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Resumo 

 
MAULER NETO, Martim, Análise Dinâmica de Chapas Trincadas com Reparos de Material 

Compósito Utilizando o Método dos Elementos de Contorno, Campinas: Faculdade de 

Engenharia Mecânica, Universidade Estadual de Campinas, 2009. 104 p. Dissertação 

(Mestrado) 

 
  O objetivo deste trabalho é desenvolver uma ferramenta computacional para a análise 

dinâmica de chapas trincadas com reparos de material compósito colados. O método numérico a 

ser empregado para a modelagem do problema de mecânica da fratura da chapa, é o Método Dual 

de Elementos de Contorno (DMEC), que permite modelar a chapa em uma única região aplicando 

uma equação integral de deslocamentos em uma das faces da trinca, e uma equação integral de 

forças de superfície na outra face da trinca. As forças de corpo devido às massas da chapa e do 

reparo sob solicitação dinâmica serão modeladas através da técnica do Método de Dupla 

Reciprocidade de Elementos de Contorno (DRMEC), que permite a utilização de soluções 

fundamentais da elastoestática para a análise de problemas da elastodinâmica. O acoplamento 

entre a chapa metálica isotrópica e a chapa de laminado compósito anisotrópico, será modelado 

pela técnica do DRMEC para a análise de esforços devidos ao cisalhamento no adesivo. A tensão 

de cisalhamento no adesivo será calculada pela diferença de deslocamentos entre a chapa metálica 

e o compósito. Os efeitos dinâmicos de intensidade de tensão serão calculados por técnicas 

baseadas no deslocamento relativo das faces da trinca e por integrais de energia de domínio 

(EDI). 

 

Palavras Chave: Materiais Compósitos, Anisotropia, Mecânica da Fratura, Elementos de 

Contorno, Integral de Energia de Domínio. 
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Abstract 

 
MAULER NETO, Martim, Dynamic Analysis of Cracked Sheets Repaired with Composite 

Patches Using Boundary Elements Method, Campinas: Faculdade de Engenharia Mecânica, 
Universidade Estadual de Campinas, 2009. 104 p. Dissertação (Mestrado) 

 

The aim of this paper is to present the formulation and matrix implementation of a dynamic 

analysis of cracked sheets repaired with adhesively bonded composite patches. The numerical 

method that is used for modelling the problem of fracture mechanics is the dual boundary 

elements method (DBEM), which allows the modelling of a cracked sheet in a single region. This 

method uses a displacement integral equation in one of the sides of the crack surface and a 

traction integral equation in the other side of the crack surface. The body forces, due to the 

inertial effects of the sheet and the repair, and the interaction effect between the sheet and the 

anisotropic patch, are modelled using the dual reciprocity boundary elements method (DRBEM) 

technique, which allows the use of fundamental solutions from the elastostatics into problems of 

elastodynamics. The coupling between the isotropic metallic sheet and the anisotropic composite 

repair is modelled by the DBEM technique, in order to obtain the shear stress distribution in the 

adhesive layer. The shear stresses in the adhesive layer are obtained by the difference of nodal 

displacements between the sheet and the repair. The dynamic effects on the stress intensity factors 

are calculated by techniques based on the relative displacement of the crack faces and energy 

domain integration (EDI). 

 

 

Key Words: Composite Materials, Anisotropy, Fracture Mechanics, Boundary Element Method, 

Energy Domain Integral. 
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❣❛%&♦ ❞❡ -.✐♥❝❛) ❡♠ ♣❛✐♥L✐) ❞❡ ❛❧✉♠U♥✐♦ ❝♦♠ .❡♣❛.♦ ❝♦♠♣?)✐-♦ ✉-✐❧✐③❛♥❞♦ ✉♠❛ ❝♦♠❜✐♥❛%&♦

❞♦ ▼❊❈ ♣❛.❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ♣❧❛❝❛ -.✐♥❝❛❞❛ ❡ ▼❊❋ ♣❛.❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦ .❡♣❛.♦✳

✻



❈❛♣#$✉❧♦ ✷

❊❧❛*$✐❝✐❞❛❞❡ ❇✐❞✐♠❡♥*✐♦♥❛❧

✷✳✶ ■♥%&♦❞✉*+♦

◆❡"#❡ ❝❛♣'#✉❧♦ + ❢❡✐#❛ ✉♠❛ /❡✈✐"1♦ ❞❛ #❡♦/✐❛ ❞❡ ❡❧❛"#✐❝✐❞❛❞❡ ♣❧❛♥❛ ❛♣❧✐❝❛❞❛ ❛ ♠❛#❡/✐❛✐" ✐"♦#/4♣✐✲

❝♦"✳ ❖ ❝❛♣'#✉❧♦ "❡ ✐♥✐❝✐❛ ❝♦♠ ❛ ❞❡✜♥✐91♦ ❜;"✐❝❛ ❞❛" /❡❧❛9<❡" ❞❡ #❡♥"1♦ ❡ ❞❡❢♦/♠❛91♦ ♣❛/❛

♠❛#❡/✐❛✐" ❡❧;"#✐❝♦" ✐"♦#/4♣✐❝♦"✳ =♦"#❡/✐♦/♠❡♥#❡✱ ❛" "♦❧✉9<❡" ❢✉♥❞❛♠❡♥#❛✐" ♣❛/❛ ❡❧❛"#✐❝✐❞❛❞❡

♣❧❛♥❛ ✐"♦#/4♣✐❝❛ "1♦ ❡"#❛❜❡❧❡❝✐❞❛"✳

✷✳✷ ❘❡❧❛*0❡1 ❚❡♥1+♦ ❉❡❢♦&♠❛*+♦

❋✐❣✉/❛ ✷✳✶✿ ❈❛♠♣♦ ❞❡ ❞❡❢♦/♠❛9<❡" ♣❧❛♥❛"

◆❛ ❡❧❛"#✐❝✐❞❛❞❡ ❧✐♥❡❛/✱ ♦ ✈❡#♦/ ❞❡ ❣/❛❞✐❡♥#❡" ❞❡ ❞❡"❧♦❝❛♠❡♥#♦ ♣♦❞❡ "❡/ ❝♦♥"✐❞❡/❛❞♦ ❞❡ ♦/❞❡♠

✐♥✜♥✐#❡"✐♠❛❧✳ ❉❡"#❛ ❢♦/♠❛✱ ♦ #❡♥"♦/ ❞❡ ❞❡❢♦/♠❛9<❡" εαβ + ❞❛❞♦ ♣♦/ ✭❋✐❣✳✷✳✶✮✿

✼



ε11 =
∂u1
∂x1

ε22 =
∂u2
∂x2

✭✷✳✶✮

ε12 =
1

2

(

∂u1
∂x2

+
∂u2
∂x1

)

♦♥❞❡✱ uα *+♦ ❛* ❝♦♠♣♦♥❡♥0❡* ❞❡ ❞❡*❧♦❝❛♠❡♥0♦* ♥♦* ❡✐①♦* ❞❡ ❝♦♦4❞❡♥❛❞❛* x1 ❡ x2✳

❉❡ ❢♦4♠❛ ❛ *❡ ❛**❡❣✉4❛4 ❛ ✉♥✐❝✐❞❛❞❡ ❞♦* ❝❛♠♣♦* ❞❡ ❞❡*❧♦❝❛♠❡♥0♦✱ 9✉❛♥❞♦ ❛* ❝♦♠♣♦♥❡♥0❡*

❞♦ 0❡♥*♦4 ❞❡ ❞❡❢♦4♠❛:;❡* *+♦ ❞❡✜♥✐❞❛*✱ ❡9✉❛:;❡* ❞❡ ❝♦♠♣❛0✐❜✐❧✐❞❛❞❡ ❡♥04❡ ❛* ❝♦♠♣♦♥❡♥0❡*

❞❡ ❞❡*❧♦❝❛♠❡♥0♦ ❞❡✈❡♠ *❡4 ❡*0❛❜❡❧❡❝✐❞❛*✳ ◆♦ ❝❛*♦ ❞❛ ❡❧❛*0✐❝✐❞❛❞❡ ❜✐❞✐♠❡♥*✐♦♥❛❧✱ ❡**❛ ❝♦♠✲

♣❛0✐❜✐❧✐❞❛❞❡ A ❞❡✜♥✐❞❛ ♣♦4 ❬✷✵❪✿

∂

∂x2

(

∂ε11
∂x2

)

+
∂

∂x1

(

∂ε22
∂x1

)

=
∂

∂x1

(

∂ε12
∂x2

)

. ✭✷✳✷✮

❋✐❣✉4❛ ✷✳✷✿ ❈♦♠♣♦♥❡♥0❡* ❞❡ 0❡♥*+♦ ❡♠ ❡❧❛*0✐❝✐❞❛❞❡ ♣❧❛♥❛

✽



❈♦♥#✐❞❡'❛♥❞♦ ❛ ❋✐❣✳✭✷✳✷✮✱ ❛ ❡0✉❛23♦ ❞❡ ❡0✉✐❧5❜'✐♦ ♣❛'❛ ✉♠ ❡❧❡♠❡♥9♦ ❞✐❢❡'❡♥❝✐❛❧✱ ❡♠ ✉♠ ❝♦'♣♦

❝♦♥95♥✉♦✱ #♦❜ ❡#9❛❞♦ ♣❧❛♥♦ ❞❡ 9❡♥#<❡# ♣♦❞❡ #❡' ❡#❝'✐9♦ ♥❛ ❢♦'♠❛✿

∂σ11
∂x1

+
∂σ12
∂x2

+ f1 = 0

✭✷✳✸✮

∂σ21
∂x1

+
∂σ22
∂x2

+ f2 = 0,

♦♥❞❡ ? ❛✈❛❧✐❛❞❛ ❡♠ ✉♠ ❞♦♠5♥✐♦ Ω ❡ ❞❡✈❡ #❛9✐#❢❛③❡' ❛# #❡❣✉✐♥9❡# ❝♦♥❞✐2<❡#✿

uα = ūα ❡♠ Γu

tα = t̄α ❡♠ Γt

, ✭✷✳✹✮

♦♥❞❡ σαβ '❡♣'❡#❡♥9❛ ♦ 9❡♥#♦' ❞❡ 9❡♥#<❡# ❞❡ ❈❛✉❝❤②✳ Γu '❡♣'❡#❡♥9❛ ❛ ♣♦'23♦ ❞♦ ❝♦♥9♦'♥♦ Γ

❡♠ 0✉❡ ♦# ❞❡#❧♦❝❛♠❡♥9♦# #3♦ ✐♠♣♦#9♦#✳ Γt '❡♣'❡#❡♥9❛ ❛ ♣♦'23♦ ❞♦ ❝♦♥9♦'♥♦ Γ ❡♠ 0✉❡ ♦# ❛#

❢♦'2❛# ❞❡ #✉♣❡'❢5❝✐❡ #3♦ ✐♠♣♦#9❛#✳ ❖ ✈❡9♦' ❞❡ ❢♦'2❛# ❞❡ #✉♣❡'❢5❝✐❡✱ ♣❛'❛ ✉♠❛ ❞❡9❡'♠✐♥❛❞❛

♥♦'♠❛❧ nβ ❡♠ 0✉❛❧0✉❡' ♣♦♥9♦ ❞♦ ❝♦♥9♦'♥♦ Γt ? ❞❛❞♦ ♣♦'✿

tα = σαβnβ. ✭✷✳✺✮

✷✳✸ ❊❧❛&'✐❝✐❞❛❞❡ ■&♦'./♣✐❝❛

❈♦♠♦ ❞✐#❝✉9✐❞♦ ❛♥9❡'✐♦'♠❡♥9❡✱ ✉♠ ♦❜❥❡9♦ ❡♠ ❡#9❛❞♦ ♣❧❛♥♦ ❞❡ 9❡♥#3♦ ? ❧✐✈'❡ ♣❛'❛ ❞❡ ❞❡❢♦'♠❛'

❢♦'❛ ❞♦ ♣❧❛♥♦ ❡ 9♦❞❛# ❛# ❝♦♠♣♦♥❡♥9❡# ❞❡ ❢♦'2❛ ❞❡ #✉♣❡'❢5❝✐❡ ❢♦'❛ ❞♦ ♣❧❛♥♦ #3♦ ✐❣✉❛✐# ❛ ③❡'♦✳

❆##✐♠ #❡♥❞♦✱ ❛ '❡❧❛23♦ 9❡♥#3♦✲❞❡❢♦'♠❛23♦ ♣❛'❛ ❡❧❛#9✐❝✐❞❛❞❡ ♣❧❛♥❛ ♣♦❞❡ #❡' ❡#❝'✐9❛ ♣♦' ❬✷✵❪✿

σ11 =
2λG

λ+ 2G
ε11 + 2Gε11

σ22 =
2λG

λ+ 2G
ε22 + 2Gε22, ✭✷✳✻✮

σ12 = 2Gε12

♦♥❞❡ λ = 2/ (1− 2ν)✱ ● ? ♦ ♠O❞✉❧♦ ❞❡ ❡❧❛#9✐❝✐❞❛❞❡ 9'❛♥#✈❡'#❛❧ ❞♦ ♠❛9❡'✐❛❧ ❡ ν ? ♦ ♠O❞✉❧♦ ❞❡

✾



 ♦✐##♦♥ ❞♦ ♠❛(❡*✐❛❧✳ ◆♦ ❡#(❛❞♦ ♣❧❛♥♦ ❞❡ (❡♥#/♦✱ ❛ ❝♦♠♣♦♥❡♥(❡ ❞❡ ❞❡❢♦*♠❛3/♦ ❢♦*❛ ❞♦ ♣❧❛♥♦

4 ❞❛❞❛ ♣♦*✿

ε33 = −
λ

(λ+ 2G)
εαα. ✭✷✳✼✮

✷✳✹ ❙♦❧✉'(♦ ❋✉♥❞❛♠❡♥/❛❧ ■1♦/23♣✐❝❛

❆# ❡;✉❛3=❡# ✐♥(❡❣*❛✐# ❞❡ ❡❧❛#(♦❡#(?(✐❝❛ *❡;✉❡*❡♠ ♦ ❝♦♥❤❡❝✐♠❡♥(♦ ❞❛# #♦❧✉3=❡# ❞❡ ❡❧❛#(✐❝✐❞❛❞❡

❝♦**❡#♣♦♥❞❡♥(❡# ❛ ✉♠ ❞♦♠A♥✐♦ ✐♥✜♥✐(♦ #♦❜ ✉♠ ❝❛**❡❣❛♠❡♥(♦ ♣♦♥(✉❛❧ ✉♥✐(?*✐♦✳ ❙❡♥❞♦ ❛#

❡;✉❛3=❡# ❞❡ ❡;✉✐❧A❜*✐♦ ❡①♣*❡##❛# ❡♠ ❢✉♥3/♦ ❞❛# ❝♦♠♣♦♥❡♥(❡# ❞❡ ❞❡#❧♦❝❛♠❡♥(♦✱ ❛# ❡;✉❛3=❡#

❞❡ ◆❛✈✐❡* ♣❛*❛ ❡❧❛#(✐❝✐❞❛❞❡ ❜✐❞✐♠❡♥#✐♦♥❛❧ #/♦ ❞❛❞❛# ♣♦* ❬✺❪✿

µ

(

3λ+ 2G

λ+ 2G

)

uα,αβ +Guβ,γγ + fβ = 0. ✭✷✳✽✮

❆ #♦❧✉3/♦ ❞❡ ❑❡❧✈✐♥ 4 ♦❜(✐❞❛ ;✉❛♥❞♦ ✉♠❛ ❝❛*❣❛ ❝♦♥❝❡♥(*❛❞❛ ✉♥✐(?*✐❛ 4 ❛♣❧✐❝❛❞❛ ❡♠ ✉♠ ♣♦♥(♦

i ♥❛ ❞✐*❡3/♦ ❞♦ ✈❡(♦* ✉♥✐(?*✐♦ eβ✿

fβ = ∆ieβ. ✭✷✳✾✮

❊①♣*❡##❛♥❞♦ ♦# (❡*♠♦# ❞❡ ❞❡#❧♦❝❛♠❡♥(♦ ♥❛ ❢♦*♠❛ ❞❡ ✈❡(♦*❡# ❞❡ ●❛❧❡*❦✐♥✱ ϕα✱ ♦❜(4♠✲#❡✿

uα = ϕα,ββ −
1

2 (1− ν)
ϕβ,αβ. ✭✷✳✶✵✮

❆❝♦♣❧❛✲#❡ ❡♥(/♦ ❛# ❡;✳✭✷✳✶✵✮✱ ❡;✳✭✷✳✾✮ ❡ ❡;✳✭✷✳✽✮✱ ❡ *❡#♦❧✈❡✲#❡ ♣❛*❛ ϕα ❛ ❡;✉❛3/♦✿

ϕαβ =
1

8πG
r2ln

(

1

r

)

eαδαβ, ✭✷✳✶✶✮

♦♥❞❡✱ ϕα 4 ❛ ❝♦♠♣♦♥❡♥(❡ α ❞♦ ✈❡(♦* ❞❡ ●❛❧❡*❦✐♥✱ ❡♠ ;✉❛❧;✉❡* ♣♦♥(♦ ❞♦ ❞♦♠A♥✐♦✱ ;✉❛♥❞♦

✉♠❛ ❝❛*❣❛ ✉♥✐(?*✐❛ ❝♦♥❝❡♥(*❛❞❛ 4 ❛♣❧✐❝❛❞❛ ❡♠ ✉♠ ♣♦♥(♦ i ❝♦♠ ❞✐*❡3/♦ β✳ ❖ ❞❡#❧♦❝❛♠❡♥(♦

❡♠ ;✉❛❧;✉❡* ♣♦♥(♦ ❞♦ ❞♦♠A♥✐♦✱ *❡❧❛(✐✈♦ T ❛♣❧✐❝❛3/♦ ❞❛ ❝❛*❣❛ ♣♦♥(✉❛❧ ✉♥✐(?*✐❛✱ 4 ❞❛❞♦ ♣♦*✿

u∗α = u∗βαeβ, ✭✷✳✶✷✮

✶✵



♦♥❞❡ uβα $ ❛ ❝♦♠♣♦♥❡♥)❡ α ❞♦ ❞❡*❧♦❝❛♠❡♥)♦ ❡♠ ,✉❛❧,✉❡. ♣♦♥)♦ ❞♦ ❞♦♠/♥✐♦ ,✉❛♥❞♦ ✉♠❛

❝❛.❣❛ ✉♥✐)2.✐❛ ❝♦♥❝❡♥).❛❞❛ $ ❛♣❧✐❝❛❞❛ ❡♠ ✉♠ ♣♦♥)♦ i ❝♦♠ ❞✐.❡34♦ β✳ ❯)✐❧✐③❛♥❞♦ ❛ ❞❡✜♥✐34♦

❞❛❞❛ ♣❡❧❛ ❡,✳✭✷✳✶✵✮✱ ❛ ❡,✳✭✷✳✶✷✮ ♣♦❞❡ *❡. .❡❡*❝.✐)❛ ♥❛ ❢♦.♠❛✿

u∗αβ = ϕαβ,γγ −
1

2 1− ν
ϕαγ,βγ . ✭✷✳✶✸✮

❙✉❜*)✐)✉✐♥❞♦ ❛ ❡,✭✷✳✶✶✮ ♥❛ ❡,✳✭✷✳✶✸✮✱ ♦❜)$♠✲*❡ ❛ *♦❧✉34♦ ❢✉♥❞❛♠❡♥)❛❧ ❞❡ ❞❡*❧♦❝❛♠❡♥)♦* ♣❛.❛

❡❧❛*)✐❝✐❞❛❞❡ ❧✐♥❡❛. ✐*♦).E♣✐❝❛ ♣❛.❛ ❡*)❛❞♦ ♣❧❛♥♦ ❞❡ )❡♥*4♦✱ ,✉❡ $ ❞❛❞❛ ♣♦. ❬✷✵❪✿

Uαβ =
1

8πµ (1− ν ′)

[

(

3− 4ν
′
)

ln
(

1

r

)

δαδ + r,αr,β,
]

, ✭✷✳✶✹✮

♦♥❞❡ ν
′

= ν/ (1 + ν)✳

❉❡ ♠❛♥❡✐.❛ *❡♠❡❧❤❛♥)❡✱ ❛ *♦❧✉34♦ ❢✉♥❞❛♠❡♥)❛❧ ❞❡ ❢♦.3❛* ❞❡ *✉♣❡.❢/❝✐❡ ♣❛.❛ ❡❧❛*)✐❝✐❞❛❞❡ ❧✐♥❡❛.

✐*♦).E♣✐❝❛ ♣❛.❛ ❡*)❛❞♦ ♣❧❛♥♦ ❞❡ )❡♥*4♦ $ ❞❛❞❛ ♣♦. ❬✷✵❪✿

Tαβ =
1

4π (1− ν ′) r

[

∂r

∂n

[(

1− 2ν
′
)

δαβ + 2r,αr,β

]

+
(

1− 2ν
′
)

[nβr,α − nαr,β]

]

. ✭✷✳✶✺✮
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❝♦"✳ ❖ ❝❛♣'#✉❧♦ "❡ ✐♥✐❝✐❛ ❝♦♠ ❛ ❞❡✜♥✐91♦ ❜;"✐❝❛ ❞❛" /❡❧❛9<❡" ❞❡ #❡♥"1♦ ❡ ❞❡❢♦/♠❛91♦ ♣❛/❛

♠❛#❡/✐❛✐" ❡❧;"#✐❝♦" ❛♥✐"♦#/4♣✐❝♦"✳ ❖ #❡♥"♦/ ❞❡ #❡♥"<❡" ❡ ❡①♣/❡""<❡" ♣❛/❛ ❝♦♠♣♦♥❡♥#❡" ❞❡

❞❡"❧♦❝❛♠❡♥#♦ "1♦ ❡"#❛❜❡❧❡❝✐❞❛"✳ ❯♠ ❝❛"♦ ❡"♣❡❝'✜❝♦ ❞❡ /❡❧❛91♦ ❞❡ #❡♥"1♦ ❞❡❢♦/♠❛91♦ ♣❛/❛

❧❛♠✐♥❛❞♦" ♦/#♦#/4♣✐❝♦" + ❛♣/❡"❡♥#❛❞♦ ❝♦♠♦ ❜❛"❡ ♣❛/❛ ♦❜#❡♥91♦ ❞❡ /❡❧❛9<❡" ❞❡ #❡♥"1♦ ❞❡❢♦/✲
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Cijkl = Cjikl
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Cijkl = Cijlk. ✭✸✳✷✮

Cijkl = Cklij
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a11 = 1/E1 a12 = ν12/E1 = −ν21/E2

a13 = −ν31/E1 = −ν13/E3 a14 = η23,1/E1 = η1,23/G23

a15 = η32,1/E1 = η1,32/G23 a16 = η12,1/E1

a22 = 1/E2 a23 = ν32/E2 = −ν23/E3

a24 = η23,1/E2 = η23,3/G23 a25 = η32,2/E2 = η2,31/G13

a26 = η12,2/E2 = η2,12/G12 a33 = 1/E3

a34 = η23,3/E3 = η3,23/G23 a35 = η31,2/E3 = η3,31/G13

a36 = η12,3/E3 = η3,12/G12 a44 = 1/G23

a45 = ξ32,23/G23 = ξ23,31/G13 a46 = ξ12,23/G23 = ξ23,12/G13

a55 = 1/G13 a56 = ξ12,31/G13 = ξ31,12/G12

a66 = 1/G12

, ✭✸✳✾✮
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 ❛♥❣❡♥❝✐❛✐' ❛❣✐♥❞♦ ♥♦' ♣❧❛♥♦' ♣,✐♥❝✐♣❛✐' ❞♦ ♠❛ ❡,✐❛❧ ❬✶❪✳ ❆' ❝♦♥' ❛♥ ❡' ηl,jk '3♦ ❞❡♥♦♠✐♥❛❞❛'

❝♦❡✜❝✐❡♥ ❡' ❞❡ ✐♥✢✉7♥❝✐❛ ♠8 ✉❛ ❞❡ '❡❣✉♥❞❛ ❡'♣9❝✐❡✱ ;✉❡ ❡①♣,❡''❛♠ ❞❡❢♦,♠❛>?❡'  ❛♥❣❡♥❝✐❛✐'

♥♦' ♣❧❛♥♦' ♣,✐♥❝✐♣❛✐'✱ ❝❛✉'❛❞❛' ♣❡❧❛'  ❡♥'?❡' ♥♦,♠❛✐' ❛ ✉❛♥ ❡' ♥♦' ♣❧❛♥♦' ♣,✐♥❝✐♣❛✐'✳ ❆' ❝♦♥✲

' ❛♥ ❡' ξij,kl '3♦ ♦' ❝♦❡✜❝✐❡♥ ❡' ❞❡ ❈❤❡♥ '♦✈ ❬✶❪✱ ;✉❡ ❝❛,❛❝ ❡,✐③❛♠ ❛' ❞❡❢♦,♠❛>?❡'  ❛♥❣❡♥❝✐❛✐'

❡♠ ♣❧❛♥♦' ♣❛,❛❧❡❧♦' ❛♦' ♣❧❛♥♦' ♣,✐♥❝✐♣❛✐' ❞❡ ❡❧❛' ✐❝✐❞❛❞❡✱ ❝❛✉'❛❞❛' ♣♦,  ❡♥'?❡'  ❛♥❣❡♥❝✐❛✐'

;✉❡ ❛ ✉❛♠ ❡♠ ♣❧❛♥♦' ♣❛,❛❧❡❧♦' ❛♦' ♣❧❛♥♦' ♣,✐♥❝✐♣❛✐' ❞❡ ❡❧❛' ✐❝✐❞❛❞❡✳

❊♠ ❡' ❛❞♦ ♣❧❛♥♦ ❞❡  ❡♥'3♦ (σ3 = σ4 = σ5 = 0)✱ ;✉❛❧;✉❡, ♠❛ ❡,✐❛❧ ♣♦❞❡ '❡, ❡①♣,❡''♦ ✉ ✐✲

❧✐③❛♥❞♦ '♦♠❡♥ ❡ ✻ ❝♦♥' ❛♥ ❡' ✐♥❞❡♣❡♥❞❡♥ ❡'✳ ❉❡' ❛ ❢♦,♠❛✱ ❛ ❡;✳✭✸✳✻✮ ♣♦❞❡ '❡, ❡①♣,❡''❛ ♥❛

❢♦,♠❛✿











ε1
ε2
ε6











=







a11 a12 a16
a21 a22 a26
a61 a62 a66

















σ1
σ2
σ6











. ✭✸✳✶✵✮

❙✉❜' ✐ ✉✐♥❞♦ ❛' ❡;✳✭✷✳✶✮ ❡ ❡;✳✭✸✳✶✮ ♥❛ ❡;✳✭✷✳✸✮✱ ♦❜ 9♠✲'❡ ❛ ❡;✉❛>3♦ ❞❡ ❡;✉✐❧P❜,✐♦ ❡'❝,✐ ❛ ❡♠

❢✉♥>3♦ ❞♦' ❞❡'❧♦❝❛♠❡♥ ♦'✿

Cijkluk,jl + pi = 0, ✭✸✳✶✶✮

♦♥❞❡✿

pi = ρ (bi − ü) , ✭✸✳✶✷✮

9 ♦  ❡,♠♦ ;✉❡ ❝♦♥ ❡♠ ❛' ❢♦,>❛' ❞❡ ❝♦,♣♦✳

✸✳✸ ❋✉♥%&❡( ❞❡ ❚❡♥(+♦ ❞❡ ❆✐/②

◆❛  ❡♦,✐❛ ❞❡ ❡❧❛' ✐❝✐❞❛❞❡ ❛♥✐'♦ ,R♣✐❝❛✱ ♦  ❡♥'♦, ❞❡  ❡♥'?❡' ♣♦❞❡ '❡, ❡'❝,✐ ♦ ♥❛ ❢♦,♠❛ ❞❡

❢✉♥>?❡' ❞❡  ❡♥'3♦ ❞❡ ❆✐,② F (x1, x2) ❞❛❞❛' ♣♦, ❬✷✸❪✿

σ11 = F,22 +Υ

σ22 = F,11 +Υ, ✭✸✳✶✸✮

✶✺



σ12 = −F,21

♦♥❞❡ Υ $ ✉♠❛ ❢✉♥)*♦ ♣♦,❡♥❝✐❛❧ ❞❛❞❛ ♣♦0✿

Υ,i = pi. ✭✸✳✶✹✮

❙✉❜:,✐,✉✐♥❞♦ ❛ ❡;✳✭✸✳✶✸✮ ♥❛ ❡;✳✭✸✳✶✵✮ ❡ ♥❛ ❡;✉❛)*♦ ❞❡ ❝♦♠♣❛,✐❜✐❧✐❞❛❞❡ ✭✷✳✷✮✱ ♦❜,$♠✲:❡ ❛

❡;✉❛)*♦ ❞✐❢❡0❡♥❝✐❛❧ ♣❛0❛ ❛ ❢✉♥)*♦ ❞❡ ,❡♥:*♦ F (x1, x2)✿

a11F,2222 − 2a16F,1222 + (2a12 + a66)F,1122 − 2a26F,1112 + a22F,1111 =
− (a12 + a22)Υ,11 + (a16 + a26)Υ,12 − (−a11 + a12)Υ,22

. ✭✸✳✶✺✮

◆♦ ❝❛:♦ ♣❛0,✐❝✉❧❛0 ♦♥❞❡ pi = 0✱ ❛ ❡;✉❛)*♦ ❛❝✐♠❛ ♣♦❞❡ :❡0 ❡:❝0✐,❛ ♣❛0❛ ❛♥B❧✐:❡ ❡:,B,✐❝❛ ❝♦♠♦✿

a11F,2222 − 2a16F,1222 + (2a12 + a66)F,1122 − 2a26F,1112 + a22F,1111 = 0. ✭✸✳✶✻✮

❉❡✜♥✐♥❞♦ ♦ ♦♣❡0❛❞♦0 ❞✐❢❡0❡♥❝✐❛❧

∆k =
∂

∂x2
− µk

∂

∂x1
, ✭✸✳✶✼✮

❡ ❛♣❧✐❝❛♥❞♦ ❡:,❡ ♦♣❡0❛❞♦0 ♥❛ ❢✉♥)*♦ ❞❡ ,❡♥:*♦ F (x1, x2)✿

∆1∆2∆3∆4F = 0, ✭✸✳✶✽✮

❡ ❡①♣❛♥❞✐♥❞♦ ❡:,❛ ❡;✉❛)*♦✱ ♦❜,$♠✲:❡✿

F,2222 − (µ1µ2µ3µ4)F,1222

+(µ1µ2 + µ1µ2µ3µ4 + µ2µ3 + µ2µ4 + µ3µ4)F,1122

− (µ1µ2µ3 + µ1µ2µ4 + µ1µ3µ4 + µ2µ3µ4)F,1112

+(µ1µ2µ3µ4)F,1111 = 0

. ✭✸✳✶✾✮

❆: ❡;✳✭✸✳✶✻✮ ❡ ❡;✳✭✸✳✶✾✮ :❡0*♦ ✐❣✉❛✐: :❡ µ1✱ µ2✱ µ3 ❡ µ4 ❢♦0❡♠ 0❛L③❡: ❞❛ ❡;✉❛)*♦✿

a11µ
4 − 2a16µ

3 + (2a12 + a66)µ
2 − 2a26µ+ a22 = 0. ✭✸✳✷✵✮

✶✻



❆! "❛$③❡! ❞❛ ❡(✳✭✸✳✷✵✮ ♣❛"❛ (✉❛❧(✉❡" ❝❛!♦ !4♦ ❝♦♠♣❧❡①❛! ♦✉ ✐♠❛❣✐♥:"✐❛! ♣✉"❛!✱ ♦❝♦""❡♥❞♦

!❡♠♣"❡ ❛♦! ♣❛"❡! (µk e µ̄k) ❬✷✹❪✳

❉❡✜♥✐♥❞♦ ❛ ✈❛"✐❛✈❡❧ zk ❝♦♠♦✿

zk = x1 + µkx2, ✭✸✳✷✶✮

D❡♠✲!❡ (✉❡✿

∆k =
∂

∂x2
− µk

∂

∂x1
=

d

dzk

. ✭✸✳✷✷✮

❉❡✜♥✐♥❞♦ F (x1, x2) ❝♦♠♦ ✉♠❛ ❢✉♥G4♦ "❡❛❧✱ D❡♠✲!❡ (✉❡✿

F (x1, x2) = 2Re [F1 (z1) + F2 (z2)] . ✭✸✳✷✸✮

■♥D"♦❞✉③✐♥❞♦ ❛ ♥♦D❛G4♦✿

dF (x1, x2)

dzk

= Ψk (zk) , ✭✸✳✷✹✮

❡ ❛❝♦♣❧❛♥❞♦ ❛! ❡(✳✭✸✳✷✸✮ ❡ ❡(✳✭✸✳✶✸✮ ♦❜DJ♠✲!❡ ❛! ❝♦♠♣♦♥❡♥D❡! ❞♦ D❡♥!♦" ❞❡ D❡♥!K❡!✿

σ11 = 2Re
[

µ21Ψ
(1)
1 (z1) + µ22Ψ

(1)
2 (z2)

