♥ s✐♠♣❧✐❝✐❛❧ ♠❡s❤❡s✱ ✇❤♦s❡ ❝❡❧❧s

❛r❡ ❣❡♦♠❡tr✐❝ t✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧✐❝❡s ✭✐♥t❡r✈❛❧s✱ tr✐❛♥❣❧❡s✱ t❡tr❛❤❡❞r❛✱ ❡t❝✳✮✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡

s♣❡❝✐✜❝❛❧❧② t❤❡ ❝❛s❡ t = 2✱ t❤❛t ✐s Ω ⊆ R
2✱ s♦ t❤❡ ❝❡❧❧s ❛r❡ tr✐❛♥❣❧❡s✳

✶✷✳✶ ❚r✐❛♥❣✉❧❛r ❇é③✐❡r s♣❧✐♥❡s

❆s ✐s ✇❡❧❧ ❦♥♦✇♥ ❬✺✵❪✱ ❛♥② ♣♦❧②♥♦♠✐❛❧ f ❢r♦♠ R
2 t♦ R ❝❛♥ ❜❡ ❝♦♥✈❡♥✐❡♥t❧② ❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❇❡r♥st❡✐♥✲❇é③✐❡r s✐♠♣❧✐❝✐❛❧ ♣♦❧②♥♦♠✐❛❧s r❡❧❛t✐✈❡ t♦ ❛♥② s✐♠♣❧❡① u✳ ▲❡t p ❜❡

❛ ♣♦✐♥t ♦❢ R2✱ ❛♥❞ β0✱ β1 ❛♥❞ β2 ❜❡ t❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s ♦❢ p r❡❧❛t✐✈❡ t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛

tr✐❛♥❣❧❡ u✳ ▲❡t d ∈ N ❜❡ ❛ ❞❡❣r❡❡✱ ❛♥❞ i✱ j ❛♥❞ k ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t i+j+k = d✳

❚❤❡♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❇❡r♥st❡✐♥✲❇é③✐❡r ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ✇✐t❤ ✐♥❞✐❝❡s i✱ j✱ ❛♥❞ k ✐s

❞❡✜♥❡❞ ❛s

Bu
ijk(p) = Bijk(β0, β1, β2) =

d!

i!j!k!
βi0β

j
1β

k
2 . ✭✶✷✳✶✮

❚❤❡r❡ ❛r❡ (d+1)(d+2)/2 ❇❡r♥st❡✐♥✲❇é③✐❡r ♣♦❧②♥♦♠✐❛❧s ✭❛♥❞ ❤❡♥❝❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts✮ ❢♦r ❡❛❝❤

tr✐❛♥❣❧❡✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s Bijk ✇✐t❤ i+j+k = d ✐s ❛ ❜❛s✐s ❢♦r t❤❡ ❜✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s

♦❢ t♦t❛❧ ❞❡❣r❡❡ ❛t ♠♦st d ❞❡✜♥❡❞ ♦♥ R
2✳ ❚❤❛t ✐s✱ ❡✈❡r② s✉❝❤ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥✐q✉❡❧②

❛s

f(p) =
∑

i+j+k=d

cijkB
u
ijk(p) ✭✶✷✳✷✮

❢♦r ❛❧❧ p ∈ R
2✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts cijk ❛r❡ ❝❛❧❧❡❞ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts ♦❢ f r❡❧❛t✐✈❡ t♦ t❤❡ tr✐❛♥❣❧❡

u ❬✺✵❪✳ ❚❤❡ ❊q✉❛t✐♦♥ ✭✶✷✳✷✮ s❛②s t❤❛t f(p) ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ❝♦❡✣❝✐❡♥ts cijk✳

■♥ ❢❛❝t✱ ❢♦r ❛♥② ♣♦✐♥t p ✐♥ R
2✱ ❛♥❞ ❛♥② s✐♠♣❧❡① u✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t

∑

i+j+k=d

Bu
ijk(p) = 1. ✭✶✷✳✸✮

❚❤❡r❡❢♦r❡ f(p) ✐s ❛❝t✉❛❧❧② ❛♥ ❛✣♥❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ cijk✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ♣♦✐♥t p ✐♥ t❤❡

s✐♠♣❧❡① u✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s Bu
ijk(p) ❧✐❡ ❜❡t✇❡❡♥ 0 ❛♥❞ 1✳ ❚❤❡r❡❢♦r❡ t❤❡s❡ ✈❛❧✉❡s

❢♦r♠ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ❛♥❞ f(p) ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ cijk✳

❊❛❝❤ ❝♦❡✣❝✐❡♥t cijk ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥ uijk ✐♥ t❤❡ tr✐❛♥❣❧❡ u✱ ✇❤♦s❡

❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s ❛r❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ (i/d, j/d, k/d) r❡❧❛t✐✈❡ t♦ u✳ ❙❡❡ ❋✐❣✉r❡ ✶✷✳✶✳

✻✸
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u500 = u0

u410 u401

u320 u311
u302

u230 u221 u212
u203

u140 u131 u122 u113
u104

u1 = u050
u041 u032 u023 u014

u005 = u2

❋✐❣✉r❡ ✶✷✳✶✿ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s uijk ✭❞♦ts✮ ♦❢ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts cijk ❢♦r t❤❡ ❇❡r♥st❡✐♥✲❇é③✐❡r
Bu

ijk ♦❢ ❞❡❣r❡❡ 5 r❡❧❛t✐✈❡ t♦ ❛ tr✐❛♥❣❧❡✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t ✭s♦❧✐❞ ❛♥❞
❞❛s❤❡❞ ❧✐♥❡s✮✳

❚❤❡ tr✐❛♥❣✉❧❛r ❣r✐❞ ❞❡✜♥❡❞ ❜② t❤♦s❡ ♣♦✐♥ts ❛♥❞ t❤❡ ❡❞❣❡s✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✷✳✶✱ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞

t❤❡ ❧♦❝❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t ♦❢ t❤❡ tr✐❛♥❣❧❡❀ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤♦s❡ ❧♦❝❛❧ ♥❡ts ✐s t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r

❝♦♥tr♦❧ ♥❡t✳

✶✷✳✷ ❯s✐♥❣ s♣❧✐♥❡s t♦ ♠♦❞❡❧ ❞❡❢♦r♠❛t✐♦♥s

❆ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛ r❡❣✐♦♥ Ω ⊆ R
n ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ φ : Ω → R

n✳ ❆ ❝♦♥✈❡♥✐❡♥t

✇❛② ♦❢ ♠♦❞❡❧✐♥❣ s✉❝❤ ❢✉♥❝t✐♦♥s ✐s t♦ ❧❡t ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ ♦❢ φ(x) ❜❡ ❛ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ φr(x)✱ ✇✐t❤

0 ≤ r ≤ n❀ ❛❧❧ t❤❡s❡ s♣❧✐♥❡s ❜❡✐♥❣ ♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡ ❛♥❞ ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ♠❡s❤ T ✳ ❲❡ ❝❛❧❧

s✉❝❤ ❢✉♥❝t✐♦♥ ❛ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ ❞❡❢♦r♠s T ✱ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤✱ ✐♥t♦ ❛ ♥❡✇

♠❡s❤ φ(T ) ✇✐t❤ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s✱ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤✳ ❙❡❡ ❋✐❣✉r❡ ✶✷✳✷✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✷✳✷✿ ❆ ❞❡❢♦r♠❛t✐♦♥ ♦❢ R2 ♦❢ t❤❡ ✭❛✮ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✐♥ t❤❡ ✭❜✮ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤
φ(T )✳

❚❤❡ ❇❡r♥st❡✐♥✲❇é③✐❡r ♣♦❧②♥♦♠✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ φ✳ ❋♦r

n = 2✱ ❧❡t u ❜❡ ❛ tr✐❛♥❣❧❡ ♦❢ T ❛♥❞ φu ❜❡ t❤❡ ♣❛rt ♦❢ φ ✇✐t❤ ❞♦♠❛✐♥ u✳ ❋♦r ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ r

✭0 ❢♦r x ♦r 1 ❢♦r y✮✱ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥t cuijk;r ♦❢ φur ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❝♦♦r❞✐♥❛t❡ r ♦❢ ❛ ♣♦✐♥t

quijk✱ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ φu ✇✐t❤ ✐♥❞✐❝❡s i✱ j ❛♥❞ k✳ ❚❤❡ ❢✉♥❝t✐♦♥ φu ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❜②

♠♦✈✐♥❣ t❤❡ ♣♦✐♥ts quijk✳ ❙❡❡ ❋✐❣✉r❡ ✶✷✳✸✳
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✷✳✸✿ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts quijk ♦❢ ❛ ❞❡❣r❡❡ 3 ♣❛t❝❤ φu ❢r♦♠ Ω → R
2 ❛♥❞❀ ✭❛✮ t❤❡✐r

♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s uijk ♦♥ t❤❡ ❞♦♠❛✐♥ tr✐❛♥❣❧❡ u✳ ❚❤❡ ❝✉r✈❡❞ tr✐❛♥❣❧❡ ♦♥ t❤❡ r✐❣❤t
✐s t❤❡ ✐♠❛❣❡ ♦❢ u ✉♥❞❡r t❤❡ ❞❡❢♦r♠❛t✐♦♥ φu✳

◆♦t❡ t❤❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts quijk ❛r❡ ❞✐st✐♥❝t ❢r♦♠ t❤❡✐r ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s uijk✳ ❚❤❡② ❛r❡ ❛❧s♦

❞✐st✐♥❝t ❢r♦♠ t❤❡ ✐♠❛❣❡s φu(uijk) ♦❢ t❤♦s❡ ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s✱ ❡①❝❡♣t ❛t t❤❡ ❝♦r♥❡rs✳ ❚❤❛t ✐s✱

φu(ud00) = qud00✱ φ
u(u0d0) = qu0d0 ❛♥❞ φu(u00d) = qu00d✱ ❜✉t ♦t❤❡r✇✐s❡ φ

u(uijk) 6= qijk ✐♥ ❣❡♥❡r❛❧✳

✶✷✳✷✳✶ ❈♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts

●❡♥❡r❛❧❧②✱ ✇❡ s❛② t❤❛t ❛ ❞❡❢♦r♠❛t✐♦♥ φ : Ω→ R
2 ✐s ❝♦♥t✐♥✉♦✉s t♦ ♦r❞❡r r ✭Cr✮ ✐❢ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡

♦❢ φ ✐s ❝♦♥t✐♥✉♦✉s t♦ ♦r❞❡r r✳ ❚❤✐s ✐s ❝❛❧❧❡❞ ♣❛r❛♠❡tr✐❝ ❝♦♥t✐♥✉✐t② ✇❤✐❝❤ ✐s ❞✐st✐♥❝t ❢r♦♠ t❤❡

❣❡♦♠❡tr✐❝ ❝♦♥t✐♥✉✐t② ✭Gr✮ s♦♠❡t✐♠❡s ✉s❡❞ ✐♥ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s ❬✷✺❪✳ ❚❤❡ ❧❛tt❡r ✐s ♥♦t ❛♣♣r♦♣r✐❛t❡

❤❡r❡ s✐♥❝❡ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ♠❡s❤ φ(T ) ✐s r❡❧❡✈❛♥t✱ ♥♦t ❥✉st ✐ts s❤❛♣❡✳

❊♥s✉r✐♥❣ C
0 ❝♦♥t✐♥✉✐t②

❆ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ ❤❛s C0 ❝♦♥t✐♥✉✐t② ✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛❝r♦ss ❝❡❧❧ ❜♦✉♥❞❛r✐❡s✳ ❋♦r

❛ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ♦♥ ❛ tr✐❛♥❣✉❧❛t✐♦♥ T ✱ t❤❡ C
0 ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①♣r❡ss❡❞ ✐♥

t❡r♠s ♦❢ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts✳

▲❡t u ❛♥❞ v ❜❡ t✇♦ ❛❞❥❛❝❡♥t tr✐❛♥❣❧❡s ♦❢ T ✇✐t❤ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts cuijk ❛♥❞ cvi′j′k′ ✳ ■t ✐s ✇❡❧❧

❦♥♦✇♥ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r f t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ ❝♦♠♠♦♥ ❡❞❣❡ ♦❢ u ❛♥❞ v ✐s t❤❛t

cuijk = cvi′j′k′ ❢♦r ❛❧❧ i, j, k, i′, j′, k′ s✉❝❤ t❤❛t t❤❡ ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ❝♦✐♥❝✐❞❡✱ t❤❛t ✐s✱ s✉❝❤ t❤❛t

uijk = vi′j′k′ ✳ ❙✐♠✐❧❛r❧②✱ ❛ ❞❡❢♦r♠❛t✐♦♥ φ : Ω → R
2 ❞❡✜♥❡❞ ❜② s♣❧✐♥❡ ✐s C0✲❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❛♥

❡❞❣❡ ✐❢ ❤❛✈❡ quijk = qvi′j′k′ ✇❤❡♥❡✈❡r uijk = vi′j′k′ ✳ ❙❡❡ ❋✐❣✉r❡ ✶✷✳✹✳
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✷✳✹✿ ✭❛✮ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❞❡❢♦r♠❛t✐♦♥ φ ♦❢ ❞❡❣r❡❡ 3
✇❤✐❝❤ s❛t✐s❢② C

0 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✳

❊♥s✉r✐♥❣ C
1 ❝♦♥t✐♥✉✐t②

❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ ✐s s♠♦♦t❤ ✇❤❡♥ ✐t ❤❛s ❛t ❧❡❛st C
1 ❝♦♥t✐♥✉✐t②✳ ❆ ♣♦❧②♥♦♠✐❛❧ s♣❧✐♥❡ ✐s

❛❧✇❛②s s♠♦♦t❤ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ ❛♥② ❝❡❧❧✳ ❚❤✉s t❤❡ s♣❧✐♥❡ ✐s s♠♦♦t❤ ❛❧♦♥❣ t❤❡ ❡❞❣❡ ❜❡t✇❡❡♥

t✇♦ ❛❞❥❛❝❡♥t ❝❡❧❧s u ❛♥❞ v ✐❢ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②♥♦♠✐❛❧s fu ❛♥❞ fv

✐♥ ❛♥② ❞✐r❡❝t✐♦♥ ❝♦✐♥❝✐❞❡ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❛t ❜♦✉♥❞❛r②✳ ❋♦r s✐♠♣❧✐❝✐❛❧ ♣♦❧②♥♦♠✐❛❧ s♣❧✐♥❡s✱ t❤✐s

r❡q✉✐r❡♠❡♥t tr❛♥s❧❛t❡s ✐♥t♦ ❛ s❡t ♦❢ ❧✐♥❡❛r ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❇é③✐❡r ❝♦❡✣❝✐❡♥ts ♦❢ fu ❛♥❞ fv✳

❙♣❡❝✐✜❝❛❧❧②✱ f ❤❛s C1 ❝♦♥t✐♥✉✐t② ❛❧♦♥❣ t❤❛t ❝♦♠♠♦♥ ❡❞❣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

cv0jk = cu0jk ✭✶✷✳✹✮

cv1jk = β0c
u
1,j,k + β1c

u
0,j+1,k + β2c

u
0,j,k+1 ✭✶✷✳✺✮

❢♦r ❛❧❧ j, k s✉❝❤ t❤❛t j+ k = d− 1✱ ✇❤❡r❡ β0✱ β1 ❛♥❞ β2 ❛r❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s ♦❢ v0 r❡❧❛t✐✈❡

t♦ u0✱ u1 ❛♥❞ u2 ❬✺✵❪✳

❋♦r ❛ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥ φ : Ω → R
2✱ t❤❡ C

1 ❝♦♥t✐♥✉✐t② ✐s ❣✐✈❡♥ ❜② ❛♥❛❧♦❣♦✉s ❝♦♥❞✐t✐♦♥s t♦

❡q✉❛t✐♦♥s ✐♥ ✭✶✷✳✹✮ ❛♥❞ ✭✶✷✳✺✮ ♦✈❡r t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts qtijk ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ctijk✳

◆❛♠❡❧②✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ φ ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ s❤❛r❡❞ ❡❞❣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

qv0jk = qu0jk ✭✶✷✳✻✮

qv1jk = β0q
u
1,j,k + β1q

u
0,j+1,k + β2q

u
0,j,k+1. ✭✶✷✳✼✮

❲❡ ❝❛❧❧ ❊q✉❛t✐♦♥ ✭✶✷✳✼✮ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥✳ ■t s❛②s t❤❛t t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❢♦r♠❡❞ ❜② t❤❡

❝♦♥tr♦❧ ♣♦✐♥ts qv1jk, q
u
1jk, q

u
0,j+1,k, q

u
0,j,k+1 ♠✉st ❜❡ ❛♥ ❛✣♥❡ ✐♠❛❣❡ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❢♦r♠❡❞ ❜②

t❤❡✐r ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s✳ ❙❡❡ ❋✐❣✉r❡ ✶✷✳✺✳



❈❍❆P❚❊❘ ✶✷✳ ❚❘■❆◆●❯▲❆❘ ❙P▲■◆❊❙ ❉❊❋❖❘▼❆❚■❖◆ ✻✼

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✷✳✺✿ ✭❛✮ ◆♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ❛♥❞ ✭❜✮ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❞❡❢♦r♠❛t✐♦♥ φ ♦❢ ❞❡❣r❡❡ 3
✇❤✐❝❤ s❛t✐s❢② C

1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ✭t❤❡ ❣r❛② ❞✐❛♠♦♥❞s✮✳

✶✷✳✸ ▲♦❝❛❧ ❝♦♥tr♦❧

❚❤❡ t❤❡♦r② ♦❢ C1✲❝♦♥t✐♥✉♦✉s ✷❉ s♣❧✐♥❡s ✇✐t❤ tr✐❛♥❣✉❧❛r ❝❡❧❧s ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞✱ ❢♦r

❡①❛♠♣❧❡✱ ❜② ❙❝❤✉♠❛❦❡r ❬✺✵❪✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡r❡ ✐s ❛ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ d ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♥❣

s♣❧✐♥❡ t❤❛t ❛❧❧♦✇s ❧♦❝❛❧ ❡❞✐t✐♥❣ ♦❢ t❤❡ s♣❧✐♥❡ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ✐ts s♠♦♦t❤♥❡ss ❬✸✹✱ ✾✸❪✳ ■❢ t❤❡

❞❡❣r❡❡ d ✐s t♦♦ ❧♦✇✱ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ✐♥t❡r❝♦♥♥❡❝t❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ r❡q✉✐r❡❞ ❝❤❛♥❣❡s

♣r♦♣❛❣❛t❡ ❢r♦♠ tr✐❛♥❣❧❡ t♦ tr✐❛♥❣❧❡ ♦✈❡r ❛❧❧ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱ s♦ t❤❛t ❧♦❝❛❧ ❝♦♥tr♦❧ ✐s ♥♦t

♣♦ss✐❜❧❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r tr✐❛♥❣❧❡ ♠❡s❤❡s ✐♥ R
2✱ t❤❡ s♠❛❧❧❡st ❞❡❣r❡❡ t❤❛t ❛❧❧♦✇s ❧♦❝❛❧ ❝♦♥tr♦❧ ✇✐t❤ C

1

❝♦♥t✐♥✉✐t② ✐s d = 5✱ ✇❤✐❝❤ ✇❡ ✉s❡ ✐♥ t❤❡ ❡①❛♠♣❧❡s t❤❛t ❢♦❧❧♦✇✳ ■♥ t❤✐s ❝❛s❡✱ ❡❛❝❤ tr✐❛♥❣❧❡ ❤❛s 21

❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✷✳✻✳

❋✐❣✉r❡ ✶✷✳✻✿ ❆ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❢♦r ❛ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❞❡❣r❡❡ 5✱ s❤♦✇✐♥❣ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧
♣♦✐♥ts ❛♥❞ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s✳

▲❡t n ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rts ❛♥❞ l ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ t❤❡ ❢r❡❡ ❜♦r❞❡r ♦❢ t❤❡ ♠❡s❤✱ ✐t ❝❛♥

❜❡ ♣r♦✈❡❞ ✭❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✮ t❤❛t ❛ s✐♠♣❧✐❝✐❛❧ s♣❧✐♥❡ ♦❢ t❤❛t s✐③❡ ❤❛s 25
2 n+O(l) ❞✐st✐♥❝t ❝♦♥tr♦❧

♣♦✐♥ts ❛♥❞ 13
2 n+O(l) ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠❀ t❤❛t ✐s✱ ❛❜♦✉t 25

