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Abstract

Exact expression for the first order statistics, such as probability density function and cu-
mulative distribution function, of the product and ratio of envelopes taken from the a-u,
1n-u, and k-u distributions are obtained in terms of the multivariable Fox H-function. Fairly
simple, fast convergent series expansion are also presented as an alternative to numerically

evaluate such statistics.

Several applications in wireless communications utilize the product of envelopes, e.g., mul-
tihop systems, multiple-input-multiple-output systems, cascaded channel, radar communi-
cations, to name but a few. On the other hand, the ratio of envelopes is used in multihop
system modeling, spectrum sharing, co-channel interference, physical layer security among
many others. Moreover, composite multipath-shadowing can be modeled as a particular case

of the product of envelopes.

The a-u, n-u, and x-u distributions are general fading models encompassing several tra-
ditional fading models (Rayleigh, Nakagami-m, Hoyt, Rice and Weibull) as particular case.

Thus the results presented in this thesis can be used in a wide range of fading scenarios.

Performance metrics of a cascaded channel, detection probability in UHF RFID system and
secrecy capacity are a few application examples shown in this work to illustrate the use-
fulness and efficiency of the expressions obtained. In particular, the secrecy capacity of a
Gaussian wire-tap channel used for device-to-device and vehicle-to-vehicle communications

is characterized using data obtained from field measurements conducted at 5.8GHz.

In addition, miscellaneous results related to the new a-n-«x-u fading model such as prob-
ability density function, cumulative distribution function, higher order moments, moment
generating function, among others are presented in new and more efficient formulation.
The a-n-x-u fading model is, virtually, the most complete fading distribution present in the
literature which takes into consideration, non-linearities in the physical medium, clusters
of multipath, power imbalance between in-phase and quadrature waves, cluster imbalances

and dominant components.

Keywords: a-u distribution; x-u distribution; n-u distribution; multihop systems; MIMO
systems; secrecy capacity; cascaded channel; UHF RFID.



Resumo

Expressoes exatas para as estatisticas de primeira ordem, tais como func¢io densidade de
probabilidade e funcao distribui¢do cumulativa, do produto e da razédo de envelopes toma-
das das distribuicoes a-u, n-u, e k-u sdo obtidas em termos da fun¢do Fox-H multivariavel.
Expansoes em séries relativamente simples e com rdpida convergéncia também sao apre-

sentadas como alternativa para avaliar numericamente tais estatisticas.

Diversas aplicacdes em comunicacdes sem fio fazem uso do produto de envelopes, e.g., sis-
temas com multiplos saltos, sistemas com multiplas entradas e maultiplas saidas, canais em
cascata, comunicac¢oes de radar, entre outras. J4 a razdo de envelopes é utilizada na modela-
gem de canais com multiplos saltos, compartilhamento espectral, estimacdo de interferéncia
co-canal, seguranca em camada fisica entre muitas outras. Ainda, o desvanecimento com-
posto multipercurso-sombreamento pode ser obtido como um caso particular do produto de

envelopes.

As distribuicoes a-u, n-u, e k-u sdo modelos de desvanecimento genéricos que englobam
diversos modelos tradicionais (Rayleigh, Nakagami-m, Hoyt, Rice e Weibull), como casos
particulares. Dessa forma, os resultados apresentados nesta tese podem ser utilizados em

uma vasta gama de cendrios de desvanecimento.

Métricas de desempenho de um canal em cascata, probabilidade de detec¢do de sistema UHF
RFID e capacidade de sigilo sdo alguns exemplos de aplicacdo apresentados neste trabalho
para ilustrar a utilidade e eficiéncia das expressoes obtidas. Em particular, a capacidade de
sigilo de um canal de escuta gaussiano usado em comunicac¢éo dispositivo-a-dispositivo e
veiculo-a-veiculo é caracterizado usando dados obtidos de medidas de campo realizados em
5.8 GHz.

Além disso, resultados diversos relativos ao novo modelo de desvanecimento a-n-k-u, tais
como funcdo densidade de probabilidade, funcdo distribui¢do acumulada, momentos de
maior ordem, entre outras sdo apresentados com nova e mais eficiente formulacdo. O mo-
delo de desvanecimento a-n-k-u € virtualmente a distribuicdo de desvanecimento mais
completa presente na literatura que leva em consideragdo nao linearidade do meio fisico,
clusters de multipercurso, desbalanceamento de poténcia entre fase e quadratura, desba-

lanceamento de clusters e componentes dominantes.

Palavras-chaves: distribuicdo a-u; distribuicdo x-u; distribuicao 1-u; sistemas de multiplos

saltos; sistemas MIMO; capacidade de sigilo, canais em cascata; UHF RFID.