]

σ22 = 2Re
[

Ψ
(1)
1 (z1) + Ψ

(1)
2 (z2)

]

σ12 = −2Re
[

µ1Ψ
(1)
1 (z1) + µ2Ψ

(1)
2 (z2)

]

,

✭✸✳✷✺✮

♦♥❞❡ Ψ
(1)
k J ❛ ❞❡"✐✈❛❞❛ ♣"✐♠❡✐"❛ ❞❡ Ψk ❡♠ "❡❧❛G4♦ M zk✳

❆❝♦♣❧❛♥❞♦ ❛ ❡(✳✭✸✳✷✺✮ M ❡(✳✭✷✳✶✶✮✱ ❡ ✐♥D❡♥❣"❛♥❞♦✱ ♦❜DJ♠✲!❡✿

u1 = 2Re [q11Ψ1 (z1) + q12Ψ2 (z2)]

✭✸✳✷✻✮

✶✼



u2 = 2Re [q21Ψ1 (z1) + q22Ψ2 (z2)] ,

♦♥❞❡✿

qαβ =

[

a11µ
2
β + a12 − a16µβ

a12µβ + a22/µβ − a26

]

✭✸✳✷✼✮

+ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♠❛12✐③ ❞❡ ♣❛25♠❡12♦6 ❝♦♠♣❧❡①♦6✳

❙❡ ❛6 ❝♦♥❞✐:;❡6 ❞❡ ❝♦♥1♦2♥♦ ❢♦2❡♠ ❡61❛❜❡❧❡❝✐❞❛6✱ ❛ ❢✉♥:@♦ ❞❡ 1❡♥6;❡6 ❞❛❞❛6 ♣❡❧❛ ❡A✳✭✸✳✶✸✮

♣♦❞❡ 6❡2 ❞❡✜♥✐❞❛ ♣❛2❛ 6❛1✐6❢❛③❡2 ❡61❛6 ❝♦♥❞✐:;❡6✳ ❉❡61❛ ❢♦2♠❛✱ ♦6 ❝❛♠♣♦6 ❞❡ 1❡♥6;❡6 ❞❡

❞❡6❧♦❝❛♠❡♥1♦6✱ ❞❛❞♦6 ♣❡❧❛6 ❡A✳✭✸✳✷✺✮ ❡ ❡A✳✭✸✳✷✻✮✱ ♣♦❞❡♠ 6❡2 ❡♥❝♦♥12❛❞♦6✳

✸✳✹ ❊$✉❛'(❡* ❈♦♥*.✐.✉.✐✈❛* ♣❛2❛ ✉♠ ▲❛♠✐♥❛❞♦

❆ 2❡❧❛:@♦ 1❡♥6@♦ ❞❡❢♦2♠❛:@♦ ❞❡ ✉♠ ❧❛♠✐♥❛❞♦ ♦21♦12H♣✐❝♦ ♣♦❞❡ 6❡2 ❞❡✜♥✐❞❛ ♣♦2✿







σ11
σ22
σ12





 =







Q11 Q12 0
Q21 Q22 0
0 0 2Q66













ε11
ε22
ε12





 , ✭✸✳✷✽✮

♦♥❞❡ ❛6 ❝♦♠♣♦♥❡♥1❡6 Qij ❞♦ 1❡♥6♦2 ❞❡ 2✐❣✐❞❡③ 6@♦ ❞❛❞❛6 ♣♦2✿

Q11 = E1/ (1− ν12ν21)
Q22 = E2/ (1− ν12ν21)

Q66 = G12

Q16 = Q26 = 0
Q12 = ν21E1/ (1− ν12ν21) = ν12E2/ (1− ν12ν21)

. ✭✸✳✷✾✮

❙❡♥❞♦ ♦ ❧❛♠✐♥❛❞♦✱ ♠♦612❛❞♦ ♥❛ ❋✐❣✳✭✸✳✶✮✱ ♦21♦12H♣✐❝♦✱ 6✉❛6 2❡❧❛:;❡6 ❝♦♥61✐1✉1✐✈❛6 ♣♦❞❡♠ 6❡2

❝❛2❛❝1❡2✐③❛❞❛6 ♣♦2 ✺ ❝♦♥61❛♥1❡6 ❡❧N61✐❝❛6✿ ❖6 ♠H❞✉❧♦6 ❞❡ ❡❧❛61✐❝✐❞❛❞❡ E1 ❡ E2 ♥❛6 ❞✐2❡:;❡6 x1

❡ x2✱ ♦ ♠H❞✉❧♦ ❞❡ ❝✐6❛❧❤❛♠❡♥1♦ G12 ❡ ♦ ♠H❞✉❧♦ ❞❡ P♦✐66♦♥ ν12✳ ❆ Q❧1✐♠❛ ❝♦♥61❛♥1❡ ❡❧N61✐❝❛

♥❡❝❡66N2✐❛ ♣♦❞❡ 6❡2 ❞❡1❡2♠✐♥❛❞❛ ♣❡❧❛ 6❡❣✉✐♥1❡ 2❡❧❛:@♦ ❝♦♥61✐1✉1✐✈❛✿

ν21E1 = ν12E2. ✭✸✳✸✵✮

✶✽



❋✐❣✉$❛ ✸✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❧❛♠✐♥❛❞♦ ♦$3♦3$4♣✐❝♦

❊♠ ♠✉✐3♦6 ❝❛6♦6✱ ♦6 ❡✐①♦6 ❞♦ ❧❛♠✐♥❛❞♦ (w1, w2) ♥8♦ 68♦ ❝♦✐♥❝✐❞❡♥3❡6 ❝♦♠ ❛ ❞✐$❡98♦ ❞❡ 6✉❛6

✜❜$❛6 (w̄1, w̄2)✳ ◆❡63❡ ❝❛6♦✱ ❛ $❡❧❛98♦ ❝♦♥63✐3✉3✐✈❛ ❞❡ ❝❛❞❛ ❝❛♠❛❞❛ ❞❡✈❡ 6♦❢$❡$ ✉♠❛ 3$❛♥6✲

❢♦$♠❛98♦ ♣❛$❛ ♦ ❡✐①♦ ❞❡ $❡❢❡$@♥❝✐❛ ❞♦ ❧❛♠✐♥❛❞♦ ✭❋✐❣✳✸✳✷✮✱ ❡ ❛66✐♠ ❛ 6✉❛ $❡❧❛98♦ ❝♦♥63✐3✉3✐✈❛

♣♦❞❡ 6❡$ ❞❡✜♥✐❞❛✳ ❊63❛ 3$❛♥6❢♦$♠❛98♦ D $❡❛❧✐③❛❞❛ ♠✉❧3✐♣❧✐❝❛♥❞♦ ♦6 3❡♥6♦$❡6 ❞❡ 3❡♥6F❡6 ❡

❞❡❢♦$♠❛9F❡6 ♣♦$ ✉♠❛ ♠❛3$✐③ ❞❡ 3$❛♥6❢♦$♠❛98♦✿

σ
′

ij = ❚σij

✭✸✳✸✶✮

ε
′

ij = ❚εij,

♦♥❞❡ σij ❡ εij 68♦ ♦6 3❡♥6♦$❡6 ❞❡ 3❡♥6F❡6 ❡ ❞❡❢♦$♠❛9F❡6 $❡❢❡$❡♥3❡6 ❛♦ ❡✐①♦ ❞♦ ❧❛♠✐♥❛❞♦✳ ❆

♠❛3$✐③ ❞❡ 3$❛♥6❢♦$♠❛98♦ ❚ D ❞❛❞❛ ♣♦$✿

❚ =







m2 n2 2mn
n2 m2 −2mn
−mn mn m2 − n2





 , ✭✸✳✸✷✮

✶✾



❋✐❣✉$❛ ✸✳✷✿ ❙✐+,❡♠❛ ❞❡ ❝♦♦$❞❡♥❛❞❛+ ❞❡ ✉♠ ❧❛♠✐♥❛❞♦

♦♥❞❡ m = cos θ ❡ n = sin θ✳ ▲♦❣♦✱ ❛ ❡6✉❛78♦ ❝♦♥+,✐,✉,✐✈❛ ♣♦❞❡ +❡$ ❡+❝$✐,❛ ❝♦♠♦✿











σ
′

11

σ
′

22

σ
′

12











= ❚−1◗
(

❚

−1
)T











ε
′

11

ε
′

22

ε
′

12











. ✭✸✳✸✸✮

▼✉❧,✐♣❧✐❝❛♥❞♦ ❛+ ♠❛,$✐③❡+ ♥❡+,❛ ❡6✉❛78♦✱ ,❡♠✲+❡✿











σ
′

11

σ
′

22

σ
′

12











=







Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄61 Q̄62 Q̄66

















ε
′

11

ε
′

22

ε
′

12











, ✭✸✳✸✹✮

♦♥❞❡✿

Q̄11 = Q11 cos
4 θ + 2 (Q12 + 2Q66) sin

2 θ cos2 θ +Q22 sin
4 θ

Q̄22 = Q11 sin
4 θ + 2 (Q12 + 2Q66) sin

2 θ cos2 θ +Q22 cos
4 θ

Q̄12 = (Q11 +Q22 − 4Q66) sin
2 θ cos2 θ +Q12

(

sin4 θ + cos4 θ
)

Q̄66 = (Q11 +Q22 − 2Q12 − 2Q66) sin
2 θ cos2 θ +Q66

(

sin4 θ + cos4 θ
)

Q̄16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ + (Q12 −Q22 + 2Q66) sin
3 θ cos θ

. ✭✸✳✸✺✮

✷✵



✸✳✺ ▲❛♠✐♥❛❞♦* ❙✐♠,-.✐❝♦*

▲❛♠✐♥❛❞♦' '✐♠()*✐❝♦' ',♦ ❧❛♠✐♥❛❞♦' ❝✉❥❛' ❧0♠✐♥❛' ',♦ ✉♥✐❞❛' ❞❡ ❢♦*♠❛ 3✉❡✱ ♣❛*❛ ❝❛❞❛ ❧0♠✐♥❛

❝♦❧♦❝❛❞❛ ❛ ✉♠ ❞♦' ❧❛❞♦' ❞♦ ♣❧❛♥♦ ♠(❞✐♦ ❞♦ ❝♦♥❥✉♥)♦✱ ❤❛❥❛ ♦✉)*❛ ❧0♠✐♥❛ ♥❛ ♣♦'✐7,♦ ♦♣♦')❛

❡3✉✐✈❛❧❡♥)❡✱ ❝♦♠ ♣*♦♣*✐❡❞❛❞❡' ✐❞9♥)✐❝❛' ❡ ♠❡'♠❛ ♦*✐❡♥)❛7,♦ ❞❛' ✜❜*❛' ✭❋✐❣✳✸✳✸✮✳ B♦* ❛♣✲

*❡'❡♥)❛*❡♠ ❡3✉❛7D❡' ❝♦♥')✐)✉)✐✈❛' ♠❛✐' '✐♠♣❧❡' ❡ ♣♦* '❡*❡♠ ♠❛✐' ❢❛❝✐❧♠❡♥)❡ ❛♥❛❧✐'❛❞♦'✱ ♦'

❧❛♠✐♥❛❞♦' '✐♠()*✐❝♦' ',♦ ❡①)❡♥'❛♠❡♥)❡ ✉)✐❧✐③❛❞♦' ♥❛ ❡♥❣❡♥❤❛*✐❛✳

❆ ❡①✐')9♥❝✐❛ ❞❡ ✉♠ ♣❧❛♥♦ ♠(❞✐♦ ( ✉♠❛ ❝♦♥❞✐7,♦ ♥❡❝❡''H*✐❛ ♣❛*❛ ✉♠❛ ❛♥H❧✐'❡ ❜✐❞✐♠❡♥'✐♦♥❛❧✳

❈❛'♦ ❝♦♥)*H*✐♦✱ ❛ ❛♣❧✐❝❛7,♦ ❞❡ 3✉❛❧3✉❡* ❝❛**❡❣❛♠❡♥)♦ ❡♠ *❡❧❛7,♦ ❛♦ ❡✐①♦ x3 ❣❡*❛*✐❛ ✢❡①,♦ ❞❛

❝❤❛♣❛✱ ❡ ❝♦♥'❡3✉❡♥)❡♠❡♥)❡✱ ♦ ❛♣❛*❡❝✐♠❡♥)♦ ❞❡ ❞❡'❧♦❝❛♠❡♥)♦' ❢♦*❛ ❞♦ ♣❧❛♥♦✳

➱ ✐♠♣♦*)❛♥)❡ ❧❡♠❜*❛* 3✉❡✱ ♣❛*❛ 3✉❡ ❛ ❢♦*♠✉❧❛7,♦ ❛♣*❡'❡♥)❛❞❛ ♥❡')❡ )*❛❜❛❧❤♦ '❡❥❛ L)✐❧ ❛♦ '❡

)*❛)❛* ❧❛♠✐♥❛❞♦' '✐♠()*✐❝♦'✱ ❞❡✈❡✲'❡ ❝♦♥'✐❞❡*❛* 3✉❡ ❛' ❞❡❢♦*♠❛7D❡' ❛♦ ❧♦♥❣♦ ❞❡ )♦❞❛ ❡'♣❡'✲

'✉*❛ ❞♦ ❧❛♠✐♥❛❞♦ ',♦ '❡♠♣*❡ ❛' ♠❡'♠❛'✳ ❖✉ '❡❥❛✱ ♥,♦ ❤H ❡'❝♦**❡❣❛♠❡♥)♦ ❡♥)*❡ ❛' ❝❛♠❛❞❛'

❞♦ ❧❛♠✐♥❛❞♦✳

❆' ❝♦♠♣♦♥❡♥)❡' ❞♦ )❡♥'♦* ❞❡ )❡♥',♦ ❞❡ ✉♠ ❧❛♠✐♥❛❞♦ ',♦ ♦❜)✐❞❛' ❛)*❛✈(' ❞❛ ✐♥)❡❣*❛7,♦ ❞❛'

❝♦♠♣♦♥❡♥)❡' ❞❡ )❡♥'♦* ❞❡ )❡♥'D❡' ❞❡ ❝❛❞❛ ❧0♠✐♥❛ ❛♦ ❧♦♥❣♦ ❞❡ )♦❞❛ ❛ ❡'♣❡''✉*❛ e ❞♦ ❧❛♠✐♥❛❞♦✿

σij =
1

e

e/2
ˆ

−e/2

σ
′

ijdx3, ✭✸✳✸✻✮

♦♥❞❡ σ
′

ij ( ♦ )❡♥'♦* ❞❡ )❡♥'D❡' ❞❡ ❝❛❞❛ ❧0♠✐♥❛ ❡ σij ( ♦ )❡♥'♦* ❞❡ )❡♥'D❡' ❣❧♦❜❛❧ ❞♦ ❧❛♠✐♥❛❞♦✳

❈♦♥'✐❞❡*❛♥❞♦ ✉♠ ❧❛♠✐♥❛❞♦ ❞❡ N ❧0♠✐♥❛' ♦*)♦)*P♣✐❝❛'✱ ❛' ❢♦*7❛' ❛)✉❛♥)❡' ♥♦ '❡✉ ♣❧❛♥♦ ♠(❞✐♦

♣♦❞❡♠ '❡* ♦❜)✐❞❛' ♣❡❧❛ '✉❜')✐)✉✐7,♦ ❞❛ ✐♥)❡❣*❛❧ ❝♦♥)Q♥✉❛ ❞❛ ❡3✳✭✸✳✸✻✮ ♣♦* ✉♠ '♦♠❛)P*✐♦ ❞❡

✐♥)❡❣*❛✐'✱ *❡❢❡*❡♥)❡' ❛ ❝❛❞❛ ✉♠❛ ❞❛' N ❧0♠✐♥❛' '❡♣❛*❛❞❛♠❡♥)❡✿











σ11
σ22
σ12











=
1

e

N
∑

l=1

hl
ˆ

hl−1











σ
′

11

σ
′

22

σ
′

12











l

dx3. ✭✸✳✸✼✮

❙✉❜')✐)✉✐♥❞♦ ❛ ❡3✳✭✸✳✸✼✮ ♥❛ ❡3✳✭✸✳✸✸✮✱ )❡♠✲'❡ 3✉❡✿

✷✶













σ11
σ22
σ12











=
1

e

N
∑

l=1















hl
ˆ

hl−1







Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄61 Q̄62 Q̄66







l











ε11
ε22
ε12











dx3















. ✭✸✳✸✽✮

❋✐❣✉)❛ ✸✳✸✿ ❊-.✉❡♠❛ ✐❧✉-2)❛2✐✈♦ ❞❡ ❧❛♠✐♥❛❞♦ -✐♠72)✐❝♦

❙❡♥❞♦ ❛- ❞❡❢♦)♠❛;<❡- εij ❡ ❛ ♠❛2)✐③ ❞❡ )✐❣✐❞❡③ ◗̄ij ❝♦♥-2❛♥2❡- ❛♦ ❧♦♥❣♦ ❞❡ 2♦❞❛ ❛ ❡-♣❡--✉)❛

❞❡ ❝❛❞❛ ❧?♠✐♥❛✱ ❛ ❡.✳✭✸✳✸✽✮ ♣♦❞❡ -❡) ❡-❝)✐2❛ ❝♦♠♦✿











σ11
σ22
σ12











=
1

e







N
∑

l=1







Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄61 Q̄62 Q̄66







l

(hl − hl−1)

















ε11
ε22
ε12











dx3, ✭✸✳✸✾✮

♦♥❞❡✿

◗̄ij =
1

e

[

N
∑

l=1

◗l (hl − hl−1)

]

, ✭✸✳✹✵✮

.✉❡ 7 ❡.✉✐✈❛❧❡♥2❡ ❛ ♠❛2)✐③ ❞❡ )✐❣✐❞❡③ ❣❧♦❜❛❧ ❞♦ ❧❛♠✐♥❛❞♦✳

✷✷



❖ !❡♥$♦& ❞❡ ✢❡①✐❜✐❧✐❞❛❞❡ ❞♦ ❧❛♠✐♥❛❞♦ / ❞❛❞♦ ♣❡❧♦ ✐♥✈❡&$♦ ❞♦ !❡♥$♦& ❞❡ &✐❣✐❞❡③✱ ♦✉ $❡❥❛✿

[aij]L = ◗
−1
L . ✭✸✳✹✶✮

❊♠ ♠✉✐!♦$ ❝❛$♦$✱ / ♥❡❝❡$$@&✐♦ !&❛♥$❢♦&♠❛& ♦ !❡♥$♦& ◗ ❡ ♦ !❡♥$♦& [aij] ❞❡ ✉♠ $✐$!❡♠❛ ❞❡ ❝♦♦&✲

❞❡♥❛❞❛$ ♣❛&❛ ♦✉!&♦✳ ◆❡$!❡ ❝❛$♦✱ ✉♠❛ !&❛♥❢♦&♠❛DE♦ $✐♠✐❧❛& F ❛♣❧✐❝❛❞❛ ♥❛ ❡G✳✭✸✳✸✹✮ / ✉$❛❞❛✿

a
′

11 = a11 cos
4 θ + 2 (2a12 + a66) sin

2 θ cos2 θ + a22 sin
4 θ

+
(

a16 cos
2 θ + a26 sin

2 θ
)

sin 2θ

a
′

22 = a11 sin
4 θ + 2 (2a12 + a66) sin

2 θ cos2 θ + a22 cos
4 θ

−
(

a16 cos
2 θ + a26 sin

2 θ
)

sin 2θ

a
′

12 = a12 + (a11 + a22 − 2a12 − a66) sin
2 θ cos2 θ + 1

2
(a26 − a16) sin 2θ cos 2θ

a
′

66 = a66 + 4 (a11 + a22 − 2a12 − a66) sin
2 θ cos2 θ + 2 (a26 − a16) sin 2θ cos 2θ

a
′

16 =
[

a22 sin
2 θ − a11 cos

2 θ + 1
2
(2a12 + a66) cos 2θ

]

sin 2θ

+a16 cos
2 θ
(

cos2 θ − 3 sin2 θ
)

+ a26 sin
2 θ
(

3 cos2 θ − sin2 θ
)

a
′

26 =
[

a22 cos
2 θ − a11 sin

2 θ + 1
2
(2a12 + a66) cos 2θ

]

sin 2θ

+a16 sin
2 θ
(

3 cos2 θ − sin2 θ
)

+ a26 cos
2 θ
(

cos2 θ − 3 sin2 θ
)

, ✭✸✳✹✷✮

✷✸



❋✐❣✉$❛ ✸✳✹✿ ❚$❛♥,❢♦$♠❛01♦ ❞❡ ,✐,4❡♠❛ ❞❡ ❝♦♦$❞❡♥❛❞❛,

♦♥❞❡

[

a
′

ij

]

$❡♣$❡,❡♥4❛ ❛ ♠❛4$✐③ ❞❡ ❝♦♥,4❛♥4❡, ❡❧9,4✐❝❛, ♥♦ ,✐,4❡♠❛ ❞❡ ❝♦♦$❞❡♥❛❞❛,

(

w
′

1, w
′

2

)

❡ [aij] $❡♣$❡,❡♥4❛ ❛ ♠❛4$✐③ ❞❡ ❝♦♥,4❛♥4❡, ❡❧94✐❝❛, ♥♦ ,✐,4❡♠❛ ❞❡ ❝♦♦$❞❡♥❛❞❛, ❣❧♦❜❛❧ (w1, w2)

✭❋✐❣✳✸✳✹✮✳

❆, $❛>③❡, ❞❛ ❡?✉❛01♦ ❝❛$❛❝4❡$>,4✐❝❛ ✹✳✷✵ ♣♦❞❡♠ ,❡$ ❡,❝$✐4❛, ♥✉♠ ♥♦✈♦ ,✐,4❡♠❛ ❞❡ ❝♦♦$❞❡♥❛❞❛,

❝♦♠♦ ❬✷✹❪✿

µ
′

k =
µk cos θ − sin θ

cos θ + µk sin θ
. ✭✸✳✹✸✮

✸✳✻ ❙♦❧✉'(❡* ❋✉♥❞❛♠❡♥0❛✐* ❆♥✐*♦034♣✐❝❛*

E❛$❛ ,❡ ♦❜4❡$ ❛, ,♦❧✉0F❡, ❢✉♥❞❛♠❡♥4❛✐, ❡,494✐❝❛, ♣❛$❛ ♣$♦❜❧❡♠❛, ❜✐❞✐♠❡♥,✐♦♥❛✐, ❡♠ ♠❛4❡$✐❛✐,

❛♥✐,♦4$G♣✐❝♦,✱ ❝♦♥,✐❞❡$❛✲,❡ ✉♠ ❞♦♠>♥✐♦ Ω ♠❛♣❡❛❞♦ ❡♠ ✉♠ ❞♦♠>♥✐♦ ❝♦♠♣❧❡①♦✱ ✉4✐❧✐③❛♥❞♦ ❛,

,❡❣✉✐♥4❡, ♠✉❞❛♥0❛, ❞❡ ✈❛$✐9✈❡✐,✿

z
′

=

[

z
′

1

z
′

2

]

=

[

x
′

1 + µ1x
′

2

x
′

1 + µ2x
′

2

]

, ✭✸✳✹✹✮
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❡

z =

[

z1
z2

]

=

[

x1 + µ1x2
x1 + µ2x2

]

, ✭✸✳✹✺✮

♦♥❞❡ x
′

1 ❡ x
′

2 *+♦ ❝♦♦-❞❡♥❛❞❛* ❞❡ ♣♦♥0♦* ❢♦♥0❡ ❡ x1 ❡ x2 *+♦ ❝♦♦-❞❡♥❛❞❛* ❞❡ ♣♦♥0♦* ❞❡ ❝❛♠♣♦✳

❈♦♥*✐❞❡-❛♥❞♦ ♦ ❞♦♠5♥✐♦ ❢❡❝❤❛❞♦ ❡♠ 0♦-♥♦ ❞♦* ♣♦♥0♦* ❞❡ ❝❛♠♣♦✱ ❝♦♠ ❢♦-8❛* ❞❡ *✉♣❡-❢5❝✐❡

❞❡✜♥✐❞❛* ♣❡❧❛ ❡<✳✭✷✳✹✮ ❡ 0❡♥*>❡* ❞❡✜♥✐❞❛* ♣❡❧❛* ❡<✳✭✸✳✷✺✮✱ 0❡♠✲*❡ <✉❡✿

ˆ

Γt

t1dΓ = 2Re [µ1Ψ1 + µ2Ψ2] = −δα1

✭✸✳✹✻✮

ˆ

Γt

t2dΓ = 2Re [Ψ1 +Ψ2] = −δα2 .

B❛-❛ ✉♠ ♣♦♥0♦ ❝❛--❡❣❛❞♦ ♥❛ ❞✐-❡8+♦ x1✱ ❛* ❢✉♥8>❡* ❞❡ 0❡♥*+♦ ❞❡ ❆✐-② ♣♦❞❡♠ *❡- -❡♣-❡*❡♥✲

0❛❞❛* ♣♦-✿

Ψαβ = Aαβln
(

z − z
′
)

, ✭✸✳✹✼✮

❡ ♣♦❞❡♠ *❡- *❛0✐*❢❡✐0❛* ♣♦- <✉❛❧<✉❡- ❝♦♥0♦-♥♦ ❢❡❝❤❛❞♦ ❛❞♦0❛❞♦ ♣♦- z
′

✳

❆❝♦♣❧❛♥❞♦ ❛* ❡<✳✭✸✳✹✼✮ ❡ ❡<✳✭✸✳✹✻✮ ❡ ❝♦♥*✐❞❡-❛♥❞♦ <✉❡ ln
(

z − z
′

)

= 2πi✱ ♦❜0H♠✲*❡ ❞✉❛*

❡<✉❛8>❡* ♣❛-❛ ❛* ❝♦♥*0❛♥0❡* ❞❡*❝♦♥❤❡❝✐❞❛* Aαβ✿

Aα1 − Āα1 + Aα2 − Āα2 = δα2/ (2πi)

µ1Aα1 − µ̄1Āα1 + µ2Aα2 − µ̄2Āα2 = −δα1/ (2πi)
. ✭✸✳✹✽✮

❆✐♥❞❛ *+♦ ♥❡❝❡**J-✐❛* ❞✉❛* ♦✉0-❛* ❡<✉❛8>❡* ♣❛-❛ <✉❡ *❡ ♣♦**❛ ♦❜0❡- Aαβ✱ ❡ ❡**❛* ❡<✉❛8>❡*

*✉-❣❡♠ ❞❛ ❡①✐❣L♥❝✐❛ <✉❡ ♦* ❞❡*❧♦❝❛♠❡♥0♦* 0❡♥❤❛♠ ✈❛❧♦-❡* N♥✐❝♦*✿

[[ui]] = 0, ✭✸✳✹✾✮
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❛!!✐♠ !❡♥❞♦✿

q11Aα1 − q̄11Āα1 + q12Aα2 − q̄12Āα2 = 0

q21Aα1 − q̄21Āα1 + q22Aα2 − q̄22Āα2 = 0
. ✭✸✳✺✵✮

❆❣1✉♣❛♥❞♦ ❛! ❡4✳✭✸✳✺✵✮ ❡ ❡4✳✭✸✳✹✽✮✱ 1❡!♦❧✈❡♥❞♦ ♦ !✐!:❡♠❛ ♣❛1❛ ♦❜:❡1 Aαβ ❡ ❛❝♦♣❧❛♥❞♦ ♦ 1❡✲

!✉❧:❛❞♦ ♥❛ ❡4✉❛>?♦ ❞❡ ❞❡!❧♦❝❛♠❡♥:♦! ✭✸✳✷✻✮✱ ❛ !♦❧✉>?♦ ❢✉♥❞❛♠❡♥:❛❧ ❞❡ ❞❡!❧♦❝❛♠❡♥:♦! ♣❛1❛

❡!:❛❞♦ ♣❧❛♥♦ ❞❡ :❡♥!?♦ ❛♥✐!♦:1C♣✐❝♦ D ❞❛❞❛ ♣♦1✿

Uαβ = 2Re
[

qβ1Aα1ln
(

z1 − z
′

1

)

+ qα2Aβ2ln
(

z2 − z
′

2

)]

. ✭✸✳✺✶✮

❉❡ ♠❛♥❡✐1❛ !✐♠✐❧❛1✱ ❛ !♦❧✉>?♦ ❢✉♥❞❛♠❡♥:❛❧ ❞❡ ❢♦1>❛! ❞❡ !✉♣❡1❢G❝✐❡ ♣❛1❛ ❡!:❛❞♦ ♣❧❛♥♦ ❞❡ :❡♥!?♦

❛♥✐!♦:1C♣✐❝♦ D ♦❜:✐❞❛✱ ❡ D ❞❛❞❛ ♣♦1✿

Tαβ = 2Re





1
(

z1 − z
′

1

)gα1 (µ1n1 − n2)Aβ1 +
1

(

z2 − z
′

2

)gα2 (µ2n1 − n2)Aβ2



 , ✭✸✳✺✷✮

♦♥❞❡✿

[gβα] =

[

µ1 µ2
−1 −1

]

, ✭✸✳✺✸✮

❡ n1 ❡ n2 !?♦ ❛! ❝♦♠♣♦♥❡♥:❡! ❞♦ ✈❡:♦1 ♥♦1♠❛❧ ❡①:❡1♥♦✳

✷✻



❈❛♣#$✉❧♦ ✹

❋♦*♠✉❧❛,-♦ ■♥$❡❣*❛❧ ❞❡ ❊❧❡♠❡♥$♦4 ❞❡

❈♦♥$♦*♥♦

✹✳✶ ■♥%&♦❞✉*+♦

❊!"❡ ❝❛♣'"✉❧♦ "+❛"❛ ❞❛ "❡♦+✐❛ ❡ ✐♠♣❧❡♠❡♥"❛01♦ ❞♦ ♠2"♦❞♦ ❞❡ ❡❧❡♠❡♥"♦! ❞❡ ❝♦♥"♦+♥♦ ❛♣❧✐❝❛❞♦

3 ❛♥4❧✐!❡ ❞❡ ❝❤❛♣❛! "+✐♥❝❛❞❛! ❝♦♠ +❡♣❛+♦! ❞❡ ♠❛"❡+✐❛❧ ❝♦♠♣6!✐"♦✳ ■♥✐❝✐❛❧♠❡♥"❡ ✉♠❛ ❜+❡✈❡

+❡✈✐!1♦ !♦❜+❡ ♦ ♠2"♦❞♦ ❞❡ ❝♦♥"♦+♥♦ 2 ❛♣+❡!❡♥"❛❞❛✳ ▲♦❣♦ ❡♠ !❡❣✉✐❞❛✱ !1♦ ❛♣+❡!❡♥"❛❞❛! ❛!

❡>✉❛0?❡! ✐♥"❡❣+❛✐! >✉❡ ❣♦✈❡+♥❛♠ ♦ ❝♦♠♣♦+"❛♠❡♥"♦ ❞✐♥@♠✐❝♦ ❞❛ ❝❤❛♣❛ ❡ ❞♦ +❡♣❛+♦✳ ❙1♦

❛♣+❡!❡♥"❛❞❛! ❛! "❡♦+✐❛! ❞♦ ♠2"♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥"♦! ❞❡ ❝♦♥"♦+♥♦ ✭❉▼❊❈✮ ❡ ❞♦ ♠2"♦❞♦ ❞❡

❞✉♣❧❛ +❡❝✐♣+♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥"♦! ❞❡ ❝♦♥"♦+♥♦ ✭❉❘▼❊❈✮✳ ➱ ❞❡♠♦♥!"+❛❞❛ ❛ ❞✐!❝+❡"✐③❛01♦ ❞❛!