13 = 1.9 ❝♦♥tr♦❧ ♣♦✐♥ts ❢♦r ❡❛❝❤ ❞❡❣r❡❡

♦❢ ❢r❡❡❞♦♠✳

■♥ ❝♦♠♣❛r✐s♦♥✱ ❛ q✉❛❞r❛♥❣✉❧❛r ❜✐❝✉❜✐❝ t❡♥s♦r s♣❧✐♥❡ ♦❢ ❞❡❣r❡❡ 3 ✭t❤❡ s♠❛❧❧❡st ❞❡❣r❡❡ t❤❛t

♣r♦✈✐❞❡s ❧♦❝❛❧ ❝♦♥tr♦❧ ❛♥❞ C
1 ❝♦♥t✐♥✉✐t②✮ ✇✐t❤ n ♣❛t❝❤❡s ❤❛s 9n+O(l) ❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ 4n+O(l)

❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠❀ t❤❛t ✐s✱ ❛❜♦✉t 9/4 = 2.25 ❝♦♥tr♦❧ ♣♦✐♥ts ❢♦r ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡r❡❢♦r❡✱

❞❡s♣✐t❡ r❡q✉✐r✐♥❣ ❛ ❤✐❣❤❡r ❞❡❣r❡❡ t❤❛♥ t❡♥s♦r s♣❧✐♥❡s t♦ ♦❜t❛✐♥ ❧♦❝❛❧✐t②✱ t❤❡ tr✐❛♥❣✉❧❛r s♣❧✐♥❡

❞❡❢♦r♠❛t✐♦♥ ♥❡❡❞s ❢❡✇❡r ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ✢❡①✐❜✐❧✐t②✳



❈❤❛♣t❡r ✶✸

❙♣❧✐♥❡ ❘❡♣r❡s❡♥t❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❞❛t❛ str✉❝t✉r❡ t♦ st♦r❡ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱

t❤❡ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥ ♦♥ t❤❛t ♠❡s❤✱ ❛♥❞ ✐ts ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ✐♠♣♦rt❛♥t

t♦ ❡♥s✉r❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ❞❛t❛ st♦r❡❞ ✐♥ t❤❡ str✉❝t✉r❡✱ ✇❤✐❝❤ ❛r❡ ❜❛s✐s ❢♦r t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠✳

❚❤✐s ❞❛t❛ str✉❝t✉r❡ ✇❛s ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✈❡rs✐♦♥ ♦❢ ♦✉r ❡❞✐t♦r ❬✻✼❪✳

✶✸✳✶ ◆♦t❛t✐♦♥

✶✸✳✶✳✶ ▲❛❜❡❧✐♥❣ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❞❣❡s

❋♦r ❡❛❝❤ ♦r✐❡♥t❡❞ ❡❞❣❡ e ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱ ✇❡ ❞❡♥♦t❡ ❜② le ❛♥❞ re ✐ts s♦✉r❝❡ ❛♥❞ ❞❡st✐♥❛t✐♦♥

✈❡rt✐❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡ ❜② ue t❤❡ ❛❞❥❛❝❡♥t tr✐❛♥❣❧❡ t♦ t❤❡ ❧❡❢t ♦❢ ❡❞❣❡ e✱ ❛♥❞

ve t❤❡ ❛❞❥❛❝❡♥t tr✐❛♥❣❧❡ t♦ t❤❡ r✐❣❤t ♦❢ ❡❞❣❡ e✳ ❚❤❡ ♥♦t❛t✐♦♥ pe ❛♥❞ ne ❛r❡ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s

♦❢ t❤♦s❡ tr✐❛♥❣❧❡s✳ ❙❡❡ ❋✐❣✉r❡ ✶✸✳✶✳ ◆♦t❡ t❤❛t✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❡❞❣❡ ✐♥ t❤❡ ♦♣♣♦s✐t❡

❞✐r❡❝t✐♦♥✱ t❤❡ ❧❛❜❡❧s ❛r❡ s✇❛♣♣❡❞ ✐♥ ♣❛✐rs ue ✇✐t❤ ve✱ le ✇✐t❤ re✱ ❛♥❞ pe ✇✐t❤ ne✳

e

ue

ve

pe

le re

ne

❋✐❣✉r❡ ✶✸✳✶✿ ▲❛❜❡❧s ♦❢ t❤❡ tr✐❛♥❣❧❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T t❤❛t s❤❛r❡❞ t❤❡ ♦r✐❡♥t❡❞ ❡❞❣❡ e✱ ❛♥❞
t❤❡✐r ✈❡rt✐❝❡s✳

✻✽
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✶✸✳✶✳✷ ▲❛❜❡❧✐♥❣ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s

❚❤❡r❡ ❛r❡ d q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s Qe
0, Q

e
1, . . . , Q

e
d−1 ❢♦r ❡❛❝❤ ♦r✐❡♥t❡❞ ❡❞❣❡ e ♦❢ t❤❡ r❡❢❡r❡♥❝❡

♠❡s❤ T ✱ ♥✉♠❜❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ e✳ ❋♦r ❡❛❝❤ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥✱ ✇❡

❞❡♥♦t❡ lei ✱ r
e
i ✱ p

e
i ✱ ❛♥❞ n

e
i t❤❡ ❢♦✉r ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ t❤❛t ❝♦♥❞✐t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸✳✷✳

❲❡ s❛② t❤❛t lei ❛♥❞ rei ❛r❡ ❧❡❢t ❛♥❞ r✐❣❤t ♠❡❞✐❛❧ ♠❡♠❜❡rs❀ ❛♥❞ pei ❛♥❞ nei ❛r❡ ♣r❡✈✐♦✉s ❛♥❞ ♥❡①t

❡①tr❡♠❡ ♠❡♠❜❡rs ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥ i✱ r❡s♣❡❝t✐✈❡❧②✳

ue

ve

le re

pe0

le0 re0

ne

0

pe1

le1 re1

ne

1

pe2

le2 re2

ne

2

pe3

le3 re3

ne

3

pe4

le4 re4

ne

4

❋✐❣✉r❡ ✶✸✳✷✿ ▲❛❜❡❧s ♦❢ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts t❤❛t ❢♦r♠ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
s❤❛r❡❞ ❡❞❣❡ e ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱ ❢♦r ❞❡❣r❡❡ d = 5✳

■❢ e′ ✐s t❤❡ ❡❞❣❡ e t❛❦✐♥❣ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✱ t❤❡♥ ❝♦♥❞✐t✐♦♥ Qe
i ❝♦✐♥❝✐❞❡s ✇✐t❤ Qe′

d−i−1✱ p
e
i

✇✐t❤ ne
′

d−i−1✱ ❛♥❞ l
e
i ✇✐t❤ re

′

d−i−1✳

✶✸✳✷ ❉❛t❛ str✉❝t✉r❡

✶✸✳✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤

❚❤❡ r❡❢❡r❡♥❝❡ tr✐❛♥❣✉❧❛t✐♦♥ T ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ♦✉r ❡❞✐t♦r ❜② t❤❡ s❡t ♦❢ ✐ts ✈❡rt✐❝❡s✱ t❤❡ s❡t ♦❢ ✐ts

❡❞❣❡s✱ ❛♥❞ t❤❡ s❡t ♦❢ ✐ts ❢❛❝❡s✳ ❙♦✱ t❤❡r❡ ❛r❡ t❤r❡❡ str✉❝t✉r❡s t♦ r❡♣r❡s❡♥t ❛ tr✐❛♥❣✉❧❛t✐♦♥✿

• P♦✐♥t✿ ❤❛s t❤❡ ❝♦♦r❞✐♥❛t❡s ① ❛♥❞ ② ♦♥ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ T ✳

• ❊❞❣❡✿ ❤❛s t❤❡ ♣♦✐♥t❡rs ❧ ❛♥❞ r t♦ t❤❡ s♦✉r❝❡ ❛♥❞ ❞❡st✐♥❛t✐♦♥ ✈❡rt✐❝❡s ♦❢ t❤❡ ❡❞❣❡✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✳

• ❋❛❝❡✿ ❤❛s t❤❡ ♣♦✐♥t❡rs ♣✵✱ ♣✶✱ ❛♥❞ ♣✷ t♦ ✐ts ✈❡rt✐❝❡s ❛♥❞ ❡✵✱ ❡✶✱ ❛♥❞ ❡✷ t♦ ✐ts ❡❞❣❡s✳ ❚❤❡

✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s ❛r❡ ♥✉♠❜❡r❡❞ ✐♥ ❝♦✉♥t❡r ❝❧♦❝❦✇✐s❡ ♦r✐❡♥t❛t✐♦♥ ❢r♦♠ ❛ ❛r❜✐tr❛r② ✈❡rt❡①✳

❙♦ t❤❛t ♣✵✱ ♣✶✱ ❛♥❞ ♣✷ ❛r❡ t❤❡ s♦✉r❝❡ ✈❡rt✐❝❡s ♦❢ ❡✵✱ ❡✶✱ ❛♥❞ ❡✷✱ r❡s♣❡❝t✐✈❡❧②✳
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✶✸✳✷✳✷ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♣❧✐♥❡

❚❤❡ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥ φ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞❛t❛ str✉❝t✉r❡ ✇✐t❤ t❤r❡❡ r❡❝♦r❞ t②♣❡s✿

• ❈♦♥tr♦❧P♦✐♥t✿ r❡♣r❡s❡♥ts ❛ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ t❤❡ s♣❧✐♥❡ φ✳ ■t ❤❛s t❤❡ ❝✉rr❡♥t ❝♦♦r✲

❞✐♥❛t❡s ①✱ ②✱ ③ ✐♥ R
3✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r t②♣❡ t❤❛t ✐♥❞✐❝❛t❡s ✐ts ♣♦s✐t✐♦♥ ♦♥ ❛ tr✐❛♥❣❧❡ ♦❢ t❤❡

r❡❢❡r❡♥❝❡ ♠❡s❤ T ✳ ◆♦t❡ t❤❛t t✇♦ ♦r ♠♦r❡ ❝♦♥tr♦❧ ♣♦✐♥ts✱ t❤❛t ♠✉st ❜❡ ✐❞❡♥t✐✜❡❞ t♦ ♦❜t❛✐♥

C
1 ❝♦♥t✐♥✉✐t②✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s✐♥❣❧❡ r❡❝♦r❞ ♦❢ t②♣❡ ❈♦♥tr♦❧P♦✐♥t✳

• ❇❡③✐❡r❚r✐❛♥❣❧❡✿ r❡♣r❡s❡♥ts ❛ tr✐❛♥❣❧❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✐♥ ♦♥❡ ♣❛rt✐❝✉❧❛r ♦r✐❡♥t❛✲

t✐♦♥✳ ■t ❤❛s ❛ ♣♦✐♥t❡r ❢ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛❝❡ ♦❢ t❤❡ T ✱ ❛♥❞ ❛ ✈❡❝t♦r ❈♣ ♦❢ ♣♦✐♥t❡rs t♦

✐ts (d + 1)(d + 2)/2 ❝♦♥tr♦❧ ♣♦✐♥ts qfijk✳ ❚❤❡s❡ ♣♦✐♥ts ❛r❡ st♦r❡❞ ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ♦❢

t❤❡ ✐♥❞✐❝❡s ijk✳

• ❇❡③✐❡r❊❞❣❡✿ r❡♣r❡s❡♥ts ❛ ❡❞❣❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T s❤❛r❡❞ ❜② t✇♦ tr✐❛♥❣❧❡s✳ ■t ❤❛s

❛ ♣♦✐♥t❡r ❡ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❝♦r❞ ♦❢ t②♣❡ ❊❞❣❡❀ ❛♥❞ t✇♦ ♣♦✐♥t❡rs ♣ ❛♥❞ ♥✱ t♦ t❤❡

P♦✐♥t r❡❝♦r❞ ♦❢ t❤❡ ♦t❤❡r t✇♦ ✈❡rt✐❝❡s ♦❢ t❤❡ tr✐❛♥❣❧❡s t❤❛t s❤❛r❡ t❤❡ ❡❞❣❡✱ ❛❝❝♦r❞✐♥❣ t♦

❋✐❣✉r❡ ✶✸✳✶✳ ■t ❛❧s♦ ❤❛s ♣♦✐♥t❡rs t♦ t❤❡ t✇♦ r❡❝♦r❞s ♦❢ t❤❡ t②♣❡ ❇❡③✐❡r❚r✐❛♥❣❧❡ ✉ ❛♥❞ ✈✱

❛♥❞ ❛ ✈❡❝t♦r ◗❝❬✵✳✳✳❞✲✶❪ ♦❢ ♣♦✐♥t❡rs t♦ t❤❡ d r❡❝♦r❞s ♦❢ t❤❡ t②♣❡ ◗✉❛❞r✐❧❛t❡r❛❧ t❤❛t

r❡♣r❡s❡♥t t❤❡ C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts r❡❧❛t❡❞ t♦ t❤✐s ❡❞❣❡✳ ❙❡❡ ❙❡❝t✐♦♥ ✶✸✳✷✳✸✳

✶✸✳✷✳✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ C
1 ❝♦♥str❛✐♥ts

❊❛❝❤ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ r❡❝♦r❞ ♦❢ t❤❡ t②♣❡✿

• ◗✉❛❞r✐❧❛t❡r❛❧✿ ❤❛s ❛ ❢♦✉r ♣♦✐♥t❡rs ♣✱ ❧✱ ♥ ❛♥❞ r✱ t♦ t❤❡ ❢♦✉r ❈♦♥tr♦❧P♦✐♥t r❡❝♦r❞

❛✛❡❝t❡❞ ❜② t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥✳ ■t ❛❧s♦ ❤❛s ❛♥ ✐♥t❡❣❡r ♦r✐❡♥t❛t✐♦♥ t❤❛t ✐♥❞✐❝❛t❡s

t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s❤❛r❡❞ ❡❞❣❡ ✭✵ ✲

s❛♠❡ ❞✐r❡❝t✐♦♥❀ ✶ ✲ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✮✳

❚❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥ ✐s st♦r❡❞ ♦♥❧② ♦♥❝❡ ✐♥ t❤❡ ❞❛t❛ str✉❝t✉r❡✱ t❤❛t ✐s✱ ✐t ✐s st♦r❡❞ ✐♥ t❤❡

❛ttr✐❜✉t❡ ◗❝❬✐❪ ♦❢ ❡❛❝❤ s❤❛r❡❞ ❡❞❣❡ e✱ ❡✐t❤❡r t❤❡ q✉❛❞r✐❧❛t❡r❛❧ Qe
i ♦r t❤❡ q✉❛❞r✐❧❛t❡r❛❧ Qe′

d−i−1✱

✇❤❡r❡ e′ ✐s t❤❡ ❡❞❣❡ e ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳

❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧s Qe′

0 ❛♥❞ Qe′

1 ♦r Qe′

d−1 ❛♥❞ Qe′

d−2 ♠✉st ❜❡ ♦♣♣♦s✐t❡ t♦ t❤❡

♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❇❡③✐❡r❊❞❣❡ r❡❝♦r❞ ❜❡❝❛✉s❡ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❛t t❤❡ q✉❛❞r✐❧❛t❡r❛❧s

❛r♦✉♥❞ ❛ ✈❡rt❡① ❤❛✈❡ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥s✳ ❙❡❡ ❋✐❣✉r❡ ✶✸✳✸✳

❋✐❣✉r❡ ✶✸✳✸✿ ❆ s♣❧✐♥❡ ✇✐t❤ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧s ❛r♦✉♥❞ t❤❡ ✈❡rt✐❝❡s✳
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❚❤❡ ♦t❤❡r q✉❛❞r✐❧❛t❡r❛❧s Qe
i ✇✐t❤ (2 ≤ i ≤ d− 3) ❝❛♥ ❜❡ ♦r✐❡♥t❡❞ ❛r❜✐tr❛r✐❧②✳ ■♥ ❋✐❣✉r❡ ✶✸✳✹ t❤❡

q✉❛❞r✐❧❛t❡r❛❧ ◗❝❬✷❪ = Qe
2✱ t❤❛t ✐s✱ ✐t ❤❛s t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ e✳

ue

ve

le re

Qe

0

◗❬✵❪

pe0

le0 re0

ne

0

Qe

1

◗❬✶❪

pe1

le1 re1

ne

1

Qe

2

◗❬✷❪

pe2

le2 re2

ne

2

Qe
′

1

◗❬✸❪

ne
′

1

re
′

1 le
′

1

pe
′

1

Qe
′

0

◗❬✹❪

ne
′

0

re
′

0 le
′

0

pe
′

0

❋✐❣✉r❡ ✶✸✳✹✿ ▲❛❜❡❧s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ♦❜t❛✐♥ ❛ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r✐❧❛t❡r❛❧s
❛r♦✉♥❞ t❤❡ ✈❡rt✐❝❡s✳



❈❤❛♣t❡r ✶✹

❚❤❡ ✷❉❙❉ ❊❞✐t✐♥❣ ❆❧❣♦r✐t❤♠

❚❤❡ ❡❞✐t✐♥❣ ♦❢ s♠♦♦t❤ ✷❉ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧

♣r♦❜❧❡♠ ♦❢ ❡❞✐t✐♥❣ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs ✇✐t❤ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡

❞❡s❝r✐❜❡ t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ❊❈▲❊❙ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥

❈❤❛♣t❡r ✺✳

❊❛❝❤ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts✱ ✐❢ t❤❡ ❝♦♦r✲

❞✐♥❛t❡s ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❛r❡ r❛t✐♦♥❛❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❊❈▲❊❙

❣❡♥❡r❛❧ ♣❛r❛♠❡t❡r ❡❞✐t✐♥❣ ♠❡t❤♦❞✱ ❛s ♣❛rt ♦❢ ♦✉r ✐♥t❡r❛❝t✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r ❡❞✐t✐♥❣ ♦❢ ✷❉ s♣❧✐♥❡

❞❡❢♦r♠❛t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❛❞❥✉st t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♣r❡s❡r✈✐♥❣ t❤❡ C
1 ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s♣❧✐♥❡

✇❤✐❧❡ tr②✐♥❣ t♦ ♦❜❡② t❤❡ ❝❤❛♥❣❡s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✉s❡r✳

✶✹✳✶ ❚❤❡ ✉s❡r ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧

■♥ P❛rt ■■■✱ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧ ❛ t②♣✐❝❛❧ ❧♦❝❛❧ ❡❞✐t✐♥❣ ❛❝t✐♦♥✱ ❛s s❡❡♥ ❜② t❤❡ ✉s❡r ♦❢ t❤❡ ❡❞✐t♦r✳

❍❡r❡ t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❜❛❝❦ st❛❣❡ ♦❢ t❤❡ ❡❞✐t♦r✱ ♥❛♠❡❧② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ✇✐t❤

t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠✳ ❋✐❣✉r❡ ✶✹✳✶ s❤♦✇s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❜❡t✇❡❡♥ t❤❡ ✉s❡r✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✬s

✉s❡r ✐♥t❡r❢❛❝❡✱ ♦✉r ✐♥t❡r❛❝t✐✈❡ ❛❧❣♦r✐t❤♠ ✷❉❙❉✱ ❛♥❞ t❤❡ ❊❈▲❊❙ ❣❡♥❡r❛❧ ♠❡t❤♦❞✳

❯s❡r

❯s❡r ■♥t❡r❢❛❝❡

❯■✳❙❡❧❡❝t

❯■✳❚r❛♥s❧❛t❡

❯■✳❉✐s♣❧❛②

✷❉❙❉

✷❉❙❉✳❙❡❧❡❝t

✷❉❙❉✳❚r❛♥s❧❛t❡

❊❈▲❊❙

❊❈▲❊❙✳■♥✐t✐❛❧✐③❡

❊❈▲❊❙✳❯♣❞❛t❡

A✱ S

~v

A✱ D✱ P

A✱ D✱ R

Q✱ P

Q✱ R✱ P ′

P ′′

D

A✱ D✱ θ A✱ F
′
✱ E✱ ΠR✱ L✱ D✱ U ✱ ΠC✱ r

❋✐❣✉r❡ ✶✹✳✶✿ ❈♦♥tr♦❧ ✢♦✇ ❢♦r ❛ t②♣✐❝❛❧ ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✭s♦❢t tr❛♥s❧❛t✐♦♥✮✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❝❡ss ❤❛s t✇♦ st❡♣s✿ t❤❡ ✜rst ♦❝❝✉rs ♦♥❝❡ ✐♥ ❡❛❝❤ ❡❞✐t✐♥❣ ❛❝t✐♦♥ ✇❤❡♥ t❤❡ ✉s❡r