“The truth is out there”
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Chapter

Introduction

Since the dawn of wireless communications with the first radio transmission per-
formed by Marconi (arguably, the Brazilian priest Landell de Moura is claimed to precede
Marconi), the wireless medium has been tirelessly studied. Path loss, interference, multi-
path fading and shadowing are a few examples of phenomena that affect wireless com-
munications. In particular, shadowing is caused by the presence of large obstacles blocking
the direct radio path resulting in large signal fluctuations. Its statistics are well character-
ized by the lognormal distribution. Due to analytical intricacies of the lognormal model,
recently, the gamma and the a-u distributions have been used to describe the shadowing
phenomenon [1,2]. On the other hand, several fading models have been used to describe
the multipath fading phenomenon. Nevertheless, each fading distribution is adequate to
describe a certain physical model. For instance, line-of-sight (LoS) is well described by Rice
distribution; Hoyt is typically used to characterize imbalances between phase and quadra-
ture waves. Recently, new fading models have been defined to generalize and include other
physical phenomena, such as non-linearities and clustering of multipath. For instance, the
a-u [3] distribution considers both non-linearities and clustering of multipath. In turn the
K-u [4] distribution includes the effect of dominant components and multipath clustering.
The n-u [4] fading model considers imbalances (or correlation) between the phase and

quadrature waves along with multipath clustering.

Very recently, the a-n-x-u fading model [5] was proposed. It captures virtually
all fading phenomena described in the literature, namely, nonlinearity of the propagation
medium, scattered waves, dominant components, and multipath clustering. This way, the
a-n-k-u model comprises an enormous amount of fading scenarios, including all of those
previously cited ones, and others not yet described in the literature. Its building block was
taken from [6] as the general quadrature process of a k-u model. The joint envelope-phase

probability density function (PDF) was obtained in a closed-form expression. From the said
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joint PDE envelope PDF and phase PDF can be obtained by a simple integration, and, un-
fortunately, no closed-form expressions for them are available. An envelope-based approach
was then pursued as the sum of two independent and arbitrarily distributed squared x-u
random variables (RV). Thence, envelope PDF was obtained both in another integral form
and in a series expansion form. Envelope cumulative distribution function (CDF) in inte-
gral form and series expansion were also provided. A pure phase-based approach would not
alleviate the intricacy of the formulations, and the phase PDF is only given in its original

integral form.

Typically, shadowing and multipath are analyzed separately, although such ap-
proach only holds for stationary scenarios and a joint analysis is required. It is shown in [7]
that the composite shadowing-multipath distribution fading can be treated as a special case
of the product of RVs. In addition to composite fading, the product of RVs appears in a
plethora of wireless communication process. For instance, the equivalent channel between
source and destination in a multihop system is modeled as the product of the individual
gains in each hop; the cascade channel [8,9] is the result of the product of several RVs; high
resolution synthetic aperture radar clutter [10] is modeled as the product of two RVs; the
keyhole effect [11-14] in multiple-input multiple-output (MIMO) system utilize the product
of two random variates to model the distribution of the elements of the transfer matrix to

name but a few examples of applications using the product of RVs.

In the next few year, a 1000-fold growth in mobile traffic is expected [15]. To
address the huge capacity increment, a more efficient spectral usage is necessary. Cognitive
radio (CR) [16] has been gaining great interest in research due to its ability to adapt its
transmission parameters such, as bandwidth, operation frequency, modulation scheme, in
accordance to channel characteristic. In this sense, CR has created the opportunity to im-
prove spectral efficiency by dynamically allocating the transmission resources. For instance,
CR is able to perform the spectrum sensing and opportunistically occupy a certain primary
channel. Of course, a side effect of this is the co-channel interference (CCI) caused to the
licensed network. An important metric to measure the CCI is the signal-to-interference ratio
(SIR) . In a fading channel scenarios, the SIR is obtained by the ratio of random envelopes.
These ratios are also used in a number of applications in wireless communications. For in-
stance, in physical layer security, the probability of positive secrecy capacity is determined
by the ratio of RVs. Other applications using the ratio of envelopes can be found in technolo-
gies such as multihop communications. Therefore, the better knowledge of the statistics of

the product and ratio distribution is definitely important.
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1.1 Related Work

1.1.1 Product of Random Variates

In the specialized literature, a plethora of work has been done analyzing the
distribution of random envelopes. The PDF and CDF for the product of n Rayleigh RVs are
obtained in [17] in terms of the Meijer G-function and it also provides series representation
for the cases n = 3,4,5. This work is expanded in [8] for the product of n Nakagami-m
RVs and performance metrics for the cascaded channel is derived. In [9], the PDE, CDF and
moment generating function (MGF) of the product of powers of n generalized Nakagami-m
are obtained in terms of the Fox H-function and used to evaluate the performance metrics
of a cascaded channel. More recently, statistics for the product of two a-u random variate
were obtained in [7] in terms of finite sum of hypergeometric functions, and it established
that composite shadowing-multipath fading is a particular case of the product of RVs. The
work in [7] is extended for the product of three and n a-u RVs, respectively, in [18] and [19]

given in terms of both the Meijer G-function and finite sum of hypergeometric functions.