❡>✉❛0?❡! ✐♥"❡❣+❛✐! +❡!✉❧"❛♥"❡! ❡♠ ❡❧❡♠❡♥"♦! ❞❡ ❝♦♥"♦+♥♦✳ ❋✐♥❛❧♠❡♥"❡ 2 ❛♣+❡!❡♥"❛❞❛ ♦ !✐!"❡♠❛

❞❡ ❡>✉❛0?❡! ♠❛"+✐❝✐❛✐! >✉❡ ❣♦✈❡+♥❛ ♦ ♣+♦❜❧❡♠❛ ❛ !❡+ +❡!♦❧✈✐❞♦✳

✹✳✷ ▼.%♦❞♦ ❞❡ ❊❧❡♠❡♥%♦3 ❞❡ ❈♦♥%♦&♥♦

❖ "❡♦+❡♠❛ ❞❡ ❇❡""✐ ❞❡"❡+♠✐♥❛ >✉❡ ♦ "+❛❜❛❧❤♦ >✉❡ ❢♦+0❛! ❞❡ !✉♣❡+❢'❝✐❡ t1α✱ ❡ ❢♦+0❛! ❞❡ ❝♦+♣♦

f 1α✱ ❛♣❧✐❝❛❞❛! ❡♠ ✉♠ !✐!"❡♠❛ ❡♠ ❡>✉✐❧'❜+✐♦✱ ❡①❡+❝❡♠ ♥♦! ❞❡!❧♦❝❛♠❡♥"♦! u2α ❞❡ ✉♠ !❡❣✉♥❞♦

!✐!"❡♠❛✱ 2 ✐❣✉❛❧ ❛♦ "+❛❜❛❧❤♦ >✉❡ ✉♠ ❝♦♥❥✉♥"♦ ❞❡ ❢♦+0❛! ❞❡ !✉♣❡+❢'❝✐❡ t2α✱ ❡ ❢♦+0❛! ❞❡ ❝♦+♣♦

f 2α✱ ❛♣❧✐❝❛❞❛! ♥❡!!❡ !❡❣✉♥❞♦ !✐!"❡♠❛ ❡♠ ❡>✉✐❧'❜+✐♦✱ ❡①❡+❝❡ ♥♦! ❞❡!❧♦❝❛♠❡♥"♦! u1α ❞♦ ♣+✐♠❡✐+♦

!✐!"❡♠❛✳ ❊!"❡ "❡♦+❡♠❛ ♣♦❞❡ !❡+ ❞❡!❝+✐"♦ ♥❛ ❢♦+♠❛ ❬✷✵❪✿

ˆ

Γ

t1i u
2
i dΓ +

ˆ

Ω

f 1i u2i dΩ =

ˆ

Γ

t2i u
1
i dΓ +

ˆ

Ω

f 2i u1i dΩ. ✭✹✳✶✮

❖ ♠2"♦❞♦ ❞❡ ❡❧❡♠❡♥"♦! ❞❡ ❝♦♥"♦+♥♦✱ ♥♦ ❝❛!♦ ❞❛ ❡❧❛!"✐❝✐❞❛❞❡✱ "+❛❜❛❧❤❛ ❝♦♠ ❛ !♦❧✉01♦ ❞❡
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❡!✉❛$%❡& ✐♥)❡❣+❛✐& ❞❡ ❝♦♥)♦+♥♦ !✉❡ ❞❡&❝+❡✈❡♠ ♦ ❝♦♠♣♦+)❛♠❡♥)♦ ♠❡❝2♥✐❝♦ ❞❡ ✉♠ ❞❡)❡+♠✐✲

♥❛❞♦ &✐&)❡♠❛✳ ❆ ✐❞❡♥)✐❞❛❞❡ ❞❡ ❙♦♠✐❣❧✐❛♥❛ 8 ✉♠❛ ❢♦+♠✉❧❛$:♦ ❞❡ ✐♥)❡❣+❛✐& ❞❡ ❝♦♥)♦+♥♦ ♦❜)✐❞❛

❛)+❛✈8& ❞♦ )❡♦+❡♠❛ ❞❡ ❇❡))✐ ♣❛+❛ ♣+♦❜❧❡♠❛& ❞❡ ❡❧❛&)✐❝✐❞❛❞❡✳ ❈♦♥&✐❞❡+❛♥❞♦ !✉❡ ♦ &❡❣✉♥❞♦

&✐&)❡♠❛ 8 ❛&&♦❝✐❛❞♦ ❛ &♦❧✉$%❡& ❢✉♥❞❛♠❡♥)❛✐& ❡ ♦ ♣+✐♠❡✐+♦ &✐&)❡♠❛ 8 ♦ !✉❡ ❞❡✈❡ &❡+ +❡&♦❧✈✐❞♦✱

❛ ✐❞❡♥)✐❞❛❞❡ ❞❡ ❙♦♠✐❣❧✐❛♥❛ 8 ❞❛❞❛ ♣♦+✿

ˆ

Γ

tαUαβdΓ +

ˆ

Ω

fαUαβdΩ =

ˆ

Γ

TαβuαdΓ +

ˆ

Ω

δαβuαdΩ, ✭✹✳✷✮

♦♥❞❡ Uαβ ❡ Tαβ &:♦ ❛& &♦❧✉$%❡& ❢✉♥❞❛♠❡♥)❛✐& ❞❡ ❞❡&❧♦❝❛♠❡♥)♦ ❡ ❢♦+$❛& ❞❡ &✉♣❡+❢D❝✐❡✱ ❞❛❞❛&

♣❡❧❛& ❡!✳✭✷✳✶✹✮ ❡ ❡!✳✭✷✳✶✺✮ ♣❛+❛ ❡❧❛&)✐❝✐❞❛❞❡ ✐&♦)+G♣✐❝❛ ❡ ♣❡❧❛& ❡!✳✭✸✳✺✶✮ ❡ ❡!✳✭✸✳✺✷✮ ♣❛+❛ ❡❧❛&)✐✲

❝✐❞❛❞❡ ❛♥✐&♦)+G♣✐❝❛✳ ❋❛③❡♥❞♦✲&❡ ✉&♦ ❞❛ ♣+♦♣+✐❡❞❛❞❡ ❞❛ ❢✉♥$:♦ ❞❡❧)❛ ❞❡ ❉✐+❛❝✱ ♦ L❧)✐♠♦ )❡+♠♦

❞❛ ❡!✳✭✹✳✷✮ ❞❡&❛♣❛+❡❝❡✱ +❡&✉❧)❛♥❞♦ ♥♦ &✐&)❡♠❛✿

ˆ

Γ

tαUαβdΓ +

ˆ

Ω

fαUαβdΩ =

ˆ

Γ

TαβuαdΓ + cαβuα, ✭✹✳✸✮

♦♥❞❡ cij 8 ✶ ♣❛+❛ ♣♦♥)♦& ♥♦ ❞♦♠D♥✐♦ ❞❡ &✐&)❡♠❛✱ ③❡+♦ ♣❛+❛ ♣♦♥)♦& ❡①)❡+♥♦& ❛♦ &✐&)❡♠❛✱ ❡ ✵✳✺

♣❛+❛ ♣♦♥)♦& ♥♦ ❝♦♥)♦+♥♦ ❞♦ &✐&)❡♠❛ ❬✷✵❪✱ ❞❡&❞❡ !✉❡ ❡&)❡ ❝♦♥)♦+♥♦ &❡❥❛ &✉❛✈❡✳

❆ ❡!✳✭✹✳✸✮ 8 ✉♠❛ ❡!✉❛$:♦ ❛♥❛❧D)✐❝❛ ♣❛+❛ ❛♥R❧✐&❡& ❞❡ ♣+♦❜❧❡♠❛& ❞❡ ❡❧❛&)✐❝✐❞❛❞❡ !✉❡ ♣❡+♠✐)❡

&♦♠❡♥)❡ ❛ ❛✈❛❧✐❛$:♦ ❞❡ ♣+♦❜❧❡♠❛& ♠✉✐)♦ &✐♠♣❧❡&✳ S❛+❛ ♣+♦❜❧❡♠❛& ❝♦♠♣❧❡①♦&✱ 8 ♥❡❝❡&&R+✐♦

♦ ✉&♦ ❞❡ ♠8)♦❞♦& ♥✉♠8+✐❝♦&✳ ❖ ♠8)♦❞♦ ♥✉♠8+✐❝♦ ✉)✐❧✐③❛❞♦ ♥❡&)❡ )+❛❜❛❧❤♦ 8 ♦ ♠8)♦❞♦ ❞❡

❡❧❡♠❡♥)♦& ❞❡ ❝♦♥)♦+♥♦✱ ❡ ❝♦♥&✐&)❡ ❡♠ ❞✐✈✐❞✐+ ♦ ❝♦♥)♦+♥♦ ❞♦ &✐&)❡♠❛ ❡♠ ❛♥R❧✐&❡ ❡♠ nelem

❡❧❡♠❡♥)♦& ❞❡ ❝♦♥)♦+♥♦✳ ❉❡&)❛ ❢♦+♠❛ ❛ ❡!✳✭✹✳✸✮ ♣♦❞❡ &❡+ ❡&❝+✐)❛ ♥❛ ❢♦+♠❛✿

cαβuα +
nelem
∑

e=1

ˆ

Γe

TαβuαdΓe =
nelem
∑

e=1

ˆ

Γe

tαUαβdΓe. ✭✹✳✹✮

❆♣❧✐❝❛♥❞♦ ❛ ❡!✳✭✹✳✹✮ ❛ ❝❛❞❛ ✉♠ ❞♦& ♥G& ❞♦ ❝♦♥)♦+♥♦ ❞♦ &✐&)❡♠❛✱ ♦❜)8♠✲&❡ ✉♠ &✐&)❡♠❛ ❞❡

❡!✉❛$%❡& ❛❧❣8❜+✐❝❛& ♥❛ ❢♦+♠❛✿

❍✉ = ●#, ✭✹✳✺✮

♦♥❞❡ ❛& ♠❛)+✐③❡& ❍ ❡● ❝♦♥)8♠ ❛& ✐♥)❡❣+❛✐& ❞❛& &♦❧✉$%❡& ❢✉♥❞❛♠❡♥)❛✐& Uαβ ❡ Tαβ✱ ❡ ♦& ✈❡)♦+❡&

✷✽



✉ ❡  ❝♦♥$%♠ ♦' ✈❛❧♦+❡' ♥♦❞❛✐' ❞❡ ❞❡'❧♦❝❛♠❡♥$♦' ❡ ❢♦+/❛' ❞❡ '✉♣❡+❢2❝✐❡✱ ❝♦♥❤❡❝✐❞♦' ♦✉ ♥5♦✳

❆$+❛✈%' ❞❡ ♠❛♥✐♣✉❧❛/8❡' ❛❧❣%❜+✐❝❛'✱ ♣♦❞❡✲'❡ ✐'♦❧❛+ ❛' ✈❛+✐<✈❡✐' ❝♦♥❤❡❝✐❞❛' ❡♠ ✉♠ ✈❡$♦+ ❢✱ ❞❡

❢♦+♠❛ =✉❡ ❛ ❡=✳✭✹✳✺✮ ♣♦''❛ '❡+ ❡'❝+✐$❛ ♥❛ ❢♦+♠❛✿

❆① = ❢, ✭✹✳✻✮

♦♥❞❡ ♦ ✈❡$♦+ ① ❝♦♥$%♠ $♦❞❛' ❛' ✈❛+✐<✈❡✐' ❞❡'❝♦♥❤❡❝✐❞❛' ♥♦ ❝♦♥$♦+♥♦ ❞♦ ♣+♦❜❧❡♠❛✳

✹✳✸ ❊❧❡♠❡♥(♦* ❞❡ ❈♦♥(♦-♥♦ ❈♦♥(.♥✉♦* ❡ ❉❡*❝♦♥(.♥✉♦*

❖' ✈❡$♦+❡' ❞❡ ❞❡'❧♦❝❛♠❡♥$♦' ♥♦❞❛✐' ❡ ❢♦+/❛' ❞❡ '✉♣❡+❢2❝✐❡ ♥♦❞❛✐' ❞❡ ✉♠ ❡❧❡♠❡♥$♦ =✉❛❞+<$✐❝♦

'5♦ ❞❛❞♦' +❡'♣❡❝$✐✈❛♠❡♥$❡ ♣♦+❬✷✵❪✿

✉ =

[

ϕ1 0 ϕ2 0 ϕ3 0
0 ϕ1 0 ϕ2 0 ϕ3

]



















































u11
u11
u12
u21
u22
u31
u32



















































✭✹✳✼✮

❡

 =

[

ϕ1 0 ϕ2 0 ϕ3 0
0 ϕ1 0 ϕ2 0 ϕ3

]



















































u11
t11
t12
t21
t22
t31
t32



















































, ✭✹✳✽✮

♦♥❞❡ ♣❛+❛ ❡❧❡♠❡♥$♦' =✉❛❞+<$✐❝♦' ❝♦♥$2♥✉♦' ✭❋✐❣✳✹✳✶✮✱ ϕi
% ❞❛❞♦ ♣♦+✿

❋✐❣✉+❛ ✹✳✶✿ ❊❧❡♠❡♥$♦ =✉❛❞+<$✐❝♦ ❝♦♥$2♥✉♦

✷✾



ϕ1 = 0.5η (η − 1)

ϕ2 = 1− η2 ✭✹✳✾✮

ϕ3 = 0.5η (η + 1) ,

❡ ♣❛(❛ ❡❧❡♠❡♥,♦. /✉❛❞(2,✐❝♦. ❞❡.❝♦♥,5♥✉♦. ✭❋✐❣✳✹✳✷✮ 9 ❞❛❞♦ ♣♦(

❋✐❣✉(❛ ✹✳✷✿ ❊❧❡♠❡♥,♦ /✉❛❞(2,✐❝♦ ❞❡.❝♦♥,5♥✉♦

ϕ1 =
9

8
η
(

η − 2

3

)

ϕ2 =
9

4

(

4

9
− η2

)

✭✹✳✶✵✮

ϕ3 =
9

8
η
(

η +
2

3

)

.

❆ ❛✈❛❧✐❛@A♦ ❞❛ ✐♥,❡❣(❛❧ ❞❡ ❝♦♥,♦(♥♦✱ ❞❛❞❛ ♣❡❧❛ ❡/✳✭✹✳✹✮✱ (❡/✉❡( ♦ ✉.♦ ❞❡ ✉♠ ❏❛❝♦❜✐❛♥♦ ❞❛❞♦

♣♦(✿

Jac (η) =

√

√

√

√

(

dx1
dη

)2

+

(

dx2
dη

)2

=
dΓe

dη
, ✭✹✳✶✶✮
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❧♦❣♦✱

dΓe = Jac (η) dη. ✭✹✳✶✷✮

❙✉❜-.✐.✉✐♥❞♦ ❛ ❡4✳✭✹✳✶✷✮ ♥❛ ❡4✳✭✹✳✹✮✱ ♣♦❞❡✲-❡ 7❡-♦❧✈❡7 ♦ ♣7♦❜❧❡♠❛ ❛.7❛✈:- ❞❡ ✐♥.❡❣7❛;<♦

♥✉♠:7✐❝❛✳

✹✳✹ ❊#✉❛&'❡) ■♥,❡❣.❛✐) ♣❛.❛ ❈❤❛♣❛) ❚.✐♥❝❛❞❛) ❝♦♠ ❘❡♣❛.♦)

❞❡ ▼❛,❡.✐❛❧ ❈♦♠♣;)✐,♦

❋✐❣✉7❛ ✹✳✸✿ ❈❤❛♣❛ .7✐♥❝❛❞❛ ❝♦♠ 7❡♣❛7♦ ❝♦♠♣C-✐.♦ ❝♦❧❛❞♦

❉❛❞❛ ✉♠❛ ❝❤❛♣❛ .7✐♥❝❛❞❛ 7❡♣❛7❛❞❛ ❝♦♠ ♠❛.❡7✐❛❧ ❝♦♠♣C-✐.♦ ❝♦❧❛❞♦ ✭❋✐❣✳✹✳✸✮✱ ❡ ❝♦♥-✐❞❡7❛♥❞♦

4✉❡ ❡❧❛ ❡-.E -✉❜♠❡.✐❞❛ F ✉♠❛ ❝❛7❣❛ ❞✐♥G♠✐❝❛ 4✉❛❧4✉❡7✱ ❛❞✐❝✐♦♥❛✲-❡ ✉♠ .❡7♠♦ ♣❛7❛ 7❡♣7❡-❡♥.❛7

♦- ❡❢❡✐.♦- ❞❡ ✐♥:7❝✐❛ ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥.❡ ♥❛- -✉❛- 7❡-♣❡❝.✐✈❛- ❡4✉❛;I❡- ❞❡ ❡4✉✐❧J❜7✐♦ ❬✸✼❪✳ ❆

❡4✉❛;<♦ ✐♥.❡❣7❛❧ ♣❛7❛ ❛ ❝❤❛♣❛ (S) ❡♠ ✉♠ ♣♦♥.♦ ❢♦♥.❡ (x′) : ❞❛❞❛ ♣♦7✿
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cS
ij (x

′)uS
j (x

′) +

ˆ

ΓS

T S
ij (x

′, x)uS
j (x

′) dΓ =

ˆ

ΓS

US
ij (x

′, x) tSj (x
′) dΓ+

1

hS

ˆ

ΩR

US
ij (x

′, x) bS
j (x

′) dΩ +

ˆ

ΩS

US
ij (x

′, x) ρüS
j (x

′) dΩ . ✭✹✳✶✸✮

❉❡ ♠❛♥❡✐,❛ -✐♠✐❧❛,✱ ❛ ❡0✉❛23♦ ✐♥5❡❣,❛❧ ♣❛,❛ ♦ ,❡♣❛,♦ (R) 8 ❞❛❞❛ ♣♦,✿

cR
ij (x

′)uR
j (x

′) +

ˆ

ΓR

TR
ij (x

′, x)uR
j (x

′) dΓ =

ˆ

ΓR

UR
ij (x

′, x) tRj (x
′) dΓ+

1

hR

ˆ

ΩR

UR
ij (x

′, x) bR
j (x

′) dΩ +

ˆ

ΩR

UR
ij (x

′, x) ρüR
j (x

′) dΩ , ✭✹✳✶✹✮

♦♥❞❡ cij (x
′) 8 ✉♠ ❝♦❡✜❝✐❡♥5❡ 0✉❡ ❞❡♣❡♥❞❡ ❞❛ ♣♦-✐23♦ ❞♦ ♣♦♥5♦ ❢♦♥5❡ (x′) ❡♠ ,❡❧❛23♦ ❛♦ ❝♦♥✲

5♦,♥♦ 0✉❡ ❡-5? -❡♥❞♦ ✐♥5❡❣,❛❞♦✱ tj (x
′) ❡ uj (x

′) -3♦ ❢♦,2❛- ❞❡ -✉♣❡,❢@❝✐❡ ❡ ❞❡-❧♦❝❛♠❡♥5♦- ❞♦

-✐-5❡♠❛✱ Tij (x
′, x) ❡ Uij (x

′, x) -3♦ -♦❧✉2A❡- ❢✉♥❞❛♠❡♥5❛✐- ❞❡ ❢♦,2❛- ❞❡ -✉♣❡,❢@❝✐❡ ❡ ❞❡-❧♦❝❛✲

♠❡♥5♦-✱ h ❡ ρ -3♦ ,❡-♣❡❝5✐✈❛♠❡♥5❡ ❛ ❡-♣❡--✉,❛ ❡ ❛ ❞❡♥-✐❞❛❞❡ ❞♦ ♠❛5❡,✐❛❧ ❞♦ ❝♦♠♣♦♥❡♥5❡ 0✉❡

❡-5? -❡♥❞♦ ❝♦♥-✐❞❡,❛❞♦✳ ❖- ♣,✐♠❡✐,♦- 5,D- 5❡,♠♦- ❞❛ ❡0✳✭✹✳✶✸✮ ❡ ❞❛ ❡0✳✭✹✳✶✹✮ -❡ ,❡❢❡,❡♠ ❛

❢♦,♠✉❧❛23♦ ❝❧?--✐❝❛ ❞❛ ❡❧❛-5♦❡-5?5✐❝❛✱ ♦ 0✉❛,5♦ 5❡,♠♦ -❡ ,❡❢❡,❡ ❛♦ ❛❝♦♣❧❛♠❡♥5♦ ❞❛ ❝❤❛♣❛ ❡ ❞♦

,❡♣❛,♦✱ ❡ ♦ F❧5✐♠♦ 5❡,♠♦ -❡ ,❡❢❡,❡ ❛♦ ❡❢❡✐5♦ ❞❡ ❢♦,2❛- ❞❡ ❝♦,♣♦ ❞❡✈✐❞♦ G- ♠❛--❛- ❞❛ ❝❤❛♣❛ ❡

❞♦ ,❡♣❛,♦ -✉❜♠❡5✐❞❛- G ❝❛,❣❛ ❞✐♥I♠✐❝❛✳ ❆- ,❡❛2A❡- ❞❡ ❝✐-❛❧❤❛♠❡♥5♦ ♥♦ ❛❞❡-✐✈♦ bj (x
′) -❡,3♦

❝❛❧❝✉❧❛❞❛- ❛5,❛✈8- ❞❛ ❞✐❢❡,❡♥2❛ ❞❡ ❞❡-❧♦❝❛♠❡♥5♦ ❡♥5,❡ ♦- ♣♦♥5♦- ♣❛,5✐❧❤❛❞♦- ♣❡❧❛ ❝❤❛♣❛ ❡ ♦

,❡♣❛,♦ ❬✸✼❪✿

bj (x) =
SA

hA

{

uS
j (x

′)− uR
j (x

′)
}

, ✭✹✳✶✺✮

♦♥❞❡ SA 8 ♦ ♠O❞✉❧♦ ❞❡ ❝✐-❛❧❤❛♠❡♥5♦ ❞♦ ♠❛5❡,✐❛❧ ❞♦ ❛❞❡-✐✈♦ ❡ hA 8 ❛ ❡-♣❡--✉,❛ ❞❛ ❝❛♠❛❞❛ ❞♦

❛❞❡-✐✈♦✳ ➱ ✐♠♣♦,5❛♥5❡ ❧❡♠❜,❛, 0✉❡ ♦- @♥❞✐❝❡- (S) ❡ (R) ♥❛- ❡0✳✭✹✳✶✸✮✱ ❡0✳✭✹✳✶✹✮ ❡ ❡0✉❛2A❡-

♣♦-5❡,✐♦,❡- ♥3♦ ✐♠♣❧✐❝❛♠ ❡♠ 0✉❛❧0✉❡, 5✐♣♦ ❞❡ -♦♠❛5O,✐♦✱ ❡ -❡,✈❡♠ ❛♣❡♥❛- ♣❛,❛ ✐❞❡♥5✐✜❝❛, ♦

❝♦♠♣♦♥❡♥5❡ 0✉❡ ❡-5? -❡♥❞♦ ❝♦♥-✐❞❡,❛❞♦✳ ➱ ✐♠♣♦,5❛♥5❡ ❧❡♠❜,❛, 0✉❡ ❛- -♦❧✉2A❡- ❢✉♥❞❛♠❡♥✲

5❛✐- ✉5✐❧✐③❛❞❛- -3♦ ❡-5?5✐❝❛-✱ -❡♥❞♦ ❢❡✐5❛- ♠♦❞✐✜❝❛2A❡- ♥❛ ❡0✉❛23♦ ❞❡ ❡0✉✐❧@❜,✐♦ ❛✜♠ ❞❡ -❡

❝♦♥-✐❞❡,❛, ♦- ❡❢❡✐5♦- ❞✐♥I♠✐❝♦-✳ ❖✉5,♦ ♣♦♥5♦ ✐♠♣♦,5❛♥5❡ 8 0✉❡✱ ♦ ❛❝♦♣❧❛♠❡♥5♦ ❡♥5,❡ ❛ ❝❤❛♣❛

❡ ♦ ,❡♣❛,♦ ♥3♦ 8 ,✐❣✐❞♦✱ -❡♥❞♦ ✐♥-❡,✐❞♦ ♥❛ ❢♦,♠❛ ❞❡ ✉♠❛ ❢♦,2❛ ❞❡ ❝♦,♣♦ ♠♦❞✐✜❝❛❞❛✳
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✹✳✺ ▼$%♦❞♦ ❉✉❛❧ ❞❡ ❊❧❡♠❡♥%♦0 ❞❡ ❈♦♥%♦2♥♦

❖ ❉▼❊❈ ❝♦♥(✐(*❡ ❡♠ ❛♣❧✐❝❛0 ✉♠❛ ❡2✉❛34♦ ❞❡ ❞❡(❧♦❝❛♠❡♥*♦( ❡♠ ✉♠ ❞♦( ❧❛❞♦( ❞❛ *0✐♥❝❛ ❡

✉♠❛ ❡2✉❛34♦ ❞❡ ❢♦03❛( ❞❡ (✉♣❡0❢7❝✐❡ ♥♦ ♦✉*0♦ ❧❛❞♦ ❞❛ *0✐♥❝❛✳ ❙❡♥❞♦ ❛ ❝❤❛♣❛ ♦ ;♥✐❝♦ ❝♦♠♣♦✲

♥❡♥*❡ *0✐♥❝❛❞♦ ❞♦ (✐(*❡♠❛✱ ❡(*❡ ♣0♦❝❡❞✐♠❡♥*♦ ♥4♦ (❡0> ❛♣❧✐❝❛❞♦ ♣❛0❛ ♦ 0❡♣❛0♦✳ ❆ ❡2✉❛34♦ ❞❡

❞❡(❧♦❝❛♠❡♥*♦( @ ❞❛❞❛ ♣❡❧❛ ❡2✳✭✹✳✶✸✮✳ ❆ ❡2✉❛34♦ ❞❡ ❢♦03❛( ❞❡ (✉♣❡0❢7❝✐❡ @ ♦❜*✐❞❛ ❛*0❛✈@( ❞❛

❞✐❢❡0❡♥❝✐❛34♦ ❞❛ ❡2✳✭✹✳✶✸✮ ❬✾❪✱ ❡ @ ❞❛❞❛ ♣♦0✿

1

2
tSj (x

′) + ni (x
′)

ˆ

ΓS

SS
kij (x

′, x)uS
k (x

′) dΓ = ni (x
′)

ˆ

ΓS

DS
kij (x

′, x) tSk (x
′) dΓ+

1

hS
ni (x

′)

ˆ

ΩR

DS
kij (x

′, x) bS
k (x

′) dΩ + ni (x
′)

ˆ

ΩS

DS
kij (x

′, x) ρüS
k (x

′) dΩ , ✭✹✳✶✻✮

♦♥❞❡ Sijk (x
′, x) ❡ D (x′, x) (4♦ ❝♦♠❜✐♥❛3M❡( ❧✐♥❡❛0❡( ❞❛( ❞❡0✐✈❛❞❛( ❞❡ Tij (x

′, x) ❡ Uij (x
′, x)

❡ ni (x
′) @ ✉♠ ✈❡*♦0 ✉♥✐*>0✐♦ ♥♦0♠❛❧ ❛♦ ❝♦♥*♦0♥♦ ❡♠ 2✉❡ ♦ ♣♦♥*♦ ❢♦♥*❡ (❡ ❡♥❝♦♥*0❛✳

❆ (♦❧✉34♦ ❢✉♥❞❛♠❡♥*❛❧ Dkij (x
′, x) @ ❞❛❞❛ ♣♦0 ❬✷✻❪✿

Dkij (x
′, x) =

1

4π (1− ν) r
[(1− 2ν) (δkir,j + δkjr,i − δijr,k) + 2r,ir,jr,k] . ✭✹✳✶✼✮

❆ (♦❧✉34♦ ❢✉♥❞❛♠❡♥*❛❧ Skij (x
′, x) @ ❞❛❞❛ ♣♦0 ❬✷✻❪✿

Skij (x
′, x) =

1

4π (1− ν) r2
[t1 + t2 + t3 + t4] , ✭✹✳✶✽✮

♦♥❞❡ ♦( ✈❛❧❡♦0❡( ❞❡ t1✱ t2✱ t3 ❡ t4 (4♦ ❞❛❞♦( ♣♦0✿

t1 =
∂r

∂n
[(1− 2ν) δijr,k + ν (δikr,j + δjkr,i) + 4r,ir,jr,k]

t2 = 2ν (nir,jr,k + njr,ir,k)

✭✹✳✶✾✮

t3 = (1− 2ν) (nkr,ir,j + njδik + niδjk)

t4 = − (1− 4ν)nkδij .
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◗✉❛♥❞♦ x′ → x✱ Sijk (x
′, x) ❛♣(❡*❡♥+❛ ❤✐♣❡(*✐♥❣✉❧❛(✐❞❛❞❡ O (r−2)✱ ❡ D (x′, x) ❡①✐❜❡ ❢♦(+❡

*✐♥❣✉❧❛(✐❞❛❞❡ O (r−1)✱ ♦♥❞❡ r (x′, x) 3 ❛ ❞✐*+4♥❝✐❛ ❡♥+(❡ ♦ ♣♦♥+♦ ❢♦♥+❡ ❡ ♦ ♣♦♥+♦ ❞❡ ✐♥+❡❣(❛67♦✳
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❡:✳✭✹✳✶✸✮✱ ❝♦♥*+✐+✉✐ ❛ ❜❛*❡ ❞♦ ❉▼❊❈✳

✹✳✻ ▼$%♦❞♦ ❞❡ ❉✉♣❧❛ ❘❡❝✐♣1♦❝✐❞❛❞❡ ❞❡ ❊❧❡♠❡♥%♦5 ❞❡

❈♦♥%♦1♥♦
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+♦(♥♦✳ ❆ ♠❛♥❡✐(❛ ♠❛✐* ❢I❝✐❧ ❞❡ *❡ +(❛+❛( ✐♥+❡❣(❛✐* ❞❡ ❞♦♠G♥✐♦ 3 ❛ ❞✐*❝(❡+✐③❛67♦ ❞♦ ❞♦♠G♥✐♦ ❡♠

❝3❧✉❧❛* ❡ ♦ ✉*♦ ❞❡ ✉♠ ♠3+♦❞♦ ❞❡ ✐♥+❡❣(❛67♦✱ ❝♦♠♦ ♣♦( ❡①❡♠♣❧♦ ♦ ♠3+♦❞♦ ❞❡ ●❛✉**✳ L♦(3♠✱
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♣❡(❝❛ *❡✉ ♠❛✐♦( ❛+(❛+✐✈♦✱ :✉❡ 3 ❛ ♣♦**✐❜✐❧✐❞❛❞❡ ❞❡ *❡ +(❛❜❛❧❤❛( *♦♠❡♥+❡ ❝♦♠ ❛ ❞✐*❝(❡+✐③❛67♦ ❞♦
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❛* ✐♥+❡❣(❛✐* ❞❡ ❞♦♠G♥✐♦ ❡♠ ✐♥+❡❣(❛✐* ❞❡ ❝♦♥+♦(♥♦✳ ❖ ❉❘▼❊❈ ♣❡(♠✐+❡ ❛♣(♦①✐♠❛( ✉♠❛ ✐♥+❡❣(❛❧

❞❡ ❞♦♠G♥✐♦ ♣♦( ✉♠ *♦♠❛+P(✐♦ ❞❡ ✐♥+❡❣(❛✐* ❞❡ ❝♦♥+♦(♥♦✳ ❆♣❧✐❝❛( ♦ ❉❘▼❊❈ ❛ ✉♠ ♣(♦❜❧❡♠❛

❞❡ ❝❤❛♣❛* +(✐♥❝❛❞❛* ❝♦♠ (❡♣❛(♦ ❞❡ ♠❛+❡(✐❛❧ ❝♦♠♣P*✐+♦ ❝♦❧❛❞♦✱ *♦❜ ❡❢❡✐+♦ ❞❡ ❝❛(❣❛ ❞✐♥4♠✐❝❛✱

❝♦♥*✐*+❡ ❡♠ ❛♣(♦①✐♠❛( ♦* ❡❢❡✐+♦* ❞❡ ❛❝♦♣❧❛♠❡♥+♦ ❡ ❞❡ ✐♥3(❝✐❛ ❞❛* ❡:✳✭✹✳✶✸✮ ❡ ❡:✳✭✹✳✶✹✮ ♣♦(❬✶✵❪✿

bj (x
′) =

D
∑

d=1

αd
kf

d
jk (x

′, x) ✭✹✳✷✵✮

❡

ρüj (x
′) =

E
∑

e=1

βe
kq

e
jk (x

′, x) , ✭✹✳✷✶✮

♦♥❞❡ D 3 ♦ ♥V♠❡(♦ ❞❡ ♣♦♥+♦* ❢♦♥+❡ ❡*♣❛❧❤❛❞♦* ♣❡❧❛ ❝❤❛♣❛ ❡ ♣❡❧♦ (❡♣❛(♦ ❡ E 3 ♦ ♥V♠❡(♦

+♦+❛❧ ❞❡ ♣♦♥+♦* ❢♦♥+❡ ❞♦ ❝♦♠♣♦♥❡♥+❡ :✉❡ ❡*+I *❡♥❞♦ ❝♦♥*✐❞❡(❛❞♦✳ ❖* ❝♦❡✜❝✐❡♥+❡* αd
k ❡ βe

k *7♦

❝♦❡✜❝✐❡♥+❡* ❞❡ ✐♥+❡(♣♦❧❛67♦ ❡ fd
jk (x

′, x) ❡ qe
jk (x

′, x) *7♦ ❢✉♥6X❡* ❞❡ ✐♥+❡(♣♦❧❛67♦✱ ✐♥❡(❡♥+❡*

❛♦ ❉❘▼❊❈✳ ❆❝♦♣❧❛♥❞♦ ❛* ❡:✳✭✹✳✷✵✮ ❡ ❡:✳✭✹✳✷✶✮ Y* ❡:✉❛6X❡* ❡:✳✭✹✳✶✸✮ ❡ ❡:✳✭✹✳✶✹✮✱ ♣♦❞❡✲*❡

(❡❡*❝(❡✈❡( ❛ ❡:✉❛67♦ ❞❡ ❡:✉✐❧G❜(✐♦ ❞❛ ❝❤❛♣❛ ♥❛ ❢♦(♠❛✿

cS
ij (x

′)uS
j (x

′) +

ˆ

ΓS

T S
ij (x

′, x)uS
j (x

′) dΓ =

ˆ

ΓS

US
ij (x

′, x) tSj (x
′) dΓ+
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hS

D
∑

d=1

αd
k

ˆ

ΩR

US
ij

(

xd, x
)

fdS
jk (x′, x) dΩ +

E
∑

e=1
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k

ˆ

ΩS
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ij (x

e, x) qeS
jk (x

′, x) dΩ, ✭✹✳✷✷✮
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′)uR
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ˆ

ΓR
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′, x)uR
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ˆ

ΓR

UR
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′, x) tRj (x
′) dΓ+
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hR

D
∑

d=1
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k

ˆ

ΩR
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ij

(

xd, x
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fdR
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E
∑
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ˆ

ΩR
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e, x) qeR
jk (x
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+
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∑
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
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e) ûe R
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ˆ
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kj (xe) dΓ





 .