❝❤♦♦s❡s t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ❜❡ ❛❞❥✉st❡❞❀ ❛♥❞ t❤❡ s❡❝♦♥❞ st❡♣ ♦❝❝✉rs ♦♥❡ ♦r ♠♦r❡ t✐♠❡s ✇❤❡♥

t❤❡ ✉s❡r ♠♦❞✐✜❡s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤♦s❡ ❝♦♥tr♦❧ ♣♦✐♥ts✱ ❡✳❣✳ ❜② ❞r❛❣❣✐♥❣ t❤❡♠ ✇✐t❤ t❤❡ ♠♦✉s❡✳

❚♦ s✐♠♣❧✐❢②✱ ♦♥❧② ♦♥❡ ❡❞✐t✐♥❣ ♦♣❡r❛t✐♦♥ ✐s s❤♦✇♥ ✭tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts ❞❡s❝r✐❜❡❞ ✐♥

❙❡❝t✐♦♥ ✶✽✳✺✳✶✮✳ ❖t❤❡r ♦♣❡r❛t✐♦♥s✱ s✉❝❤ ❛s r♦t❛t✐♦♥ ❛♥❞ s❝❛❧✐♥❣ ♦❢ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts ❝❛♥ ❜❡

✐♠♣❧❡♠❡♥t❡❞ ✐♥ s✐♠✐❧❛r ✇❛②s✳

✼✷
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❧✐♥❡❛r ♠❛♣ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥s ps✳ ■❢ t❤❡r❡ ❛r❡ ❢♦✉r ♦r ♠♦r❡ ❛♥❝❤♦rs✱ t❤❡ ♥❡✇ ❛♥❝❤♦r ♣♦s✐✲

t✐♦♥s ♠❛② ✈✐♦❧❛t❡ s♦♠❡ ❝♦♥str❛✐♥ts✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤✐s ♦♣❡r❛t✐♦♥✱ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ❝❛❧❧s t❤❡

❊❈▲❊❙✳❈❤❡❝❦❙tr♦♥❣❙♦❧✈❛❜✐t✐t② ♣r♦❝❡❞✉r❡ t♦ ❝❤❡❝❦ t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ ❡q✉❛✲

t✐♦♥ ✷✳✸✱ ❛♥❞✱ ✐❢ ✐t ✐s ♥♦t s❛t✐s✜❡❞✱ ❢❛✐❧s ❛♥❞ ♥♦t✐✜❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡♥✱ ✷❉❙❉✳❙❡❧❡❝t r❡t✉r♥s

❛ ♠❡ss❛❣❡ t♦ t❤❡ ✉s❡r✱ ❛s❦✐♥❣ ❤❡r t♦ s❡❧❡❝t ❛ ❞✐✛❡r❡♥t ✭✉s✉❛❧❧② s♠❛❧❧❡r✮ s❡t ♦❢ ❛♥❝❤♦r ♣♦✐♥ts✳

✶✹✳✷ ❚❤❡ ✷❉❙❉✳❙❡❧❡❝t ♣r♦❝❡❞✉r❡

❚❤❡ ✷❉❙❉✳❙❡❧❡❝t ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✻✳

❆❧❣♦r✐t❤♠ ✶✻✿ ✷❉❙❉✳❙❡❧❡❝t

❉❛t❛✿ A,S✿ s❡t ♦❢ ❛♥❝❤♦r ❛♥❞ ✐♥✐t✐❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts❀
G✿ t❤❡ ❝♦♥tr♦❧ ❣r❛♣❤❀
R✿ l × c ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ ❛❧❧ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s❀
Q✿ n× j ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ t❤❡ ❝♦♥str❛✐♥ts❀
P ✿ n× j ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts✳

❘❡s✉❧t✿ D,F ′✿ s❡ts ♦❢ ❞❡r✐✈❡❞ ❛♥❞ r❡❧❡✈❛♥t ✜①❡❞ ♣♦✐♥ts❀
E ✿ s❡t ♦❢ r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts❀
θ✿ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ♣♦✐♥t❀
ΠR✱ L✱ D✱ U ✱ ΠC, r✿ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ♦❢ RED✳

✶ ❜❡❣✐♥
✷ D ← ✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞ ✭A✱ S✱ G✮
✸ θ ← ✷❉❙❉✳❈♦♠♣✉t❡❘❡❧▼❛❣♥✐t✉❞❡ ✭A✱ D✱ G✮
✹ ✭F ′, E ,ΠR, L,D, U,ΠC, r✮ ← ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ✭A,D, R✱ Q✱ P ✱ true✱ Turner✮

❚❤❡ ✷❉❙❉✳❙❡❧❡❝t ♣r♦❝❡❞✉r❡ ❡①♣❛♥❞s t❤❡ ✐♥✐t✐❛❧ s❡t S ♦❢ ❞❡r✐✈❡❞ ♣♦✐♥ts t♦ t❤❡ s❡t D ✉s✐♥❣ t❤❡

✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞ ♣r♦❝❡❞✉r❡✱ ✐♥ st❡♣ ✷ ✭s❡❡ ❙❡❝t✐♦♥ ✶✹✳✷✳✶✮✳

■♥ st❡♣ ✸✱ t❤❡ ✷❉❙❉✳❙❡❧❡❝t ♣r♦❝❡❞✉r❡ ✉s❡s ✷❉❙❉✳❈♦♠♣✉t❡❘❡❧▼❛❣♥✐t✉❞❡ ✭s❡❡ ❙❡❝t✐♦♥ ✶✹✳✷✳✷✮

t♦ ❝♦♠♣✉t❡ ❛ r❡❛❧ ❝♦❡✣❝✐❡♥t θs ❢♦r ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t ps r❡❧❛t✐✈❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❛♥❝❤♦r

♣♦✐♥ts✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❜② ✷❉❙❉✳❚r❛♥s❧❛t❡ ✭s❡❡ ❙❡❝t✐♦♥ ✶✹✳✸✮ t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦s✐t✐♦♥s P ′
s✳

❋✐♥❛❧❧②✱ ✐♥ st❡♣ ✹✱ ✷❉❙❉✳❙❡❧❡❝t ❝❛❧❧s t❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✺✳✷✱ t♦ ✐❞❡♥t✐❢② t❤❡ r❡❧❡✈❛♥t ❛♥❞ ♥♦♥✲r❡❞✉♥❞❛♥t C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❡❞✐t✐♥❣

❛❝t✐♦♥✱ ❛♥❞ t♦ ♦❜t❛✐♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❛tr✐❝❡s ΠR✱ L✱ D✱ U ✱ ΠC ❛♥❞ t❤❡ r❛♥❦ r ♥❡❡❞❡❞ ❢♦r t❤❡

❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳
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✶✹✳✷✳✶ ❚❤❡ ✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞ ♣r♦❝❡❞✉r❡

❚❤❡ ✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞ ♣r♦❝❡❞✉r❡ ✐s ✉s❡❞ ✐♥ st❡♣ ✷ ♦❢ ✷❉❙❉✳❙❡❧❡❝t t♦ ❞❡t❡r♠✐♥❡ ❛ s✉♣❡rs❡t

D ♦❢ t❤❡ s♣❡❝✐✜❡❞ ❞❡r✐✈❡❞ ♣♦✐♥ts S ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ❊❈▲❊❙ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳

■♥✐t✐❛❧❧②✱ ✷❉❙❉✳❊①♣❛♥❞❉❡r✐✈❡❞ s❡ts D ← S✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ s ∈ (A∪D)✱ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s

❛❧❧ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ✐♥✈♦❧✈❡ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ps❀ ❛♥❞ t❤❡♥ ❛❞❞s t❤❡ ✐♥❞✐❝❡s ♦❢ ③❡r♦

♦r ♠♦r❡ ❝♦♥tr♦❧ ♣♦✐♥ts t❤❛t ❡♥t❡r ✐♥t♦ t❤❡s❡ ❝♦♥❞✐t✐♦♥s t♦ t❤❡ s❡t D✳ ❚❤❡ ♣r♦❝❡ss ✐s ✐t❡r❛t❡❞ ✉♥t✐❧

❛❧❧ ♣♦✐♥ts ✐♥ A ∪ D ❤❛✈❡ ❜❡❡♥ ❡①❛♠✐♥❡❞✳ ❲❤❡♥ d ≥ 5✱ t❤❡ ✜♥❛❧ s❡t ♦❢ ❞❡r✐✈❡❞ ❝♦♥tr♦❧ ♣♦✐♥ts D

❝❛♥ ❜❡ ❝♦♥✜♥❡❞ t♦ t❤❡ tr✐❛♥❣❧❡s t❤❛t ♦✇♥ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ✐♥ (A ∪ S) ❛♥❞ ♦♥❧② ❛ ❢❡✇ ❛❞❥❛❝❡♥t

tr✐❛♥❣❧❡s✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s st❡♣✱ ❡❛❝❤ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥t ps = quijk ✐s ❝❧❛ss✐✜❡❞ ✐♥t♦ s✐① t②♣❡s

❛❝❝♦r❞✐♥❣ t♦ ✐ts ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥ uijk ✐♥ t❤❡ tr✐❛♥❣❧❡ u✳ ❙❡❡ ❋✐❣✉r❡ ✶✹✳✺✳

❝♦r♥❡r

❡❞❣❡
❡❞❣❡ ❝♦r♥❡r

✐♥♥❡r ❝♦r♥❡r
✐♥♥❡r ❡❞❣❡
✐♥t❡r✐♦r

❚②♣❡ ❉❡s❝r✐♣t✐♦♥

❝♦r♥❡r i = d ♦r j = d ♦r k = d✳
❡❞❣❡ ❝♦r♥❡r i = 0 ❛♥❞ ✭j = 1 ♦r k = 1✮ ♦r

j = 0 ❛♥❞ ✭i = 1 ♦r k = 1✮ ♦r
k = 0 ❛♥❞ ✭i = 1 ♦r j = 1✮✳

❡❞❣❡ ♥♦♥❡ ♦t❤❡r ❛❜♦✈❡ ❛♥❞ ✭i = 0 ♦r j = 0 ♦r k = 0✮✳
✐♥♥❡r ❝♦r♥❡r i = j = 1 ♦r i = k = 1 ♦r j = k = 1✳
✐♥♥❡r ❡❞❣❡ ♥♦♥❡ ♦t❤❡r ❛❜♦✈❡ ❛♥❞ ✭i = 1 ♦r j = 1 ♦r k = 1✮✳
✐♥t❡r✐♦r i ≥ 2 ❛♥❞ j ≥ 2 ❛♥❞ k ≥ 2✳

❋✐❣✉r❡ ✶✹✳✺✿ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ ❛ ❇é③✐❡r ♣❛t❝❤ ♦❢ ❞❡❣r❡❡ 6✳

❚❤❡ t②♣❡ ♦❢ t❤❡ ♣♦✐♥t p ❞❡t❡r♠✐♥❡s t❤❡ s❡t ♦❢ q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥str❛✐♥ts t❤❛t ❛♣♣❧② t♦ t❤❛t ♣♦✐♥t

❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣♦✐♥ts ✐♥s❡rt❡❞ ✐♥ t❤❡ s❡t D✳ ❆ ♣♦✐♥t p ♦❢ t②♣❡ ✐♥t❡r✐♦r ❞♦❡s ♥♦t t❛❦❡ ♣❛rt ✐♥

❛♥② q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥✱ s♦ ✐t ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s❡t D✳ ❆ ♣♦✐♥t p ♦❢ ❛♥② ♦t❤❡r t②♣❡

❝♦♥tr✐❜✉t❡s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts ❛❝❝♦r❞✐♥❣ t♦ r✉❧❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✹✳✻✳

❲❤❡♥ ❛♣♣❧②✐♥❣ t❤❡s❡ r✉❧❡s✱ t❤❡ ❛❧❣♦r✐t❤♠ s❦✐♣s ❛♥② ❝♦♥tr♦❧ ♣♦✐♥ts t❤❛t ✇♦✉❧❞ ❧✐❡ ♦♥ ♥♦♥✲

❡①✐st✐♥❣ tr✐❛♥❣❧❡s✱ ❛♥❞ ❛♥② q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ✇♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡♠✳ ❚❤❡s❡ r✉❧❡s

❡♥s✉r❡ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❞❡r✐✈❡❞ ♣♦✐♥t ❢♦r ❡❛❝❤ q✉❛❞r✐❧❛t❡r❛❧ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡❞✐t✐♥❣

❛❝t✐♦♥✳ ❚❤❡ s❡t D ♦❜t❛✐♥❡❞ ❡♥s✉r❡s t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❊❈▲❊❙✳

❚❤❡ r❡❧❡✈❛♥t q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥str❛✐♥ts ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ A ❛♥❞ D ♣♦✐♥ts ♠❛② ✐♥❝❧✉❞❡ r❡❞✉♥✲

❞❛♥t ❡q✉❛t✐♦♥s✳ ❚❤✐s ❤❛♣♣❡♥s✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ A∪D ✐♥❝❧✉❞❡s ❛ ❝♦r♥❡r ♦r ❡❞❣❡ ❝♦r♥❡r ♣♦✐♥t

♦❢ ❛♥ ✐♥t❡r✐♦r ✈❡rt❡①✳
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❚②♣❡✿ ❝♦r♥❡r

p

p

❚②♣❡✿ ❡❞❣❡ ❝♦r♥❡r

p

p

❚②♣❡✿ ❡❞❣❡

p

p

❚②♣❡✿ ✐♥♥❡r ❝♦r♥❡r

p

p

❚②♣❡✿ ✐♥♥❡r ❡❞❣❡

p

❋✐❣✉r❡ ✶✹✳✻✿ ❘❡❧❡✈❛♥t ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ✭❣r❛② ❞✐❛♠♦♥❞s✮ ❛♥❞ ❞❡r✐✈❡❞ ♣♦✐♥ts ❛❞❞❡❞ t♦ D
✭s♦❧✐❞ ❞♦ts✮ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ps ✇✐t❤ s ∈ A ∪ D ✭♦♣❡♥
❞♦t✮✳ ❋♦r ❡❛❝❤ t②♣❡✱ t❤❡ ❧❡❢t ✜❣✉r❡ s❤♦✇s ❛ t②♣✐❝❛❧ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣♦✐♥t ps ✐s
s✉✣❝✐❡♥t❧② ❢❛r ❢r♦♠ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥✬s ❜♦r❞❡r✳ ❚❤❡ r✐❣❤t ✜❣✉r❡ s❤♦✇s ❛ s✐t✉❛t✐♦♥
♥❡❛r t❤❡ ❜♦r❞❡r ✇❤❡r❡ s♦♠❡ ♦❢ t❤♦s❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ ❝♦♥str❛✐♥ts ❛r❡ ♠✐ss✐♥❣✳
❚❤❡s❡ ❞✐❛❣r❛♠s ❛r❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ✈❡rt✐❝❡s ♦❢ ❛r❜✐tr❛r② ❞❡❣r❡❡ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✳
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✶✹✳✷✳✷ ❚❤❡ ✷❉❙❉✳❈♦♠♣✉t❡❘❡❧▼❛❣♥✐t✉❞❡ ♣r♦❝❡❞✉r❡

❚❤❡ ✷❉❙❉✳❈♦♠♣✉t❡❘❡❧▼❛❣♥✐t✉❞❡ ♣r♦❝❡❞✉r❡ ❝♦♠♣✉t❡s t❤❡ ✈❛❧✉❡ θs✱ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ r❡❧❛t✐✈❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❞❡s✐r❡❞ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❡❛❝❤ ♣♦✐♥t ps✱ t❤❛t ✐s✱ ❤♦✇ ♠✉❝❤ t❤❡ s✉❣❣❡st❡❞ ♣♦s✐t✐♦♥

P ′
s ✐s ❛✛❡❝t❡❞ ❜② t❤❡ s♣❡❝✐✜❡❞ ❞✐s♣❧❛❝❡♠❡♥t v ♦❢ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts✳ ❚❤❡ ✈❛❧✉❡ θs ✐s ❛ ♥✉♠❜❡r

❜❡t✇❡❡♥ 0 ❛♥❞ 1 ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

θs =
δ′′s

δ′s + δ′′s
✭✶✹✳✶✮

✇❤❡r❡ δ′s ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ps ❛♥❞ t❤❡ ♥❡❛r❡st ❛♥❝❤♦r ♣♦✐♥t❀ ❛♥❞ δ′′s ✐s t❤❡

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ps ❛♥❞ t❤❡ ♥❡❛r❡st ✜①❡❞ ♣♦✐♥t✳ ❇♦t❤ δ′s ❛♥❞ δ′′s ❛r❡ ❣r❛♣❤✲t❤❡♦r❡t✐❝❛❧

❞✐st❛♥❝❡s ♠❡❛s✉r❡❞ ♦♥ t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t G✳ ❚❤❡ ❞✐st❛♥❝❡s ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❉✐❥❦str❛✬s

❛❧❣♦r✐t❤♠ ❬✶✻❪✳ ❚❤❡ ✈❛❧✉❡ θs ❝♦♠♣✉t❡❞ ❢♦r ❛♥❝❤♦r ♣♦✐♥ts ✐s 1✱ ❛♥❞ ❢♦r ✜①❡❞ ♣♦✐♥ts ✐s 0✳

✶✹✳✸ ❚❤❡ ✷❉❙❉✳❚r❛♥s❧❛t❡ ♣r♦❝❡❞✉r❡

❚❤❡ ✷❉❙❉✳❚r❛♥s❧❛t❡ ♣r♦❝❡❞✉r❡ ✐s ❝❛❧❧❡❞ ❜② t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ t♦ ✐♠♣❧❡♠❡♥t s♦❢t tr❛♥s❧❛t✐♦♥✱ ❡✈❡r②

t✐♠❡ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts ❛r❡ ♠♦✈❡❞ ❜② t❤❡ ✉s❡r t♦ ❛ ♥❡✇ ♣♦s✐t✐♦♥✳ ■t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✼✳

❆❧❣♦r✐t❤♠ ✶✼✿ ✷❉❙❉✳❚r❛♥s❧❛t❡

❉❛t❛✿ v✿ ❞✐s♣❧❛❝❡♠❡♥t ❛♣♣❧✐❡❞ t♦ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts❀
Q✿ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ t❤❡ ❝♦♥str❛✐♥ts❀
A,D,F ′✿ s❡t ♦❢ ❛♥❝❤♦r✱ ❞❡r✐✈❡❞ ❛♥❞ r❡❧❡✈❛♥t ✜①❡❞ ♣♦✐♥ts❀
θ✿ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ♣♦✐♥ts❀
ΠR✱ L✱ D✱ U ✱ ΠC, r✿ ♠❛tr✐❝❡s ❛♥❞ r❛♥❦ r r❡t✉r♥❡❞ ❜② ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡❀
P ✿ ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts✳

❘❡s✉❧t✿ P ✿ ✉♣❞❛t❡❞ ♠❛tr✐① ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts✳
✶ ❜❡❣✐♥
✷ ❢♦r ❡❛❝❤ s ∈ P ❞♦ P ′

s ← Ps + θsv
✸ P ′′

D ←❊❈▲❊❙✳❯♣❞❛t❡ ✭A✱ F ′✱ E ✱ R✱ Q✱ ΠR✱ L✱ D✱ U ✱ ΠC✱ r✱ P
′✮

✹ ❢♦r ❡❛❝❤ s ∈ D ❞♦ Ps ← P ′′
s

✺ ❢♦r ❡❛❝❤ s ∈ A ❞♦ Ps ← P ′
s

■♥ st❡♣ ✷✱ t❤❡ ✷❉❙❉✳❚r❛♥s❧❛t❡ ♣r♦❝❡❞✉r❡ ❝♦♠♣✉t❡s t❤❡ s✉❣❣❡st❡❞ ♣♦s✐t✐♦♥s P ′
s ♦❢ ❡❛❝❤ ❝♦♥✲

tr♦❧ ♣♦✐♥t s ✉s✐♥❣ t❤❡ ✈❛❧✉❡ θs✳ ❚❤❡♥✱ ✐♥ st❡♣ ✸✱ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s P ′′
D ♦❢ t❤❡ ❞❡r✐✈❡❞ ♣♦✐♥ts