1.1.2 Ratio of Random Variates

Recently, the impact of the CCI on the outage probability metric has been of
great interest. In what concerns generalized fading channels, the outage probability for the
CCI over n-u/m-u, n-u/x-u and x-u/n-u is provided in [20] and [21] restricted to integer
values for the parameter u or in limited interference scenarios. The outage probability for
the x-u/k-u scenario is obtained in [22] again, with restrictions for the parameter u and
limited interference. Statistics for the ratio of a-u RVs are obtained in [23] in terms of both
infinite and finite sums of hypergeometric function, in which the results are applied to the
analysis of the capacity of spectrum sharing systems. Finally, the work in [23] is expanded
in [24] in which the PDF and CDF for the ratio of products of a-u RVs is obtained in terms

of the Meijer G-function.

1.2 Summary of Contributions

The major contributions of this work are threefold: 1) First, the PDFs and CDFs
for the ratio of two random envelopes taken from the a-u, k-u and n-u distribution is
derived in exact closed-form in terms of the multivariable Fox H-function; 2) The PDFs and
CDFs of the product of two random envelopes taken from the aforementioned distributions
are obtained in exact closed-form in terms of the multivariable Fox H-function; and 3) the
integral involving the product of a PDF and a CDF of the variates is obtained in terms of the

multivariable Fox H-function. Besides, fairly simple, fast convergent series expansions are
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obtained as an alternative implementation of the multivariable Fox H-function. Except for

the product and ratio of a-u variates, all the results are novel and unprecedented.

Application examples regarding the ratio and product of RVs are also presented.
These include performance metrics for the cascaded channel (amount of fading, outage
probability, outage capacity), probability of positive secrecy capacity and probability of de-
tection in ultra-high frequency (UHF) radio frequency identification (RFID) systems. In par-
ticular, the secrecy capacity of a Gaussian wire-tap channel used for device-to-device (D2D)
and vehicle-to-vehicle (V2V) communications is characterized using data obtained from
field measurements conducted at 5.8GHz at the Wireless Communications Laboratory of

The Queen’s University of Belfast.

Other interesting contribution concerns the first order statistics of the a-n-x-u
fading model — namely PDE CDE higher order moments, moment generating function and
the bit error rate. These statistics are provided in new functional form which compute faster
than existing formulations. Moreover, a first approach for the parameter estimation problem

is addressed.

1.3 The Fox H-Function

In 1961, in an attempt to find a most symmetrical Fourier kernel, Charles Fox
[25] defined a new function involving Mellin-Barnes integral which is a generalization of
the Meijer G-function. It has a vast potential of applications in several fields of science and
engineering. This function generalizes a plethora of important functions, such as, expo-
nential, Bessel-type, hypergeometric, Mittag-Leffler, Wright, hyperbolic and trigonometric
functions to name but a few. Since then, the Fox H-function has been studied and new gen-
eralizations and expansions were obtained, e.g. the multivariable Fox H-function [26] and
the extended H-function [27]. Recently, the Fox H-function has been extensively used in the
wireless communication field to obtain closed-form expressions in a plethora of applications.
For instance, expressions for the capacity and bit error probabilities were obtained in terms
of the Fox H-function in [28-31]. Spherically invariant channel were characterized in [32]
using the Fox H-function. Closed-form expression for the symbol error probability in single
and multi-branch diversity over a-u channel were obtained in [33] and then extended for

the more general H-channel in [34].

Unfortunately, the Fox H-function is yet to be implemented in the most popular
mathematical packages such as MatLab or Mathematica. Nevertheless, it is possible to find
implementations for the Fox H-function. For instance, the authors in [9] provide an efficient
implementation for the single variable Fox H-function using an equivalence between the

Fox H-function and the Meijer G-function. An alternative implementation for [9] is also
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propose her. A Python implementation for the multivariable Fox H-function can be found
in [34] whose authors claim to efficiently and accurately evaluate the multivariable Fox
H-function up to four branches in a few seconds. Alternatively, it is also possible to derive
series expansions through the sum of residues [35] with the inconvenience of the number
of folded summations being equal to the number of variable which, in general, renders such
approach infeasible for more than three or four variables. Nevertheless, it is possible to

obtain simpler series expansion depending on the parameters of the Fox H-function.