✸✺



❋✐❣✉$❛ ✹✳✹✿ ❘❡♣$❡,❡♥.❛/0♦ ❞❛, ❞✐,.3♥❝✐❛, ❛ ,❡$❡♠ ❝❛❧❝✉❧❛❞❛, ♣❡❧❛, ❢✉♥/8❡, f ❡ q

❆, ❢✉♥/8❡, ❞❡ ✐♥.❡$♣♦❧❛/0♦ fd
jk

(

xd, x
)

❡ qd
jk

(

xd, x
)

♣❛$❛ ❛ ❝❤❛♣❛ ✐,♦.$;♣✐❝❛✱ ,0♦ ❞❛❞❛, ♣♦$❬✶✵❪✿

fd
jk

(

xd, x
)

= (1− r) δjk ✭✹✳✷✻✮

❡

qe
jk (x

e, x) = (1− r) δjk . ✭✹✳✷✼✮

F❛$❛ ♦ $❡♣❛$♦ ❛♥✐,♦.$;♣✐❝♦✱ ❛, ♠❡,♠❛, ❢✉♥/8❡, ❞❡ ✐♥.❡$♣♦❧❛/0♦ ,0♦ ❞❛❞❛, ♣♦$ ❬✶❪✿

fd
jk

(

xd, x
)

= Cjilm [c r (r,m r,i δlk + δim δlk)] ✭✹✳✷✽✮

❡

qe
jk (x

e, x) = Cjilm [c r (r,m r,i δlk + δim δlk)] , ✭✹✳✷✾✮

♦♥❞❡ Cjilm I ♦ .❡♥,♦$ ❞❡ ❝♦♥,.❛♥.❡, ❡❧J,.✐❝❛, ❞❛ ❡K✉❛/0♦ ❞❡ ❡K✉✐❧L❜$✐♦ ❞♦ $❡♣❛$♦✳ ❆ ❝♦♥,.❛♥.❡

c I ❡,❝♦❧❤✐❞❛ ❛$❜✐.$❛$✐❛♠❡♥.❡ ❛♣;, ❛❞♦.❛❞❛, ,♦❧✉/8❡, ♣❛$.✐❝✉❧❛$❡, ❞❡ ❞❡,❧♦❝❛♠❡♥.♦, ûkj (x
′)

❬✶❪✳

❆, ,♦❧✉/8❡, ♣❛$.✐❝✉❧❛$❡, ❞❡ ❞❡,❧♦❝❛♠❡♥.♦ ûkj ❡ ❢♦$/❛, ❞❡ ,✉♣❡$❢L❝✐❡ t̂kj ♣❛$❛ ♦ ❝❛,♦ ✐,♦.$;♣✐❝♦

,0♦ ❞❛❞❛, ♣♦$✿
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ûkj =
1

G

{[

1− 2ν

5− 4ν
+

r

30 (1− ν)

]

r2r,kr,j −
9− 10ν

90 (1− ν)
δkjr

3

}

✭✹✳✸✵✮

❡

t̂kj = {s1 + s2 + s3}ni ✭✹✳✸✶✮

♦♥❞❡ ♦+ ,❡-♠♦+ s1✱ s2 ❡ s3 +0♦ ❞❛❞♦+ ♣♦-✿

s1 =
2ν

1− 2ν

(

3Ar + 4Br2 + 3Dr2
)

r,jδki

s2 =
[

2
(

Ar +Br2
)

r,jδki +
(

Ar +Br2 + 3Dr2
)

(r,kδji + r,iδkj)
]

✭✹✳✸✷✮

s3 = 2Br2r,kr,jr,i ,

❡ ❛+ ✈❛-✐7✈❡✐+ A✱ B ❡ D +0♦ ❞❛❞❛+ ♣♦-✿

A =
1− 2ν

5− 4ν

B =
1

30 (1− ν)

D =
10ν − 9

90 (1− ν)
.

8❛-❛ ♦ ❝❛+♦ ❛♥✐+♦,-:♣✐❝♦✱ ❛+ +♦❧✉=>❡+ ♣❛-,✐❝✉❧❛-❡+ ❞❡ ❞❡+❧♦❝❛♠❡♥,♦ ûkj ❡ ❢♦-=❛+ ❞❡ +✉♣❡-❢@❝✐❡

t̂kj +0♦ ❞❛❞❛+ -❡+♦❧✈❡♥❞♦ ❛+ ❡A✉❛=>❡+✿

fd
jk = Cjilmûd

lk,im

qe
jk = Cjilmûe

lk,im ✭✹✳✸✸✮

t̂kj = σkjm nm ,

✸✼



♦♥❞❡ σkjm $ ❞❛❞♦ ♣♦'✿

σkjm = Ckmrs

[

c
3r2

2
(r,s δjr + r,r δjs)

]

. ✭✹✳✸✹✮

➱ ✐♠♣♦'1❛♥1❡ ❧❡♠❜'❛' 4✉❡ ❛6 6♦❧✉78❡6 ♣❛'1✐❝✉❧❛'❡6 ❞❡ ❞❡6❧♦❝❛♠❡♥1♦ ûkj ❡ ❢♦'7❛6 ❞❡ 6✉♣❡'❢;❝✐❡

t̂kj 6<♦ ♦❜1✐❞❛6✱ 1❛♥1♦ ♣❛'❛ ♦ ❝❛6♦ ✐6♦1'>♣✐❝♦ 4✉❛♥1♦ ♣❛'❛ ♦ ❝❛6♦ ❛♥✐6♦1'>♣✐❝♦✱ ❛1'❛✈$6 ❞❛6

❢✉♥78❡6 ❞❡ ✐♥1❡'♣♦❧❛7<♦ fd
jk ❡ qe

jk✳ ▲♦❣♦✱ ♦ ✉6♦ ❞❡ ❢✉♥78❡6 ❞❡ ✐♥1❡'♣♦❧❛7<♦ ❞✐❢❡'❡♥1❡6 '❡6✉❧1❛♠

❡♠ 6♦❧✉78❡6 ♣❛'1✐❝✉❧❛'❡6 ❞❡ ❞❡6❧♦❝❛♠❡♥1♦ ❡ ❢♦'7❛6 ❞❡ 6✉♣❡'❢;❝✐❡ ❞✐❢❡'❡♥1❡6✳

✹✳✼ ❚❡♥&'❡& ■♥)❡*♥❛&

❉❛❞❛ ❛ ❡4✉❛7<♦ ✐♥1❡❣'❛❧ 4✉❡ ❞❡✜♥❡ ♦ 1❡♥6♦' ❞❡ 1❡♥68❡6 ❡♠ 4✉❛❧4✉❡' ♣♦♥1♦ ❞♦ ❞♦♠;♥✐♦ ❞❛

❝❤❛♣❛ ❬✷✾❪✿

σij (x
′) +

ˆ

Γ

Skij (x
′, x)uk (x

′) dΓ = (x′)

ˆ

Γ

Dkij (x
′, x) tk (x

′) dΓ+

1

hS
(x′)

ˆ

ΩR

Dkij (x
′, x) bk (x

′) dΩ + (x′)

ˆ

ΩS

Dkij (x
′, x) ρük (x

′) dΩ . ✭✹✳✸✺✮

❆1'❛✈$6 ❞♦ ✉6♦ ❞♦ ❉❘▼❊❈✱ ♣♦❞❡✲6❡ ❞❡1❡'♠✐♥❛' ❛ ❞✐61'✐❜✉✐7<♦ ❞❡ 1❡♥68❡6 ♥♦ ❞♦♠;♥✐♦ ❞❛

❝❤❛♣❛ ❛1'❛✈$6 ❞❛ ❡4✉❛7<♦✿

σij (x
′) +

ˆ

Γ

Skij (x
′, x)uk (x

′) dΓ =

ˆ

Γ

Dkij (x
′, x) tk (x

′) dΓ+

1

hS

D
∑

d=1

αd
l





σlij

(

xd
)

+

ˆ

ΓR

Dkij

(

xd, x
)

t̂dkj

(

xd
)

dΓ−
ˆ

ΓR

Skij

(

xd, x
)

ûd
kj

(

xd
)

dΓ





+ ✭✹✳✸✻✮

E
∑

e=1

βe
k





σlij +

ˆ

ΓS

Dkij (x
e, x) t̂ekj (x

e) dΓ−
ˆ

ΓS

Skij (x
e, x) ûe

kj (x
e) dΓ





 ,

♦♥❞❡✱ ♣❛'❛ ❛ ❝❤❛♣❛ ✐6♦1'>♣✐❝❛ ❡ ♣❛'❛ ❛6 ❢✉♥78❡6 ❞❡ ✐♥1❡'♣♦❧❛7<♦ f ❡ q ❞❡6❝'✐1❛6 ❛❝✐♠❛✱ σlij $

❞❛❞♦ ♣♦'✿
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σlij =
2 (1− 2ν)

5− 4ν
X r +

1

15 (1− ν)
Y r2, ✭✹✳✸✼✮

♦♥❞❡ ♦ *❡+♠♦ ❳ . ❞❛❞♦ ♣♦+✿

X =
[

1 + ν

1− 2ν
δijr,l +

1

2
(δlir,j + δljr,i)

]

, ✭✹✳✸✽✮

❡ ♦ *❡+♠♦ ❨ . ❞❛❞♦ ♣♦+✿

Y = [(4− 5ν) (δlir,j + δljr,i)− (1− 5ν) δijr,l − r,lr,ir,j] . ✭✹✳✸✾✮

✹✳✽ ❚❡♥&'❡& ♥♦ ❈♦♥*♦+♥♦

❈♦♥6✐❞❡+❛♥❞♦ ✉♠ ♥9 ♣❡+*❡♥❝❡♥*❡ ❛ ✉♠ ❞❡*❡+♠✐♥❛❞♦ ❝♦♥*♦+♥♦✱ ❡♠ <✉❡ ❛6 ❞✐+❡=>❡6 ❞♦6 ✈❡*♦+❡6

*❛♥❣❡♥❝✐❛❧ ❡ ♥♦+♠❛❧ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ✉♠ 6✐6*❡♠❛ ❞❡ +❡❢❡+C♥❝✐❛ ❧♦❝❛❧ x
′

1 ❡ x
′

2✱ ❡ <✉❡ ♦ 6✐6*❡♠❛ ❞❡

❝♦♦+❞❡♥❛❞❛6 x
′

1 ❡ x
′

2 ❡♥❝♦♥*+❛✲6❡ +♦*❛❝✐♦♥❛❞♦ ❡♠ +❡❧❛=E♦ ❛♦ ❡✐①♦ ❞❡ +❡❢❡+C♥❝✐❛ ❣❧♦❜❛❧ x1 ❡ x2

✭❋✐❣✳✹✳✺✮✱ ♣♦❞❡✲6❡ ❡6❝+❡✈❡+ ♦6 ✈❛❧♦+❡6 ❞❡ ❞❡6❧♦❝❛♠❡♥*♦ ❡ ❢♦+=❛6 ❞❡ 6✉♣❡+❢J❝✐❡ ❛*✉❛♥*❡6 ♥❡66❡

♣♦♥*♦ ♥❛ ❢♦+♠❛ ❬✶❪✿

❋✐❣✉+❛ ✹✳✺✿ ❚❡♥6>❡6 ♥♦ ❝♦♥*♦+♥♦
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u
′

i = lijuj

✭✹✳✹✵✮

t
′

i = lijtj,

♦♥❞❡ lij )*♦ ❝♦))❡♥♦) ❞✐-❡.♦-❡)✱ ❡ ♣♦❞❡✲)❡ ❡)❝-❡✈❡- ♦ ✈❛❧♦- ❞❡ ❞✉❛) ❝♦♠♣♦♥❡♥.❡) ❞♦ .❡♥)♦- ❞❡

.❡♥)7❡) ♥❛ ❢♦-♠❛✿

σ
′

12 = t
′

1

✭✹✳✹✶✮

σ
′

22 = t
′

2.

;♦❞❡✲)❡ ❝❛❧❝✉❧❛- ♦ ✈❛❧♦- ❞❛ ❝♦♠♣♦♥❡♥.❡ ❞♦ .❡♥)♦- ❞❡ ❞❡❢♦-♠❛<7❡) ε
′

ij ♥❛ ❢♦-♠❛✿

ε
′

ij =
1

2

(

u
′

1,1 + u
′

1,1

)

= u
′

1,1, ✭✹✳✹✷✮

♦♥❞❡✿

u
′

1,1 =
du11
dx

′

1

=
du11
dη

dη

dx
′

1

. ✭✹✳✹✸✮

❈♦♥)✐❞❡-❛♥❞♦ ✉♠ ❞❡.❡-♠✐♥❛❞♦ .-❡❝❤♦ ❞♦ ❝♦♥.♦-♥♦ ❡♠ ❛♥A❧✐)❡✱ ❡ ❢❛③❡♥❞♦✲♦ → 0✱ ♦ ❝♦♠♣-✐✲

♠❡♥.♦ ✐♥✜♥✐.❡)✐♠❛❧ ❞❡ ❛-❝♦ -❡)✉❧.❛♥.❡ ds ♣♦❞❡ )❡- ❡)❝-✐.♦ ♥❛ ❢♦-♠❛✿

ds =
√

dx
′2
1 + dx

′2
2 =

√

√

√

√

(

dx
′

1

dη

)2

+

(

dx
′

2

dη

)2

dη. ✭✹✳✹✹✮

❆❝♦♣❧❛♥❞♦ ❛) ❡E✳✭✹✳✹✹✮ ❡ ❡E✳✭✹✳✹✸✮✱ ♣♦❞❡✲)❡ ❡)❝-❡✈❡-✿

ε
′

1,1 =
du11
dη

dη

ds
, ✭✹✳✹✺✮

♦♥❞❡✿

✹✵



u1 =
3
∑

i=1

ϕiui
1 ✭✹✳✹✻✮

❡

du1
dε

=
3
∑

i=1

ϕi

dη
ui
1, ✭✹✳✹✼✮

♦♥❞❡ ϕ *+♦ ❢✉♥./❡* ❞❡ ❢♦0♠❛✳ 3♦❞❡✲*❡ ❡♥5+♦ ❡*❝0❡✈❡0 ❛ ❝♦♠♣♦♥❡♥5❡ ❞♦ 5❡♥*♦0 ❞❡ ❞❡❢♦0♠❛./❡*

ε
′

ij ♥❛ ❢♦0♠❛✿

ε
′

11 =
3
∑

i=1

ϕi

dη
ui
1. ✭✹✳✹✽✮

❈♦♥*✐❞❡0❛♥❞♦ ❛ 0❡❧❛.+♦ 5❡♥*+♦ ❞❡❢♦0♠❛.+♦ ❞❛❞❛ ♣♦0✿











σ
′

11

σ
′

22

σ
′

12











= ❈
′











ε
′

11

ε
′

22

ε
′

12











, ✭✹✳✹✾✮

♦♥❞❡ ❈

′

? ❛ ♠❛50✐③ ❞❡ 0❡❧❛./❡* ❝♦♥*5✐5✉5✐✈❛* ♣❛0❛ ♦ ❝❛*♦ ✐*♦50A♣✐❝♦ ♥♦ *✐*5❡♠❛ ❞❡ ❝♦♦0❞❡♥❛❞❛*

x
′

1 ❡ x
′

2✳ ❈♦♠♦ ❛ ❡B✳✭✹✳✹✾✮ ? ✉♠ *✐*5❡♠❛ ❧✐♥❡❛0 ❞❡ 50C* ✐♥❝A❣♥✐5❛* ✭σ
′

11✱ ε
′

22 ❡ ε
′

12✮ ❡ 50C* ✈❛❧♦0❡*

❝♦♥❤❡❝✐❞♦* ✭ε
′

11✱ σ
′

22 ❡ σ
′

22✮✱ ❡*5❛ ♣♦❞❡ *❡0 ❢❛❝✐❧♠❡♥5❡ 0❡*♦❧✈✐❞❛✳ ❯♠❛ ✈❡③ 0❡*♦❧✈✐❞❛ ❛ ❡B✳✭✹✳✹✾✮✱

♦* 5❡♥*♦0❡* ❞❡ 5❡♥*/❡* ❡ ❞❡❢♦0♠❛./❡* ♥♦ *✐*5❡♠❛ ❞❡ ❝♦♦0❞❡♥❛❞❛* x1 ❡ x2 ♣♦❞❡♠ *❡0 ❡*❝0✐5♦*

♥❛ ❢♦0♠❛✿











σ11
σ22
σ12











= ❚−1











σ
′

11

σ
′

22

σ
′

12











, ✭✹✳✺✵✮

❡











ε11
ε22
ε12











= ❚−1











ε
′

11

ε
′

22

ε
′

12











, ✭✹✳✺✶✮

♦♥❞❡ ❚ ? ❛ ✐♥✈❡0*❛ ❞❛ ♠❛50✐③ ❞❡ 50❛♥*❢♦0♠❛.+♦ ❞❡ ❝♦♦0❞❡♥❛❞❛*✳

✹✳✾ ❋♦%♠✉❧❛*+♦ ❞❡ ❈♦♥0♦%♥♦ ❉✐3❝%❡0✐③❛❞❛

3❛0❛ *❡ ♦❜5❡0 ❛ 0❡*♣♦*5❛ ❡❧❛*5♦❞✐♥L♠✐❝❛ ❞♦ *✐*5❡♠❛✱ ♦* ❝♦♥5♦0♥♦* ❞❛ ❝❤❛♣❛ ❡ ❞♦ 0❡♣❛0♦

*+♦ ❞✐✈✐❞✐❞♦* ❡♠ ❡❧❡♠❡♥5♦* ❞❡ ❝♦♥5♦0♥♦✳ 3❛0❛ ♠♦❞❡❧❛0 ♦ ❝♦♥5♦0♥♦ ❞❛ ❝❤❛♣❛✱ *+♦ ✉5✐❧✐③❛✲
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❞♦" ❡❧❡♠❡♥'♦" (✉❛❞+,'✐❝♦" ❞❡"❝♦♥'/♥✉♦"✱ ❡ ♣❛+❛ ♠♦❞❡❧❛+ ♦ +❡♣❛+♦✱ "2♦ ✉'✐❧✐③❛❞♦" ❡❧❡♠❡♥'♦"

(✉❛❞+,'✐❝♦" ❝♦♥'/♥✉♦"✳ 5♦+ ❝♦♥✈❡♥✐7♥❝✐❛✱ (✉❛'+♦ ✈❡'♦+❡" ❞❡ ❞✐♠❡♥"2♦ (2× E) "2♦ ❝+✐❛❞♦"✿

✉ = ϕu(i) ; ✉̂ = ϕû(i) ; ! = ϕt(i) ; !̂ = ϕt̂(i) , ✭✹✳✺✷✮

♦♥❞❡ ϕ > ✉♠ ✈❡'♦+ ❞❡ ❢✉♥@A❡" ❞❡ ❢♦+♠❛ (✉❛❞+,'✐❝❛"✱ ✉ (2× E) ❡ ! (2× E) "2♦ ✈❡'♦+❡" ❞❡

❞❡"❧♦❝❛♠❡♥'♦" ❡ ❢♦+@❛" ❞❡ "✉♣❡+❢/❝✐❡ ♥♦❞❛✐" ❞♦ "✐"'❡♠❛✱ ❡ ✉̂ (2× E) ❡ !̂ (2× E) "2♦ ✈❡'♦+❡" ❞❡
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❢♦♥7❡ ♣❛27✐❧❤❛❞♦6 ♣❡❧❛ ❝❤❛♣❛ ❡ ♣❡❧♦ 2❡♣❛2♦✳ ❉❡ ❢♦2♠❛ 6✐♠✐❧❛2✱ ❛ ♠❛72✐③ ◗ ❝♦♥7?♠ ♦6 ✈❛❧♦2❡6

❞❛ ❢✉♥*+♦ qe
j (x

′, x) ♣❛2❛ ♦6 ♣♦♥7♦6 ❢♦♥7❡ ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥7❡✳ ❆ ❢♦2♠❛ ♠❛72✐❝✐❛❧ ♣❛2❛ ❛6

❡(✉❛*I❡6 ❞❡ ❡(✉✐❧0❜2✐♦ ❞♦6 ❝♦♠♣♦♥❡♥7❡6 6+♦ ♦❜7✐❞❛6 ❛❣2✉♣❛♥❞♦ ❛6 ❡(✳✭✹✳✺✾✮ ❡ ❡(✳✭✹✳✻✵✮ ❝♦♠
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❞❡ ❞❡#❧♦❝❛♠❡♥&♦# ♣❛'❛ ♦# ❝❛#♦# ✐#♦&'J♣✐❝♦ ❡ ❛♥✐#♦&'J♣✐❝♦✱ ❞❛❞❛# ♣♦'✿
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, ✭✹✳✼✵✮

❡

Uaniso =

[

U11 U12

U21 U22

]

, ✭✹✳✼✶✮
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❛♠❜❛#✱ %✉❛♥❞♦ #❡ ❝♦♥#✐❞❡-❛ ✉♠ ❝❛#♦ ♣❛-/✐❝✉❧❛- ❞❡ %✉❛#✐✲✐#♦/-♦♣✐❛ ♥♦ ❝❛#♦ ❛♥✐#♦/-2♣✐❝♦✱ ❞❡✈✲

❡-✐❛♠ #❡- ✐❣✉❛✐#✳ 6♦-7♠ /❡♠✲#❡ %✉❡✿

U iso
11 6= Uaniso

11

U iso
12
∼= Uaniso

12

U iso
21
∼= Uaniso

21 ✭✹✳✼✷✮

U iso
22
∼= Uaniso

22 .

■##♦ #✐❣♥✐✜❝❛ %✉❡✱ ❛ #♦❧✉@A♦ ❢✉♥❞❛♠❡♥/❛❧ ❛♥✐#♦/-2♣✐❝❛ ♥A♦ #❡ -❡❞✉③ D #♦❧✉@A♦ ❢✉♥❞❛♠❡♥/❛❧

✐#♦/-2♣✐❝❛ %✉❛♥❞♦ ♦ ❝❛#♦ ♣❛-/✐❝✉❧❛- ❞❡ %✉❛#✐✲✐#♦/-♦♣✐❛ 7 ❝♦♥#✐❞❡-❛❞♦✳ ❆ ❞❡#✐❣✉❛❧❞❛❞❡ ❞♦ /❡-♠♦

❞❛ #♦❧✉@A♦ ❢✉♥❞❛♠❡♥/❛❧ ❞❡ ❞❡#❧♦❝❛♠❡♥/♦# U11 ❡♥/-❡ ♦# ❝❛#♦# ❞❡ ✐#♦/-♦♣✐❛ ❡ %✉❛#✐✲✐#♦/-♦♣✐❛

❢❛③ ❝♦♠ %✉❡ ♥A♦ #❡❥❛ ♣♦##G✈❡❧ ❛♣❧✐❝❛- ♦ ❉▼❊❈ ❡ ♦ ❉❘▼❊❈ ❝♦♠❜✐♥❛❞♦# ❝♦♠ ❛ #♦❧✉@A♦

❢✉♥❞❛♠❡♥/❛❧ ❞❡ ❞❡#❧♦❝❛♠❡♥/♦# ✐#♦/-2♣✐❝❛✳ 6❛-❛ #✉♣❡-❛- ❡#/❡ ♣-♦❜❧❡♠❛✱ ♣♦❞❡✲#❡ #✉❜#/✐/✉✐- ❛

❡%✳✭✷✳✶✹✮ ♣❡❧❛ ❡%✳✭✸✳✺✶✮✱ ♣❛-❛ ♦ ❝❛#♦ ♣❛-/✐❝✉❧❛- ❞❡ %✉❛#✐✲✐#♦/-♦♣✐❛✱ ❛♦ #❡ ♠♦♥/❛- ❛ ♠❛/-✐③ ●✳
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❝❤❛♣❛ < ♦❜'✐❞❛ ❛❝♦♣❧❛♥❞♦ ❛# ❡0✳✭✹✳✻✶✮ ❡ ❡0✳✭✹✳✻✷✮ ❝♦♠♦ ♠♦#'+❛❞♦ ♥❛ ❋✐❣✳✭✹✳✼✮

❋✐❣✉+❛ ✹✳✼✿ ❊0✉❛-.♦ ♠❛'+✐❝✐❛❧ ❞❡ ❡0✉✐❧4❜+✐♦ ❞❛ ❝❤❛♣❛ ♣❛+❛ ❛♥H❧✐#❡ ❞✐♥I♠✐❝❛

❉❡ ❢♦+♠❛ #✐♠✐❧❛+✱ ❛ ❝♦♥✜❣✉+❛-.♦ ❞❛ ❢♦+♠❛ ♠❛'+✐❝✐❛❧ ❞♦ +❡♣❛+♦ < ♦❜'✐❞❛ ❛❝♦♣❧❛♥❞♦ ❛# ❡0✳✭✹✳✻✸✮

❡ ❡0✳✭✹✳✻✹✮ ❝♦♠♦ ♠♦#'+❛❞♦ ♥❛ ❋✐❣✳✭✹✳✽✮
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$❡❢❡$❡ ❛♦ ❝♦♥0♦$♥♦ ❡♠ +✉❡ ❡❧❡ ❡:09 :❡♥❞♦ ✐♥0❡❣$❛❞♦✳ ❖: 5♥❞✐❝❡: ΩS−DΓR ❡ ΩDΓR :❡ $❡❢❡$❡♠ ❛

♣♦♥0♦: ❢♦♥0❡ ♥♦ ❞♦♠5♥✐♦ ❞❛ ❝❤❛♣❛ $❡:♣❡❝0✐✈❛♠❡♥0❡ ♥-♦ ♣❛$0✐❧❤❛❞♦: ❡ ♣❛$0✐❧❤❛❞♦: ♣❡❧♦ $❡♣❛$♦✱

✐♥0❡❣$❛❞♦: ♥♦ ❝♦♥0♦$♥♦ ❞♦ $❡♣❛$♦✳

❖: :✉❜✲5♥❞✐❝❡: S ❡ R :❡ $❡❢❡$❡♠ ❛ +✉❡ ❝♦♠♣♦♥❡♥0❡ ♣❡$0❡♥❝❡ ♦ ❝♦♥0♦$♥♦ ♦✉ ❞♦♠5♥✐♦ ❡♠ ❛♥9❧✐:❡✳
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❡ ✐♥0❡❣$❛❞♦: ♥♦ ❝♦♥0♦$♥♦ ❞♦ $❡♣❛$♦✳
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♠♦:0$❛❞❛: ♥❛: ❋✐❣✳✭✹✳✾✮ ❡ ❋✐❣✳✭✹✳✶✵✮
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❞❛ ❝❤❛♣❛ 6 ✶✸✱ ❡ ❞♦ "❡♣❛"♦ 6 ✺✳ 1♦❞❡✲2❡ ❡♥(;♦ ❞✐♠❡♥2✐♦♥❛" ❛2 ❡<✉❛=>❡2 ♠❛("✐❝✐❛✐2 ♠♦2("❛❞❛2

♥❛2 ❋✐❣✳✭✺✳✶✮ ❡ ❋✐❣✳✭✺✳✷✮ ❡ ❛2 ♠❛("✐③❡2 A✱ B✱ H ❡ G <✉❡ ❝♦♠♣>❡♠ ❛ ❡<✳✭✹✳✻✽✮✳

❋✐❣✉"❛ ✹✳✶✷✿ ❊①❡♠♣❧♦ 2✐♠♣❧✐✜❝❛❞♦ ❞❡ ❝❤❛♣❛ ❝♦♠ "❡♣❛"♦

✹✳✶✷ $%♦❝❡❞✐♠❡♥-♦ ❞❡ ❙♦❧✉12♦ ♥♦ ❉♦♠4♥✐♦ ❞♦ ❚❡♠♣♦

1❛"❛ "❡2♦❧✈❡" ♦ ♣"♦❜❧❡♠❛ ♠♦2("❛❞♦ ♥❛ ❡< ✭✹✳✻✽✮✱ ✉♠ ♣"♦❝❡❞✐♠❡♥(♦ ❞❡ 2♦❧✉=;♦ ("❛♥2✐❡♥(❡✱ ♣"♦✲

♣♦2(♦ ♣♦" ❍♦✉❜♦❧( ❬✶✹❪✱ 6 ✉(✐❧✐③❛❞♦✳ ❈♦♥2✐❞❡"❛♥❞♦ <✉❡ ♦2 ❡❢❡✐(♦2 ❞❡ ✐♥6"❝✐❛ ❞♦2 ❝♦♠♣♦♥❡♥(❡2

2;♦ ❞❡✈✐❞♦2 ❛ ✉♠ ❝❛♠♣♦ ❞❡ ❛❝❡❧❡"❛=;♦ ❞❛❞♦ ♣♦"✿

♣ = ρ✉̈ = ◗β , ✭✹✳✼✸✮

❛ ❡<✳✭✹✳✻✽✮ ♣♦❞❡ 2❡" "❡❡2❝"✐(❛ ♣❛"❛ ✉♠ ✐♥2(❛♥(❡ ❞❡ (❡♠♣♦ τ +△τ ❝♦♠♦✿

[

(❍−❆)S ❆

S

❆

R (❍−❆)R

]{

✉

S
τ+△τ

✉

R
τ+△τ

}

=

{

●

S
&

S
τ+△τ +❇

SρS✉̈Sτ+△τ

❇

RρR✉̈Rτ+△τ

}

. ✭✹✳✼✹✮

❉❡ ❢♦"♠❛ ❛ 2❡ ♣"♦❝❡❞❡" ❝♦♠ ❛ ✐♥(❡❣"❛=;♦ ♥♦ ❞♦♠.♥✐♦ ❞♦ (❡♠♣♦✱ ♦ ✐♥(❡"✈❛❧♦ ❞❡ (❡♠♣♦ τ 6
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❞✐✈✐❞✐❞♦ ❡♠ N ❡&♣❛)♦& ❞❡ *❡♠♣♦✱ ♦♥❞❡✿

τ = N△τ . ✭✹✳✼✺✮

❆&&✉♠✐♥❞♦ 6✉❡ ♦& 7❡&✉❧*❛❞♦& ❞❛ ❡6✳✭✹✳✼✹✮ &9♦ ❝♦♥❤❡❝✐❞♦& ♥♦& ✐♥&*❛♥*❡& ❞❡ *❡♠♣♦ τ = 0,△τ, 2△τ...✱

❛ ❛❝❡❧❡7❛)9♦ ♥♦ ✐♥&*❛♥*❡ τ +△τ < ❛♣7♦①✐♠❛❞❛ ♣❡❧❛ ❡①♣7❡&&9♦ ❬✶✹❪✿

✉̈τ+△τ =
1

△τ 2

(

2✉τ+△τ − 5✉τ + 4✉τ−△τ − ✉τ−2△τ

)

. ✭✹✳✼✻✮

❆❣7✉♣❛♥❞♦ ❡6✳✭✹✳✼✹✮ ❡ ❡6✳✭✹✳✼✻✮✱ ♦ &✐&*❡♠❛ ❞❡ ❡6✉❛)C❡& 6✉❡ ❣♦✈❡7♥❛ ♦ ♣7♦❜❧❡♠❛ ♣♦❞❡ &❡7

7❡❡&❝7✐*♦ ❝♦♠♦✿





[

(❍−❆)S − ρS 2
△τ2❇

S
]

❆

S

❆

R
[

(❍−❆)R − ρR 2
△τ2❇

R
]





{

✉

S
τ+△τ

✉

R
τ+△τ

}

=







G
S
$

S
τ+△τ +❇

SρS 1
△τ2

(

−5✉Sτ + 4✉Sτ−△τ − ✉

S
τ−2△τ

)

❇

RρR 1
△τ2

(

−5✉Rτ + 4✉Rτ−△τ − ✉

R
τ−2△τ

)







, ✭✹✳✼✼✮
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❈❛♣#$✉❧♦ ✺

❈)❧❝✉❧♦ ❞❡ ❋❛$♦.❡/ ❞❡ ■♥$❡♥/✐❞❛❞❡ ❞❡

❚❡♥/4♦

✺✳✶ ■♥%&♦❞✉*+♦

❊!"❡ ❝❛♣'"✉❧♦ "+❛"❛ ❞❛ ❛♥.❧✐!❡ ❞❡ ❢❛"♦+❡! ❞❡ ✐♥"❡♥!✐❞❛❞❡ ❞❡ "❡♥!1♦ ❞✐♥2♠✐❝♦! ❞❡ ❝❤❛♣❛! "+✐♥✲

❝❛❞❛! +❡♣❛+❛❞❛! ❝♦♠ ♠❛"❡+✐❛❧ ❝♦♠♣6!✐"♦ ❝♦❧❛❞♦✳ ■♥✐❝✐❛❧♠❡♥"❡ 9 ❢❡✐"❛ ✉♠❛ +❡✈✐!1♦ ❞❛ "❡♦+✐❛