❛r❡ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸✮✳ ❋✐♥❛❧❧②✱ ✐♥ st❡♣s ✹ ❛♥❞ ✺✱

✷❉❙❉✳❚r❛♥s❧❛t❡ s❡ts t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ Ps ♦❢ ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t✳





P❛rt ■■■

❚❤❡ Pr✐s▼②st✐❝ ❊❞✐t♦r

✽✵





❈❍❆P❚❊❘ ✶✺✳ ●❖❆▲❙ ❆◆❉ ▼❖❚■❱❆❚■❖◆ ✽✷

✶✺✳✷ ❘❡❧❛t✐♦♥ t♦ t❤❡ ▼❛st❡rs ✈❡rs✐♦♥

❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ✐s ❛♥ ✐♠♣r♦✈❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡❞✐t♦r ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ✐♥ ♠② ▼❛st❡rs

❞✐ss❡rt❛t✐♦♥ ❬✻✼❪✳ ❚❤✐s ❡❞✐t♦r ✉s❡s ❛ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ✭s❡❡ ❙❡❝t✐♦♥ ✶✼✳✸✮ ❛❧s♦

♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞✳

❚❤❡ ✐♠♣r♦✈❡♠❡♥ts ✐♥❝❧✉❞❡✿ ✉s✐♥❣ t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■✱ ✐♥st❡❛❞ ♦❢

✢♦❛t✐♥❣✲♣♦✐♥t ❧✐♥❡❛r ❛❧❣❡❜r❛ ♣❛❝❦❛❣❡s❀ ❛ ♠♦r❡ ✢❡①✐❜❧❡ ❛♥❞ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢

❝♦♥tr♦❧ ♣♦✐♥ts ✭❛❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡ ❛♥❝❤♦rs✮❀ ❛♥❞ ❛ ❞✐✛❡r❡♥t ❣♦❛❧ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❧❡❛st sq✉❛r❡s

♠❡t❤♦❞✳ ❆❧s♦✱ ✇❡ ✉s❡❞ t❤❡ ❣❡♥❡r❛❧ ✷❉❙❉ ❛♣♣r♦❛❝❤✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✱ t♦ ❝♦♥♥❡❝t t❤❡ ✉s❡r

✐♥t❡r❢❛❝❡ t♦ t❤❡ ❊❈▲❊❙ s♦❧✈❡r✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■✳

❲✐t❤ t❤❡s❡ ❝❤❛♥❣❡s✱ ✐t ✇♦✉❧❞ ❜❡ ♥♦✇ r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❡①t❡♥❞ t❤❡ ❡❞✐t♦r t♦ ❛❝❝♦♠♠♦❞❛t❡

♦t❤❡r ❛✣♥❡ ❝♦♥str❛✐♥ts✱ s✉❝❤ ❛s C
2 s♠♦♦t❤♥❡ss✱ ✈❡rt✐❝❛❧ ♦r ❤♦r✐③♦♥t❛❧ ❛❧✐❣♥♠❡♥t✱ ✜①❡❞ ♣♦✐♥ts✱

❛♠♦♥❣ ♦t❤❡rs✳



❈❤❛♣t❡r ✶✻

❘❡❧❛t❡❞ ✇♦r❦

❚❤❡ ❧✐t❡r❛t✉r❡ ♣r❡s❡♥ts s♦♠❡ ❛♣♣r♦❛❝❤❡s t♦ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✳ ❲❡ ❢♦❝✉s✱

s♣❡❝✐✜❝❛❧❧②✱ ♦♥ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s t❤❛t ✉s❡ ✈♦❧✉♠❡tr✐❝ ♠❡s❤❡s ❛s ❛ ❝♦♥tr♦❧ t♦♦❧ t♦ ❞❡❢♦r♠

t❤❡ s♣❛❝❡ s✉rr♦✉♥❞✐♥❣ t❤❡ ✸❉ ♠♦❞❡❧✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♠❡s❤ ✐s

tr❛♥s❢❡r❡❞ t♦ t❤❡ ❡♠❜❡❞❞❡❞ ♠♦❞❡❧ ✉s✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳

✶✻✳✶ ❉❡❢♦r♠❛t✐♦♥ ♦❢ ✸❉ ♠♦❞❡❧s

❚❤❡r❡ ❛r❡ ♠❛♥② ❛♣♣r♦❛❝❤❡s ❢♦r ♠♦❞❡❧✐♥❣ ♦❢ ✸❉ ♦❜❥❡❝ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥ P❤②s✐❝s✲❜❛s❡❞

♦r ❣❡♦♠❡tr②✲❜❛s❡❞ ♠❡t❤♦❞s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ P❤②s✐❝s✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ✐s t♦ s✐♠✉❧❛t❡

t❤❡ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ♦❜❥❡❝ts ✉♥❞❡r ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ❢♦r❝❡s✳ ❘❡❛❧✐st✐❝ s✐♠✉❧❛t✐♦♥s r❡q✉✐r❡

t❤❡ ✉s❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ♥♦t ❛❞❡q✉❛t❡ ❢♦r ✐♥t❡r❛❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s ♦r r❡❛❧✲

t✐♠❡ s✐♠✉❧❛t✐♦♥s ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❬✻✶❪✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❞✐❞ ♥♦t ❝♦♥s✐❞❡r

✉s✐♥❣ t❤❡s❡ ❛♣♣r♦❛❝❤❡s s✐♥❝❡ t❤❡② ✇♦✉❧❞ r❡q✉✐r❡ ❛❝❝✉r❛t❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧s ♦❢ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡

♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠♦❞❡❧ ♦❢ ❛ ♠✐❝r♦♦r❣❛♥✐s♠ s❤♦✉❧❞ ✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❡❧❛st✐❝✐t② ❛♥❞

✈✐s❝♦s✐t② ♦❢ t✐ss✉❡s✱ ✇❤✐❝❤ ✐s ✉♥❧✐❦❡❧② t♦ ❜❡ ❛✈❛✐❧❛❜❧❡✱ ❡✈❡♥ ❢♦r t❤❡ ❜❡st✲st✉❞✐❡❞ ♦r❣❛♥✐s♠s✳

❚❤❡ ❣❡♦♠❡tr✐❝ ♠❡t❤♦❞s ❛r❡ s✐♠♣❧❡r✱ ❢❛st❡r✱ ❛♥❞ r❡❧❛t✐✈❡❧② ❡❛s✐❡r t♦ ✐♠♣❧❡♠❡♥t✳ ▼♦r❡♦✈❡r✱ t❤❡②

❛❧❧♦✇ ❛r❜✐tr❛r② ❞❡❢♦r♠❛t✐♦♥s ✇✐t❤♦✉t r❡❣❛r❞ t♦ t❤❡ ❧❛✇s ♦❢ ♣❤②s✐❝s ❬✻❪✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ t❤❡s❡

♠❡t❤♦❞s ✐s t♦ ♣r♦❞✉❝❡ ❞❡❢♦r♠❛t✐♦♥s t❤❛t ❛r❡ ❝❧♦s❡ t♦ r❡❛❧✐t②✱ ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② t♦ ♠❛✐♥t❛✐♥

t❤❡ ✐♥✐t✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♦❜❥❡❝ts✱ s✉❝❤ ❛s s♠♦♦t❤♥❡ss ♦❢ t❤❡✐r s✉r❢❛❝❡✳ ❚❤❡ ❣❡♦♠❡tr✐❝

❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥ s✉r❢❛❝❡ ♦r s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s✳

❚❤❡ s✉r❢❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❛ss✉♠❡ t❤❛t t❤❡ ♦❜❥❡❝t ✐s r❡♣r❡s❡♥t❡❞ ❜② ✐ts ❡①t❡r♥❛❧ s✉r✲

❢❛❝❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♦r ✈❡rt✐❝❡s ♦❢ t❤✐s s✉r❢❛❝❡ ❛r❡ ♠❛♥✐♣✉❧❛t❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ✉s❡r✳ ❯s✉❛❧❧②✱

t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ ✇❤❡♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠✉st ♣r❡s❡r✈❡ ❞❡t❛✐❧s ♦❢ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♦❜❥❡❝t✳

▲✐♥❡❛r t❡❝❤♥✐q✉❡s ♣r♦❞✉❝❡ ❣♦♦❞ r❡s✉❧ts ❢♦r s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s ❬✶✸❪✳ ❍♦✇❡✈❡r ❢♦r ❧❛r❣❡ ❞❡❢♦r✲

♠❛t✐♦♥s✱ t❤❡② ❝❛♥ ❣❡♥❡r❛t❡ ✉♥✇❛♥t❡❞ ❛rt✐❢❛❝ts ❞✉❡ t♦ ❧✐♥❡❛r✐③❛t✐♦♥ ❡rr♦rs✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡

♣♦♣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r t❡❝❤♥✐q✉❡s ❬✾✹❪✳

❚❤❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❛❧❧♦✇ t❤❡ ✉s❡r ♠♦❞✐✜❡s t❤❡ ♦❜❥❡❝t ♠❡s❤ ✐♥❞✐r❡❝t❧② ❜② ❞❡✲

❢♦r♠✐♥❣ t❤❡ s♣❛❝❡ s✉rr♦✉♥❞✐♥❣ ✐t ❬✸✶❪✳ ❚❤❡s❡ ♠❡t❤♦❞s ❝❛♥ ❤❛✈❡ ❢❡✇❡r ♣❛r❛♠❡t❡rs t❤❛♥ t❤❡ ♦❜❥❡❝t

♠❡s❤ ✐ts❡❧❢✱ r❡❞✉❝✐♥❣ t❤❡ ❡❞✐t✐♥❣ ✇♦r❦ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥✳ ❯s✉❛❧❧②✱ t❤❡② ❛r❡ ✉s❡❞ ✐♥ ✐♥t❡r❛❝t✐✈❡

❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ t❤❡ ♠♦❞❡❧ ❤❛s t❤♦✉s❛♥❞s ♦❢ ✈❡rt✐❝❡s✳ ■♥ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ s✉r❢❛❝❡ ❞❡❢♦r✲

♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ✐♠♣r❛❝t✐❝❛❧ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ♠❛♥✐♣✉❧❛t❡❞ ❜②

t❤❡ ✉s❡r✱ ❛♥❞ ❜❡❝❛✉s❡ ✐t ✐s ❞✐✣❝✉❧t t♦ ♠❛✐♥t❛✐♥ t❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ s✉r❢❛❝❡✳ ❆♥♦t❤❡r ❛❞✈❛♥✲

t❛❣❡ ♦❢ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ✐s t❤❛t t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

♠♦❞❡❧✬s r❡♣r❡s❡♥t❛t✐♦♥✳

✽✸



❈❍❆P❚❊❘ ✶✻✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ✽✹

✶✻✳✷ ❙♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s

❙♠♦♦t❤ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧

s❤❛♣❡ ❡❞✐t✐♥❣✳ ❆ s✉r✈❡② ❢♦❝✉s✐♥❣ ♦♥ ✐♥t❡r❛❝t✐✈✐t② ✐s ♣r❡s❡♥t❡❞ ❜② ●❛✐♥ ❛♥❞ ❇❡❝❤♠❛♥♥ ❬✸✶❪✳ ❚❤❡②

❝❧❛ss✐❢② t❤❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝ts ✉s❡❞ t♦

❞❡✜♥❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥✿

• P♦✐♥t✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥s ✭✵❉✮✿ t❤❡ ✉s❡r ❤❛♥❞❧❡s ❝♦♥tr♦❧ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ❢r❡❡❧② ♣♦✲

s✐t✐♦♥❡❞ ♦♥ t❤❡ s♣❛❝❡ s✉rr♦✉♥❞✐♥❣ t❤❡ ♠♦❞❡❧✳ ❊❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t ❤❛s ❛ r❡❣✐♦♥ ♦❢ ✐♥✢✉✲

❡♥❝❡ ✇✐t❤✐♥ ✇❤✐❝❤ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♣♦✐♥t ❝❛✉s❡s ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ♠♦❞❡❧✬s ♣♦✐♥ts✳

❙♦♠❡ ♠❡t❤♦❞s ♦❢ t❤✐s ❝❧❛ss ❛r❡✿ ❈♦♥str❛✐♥t✲❜❛s❡❞ ❉❡❢♦r♠❛t✐♦♥ ❬✸❪✱ ❉✐r❡❝t❧② ▼❛♥✐♣✉❧❛t❡❞

❋❋❉ ❬✸✶❪✱ ❉✐r✐❝❤❧❡t ❋❋❉ ❬✸✶❪✱ ❛♥❞ ❙✐♠♣❧❡ ❘❛❞✐❛❧ ❉❡❢♦r♠❛t✐♦♥ ❬✶✱ ✷✱ ✶✶✱ ✹✾❪✳

• ❈✉r✈❡✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥s ✭✶❉✮✿ t❤❡ ✉s❡r ❤❛♥❞❧❡s ♦♥❡ ♦r ♠♦r❡ ❝✉r✈❡s ♦r ❝♦♥tr♦❧ ❛①❡s ❢♦r

❧♦❝❛❧ ♦r ❣❧♦❜❛❧ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ ♠❡t❤♦❞s ❛r❡✿ ❘❡❣✉❧❛r ●❧♦❜❛❧

❉❡❢♦r♠❛t✐♦♥s ❬✸✶❪✱ ●❡♥❡r❛❧✐③❡❞ ❞❡ ❈❛st❡❧❥❛✉ ❉❡❢♦r♠❛t✐♦♥ ❬✸✶❪✱ ❆①✐❛❧ ❉❡❢♦r♠❛t✐♦♥ ❬✸✶❪✱

❲✐r❡s ❬✸✶❪✱ ❇❡♥❞❡r ❬✸✶❪✱ ❛♥❞ ❙❦✐♥♥✐♥❣ ❋r❛♠❡✇♦r❦s ❬✺✱ ✺✺❪❀

• ❙✉r❢❛❝❡✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥s ✭✷❉✮✿ t❤❡ ✉s❡r ❤❛♥❞❧❡s ♦♥❡ ♦r ♠♦r❡ ❝♦♥tr♦❧ s✉r❢❛❝❡s ❢♦r

❧♦❝❛❧ ♦r ❣❧♦❜❛❧ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛r❡✿ P❛r❛♠❡tr✐❝ P❛t❝❤

❚♦♦❧s ❬✷✻✱ ✷✼❪✱ ❙t❛r✲❝♦♥✈❡① ❚♦♦❧s ❬✷✸❪✱ ❚r✐❛♥❣✉❧❛r ▼❡s❤❡s ❬✹✺✱ ✹✽❪✱ ❛♥❞ ❋✐❡❧❞✲❜❛s❡❞ ❚♦♦❧s ❬✽✽✱

✽✾❪❀

• ❱♦❧✉♠❡✲❜❛s❡❞ ❞❡❢♦r♠❛t✐♦♥s ✭✸❉✮✿ t❤❡ ✉s❡r ❤❛♥❞❧❡s ❛ ❝♦❛rs❡ ♠❡s❤ s✉rr♦✉♥❞✐♥❣ t❤❡

♠♦❞❡❧✳ ❙❡❞❡r❜❡r❣ ❛♥❞ P❛rr② ❬✼✹❪ ✐♥tr♦❞✉❝❡❞ t❤❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ✉s✐♥❣ ✈♦❧✲

✉♠❡tr✐❝ ♠❡s❤❡s ❢♦r♠❡❞ ❜② ❤❡①❛❤❡❞r❛✿ t❤❡ ❇é③✐❡r ❋r❡❡✲❋♦r♠ ❉❡❢♦r♠❛t✐♦♥ ✭❋❋❉✮✳ ❚❤❡♥✱

♦t❤❡r ♠❡t❤♦❞s ✇❡r❡ ❞❡✈❡❧♦♣❡❞✿ ❋❋❉ ✇✐t❤ ▲♦❝❛❧ ❈♦♥tr♦❧ ❬✸✾✱ ✺✶❪ ❛♥❞ ❋❋❉ ✇✐t❤ ❆r❜✐tr❛r②

❚♦♣♦❧♦❣② ●r✐❞ ❬✽✱ ✶✺✱ ✹✶✱ ✺✻✱ ✾✺❪✳

❙♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ❡❞✐t♦rs t❤❛t ✉s❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧ ♠❡s❤❡s s❡❡♠ ❜❡tt❡r s✉✐t❡❞ t♦ ❛r❜✐✲

tr❛r② s♠♦♦t❤ ❞❡❢♦r♠❛t✐♦♥s✳ ❚❤❡ ❞❡❢♦r♠❡❞ ❝♦♥tr♦❧ ♠❡s❤ ♣r♦✈✐❞❡s ❛♥ ✐♠♠❡❞✐❛t❡ ✐♥t✉✐t✐✈❡ ✉♥❞❡r✲

st❛♥❞✐♥❣ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥✱ ❛♥❞ ♦❢ t❤❡ s❝♦♣❡ ♦❢ ❡❛❝❤ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✐t ❜❡❝♦♠❡s ❡❛s✐❡r t♦ ♥♦t✐❝❡ ❛♥❞ ❛✈♦✐❞ s✐♥❣✉❧❛r✐t✐❡s ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✭♣❧❛❝❡s ✇❤❡r❡

t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✐s ♥♦t ✐♥❥❡❝t✐✈❡✱ ♠❡❛♥✐♥❣ t❤❛t s♣❛❝❡ ✐s ❜❡✐♥❣ ❢♦❧❞❡❞ ♦✈❡r ✐ts❡❧❢✮✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱

✇❡ ❤❛✈❡ ♦♣t❡❞ ❢♦r ❛ ✸❉ ✭♦r ✏✷✳✺❉✑✮ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✐♥ t❤✐s ✇♦r❦✳

▼♦st ✸❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✉s❡ ❡✐t❤❡r ❤❡①❛❤❡❞r❛❧ ❬✺✶✱ ✼✹❪

♦r t❡tr❛❤❡❞r❛❧ ❬✽✱ ✹✶✱ ✾✺❪ ❝♦♥tr♦❧ ♠❡s❤❡s ❞❡✜♥❡❞ ❜② ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts✳ ❖t❤❡r ✇♦r❦s ✉s❡

♣r✐s♠❛t✐❝ ❡❧❡♠❡♥ts ❬✶✷✱ ✻✼❪✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ❤❛✈❡ ♦♣t❡❞ ✉s✐♥❣

❛ ❝♦♥tr♦❧ ♠❡s❤ ♦❢ tr✐❛♥❣✉❧❛r ♣r✐s♠s ✇✐t❤ ✈❡rt✐❝❛❧ ✇❛❧❧s✳ ❙♦✱ ♦✉r ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ✷✳✺❉

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ●❛✐♥ ❛♥❞ ❇❡❝❤♠❛♥♥ ❬✸✶❪✳

✶✻✳✸ ■♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s

■♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ✉s❡❞ t♦ tr❛♥s❢❡r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♠❡s❤ t♦ t❤❡ ❡♠❜❡❞❞❡❞

♠♦❞❡❧ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ s♣❛❝❡✳ ❙♦♠❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ✉s❡ ♥♦♥✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♥❣

❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥tr♦❧ ♠❡s❤ ✈❡rt✐❝❡s ❛♥❞✴♦r ❢❛❝❡s ♦♥❧②✱ ✐♥ ♦r❞❡r t♦

♦❜t❛✐♥ s♠♦♦t❤ ❞❡❢♦r♠❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ✶✶✳✶✮✳

❆♥♦t❤❡r ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇✐❞❡❧② ❛❞♦♣t❡❞ ✐♥ ❣r❛♣❤✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❛t ♣r♦✈✐❞❡ ❧♦❝❛❧

❝♦♥tr♦❧ ❛♥❞ s♠♦♦t❤ ❞❡❢♦r♠❛t✐♦♥s ❛r❡ t❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s ❬✷✺❪✱ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✷✳ ❇❛rr ❬✺❪✱



❈❍❆P❚❊❘ ✶✻✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ✽✺

❛♥❞ ❙❡❞❡r❜❡r❣ ❛♥❞ P❛rr② ❬✼✹❪ ✇❡r❡ t❤❡ ♣✐♦♥❡❡rs ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥

♠❡t❤♦❞ ✉s✐♥❣ s♣❧✐♥❡s ❛s ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ♥❛♠❡❧② ❋r❡❡✲❋♦r♠ ❉❡❢♦r♠❛t✐♦♥ ✭❋❋❉✮✳ ❉✉❡ t♦