1.4 Thesis Outline

This thesis is organized as follows:

Chapter 2. This chapter presents the concepts used to develop the statistics for
the ratio and product distributions. The product and ratio statistics are given in terms of
the multivariable Fox H-function, whose definition is provided in this chapter. The Mellin
transform (and its inverse) is the tool used to obtain the statistics for the product distribution

and this is also presented. And the fading models a-u, n-u, k-u and a-n-x-u are revisited.

Chapter 3. This chapter presents the analytical formulation necessary to derive
the PDFs and CDFs of the ratio distribution of two RVs. Specifically, expressions in terms
of the multivariable Fox H-function and series expansion for each combination of ratios
involving the a-u, n-u, and x-u fading distributions are presented. An application example

in physical layer security is used to demonstrate the usefulness of the expressions obtained.

Chapter 4. This chapter presents novel, closed-form expressions for the PDFs and
CDFs of the product of two RVs taken from the distribution a-u, n-u, and k-u distributions
in terms of the multivariable Fox H-function. Fairly simple power series are presented for
each combination of product distributions. An interesting integral involving the product of a
PDF by a CDF which is closely related to the CDF of the product distribution is also derived
both in terms of the multivariable Fox H-function as well as in terms of relatively simple
infinite series. This result finds applications for instance in computing the probability of

detection in UHF RFID systems.

Chapter 5. Results from different research topics are presented in this chapter.
These include new, more efficient formulations for the first order statistics — namely PDE
CDE higher order moments, moment generating function and bit error rate — for the a-n-
k-u fading model are presented. In addition, a first approach to the parameter estimation

problem is proposed.

Chapter 6 summarizes the main results, and indicates opportunities for future

researches.
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Appendix A. In this appendix, the derivation of the multivariable Fox H-function
representation for the PDFs and CDFs of the ratio of two random envelopes taken from the

a-u, N-u, and x-y distribution is provided in detail.

Appendix B. in this appendix, the derivation of the multivariable Fox H-function
representation for the PDFs and the CDFs of the product of two random envelopes taken

from the a-u, n-u, and k-u is provided in detail.

Appendix C. The series representation for the PDFs and CDFs of the ratio and

product distributions are derived in detail in this appendix.

Appendix D. The expression for the integral involving the product of the PDF
by the CDF is provided in detail in this appendix both in terms of the multivariable Fox

H-function as in infinite series representation.

Appendix E. An alternative implementation for the Fox H-function is found here.
As compared to that of [9], this implementation has the advantage of providing convergence

at the lower tail of the distribution.
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Chapter 2

Preliminaries

In this chapter, the distributions a-u, n-u, k-u, and a-n-x-u are briefly reviewed.
Their PDFs and CDFs are rewritten in terms of the multivariable Fox H-function by replacing
the exponential and Bessel functions in their formulations. In addition, the definition of
the multivariable Fox H-function is presented along with some of its important properties.
Finally, the Mellin transform and its connection with the generalized moments of positive

RVs is presented.

2.1 The Fox H-Function

The Fox H-function in N variables is defined by multiple Mellin-Barnes contour

integral in its most general form as [26]

s

r (/51' + % bi,ksk)

k=1
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in which j = v—1,x=[xy,...,xy], B =[B1,...,B,]and 6 =[5,,...,5,] denote vectors of
complex numbers and B and D are real valued matrices of order mxN and nxN respectively,
% is an appropriate contour in the complex space, and I'(x) = fooo t* Lexp(—t)dt I'(+) is the
gamma function [36, Equation (6.1.1)]. The function (2.1) reduces to the single variable
Fox H-function for N = 1. Properties and applications of (2.1) can be found in [37, 38],
in particular for N = 2. The convergence conditions for the integral (2.1) are described in
detail in [38] for N = 2 and then extended for an arbitrary number of variables in [26].
In [39], the single variable Fox H-function function is studied in detail providing several
properties and applications in science and engineering. A comprehensive study on integral

transforms involving the Fox H-function is found in [40].
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2.2 The Mellin Transform

The Mellin transform and its inverse are defined as follows [39].

Definition 2.1. The Mellin transform of the function f (x), denoted as f *(s), is defined by

oo

£4s) = / 1 (x)dx, 22

0

provided the integral converges.

Definition 2.2. The inverse Mellin transform of the function f*(s) is defined by

1 * —s
FO)= 5 yg () ds 2.3)

If £*(s) is analytic, then f(x) is uniquely defined by (2.3).