❞❛ ▼❡❝2♥✐❝❛ ❞❛ ❋+❛"✉+❛ ▲✐♥❡❛+ ❊❧.!"✐❝❛✳ >♦!"❡+✐♦+♠❡♥"❡✱ ❞❡!❝+❡✈❡✲!❡ ♦! ♠9"♦❞♦! ❞❡ ❛✈❛❧✐❛@1♦

❞❡ ❋❛"♦+❡! ❞❡ ■♥"❡♥!✐❞❛❞❡ ❞❡ ❚❡♥!1♦ ❉✐♥2♠✐❝♦! ✉"✐❧✐③❛❞♦! ♥♦ "+❛❜❛❧❤♦✳

✺✳✷ ❆❜♦&❞❛❣❡♠ ❞❡ ❈❛♠♣♦5 ❞❡ ■&✇✐♥

❋✐❣✉+❛ ✺✳✶✿ ❈❛♠♣♦ ❞❡ "❡♥!J❡! ❡♠ "♦+♥♦ ❞❛ "+✐♥❝❛✳

✺✷



❈♦♥#✐❞❡'❛♥❞♦ ✉♠❛ ❝❤❛♣❛ .'✐♥❝❛❞❛ ✐#♦.'/♣✐❝❛ ❝❛''❡❣❛❞❛ #♦❜ ❡#.❛❞♦ ♣❧❛♥♦ ❞❡ .❡♥#3♦ ✭❋✐❣✳✺✳✶✮✱

♦ ❝❛♠♣♦ ❞❡ .❡♥#;❡# ❛♦ '❡❞♦' ❞❛ .'✐♥❝❛ ♣♦❞❡ #❡' ❞❡#❝'✐.♦ ♥❛ ❢♦'♠❛❬✶✺❪✿

σij (r, θ) =
K√
2πr

fij (r, θ) + outros termos, ✭✺✳✶✮

♦♥❞❡ σij ) ♦ *❡♥+♦, ❞❡ *❡♥+-❡+ ❞♦ ♠❛*❡,✐❛❧ ❛ ✉♠❛ ❞✐+*3♥❝✐❛ r ❞❛ ♣♦♥*❛ ❞❛ *,✐♥❝❛✱ K ) ♦ ❢❛*♦,

❞❡ ✐♥*❡♥+✐❞❛❞❡ ❞❡ *❡♥+8♦ ❡ fij +8♦ ❢✉♥9-❡+ *,✐❣♦♥♦♠)*,✐❝❛+ ❝♦♥❤❡❝✐❞❛+✳ ◗✉❛♥❞♦✱ r → 0✱ ♦

♣,✐♠❡✐,♦ *❡,♠♦ ❞❛ ❡=✉❛98♦ ♣❛++❛ ❛ +❡, ♠✉✐*♦ ♠❛✐+ +✉❜+*❛♥❝✐❛❧ =✉❡ ♦+ *❡,♠♦+ +❡❣✉✐♥*❡+ ❞❛

❡=✉❛98♦✱ ♣♦❞❡♥❞♦ ❛++✐♠ +❡,❡♠ ❞❡+♣,❡③❛❞♦+✳

✺✳✸ ▼♦❞♦& ❞❡ ❋)❛+✉)❛

❋✐❣✉,❛ ✺✳✷✿ ▼♦❞♦+ ❞❡ ❋,❛*✉,❛✳

▼♦❞♦+ ❞❡ ❢,❛*✉,❛ +8♦ ❞❡*❡,♠✐♥❛❞♦+ ❛*,❛✈)+ ❞♦ ❞❡+❧♦❝❛♠❡♥*♦ ,❡❧❛*✐✈♦ ❞❛+ ❢❛❝❡+ ❞❛ *,✐♥❝❛

✭❋✐❣✳✺✳✷✮✳ ❊♠ ❡+*❛❞♦ ♣❧❛♥♦ ❞❡ *❡♥+8♦✱ ❡①✐+*❡♠ ❛♣❡♥❛+ ❞♦✐+ ♠♦❞♦+ ❞❡ ❢,❛*✉,❛ ✭■ ❡ ■■✮✳ ❖

❋❛*♦, ❞❡ ✐♥*❡♥+✐❞❛❞❡ ❞❡ *❡♥+8♦✱ ♠♦+*,❛❞♦ ♥❛ ❡=✳✭✺✳✶✮✱ ♣♦❞❡ +❡, ❞❡❝♦♠♣♦+*♦ ❞❡ ❛❝♦,❞♦ ❝♦♠

♦ ♠♦❞♦ ❞❡ ❢,❛*✉,❛ ❛++♦❝✐❛❞♦ ❛ ❡❧❡✳ ❉❡+*❛ ❢♦,♠❛✱ KI ❝♦,,❡+♣♦♥❞❡ ❛♦ ❢❛*♦, ❞❡ ✐♥*❡♥+✐❞❛❞❡ ❞❡

*❡♥+8♦ ,❡❧❛❝✐♦♥❛❞♦ ❛♦ ♠♦❞♦ ❞❡ ❢,❛*✉,❛ ■ ❡ KII ❝♦,,❡+♣♦♥❞❡ ❛♦ ❢❛*♦, ❞❡ ✐♥*❡♥+✐❞❛❞❡ ❞❡ *❡♥+8♦

,❡❧❛❝✐♦♥❛❞♦ ❛♦ ♠♦❞♦ ❞❡ ❢,❛*✉,❛ ■■✳
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✺✳✹ ❈❛♠♣♦( ❞❡ ❚❡♥(-♦ ❡♠ ❚♦.♥♦ ❞❛ ❚.✐♥❝❛

❆!!✉♠✐♥❞♦ ♣❛*❛ r✱ ✈❛❧♦*❡! ♣*/①✐♠♦! ❞❡ ③❡*♦✱ ❞❡ ❢♦*♠❛ ❛ !❡ ❝♦♥!✐❞❡*❛* !♦♠❡♥4❡ ♦ ♣*✐♠❡✐*♦

4❡*♠♦ ❞❛ ❡5✳✭✺✳✶✮✱ ❡ ❝♦♥!✐❞❡*❛♥❞♦ 5✉❡ ♦ ❡✐①♦ ❞❡ ❝♦♦*❞❡♥❛❞❛! x1 ; ♣❛*❛❧❡❧♦ < ❢❛❝❡ ❞❛ 4*✐♥❝❛ ❡

5✉❡ ♦ ❡✐①♦ ❞❡ ❝♦♦*❞❡♥❛❞❛! x2 ; ♣❡*♣❡♥❞✐❝✉❧❛* < ❢❛❝❡ ❞❛ 4*✐♥❝❛✱ ♦ ❝❛♠♣♦ ❞❡ 4❡♥!=❡! ♣*/①✐♠♦

❛ ♣♦♥4❛ ❞❛ 4*✐♥❝❛ ; ❞❛❞♦ ♣♦* ❬✶✺❪✿

σ11 =
KI√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)

− KII√
2πr

sin
θ

2

(

2 + cos
θ

2
cos

3θ

2

)

σ22 =
KI√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)

+
KII√
2πr

sin
θ

2
cos

θ

2
cos

3θ

2
. ✭✺✳✷✮

σ12 =
KI√
2πr

sin
θ

2
cos

θ

2
cos

3θ

2
+

KII√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)

❖ ❝❛♠♣♦ ❞❡ ❞❡!❧♦❝❛♠❡♥4♦!✱ ♣❛*❛ ♦ ♠❡!♠♦ ❝❛!♦✱ ; ❞❛❞♦ ♣♦*✿

u1 =
KI

G

√

r

2π
cos

θ

2

(

1− 2ν + sin2
θ

2

)

+
KII

G

√

r

2π
sin

θ

2

(

2− 2ν + cos2
θ

2

)

✭✺✳✸✮

u2 =
KI

G

√

r

2π
sin

θ

2

(

2− 2ν − cos2
θ

2

)

+
KII

G

√

r

2π
cos

θ

2

(

−1 + 2ν + sin2
θ

2

)

,

♦♥❞❡ G ; ♦ ♠/❞✉❧♦ ❞❡ ❡❧❛!4✐❝✐❞❛❞❡ 4*❛♥!✈❡*!❛❧ ❞♦ ♠❛4❡*✐❛❧ ❡ ν ; ♦ ♠/❞✉❧♦ ❞❡ D♦✐!!♦♥ ❞♦

♠❛4❡*✐❛❧✳ ❖ 4❡♥!♦* ❞❡ 4❡♥!=❡! ♥❛! ♣*♦①✐♠✐❞❛❞❡! ❞❛ 4*✐♥❝❛ ♣♦❞❡ !❡* ❞✐✈✐❞✐❞♦ ♥❛ ❢♦*♠❛✿

σij = σI
ij + σII

ij , ✭✺✳✹✮

❛!!✐♠ !❡♥❞♦✱ σI
ij ; ❞❛❞♦ ♣♦*✿

σI
11 =

KI√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)
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σI
22 =

KI√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)

✭✺✳✺✮

σI
12 =

KI√
2πr

sin
θ

2
cos

θ

2
cos

3θ

2

❡ σII
ij % ❞❛❞♦ ♣♦*✿

σII
11 = −

KII√
2πr

sin
θ

2

(

2 + cos
θ

2
cos

3θ

2

)

σII
22 =

KII√
2πr

sin
θ

2
cos

θ

2
cos

3θ

2
. ✭✺✳✻✮

σII
12 =

KII√
2πr

cos
θ

2

(

1− sin
θ

2
sin

3θ

2

)

❉❡ ❢♦*♠❛ 0✐♠✐❧❛*✱ ♦ ❝❛♠♣♦ ❞❡ ❞❡0❧♦❝❛♠❡♥6♦0 ❡♠ 6♦*♥♦ ❞❛ 6*✐♥❝❛ ♣♦❞❡ 0❡* ❞✐✈✐❞✐❞♦ ♠❛ ❢♦*♠❛✿

ui = uI
i + uII

i , ✭✺✳✼✮

♦♥❞❡ uI
ij % ❞❛❞♦ ♣♦*✿

uI
1 =

KI

G

√

r

2π
cos

θ

2

(

1− 2ν + sin2
θ

2

)

✭✺✳✽✮

uI
2 =

KI

G

√

r

2π
sin

θ

2

(

2− 2ν − cos2
θ

2

)

,

❡ uII
ij % ❞❛❞♦ ♣♦*✿

uII
1 =

KII

G

√

r

2π
sin

θ

2

(

2− 2ν + cos2
θ

2

)

✭✺✳✾✮

uII
2 =

KII

G

√

r

2π
cos

θ

2

(

−1 + 2ν + sin2
θ

2

)

.
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✺✳✺ ❉❡$❛❝♦♣❧❛♠❡♥,♦ ❞♦ ❚❡♥$♦/ ❞❡ ❚❡♥$0❡$ ❡ ❈❛♠♣♦ ❞❡

❉❡$❧♦❝❛♠❡♥,♦$

❯♠❛ ✈❡③ &✉❡ ❞❡)❡❥❛✲)❡ ♦❜.❡/ ♦) ❢❛.♦/❡) ❞❡ ✐♥.❡♥)✐❞❛❞❡ ❞❡ .❡♥)3♦ KI ❡ KII ✱ ❞❡✈❡✲)❡ /❡❛❧✐③❛/

♦ ❞❡)❛❝♦♣❧❛♠❡♥.♦ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡)❧♦❝❛♠❡♥.♦) ❡ ❞♦ .❡♥)♦/ ❞❡ .❡♥)8❡) ❡♠ ✈♦❧.❛ ❞❛ ./✐♥❝❛✳

❈♦♥)✐❞❡/❛♥❞♦ &✉❡ ♦ .❡♥)♦/ ❞❡ .❡♥)8❡) ❡ ♦ ❝❛♠♣♦ ❞❡ ❞❡)❧♦❝❛♠❡♥.♦) ❡♥❝♦♥./❛♠✲)❡ ♥♦ ♠❡)♠♦

)✐).❡♠❛ ❞❡ /❡❢❡/;♥❝✐❛ ❞❛ ./✐♥❝❛ ❡ &✉❡ ❡).❡) ♣♦❞❡♠ )❡/ ❞✐✈✐❞✐❞♦) ❡♠ )✉❛) ❝♦♠♣♦♥❡♥.❡) )✐♠<./✐✲

❝❛) ❡ ❛♥.✐✲)✐♠<./✐❝❛) ✭❋✐❣✳✺✳✸✮✱ .❡♠✲)❡ &✉❡ ❛) ❝♦♠♣♦♥❡♥.❡) )✐♠<./✐❝❛)✱ ui✱ ❡ ❛♥.✐✲)✐♠<./✐❝❛)✱

u
′

i✱ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡)❧♦❝❛♠❡♥.♦) )3♦ ❞❛❞❛) ♣♦/ ❬✸✵❪✿

❋✐❣✉/❛ ✺✳✸✿ ❉❡)❛❝♦♣❧❛♠❡♥.♦ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡)❧♦❝❛♠❡♥.♦)✳

{

u1
u2

}

=

{

uI
1 + uII

1

uI
2 + uII

2

} {

u
′

1

u
′

2

}

=

{

uI
1 − uII

1

−uI
2 + uII

2

}

. ✭✺✳✶✵✮

❆❝♦♣❧❛♥❞♦ ♦) .❡/♠♦) )✐♠<./✐❝♦) ❡ ❛♥.✐✲)✐♠<./✐❝♦) ❞❛ ❡&✳✭✺✳✶✵✮✱ .❡♠✲)❡ &✉❡ ♦ ❝❛♠♣♦ ❞❡ ❞❡)❧♦✲

❝❛♠❡♥.♦) ❞❡)❛❝♦♣❧❛❞♦ < ❞❛❞♦ ♣♦/✿

{

uI
1

uI
2

}

=
1

2

{

u1 + u
′

1

−u
′

2 + u2

} {

uII
1

uII
2

}

=
1

2

{

−u11 + u1
u2 + u

′

2

}

. ✭✺✳✶✶✮

✺✻



❉❡ ❢♦$♠❛ '✐♠✐❧❛$✱ ❛' ❝♦♠♣♦♥❡♥.❡' '✐♠/.$✐❝❛'✱ σij✱ ❡ ❛♥.✐✲'✐♠/.$✐❝❛'✱ σ
′

ij✱ ❞♦ .❡♥'♦$ ❞❡ .❡♥'2❡'✱

'3♦ ❞❛❞❛' ♣♦$✿











σ11
σ22
σ12











=











σI
11 + σII

11

σI
22 + σII

22

σI
12 + σII

12





















σ
′

11

σ
′

22

σ
′

12











=











σI
11 − σII

11

σI
22 − σII

22

−σI
12 + σII

12











, ✭✺✳✶✷✮

❡ ♦ .❡♥'♦$ ❞❡ .❡♥'2❡' ❞❡'❛❝♦♣❧❛❞♦ / ❞❛❞♦ ♣♦$✿











σI
11

σI
22

σI
12











=
1

2











σ11 + σ
′

11

σ22 + σ
′

22

σ12 + σ
′

12





















σII
11

σII
22

σII
12











=
1

2











σ11 − σ
′

11

σ22 − σ
′

22

σ12 + σ
′

12











, ✭✺✳✶✸✮

✺✳✻ ❈$❛❝❦ ❚✐♣ ❖♣❡♥✐♥❣ ❉✐0♣❧❛❝❡♠❡♥3

❋✐❣✉$❛ ✺✳✹✿ ❊❧❡♠❡♥.♦' ❞❛ ♣♦♥.❛ ❞❛ .$✐♥❝❛✳

❈♦♥'✐❞❡$❛♥❞♦ ✉♠ ❝❛♠♣♦ ❞❡ ❞❡'❧♦❝❛♠❡♥.♦' ❝♦♥❤❡❝✐❞♦ ❛♦ $❡❞♦$ ❞❛ .$✐♥❝❛✱ .❡♥❞♦ ❛' $❡❧❛C2❡'

❡♥.$❡ ♦' ❢❛.♦$❡' ❞❡ ✐♥.❡♥'✐❞❛❞❡ ❞❡ .❡♥'3♦ ❡ ❞❡'❧♦❝❛♠❡♥.♦' ❞❛❞❛' ♣❡❧❛' ❡D✳✭✺✳✽✮ ❡ ❡D✳✭✺✳✾✮✱ ❡

❢❛③❡♥❞♦ θ → π✱ ♦❜./♠✲'❡ KI ♥❛ ❢♦$♠❛ ❬✶✷✱ ✸✽❪✿

KI =
(

u2 − u
′

2

) G

k + 1

√

2π

r
, ✭✺✳✶✹✮

♦♥❞❡ ● / ♦ ♠L❞✉❧♦ ❞❡ ❡❧❛'.✐❝✐❞❛❞❡ ❞♦ ♠❛.❡$✐❛❧✱ k = (3− ν) / (1 + ν) ♣❛$❛ ❡'.❛❞♦ ♣❧❛♥♦ ❞❡

✺✼



 ❡♥#$♦ ❡ k = (3− 4ν) ♣❛(❛ ❡# ❛❞♦ ♣❧❛♥♦ ❞❡ ❞❡❢♦(♠❛-$♦✱ ❡

(

ui − u
′

i

)

/ ❛ ❞✐❢❡(❡♥-❛ ❞❡ ❞❡#❧♦✲

❝❛♠❡♥ ♦ ❡♥ (❡ ♣♦♥ ♦# ❝♦✐♥❝✐❞❡♥ ❡# ❞❛ ❢❛❝❡ ❞❛  (✐♥❝❛✳ ❉❡ ♠❛♥❡✐(❛ #✐♠✐❧❛(✱ ♦❜ /♠✲#❡ KII ♥❛

❢♦(♠❛✿

KII =
(

u1 − u
′

1

) G

k + 1

√

2π

r
. ✭✺✳✶✺✮

❯ ✐❧✐③❛♥❞♦ ❝♦♠♦ (❡❢❡(=♥❝✐❛ ♣❛(❛ ❝>❧❝✉❧♦ ❞❡ ❢❛ ♦(❡# ❞❡ ✐♥ ❡♥#✐❞❛❞❡ ❞❡  ❡♥#$♦✱ ♦ ♥@ ❝❡♥ (❛❧ ❞♦#

❡❧❡♠❡♥ ♦# ♥❛ ♣♦♥ ❛ ❞❛  (✐♥❝❛ ✭❋✐❣✳✺✳✹✮✱ KI ❡ KII #$♦ ❞❛❞♦# ♣♦(✿

KBB′

I =
(

uB
2 − uB′

2

) G

k + 1
2

√

π

l
, ✭✺✳✶✻✮

❡

KBB′

II =
(

uB
1 − uB′

1

) G

k + 1
2

√

π

l
. ✭✺✳✶✼✮

❯♠❛ ❢♦(♠❛ ❛❧ ❡(♥❛ ✐✈❛ ❞❡ ❝>❧❝✉❧♦ ♣❛(❛ ❢❛ ♦(❡# ❞❡ ✐♥ ❡♥#✐❞❛❞❡ ❞❡  ❡♥#$♦ ❝♦♥#✐# ❡ ♥❛ ✐♥ ❡(♣♦✲

❧❛-$♦ ❞❡ (❡#✉❧ ❛❞♦# ♦❜ ✐❞♦# ♥♦# ♥@# BB′
❡ CC ′✱ ♦♥❞❡ KI ❡ KII #$♦ ❞❛❞♦# ♣♦(✿

KBB′CC′

I =
(

4
(

uB
2 − uB′

2

)

+ uC
2 − uC′

2

) G

k + 1

√

2π

l
, ✭✺✳✶✽✮

❡

KBB′CC′

II =
(

4
(

uB
1 − uB′

1

)

+ uC
1 − uC′

1

) G

k + 1

√

2π

l
. ✭✺✳✶✾✮
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✺✳✼ ■♥%❡❣(❛❧ Ĵ

❋✐❣✉$❛ ✺✳✺✿ ▲✐♠✐+❡- ❞❡ ■♥+❡❣$❛12♦ ♣❛$❛ ■♥+❡❣$❛❧ ❏ ❬✻❪✳

❆ ▼❡❝=♥✐❝❛ ❞❛ ❋$❛+✉$❛ ▲✐♥❡❛$ ❊❧?-+✐❝❛ -@ A ✈?❧✐❞❛ C✉❛♥❞♦ ❛ ❞❡❢♦$♠❛12♦ ♥2♦ ❧✐♥❡❛$ ❞♦ ♠❛+❡✲

$✐❛❧ A ❝♦♥✜♥❛❞❛ ❡♠ ✉♠❛ ♣❡C✉❡♥❛ $❡❣✐2♦ ❛♦ $❡❞♦$ ❞❛ ♣♦♥+❛ ❞❛ +$✐♥❝❛✳ ❊♠ ♠✉✐+❛- -✐+✉❛1G❡-

A ✐♥✈✐?✈❡❧ ❝❛$❛❝+❡$✐③❛$ ♦ ❝♦♠♣♦$+❛♠❡♥+♦ ❞❛ ❢$❛+✉$❛ ❛+$❛✈A- ❞❛ ▼❋▲❊✱ ❛--✐♠ -❡♥❞♦✱ ✉♠ ❝♦♥✲

❝❡✐+♦ ❛❧+❡$♥❛+✐✈♦ ❞❡✈❡ -❡$ ❛♣❧✐❝❛❞♦✳ ❆ ▼❡❝=♥✐❝❛ ❞❛ ❋$❛+✉$❛ ❊❧❛-+♦ J❧?-+✐❝❛ ❛♣❧✐❝❛✲-❡ ❡♠

✈?$✐❛- ❞❡--❛- -✐+✉❛1G❡-✳ ❉❡♥+$❡ ♦- ♣❛$=♠❡+$♦- ♠❛✐- ✉+✐❧✐③❛❞♦- -❡ ❡♥❝♦♥+$❛♠ ♦ ❈❚❖❉ ✭❈$❛❝❦

+✐♣ ♦♣❡♥✐♥❣ ❞✐-♣❧❛❝❡♠❡♥+✮✱ ❛ ■♥+❡❣$❛❧ ❏ ❡ ❛ ■♥+❡❣$❛12♦ ♣♦$ ❊♥❡$❣✐❛ ❞❡ ❉♦♠R♥✐♦ ✭❊❉■✮✳ ❊--❡-

♣❛$=♠❡+$♦- ❞❡-❝$❡✈❡♠ ❝♦♥❞✐1G❡- ❞❛ +$✐♥❝❛ ♣❛$❛ ♠❛+❡$✐❛✐- ❡❧❛-+♦♣❧?+✐❝♦- ❡ ♣♦❞❡♠ -❡$ ✉+✐❧✐③❛✲

❞♦- ❝♦♠♦ ❝$✐+A$✐♦ ❞❡ ❢❛❧❤❛✳ ❉❛❞♦ ♦ ❡①❡♠♣❧♦ -✐♠♣❧✐✜❝❛❞♦ ♣❡❧❛ ❋✐❣✳✭✺✳✺✮✱ ❛ +❛①❛ ❞❡ ❛❧R✈✐♦ ❞❡

❡♥❡$❣✐❛ ♣♦+❡♥❝✐❛❧ ❛$♠❛③❡♥❛❞❛ ♥♦ -✐-+❡♠❛ ♣♦$ ✉♥✐❞❛❞❡ ❞❡ +$✐♥❝❛✱ -❡♠ ❝♦♥-✐❞❡$❛$ ❢♦$1❛- ❞❡

❝♦$♣♦ ❛+✉❛♥❞♦ ♥❛- ♣$♦①✐♠✐❞❛❞❡- ❞❛ ♣♦♥+❛ ❞❛ +$✐♥❝❛✱ A ❞❛❞❛ ♣♦$ ❬✻✱ ✸✺❪✿

J = lim
Γ→0

ˆ

Γ

(

wδik − σ∗iju
∗

j,k

)

nidC , ✭✺✳✷✵✮

♦♥❞❡ w A ❞❛❞♦ ♣♦$✿

w =

εkl
ˆ

0

σijdεij, ✭✺✳✷✶✮

❡ ❝♦$$❡-♣♦♥❞❡ ❛ ❡♥❡$❣✐❛ ❞❡ ❞❡❢♦$♠❛12♦ ♣♦$ ✉♥✐❞❛❞❡ ❞❡ ?$❡❛✳ σ∗ij ❡ u∗j,1 -2♦ $❡-♣❡❝+✐✈❛♠❡♥+❡ ❛-

✺✾



❝♦♠♣♦♥❡♥&❡' ❝❛)&❡'✐❛♥❛' ❞❡ &❡♥',♦ ❡ ❞❡'❧♦❝❛♠❡♥&♦ ♥♦ '✐'&❡♠❛ ❧♦❝❛❧ x∗ ❡ dC . ♦ ❞✐❢❡)❡♥❝✐❛❧

❞♦ ❛)❝♦ ❞❡ ✐♥&❡❣)❛1,♦ ❞❛❞♦ ♣❡❧❛ ❋✐❣✳✭✺✳✺✮✳ ❯♠❛ ✈❡③ :✉❡ '❡ ❝♦♥'✐❞❡)❛♠ ❛' ❢♦)1❛' ❞❡ ❝♦)♣♦

❛&✉❛♥❞♦ ♥❛' ♣)♦①✐♠✐❞❛❞❡' ❞❛ ♣♦♥&❛ ❞❛ &)✐♥❝❛✱ &❡)♠♦' ❞❡✈❡♠ '❡) ❛❞✐❝✐♦♥❛❞♦ ❛ ❡:✳✭✺✳✷✵✮✳ ❉❡'&❛

❢♦)♠❛✱ ❛ ✐♥&❡❣)❛❧ ❏ ♣❛)❛ ♦ ❝❛'♦ ❞❡ ✉♠❛ ❝❤❛♣❛ &)✐♥❝❛❞❛ ❝♦♠ )❡♣❛)♦ ❞❡ ♠❛&❡)✐❛❧ ❝♦♠♣C'✐&♦ .

❞❛❞❛ ♣♦) ❬✶✸❪✿

Ĵ = lim
Γ→0







ˆ

Γ

(

wδik − σ∗iju
∗

j,k

)

nidC +

ˆ

V

ρüi
∗u∗i,kdV +

1

hS

ˆ

V

b∗i u
∗

i,kdV





 , ✭✺✳✷✷✮

♦♥❞❡ hS . ❛ ❡'♣❡''✉)❛ ❞❛ ❝❤❛♣❛✱ b∗i ',♦ ❛' ❢♦)1❛' ❞❡ ❝♦)♣♦ ❛&✉❛♥&❡' ♥❛' ♣)♦①✐♠✐❞❛❞❡' ❞❛ &)✐♥❝❛

)❡❢❡)❡♥&❡' ❛♦ ❛❝♦♣❧❛♠❡♥&♦ ❡♥&)❡ ❝❤❛♣❛ ❡ )❡♣❛)♦ ❡ ρüi
∗
',♦ ❛' ❢♦)1❛' ❞❡ ❝♦)♣♦ ❛&✉❛♥&❡' ♥❛'

♣)♦①✐♠✐❞❛❞❡' ❞❛ &)✐♥❝❛ )❡❢❡)❡♥&❡' I' ❢♦)1❛' ❞❡ ✐♥.)❝✐❛ ❞❛ ❝❤❛♣❛✳

✺✳✽ ■♥%❡❣(❛*+♦ ♣♦( ❊♥❡(❣✐❛ ❞❡ ❉♦♠3♥✐♦

❈♦♥'✐❞❡)❛❞♦ :✉❡ δl . ♦ ❛✈❛♥1♦ ❞❛ &)✐♥❝❛ ♥❛ ❞✐)❡1,♦ ♥♦)♠❛❧ ❛ ❢❛❝❡ ❞❛ &)✐♥❝❛ St✱ ❛ ❡♥❡)❣✐❛

♣♦&❡♥❝✐❛❧ ❧✐❜❡)❛❞❛ ❡♠ ✉♠ '❡❣♠❡♥&♦ ❞❡ ❛✈❛♥1♦ ❞❛ &)✐♥❝❛ . ❞❛❞❛ ♣♦)✿

−δπ = J∆a , ✭✺✳✷✸✮

♦♥❞❡ ∆a lk . ♦ ❛✈❛♥1♦ ❞❛ &)✐♥❝❛ ♥❛ ❞✐)❡1,♦ x∗k✳

❋❛③❡♥❞♦ ❝♦♠ :✉❡ h → 0✱ &❡♠♦' ❛' '✉♣❡)❢L❝✐❡' Sa ❡ Sb ❝♦♠ ♥♦)♠❛✐' mk ❛♦ ❧♦♥❣♦ ❞❡ x∗2 ❡ St

❝♦♠ ♥♦)♠❛❧ mk ❛♦ ❧♦♥❣♦ ❞❡ x∗1✳ ❆''✐♠ '❡♥❞♦✱ δl . ❞❛❞♦ ♣♦)✿

∆a lk mk = δl . ✭✺✳✷✹✮

❘❡'&)✐♥❣✐♥❞♦ lk ❛ ♣❡)♠❛♥❡❝❡) ♥♦ ♣❧❛♥♦ St ❡ ❛ '❡) ❢✉♥1,♦ ❞❡ x∗1✱ &❡♠✲'❡ :✉❡✿

J∆a = ∆a

ˆ

St

(

σ∗iju
∗

j,k − wδki

)

lk mi dS . ✭✺✳✷✺✮

Q❛)❛ ❞❡'❡♥✈♦❧✈❡) ✉♠❛ ✐♥&❡❣)❛❧ ❞❡ ❞♦♠L♥✐♦✱ ♣)✐♠❡✐)♦ '❡ ❧❡✈❛ ❡♠ ❝♦♥'✐❞❡)❛1,♦ ❛ R)❡❛ S ❢♦)♠❛❞❛

♣❡❧❛' '✉♣❡)❢L❝✐❡' S+
✱ S−✱ St ❡ S1✳ ❉❡♣♦✐'✱ ❧❡✈❛✲'❡ ❡♠ ❝♦♥'✐❞❡)❛1,♦ ❛ ❢✉♥1,♦✿

✻✵



qk = lk em St e qk = 0 em S1 , ✭✺✳✷✻✮

❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥/✐❞❡1❛23♦ 4❛♠❜6♠ 7✉❡ qk 6 /✉✜❝✐❡♥4❡♠❡♥4❡ /✉❛✈❡ ♥❛ :1❡❛ S✳ ❯/❛♥❞♦ ❛

❡7✳✭✺✳✷✻✮✱ ♣♦❞❡✲/❡ 1❡❡/❝1❡✈❡1 ❛ ❡7✳✭✺✳✷✺✮✳ ♥❛ ❢♦1♠❛✿

J =

ˆ

S

(

σ∗iju
∗

j,k − wδki−
)

mi qk dS −
ˆ

S++S−

σ∗2ju
∗

j,k m2 qk dS . ✭✺✳✷✼✮

B❛1❛ /❡ ❝❤❡❣❛1 E ❡7✳✭✺✳✷✼✮✱ ❧❡✈❛✲/❡ ❡♠ ❝♦♥/✐❞❡1❛23♦ 7✉❡ m1 = 0 ❡ 7✉❡ m2 = ±1 ♥❛/ ❢❛❝❡/ ❞❛

41✐♥❝❛✳ ◆♦4❛✲/❡ 4❛♠❜6♠ 7✉❡ q2 = l2 = 0 ❡♠ 4♦❞♦ ♦ /✐/4❡♠❛✳ ◆❛ ❛✉/G♥❝✐❛ ❞❡ ❢♦12❛/ ❞❡ /✉✲

♣❡1❢H❝✐❡ ♥❛/ ❢❛❝❡/ ❞❛ 41✐♥❝❛✱ ♦ I❧4✐♠♦ 4❡1♠♦ ❞❛ ❡7✳✭✺✳✷✼✮ ❞❡/❛♣❛1❡❝❡✳ ❆♣❧✐❝❛♥❞♦ ♦ 4❡♦1❡♠❛ ❞❛

❞✐✈❡1❣G♥❝✐❛ ❞❡ ●1❡❡♥ ♣❛1❛ ❝♦♥4♦1♥♦/ ❢❡❝❤❛❞♦/✱ ❖ ✈❛❧♦1 ❞❛ 4❛①❛ ❞❡ ❛❧H✈✐♦ ❞❡ ❡♥❡1❣✐❛ ♣♦4❡♥❝✐❛❧

❛1♠❛③❡♥❛❞❛ ♥♦ /✐/4❡♠❛ ♣♦1 ✉♥✐❞❛❞❡ ❞❡ 41✐♥❝❛ ✭❏✮ 6 ❞❛❞❛ ♣♦1✿

J =

ˆ

V

(

σ∗iju
∗

j,k − wδki

)

qk,i dV. ✭✺✳✷✽✮

➱ ✐♠♣♦14❛♥4❡ ♣❡1❝❡❜❡1 7✉❡ ❛ ✐♥4❡❣1❛23♦ 1❡❛❧✐③❛❞❛ ♥❛ ❡7✳✭✺✳✷✽✮ ♥3♦ ❞❡♣❡♥❞❡ ❞❡ ❝❛♠✐♥❤♦/ ❞❡