✐ts ❛❞✈❛♥t❛❣❡s✱ t❤❡ ❋❋❉ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ❛❧❧♦✇✐♥❣ s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ❛♥❞

✈❛r✐❛t✐♦♥s ❬✶✺✱ ✸✶✱ ✺✻❪✳

✶✻✳✹ ❙♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♦♥

❚❤❡ s♣❧✐♥❡s ❢✉♥❝t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ♠❛✐♥t❛✐♥ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❝♦♥tr♦❧

♠❡s❤ ❛♥❞ ♦❢ t❤❡ ✐♥♥❡r ✸❉ ♠♦❞❡❧❬✽✱ ✻✼✱ ✼✹❪✳ ❙✐♠♣❧✐❝✐❛❧ ❇é③✐❡r ♣❛t❝❤❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r

q✉❛❞r❛♥❣✉❧❛r ♦♥❡s s✐♥❝❡ t❤❡② ❝❛♥ ❜❡ ❥♦✐♥❡❞ ✇✐t❤ ❛❧♠♦st ❛r❜✐tr❛r② t♦♣♦❧♦❣②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

t❤❡✐r ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

❍♦✇❡✈❡r✱ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ C1 ❝♦♥t✐♥✉✐t② ♠❛❦❡s t❤✐s ❛♣♣r♦❛❝❤ ✈❡r② ❤❛r❞ t♦ ❡❞✐t ❜❡❝❛✉s❡

♦❢ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ ✇✐t❤ ❛ t❡tr❛❤❡❞r❛❧ ♠❡s❤✱ t❤❡ ❞❡❣r❡❡

♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♥❣ s♣❧✐♥❡ ♠✉st ❜❡ ❛t ❧❡❛st 5 t♦ ❛❧❧♦✇ ❧♦❝❛❧✐③❡❞ ❡❞✐t✐♥❣ ♦❢ t❤❡ ♠❡s❤✳ ❚❤❡r❡❢♦r❡✱

t♦ s♣❡❝✐❢② ❡❛❝❤ t❡tr❛❤❡❞r♦♥ ✐♥ t❤❡ ♠❡s❤ t❤❡ ✉s❡r ♠✉st s♣❡❝✐❢② t❤❡ ♣♦s✐t✐♦♥ ♦❢ 56 ❝♦♥tr♦❧ ♣♦✐♥ts

✭56 × 3 (x, y, z) = 168 r❡❛❧ ♣❛r❛♠❡t❡rs✮ ❬✽❪✳ ❲✐t❤ ❛♥ ❤❡①❛❤❡❞r❛❧ ♠❡s❤ ♦♥❡ ❝❛♥ ❤❛✈❡ C1 s♣❧✐♥❡s

♦❢ ❞❡❣r❡❡ 3✱ ❤♦✇❡✈❡r ❡❛❝❤ ❝❡❧❧ r❡q✉✐r❡s 64 ❝♦♥tr♦❧ ♣♦✐♥ts ✭192 ♣❛r❛♠❡t❡rs✮ ❬✸✶❪✳

❲✐t❤ s♦ ♠❛♥② ❝♦♥tr♦❧ ♣♦✐♥ts✱ ✐t ❜❡❝♦♠❡s ❞✐✣❝✉❧t t♦ ✐❞❡♥t✐❢② ❛♥❞ s❡❧❡❝t t❤❡ ♦♥❡s t❤❛t ♠✉st

❜❡ ❡❞✐t❡❞ t♦ ❛❝❤✐❡✈❡ ❛ ❞❡s✐r❡❞ ❡✛❡❝t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡❞✐t✐♥❣ s♦❢t✇❛r❡ ♠✉st ❛✉t♦♠❛t✐❝❛❧❧② ♠♦✈❡

♠❛♥② ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♣♦✐♥ts ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ C1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✱ ✐♥❝r❡❛s✐♥❣ t❤❡

✉s❡r✬s ❝♦♥❢✉s✐♦♥✳ ❈♦♠♣❧❡① ✉s❡r ✐♥t❡r❢❛❝❡s✱ ✇✐t❤ ❤✐❣❤✲❧❡✈❡❧ ❛❜str❛❝t✐♦♥s✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦

❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ❬✽✱ ✸✶❪✱ ❜✉t t❤❡② ❞♦ ♥♦t s♦❧✈❡ ✐t ❝♦♠♣❧❡t❡❧②✳

❈♦♠♣❛r❡❞ t♦ t❤❡s❡ ♠❡t❤♦❞s✱ ♠❡s❤❡s ✇✐t❤ ♣r✐s♠❛t✐❝ ❝❡❧❧s r❡q✉✐r❡ ♦♥❧② 42 ❝♦♥tr♦❧ ♣♦✐♥ts ♣❡r

❝❡❧❧✳ ❆❧❧ t❤❡s❡ ♣♦✐♥ts ❛r❡ ♦✉ts✐❞❡ t❤❡ ❝♦♥tr♦❧ ♠❡s❤✱ ❛♥❞ ✐ts ❝♦♦r❞✐♥❛t❡s ❛r❡ ♠♦r❡ r❡str✐❝t❡❞ s♦

t❤❛t t❤❡r❡ ❛r❡ ♦♥❧② 84 ❢r❡❡ r❡❛❧ ♣❛r❛♠❡t❡rs ✭21× 2 (x, y) + 42× 1 (z)✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥❡❝❡ss❛r②

❡❞✐t✐♥❣ ✐♥t❡r❢❛❝❡ ✐s ♠✉❝❤ s✐♠♣❧❡r t❤❛♥ ♦t❤❡r ✸❉ ❝♦♥tr♦❧ ♠❡s❤❡s ❜❡❝❛✉s❡ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡

s❡♣❛r❛t❡❧② ❡❞✐t❡❞✳ ❙♦✱ t❤❡ ✉s❡r ♥❡❡❞s t♦ ❡❞✐t ❛t ♠♦st 21 ❝♦♥tr♦❧ ♣♦✐♥ts ♣❡r ❝❡❧❧✱ ❛t ❛ t✐♠❡✳ ❙❡❡

❚❛❜❧❡ ✶✻✳✶✳

❉❡❣r❡❡ ◆✉♠❜❡r ♦❢ ♣♦✐♥ts ■♥♥❡r ♣♦✐♥ts ❘❡❛❧ ♣❛r❛♠❡t❡rs

❚❡tr❛❤❡❞r♦♥ ✺ ✺✻ ②❡s ✺✻ × ✸✭①✱②✱③✮ ❂ ✶✻✽
❍❡①❛❤❡❞r♦♥ ✸ ✻✹ ②❡s ✻✹ × ✸✭①✱②✱③✮ ❂ ✶✾✷
Pr✐s♠ ✺ ✹✷ ♥♦ ✷✶ × ✷✭①✱②✮ ✰ ✹✷ × ✶✭③✮ ❂ ✽✹

❚❛❜❧❡ ✶✻✳✶✿ ❈♦♠♣❛r✐s♦♥ ❛♠♦♥❣ ❝❡❧❧s ♦❢ ♠❡s❤❡s ❝♦♥s✐st✐♥❣ ♦❢ t❡tr❛❤❡❞r❛✱ ❤❡①❛❤❡❞r❛✱ ❛♥❞ ♣r✐s♠s✳

❋♦r ♦✉r ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ♦✉r ✷✳✺❉ ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ r❡❛s♦♥❛❜❧❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥

❝♦♥tr♦❧ ♠❡s❤ s✐③❡✱ ♥❛t✉r❛❧♥❡ss ♦❢ ❡❞✐t✐♥❣✱ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞✳



❈❤❛♣t❡r ✶✼

❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❡❞✐t♦r

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ Pr✐s▼②st✐❝ ❡❞✐t♦r ❛♥❞ ✐ts ❞❡❢♦r♠❛t✐♦♥ ♣❛r❛❞✐❣♠✱ t❤❛t

✐s✱ t❤❡ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤ ❬✻✼✱ ✻✽❪✳

✶✼✳✶ ❚❤❡ ✸❉ ♠♦❞❡❧

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦r❣❛♥✐s♠ t♦ ❜❡ ❞❡❢♦r♠❡❞ ✐s ❣✐✈❡♥ ❛s ❛ ❞❡♥s❡ tr✐❛♥❣✉❧❛r ♠♦❞❡❧ ♠❡s❤ M ✇✐t❤

t❡♥s ♦❢ t❤♦✉s❛♥❞s ♦❢ tr✐❛♥❣❧❡s✱ ✇❤✐❝❤ ✐s r❡❛❞ ❢r♦♠ ❛ ✜❧❡ ✐♥ t❤❡ ❲❛✈❡❢r♦♥t ❢♦r♠❛t ✭✳♦❜❥✮✳ ❙❡❡

❋✐❣✉r❡ ✶✼✳✶✳

❋✐❣✉r❡ ✶✼✳✶✿ ❚❤❡ ✸❉ ♠♦❞❡❧ ♠❡s❤ M ♦❢ ❛ ❉r❛❣♦♥ ❬✽✷❪✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✳

◆♦t❡ t❤❛t t❤❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✱ ❛♥❞ ♥♦t

❥✉st tr✐❛♥❣✉❧❛r ♠❡s❤❡s✳ ❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❛❧s♦ s✉♣♣♦rts ♣♦✐♥t ❝❧♦✉❞ ♠♦❞❡❧s✳ ❙❡❡ ❋✐❣✉r❡ ✶✼✳✷✳

❋✐❣✉r❡ ✶✼✳✷✿ ❚❤❡ ✸❉ ♠♦❞❡❧ ♠❡s❤ M ♦❢ ❛ ❉r❛❣♦♥ ❬✽✷❪✱ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣♦✐♥t ❝❧♦✉❞✳

✽✻



❈❍❆P❚❊❘ ✶✼✳ ❖❱❊❘❱■❊❲ ❖❋ ❚❍❊ ❊❉■❚❖❘ ✽✼

✶✼✳✷ ❚❤❡ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤

❚♦ ✉s❡ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✱ t❤❡ ✉s❡r ♠✉st ♣r♦✈✐❞❡ ❛ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ P ❛r♦✉♥❞ t❤❡ ♦❜❥❡❝t

❝♦♥s✐st✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❧❛②❡r ♦❢ tr✐❛♥❣✉❧❛r ♣r✐s♠s ✇✐t❤ ✢❛t t♦♣ ❛♥❞ ❜♦tt♦♠ ❢❛❝❡s✱ ♣❛r❛❧❧❡❧ t♦ t❤❡

xy ♣❧❛♥❡✱ ❛♥❞ ✈❡rt✐❝❛❧ ✇❛❧❧s✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ ♦♥ t❤❡ xy ♣❧❛♥❡ ✐s t❤❡ ✷❉

r❡❢❡r❡♥❝❡ ♠❡s❤ T ♦❢ P❛rt ■■✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ P ❛♥❞ ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ z ❛①✐s ✐s ❛♥ ✐♥t❡r✈❛❧

❬a✱ b❪✳ ❙❡❡ ❋✐❣✉r❡ ✶✼✳✸✳

❋✐❣✉r❡ ✶✼✳✸✿ ❆ ✸❉ ♠♦❞❡❧ ♠❡s❤ M s✉rr♦✉♥❞❡❞ ❜② ❛ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ P ✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✷❉ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✳

✶✼✳✷✳✶ ❉❡✜♥✐♥❣ t❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡❢♦r♠❡❞ ✐♠❛❣❡ ψ(p) ♦❢ ❛ ♣♦✐♥t p ♦❢ t❤❡ ♦❜❥❡❝t✱ t❤❡ ♣r♦❣r❛♠ ✜♥❞s t❤❡

♣r✐s♠ U ♦❢ P t❤❛t ❝♦♥t❛✐♥s ✐t ❛♥❞ ❝♦♠♣✉t❡s t❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s β0✱ β1 ❛♥❞ β2 ♦❢ p ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ tr✐❛♥❣❧❡ u ♦❢ t❤❡ ✷❉ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣r✐s♠ U ✳ ❚❤❡ ♣r♦❣r❛♠

❛❧s♦ ❝♦♠♣✉t❡s t❤❡ ✈❡rt✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ p r❡❧❛t✐✈❡ t♦ ❜♦t❤ tr✐❛♥❣✉❧❛r ❢❛❝❡s u0 ❛♥❞ u1 ♦❢ U ✱ t❤❛t ✐s✱

t❤❡ t✇♦ ♥✉♠❜❡rs α0 = (b− z)/(b− a) ❛♥❞ α1 = (z − a)/(b− a)✳ ❙❡❡ ❋✐❣✉r❡ ✶✼✳✹✳

❋✐❣✉r❡ ✶✼✳✹✿ ❇❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s α0✱ α1✱ β0✱ β1 ❛♥❞ β2 ♦❢ ❛ ♣♦✐♥t p ♦❢ t❤❡ ✸❉ ♠♦❞❡❧ ♠❡s❤
M ✱ r❡❧❛t❡❞ t♦ t❤❡ ♣r✐s♠ U ♦❢ t❤❡ ✸❉ r❡❢❡r❡♥❝❡ ♠❡s❤ P ✳





❈❍❆P❚❊❘ ✶✼✳ ❖❱❊❘❱■❊❲ ❖❋ ❚❍❊ ❊❉■❚❖❘ ✽✾

✶✼✳✹ ❊❞✐t✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥

❚❤❡ s♣❧✐♥❡s σ0✱ σ1 ❛♥❞ φ✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✼✳✸✱ ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡✐r ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts✳

❚❤❡ ✉s❡r ❝❛♥ ♠♦❞✐❢② t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❜② ♠♦✈✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ✇✐t❤ t❤❡ ♠♦✉s❡✳ ❈♦♥s✐❞❡r✐♥❣

s♣❧✐♥❡s ✇✐t❤ ❞❡❣r❡❡ d = 5✱ ❡❛❝❤ ❢✉♥❝t✐♦♥ ❤❛s ♣✐❡❝❡s ❞❡✜♥❡❞ ❜② (d+1)(d+2)/2 = 21 ❇é③✐❡r ❝♦♥tr♦❧

♣♦✐♥ts✱ ❛❝❝♦r❞✐♥❣ t♦ ❈❤❛♣t❡r ✶✷✳

❚❤❡ ❡❞✐t♦r ❤❛s s❡♣❛r❛t❡ ♠♦❞❡s ❢♦r ❛❞❥✉st✐♥❣ t❤❡ (x, y) ❞❡❢♦r♠❛t✐♦♥ ✭❛ s♣❧✐♥❡ ♠❛♣♣✐♥❣ φ :

R
2 → R

2✮ ❛♥❞ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ s✉r❢❛❝❡s ✭t✇♦ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s σ0, σ1 : R
2 → R✮✳ ❚❤❡

❛❧❣♦r✐t❤♠ ✷❉❙❉✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✱ ✐s ✉s❡❞ ❜② t❤❡ ❡❞✐t♦r t♦ ❡❞✐t t❤❡s❡ t❤r❡❡ ❢✉♥❝t✐♦♥s✳

❚❤❡ ✉s❡r ❝❛♥ s❡❧❡❝t ♦♥❡ ♦❢ t❤r❡❡ ❡❞✐t✐♥❣ ♠♦❞❡s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❡❞✐t♦r✿ xy✲♠♦❞❡✱ z0✲♠♦❞❡ ❛♥❞

z1✲♠♦❞❡✳ ■♥ t❤❡ xy✲♠♦❞❡✱ t❤❡ ✉s❡r ❤❛s ❛ ✈✐❡✇ ♦❢ t❤❡ t♦♣ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ ψ(P )✱

t❤❛t ✐s✱ t❤❡ ✷❉ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ φ(T )✳ ❚❤✉s✱ t❤❡ ✉s❡r ❝❛♥ ♦♥❧② ♠♦❞✐❢② t❤❡ ❝♦♦r❞✐♥❛t❡s

x ❛♥❞ y ♦❢ ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t quijk ♦❢ φ✳ ❙❡❡ ❋✐❣✉r❡ ✶✼✳✻✳

❋✐❣✉r❡ ✶✼✳✻✿ ❱✐❡✇ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ ψ(P ) ✐♥ t❤❡ xy✲♠♦❞❡✱ s❤♦✇✐♥❣ t❤❡ ❝♦♥tr♦❧
♣♦✐♥ts ❛♥❞ t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t G ✭❞♦tt❡❞ ❧✐♥❡✮ ♦♥ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡
♠❡s❤ φ(T )✳

■♥ t❤❡ z0✲♠♦❞❡ ❛♥❞ z1✲♠♦❞❡✱ t❤❡ ✉s❡r ❝❛♥ ❡❞✐t t❤❡ ❝♦❡✣❝✐❡♥ts cuijk;r ♦❢ t❤❡ s♣❧✐♥❡s σ0 ♦r σ1✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡s❡ ♠♦❞❡s✱ t❤❡ ✉s❡r ❤❛s ❛♥ ♦❜❧✐q✉❡ ✈✐❡✇ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤

ψ(P )✳ ❋♦r ❡❛❝❤ tr✐❛♥❣❧❡ u ∈ T ❛♥❞ ❡❛❝❤ s❡t ♦❢ ✐♥❞✐❝❡s i✱ j ❛♥❞ k ✇✐t❤ i + j + k = d✱ t❤❡r❡ ❛r❡

t✇♦ ❝♦❡✣❝✐❡♥ts✿ cuijk;0✱ ❢♦r t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡❀ ❛♥❞ cuijk;1✱ ❢♦r t❤❡ t♦♣ s✉r❢❛❝❡ ✭❛s ❞❡s❝r✐❜❡❞ ✐♥

❙❡❝t✐♦♥ ✶✷✳✷✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❛r❡ 2(d + 1)(d + 2)/2 = (d + 1)(d + 2) ❝♦♥tr♦❧ ♣♦✐♥ts✱ ❢♦r ❡❛❝❤

♣r✐s♠ ♦❢ P ❜✉t ♦♥❧② t❤❡ ❝♦♦r❞✐♥❛t❡ z0 ♦r z1 ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❜② t❤❡ ✉s❡r✳ ❊❛❝❤ ♦♥❡ ♦❢ t❤❡ t✇♦

s♣❧✐♥❡s σ0 ❛♥❞ σ1 ✐s ❡❞✐t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ❜② ♠♦✈✐♥❣ t❤❡ ♣♦✐♥t ✇✐t❤ t❤❡ ♠♦✉s❡ ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧

❧✐♥❡ t❤❛t ❝♦♥t❛✐♥s ✐t✳ ❙❡❡ ❋✐❣✉r❡ ✶✼✳✼✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✼✳✼✿ ❱✐❡✇ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ ψ(P ) ✐♥ t❤❡ z0✲♠♦❞❡ ✭❛✮ ❛♥❞ z1✲♠♦❞❡ ✭❜✮✱
s❤♦✇✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ t❤❡ s♣❧✐♥❡s σ0 ❛♥❞ σ1✱ r❡s♣❡❝t✐✈❡❧②✳
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✶✼✳✺ ❊♥s✉r✐♥❣ t❤❡ s♣❧✐♥❡ ❝♦♥t✐♥✉✐t②

❆s ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✷✳✷✳✶✱ t❤❡ C
0 ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥ ✐s ❡♥s✉r❡❞ ❜❡❝❛✉s❡ ♦♥❧② ♦♥❡ ❝♦♥tr♦❧

♣♦✐♥t ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r t✇♦ ♦r ♠♦r❡ ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s t❤❛t ❝♦✐♥❝✐❞❡✱ t❤❛t ✐s✱ ♥♦♠✐♥❛❧ ♣♦s✐t✐♦♥s ♦♥

t❤❡ s❤❛r❡❞ ❡❞❣❡s ♦r ✈❡rt✐❝❡s ❜② t✇♦ ♦r ♠♦r❡ tr✐❛♥❣❧❡s ✐♥ T ✳

❚❤❡ C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② q✉❛❞r✐❧❛t❡r❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✲

✉r❡ ✶✷✳✻✳ ❲❤❡♥ t❤❡ ✉s❡r ❡❞✐ts ♦♥❡ ♦r ♠♦r❡ ❝♦♥tr♦❧ ♣♦✐♥ts ✭❛♥❝❤♦rs✮✱ t❤❡ ♣r♦❣r❛♠ ✉s❡s t❤❡ ✷❉❙❉

❛❧❣♦r✐t❤♠ t♦ ❞❡t❡r♠✐♥❡ ♦♥❡ ♦r ♠♦r❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♣♦✐♥ts t❤❛t ♠✉st ❜❡ ♠♦❞✐✜❡❞ ✐♥ ♦r❞❡r t♦

❡♥s✉r❡ t❤❡ C
1 ❝♦♥t✐♥✉✐t②✱ ❛♥❞ t♦ ❛♣♣❧② t❤❡ ♥❡❝❡ss❛r② ❛❞❥✉st♠❡♥ts ❛s t❤❡ ❛♥❝❤♦rs ❛r❡ ♠♦✈❡❞ ❜②

t❤❡ ✉s❡r✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✳



❈❤❛♣t❡r ✶✽

❊❞✐t✐♥❣ P❛r❛❞✐❣♠

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❛♥❞ ✐ts ♠❛✐♥ ❝♦♥tr♦❧s✳ ❲❡

❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ ❡❞✐t✐♥❣ ♣❛r❛❞✐❣♠ ✉s❡❞ ❜② t❤❡ ❡❞✐t♦r t❤❛t ❛❧❧♦✇s t❤❡ ✈✐❡✇ ❛♥❞ ❡❞✐t✐♥❣ ✐♥ ❞✐st✐♥❝t

♠♦❞❡s✿ xy✲♠♦❞❡✱ z0✲♠♦❞❡✱ ❛♥❞ z1✲♠♦❞❡✳

✶✽✳✶ Pr✐s▼②st✐❝ ✉s❡r ✐♥t❡r❢❛❝❡

❚❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❤❛s ❛ ♠❛✐♥ ❡❞✐t✐♥❣ ✇✐♥❞♦✇✱ ❛ ♠❡♥✉ ❜❛r✱ ❛♥❞ t✇♦

❝♦♥tr♦❧ ✇✐♥❞♦✇s✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✶✳

❋✐❣✉r❡ ✶✽✳✶✿ ❚❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ✐♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠♦❞❡✳

❚❤❡ ♠❛✐♥ ✇✐♥❞♦✇ ✐s ✉s❡❞ ❢♦r ❡❞✐t✐♥❣ ❛♥❞ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✳ ❱❛r✐♦✉s ♦♣t✐♦♥s ❛♥❞

♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❡❞✐t♦r ❛r❡ s❡❧❡❝t❡❞ ✐♥ t❤❡ ✇✐♥❞♦✇s ❊❞✐t♦r ❙❡tt✐♥❣s ✭s❡❡ ❙❡❝t✐♦♥ ✶✽✳✶✳✶✮ ❛♥❞

❊❞✐t✐♥❣ ❈♦♥tr♦❧ ✭s❡❡ ❙❡❝t✐♦♥ ✶✽✳✶✳✷✮✳

✾✶



❈❍❆P❚❊❘ ✶✽✳ ❊❉■❚■◆● P❆❘❆❉■●▼ ✾✷

❚❤❡ Pr✐s▼②st✐❝ ❤❛s ✜✈❡ ❞✐st✐♥❝t ❡❞✐t♦r ♠♦❞❡✿

✶✳ ■♥✐t✐❛❧✐③❛t✐♦♥❀

✷✳ ✸❉ ✈✐❡✇✐♥❣❀

✸✳ ❊❞✐t✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ s♣❧✐♥❡ φ ✐♥ xy ♣❧❛♥❡❀

✹✳ ❊❞✐t✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ s♣❧✐♥❡ σ0 ✐♥ z ❛①✐s❀

✺✳ ❊❞✐t✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ s♣❧✐♥❡ σ1 ✐♥ z ❛①✐s✳

❲❤❡♥ st❛rt❡❞ t❤❡ ❡❞✐t♦r ✐s ✐♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠♦❞❡ ❛♥❞ t❤❡ ♦t❤❡r ♠♦❞❡s ❛r❡ ❞✐s❛❜❧❡❞✱ ❛s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✶✽✳✶✳

✶✽✳✶✳✶ ❊❞✐t♦r ❙❡tt✐♥❣s ✇✐♥❞♦✇

❚❤❡ ♣♦ss✐❜❧❡ s❡tt✐♥❣s ❢♦r t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ✐♥❝❧✉❞❡ ✐t❡♠s ✇❤✐❝❤ ❛r❡ t♦ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ♠❛✐♥

❡❞✐t✐♥❣ ✇✐♥❞♦✇✱ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♥str❛✐♥ts✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✷✳

❋✐❣✉r❡ ✶✽✳✷✿ ❚❤❡ ♦♣t✐♦♥s ♦❢ t❤❡ ❊❞✐t♦r ❙❡tt✐♥❣s ✇✐♥❞♦✇ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✳

❆♠♦♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♦♣t✐♦♥s✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t♦ ❞✐s♣❧❛② ✐♥ t❤❡ ♠❛✐♥ ❡❞✐t✐♥❣ ✇✐♥❞♦✇ t❤❡

♠♦❞❡❧ ♠❡s❤✱ ❛♥❞✴♦r t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤✱ ❛♥❞✴♦r t❤❡ t❛r❣❡t ✐♠❛❣❡ t♦ ❜❡ ♠❛t❝❤❡❞ ✭❞✐s♣❧❛②❡❞ ✐♥

t❤❡ ❜❛❝❦❣r♦✉♥❞✮✳

❲❤❡♥ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ ✐s ❞✐s♣❧❛②❡❞✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t♦ ❞✐s♣❧❛② ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢✿

• ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤❀

• ❉❡r✐✈❡❞ ❝♦♥tr♦❧ ♣♦✐♥ts D❀

• ●❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t❀

• ❈♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✮❀

• ◆♦♥✲r❡❞✉♥❞❛♥t r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ❞✉r✐♥❣ t❤❡ ❡❞✐t✐♥❣ ♦❢ ❛ ❞❡❢♦r♠❛t✐♦♥✳

❚❤❡ ❝✉rr❡♥t s❡t ♦❢ ❛♥❝❤♦rs A✱ ✐s ❛❧✇❛②s ❞✐s♣❧❛②❡❞✳ ❚❤❡ ✉s❡r ❝❛♥ ❛❧s♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ ❡♥❢♦r❝✐♥❣

♦♥❧② ✭t❤❛t ✐s✱ ♥♦ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t✮ C0✱ ♦r t❤❡ C1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛s ❞❡s❝r✐❜❡❞

✐♥ ❙❡❝t✐♦♥ ✶✷✳✷✳✶✳
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✶✽✳✶✳✷ ❊❞✐t✐♥❣ ❈♦♥tr♦❧ ✇✐♥❞♦✇

❚❤❡ ❊❞✐t✐♥❣ ❈♦♥tr♦❧ ✇✐♥❞♦✇ ❧❡ts t❤❡ ✉s❡r ❝❤♦♦s❡ ❜❡t✇❡❡♥ ✈✐❡✇ ❛♥❞ ❡❞✐t✐♥❣ ♠♦❞❡s ✭xy✱ z0✱ ❛♥❞

z1✮✱ ❛♥❞ ❝♦♥tr♦❧s t❤❡ ✈✐❡✇ ♠♦❞❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✉s❡r ❝❛♥ s❡❧❡❝t t❤❡ t②♣❡ ♦❢ ❡❞✐t✐♥❣ ♦♣❡r❛t✐♦♥ t♦

❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛♥❝❤♦r ♣♦✐♥ts✿ tr❛♥s❧❛t✐♦♥✱ r♦t❛t✐♦♥✱ ♦r s❝❛❧✐♥❣✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✸✳

❋✐❣✉r❡ ✶✽✳✸✿ ❚❤❡ ♦♣t✐♦♥s ♦❢ t❤❡ ❊❞✐t✐♥❣ ❈♦♥tr♦❧ ✇✐♥❞♦✇ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✳

■♥ ❜♦t❤ ✈✐❡✇ ❛♥❞ ❡❞✐t✐♥❣ ♠♦❞❡✱ ✐t ✐s ♣♦ss✐❜❧❡ ❞✐s♣❧❛② ❛♥② ♦❜❥❡❝t ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❙❤♦✇ ❣r♦✉♣ ♦❢

t❤❡ ❊❞✐t♦r ❙❡tt✐♥❣s✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✷✳

✶✽✳✷ ■♥✐t✐❛❧✐③❛t✐♦♥ ♠♦❞❡

❲❤❡♥ t❤❡ ❡❞✐t♦r ✐s ✐♥✐t✐❛❧✐③❡❞ ❛❧❧ ✐ts ♦♣t✐♦♥s ❛r❡ ❞✐s❛❜❧❡❞✱ ❡①❝❡♣t t❤❡ ♠❡♥✉ ♦♣t✐♦♥s✳ ❙❡❡ ❋✐❣✲

✉r❡ ✶✽✳✶✳ ■♥ t❤❡ ♠❡♥✉ ❜❛r✱ t❤❡r❡ ❛r❡ ♦♣t✐♦♥s t♦ ❧♦❛❞ t❤❡ ♠♦❞❡❧ ♠❡s❤ ✭✐t ❝❛♥ ❜❡ ❛ ✷❉ ♦r ✸❉

♠❡s❤✮✱ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ ♦❢ ♣r✐s♠s✱ ❛♥❞ ❛ t❛r❣❡t ✐♠❛❣❡ t❤❛t ✐s t♦ ❜❡ ♠❛t❝❤❡❞✱ ✐❢ ♥❡❝❡ss❛r②✳

❚❤❡r❡ ❛r❡ ❛❧s♦ ♦♣t✐♦♥s t♦ ❝❧❡❛r t❤❡s❡ t❤r❡❡ ♦❜❥❡❝ts✱ ❛♥❞ t♦ s❛✈❡ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤

❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ♠❛✐♥ ❡❞✐t✐♥❣ ✇✐♥❞♦✇✳

❚❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ ❛r❡ ❧♦❛❞❡❞ ❢r♦♠ ✜❧❡s ✐♥ ❲❛✈❡❢r♦♥t ❢♦r♠❛t ✳♦❜❥✱ ✇❤✐❝❤

❝♦♥t❛✐♥ ❧✐sts ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❢❛❝❡s ♦❢ ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ P ✜❧❡ s❤♦✉❧❞ ❝♦♥t❛✐♥

❛ ✷❉ ♠❡s❤ ♦❢ tr✐❛♥❣❧❡s✱ t❤❛t ✐s t❤❡ t♦♣ ❢❛❝❡ ♦❢ P ✱ ✇❤♦s❡ ✈❡rt✐❝❡s s❤♦✉❧❞ ❤❛✈❡ t❤❡ z ❝♦♦r❞✐♥❛t❡

z = b✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r b✳ ❚❤❡ ❜♦tt♦♠ ❢❛❝❡ ♦❢ P ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ s❛♠❡ tr✐❛♥❣✉❧❛t✐♦♥✱

✇✐t❤ z ❝♦♦r❞✐♥❛t❡ a = −b ✭s❡❡ ❙❡❝t✐♦♥ ✶✼✳✷✮✳

❋r♦♠ t❤✐s ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ❡❞✐t♦r ❜✉✐❧❞s t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t✱ ❞❡✜♥❡s t❤❡ ❇é③✐❡r

❝♦♥tr♦❧ ♣♦✐♥ts✱ ❛♥❞ ❧♦❝❛t❡s t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♠♦❞❡❧ ♠❡s❤ M r❡❧❛t✐✈❡ t♦ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ P

✭s❡❡ ❙❡❝t✐♦♥ ✶✼✳✷✮✳ ❚❤❡♥✱ t❤❡ ❡❞✐t♦r ❡♥❛❜❧❡s t❤❡ ❡❞✐t✐♥❣ xy✲♠♦❞❡ ❜② ❞❡❢❛✉❧t✳

✶✽✳✸ ❱✐❡✇ ♠♦❞❡

❚❤❡ ✈✐❡✇ ♠♦❞❡ ✐s ❡♥❛❜❧❡❞ ❜② s❡❧❡❝t✐♥❣ ❱✐❡✇ ❛♠♦♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♠♦❞❡s ✐♥ t❤❡ ❊❞✐t✐♥❣ ❈♦♥tr♦❧

✇✐♥❞♦✇✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✸✳

❚❤❡ ❞❡❢❛✉❧t s❡tt✐♥❣ ♦❢ t❤❡ ❡❞✐t♦r ✈✐❡✇ ♠♦❞❡ ❞✐s♣❧❛②s t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ ♦❢

♣r✐s♠s✳ ❚❤❡ ✈✐❡✇ ♠♦❞❡ ❛❧s♦ ❛❧❧♦✇s t❤❡ ✉s❡r t♦ r♦t❛t❡ t❤❡ ♦❜❥❡❝ts✱ ❞✐s♣❧❛②❡❞ ✐♥ ♠❛✐♥ ❡❞✐t✐♥❣

✇✐♥❞♦✇✱ ✐♥ ❛♥② ❞✐r❡❝t✐♦♥ t❤r♦✉❣❤ t❤❡ s❧✐❞❡rs X✱ Y ❛♥❞ Z✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✸✳

❋✐❣✉r❡ ✶✽✳✹ s❤♦✇s t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ✐♥ t❤❡ ✈✐❡✇ ♠♦❞❡✱ ❞✐s♣❧❛②✐♥❣ t❤❡ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡

♠❡s❤ ψ(P ) ❛♥❞ t❤❡ ❞❡❢♦r♠❡❞ ✸❉ ♠♦❞❡❧ ♠❡s❤ ψ(M)✳
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❋✐❣✉r❡ ✶✽✳✹✿ ❚❤❡ ✈✐❡✇ ♠♦❞❡ ♦❢ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✳

✶✽✳✹ P♦✐♥t s❡❧❡❝t✐♦♥ s✉❜✲♠♦❞❡

❚❤❡ xy✱ z0✱ ❛♥❞ z1 ❡❞✐t✐♥❣ ♠♦❞❡s ❤❛✈❡ ❛ s❡❧❡❝t✐♦♥ s✉❜✲♠♦❞❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ✉s❡r s❡❧❡❝ts t❤❡ s❡t A

♦❢ ❛♥❝❤♦r ♣♦✐♥ts ♦❢ t❤❡ ❡❞✐t✐♥❣ ❛❝t✐♦♥✱ ❛♥❞ t❤❡ s❡t S ♦❢ ✐♥✐t✐❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts✳

❇② ❞❡❢❛✉❧t ♦❢ t❤✐s s✉❜✲♠♦❞❡✱ t❤❡ ✉s❡r s❡❡s t❤❡ ♠♦❞❡❧ ♠❡s❤✱ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤✱ ❛♥❞ ✐ts ❝♦♥tr♦❧

♣♦✐♥ts✳ ❚❤❡ s❡❧❡❝t✐♦♥ s✉❜✲♠♦❞❡ ✐s ❡♥❛❜❧❡❞ ✐♥ ❛❧❧ ❡❞✐t✐♥❣ ♠♦❞❡s✱ ❛♥❞ t❤❡ ❡❞✐t♦r ♠❛✐♥t❛✐♥s t❤❡

✈✐❡✇ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡❧❡❝t❡❞ ❡❞✐t✐♥❣ ♠♦❞❡✿ xy✲♠♦❞❡✱ z0✲♠♦❞❡✱ ❛♥❞ z1✲♠♦❞❡✳ ❆s ❛ s❤♦rt❝✉t✱ ✐❢

t❤❡ ❡❞✐t♦r ✐s ✐♥ ❛♥② ♦❢ t❤❡ ❡❞✐t✐♥❣ ♠♦❞❡s✱ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ❛♥❝❤♦rs s❡❧❡❝t❡❞✱ ❝❧✐❝❦✐♥❣ ♦♥❡ ❝♦♥tr♦❧

♣♦✐♥t ♠❛❦❡s ✐t t❤❡ ♦♥❧② ❛♥❝❤♦r ❛♥❞ s❡ts t❤❡ s❡t S t♦ ❡♠♣t②✳

✶✽✳✹✳✶ ❆♥❝❤♦r s❡❧❡❝t✐♦♥

❲❤❡♥ t❤❡ ❝❤❡❝❦❜♦① ❆♥❝❤♦rs ✐s ❝❤❡❝❦❡❞✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ ❛ s❡t A ♦❢ ❛♥❝❤♦r ♣♦✐♥ts ❜② ❝❧✐❝❦✐♥❣

♦♥ t❤❡♠✱ ✇✐t❤ t❤❡ ♠♦✉s❡✳ ❚♦ ♠♦✈❡ t❤❡ ❛♥❝❤♦r✱ t❤❡ ✉s❡r ♥❡❡❞s t♦ ✉♥❝❤❡❝❦ t❤❡ ❆♥❝❤♦rs ♦♣t✐♦♥✳

❙❡❡ ❋✐❣✉r❡ ✶✽✳✺✭❛✮

✶✽✳✹✳✷ ◆❡✐❣❤❜♦r❤♦♦❞ s❡❧❡❝t✐♦♥

❚❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ◆❡✐❣❤❜♦r❤♦♦❞ δmax ✐♥ t❤❡ ❡❞✐t✐♥❣ r❡❣✐♦♥✱ t❤r♦✉❣❤ ❛ ♥✉♠❡r✐❝

✇✐❞❣❡t✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✸✳ ❚❤❡ ✐♥✐t✐❛❧ s❡t S ♦❢ ❞❡r✐✈❡❞ ♣♦✐♥ts ✐s t❤❡♥ s❡t t♦ ❛❧❧ ♣♦✐♥ts ❛t ♠❛①✐♠✉♠

❞✐st❛♥❝❡ δmax ❢r♦♠ t❤❡ ❛♥❝❤♦rs✱ ✐♥ t❤❡ ❣❧♦❜❛❧ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡t G✳

❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✶✽✳✺✭❜✮ s❤♦✇s t❤❡ ✐♥✐t✐❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts S s❡❧❡❝t❡❞ ✐♥ t❤❡ ♠❛①✐♠✉♠

♥❡✐❣❤❜♦r❤♦♦❞ ❞❡✜♥❡❞ ❜② t❤❡ ✉s❡r✳



❈❍❆P❚❊❘ ✶✽✳ ❊❉■❚■◆● P❆❘❆❉■●▼ ✾✺

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✽✳✺✿ ❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❤✐❣❤❧✐❣❤t✐♥❣ ✭❛✮ t❤❡ s❡❧❡❝t❡❞ ❛♥❝❤♦r ♣♦✐♥ts✱ ❛♥❞ ✭❜✮ t❤❡ ✐♥✐t✐❛❧
❞❡r✐✈❡❞ ♣♦✐♥ts ✇✐t❤ δmax = 3✱ ✐♥ t❤❡ xy✲♠♦❞❡✳

❲❤❡♥ t❤❡ ❝❤❡❝❦❜♦① ❆❧❧ ✐s ❝❤❡❝❦❡❞✱ t❤❡ ♥✉♠❡r✐❝ ✇✐❞❣❡t ✐s ❞✐s❛❜❧❡❞✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ✐s

❞❡✜♥❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❛s t❤❡ ❣r❡❛t❡st ♣♦ss✐❜❧❡ ✭δmax = +∞✮✳ ❙♦✱ ❛❧❧ ❝♦♥tr♦❧ ♣♦✐♥ts ❛r❡ ❛✉t♦♠❛t✲

✐❝❛❧❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡t S✱ ❡①❝❡♣t t❤❡ ❛♥❝❤♦r ♣♦✐♥t ❝❧✐❝❦❡❞ ❜② t❤❡ ✉s❡r✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❛❧❧♦✇s

t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛♥❝❤♦r ♣♦✐♥t t♦ ❜❡ r❡♣r♦❞✉❝❡❞ ❛t ❛❧❧ ❝♦♥tr♦❧ ♣♦✐♥ts✱ t❤❛t ✐s✱ ✐t

✐s ✉s❡❢✉❧ t♦ ❛♣♣❧② ❣❧♦❜❛❧ tr❛♥s❧❛t✐♦♥✱ r♦t❛t✐♦♥ ❛♥❞ s❝❛❧✐♥❣✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✻✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✽✳✻✿ ❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❤✐❣❤❧✐❣❤t✐♥❣ ✭❛✮ t❤❡ ✐♥✐t✐❛❧ ❞❡r✐✈❡❞ ♣♦✐♥ts✱ ❛♥❞ ✭❜✮ t❤❡ s❝❛❧✐♥❣
♦♣❡r❛t✐♦♥ ❛♣♣❧✐❡❞ t♦ ❛❧❧ ❝♦♥tr♦❧ ♣♦✐♥ts✳