✐♥4❡❣1❛23♦✱ ❧♦❣♦✱ 7✉❛❧7✉❡1 :1❡❛ ♣♦❞❡ /❡1 ❡/❝♦❧❤✐❞❛ ♣❛1❛ ❛✈❛❧✐❛1 ❏✳ ▲❡✈❛♥❞♦ ❡♠ ❝♦♥/✐❞❡1❛23♦

♦/ ❡❢❡✐4♦/ ❞❡ ❢♦12❛/ ❞❡ ✐♥61❝✐❛ ❡ ❞❡ ❛❝♦♣❧❛♠❡♥4♦ ❡♥41❡ ❝❤❛♣❛ ❡ 1❡♣❛1♦✱ ❛ ❡7✳✭✺✳✷✽✮ 1❡❝❡❜❡ ♦

❛❝16/❝✐♠♦ ❞❡ ❞♦✐/ 4❡1♠♦/ /❡♥❞♦ ❡/❝1✐4❛ ♥❛ ❢♦1♠❛✿

ĴEDI =

ˆ

V

(

σ∗iju
∗

j,k − wδki

)

qk,i dV +

ˆ

V

ρüi
∗u∗i,kdV +

1

hS

ˆ

V

b∗i u
∗

i,kdV. ✭✺✳✷✾✮

❈♦♠♦ ♣♦❞❡✲/❡ ♣❡1❝❡❜❡1✱ ❛/ ❡7✳✭✺✳✷✷✮ ❡ ❡7✳✭✺✳✷✾✮ /3♦ ❡7✉✐✈❛❧❡♥4❡/✱ /❡♥❞♦ 7✉❡ ❛ ❞✐❢❡1❡♥2❛ ❡♥41❡

❛/ ❞✉❛/ 6 ❞❛❞❛ ♣❡❧♦ ♦ ♠♦❞♦ ❞❡ ✐♥4❡❣1❛23♦ ❞♦ ♣1✐♠❡✐1♦ 4❡1♠♦✳

✺✳✾ ❋✉♥&'♦ ) ◗✉❛❞-./✐❝❛

❆ ❢✉♥23♦ ❛✉①✐❧✐❛1 qk 6 ✐♥41♦❞✉③✐❞❛ ❞❡ ❢♦1♠❛ ❛ /❡ ♠♦❞❡❧❛1 ♦ ❛✈❛♥2♦ ✈✐14✉❛❧ ❞❛ 41✐♥❝❛✳ ❈♦♠♦ ♦

❛✈❛♥2♦ ✈✐14✉❛❧ ❞❛ 41✐♥❝❛ ♣♦❞❡ ❛❞♦4❛1 ❢♦1♠❛✱ ❛ I♥✐❝❛ 1❡/41✐23♦ ♣❛1❛ ❛ ❢✉♥23♦ qk 6 7✉❡ ❡❧❛ /❡❥❛

/✉✜❝✐❡♥4❡♠❡♥4❡ /✉❛✈❡ ♥♦ ❞♦♠H♥✐♦ ❞❡ ✐♥4❡❣1❛23♦ V ✱ ✉♠❛ ✈❡③ 7✉❡ 6 ♥❡❝❡//:1✐❛ ❛ /✉❛ ❞✐❢❡1❡♥❝✐✲

❛23♦✳ ❯♠❛ ❢♦1♠❛ ❞❡ qk✱ 7✉❡ 4❡♠ /✐❞♦ ✉4✐❧✐③❛❞❛ ❝♦♠ /✉❝❡//♦✱ 6 ❞❛❞❛ ♣♦1 ❬✻❪✿
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qk (x
∗) =

[

1−
(

r

r0

)2
]

, ✭✺✳✸✵✮

♦♥❞❡ r * ❛ ❞✐-./♥❝✐❛ ❞❛ ♣♦♥.❛ ❞❛ .2✐♥❝❛ ♥♦ ♣❧❛♥♦ x∗1 − x∗2 ❝♦♠♦ ♠♦-.2❛❞♦ ♥❛ ❋✐❣✳✭✺✳✺✮✱ ❡ r0 *

♦ 2❛✐♦ ❞❛ 82❡❛ ❞❡ ✐♥.❡❣2❛9:♦✳

✺✳✶✵ ■%♦♣❛)❛♠❡,)✐③❛/0♦ ❡ ■♠♣❧❡♠❡♥,❛/0♦ ❈♦♠♣✉,❛❝✐♦♥❛❧

❋✐❣✉2❛ ✺✳✻✿ ❉✐-.2✐❜✉✐9:♦ ❞❡ ❝*❧✉❧❛- ♥❛ ♣♦♥.❛ ❞❛ .2✐♥❝❛✳

❯♠❛ ✈❡③ ❡♠ ♣♦--❡ ❞❛ ❡C✳✭✺✳✷✾✮✱ ❞❡✈❡✲-❡ 2❡❛❧✐③❛2 ❛ ✐♥.❡❣2❛❧ ❞❡ 82❡❛ ❛♦ 2❡❞♦2 ❞❛ ♣♦♥.❛ ❞❛

.2✐♥❝❛ ❛✜♠ ❞❡ -❡ ♦❜.❡2 ♦ ✈❛❧♦2 ❞❡ J̄EDI ✳ ❯♠❛ ❛❧.❡2♥❛.✐✈❛ * ❛ ✐-♦♣❛2❛♠❡.2✐③❛9:♦ ❞❛- ❝*❧✉❧❛-

❝2✐❛❞❛- ❛♦ 2❡❞♦2 ❞❛ ♣♦♥.❛ ❞❛ .2✐♥❝❛ ❡♠ ❡❧❡♠❡♥.♦- ❜✐C✉❛❞28.✐❝♦- ✭❋✐❣✳✺✳✻✮✱ ♣♦❞❡♥❞♦ ❛--✐♠

-❛.✐-❢❛③❡2 ❛ ❝♦♥❞✐9:♦ ❞❡ ❞❡2✐✈❛9:♦ ❞❡ qk✳ ◆❡-.❡ .2❛❜❛❧❤♦ * ✉.✐❧✐③❛❞♦ ✉♠ ❝♦♥❥✉♥.♦ ❞❡ ❡❧❡♠❡♥.♦-

✐-♦♣❛2❛♠*.2✐❝♦- ❜✐C✉❛❞28.✐❝♦- ❞❡ ✾ ♥L- ✭❋✐❣✳✺✳✼✮✱ ❛.2❛✈*- ❞♦- C✉❛✐-✱ ❛- ❝♦♠♣♦♥❡♥.❡- ❞❡ .❡♥-:♦✱

❞❡❢♦2♠❛9:♦✱ ❞❡-❧♦❝❛♠❡♥.♦ ❡ -✉❛- ❞❡2✐✈❛❞❛- -:♦ ❛♣2♦①✐♠❛❞❛- ♣♦2 ♣2♦❞✉.♦- ❞❛- ❢✉♥9O❡- ❞❡

✐♥.❡2♣♦❧❛9:♦ Φi ❡ ♦- ✈❛❧♦2❡- ♥♦❞❛✐- ❞❡ σij✱ εij✱ ui ❡ ∂ui/∂xj✳

✻✷



❋✐❣✉$❛ ✺✳✼✿ ❊❧❡♠❡♥/♦ ✐1♦♣❛$❛♠3/$✐❝♦ ❜✐✲7✉❛❞$9/✐❝♦✳

❙❛❜❡♥❞♦ 7✉❡ ♦1 ✈❛❧♦$❡1 ❞❡ σij✱ εij✱ ui✱ ∂ui/∂xj ❡ qk 1=♦ ❝♦♥❤❡❝✐❞♦1 ♣❛$❛ /♦❞♦1 ♦1 ✾ ♥@1 ❞❡

❝❛❞❛ ❝3❧✉❧❛✱ ♦ ✈❛❧♦$ ❞❡11❛1 ✈❛$✐9✈❡✐1 ♣♦❞❡ 1❡$ ❞❡/❡$♠✐♥❛❞♦ ❡♠ 7✉❛❧7✉❡$ ♣♦♥/♦ ❞❡ 7✉❛❧7✉❡$

❝3❧✉❧❛✳ qk ❡♠ 7✉❛❧7✉❡$ ❧✉❣❛$ ❞♦ ❞♦♠A♥✐♦ ❞❡ ✉♠❛ ❝3❧✉❧❛ 3 ❞❛ ❞♦ ♣♦$✿

qk =
NCells
∑

i=1

ΦiQ
k
i , ✭✺✳✸✶✮

♦♥❞❡ Φi 1=♦ ❛1 ❢✉♥GH❡1 ❞❡ ✐♥/❡$♣♦❧❛G=♦ ❞❛❞❛1 ♣♦$✿

Φ1 = 0.25 ∗ (ε− 1) ε (η + 1) η

Φ2 = 0.5 ∗ (ε− 1) (ε+ 1) (η + 1) η

Φ3 = 0.25 ∗ (ε+ 1) ε (η + 1) η

Φ4 = 0.5 ∗ (ε− 1) ε (η − 1) (η + 1)

Φ5 = (ε− 1) (ε+ 1) (η − 1) (η + 1) ✭✺✳✸✷✮

Φ6 = 0.5 ∗ (ε+ 1) ε (η − 1) (η + 1)

Φ7 = 0.25 ∗ (ε− 1) ε (η − 1) η

✻✸



Φ8 = 0.5 ∗ (ε− 1) (ε+ 1) (η − 1) η

Φ9 = 0.25 ∗ (ε+ 1) ε (η − 1) η

❡ Qk
i !"♦ ♦! ✈❛❧♦'❡! ❞❡ qk ❡♠ ❝❛❞❛ ✉♠ ❞♦! ♥-! ❞❛ ❝.❧✉❧❛ ❡♠ ❛♥/❧✐!❡✳ ❈♦♠♦ ❞✐3♦ ❛♥3❡✐♦'♠❡♥3❡✱

Qk
i = 0 !❡ ♦ i✲.!✐♠♦ ♥- ♣❡'3❡♥❝❡' ❛♦ ❝♦♥3♦'♥♦ ❞♦ ❞♦♠7♥✐♦ ❞✐!❝'❡3✐③❛❞♦✱ Qk

i = 1 ♥❛ ♣♦♥3❛ ❞❛

3'✐♥❝❛✱ ❡ ♦! ✈❛❧♦'❡! ✐♥3❡'♠❡❞✐/'✐♦! ❞❡✈❡♠ !❡' ✐♥3❡'♣♦❧❛❞♦! ♣❡❧❛ ❡9✳✭✺✳✸✵✮✳ ❆❧.♠ ❞✐!!♦✱ ❝♦♠♦ ❛

♣'♦♣❛❣❛A"♦ ✈✐'3✉❛❧ ❞❛ 3'✐♥❝❛ . '❡!3'✐3❛ ❛ ❞✐'❡A"♦ ❞❛ ♥♦'♠❛❧ ❞❡ !✉❛ ❢❛❝❡ ❢'♦♥3❛❧ St✱ ♦! 3❡'♠♦!

Q2
i ❡ Q3

i ❞❡!❛♣❛'❡❝❡♠✱ ❧♦❣♦✿

∂q1
∂xj

=
NCells
∑

i=1

(

∂Φi

∂ε

∂ε

∂xj

+
∂Φi

∂η

∂η

∂xj

)

. ✭✺✳✸✸✮

❆! ❞❡'✐✈❛❞❛❞❛! ❞❛! ❢✉♥AD❡! ❞❡ ✐♥3❡'♣♦❧❛A"♦ ∂Φ/∂ε ❡ ∂Φ/∂η !"♦ ❞❛❞❛! ♣♦'✿

∂Φ1

∂ε
= 0.25 ∗ (2ε− 1) (η + 1) η

∂Φ2

∂ε
= ε (η + 1) η

∂Φ3

∂ε
= 0.25 ∗ (2ε+ 1) (η + 1) η

∂Φ4

∂ε
= 0.5 ∗ (2ε− 1) (η − 1) (η + 1)

∂Φ5

∂ε
= 2ε (η − 1) (η + 1) ✭✺✳✸✹✮

∂Φ6

∂ε
= 0.5 ∗ (2ε+ 1) (η − 1) (η + 1)

∂Φ7

∂ε
= 0.25 ∗ (2ε− 1) (η − 1) η

∂Φ8

∂ε
= ε (η − 1) η

∂Φ9

∂ε
= 0.25 ∗ (2ε+ 1) (η − 1) η ,

❡

∂Φ1

∂η
= 0.25 ∗ (ε− 1) ε (2η + 1)

∂Φ2

∂η
= 0.5 ∗ (ε− 1) (ε+ 1) (2η + 1)

✻✹



∂Φ3

∂η
= 0.25 ∗ (ε+ 1) ε (2η + 1)

∂Φ4

∂η
= (ε− 1) εη

∂Φ5

∂η
= 2 (ε− 1) (ε+ 1) η ✭✺✳✸✺✮

∂Φ6

∂η
= (ε+ 1) εη

∂Φ7

∂η
= 0.25 ∗ (ε− 1) ε (2η − 1)

∂Φ8

∂η
= 0.5 ∗ (ε− 1) (ε+ 1) (2η − 1)

∂Φ9

∂η
= 0.25 ∗ (ε+ 1) ε (2η − 1) .

❋❛③❡♥❞♦✲-❡ ✉-♦ ❞❛ ✐♥0❡❣2❛34♦ ●❛✉--✐❛♥❛✱ ♦ ❢♦2♠❛0♦ ❞✐❝2❡0✐③❛♥❞♦ ❞❛ ❡:✳✭✺✳✷✾✮ = ❞❛❞♦ ♣♦2✿

ĴEDI =
∑

NCells

m
∑

p=1

{(

σij
∂uj

∂x1
− wδ1i

)

∂q1
∂xi

+ ρüj
∂uj

∂x1
+

1

hS

bj
∂uj

∂x1

}

p

det (Jac)p Wp, ✭✺✳✸✻✮

♦♥❞❡ Wp -4♦ ♦- ♣❡-♦- ❞❡ ✐♥0❡❣2❛34♦✱ m = ♦ ♥A♠❡2♦ ❞❡ ♣♦♥0♦- ❞❡ ●❛✉-- ✉0✐❧✐③❛❞♦- ♣♦2 ❝=❧✉❧❛

❡ Jac = ❛ ♠❛02✐③ ❏❛❝♦❜✐❛♥❛ 2❡-✉❧0❛♥0❡ ❞❛ ✐-♦♣❛2❛♠❡02✐③❛34♦ ❞❛- ❝=❧✉❧❛-✱ ❞❛❞❛ ♣♦2✿

Jac =







∂x/∂ε ∂x/∂η

∂y/∂ε ∂y/∂η





 . ✭✺✳✸✼✮

✺✳✶✶ ❖❜%❡♥()♦ ❞❛- ❉❡/✐✈❛❞❛- ❞❡ ❉❡-❧♦❝❛♠❡♥%♦-

❊①✐-0❡♠ ❞✉❛- ♠❛♥❡✐2❛- ❞❡ -❡ ♦❜0❡2 ♦- 0❡2♠♦- ∂ui/∂xj ❞❛ ❡:✳✭✺✳✸✻✮✳ ❯♠❛ ❞❛- ❢♦2♠❛- ♣♦--I✈❡✐-

= ❛02❛✈=- ❞❛ ❞❡2✐✈❛34♦ ✐-♦♣❛2❛♠=02✐❝❛ ❞♦- ❞❡-❧♦❝❛♠❡♥0♦-✱ ❡ ❛ ♦✉02❛ = ❛02❛✈=- ❞❛ ✐♥0❡❣2❛34♦

❞❛- -♦❧✉3K❡- ❢✉♥❞❛♠❡♥0❛✐- ❞❡ ❞❡2✐✈❛❞❛- ❞❡ ❞❡-❧♦❝❛♠❡♥0♦- ❡ ❢♦23❛- ❞❡ -✉♣❡2❢I❝✐❡ ♥♦ ❝♦♥0♦2♥♦

❞♦ ❝❤❛♣❛✳

✻✺



✺✳✶✶✳✶ ■♥%❡❣(❛*+♦ ❞❛. ❙♦❧✉*2❡. ❋✉♥❞❛♠❡♥%❛✐. ❞❡ ❉❡(✐✈❛❞❛. ❞❡ ❉❡.❧♦✲

❝❛♠❡♥%♦ ❡ ❋♦(*❛. ❞❡ ❙✉♣❡(❢<❝✐❡

❉❛❞❛ ❛ ❡$✉❛&'♦ ✐♥+❡❣-❛❧ $✉❡ ❣♦✈❡-♥❛ ♦ ❝♦♠♣♦-+❛♠❡♥+♦ ❞❛ ❝❤❛♣❛ +-✐♥❝❛❞❛ -❡♣❛-❛❞❛ ❝♦♠ ♠❛✲

+❡-✐❛❧ ❝♦♠♣56✐+♦ ❬✷✻❪✿

cS
ij (x

′)uS
j (x

′) +

ˆ

ΓS

T S
ij (x

′, x)uS
j (x

′) dΓ =

ˆ

ΓS

US
ij (x

′, x) tSj (x
′) dΓ+

1

hS

ˆ

ΩR

US
ij (x

′, x) bS
j (x

′) dΩ +

ˆ

ΩS

US
ij (x

′, x) ρüS
j (x

′) dΩ , ✭✺✳✸✽✮
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♣♦❞❡ 6❡- ❡6❝-✐+❛ ❝♦♠♦✿

∂uS
j

∂xk

(x′) +

ˆ

ΓS

T S
ij,k (x

′, x)uS
j (x

′) dΓ =

ˆ

ΓS

US
ij,k (x

′, x) tSj (x
′) dΓ +

1

hS

∂

∂xk

ˆ

ΩR

US
ij (x

′, x) bS
j (x

′) dΩ +
∂

∂xk

ˆ

ΩS

US
ij (x

′, x) ρüS
j (x

′) dΩ . ✭✺✳✸✾✮
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∂uS
j

∂xk

(x′) +

ˆ

ΓS

T S
ij,k (x

′, x)uS
j (x

′) dΓ =

ˆ

ΓS

US
ij,k (x

′, x) tSj (x
′) dΓ +

1

hS

D
∑

d=1

αdR
l











ε̄d
lij +

ˆ

ΓR

T S
ij,k (x

′, x) ûdS
lj (x′) dΓ−

ˆ

ΓR

US
ij,k (x

′, x) t̂dS
lj (x′) dΓ











+ ✭✺✳✹✵✮

E
∑

e=1

αeS
l











ε̄e
lij +

ˆ

ΓS

T S
ij,k (x

′, x) ûeS
lj (x

′) dΓ−
ˆ

ΓS

US
ij,k (x

′, x) t̂eSlj (x
′) dΓ











,

♦♥❞❡ Uij,k E ❞❛❞♦ ♣♦-✿

Uij,k = −
1

8Gπ (1− ν) r
{δikr,j + δjkr,i − [(3− 4ν) + 2r,ir,jr,k]} , ✭✺✳✹✶✮

✻✻



Tij,k  ❞❛❞♦ ♣♦%✿

Tij,k =
1

4π (1− ν) r2

{

2
∂r

∂n
[δikr,j + δjkr,i − ((1− 2ν) δij + 4r,ir,j) r,k] +

nk [(1− 2ν) δij + 2r,i2r,j] + (1− 2ν) (δjkni − δiknj)− ✭✺✳✹✷✮

2 (1− 2ν) r,k (nir,j − njr,i) ,

❡ ε̄lij  ❞❛❞♦ ♣♦% ❬✷✾❪✿✿

ε̄m
lij =

1− 2ν

(5− 4ν)G

[

δijr,j +
1

2
(δlir,j + δljr,i)

]

r +

1

30 (1− ν)G
[(4− 5ν) (δlir,j + δljr,i)− δijr,l − r,lr,ir,j] r

2. ✭✺✳✹✸✮

❆3 ✈❛%✐6✈❡✐3 αmR
l ❡ αmS

l ✱ 38♦ ❝♦♥3;❛♥;❡3 ❞❡ ✐♥;❡%♣♦❧❛=8♦ ♣%♦✈❡♥✐❡♥;❡3 ❞❛ ❛♣❧✐❝❛=8♦ ❞♦ ♠ ;♦❞♦

❞❡ ❞✉♣❧❛ %❡❝✐♣%♦❝✐❞❛❞❡✱ ❞❛❞❛3 ♣❡❧❛3 ❡@✳✭✹✳✷✵✮ ❡ ❡@✳✭✹✳✷✶✮✳

✺✳✶✶✳✷ ❉❡&✐✈❛*+♦ ■.♦♣❛&❛♠12&✐❝❛

❚❡♥❞♦ ❝♦♥❤❡❝✐❞♦ ♦ ❝❛♠♣♦ ❞❡ ❞❡3❧♦❝❛♠❡♥;♦ uj ❡♠ ❝❛❞❛ ✉♠ ❞♦3 ♥♦3 @✉❡ ❝♦♠♣E❡♠ ❛3 ❝ ❧✉❧❛3

❞❡ ✐♥;❡❣%❛=8♦ ❞❛ ✐♥;❡❣%❛❧ J̄EDI ✱ ❡ ❝%✐❛♥❞♦ ❛ ✈❛%✐6✈❡❧✿

❇iso =







∂Φ1

∂ε
∂Φ2

∂ε
∂Φ3

∂ε
∂Φ4

∂ε
∂Φ5

∂ε
∂Φ6

∂ε
∂Φ7

∂ε
∂Φ8

∂ε
∂Φ9

∂ε

∂Φ1

∂η
∂Φ2

∂η
∂Φ3

∂η
∂Φ4

∂η
∂Φ5

∂η
∂Φ6

∂η
∂Φ7

∂η
∂Φ8

∂η
∂Φ9

∂η





 , ✭✺✳✹✹✮

♣♦❞❡✲3❡ ♦❜;❡% ❛3 ❞❡%✐✈❛❞❛3 ❞✐%❡❝✐♦♥❛✐3 ❞❡ ❞❡3❧♦❝❛♠❡♥;♦ ❛;%❛✈ 3 ❞♦ ♣%♦❞✉;♦✿
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[

∂u1

∂x1

∂u1

∂x2
∂u2

∂x1

∂u2

∂x2

]

= ❇iso











































































u11 u12

u21 u22

u31 u32

u41 u42

u51 u52

u61 u62

u71 u72

u81 u82

u91 u92











































































, ✭✺✳✹✺✮

♦♥❞❡ uk
) ♦ ✈❛❧♦- ❞❡ ❞❡.❧♦❝❛♠❡♥1♦ ♥♦ k✲).✐♠♦ ♥4 ♥❛ ❝)❧✉❧❛ ❡♠ ❛♥6❧✐.❡✳

✺✳✶✷ ❖❜&❡♥)*♦ ❞❡ KI ❡ KII

❚❡♥❞♦ 8✉❡✱ ♣❛-❛ ❡❧❛.1✐❝✐❞❛❞❡ ♣❧❛♥❛✱ JEDI ♣♦❞❡ .❡- ❡.❝-✐1♦ ♥❛ ❢♦-♠❛✿

ĴEDI =
ηK2

I

E
+

ηK2
II

E
, ✭✺✳✹✻✮

♦♥❞❡ η = 1 ♣❛-❛ ❡.1❛❞♦ ♣❧❛♥♦ ❞❡ 1❡♥.>♦ ❡ η = 1 − ν2 ♣❛-❛ ❡.1❛❞♦ ♣❧❛♥♦ ❞❡ ❞❡❢♦-♠❛?>♦✱

♣♦❞❡✲.❡ ❞✐③❡- 8✉❡ JEDI ♣♦❞❡ .❡- ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛. ❝♦♠♣♦♥❡♥1❡. ♥❛ ❢♦-♠❛✿

ĴEDI = Ĵ I
EDI + Ĵ II

EDI , ✭✺✳✹✼✮

♦♥❞❡ Ĵ I
EDI ) ❛ ❝♦♠♣♦♥❡♥1❡ ❞❡ ĴEDI -❡❧❛❝✐♦♥❛❞❛ ❛♦ ♠♦❞♦ ■ ❞❡ ❢-❛1✉-❛ ❡ Ĵ II

EDI ) ❛ ❝♦♠♣♦♥❡♥1❡

❞❡ ĴEDI -❡❧❛❝✐♦♥❛❞❛ ❛♦ ♠♦❞♦ ■■ ❞❡ ❢-❛1✉-❛✳ ❊.1❡. ❞♦✐. 1❡-♠♦. ♣♦❞❡♠ .❡- ❡.❝-✐1♦. ♥❛ ❢♦-♠❛✿

Ĵ I
EDI =

ˆ

V

(

σ∗Iij u∗Ij,k − wIδki

)

qk,i dV +

ˆ

V

ρüi
∗Iu∗Ii,kdV +

1

hS

ˆ

V

b∗Ii u∗Ii,kdV
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✭✺✳✹✽✮

Ĵ II
EDI =

ˆ

V

(

σ∗II
ij u∗II

j,k − wIIδki

)

qk,i dV +

ˆ

V

ρüi
∗IIu∗II

i,k dV +
1

hS

ˆ

V

b∗II
i u∗II

i,k dV .

❆''✐♠ '❡♥❞♦✱ ❛❝♦♣❧❛♥❞♦ ❛' ❡3✳✭✺✳✹✽✮ ❡ ❡3✳✭✺✳✹✼✮✱ ♦' ❢❛6♦7❡' ❞❡ ✐♥6❡♥'✐❞❛❞❡ ❞❡ 6❡♥'8♦ KI ❡ KII

♣♦❞❡♠ '❡7 ♦❜6✐❞♦' ♥❛ ❢♦7♠❛ ❬✶✷❪✿

KI =

√

8G

k + 1
Ĵ I

EDI

✭✺✳✹✾✮

KII =

√

8G

k + 1
Ĵ II

EDI ,

♦♥❞❡ k = (3− ν) / (1 + ν) ♣❛7❛ ❡'6❛❞♦ ♣❧❛♥♦ ❞❡ 6❡♥'8♦ ❡ k = (3− 4ν) ♣❛7❛ ❡'6❛❞♦ ♣❧❛♥♦ ❞❡

❞❡❢♦7♠❛@8♦✳
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❞✐)♣❧❛❝❡♠❡♥% ✭❈❚❖❉✮✳ ❆ )♦❧✉56♦ 1❡❛❧✐③❛❞❛ ♥♦ ❞♦♠-♥✐♦ ❞♦ %❡♠♣♦ 0 ❢❡✐%❛ ❛%1❛✈0) ❞♦ ♠0%♦❞♦

❞❡ ❍♦✉❜♦❧% ✉%✐❧✐③❛♥❞♦ ✉♠ %✐♠❡ )%❡♣ ❞❡ τ = 0, 2µs ❡ ✼✺ ✐♥)%❛♥%❡) ❞❡ %❡♠♣♦✳ ❆ ❞✐)❝1❡%✐③❛56♦

✼✵



❞❛ ❝❤❛♣❛ % ❢❡✐)❛ ✉)✐❧✐③❛♥❞♦ ✷✹ ❡❧❡♠❡♥)♦2 3✉❛❞45)✐❝♦2 ❞❡2❝♦♥)6♥✉♦2 ♣❛4❛ ❛ ❞✐2❝4❡)✐③❛78♦ ❞♦

❝♦♥)♦4♥♦✱ ❡ ✺✻ ❡❧❡♠❡♥)♦2 ♣❛4❛ ❞✐2❝4❡)✐③❛78♦ ❞❛ )4✐♥❝❛✳ ❆ ❞✐2)4✐❜✉✐78♦ ❞♦2 ❡❧❡♠❡♥)♦2 ♥❛ )4✐♥❝❛

% ❢❡✐)❛ ❝♦❧♦❝❛♥❞♦ ✷✹ ❡❧❡♠❡♥)♦2 ♣❛4❛ ❞✐2❝4❡)✐③❛78♦ ❞❡ ❝❛❞❛ ♣♦♥)❛ ❞❛ )4✐♥❝❛✱ ❡ ✽ ❡❧❡♠❡♥)♦2 ♣❛4❛

♦ 4❡2)♦ ❞♦ ❝♦♠♣4✐♠❡♥)♦ ❞❛ )4✐♥❝❛ 3✉❡ ♥8♦ % ✉)✐❧✐③❛❞♦ ♥❛ ❛♣❧✐❝❛78♦ ❞❛ ❊❉■✳

❋✐❣✉4❛ ✻✳✶✿ ❈❤❛♣❛ ❝♦♠ )4✐♥❝❛ ❝❡♥)4❛❧✳

❙8♦ ✉)✐❧✐③❛❞♦2 ✼✺ ♥J2 ✐♥)❡4♥♦2 ❡♠ ❝❛❞❛ ❡①)4❡♠✐❞❛❞❡ ❞❛ )4✐♥❝❛ ♣❛4❛ ❛✈❛❧✐❛78♦ ❞❛ ❊❉■✱ ❡ ✾✻

♥J2 ✐♥)❡4♥♦2 ❞✐2)4✐❜✉6❞♦2 ♣❡❧♦ 4❡2)♦ ❞♦ ❞♦♠6♥✐♦ ❞❛ ❝❤❛♣❛✱ 2❡♥❞♦ 3✉❡✱ ♣❛4❛ ❛ ❛♥5❧✐2❡ ❞♦2

❡❢❡✐)♦2 ❞❡ ✐♥%4❝✐❛ ❛)✉❛♥)❡2 ♥❛ ❝❤❛♣❛ 28♦ ✉)✐❧✐③❛❞♦2 )♦❞♦2 ♦2 ✷✹✻ ♥J2 ✐♥)❡4♥♦2✳ N❛4❛ ❛ ❛♥5❧✐2❡

❞❛ ❊❉■ ❞♦✐2 ❝❛2♦2 28♦ ❛♥❛❧✐2❛❞♦2✳ ❖ ♣4✐♠❡✐4♦ ✉)✐❧✐③❛♥❞♦ ♦2 )❡4♠♦2 ∂ui/∂xj ❞❛ ❡3✳✭✺✳✸✻✮

♦❜)✐❞♦2 ❛)4❛✈%2 ❞❛ ❞❡4✐✈❛❞❛ ✐2♦♣❛4❛♠%)4✐❝❛ ❞♦2 ❞❡2❧♦❝❛♠❡♥)♦2 ❞♦2 ♥J2 ♥❛ ♣♦♥)❛ ❞❛ )4✐♥❝❛✳ ❖

2❡❣✉♥❞♦ ❝❛2♦ ❛♥❛❧✐2❛❞♦ % ✉)✐❧✐③❛♥❞♦ ❛ ✐♥)❡❣4❛78♦ ❞❛2 2♦❧✉7S❡2 ❢✉♥❞❛♠❡♥)❛✐2 ❞❡ ❞❡4✐✈❛❞❛ ❞❡

❞❡2❧♦❝❛♠❡♥)♦✳ ❙8♦ ✉)✐❧✐③❛❞❛2 ✷✹ ❝%❧✉❧❛2 ✐2♦♣❛4❛♠%)4✐❝❛2 ❡♠ ❝❛❞❛ ♣♦♥)❛ ❞❛ )4✐♥❝❛✱ ❝♦♠♣♦2)❛2

4❡2♣❡❝)✐✈❛♠❡♥)❡ ♣♦4 ✼✺ ♥J2 ❞❡ ❞♦♠6♥✐♦ ❡ ✶✵ ♥J2 ❞♦ ❝♦♥)♦4♥♦ ❞❛ )4✐♥❝❛✳ ❖2 4❡2✉❧)❛❞♦2 ❞❡

❢❛)♦4❡2 ❞❡ ✐♥)❡♥2✐❞❛❞❡ ❞❡ )❡♥28♦ KI/K0 ♣❛4❛ ♦ ♣4✐♠❡✐4♦ ❝❛2♦ 28♦ ❞❛❞♦2 ♣❡❧❛ ❋✐❣✳✭✻✳✷✮ ❡ ♦2

❢❛)♦4❡2 ❞❡ ✐♥)❡♥2✐❞❛❞❡ ❞❡ )❡♥28♦ KI/K0 ♣❛4❛ ♦ 2❡❣✉♥❞♦ ❝❛2♦ 28♦ ❞❛❞♦2 ♣❡❧❛ ❋✐❣✳✭✻✳✸✮✳
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❋✐❣✉$❛ ✻✳✷✿ ❑■✴❑✵ ❝❤❛♣❛ ❝♦♠ 3$✐♥❝❛ ❝❡♥3$❛❧✱ ✉3✐❧✐③❛♥❞♦ ✐:♦♣❛$❛♠❡3$✐③❛;<♦ ❞❛: ❞❡$✐✈❛❞❛: ❞❡

❞❡:❧♦❝❛♠❡♥3♦✳

❖ 3❡♠♣♦ ❞❡ ❛♥?❧✐:❡ ♣❛$❛ ♦ ♣$✐♠❡✐$♦ ❝❛:♦✱ ❢♦✐ ❞❡ ✷✾✺ :❡❣✉♥❞♦:✱ ❡♥C✉❛♥3♦ ♣❛$❛ ♦ :❡❣✉♥❞♦ ❝❛:♦ ❢♦✐

❞❡ ✸✶✸ :❡❣✉♥❞♦:✳ ➱ ♣♦::G✈❡❧ ♣❡$❝❡❜❡$ C✉❡ ♦: $❡:✉❧3❛❞♦: ❞♦ :❡❣✉♥❞♦ ❝❛:♦ ❛♣$❡:❡♥3❛♠ ♣❡C✉❡♥❛:

✐♥3❡$❢❡$I♥❝✐❛: ♥❛ ❝✉$✈❛✳ ❊::❛: ✐♥3❡$❢❡$I♥❝✐❛: :<♦ ❞❡❝♦$$❡♥3❡: ❞❡ ❧✐①♦ ♥✉♠L$✐❝♦ ❛❜:♦$✈✐❞♦ ♣❡❧❛

❝♦♠♣✉3❛;<♦ ❞❛: ❞❡$✐✈❛❞❛: ❞✐$❡❝✐♦♥❛✐: ❞❡ ❞❡:❧♦❝❛♠❡♥3♦ ∂ui/∂xj✱ ✉♠❛ ✈❡③ C✉❡ ❛ ♦$❞❡♠ ❞❡

❣$❛♥❞❡③❛ ❞❡❧❛: L ♠✉✐3♦ ♣❡C✉❡♥❛✳ ◆♦ ♣$✐♠❡✐$♦ ❝❛:♦✱ ❡::❡: 3❡$♠♦: :<♦ ♦❜3✐❞♦: ❞✐$❡3❛♠❡♥3❡ ❞♦:

$❡:✉❧3❛❞♦: ❞❡ ❞❡:❧♦❝❛♠❡♥3♦✱ ❡❧✐♠✐♥❛♥❞♦ ❛::✐♠ ♦ $✐:❝♦ ❞❡ ❛❜:♦$;<♦ ❞❡ ❧✐①♦ ♥✉♠L$✐❝♦ ❞✉$❛♥3❡ ♦

♣$♦❝❡::♦ ❞❡ ❝♦♠♣✉3❛;<♦✳ ❖✉3$♦ ❢❛3♦$ ❛ :❡$ ❧❡✈❛❞♦ ❡♠ ❝♦♥:✐❞❡$❛;<♦ L ❛ ❞✐❢❡$❡♥;❛ ❞❡ 3❡♠♣♦ ❞❡

❝♦♠♣✉3❛;<♦✳ ❯3✐❧✐③❛♥❞♦✲:❡ ❛ ❞❡$✐✈❛❞❛ ✐:♦♣❛$❛♠L3$✐❝❛ ❞♦: 3❡$♠♦: ❞❡ ❞❡:❧♦❝❛♠❡♥3♦✱ ❡❧✐♠✐♥❛✲:❡

❛ ❝♦♠♣✉3❛;<♦ ❞❡:♥❡❝❡::?$✐❛ ❞❛ ❡C✉❛;<♦ ✐♥3❡❣$❛❧ ❞❛❞❛ ♣❡❧❛ ❡C✳✭✺✳✹✵✮✱ C✉❡ L ❛ ❡C✉❛;<♦ ✐♥3❡❣$❛❧

♠❛✐: ❝❛$❛ ❝♦♠♣✉3❛❝✐♦♥❛❧♠❡♥3❡ ❛ :❡$ ❞✐:❝$❡3✐③❛❞❛✳
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❋✐❣✉$❛ ✻✳✸✿ ❑■✴❑✵ ❝❤❛♣❛ ❝♦♠ 3$✐♥❝❛ ❝❡♥3$❛❧✱ ✉3✐❧✐③❛♥❞♦ ✐♥3❡❣$❛:;♦ ❞❛< <♦❧✉:=❡< ❢✉♥❞❛♠❡♥3❛✐<

❞❡ ❞❡$✐✈❛❞❛< ❞❡ ❞❡<❧♦❝❛♠❡♥3♦ ❡ ❢♦$:❛< ❞❡ <✉♣❡$❢@❝✐❡✳

❆ ♥♦$♠❛❧✐③❛:;♦ ❞♦ ❢❛3♦$ ❞❡ ✐♥3❡<✐❞❛❞❡ ❞❡ 3❡♥<;♦ B ❢❡✐3❛ ❛3$❛✈B< ❞❡ K0 = σ0
√

πa✱ ♦♥❞❡ a✱ ♣❛$❛

♦ ❝❛<♦ ❛♥❛❧✐<❛❞♦ B ❞❛❞♦ ♣❡❧❛ ♠❡3❛❞❡ ❞♦ ❝♦♠♣$✐♠❡♥3♦ ❞❛ 3$✐♥❝❛✱ ❡ σ0 B ❛ 3❡♥<;♦ ❛♣❧✐❝❛❞❛ ♥❛<

❡①3$❡♠✐❞❛❞❡< ❞❛ ❝❤❛♣❛✳

✻✳✷✳✷ ❚$✐♥❝❛ ❈❡♥+$❛❧ ■♥❝❧✐♥❛❞❛

❯♠❛ ❝❤❛♣❛ ✐<♦3$E♣✐❝❛ ❝♦♠ ✉♠❛ 3$✐♥❝❛ ✐♥❝❧✐♥❛❞❛ B ❛♥❛❧✐<❛❞❛ <❡♠ ✉<♦ ❞❡ $❡♣❛$♦ ❞❡ ♠❛3❡$✐❛❧

❝♦♠♣E<✐3♦ ✭❋✐❣✳✻✳✹✮✳ ❆ ❝❤❛♣❛ B <✉❜♠❡3✐❞❛ ❛ ✉♠❛ ❝❛$❣❛ ❞✐♥J♠✐❝❛ K✉❡ ♣❛<<❛ ❛ ❛3✉❛$ ♥♦

✐♥<3❛♥3❡ ❞❡ 3❡♠♣♦ τ = 0 ❡ ♣❡$♠❛♥❡❝❡ ❝♦♥<3❛♥3❡ ❛♣E< ❛ ❝♦♥3❛❣❡♠✳ ❆<<✐♠ ❝♦♠♦ ♥♦ ❝❛<♦ ❞❛

3$✐♥❝❛ ❝❡♥3$❛❧ $❡3❛✱ ♦ ♠B3♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥3♦< ❞❡ ❝♦♥3♦$♥♦ B ✉3✐❧✐③❛❞♦ ♣❛$❛ <✐♠✉❧❛$ ❛ 3$✐♥❝❛✱

❡ ♦ ♠B3♦❞♦ ❞❡ ❞✉♣❧❛ $❡❝✐♣$♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥3♦< ❞❡ ❝♦♥3♦$♥♦ B ✉3✐❧✐③❛❞♦ ♣❛$❛ <✐♠✉❧❛:;♦ ❞♦<

❡❢❡✐3♦< ❞❡ ✐♥B$❝✐❛ <♦❜$❡ ❛ ❝❤❛♣❛✳ ❖< ♠B3♦❞♦< ❞❡ ♦❜3❡♥:;♦ ❞❡ ❢❛3♦$❡< ❞❡ ✐♥3❡♥<✐❞❛❞❡ ❞❡ 3❡♥<;♦

<;♦ ♦ ❈❚❖❉ ❡ ❛ ❊❉■✳ ◆❡<3❡ ❝❛<♦✱ ❛♣❡♥❛< ❛ ❞❡$✐✈❛:;♦ ✐<♦♣❛$❛♠B3$✐❝❛ B ✉3✐❧✐③❛❞❛ ♣❛$❛ ♦❜3❡♥:;♦

❞♦< 3❡$♠♦< ❞❡ ❞❡$✐✈❛❞❛ ❞✐$❡❝✐♦♥❛❧ ❞❡ ❞❡<❧♦❝❛♠❡♥3♦ ∂ui/∂xj✳ ❆ <♦❧✉:;♦ ♥♦ ❞♦♠@♥✐♦ ❞♦ 3❡♠♣♦

B ❢❡✐3❛ ❛3$❛✈B< ❞♦ ♠B3♦❞♦ ❞❡ ❍♦✉❜♦❧3✱ ❝♦♠ ❡<♣❛:♦ ❞❡ 3❡♣♦ τ = 0, 2µs ❡ ✶✵✵ ✐♥<3❛♥3❡< ❞❡

3❡♠♣♦✳
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❋✐❣✉$❛ ✻✳✹✿ ❈❤❛♣❛ ❝♦♠ 0$✐♥❝❛ ✐♥❝❧✐♥❛❞❛✳
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❆ ❞✐#❝%❡'✐③❛*+♦ ❞❛ ❝❤❛♣❛ / ❢❡✐'❛ ❞❡ ♠❛♥❡✐%❛ #✐♠✐❧❛% ❛♦ ❞❛ ❝❤❛♣❛ ❝♦♠ '%✐♥❝❛ %❡'❛✱ ✉'✐❧✐③❛♥❞♦

✷✹ ❡❧❡♠❡♥'♦# 8✉❛❞%9'✐❝♦# ❞❡#❝♦♥':♥✉♦# ♣❛%❛ ❛ ❞✐#❝%❡'✐③❛*+♦ ❞♦ ❝♦♥'♦%♥♦✱ ❡ ✺✻ ❡❧❡♠❡♥'♦#

8✉❛❞%9'✐❝♦# ❞❡#❝♦♥':♥✉♦# ♣❛%❛ ❞✐#❝%❡'✐③❛*+♦ ❞❛ '%✐♥❝❛✳ ❆ ❞✐#'%✐❜✉✐*+♦ ❞♦# ❡❧❡♠❡♥'♦# ♥❛ '%✐♥❝❛

/ ❢❡✐'❛ ❝♦❧♦❝❛♥❞♦ ✷✹ ❡❧❡♠❡♥'♦# ♣❛%❛ ❞✐#❝%❡'✐③❛*+♦ ❞❡ ❝❛❞❛ ♣♦♥'❛ ❞❛ '%✐♥❝❛✱ ❡ ✽ ❡❧❡♠❡♥'♦# ♣❛%❛

♦ %❡#'♦ ❞♦ ❝♦♠♣%✐♠❡♥'♦ ❞❛ '%✐♥❝❛ 8✉❡ ♥+♦ / ✉'✐❧✐③❛❞♦ ♥❛ ❛♣❧✐❝❛*+♦ ❞❛ ❊❉■✳ ❙+♦ ✉'✐❧✐③❛❞♦#

✼✺ ♥E# ✐♥'❡%♥♦# ❡♠ ❝❛❞❛ ❡①'%❡♠✐❞❛❞❡ ❞❛ '%✐♥❝❛ ♣❛%❛ ❛✈❛❧✐❛*+♦ ❞❛ ❊❉■ ❡ ✾✹ ♥E# ✐♥'❡%♥♦#

❞✐#'%✐❜✉✐❞♦# ♣❡❧♦ %❡#'♦ ❞♦ ❞♦♠:♥✐♦ ❞❛ ❝❤❛♣❛✱ #❡♥❞♦ 8✉❡✱ ♣❛%❛ ❛ ❛♥9❧✐#❡ ❞♦# ❡❢❡✐'♦# ❞❡ ✐♥/%❝✐❛

❛'✉❛♥'❡# ♥❛ ❝❤❛♣❛ #+♦ ✉'✐❧✐③❛❞♦# '♦❞♦# ♦# ✷✹✹ ♥E# ✐♥'❡%♥♦#✳ I❛%❛ ❡#'❡ ❝❛#♦✱ ♦# %❡#✉❧'❛❞♦# ❞❡

KI/K0 #+♦ ❞❛❞♦# ♣❡❧❛ ❋✐❣✳✭✻✳✺✮ ❡ ♦# %❡#✉❧'❛❞♦# ❞❡ KII/K0 #+♦ ❞❛❞♦# ♣❡❧❛ ❋✐❣✳✭✻✳✻✮

❋✐❣✉%❛ ✻✳✺✿ ❑■✴❑✵ ❝❤❛♣❛ ❝♦♠ '%✐♥❝❛ ❝❡♥'%❛❧ ✐♥❝❧✐♥❛❞❛✱ ✉'✐❧✐③❛♥❞♦ ✐#♦♣❛%❛♠❡'%✐③❛*+♦ ❞❛#

❞❡%✐✈❛❞❛# ❞❡ ❞❡#❧♦❝❛♠❡♥'♦ ❡ ✶✻ ❝/❧✉❧❛#✳

✼✺



❋✐❣✉$❛ ✻✳✻✿ ❑■■✴❑✵ ❝❤❛♣❛ ❝♦♠ 2$✐♥❝❛ ❝❡♥2$❛❧ ✐♥❝❧✐♥❛❞❛✱ ✉2✐❧✐③❛♥❞♦ ✐9♦♣❛$❛♠❡2$✐③❛:;♦ ❞❛9

❞❡$✐✈❛❞❛9 ❞❡ ❞❡9❧♦❝❛♠❡♥2♦ ❡ ✶✻ ❝>❧✉❧❛9✳

❖ ❡$$♦ $❡❧❛2✐✈♦ ♠@①✐♠♦ ♣❛$❛ KI/K0 ❢♦✐ ❞❡ 22, 5% ♣❛'❛ ✉♠ *❡♠♣♦ ❞❡ ❛♥,❧✐.❡ ❞❡ ✹✷✺ .❡❣✉♥✲

❞♦.✳ ❉❡ ❢♦'♠❛ ❛ .❡ ✈❡'✐✜❝❛' ❛ ✐♥✢✉:♥❝✐❛ ❞♦ ♥;♠❡'♦ ❞❡ ❝<❧✉❧❛. ❡ ❞❡ ❝♦♠♣'✐♠❡♥*♦ ❞❡ *'✐♥❝❛

✉*✐❧✐③❛❞♦ ♥❛ ❛✈❛❧✐❛>?♦ ❞❛ ❊❉■✱ ✉♠ .❡❣✉♥❞♦ ❝❛.♦ ❢♦✐ *❡.*❛❞♦✳ ❆ ❞✐.❝'❡*✐③❛>?♦ ❢♦✐ ❢❡✐*❛ ❞❡

♠❛♥❡✐'❛ .❡♠❡❧❤❛♥*❡✱ ♣♦'<♠✱ ✉*✐❧✐③❛♥❞♦ ❞❡.*❛ ✈❡③ ✼✷ ❡❧❡♠❡♥*♦. F✉❛❞',*✐❝♦. ❞❡.❝♦♥*G♥✉♦. ♣❛'❛

❞✐.❝'❡*✐③❛>?♦ ❞❛ *'✐♥❝❛✱ .❡♥❞♦ ✸✷ ❡❧❡♠❡♥*♦. ✉*✐❧✐③❛❞♦. ♣❛'❛ ❞✐.❝'❡*✐③❛>?♦ ❞❡ ❝❛❞❛ ♣♦♥*❛ ❞❛

*'✐♥❝❛✱ ❡ ✽ ❡❧❡♠❡♥*♦. ♣❛'❛ ♦ '❡.*♦ ❞♦ ❝♦♠♣'✐♠❡♥*♦ ❞❛ *'✐♥❝❛ F✉❡ ♥?♦ < ✉*✐❧✐③❛❞♦ ♥❛ ❛♣❧✐❝❛>?♦

❞❛ ❊❉■✳ ❙?♦ ✉*✐❧✐③❛❞♦. ✶✵✺ ♥M. ✐♥*❡'♥♦. ❡♠ ❝❛❞❛ ❡①*'❡♠✐❞❛❞❡ ❞❛ *'✐♥❝❛ ♣❛'❛ ❛✈❛❧✐❛>?♦ ❞❛

❊❉■ ❡ ✾✹ ♥M. ✐♥*❡'♥♦. ❞✐.*'✐❜✉✐❞♦. ♣❡❧♦ '❡.*♦ ❞♦ ❞♦♠G♥✐♦ ❞❛ ❝❤❛♣❛✱ .❡♥❞♦ F✉❡✱ ♣❛'❛ ❛ ❛♥,❧✐.❡

❞♦. ❡❢❡✐*♦. ❞❡ ✐♥<'❝✐❛ ❛*✉❛♥*❡. ♥❛ ❝❤❛♣❛ .?♦ ✉*✐❧✐③❛❞♦. *♦❞♦. ♦. ✸✵✹ ♥M. ✐♥*❡'♥♦.✳ Q❛'❛ ❡.*❡

❝❛.♦✱ ♦. '❡.✉❧*❛❞♦. ❞❡ KI/K0 .?♦ ❞❛❞♦. ♣❡❧❛ ❋✐❣✳✭✻✳✼✮ ❡ ♦. '❡.✉❧*❛❞♦. ❞❡ KII/K0 .?♦ ❞❛❞♦.

♣❡❧❛ ❋✐❣✳✭✻✳✽✮

✼✻



❋✐❣✉$❛ ✻✳✼✿ ❑■✴❑✵ ❝❤❛♣❛ ❝♦♠ 3$✐♥❝❛ ❝❡♥3$❛❧ ✐♥❝❧✐♥❛❞❛✱ ✉3✐❧✐③❛♥❞♦ ✐:♦♣❛$❛♠❡3$✐③❛;<♦ ❞❛:

❞❡$✐✈❛❞❛: ❞❡ ❞❡:❧♦❝❛♠❡♥3♦ ❡ ✷✹ ❝@❧✉❧❛:✳

❋✐❣✉$❛ ✻✳✽✿ ❑■■✴❑✵ ❝❤❛♣❛ ❝♦♠ 3$✐♥❝❛ ❝❡♥3$❛❧ ✐♥❝❧✐♥❛❞❛✱ ✉3✐❧✐③❛♥❞♦ ✐:♦♣❛$❛♠❡3$✐③❛;<♦ ❞❛:

❞❡$✐✈❛❞❛: ❞❡ ❞❡:❧♦❝❛♠❡♥3♦ ❡ ✷✹ ❝@❧✉❧❛:✳

✼✼



❖ ❡""♦ "❡❧❛&✐✈♦ ♠*①✐♠♦ ♣❛"❛ KI/K0 ❢♦✐ ❞❡ 13, 4% ♣❛"❛ ✉♠ &❡♠♣♦ ❞❡ ❛♥*❧✐1❡ ❞❡ ✹✼✸ 1❡❣✉♥❞♦1✳

❯♠ &❡"❝❡✐"♦ ❝❛1♦ ❢♦✐ ❛♥❛❧✐1❛❞♦✱ ✉&✐❧✐③❛♥❞♦ ❞❡1&❛ ✈❡③ ✶✻✺ ♥>1 ✐♥&❡"♥♦1 ♣❛"❛ ❛✈❛❧✐❛?@♦ ❞❛ ❊❉■

❡♠ ❝❛❞❛ ♣♦♥&❛ ❞❛ &"✐♥❝❛✱ ❣❡"❛♥❞♦ ❛11✐♠✱ ✹✵ ❝E❧✉❧❛1 ❞❡ ✐♥&❡❣"❛?@♦ ♣❛"❛ ❝❛❞❛ ♣♦♥&❛ ❞❛ &"✐♥❝❛✱

❡ ❛✉♠❡♥&❛♥❞♦ ❛ ❞✐1❝"❡&✐③❛?@♦ ❞❡ ❝❛❞❛ ♣♦♥&❛ ❞❛ &"✐♥❝❛ ♣❛"❛ ✻✵ ❡❧❡♠❡♥&♦1✳ F❛"❛ ❡1&❡ ❝❛1♦✱ ♦1

"❡1✉❧&❛❞♦1 ❞❡ KI/K0 1@♦ ❞❛❞♦1 ♣❡❧❛ ❋✐❣✳✭✻✳✾✮✳

❋✐❣✉"❛ ✻✳✾✿ ❑■■✴❑✵ ❝❤❛♣❛ ❝♦♠ &"✐♥❝❛ ❝❡♥&"❛❧ ✐♥❝❧✐♥❛❞❛✱ ✉&✐❧✐③❛♥❞♦ ✐1♦♣❛"❛♠❡&"✐③❛?@♦ ❞❛1

❞❡"✐✈❛❞❛1 ❞❡ ❞❡1❧♦❝❛♠❡♥&♦ ❡ ✹✵ ❝E❧✉❧❛1✳

❖ ❡""♦ "❡❧❛&✐✈♦ ♠*①✐♠♦ ❞❡1&❡ ❝❛1♦ ♣❛"❛ KI/K0 ❢♦✐ ❞❡ 9, 7% ♣❛"❛ ✉♠ &❡♠♣♦ ❞❡ ❛♥*❧✐1❡ ❞❡ ✺✼✹

1❡❣✉♥❞♦1✳ ❖1 "❡1✉❧&❛❞♦1 ❞❡ ❊❉■ ❞❡✈❡"✐❛♠ 1❡" ✐❣✉❛✐1 ♣❛"❛ ♦1 &"O1 ❝❛1♦1✱ ♣♦"E♠ ♣❛"❛ P✉❡ ✐11♦

❛❝♦♥&❡?❛✱ ❞❡✈❡✲1❡ 1❛&✐1❢❛③❡" ❛ ❝♦♥❞✐?@♦ ❞❛❞❛ ♣❡❧❛ ❡P✳✭✻✳✷✵✮✱ ♦ P✉❡ 1✐❣♥✐✜❝❛ P✉❡ ♦ "❛✐♦ ✐♥&❡"♥♦

❞❛ *"❡❛ ❞❡ ✐♥&❡❣"❛?@♦ ❞❡✈❡ &❡♥❞❡" T 0✳ ❯♠❛ ✈❡③ P✉❡✱ ♣❛"❛ ❡11❛ ❢♦"♠✉❧❛?@♦✱ 1❡ ✉&✐❧✐③❛ ❡❧❡✲

♠❡♥&♦1 P✉❛❞"✐❧*&❡"♦1 ❜✐❧✐♥❡❛"❡1✱ ♥@♦ E ❛♣"♦♣"✐❛❞♦ ❝♦❧❛♣1❛" &"O1 ♥♦1 ❡♠ ✉♠ V♥✐❝♦ ♣♦♥&♦✱ ❧♦❣♦

❡1&❛ ❝♦♥❞✐?@♦ ♥@♦ E 1❛&✐1❢❡✐&❛✳ ❯♠❛ ❢♦"♠❛ ❞❡ 1❡ ❝♦♥&♦"♥❛" ♦ ♣"♦❜❧❡♠❛ E &❡♥&❛" &♦"♥❛" ♦ "❛✐♦

✐♥&❡"♥♦ ❞❛ *"❡❛ ❞❡ ✐♥&❡❣"❛?@♦ rinterno ♦ ♠❡♥♦" ♣♦11W✈❡❧ ❡♠ "❡❧❛?@♦ ❛ *"❡❛ ❞❡ ✐♥&❡❣"❛?@♦✱ ♦✉ 1❡❥❛✿

Θ =
rinterno

rextrerno

→ 0, ✭✻✳✶✮

✼✽



♥➦ ❞❡ ❝$❧✉❧❛( Θ ❡))♦ )❡❧❛+✐✈♦ ✭✪✮ +❡♠♣♦ ❞❡ ❝♦♠♣✉+❛34♦ ✭(❡❣✮

✶✻ ✵✱✶✶✻✼ ✷✷✱✺ ✹✷✺

✷✹ ✵✱✵✽✺✼ ✶✸✱✹ ✹✼✸

✹✵ ✵✱✵✺✵✷ ✾✱✼ ✺✼✹

❚❛❜❡❧❛ ✻✳✶✿ ❊))♦ )❡❧❛+✐✈♦ ❞❛ ❛✈❛❧✐❛34♦ ❞❡ ❊❉■ ❡♠ )❡❧❛34♦ ❛ Θ

♦♥❞❡ Θ $ ❛ )❡❧❛34♦ ❡♥+)❡ ♦ )❛✐♦ ✐♥+❡)♥♦ ❡ ❡①+❡)✐♦) ❞❛ I)❡❛ ❞❡ ✐♥+❡❣)❛34♦✳ ❆ )❡❧❛34♦ ❡♥+)❡

Θ ❡ ♦ ❡))♦ )❡❧❛+✐✈♦ ❞❡ KI/K0 ❡♥+)❡ ♦ ♠$+♦❞♦ ❞❛ ❊❉■ ❡ ♦ ♠$+♦❞♦ ❞❡ ❈❚❖❉ $ ❞❛❞♦ ♣❡❧❛

+❛❜❡❧❛✭✻✳✶✮✳ ❆ ❝♦♠♣❛)❛34♦ ❡♥+)❡ ✈❛❧♦)❡( ❞❡ Θ ❡ ♦ ❡))♦ )❡❧❛+✐✈♦ ❞❡ KII/K0 ♣❛)❛ ♦( +)M( ❝❛(♦(

♥4♦ $ ❛❜♦)❞❛❞❛ ♥❡(+❛ ❞✐(❝✉((4♦✱ ✉♠❛ ✈❡③ O✉❡ ❛ ✈❛)✐❛34♦ ❡♥+)❡ ❡❧❡( $ ❞❡(♣)❡③P✈❡❧✳

✻✳✸ ❈❤❛♣❛ ❝♦♠ ❘❡❢♦-.❛❞♦- ❈♦♠♣01✐3♦

❯♠❛ ❝❤❛♣❛ ❞❡ ❛3♦ ✐(♦+)S♣✐❝❛ ❝♦♠ )❡❢♦)3❛❞♦) ❝♦♠♣S(✐+♦ (♦❜ ❝❛))❡❣❛♠❡♥+♦ ❞✐♥U♠✐❝♦ $ ❛♥❛❧✲

✐(❛❞❛ ✭❋✐❣✳✻✳✶✵✮✳ ❆( ❞✐♠❡♥(X❡( ❞❛ ❝❤❛♣❛ (4♦ 200mm ❞❡ ❧❛)❣✉)❛ ❡ 400mm ❞❡ ❛❧+✉)❛✳ ❆(

❞✐♠❡♥(X❡( ❞♦ )❡❢♦)3❛❞♦) (4♦ 140mm ❞❡ ❧❛)❣✉)❛ ❡ 140mm ❞❡ ❛❧+✉)❛✱ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❝❡♥+)♦

❞❛ ❝❤❛♣❛✳ ❆ ❝❤❛♣❛ $ (✉❜♠❡+✐❞❛ ❛ ✉♠❛ ❝❛)❣❛ ❞✐♥U♠✐❝❛ ❞❡ 100MPa✱ O✉❡ ♣❛((❛ ❛ ❛+✉❛) ♥♦

✐♥(+❛♥+❡ ❞❡ +❡♠♣♦ τ = 0 ❡ ♣❡)♠❛♥❡❝❡ ❝♦♥(+❛♥+❡ ❛♣S( ❛ ❝♦♥+❛❣❡♠✳ ❖ ♠S❞✉❧♦ ❞❡ ❡❧❛(+✐❝✐❞❛❞❡

❞❛ ❝❤❛♣❛ $ ❞❡ E = 220GPa✱ ♦ ♠S❞✉❧♦ ❞❡ Y♦✐((♦♥ $ ν = 0, 3✱ ❛ ❡(♣❡((✉)❛ $ hs = 1mm ❡ ❞❡♥✲

(✐❞❛❞❡ $ ❞❡ ρs = 5000Kg/m3
✳ ❖( ♠S❞✉❧♦( ❞❡ ❡❧❛(+✐❝✐❞❛❞❡ ❞♦ )❡❢♦)3❛❞♦) (4♦ E1 = 220GPa ❡

E2 = 430GPa✱ ♦ ♠S❞✉❧♦ ❞❡ ❝✐(❛❧❤❛♠❡♥+♦ $ G = 77, GPa✱ ♦ ♠S❞✉❧♦ ❞❡ Y♦✐((♦♥ $ νr = 0, 4286✱

❛ ❡(♣❡((✉)❛ $ hr = 1mm ❡ ❞❡♥(✐❞❛❞❡ $ ❞❡ ρr = 5000Kg/m3
✳ ❖ ♠$+♦❞♦ ❞❛ ❞✉♣❧❛ )❡❝✐♣)♦❝✐✲

❞❛❞❡ ❞❡ ❡❧❡♠❡♥+♦( ❞❡ ❝♦♥+♦)♥♦ $ ✉+✐❧✐③❛❞♦ +❛♥+♦ ♣❛)❛ (✐♠✉❧❛) ♦( ❡❢❡✐+♦( ❞❡ ✐♥$)❝✐❛ ❞❛ ❝❤❛♣❛

❡ ❞♦ )❡❢♦)3❛❞♦) O✉❛♥+♦ ♣❛)❛ (✐♠✉❧❛) ❛ ✐♥+❡)❛34♦ ❡♥+)❡ ❝❤❛♣❛ ❡ )❡❢♦)3❛❞♦)✳ ❆ (♦❧✉34♦

)❡❛❧✐③❛❞❛ ♥♦ ❞♦♠P♥✐♦ ❞♦ +❡♠♣♦ $ ❢❡✐+❛ ❛+)❛✈$( ❞♦ ♠$+♦❞♦ ❞❡ ❍♦✉❜♦❧+ ✉+✐❧✐③❛♥❞♦ ✉♠ +✐♠❡ (+❡♣

❞❡ τ = 0, 2µs ❡ ✼✺ ✐♥(+❛♥+❡( ❞❡ +❡♠♣♦✳

✼✾



❋✐❣✉$❛ ✻✳✶✵✿ ❈❤❛♣❛ ❝♦♠ $❡❢♦$3❛❞♦$✳

❆ ❞✐6❝$❡7✐③❛39♦ ❞❛ ❝❤❛♣❛ : ❢❡✐7❛ ✉7✐❧✐③❛♥❞♦ ✷✹ ❡❧❡♠❡♥7♦6 ?✉❛❞$@7✐❝♦6 ❞❡6❝♦♥7A♥✉♦6 ♣❛$❛ ❛

❞✐6❝$❡7✐③❛39♦ ❞♦ 6❡✉ ❝♦♥7♦$♥♦ ❡ ❛ ❞✐6❝$❡7✐③❛39♦ ❞♦ $❡❢♦$3❛❞♦$ : ❢❡✐7❛ ✉7✐❧✐③❛♥❞♦ ✹✵ ❡❧❡♠❡♥7♦6

?✉❛❞$@7✐❝♦6 ❝♦♥7A♥✉♦6 ♣❛$❛ ❞✐6❝$❡7✐③❛39♦ ❞❡ 6❡✉ ❝♦♥7♦$♥♦✳ ❙9♦ ✉7✐❧✐③❛❞♦6 ✶✸✾ ♥E6 ✐♥7❡$♥♦6

❛♦ $❡❢♦$3❛❞♦$ ♣❛$❛ ❛✈❛❧✐❛39♦ ❞♦6 ❡❢❡✐7♦6 ❞❡ ✐♥:$❝✐❛ ❛7✉❛♥7❡6 6♦❜$❡ ❡❧❡ ❡ ❞❛ ✐♥7❡$❛39♦ ❡♥7$❡

❝❤❛♣❛ ❡ $❡❢♦$3❛❞♦$✳ ❙9♦ ✉7✐❧✐③❛❞♦6 7❛♠❜:♠ ✹✽ ♥E6 ✐♥7❡$♥♦6 I ❝❤❛♣❛✱ ♥9♦ ❝♦♠♣❛$7✐❧❤❛❞♦6 ❛♦

$❡❢♦$3❛❞♦$✱ ?✉❡ ❡♠ ❝♦♥❥✉♥7♦ ❝♦♠ ♦6 ♦✉7$♦6 ✶✸✾ ♥E6✱ 69♦ ✉7✐❧✐③❛❞♦6 ♣❛$❛ ❛✈❛❧✐❛$ ♦6 ❡❢❡✐7♦6 ❞❡

✐♥:$❝✐❛ ❛7✉❛♥7❡6 6♦❜$❡ ❛ ❝❤❛♣❛✳ ❙❡♥❞♦ ❛ 7❡♥69♦ ❞❡ ❝✐6❛❧❤❛♠❡♥7♦ ❛7✉❛♥7❡ ♥♦ ❛❞❡6✐✈♦ ❞❛❞❛ ♣♦$✿

b =
GA

hA

{

uS − uR
}

, ✭✻✳✷✮

♦♥❞❡ b : ❛ 7❡♥69♦ ❝✐6❛❧❤❛♥7❡ ❛7✉❛♥7❡ ♥❛ ❝❛♠❛❞❛ ❛❞❡6✐✈❛✱ GA : ♦ ♠E❞✉❧♦ ❞❡ ❡❧❛67✐❝✐❞❛❞❡

7$❛♥6✈❡$6❛❧ ❞❛ ❝❛♠❛❞❛ ❛❞❡6✐✈❛✱ ❡ hA : ❛ ❡6♣❡66✉$❛ ❞❛ ❝❛♠❛❞❛ ❛❞❡6✐✈❛✱ ♣♦❞❡✲6❡ ❛66✉♠✐$ ?✉❡ ♦

❝♦♠♣♦$7❛♠❡♥7♦ ❞✐♥O♠✐❝♦ ❞❛ ❝❤❛♣❛ ❝♦♠ $❡❢♦$3❛❞♦$ ❝♦♠♣E6✐7♦ ✈❛$✐❛ ❞❡ ❛❝♦$❞♦ ❝♦♠ ❛ ✈❛$✐@✈❡❧

Λ = GA/hA✳
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❋✐❣✉$❛ ✻✳✶✶✿ ❉✐+,♦$./♦ $❡❧❛,✐✈❛ ❞❛ ❝❤❛♣❛✳

❋❛③❡♥❞♦ ❛ ❛♥9❧✐+❡ ♣❛$❛ ✹ ❝❛+♦+✱ ♦♥❞❡ $❡+♣❡❝,✐✈❛♠❡♥,❡ Λ = 0✱ Λ = 5, 50MPa/mm✱ Λ =

55MPa/mm ❡ Λ = 550MPa/mm✱ ❡ ❝♦♥+✐❞❡$❛♥❞♦ =✉❡ ❛ ❞✐+,♦$./♦ $❡❧❛,✐✈❛ ❞❛ ❝❤❛♣❛✱ ♠♦+,$❛❞❛