❲❤❡♥ t❤❡ ✉s❡r ❡①✐ts t❤❡ s❡❧❡❝t✐♦♥ s✉❜✲♠♦❞❡ ❛♥❞ ❝❧✐❝❦s ♦♥ ❛♥② ♦♥❡ ❛♥❝❤♦r ♣♦✐♥t t♦ ❞r❛❣ ✐t✱ t❤❡

✐♥✐t✐❛❧ ❞❡r✐✈❡❞ s❡t S ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❡❧❡❝t❡❞ ❜② t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡♥✱ ✐t ✐s ❛✉❣♠❡♥t❡❞ ✇✐t❤ t❤❡

❡①tr❛ ❝♦♥tr♦❧ ♣♦✐♥ts ♥❡❡❞❡❞ ❢♦r s♦❧✈❛❜✐❧✐t②✱ ♦❜t❛✐♥✐♥❣ t❤❡ s❡t D ♦❢ ❞❡r✐✈❡❞ ♣♦✐♥ts ✭s❡❡ ❙❡❝t✐♦♥ ✶✹✳✶✮✳

✶✽✳✺ ❊❞✐t✐♥❣ xy✲❞❡❢♦r♠❛t✐♦♥

■♥ t❤❡ ❡❞✐t✐♥❣ xy✲♠♦❞❡✱ t❤❡ ✉s❡r ✐s ♣r❡s❡♥t❡❞ ✇✐t❤ ❛ t♦♣ ✈✐❡✇ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ ♦❢ ♣r✐s♠s✱ t❤❛t

✐s✱ t❤❡ ✷❉ ❞❡❢♦r♠❡❞ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❛♥❞ t❤❡ ❇é③✐❡r ❝♦♥tr♦❧ ♣♦✐♥ts✳ ❙❡❡ ❋✐❣✉r❡ ✶✽✳✼✳ ❚❤❡ ✉s❡r

❝❛♥ ♠♦❞✐❢② t❤❡ ❝♦♦r❞✐♥❛t❡s x ❛♥❞ y ♦❢ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❜② s❡❧❡❝t✐♥❣ ♦♥❡ ♦♣❡r❛t✐♦♥ ✭tr❛♥s❧❛t✐♦♥✱

r♦t❛t✐♦♥✱ ♦r s❝❛❧✐♥❣✮✱ ❛♥❞ ❞r❛❣❣✐♥❣ ❛♥② ♦♥❡ ❛♥❝❤♦r ♣♦✐♥t ✇✐t❤ t❤❡ ♠♦✉s❡✳









❈❤❛♣t❡r ✶✾

❊①❛♠♣❧❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ✐♠❛❣❡s ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ✉s✐♥❣ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r t♦ ❞❡❢♦r♠

♠♦❞❡❧s✳ ❲❡ t❡st t❤❡ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞✱ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❤✐❝❤

✉s❡s t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✳

✶✾✳✶ ❉❡❢♦r♠❛t✐♦♥ ♦❢ ♦r❣❛♥✐s♠ ♠♦❞❡❧s

❖✉r ❡①♣❡r✐♠❡♥ts t❡st❡❞ t❤❡ s✉✐t❛❜✐❧✐t② ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ❛❧❣♦r✐t❤♠s✱ ✉s✐♥❣ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r

t♦ r❡♣r♦❞✉❝❡ s♦♠❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ♦r❣❛♥✐s♠s ✇❤✐❝❤ ✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ ❛❝t✉❛❧ ✐♠❛❣❡s✳

❲❡ ✉s❡❞ ❡①❛♠♣❧❡s ♦❢ t❤r❡❡ ♠✐❝r♦♦r❣❛♥✐s♠s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✿ t❤❡ ♥❡♠❛t♦❞❡ ✇♦r♠ ❈❛❡♥♦r❤❛❜✲

❞✐t✐s ❡❧❡❣❛♥s✱ ❛♥❞ t❤❡ ♣r♦t♦③♦❛ ❉✐❧❡♣t✉s ❛♥s❡r ❛♥❞ ▲❛❝r②♠❛r✐❛ ♦❧♦r✳ ❲❡ ❛❧s♦ ✉s❡❞ t❤❡ ♦r❣❛♥✐s♠

st❛r✜s❤ ❆st❡r✐❛s r✉❜❡♥s✳ ❚❤❡ ♦r❣❛♥✐s♠ ♠♦❞❡❧s ✇❡r❡ ❝r❡❛t❡❞ ❜❛s❡❞ ♦♥ ✐ts ♠♦r♣❤♦❧♦❣②✳ ❙❡❡ ❧❡❢t

❝♦❧✉♠♥ ✐♥ ❋✐❣✉r❡ ✶✾✳✶✳

❚❤❡ ♠♦❞❡❧s ♦❢ t❤❡ ♦r❣❛♥✐s♠s ✇❡r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ ❇❧❡♥❞❡r ❡❞✐t♦r ❬✽✸❪✳ ❚❤❡ ♠♦❞❡❧ ✐s

❛ ❞❡♥s❡ tr✐❛♥❣✉❧❛r ♠❡s❤ ❝♦♥s✐st✐♥❣ ♦❢ t❡♥s ♦❢ t❤♦✉s❛♥❞s ♦❢ tr✐❛♥❣❧❡s✱ s❤♦✇✐♥❣ ❛ t②♣✐❝❛❧ r❡st✐♥❣

s❤❛♣❡ ♦❢ t❤❡ ♦r❣❛♥✐s♠✳ ❋♦r ❡❛❝❤ ♠♦❞❡❧ ✇❛s ❛♣♣r♦♣r✐❛t❡❧② ❞❡✜♥❡❞ ❛ ✜❧❡ ✐♥ t❤❡ ❲❛✈❡❢r♦♥t ❢♦r♠❛t

✭✳♦❜❥✮✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ❝♦♦r❞✐♥❛t❡s x✱ y✱ ❛♥❞ z ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ✱ ❛♥❞

t❤❡ t❤r❡❡ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤ tr✐❛♥❣✉❧❛r ❢❛❝❡✳ ❙❡❡ ♠✐❞❞❧❡ ❝♦❧✉♠♥ ✐♥ ❋✐❣✉r❡ ✶✾✳✶✳ ❋r♦♠ t❤❡ ❧♦❛❞ ♦❢

t❤✐s ✜❧❡✱ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡s t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ P ❛❞❡q✉❛t❡ ❢♦r ❡❛❝❤

♠♦❞❡❧✳ ❙❡❡ r✐❣❤t ❝♦❧✉♠♥ ✐♥ ❋✐❣✉r❡ ✶✾✳✶✳

❚❛❜❧❡ ✶✾✳✶ s✉♠♠❛r✐③❡s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤❡s ✉s❡❞ ❢♦r ❡❛❝❤

♦r❣❛♥✐s♠✳

❈✳ ❡❧❡❣❛♥s ❉✳ ❛♥s❡r ▲✳ ♦❧♦r ❙t❛r✜s❤

◆✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦♥ M ✶✵✹✷✺ ✶✽✾✻✼ ✶✵✹✷✺ ✶✵✷✹✷

◆✉♠❜❡r ♦❢ ❢❛❝❡s ♦♥ M ✷✵✽✸✵ ✸✼✾✸✵ ✷✵✽✸✵ ✷✵✹✽✵

◆✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ T ✽ ✾ ✶✵ ✶✶

◆✉♠❜❡r ♦❢ ❢❛❝❡s ♦❢ T ✻ ✼ ✽ ✶✵

◆✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ T ✶✸ ✶✺ ✶✼ ✷✵

◆✉♠❜❡r ♦❢ s❤❛r❡❞ ❡❞❣❡s ♦❢ T ✺ ✻ ✼ ✶✵

◆✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ♦♥ φ(T ) ✷✺ ✸✵ ✸✺ ✺✵

◆✉♠❜❡r ♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts ♦❢ φ(T ) ✾✻ ✶✶✶ ✶✷✻ ✶✺✶

❚❛❜❧❡ ✶✾✳✶✿ P❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ♠❡s❤ M ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♠❡s❤ T ❢♦r t❤❡ ♦r❣❛♥✐s♠s ✉s❡❞
✐♥ t❤❡ t❡sts✳

✾✾















❈❤❛♣t❡r ✷✵

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❲♦r❦

■♥ P❛rt ■✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs s✉❜❥❡❝t t♦ ❧✐♥❡❛r

♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ■♥ P❛rt ■■✱ ✇❡ ❛♣♣❧✐❡❞ t❤✐s ♠❡t❤♦❞ t♦ t❤❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ♦❢ ❝r❡❛t✐♥❣ ❛♥❞

❡❞✐t✐♥❣ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❧✐♥❡ ❞❡❢♦r♠❛t✐♦♥s s✉❜❥❡❝t t♦ s♠♦♦t❤♥❡ss ❝♦♥str❛✐♥ts✳ ■♥ P❛rt ■■■✱ ✇❡

❞❡s❝r✐❜❡❞ ❛♥ ❡❞✐t♦r ♦❢ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥s ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♦❧✐❞ ♠♦❞❡❧✐♥❣ ✉s✐♥❣ t❤❡

♠❡t❤♦❞ ♦❢ P❛rt ■■✳

✷✵✳✶ P❛rt ■

■♥ P❛rt ■ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ❣❡♥❡r❛❧ ❊❈▲❊❙ ♠❡t❤♦❞ ❢♦r ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠✲

❡t❡rs s✉❜❥❡❝t t♦ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❲❡ ✉s❡ ❡①❛❝t ✐♥t❡❣❡r ❛r✐t❤♠❡t✐❝ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t

❛♥❞ ❡❧✐♠✐♥❛t❡ r❡❞✉♥❞❛♥❝✐❡s ❛♠♦♥❣ ❝♦♥str❛✐♥ts ❛♥❞ ❛✈♦✐❞ r♦✉♥❞✐♥❣ ❢❛✐❧✉r❡s✳

■♥ t❤❡ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ ✉s❡r ❡❞✐t✐♥❣ ❛❝t✐♦♥s ❛r❡ ❝♦♠❜✐♥❡❞ ✉s✐♥❣

✇❡✐❣❤t❡❞ ❝♦♥str❛✐♥❡❞ ❧❡❛st sq✉❛r❡s✱ ✐♥st❡❛❞ ♦❢ t❤❡ ✉s✉❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤✱ t❤✉s ♣r♦✈✐❞✐♥❣

♠♦r❡ ✢❡①✐❜❧❡ ❝♦♥tr♦❧ t♦ t❤❡ ✉s❡r✳

❖♥❡ ❛s♣❡❝t t❤❛t ♥❡❡❞s ♠♦r❡ ❞✐s❝✉ss✐♦♥ ❛♥❞ t♦♦❧s ✐s t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ❢r♦♠ ✢♦❛t✐♥❣

♣♦✐♥t t♦ r❛t✐♦♥❛❧ ✈❛❧✉❡s✱ r♦✉♥❞❡❞ s♦ ❛s t♦ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥ts✳

✷✵✳✷ P❛rt ■■

■♥ P❛rt ■■ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡s❝r✐❜❡❞ ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r ✐♥t❡r❛❝t✐✈❡ ❡❞✐t✐♥❣ ♦❢

C
1✲❝♦♥t✐♥✉♦✉s t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❢♦r♠❛t✐♦♥s ✉s✐♥❣ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✇✐t❤ ❇é③✐❡r ❝♦♥tr♦❧ ♥❡ts✳

❚❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞✱ t❤❡ ✷❉❙❉ ❛❧❣♦r✐t❤♠✱ s✉♣♣♦rts s♣❧✐♥❡s ♦❢ ❞❡❣r❡❡ ✺ ♦r ❤✐❣❤❡r ❛♥❞ ❛❧❧♦✇s

❝♦♥✈❡♥✐❡♥t ❡❞✐t✐♥❣ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ C
1 ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s✉r❢❛❝❡✳

❲❡ ✉s❡ t❤❡ ✐♥t❡❣❡r✲❜❛s❡❞ ❊❈▲❊❙ ❣❡♥❡r❛❧ ♠❡t❤♦❞✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■✱ t♦ ❝♦♠❜✐♥❡ t❤❡ ✉s❡r

❡❞✐t✐♥❣ ❛❝t✐♦♥s ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ✐♥ ❛ r❡❧✐❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t ✇❛②✱ ❛✈♦✐❞✐♥❣ t❤❡ ❢❛t❛❧

❢❛✐❧✉r❡s t❤❛t ❝♦✉❧❞ ❛r✐s❡ ❢r♦♠ ✢♦❛t✐♥❣✲♣♦✐♥t r♦✉♥❞✐♥❣ ❡rr♦rs✳

❖♥❡ ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✐s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ♥❡✇ ❛✣♥❡ ❣❡♦♠❡tr✐❝ ❛♥❞ ♣❤②s✐❝❛❧ ❝♦♥✲

str❛✐♥ts s✉❝❤ ❛s C2 ❝♦♥t✐♥✉✐t②✳ ❆♥♦t❤❡r ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✐s t❤❡ ✉s❡ ♦❢ r❛t✐♦♥❛❧ r♦t❛t✐♦♥

♠❛tr✐❝❡s ❢♦r s♦❢t r♦t❛t✐♦♥✳ ❚❤✐s ✇♦✉❧❞ ❛❧❧♦✇ r❡♣❧❛❝✐♥❣ t❤❡ str♦♥❣ s♦❧✈❛❜✐❧✐t② r❡q✉✐r❡♠❡♥ts ❜②

✇❡❛❦ s♦❧✈❛❜✐❧✐t②✱ s♦ t❤❛t ♠✉❧t✐♣❧❡ ❛♥❝❤♦rs ❝❛♥ ❜❡ r♦t❛t❡❞✳

✶✵✻



❈❍❆P❚❊❘ ✷✵✳ ❈❖◆❈▲❯❙■❖◆ ❆◆❉ ❋❯❚❯❘❊ ❲❖❘❑ ✶✵✼

✷✵✳✸ P❛rt ■■■

■♥ P❛rt ■■■ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✱ ❛♥ ✐♥t❡r❛❝t✐✈❡ ❡❞✐t♦r ❢♦r t❤❡ ❞❡❢♦r✲

♠❛t✐♦♥ ♦❢ ✸❉ ♠♦❞❡❧s✳ ❚❤✐s ❡❞✐t♦r ✉s❡s ❛ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♥❞ ✐s ❛♥ ✐♠♣r♦✈❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ ❡❞✐t♦r ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❬✻✼❪✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♠♣r♦✈❡♠❡♥ts ✐s t❤❡ ✉s❡ ♦❢ t❤❡

❛❧❣♦r✐t❤♠ ✷❉❙❉✱ ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■■✱ ❛s ♣❛rt ♦❢ t❤❡ ✷✳✺❉ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥ ♠❡t❤♦❞✳

❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❝r❡❛t❡ ❛♥❞ ❞❡❢♦r♠ ❞✐❣✐t❛❧ t❡rr❛✐♥s✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱

t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ t♦ ♣r♦✈✐❞❡ ❛ ❜❡tt❡r ❡❞✐t✐♥❣ ❛♥❞ ✈✐❡✇✐♥❣ ♦❢ t❤❡ t❡rr❛✐♥ s✉r❢❛❝❡✳

❚❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ ♠❛♥② ✇❛②s✿ ♦♥❡ ❡❛s② ✐♠♣r♦✈❡♠❡♥t ✇♦✉❧❞ ❜❡ t❤❡

❛❞❞✐t✐♦♥ ♦❢ ❝♦❧♦rs t♦ t❤❡ ♠♦❞❡❧ ♠❡s❤❡s✳ ❲✐t❤ t❤✐s ✐♠♣r♦✈❡♠❡♥t✱ ♦♥❡ ❝♦✉❧❞ ✉s❡ ✐t ❢♦r ✐♠❛❣❡

♠♦r♣❤✐♥❣ ❜② ❝♦♥✈❡rt✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ✐♥t♦ ❛ ✜♥❡ ♠❡s❤ ♦❢ ❝♦❧♦r❡❞ tr✐❛♥❣❧❡s ❛❧❧ ♦♥ t❤❡ xy

♣❧❛♥❡✳

❆ ♠♦r❡ ❛♠❜✐t✐♦✉s ♣r♦❥❡❝t ✇♦✉❧❞ ❜❡ t♦ ❞❡✈❡❧♦♣ ❛♥ ❡❞✐t♦r ✇✐t❤ s✐♠✐❧❛r ✐♥t❡r❢❛❝❡ ❢♦r ✸❉ ❞❡❢♦r♠❛✲

t✐♦♥s✱ ✉s✐♥❣ ✸❉ s✐♠♣❧✐❝✐❛❧ s♣❧✐♥❡s ❞❡✜♥❡❞ ♦♥ ❛ ♠❡s❤ ♦❢ t❡tr❛❤❡❞r❛✱ ✇✐t❤ C
1 ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts✳

❚❤✐s ❡❞✐t♦r ✇♦✉❧❞ ✉s❡ t❤❡ s❛♠❡ ❣❡♥❡r❛❧ ❊❈▲❊❙ ❛❧❣♦r✐t❤♠✱ ❜✉t ✇♦✉❧❞ r❡q✉✐r❡ ❛ ✸❉❙❉ ♠♦❞✉❧❡

❛♥❛❧♦❣♦✉s t♦ ✷❉❙❉✳



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❆❧❡①✐s ❆♥❣❡❧✐❞✐s✱ ▼❛r✐❡✲P❛✉❧❡ ❈❛♥✐✱ ●❡♦✛ ❲②✈✐❧❧✱ ❛♥❞ ❙❝♦tt ❑✐♥❣✳ ❙✇✐r❧✐♥❣✲s✇❡❡♣❡rs✿

❈♦♥st❛♥t✲✈♦❧✉♠❡ ♠♦❞❡❧✐♥❣✳ ●r❛♣❤✳ ▼♦❞❡❧s✱ ✻✽✭✹✮✿✸✷✹✕✸✸✷✱ ✷✵✵✻✳

❬✷❪ ❆❧❡①✐s ❆♥❣❡❧✐❞✐s✱ ●❡♦✛ ❲②✈✐❧❧✱ ❛♥❞ ▼❛r✐❡✲P❛✉❧❡ ❈❛♥✐✳ ❙✇❡❡♣❡rs✿ ❙✇❡♣t ✉s❡r✲❞❡✜♥❡❞ t♦♦❧s

❢♦r ♠♦❞❡❧✐♥❣ ❜② ❞❡❢♦r♠❛t✐♦♥✳ ■♥ ❙▼■ ✬✵✹✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙❤❛♣❡ ▼♦❞❡❧✐♥❣ ■♥t❡r♥❛t✐♦♥❛❧

✷✵✵✹✱ ♣❛❣❡s ✻✸✕✼✸✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈✱ ❯❙❆✱ ✷✵✵✹✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✳
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❬✽✷❪ ❙t❛♥❢♦r❞✳ ❚❤❡ ❙t❛♥❢♦r❞ ✸❉ ❙❝❛♥♥✐♥❣ ❘❡♣♦s✐t♦r②✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴❣r❛♣❤✐❝s✳

st❛♥❢♦r❞✳❡❞✉✴❞❛t❛✴✸❉s❝❛♥r❡♣✴✳ ❆❝❝❡ss❡❞ ♦♥ ❉❡❝ ✶✵✱ ✷✵✶✻✳

❬✽✸❪ ❚❤❡ ❇❧❡♥❞❡r ❋♦✉♥❞❛t✐♦♥✳ ❇❧❡♥❞❡r✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴✇✇✇✳❜❧❡♥❞❡r✳♦r❣✳ ❆❝❝❡ss❡❞ ♦♥

❉❡❝ ✶✵✱ ✷✵✶✻✳

❬✽✹❪ ❚❤❡ ◗t ❈♦♠♣❛♥②✳ ◗t✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴✇✇✇✳qt✳✐♦✳ ❆❝❝❡ss❡❞ ♦♥ ▼❛r ✷✽✱ ✷✵✶✼✳

❬✽✺❪ ❨✳ ❚s✉❦✐✐✳ Pr♦t✐st ■♠❛❣❡s✿ ❉✐❧❡♣t✉s ❛♥s❡r✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴♣r♦t✐st✳✐✳❤♦s❡✐✳❛❝✳❥♣✴

♣❞❜✴✐♠❛❣❡s✴❈✐❧✐♦♣❤♦r❛✴❉✐❧❡♣t✉s✳ ❆❝❝❡ss❡❞ ♦♥ ❉❡❝ ✶✵✱ ✷✵✶✻✳

❬✽✻❪ ❨✳ ❚s✉❦✐✐✳ Pr♦t✐st ■♠❛❣❡s✿ ▲❛❝r②♠❛r✐❛ ♦❧♦r✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴♣r♦t✐st✳✐✳❤♦s❡✐✳❛❝✳

❥♣✴♣❞❜✴✐♠❛❣❡s✴❈✐❧✐♦♣❤♦r❛✴▲❛❝r②♠❛r✐❛✳ ❆❝❝❡ss❡❞ ♦♥ ❉❡❝ ✶✵✱ ✷✵✶✻✳

❬✽✼❪ P✳ ❘✳ ❚✉r♥❡r✳ ❆ ❙✐♠♣❧✐✜❡❞ ❋r❛❝t✐♦♥✲❢r❡❡ ■♥t❡❣❡r ●❛✉ss ❊❧✐♠✐♥❛t✐♦♥ ❆❧❣♦r✐t❤♠✳ ❚❡❝❤♥✐❝❛❧

r❡♣♦rt✱ ✶✾✾✺✳

❬✽✽❪ ❲♦❧❢r❛♠ ✈♦♥ ❋✉♥❝❦✱ ❍♦❧❣❡r ❚❤❡✐s❡❧✱ ❛♥❞ ❍❛♥s✲P❡t❡r ❙❡✐❞❡❧✳ ❱❡❝t♦r ✜❡❧❞ ❜❛s❡❞ s❤❛♣❡ ❞❡❢♦r✲

♠❛t✐♦♥s✳ ❆❈▼ ❚r❛♥s✳ ●r❛♣❤✳✱ ✷✺✭✸✮✿✶✶✶✽✕✶✶✷✺✱ ✷✵✵✻✳

❬✽✾❪ ❲♦❧❢r❛♠ ✈♦♥ ❋✉♥❝❦✱ ❍♦❧❣❡r ❚❤❡✐s❡❧✱ ❛♥❞ ❍❛♥s✲P❡t❡r ❙❡✐❞❡❧✳ ❊①♣❧✐❝✐t ❝♦♥tr♦❧ ♦❢ ✈❡❝t♦r

✜❡❧❞ ❜❛s❡❞ s❤❛♣❡ ❞❡❢♦r♠❛t✐♦♥s✳ ■♥ P● ✬✵✼✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✺t❤ P❛❝✐✜❝ ❈♦♥❢❡r❡♥❝❡ ♦♥

❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ♣❛❣❡s ✷✾✶✕✸✵✵✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈✱ ❯❙❆✱ ✷✵✵✼✳ ■❊❊❊

❈♦♠♣✉t❡r ❙♦❝✐❡t②✳

❬✾✵❪ ❏❡ss✐❝❛ ❲✐♥❞❡r✳ ❙t❛r✜s❤✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣s✿✴✴♥❛t✉r❡✐♥❢♦❝✉s✳❢✐❧❡s✳✇♦r❞♣r❡ss✳❝♦♠✴

✷✵✶✵✴✵✸✴♣✶✵✷✵✻✽✹❛s♥❛♣s❤♦t✳❥♣❣✳ ❆❝❝❡ss❡❞ ♦♥ ❉❡❝ ✶✵✱ ✷✵✶✻✳
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❬✾✶❪ ●❡♦r❣❡ ❲♦❧❜❡r❣✳ ■♠❛❣❡ ♠♦r♣❤✐♥❣✿ ❛ s✉r✈❡②✳ ❚❤❡ ❱✐s✉❛❧ ❈♦♠♣✉t❡r✱ ✶✹✭✽✲✾✮✿✸✻✵✕✸✼✷✱ ✶✾✾✽✳

❬✾✷❪ ❚✐❛♥ ❳✐❛✱ ❇✐♥❜✐♥ ▲✐❛♦✱ ❛♥❞ ❨✐③❤♦✉ ❨✉✳ P❛t❝❤✲❜❛s❡❞ ✐♠❛❣❡ ✈❡❝t♦r✐③❛t✐♦♥ ✇✐t❤ ❛✉t♦♠❛t✐❝

❝✉r✈✐❧✐♥❡❛r ❢❡❛t✉r❡ ❛❧✐❣♥♠❡♥t✳ ❆❈▼ ❚r❛♥s✳ ●r❛♣❤✳✱ ✷✽✭✺✮✿✶✶✺✿✶✕✶✶✺✿✶✵✱ ❉❡❝❡♠❜❡r ✷✵✵✾✳

❬✾✸❪ ❉✐❛♥♥❛ ❳✉✳ ■♥❝r❡♠❡♥t❛❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ tr✐❛♥❣✉❧❛r✲❜❛s❡❞ s♣❧✐♥❡ s✉r❢❛❝❡s✳ P❤❉ ✐♥

❝♦♠♣✉t❡r ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ s❝✐❡♥❝❡✱ ❋❛❝✉❧t✐❡s ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ P❡♥♥s②❧✈❛♥✐❛✱ P❤✐❧❛❞❡❧♣❤✐❛✱

P❆✱ ❯❙❆✱ ✷✵✵✷✳

❬✾✹❪ ❲❡✐✲❲❡✐ ❳✉ ❛♥❞ ❑✉♥ ❩❤♦✉✳ ●r❛❞✐❡♥t ❞♦♠❛✐♥ ♠❡s❤ ❞❡❢♦r♠❛t✐♦♥✿ ❆ s✉r✈❡②✳ ❏✳ ❈♦♠♣✉t✳

❙❝✐✳ ❚❡❝❤♥♦❧✳✱ ✷✹✭✶✮✿✻✕✶✽✱ ✷✵✵✾✳
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❆♣♣❡♥❞✐① ❆

■♠♣❧❡♠❡♥t❛t✐♦♥

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❧✐❜r❛r✐❡s✿ ▲✐♥❙②s ✭▲✐♥❡❛r ❙②st❡♠✮✱

▲❙◗ ✭▲❡❛st ❙q✉❛r❡s✮✱ ❊❈▲❊❙ ✭❊❞✐t✐♥❣ ❜② ❈♦♥str❛✐♥❡❞ ▲❡❛st ❙q✉❛r❡s✮✱ ❛♥❞ ✷❉❙❉ ✭✷❉ ❙♣❧✐♥❡

❉❡❢♦r♠❛t✐♦♥✮✳

❲❡ ✉s❡ t❤❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❈✴❈✰✰ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❧✐❜r❛r✐❡s ❛♥❞ t❤❡ Pr✐s▼②st✐❝

❡❞✐t♦r✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ♦❢ Pr✐s▼②st✐❝ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❣r❛♣❤✐❝s ❧✐❜r❛r✐❡s ◗t ●❯■ ❛♥❞

◗t ❖♣❡♥●▲ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ◗t ❬✽✹❪✳ ❲❡ ❛❧s♦ ✉s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❞❛t❛ str✉❝t✉r❡s ♦❢ t❤❡ ❧✐❜r❛r②

❋▲■◆❚ ✭❋❛st ▲✐❜r❛r② ❢♦r ◆✉♠❜❡r ❚❤❡♦r②✮ ❬✸✻❪ t♦ ✇♦r❦ ✇✐t❤ ✐♥t❡❣❡r ❛♥❞ r❛t✐♦♥❛❧ ❛r✐t❤♠❡t✐❝✳

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✐♥str✉❝t✐♦♥s ❢♦r r✉♥♥✐♥❣ t❤❡ Pr✐s▼②st✐❝ ❡❞✐t♦r✱ ❛s ✇❡❧❧ ❛s t❤❡ ✜❧❡s

♦❢ t❤❡ ❧✐❜r❛r✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳✐❝✳✉♥✐❝❛♠♣✳❜r✴⑦❡r♦❞r✐❣✉❡s✳

❆✳✶ ❚❤❡ ▲✐♥❙②s ❧✐❜r❛r②

▲✐♥❙②s ✐s ❛ ❈✴❈✰✰ ❧✐❜r❛r② ♦❢ ❢✉♥❝t✐♦♥s ❢♦r s♦❧✈✐♥❣ ❧✐♥❡❛r s②st❡♠s ✉s✐♥❣ ✐♥t❡❣❡r ❛♥❞ r❛t✐♦♥❛❧

❛r✐t❤♠❡t✐❝✳ ❚❤✐s ❧✐❜r❛r② ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝♦r❞ t②♣❡✿

t②♣❡❞❡❢ str✉❝t ❢❛❝t♦r✐♥❣❴t ④

✐♥t ♠❀

✐♥t ♥❀

✐♥t r❀

✐♥t Pr❬ ❪❀

❢♠♣③❴♠❛t❴t ▲❀

❢♠♣③❴♠❛t❴t ❉❀

❢♠♣③❴♠❛t❴t ❯❀

✐♥t P❝❬ ❪❀

⑥ ❢❛❝t♦r✐♥❣❴t

❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s r❡❝♦r❞ ❛r❡ t❤❡ ❢❛❝t♦rs ♦❢ ❛ ♠❛tr✐① A ✭m × n✮ ♦❢ r❛♥❦ r✱ ❛s ❞❡✜♥❡❞

✐♥ ❈❤❛♣t❡r ✹✳ ◆❛♠❡❧②✱ t❤❡ r♦✇ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ΠR ✭m ×m✮✱ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ m

✐♥❞✐❝❡s❀ t❤❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ❢❛❝t♦r L ✭m×r✮❀ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① D ✭r×r✮❀ t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r

❢❛❝t♦r U ✭r × n✮❀ ❛♥❞ t❤❡ ❝♦❧✉♠♥ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ΠC ✭n × n✮✱ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ n

✐♥❞✐❝❡s✳ ❚❤❡ L✱ D✱ ❛♥❞ U ✜❡❧❞s ❛r❡ ❋▲■◆❚ ✐♥t❡❣❡r ♠❛tr✐❝❡s ✭❢♠♣③❴♠❛t❴t✮✳ ❙♦♠❡ ❝♦♠♣✉t❛t✐♦♥s

✉s❡ ❋▲■◆❚ r❛t✐♦♥❛❧ ♠❛tr✐❝❡s ✭❢♠♣q❴♠❛t❴t✮✳

✶✶✺
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❆✳✶✳✶ ❋r❛❝t✐♦♥✲❢r❡❡ ♠❛tr✐① ❢❛❝t♦r✐♥❣

❚❤❡ ❢r❛❝t✐♦♥✲❢r❡❡ ▲❉❯ ❢❛❝t♦r✐♥❣ ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ▲✐♥❙②s✳▲❉❯❋❛❝t♦r ♣r♦❝❡❞✉r❡ ✭❆❧❣♦✲

r✐t❤♠ ✻✮✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✻✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ▲❉❯❋❛❝t♦r✭✮ ♣r♦❝❡❞✉r❡

♦❢ t❤❡ ❧✐❜r❛r② ▲✐♥❙②s✳❤✿

❢❛❝t♦r✐♥❣❴t ▲❉❯❋❛❝t♦r✭✐♥t ♠✱ ✐♥t ♥✱ ❢♠♣③❴♠❛t❴t ❆✱ ✐♥t ♠❡t❤♦❞✮

✇❤✐❝❤ r❡❝❡✐✈❡s t❤❡ m × n ♦r✐❣✐♥❛❧ ♠❛tr✐① A t♦ ❜❡ ❢❛❝t♦r❡❞✱ ♦❢ t❤❡ s②st❡♠ Ax = B❀ ❛♥❞ t❤❡

s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞ ✭●❈❉ ♦r ❚✉r♥❡r✮ t❤❛t ♠✉st ❜❡ ✉s❡❞✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❚❤❡

♣r♦❝❡❞✉r❡ r❡t✉r♥s ❛ r❡❝♦r❞ ♦❢ t②♣❡ ❢❛❝t♦r✐♥❣❴t ✇✐t❤ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① A✳

❆✳✶✳✷ ❙♦❧✈✐♥❣ ❧✐♥❡❛r s②st❡♠

❚❤❡ ❡①❛❝t ❧✐♥❡❛r s②st❡♠ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ▲✐♥❙②s✳❙♦❧✈❡ ♣r♦❝❡❞✉r❡ ✭❆❧❣♦r✐t❤♠ ✶✹✮✱

❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✽✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ s♦❧✈❡✭✮ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❧✐❜r❛r②

▲✐♥❙②s✳❤✿

❢♠♣q❴♠❛t❴t ✯s♦❧✈❡✭✐♥t t✱ ❢❛❝t♦r✐♥❣❴t ❢❛❝t✱ ❢♠♣③❴♠❛t❴t ❇✮

✇❤✐❝❤ r❡❝❡✐✈❡s t❤❡ ❝♦♥str❛✐♥ts AP ′′
D = B ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ r❡❝♦r❞ ❢❛❝t ✇✐t❤ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢

t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① A✱ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♠❛tr✐① B ✭n × t✮✳ ❚❤❡ ♣r♦❝❡❞✉r❡ r❡t✉r♥s t❤❡

❝♦♠♣✉t❡❞ ♠❛tr✐① P ′′
D ✭n× t✮ ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠✳

❆✳✷ ❚❤❡ ▲❙◗ ❧✐❜r❛r②

▲❙◗ ✐s ❛ ❈✴❈✰✰ ❧✐❜r❛r② ♦❢ ❢✉♥❝t✐♦♥s ❢♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠s ✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s ❝r✐t❡✲

r✐♦♥✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s t❤❡ ▲❙◗✳❙♦❧✈❡ ♣r♦❝❡❞✉r❡ ✭❆❧❣♦r✐t❤♠ ✶✺✮✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✾✱

❡①❝❡♣t ❢♦r ♦♥❡ ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥s✳ ❚❤❡ ✇❡✐❣❤t ♠❛tr✐①M = 2∗W ✐s ♦♠✐tt❡❞ s✐♥❝❡W ✐s ❛♥ ✐❞❡♥✲

t✐t② ♠❛tr✐① ✐♥ Pr✐s▼②st✐❝ ❡❞✐t♦r✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ s♦❧✈❡▲❙◗✭✮ ♣r♦❝❡❞✉r❡

♦❢ t❤❡ ❧✐❜r❛r② ▲❙◗✳❤✿

❢♠♣q❴♠❛t❴t ✯s♦❧✈❡▲❙◗✭✐♥t t✱ ❢❛❝t♦r✐♥❣❴t ❢❛❝t✱ ❢♠♣③❴♠❛t❴t ❇✱ ❢♠♣q❴♠❛t❴t P✶✮

✇❤✐❝❤ r❡❝❡✐✈❡s t❤❡ ❝♦♥str❛✐♥ts AP ′′
D = B ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ r❡❝♦r❞ ❢❛❝t ✇✐t❤ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢

t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① A✱ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♠❛tr✐① B ✭n× t✮✱ ❛♥❞ t❤❡ ❤✐♥ts ♠❛tr✐① P ′
D ✭n× t✮✳

❚❤❡ ♣r♦❝❡❞✉r❡ r❡t✉r♥s t❤❡ ❝♦♠♣✉t❡❞ ♠❛tr✐① P ′′
D ✭n× t✮ ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧❡❛st sq✉❛r❡s

❧✐♥❡❛r s②st❡♠✳

❆✳✸ ❚❤❡ ❊❈▲❊❙ ❧✐❜r❛r②

❊❈▲❊❙ ✐s ❛ ❈✴❈✰✰ ❧✐❜r❛r② ♦❢ ❢✉♥❝t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ❡❞✐t✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs s✉❜❥❡❝t t♦ ❧✐♥❡❛r ♦r

❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❚❤✐s ❧✐❜r❛r② ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝♦r❞ t②♣❡✿

t②♣❡❞❡❢ str✉❝t s❡t❴t ④

✐♥t ❛❀

✐♥t ❆❬ ❪❀

⑥ s❡t❴t
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❆✳✸✳✶ ■♥✐t✐❛❧✐③✐♥❣

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s t❤❡ ❊❈▲❊❙✳■♥✐t✐❛❧✐③❡ ♣r♦❝❡❞✉r❡ ✭❆❧❣♦r✐t❤♠ ✶✮✱ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣✲

t❡r ✺✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ✐♥✐t✐❛❧✐③❡✭✮ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❧✐❜r❛r② ❊❈▲❊❙✳❤✿

❜♦♦❧ ✐♥✐t✐❛❧✐③❡✭✐♥t t✱ s❡t❴t ❆❬ ❪✱ s❡t❴t ❉❬ ❪✱ ✐♥t ❧✱ ✐♥t ❝✱ ❢♠♣③❴♠❛t❴t ❘✱

❢♠♣③❴♠❛t❴t ◗✱ ❢♠♣q❴♠❛t❴t P✱ ❜♦♦❧ str♦♥❣✱ ✐♥t ♠❡t❤♦❞✱ ❢❛❝t♦r✐♥❣❴t ❢❛❝t✱

✐♥t ✯❋✱ ✐♥t ✯❊✮

✇❤✐❝❤ r❡❝❡✐✈❡s t❤❡ s❡ts A ❛♥❞ D ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ a ❛♥❝❤♦rs ❛♥❞ ♦❢ t❤❡ n ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✱

r❡s♣❡❝t✐✈❡❧②❀ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① R ✭l × c✮✱ ❛♥❞ t❤❡ ♠❛tr✐① Q ✭m× t✮ ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢

❛❧❧ ❝♦♥str❛✐♥ts❀ t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s P ✭n× t✮❀ ❛ ❜♦♦❧❡❛♥ ✢❛❣ ✐♥❞✐❝❛t✐♥❣ ✐❢ t❤❡ str♦♥❣

s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ ❝❤❡❝❦❡❞❀ ❛♥❞ ❛ ✐♥t❡❣❡r ✐♥❞✐❝❛t✐♥❣ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞

❞✉r✐♥❣ t❤❡ ❢❛❝t♦r✐♥❣✳ ❚❤❡ ♣r♦❝❡❞✉r❡ r❡t✉r♥s t❤❡ r❡❝♦r❞ ❢❛❝t ✇✐t❤ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t

♠❛tr✐① RED❀ ❛ ♣♦✐♥t❡r t♦ t❤❡ s❡t F ′ ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ r❡❧❡✈❛♥t ✜①❡❞ ♣❛r❛♠❡t❡rs❀ ❛♥❞ t❤❡ s❡t E ♦❢

✐♥❞✐❝❡s ♦❢ t❤❡ ♥♦♥✲r❡❞✉♥❞❛♥t r❡❧❡✈❛♥t ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡✳

❆✳✸✳✷ ❯♣❞❛t✐♥❣

❚❤❡ ✉♣❞❛t✐♥❣ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❊❈▲❊❙✳❯♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✭❆❧❣♦r✐t❤♠ ✹✮✱ ❞❡s❝r✐❜❡❞ ✐♥

❈❤❛♣t❡r ✺✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ✉♣❞❛t❡✭✮ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❧✐❜r❛r② ❊❈▲❊❙✳❤✿

❜♦♦❧ ✯✉♣❞❛t❡✭✐♥t t✱ s❡t❴t ❆❬ ❪✱ s❡t❴t ❋❬ ❪✱ s❡t❴t ❊❬ ❪✱ ❢♠♣③❴♠❛t❴t ❘✱

❢♠♣③❴♠❛t❴t ◗✱ ❢❛❝t♦r✐♥❣❴t ❢❛❝t✱ ❢♠♣q❴♠❛t❴t P✶✱ ❢♠♣q❴♠❛t❴t P✷✮

✇❤✐❝❤ r❡❝❡✐✈❡s t❤❡ s❡ts A✱ F ′✱ ❛♥❞ E ❀ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① R ✭l×c✮✱ ❛♥❞ t❤❡ ♠❛tr✐① Q ✭m× t✮ ♦❢

✐♥❞❡♣❡♥❞❡♥t t❡r♠s ♦❢ ❛❧❧ ❝♦♥str❛✐♥ts❀ t❤❡ r❡❝♦r❞ ❢❛❝t ✇✐t❤ t❤❡ ❢❛❝t♦r✐♥❣ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐①

RED❀ ❛♥❞ t❤❡ ❤✐♥ts ♠❛tr✐① P ′
D ✭n× t✮✳ ❚❤❡ ♣r♦❝❡❞✉r❡ r❡t✉r♥s t❤❡ ❝♦♠♣✉t❡❞ ♠❛tr✐① P ′′
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