♥❛ ❋✐❣✳✭✻✳✶✶✮✱ @ ❞❛❞❛ ♣♦$✿

Ξ = (ur2 − ur1) /ur1, ✭✻✳✸✮

♦ ❞❡+❧♦❝❛♠❡♥,♦ ❞✐♥B♠✐❝♦ ♠9①✐♠♦ ❞❛ ❡①,$❡♠✐❞❛❞❡ +✉♣❡$✐♦$ ❞❛ ❝❤❛♣❛ ❡ +✉❛ ❞✐+,♦$./♦ $❡❧❛✲

,✐✈❛ +/♦ ❞❛❞♦+ ♣❡❧❛ ,❛❜❡❧❛✭✻✳✷✮✳ ❯♠ ♦✉,$♦ ❝♦♠♣♦$,❛♠❡♥,♦ =✉❡ ✈❛$✐❛ ❝♦♠ ❛ ✈❛$✐9✈❡❧ Λ✱ @ ❛

❞✐+,$✐❜✉✐./♦ ❞❡ ,❡♥+H❡+ ❛♦ ❧♦♥❣♦ ❞❛ ❝❛♠❛❞❛ ❛❞❡+✐✈❛ ✭❋✐❣✳✻✳✶✷✮✳ ➱ ♣♦++J✈❡❧ ♣❡$❝❡❜❡$ =✉❡ ❛

♠❡❞✐❞❛ =✉❡ +❡ ❛✉♠❡♥,❛ Λ✱ ❛ $✐❣✐❞❡③ ❞❛ ❥✉♥./♦ ❛✉♠❡♥,❛ ❡ ❛+ ,❡♥+H❡+ ,❡♥❞❡♠ ❛ +❡ ❝♦♥❝❡♥,$❛$

♥❛+ ❜♦$❞❛+ ❞♦ $❡❢♦$.❛❞♦$✳
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Λ(MPa/mm) Deslocamento max.(10−4mm) Ξ(%)

✵ ✶✱✻✽✵✼ ✵

✺✱✺ ✶✱✺✼✽ ✶✱✸✹✸

✺✺ ✶✱✹✸✵ ✹✱✾✷✻

✺✺✵ ✶✱✸✻✸ ✺✱✾✻✽

❚❛❜❡❧❛ ✻✳✷✿ ❱❛❧♦4❡5 ❞❡ ❞❡5❧♦❝❛♠❡♥:♦ ❡ ❞✐5:♦4<=♦ ♣❛4❛ ❞✐❢❡4❡♥:❡5 Λ

Λ(MPa/mm) 4❡❢♦4<♦ ❞✐♥✳ (10−4mm) 4❡❢♦4<♦ 5:❛✳ (10−4mm) ❊44♦ 4❡❧❛:✐✈♦ (%)

✺✱✺ ✶✱✺✼✽ ✶✱✺✼✸ ✵✳✸✶

✺✺ ✶✱✹✸✵ ✶✱✹✷✻ ✵✳✷✶

✺✺✵ ✶✱✸✻✸ ✶✱✸✵✸ ✹✱✹

❚❛❜❡❧❛ ✻✳✸✿ ❉❡5❧♦❝❛♠❡♥:♦ ♠C①✐♠♦ ❞❛ ❡①:4❡♠✐❞❛❞❡ 5✉♣❡4✐♦4 ❞❛ ❝❤❛♣❛ ❝♦♠ ♦✉ 5❡♠ ❡❢❡✐:♦5 ❞❡

✐♥G4❝✐❛ ❛:✉❛♥❞♦ 5♦❜4❡ ♦ 4❡❢♦4<❛❞♦4✳

❋✐❣✉4❛ ✻✳✶✷✿ ❉✐5:4✐❜✉✐<=♦ ❞❡ :❡♥5J❡5 ♥♦ ❛❞❡5✐✈♦✳

❈♦♥5✐❞❡4❛♥❞♦ ❛ ❡L✳✭✹✳✶✹✮✱ ❡ ❢❛③❡♥❞♦ ❛ ♠❡5♠❛ ❛✈❛❧✐❛<=♦ ❞♦5 ❞❡5❧♦❝❛♠❡♥:♦5 ❞✐♥P♠✐❝♦5 ♠C①✐♠♦5

❞❛ ❡①:4❡♠✐❞❛❞❡ 5✉♣❡4✐♦4 ❝❤❛♣❛✱ 5❡♠ ❝♦♥5✐❞❡4❛4 ♦5 ❡❢❡✐:♦5 ❞❡ ✐♥G4❝✐❛ ❛:✉❛♥:❡5 ❞♦ 4❡❢♦4<❛❞♦4✱

♣❡4❝❡❜❡✲5❡ L✉❡ ♦5 ❡❢❡✐:♦5 ❞❡ ✐♥G4❝✐❛ ❛:✉❛♥:❡5 ♥♦ 4❡❢♦4<❛❞♦4 ♥=♦ ✐♥✢✉❡♥❝✐❛♠ ♦ ❝♦♠♣♦4:❛♠❡♥:♦

❞✐♥P♠✐❝♦ ❞❛ ❝❤❛♣❛ ❞❡ ♠❛♥❡✐4❛ 5✐❣♥✐✜❝❛:✐✈❛ 5❡ Λ ❢♦4 4❡❧❛:✐✈❛♠❡♥:❡ ♣❡L✉❡♥♦✱ ❝♦♠♦ 5❡ ♣♦❞❡

✈❡4 ♥❛ :❛❜❡❧❛ ✭✻✳✸✮✳
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✻✳✹ ❈❤❛♣❛ ❚(✐♥❝❛❞❛ ❝♦♠ ❘❡♣❛(♦ ❈♦♠♣12✐3♦

❯♠❛ ❝❤❛♣❛ ❞❡ ❛(♦ ✐+♦,-.♣✐❝❛ ,-✐♥❝❛❞❛ ❝♦♠ -❡♣❛-♦ ❝♦♠♣.+✐,♦ +♦❜ ❝❛--❡❣❛♠❡♥,♦ ❞✐♥2♠✐❝♦ 3

❛♥❛❧✐+❛❞❛ ✭❋✐❣✳✻✳✶✸✮✳ ❆+ ❞✐♠❡♥+=❡+ ❞❛ ❝❤❛♣❛ +>♦ 200mm ❞❡ ❧❛-❣✉-❛ ❡ 400mm ❞❡ ❛❧,✉-❛✳

❆ ,-✐♥❝❛ 3 ❧♦❝❛❧✐③❛❞❛ ♥♦ ❝❡♥,-♦ ❞❛ ❝❤❛♣❛✱ ❝♦♠ ❞✐♠❡♥+>♦ 2a = 48mm✳ ❆+ ❞✐♠❡♥+=❡+ ❞♦

-❡♣❛-♦ +>♦ 140mm ❞❡ ❧❛-❣✉-❛ ❡ 140mm ❞❡ ❛❧,✉-❛✱ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❝❡♥,-♦ ❞❛ ❝❤❛♣❛✳ ❆ ❝❤❛♣❛ 3

+✉❜♠❡,✐❞❛ ❛ ✉♠❛ ❝❛-❣❛ ❞✐♥2♠✐❝❛ ❞❡ 100MPa✱ B✉❡ ♣❛++❛ ❛ ❛,✉❛- ♥♦ ✐♥+,❛♥,❡ ❞❡ ,❡♠♣♦ τ = 0 ❡

♣❡-♠❛♥❡❝❡ ❝♦♥+,❛♥,❡ ❛♣.+ ❛ ❝♦♥,❛❣❡♠✳ ❖ ♠.❞✉❧♦ ❞❡ ❡❧❛+,✐❝✐❞❛❞❡ ❞❛ ❝❤❛♣❛ 3 ❞❡ E = 220GPa✱

♦ ♠.❞✉❧♦ ❞❡ D♦✐++♦♥ 3 ν = 0, 3✱ ❛ ❡+♣❡++✉-❛ 3 hs = 1mm ❡ ❞❡♥+✐❞❛❞❡ 3 ❞❡ ρs = 5000Kg/m3
✳

❖+ ♠.❞✉❧♦+ ❞❡ ❡❧❛+,✐❝✐❞❛❞❡ ❞♦ -❡❢♦-(❛❞♦- +>♦ E1 = 220GPa ❡ E2 = 430GPa✱ ♦ ♠.❞✉❧♦ ❞❡

❝✐+❛❧❤❛♠❡♥,♦ 3 G = 77, GPa✱ ♦ ♠.❞✉❧♦ ❞❡ D♦✐++♦♥ 3 νr = 0, 4286✱ ❛ ❡+♣❡++✉-❛ 3 hr = 1mm ❡

❞❡♥+✐❞❛❞❡ 3 ❞❡ ρr = 5000Kg/m3
✳ ❖ ♠3,♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥,♦+ ❞❡ ❝♦♥,♦-♥♦ 3 ✉,✐❧✐③❛❞♦ ♣❛-❛

+✐♠✉❧❛- ❛ ,-✐♥❝❛✱ ❡ ♠3,♦❞♦ ❞❛ ❞✉♣❧❛ -❡❝✐♣-♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥,♦+ ❞❡ ❝♦♥,♦-♥♦ 3 ✉,✐❧✐③❛❞♦✱ ,❛♥,♦

♣❛-❛ +✐♠✉❧❛- ♦+ ❡❢❡✐,♦+ ❞❡ ✐♥3-❝✐❛ ❞❛ ❝❤❛♣❛ ❡ ❞♦ -❡❢♦-(❛❞♦-✱ B✉❛♥,♦ ♣❛-❛ +✐♠✉❧❛- ❛ ✐♥,❡-❛(>♦

❡♥,-❡ ❝❤❛♣❛ ❡ -❡❢♦-(❛❞♦-✳ ❆ +♦❧✉(>♦ -❡❛❧✐③❛❞❛ ♥♦ ❞♦♠F♥✐♦ ❞♦ ,❡♠♣♦ 3 ❢❡✐,❛ ❛,-❛✈3+ ❞♦ ♠3,♦❞♦

❞❡ ❍♦✉❜♦❧,✱ ✉,✐❧✐③❛♥❞♦ ✉♠ ,✐♠❡ +,❡♣ ❞❡ τ = 2µs ❡ ✻ ✐♥+,❛♥,❡+ ❞❡ ,❡♠♣♦✳

❋✐❣✉-❛ ✻✳✶✸✿ ❈❤❛♣❛ ❝♦♠ ,-✐♥❝❛ ❝❡♥,-❛❧ ❡ -❡♣❛-♦ ❝♦♠♣.+✐,♦✳

❆ ❞✐+❝-❡,✐③❛(>♦ ❞❛ ❝❤❛♣❛ ❡ ❞❛ ,-✐♥❝❛ 3 +❡♠❡❧❤❛♥,❡ ❛♦ ❞♦ ❝❛+♦ ❞❡ ❝❤❛♣❛ ❝♦♠ ,-✐♥❝❛ -❡,❛ +❡♠

-❡♣❛-♦✱ ❜❡♠ ❝♦♠♦ ❛ ❞✐+,-✐❜✉✐(>♦ ❞❡ ♥.+ ❡ ❝3❧✉❧❛+ ✉,✐❧✐③❛❞♦+ ♥❛ ❛✈❛❧✐❛(>♦ ❞❛ ❊❉■ ❡ ❞♦+ ♥.+
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✐♥"❡$♥♦& ♣❛$❛ ❛✈❛❧✐❛+,♦ ❞♦& ❡❢❡✐"♦& ❞❡ ✐♥/$❝✐❛ ❡ ✐♥"❡$❛+,♦ ❡♥"$❡ ❝❤❛♣❛ ❡ $❡♣❛$♦✳

❋✐❣✉$❛ ✻✳✶✹✿ ❑■✴❑✵ ❝❤❛♣❛ ❝♦♠ "$✐♥❝❛ ❝❡♥"$❛❧ ❡ $❡♣❛$♦ ❝♦♠♣?&✐"♦ ✉"✐❧✐③❛♥❞♦ ✷✹ ❝/❧✉❧❛&✳

❆ $❡❧❛+,♦ Λ = 22(MPa/mm) / ✉"✐❧✐③❛❞❛ ♣❛$❛ ❡&"❡ ❝❛&♦✱ ❡ ♦& $❡&✉❧"❛❞♦& ❞❡ ❢❛"♦$❡& ❞❡ ✐♥"❡♥&✐✲

❞❛❞❡ ❞❡ "❡♥&,♦ ❞✐♥E♠✐❝♦& KI ✉"✐❧✐③❛♥❞♦ ♦& ♠/"♦❞♦& ❞❡ ❈❚❖❉ ❡ ❊❉■ &,♦ ❞❛❞♦& ♣❡❧❛ ❋✐❣✭✻✳✶✹✮✳

➱ ♣♦&&N✈❡❧ ♦❜&❡$✈❛$ P✉❡ ❛& "❡♥&Q❡& ❛"✉❛♥"❡& ♥❛ ❝❛♠❛❞❛ ❛❞❡&✐✈❛ ❞❡&"❛ ✈❡③ &❡ ❝♦♥❝❡♥"$❛♠ ❛♦

❧♦♥❣♦ ❞❛ ❜♦$❞❛ ❞♦ $❡♣❛$♦ ❡ ❞❛ "$✐♥❝❛✱ ❝♦♠♦ &❡ ♣♦❞❡ ✈❡$ ♥❛ ❋✐❣✳✭✻✳✶✺✮✳

❋✐❣✉$❛ ✻✳✶✺✿ ❉✐&"$✐❜✉✐+Q❡& ❞❡ "❡♥&Q❡& ♥❛ ❝❛♠❛❞❛ ❛❞❡&✐✈❛✳
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❖ ♠♦#✐✈♦ ❞❡ (❡ ✉#✐❧✐③❛- ❡(♣❛/♦( ❞❡ #❡♠♣♦ ❝♦♥(✐❞❡-❛✈❡❧♠❡♥#❡ ♠❛✐♦-❡( ♣❛-❛ ❡(#❡ ❝❛(♦✱ 3 ❛

♣♦✉❝❛ ❝♦♠♣❛#✐❜✐❧✐❞❛❞❡ ❡♥#-❡ ♦ ♠3#♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥#♦( ❞❡ ❝♦♥#♦-♥♦ ❡ ♦ ♠3#♦❞♦ ❞❡ ❞✉♣❧❛

-❡❝✐♣-♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥#♦( ❞❡ ❝♦♥#♦-♥♦✳ ❈♦♠♦ ❞✐(❝✉#✐❞♦ ❛♥#❡-✐♦-♠❡♥#❡✱ #-✐♥❝❛( (✐♠✉❧❛❞❛(

❛#-❛✈3( ❞♦ ♠3#♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥#♦( ❞❡ ❝♦♥#♦-♥♦ ❛♣-❡(❡♥#❛♠ ♠✉✐#❛ (❡♥(✐❜✐❧✐❞❛❞❡ ❛❝❡❧❡-❛/7❡(

❡(♣8-✐❛( ❞❡❝♦--❡♥#❡( ❞❛ ❛♣❧✐❝❛/9♦ ♠3#♦❞♦ ❞❡ ❍♦✉❜♦❧# ❡ ❛ ♣-♦❜❧❡♠❛( ❞❡ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛♠❡♥#♦

❞❡❝♦--❡♥#❡( ❞❛ ❞✐❢❡-❡♥/❛ ❞❡ ♦-❞❡♠ ❞❡ ❣-❛♥❞❡③❛ ❞♦( #❡-♠♦( -❡❢❡-❡♥#❡( ❛ ❝❤❛♣❛ ❡ ❞♦( #❡-♠♦(

-❡❢❡-❡♥#❡( ❛♦ ❛❝♦♣❧❛♠❡♥#♦ ❡♥#-❡ ❝❤❛♣❛ ❡ -❡♣❛-♦✳ ◆♦ ❝❛(♦ ❞❛ ❛♥?❧✐(❡ ❞❡ ❡❢❡✐#♦( ❞❡ ✐♥3-❝✐❛✱ ❡(#❡

♣-♦❜❧❡♠❛ ♣♦❞❡ (❡- (✉♣❡-❛❞♦ ❛♣❧✐❝❛♥❞♦ ❛ ❢♦-♠✉❧❛/9♦ ❛♥✐(♦#-@♣✐❝❛ A ❝❤❛♣❛✱ ✉#✐❧✐③❛♥❞♦ ♦ ❝❛(♦

♣❛-#✐❝✉❧❛- ✐(♦#-@♣✐❝♦✳ B♦-3♠✱ ♦ ♠❡(♠♦ ♣-♦❝❡❞✐♠❡♥#♦ ♥9♦ ♣♦❞❡ (❡- ❛♣❧✐❝❛❞♦ ❝♦♠ (✉❝❡((♦ ♥♦

❝❛(♦ ❞❛ ❛♥?❧✐(❡ ❞❡ ❡❢❡✐#♦( ❞❡ ❛❝♦♣❧❛♠❡♥#♦ ❡♥#-❡ ❝❤❛♣❛ ❡ -❡♣❛-♦✳

✽✺



❈❛♣#$✉❧♦ ✼

❈♦♥❝❧✉+,❡+

✼✳✶ ❈♦♥❝❧✉)*❡) ❋✐♥❛✐)

❋♦✐ ❛♣%❡'❡♥)❛❞♦ ♥❡')❡ )%❛❜❛❧❤♦✱ ✉♠❛ ❢♦%♠✉❧❛23♦ ❞❡ ❡❧❡♠❡♥)♦' ❞❡ ❝♦♥)♦%♥♦ ♣❛%❛ ❛♥5❧✐'❡ ❞❡

❝❤❛♣❛' ✐'♦)%6♣✐❝❛' )%✐♥❝❛❞❛' ❝♦♠ %❡♣❛%♦' ❞❡ ♠❛)❡%✐❛❧ ❝♦♠♣6'✐)♦ ❝♦❧❛❞♦✳

❋♦✐ ❛♣%❡'❡♥)❛❞❛ ✉♠❛ %❡✈✐'3♦ ❞❛ )❡♦%✐❛ ❞❛ ❡❧❛')✐❝✐❞❛❞❡ ♣❧❛♥❛ ♣❛%❛ ❝❤❛♣❛' ✐'♦)%6♣✐❝❛'✱ ❜❡♠

❝♦♠♦ ❛ ♦❜)❡♥23♦ ❞❛' '♦❧✉29❡' ❢✉♥❞❛♠❡♥)❛✐' ❞❡ ❞❡'❧♦❝❛♠❡♥)♦' ❡ ❢♦%2❛' ❞❡ '✉♣❡%❢:❝✐❡ ♣❛%❛ ❡')❡

❝❛'♦✳

❋♦✐ ❛♣%❡'❡♥)❛❞❛ ✉♠❛ %❡✈✐'3♦ ❞❛ )❡♦%✐❛ ❞❡ ❡❧❛')✐❝✐❞❛❞❡ ♣❧❛♥❛ ♣❛%❛ ❝❤❛♣❛' ❛♥✐'♦)%6♣✐❝❛'✳ ❆

)❡♦%✐❛ ❞❡ ❧❛♠✐♥❛❞♦' '✐♠<)%✐❝♦' ❢♦✐ ✉)✐❧✐③❛❞❛ ❛✜♠ ❞❡ '❡ ♦❜)❡% ❛' ❡?✉❛29❡' ❞❡ ♣%♦♣%✐❡❞❛❞❡'

❡❧5')✐❝❛' ❡?✉✐✈❛❧❡♥)❡' ❛ ♣❛%)✐% ❞❡ ❝❛❞❛ ❧@♠✐♥❛ ♦%)♦)%6♣✐❝❛ ♣❡%)❡♥❝❡♥)❡ ❛♦ ❧❛♠✐♥❛❞♦ '✐♠<)%✐❝♦✳

❆ ♣❛%)✐% ❞❡''❛' ❡?✉❛29❡'✱ ❢♦%❛♠ ❛♣%❡'❡♥)❛❞❛' ❛' '♦❧✉29❡' ❢✉♥❞❛♠❡♥)❛✐' ❞❡ ❞❡'❧♦❝❛♠❡♥)♦ ❡

❢♦%2❛' ❞❡ '✉♣❡%❢:❝✐❡ ♣❛%❛ ❝❤❛♣❛' ❛♥✐'♦)%6♣✐❝❛'✳

❋♦✐ ❛♣%❡'❡♥)❛❞❛ ❛ ❡?✉❛23♦ ✐♥)❡❣%❛❧ ❞❡ ❝♦♥)♦%♥♦ ?✉❡ ❣♦✈❡%♥❛ ♦ ❝♦♠♣♦%)❛♠❡♥)♦ ❞✐♥@♠✐❝♦ ❞❛

❝❤❛♣❛ )%✐♥❝❛❞❛ ❝♦♠ %❡♣❛%♦ ❞❡ ♠❛)❡%✐❛❧ ❝♦♠♣6'✐)♦✳ ❋♦✐ ❛♣%❡'❡♥)❛❞❛ )❛♠❜<♠ ✉♠❛ ❜%❡✈❡ %❡✲

✈✐'3♦ ❞♦ ♠<)♦❞♦ ❞❡ ❡❧❡♠❡♥)♦' ❞❡ ❝♦♥)♦%♥♦✳ ❆' ❡?✉❛29❡' ?✉❡ ❣♦✈❡%♥❛♠ ♦ ❝♦♠♣♦%)❛♠❡♥)♦

❞✐♥@♠✐❝♦ ❞❛ ❝❤❛♣❛ ❡ ❞♦ %❡♣❛%♦ ❢♦%❛♠ ♦❜)✐❞❛' ❛)%❛✈<' ❞❛ )❡♦%✐❛ ❞❛ ❡❧❛')♦❡')5)✐❝❛✱ '♦❢%❡♥❞♦

❛❞✐23♦ ❞♦' )❡%♠♦' ❞❡ ✐♥<%❝✐❛✳

❋♦✐ ❛♣%❡'❡♥)❛❞♦ ♦ ♠<)♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥)♦' ❞❡ ❝♦♥)♦%♥♦ ✭❉▼❊❈✮✱ ✉)✐❧✐③❛❞♦ ♣❛%❛ ♦ ♠♦❞❡✲

❧❛❣❡♠ ❞❛ )%✐♥❝❛✳ ❋♦✐ ❛♣%❡'❡♥)❛❞♦ )❛♠❜<♠ ♦ ♠<)♦❞♦ ❞❡ ❞✉♣❧❛ %❡❝✐♣%♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥)♦' ❞❡

❝♦♥)♦%♥♦ ✭❉❘▼❊❈✮✱ ✉)✐❧✐③❛❞♦ ♣❛%❛ ♦ ♠♦❞❡❧❛❣❡♠ ❞♦' ❡❢❡✐)♦' ❞❡ ✐♥<%❝✐❛ ❞❛ ❝❤❛♣❛ ✐'♦)%6♣✐❝❛

❡ ❞♦ %❡♣❛%♦ ❛♥✐'♦)%6♣✐❝♦✳ ❖ ♠<)♦❞♦ ❞❡ ❞✉♣❧❛ %❡❝✐♣%♦❝✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥)♦' ❞❡ ❝♦♥)♦%♥♦ '❡

♠♦')%♦✉ ❡✜❝❛③ ♣❛%❛ ♠♦❞❡❧❛% ♣%♦❜❧❡♠❛' ❞❡ ❢♦%2❛' ❞❡ ❝♦%♣♦✱ ♣♦%<♠ ❡①✐')❡♠ %❡')%✐29❡' ?✉❛♥)♦

❛♦ '❡✉ ✉'♦ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ♦ ♠<)♦❞♦ ❞✉❛❧ ❞❡ ❡❧❡♠❡♥)♦' ❞❡ ❝♦♥)♦%♥♦✳ ◆♦ ❝❛'♦ ❞❛ ♠♦❞❡❧❛❣❡♠
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❞❡ ❡❢❡✐$♦& ❞❡ ✐♥()❝✐❛✱ ❛ &♦❧✉/0♦ ❢✉♥❞❛♠❡♥$❛❧ ❞❡ ❞❡&❧♦❝❛♠❡♥$♦& ❞❛ ❡❧❛&$✐❝✐❞❛❞❡ ♣❧❛♥❛ ✐&♦$)3♣✐❝❛

♥0♦ ( ❛❞❡4✉❛❞❛ ♣❛)❛ &❡) ✉&❛❞❛ ❝♦♠ ❛ ❝♦♠❜✐♥❛/0♦ ❉▼❊❈ ❡ ❉❘▼❊❈✳ ❊&$❡ ♣)♦❜❧❡♠❛ ♣<❞❡

&❡) &✉♣❡)❛❞♦ ♠♦❞❡❧❛♥❞♦ ❛ ❝❤❛♣❛ $)✐♥❝❛❞❛ ❛$)❛✈(& ❞❛ &♦❧✉/0♦ ❢✉♥❞❛♠❡♥$❛❧ ❞❡ ❞❡&❧♦❝❛♠❡♥$♦&

❞❛ ❡❧❛&$✐❝✐❞❛❞❡ ♣❧❛♥❛ ❛♥✐&♦$)3♣✐❝❛ ♣❛)❛ ♦ ❝❛&♦ ♣❛)$✐❝✉❧❛) ❞❡ 4✉❛&❡✲✐&♦$)♦♣✐❛ (E1
∼= E2)✳ ◆♦

❝❛&♦ ❞❛ ♠♦❞❡❧❛❣❡♠ ❞♦& ❡❢❡✐$♦& ❞❡ ❛❝♦♣❧❛♠❡♥$♦ ❡♥$)❡ ❝❤❛♣❛ ❡ )❡♣❛)♦✱ ♠❡&♠♦ ❢❛③❡♥❞♦✲&❡ ✉&♦

❞❛& &♦❧✉/C❡& ❢✉♥❞❛♠❡♥$❛✐& ❞❡ ❞❡&❧♦❝❛♠❡♥$♦ ❛♥✐&♦$)3♣✐❝❛&✱ ❛ $)✐♥❝❛ ♠♦&$)♦✉✲&❡ ♠✉✐$♦ &❡♥&D✈❡❧

❛ ✈❛)✐❛/C❡& ❞❛ )❡❧❛/0♦ Λ ❡ ❛ ✈❛)✐❛/C❡& ❞❡ ♣❛&&♦& ❞❡ $❡♠♣♦✳ ■&&♦ $♦)♥❛ ♦ ♠($♦❞♦ ❛♣)❡&❡♥$❛❞♦

&♦♠❡♥$❡ ❛♣❧✐❝F✈❡❧ ❛ ♣)♦❜❧❡♠❛& ❝♦♠ ❜❛✐①❛ )❡❧❛/0♦ Λ ❡ ❛ ✈❛❧♦)❡& ❞❡ ♣❛&&♦ ❞❡ $❡♠♣♦ )❡❧❛$✐✈❛✲

♠❡♥$❡ ❛❧$♦&✳

H❛)❛ ♦& ❝❛&♦& ❡♠ 4✉❡ &❡ ❢❡③ ❛ ❛♥F❧✐&❡ ❞❡ $)✐♥❝❛& ❝♦♠❜✐♥❛❞❛& ❝♦♠ ♦ ❉❘▼❊❈✱ ♥0♦ ❝♦♥&✐❞❡)❛✲&❡
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Ĵ ✳ ❖ ♠($♦❞♦ ❞❡ ❈❚❖❉ ( ♦ ♠❛✐& &✐♠♣❧❡& ❞❡ &❡ ✐♠♣❧❡♠❡♥$❛) ❝♦♠♣✉$❛❝✐♦♥❛❧♠❡♥$❡✱ ❡ ❛♣)❡&❡♥$❛

)❡&✉❧$❛❞♦& ❜❛&$❛♥$❡ &❛$✐&❢❛$3)✐♦&✱ ♠❡&♠♦ ✉$✐❧✐③❛♥❞♦ ❛♣❡♥❛& ✉♠ ♣❛) ❞❡ ♥3& ❝♦✐♥❝✐❞❡♥$❡&✱ &❡♠

❛ ♥❡❝❡&&✐❞❛❞❡ ❞❡ &❡ ❝♦♥&✐❞❡)❛) ❡❢❡✐$♦& ❞❡ ✐♥()❝✐❛ ❡ ❛❝♦♣❧❛♠❡♥$♦ ❡♠ &✉❛ ❢♦)♠✉❧❛/0♦✳ ❖ ♠($♦❞♦

✽✼



❞❡ ❊❉■ ❛♣'❡(❡♥*❛ '❡(✉❧*❛❞♦( ❜❛(*❛♥*❡ (❛*✐(❢❛*1'✐♦( ♣❛'❛ ♦( ❝❛(♦( ❛♥❛❧✐(❛❞♦(✱ ❡ ♣❡'♠✐*❡ ❢✉*✉✲

'❛♠❡♥*❡ ❛ ✐♠♣❧❡♠❡♥*❛67♦ ❞❡ ❡❢❡✐*♦( ❞❡ ♣❧❛(*✐❝✐❞❛❞❡ ❡ ♣'♦♣❛❣❛67♦ ❞❡ *'✐♥❝❛✳

❯♠❛ ❞❡(✈❛♥*❛❣❡♠ ❞♦ ♠<*♦❞♦ ❞❡ ❊❉■ < =✉❡✱ ♣❡❧♦ ❢❛*♦ ❞❡ (❡' ✉♠❛ ✐♥*❡❣'❛❧ ❞❡ >'❡❛✱ ❝'✐❛✲(❡ ❛

♥❡❝❡((✐❞❛❞❡ ❞❡ (❡ ❝'✐❛' ♣♦♥*♦( ❞❡ ❛♥>❧✐(❡ ♠✉✐*♦ ♣'1①✐♠♦( ❛ ❛ ♣♦♥*❛ ❞❛ *'✐♥❝❛✱ ❡ ❝♦♥(❡=@❡♥✲

*❡♠❡♥*❡ ❡①✐❣❡ ✉♠ '❡✜♥♦ ♠✉✐*♦ ♠❛✐♦' ❞❛ *'✐♥❝❛ ♣❡'*♦ ❞❛ '❡❣✐7♦ ❞❡ ❛♥>❧✐(❡✳ ❖✉*'♦ ♣'♦❜❧❡♠❛

✐♥❡'❡♥*❡ ❛ ❛♣❧✐❝❛67♦ ❞❛ ❊❉■ ✉*✐❧✐③❛♥❞♦ ❡❧❡♠❡♥*♦( ✐(♦♣❛'❛♠<*'✐❝♦( ❜✐=✉❛❞'>*✐❝♦(✱ < ❛ ❝'✐❛67♦

✉♠❛ ③♦♥❛ ♥7♦ ✐♥*❡❣'>✈❡❧ ❞❡ '❛✐♦ ♠❛✐♦' =✉❡ ③❡'♦ ♥❛ ♣♦♥*❛ ❞❛ *'✐♥❝❛✱ ❢❛③❡♥❞♦ =✉❡ ❛ ❝♦♥❞✐67♦

❞❛❞❛ ♣❡❧❛ ❡=✳✭✺✳✷✷✮ ♥7♦ (❡❥❛ ❝✉♠♣'✐❞❛✳ I❛'❛ (❡ (✉♣❡'❛' ❡((❡ ♣'♦❜❧❡♠❛✱ ❞❡✜♥❡✲(❡ ♦ '❛✐♦ ❡①✲

*❡'♥♦ ❛ >'❡❛ ❞❡ ✐♥*❡❣'❛67♦✱ ❞❡ ❢♦'♠❛ =✉❡ ♦ '❛✐♦ ✐♥*❡'♥♦ (❡❥❛ ❞❡(♣'❡③J✈❡❧✳

❯♠ ♣♦♥*♦ ✐♠♣♦'*❛♥*❡ ❛ (❡' '❡((❛❧*❛❞♦ < =✉❡✱ ♦( *❡'♠♦( '❡❢❡'❡♥*❡( ❛ ✐♥<'❝✐❛ ❡ ❛❝♦♣❧❛♠❡♥*♦

❞❛ ❊❉■ (7♦ ♠✉✐*♦ ♣❡=✉❡♥♦(✱ ❡ ✐((♦ (❡ ❞❡✈❡ ❛♦ ❢❛*♦ ❞❡ (❡'❡♠ ✉(❛❞♦( ♥♦ ♣'✐♠❡✐'♦ *❡'♠♦ ❞❛

❡=✉❛67♦✱ ✈❛❧♦'❡( ❞❡ *❡♥(7♦✱ ❞❡❢♦'♠❛67♦ ❡ ❞❡'✐✈❛❞❛( ❞❡ ❞❡(❧♦❝❛♠❡♥*♦ ♦❜*✐❞♦( ❛*'❛✈<( ❞❡ ❢♦'✲

♠✉❧❛67♦ ❞✐♥K♠✐❝❛✳ ■((♦ ❝'✐❛ ✉♠❛ ✈❛♥*❛❣❡♠ ♣❛'❛ ♦ ✉(♦ ❞❛ ✐♥*❡❣'❛❧ Ĵ ✱ =✉❡ ♣♦' ♥7♦ (❡' ✉♠❛
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