2.2.1 The Mellin Transform and the Generalized Moments

From the standard probability theory, the k-th moment of a RV Z with positive
support is given by

oo

E[ZF] = / z*f,(2)dz, (2.4)
0

in which E[-] denotes the expectation operator. By comparing (2.4) with (2.2), it is easy to

determine that the k-th moment is given in terms of the Mellin transform of f,(z) as
E[Z*]=f*(k+1), (2.5)

or, equivalently,
fs)=E[z"]. (2.6)

It follows from Definitions (2.1.) and (2.2.) that the PDF f,(z) can be obtained from the

generalized moments as
1
fr(2)=— 35 E[Z5 1]z ds, 2.7)
2nj J e

or, alternatively, by performing the variable transformation u =s—1,

£ (z) = 1#% E[Z"]z~"du. (2.8)
z221j Jo
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2.3 The a-u Fading Model

The a-u distribution arises from a general fading model suited to characterize
non dominant components environments subject to some sort of non-linearity in the wireless
medium and clustering of multipath. Let R > 0 be a fading envelope with a-root mean value
{/E[R2]. Then its PDF is given as

aut rewt ( r"‘)
= —u 2.

i

in which a > 0 is connected to non-linearities in the wireless medium, u = E2[R*]/V[R*],

and V[-] is the variance operator. Its CDF is given as

v (U, ur®/7%)

, 2.10
) (2100

Fr(r)=

in which y(a, b) = fob t*le~t dt is the incomplete gamma function [36, Equation (6.5.2)].
The k-th moment is found as

_T(u+k/a)
- T(w

in which the constant ./ is defined for simplicity as

E[R*] ", (2.11)

A

r
= i’ (2.12)

Several important fading models are particular cases of the a-u distribution such
as Weibull (u = 1), Nakagami-m (u = m and a = 2), Rayleigh (u =1 and a = 2), gamma
(u=m and a = 1), one-sided Gaussian (u = 1/2 and a = 2), and exponential (u = 1 and

a = 1) to name but a few.

2.4 The k-u Fading Model

The x-u distribution arises from a general fading model suited to characterize
fading signals subjected to multipath clustering with dominant components. For a fading
signal R > 0 and root mean square (rms) value # = 4/E[R2], its PDF is given, alternatively
to [4] by using [36, Equation (9.6.47)], as
2(u(1 + x))H r2et rPA+)u) - r?k(1+ x)u?

exp (——) of1 (;u' —)

exp(ku)  F2¢ 72 ’ 72

fo(r) =

(2.13)

in which xk > 0 is the ratio between the total power of the dominant components by the total
power of the scattered-waves, u = E2[R?]/V[R?]x (1+2x)/(1+x)? is related to the number
of multipath clusters, and ,F,(; a;z) = (F,(; a; x)/T'(a) is a particular case of the generalized

hypergeometric function [41, Equation (7.2.3.1)]. The CDF of the x-u distribution is given
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in terms of the Marcum-Q [4], alternatively, the CDF can be written in terms of the Fox
H-function as [42]
2

r u
Fa(r) = (u(l +:<)§) H[x; (8, B); (5,D); 2], 2.14)

such that, x = [xku, u(1 + x)r?/#2], B = [u,0,0], & = [u, u + 1] and the matrices B and D

are given as
-1 -1

-1 0
B=|1 0 |,andD= .
0 -1

0 1

The k-th moment is obtained in closed form, alternatively to [4, Equation (5)], as

I'(u+k/2 k
B[R] = L D) (——; us —Ku), (2.15)
T'(u) 2
by using the identity [36, Equation (13.1.27)]. The constant ¢ is defined as
A= (2.16)

Vul+x)

Particular cases include the Rice distribution (u = 1), Nakagami-m (x = 0 and

w = m), Rayleigh and one-sided Gaussian.

2.5 The n-u Fading Model

In a environment with no dominant components, a fading signal showing im-
balances or correlation between the in-phase and quadrature waves subjected to clustering
of multipath has its distribution characterized by the n-u fading model. For a fading signal
R > 0 following the n-u distribution and rms 7 = VE[R2], its PDF is given, alternatively
to [4, Equation (17)] by using [36, Equation (9.6.47)], as

2 ) et (<2 (e L
r(2u)  f4 I R G NI

fa(r)= (2.17)

in which u = E?[R?]/(2V[R?]) x (1+ (H/h)?) is related to the number of multipath clusters
and h and H are functions of the parameter 1 defined according to the adopted Format
of the n-u distribution. In Format 1, n > 0 is the ratio between the power of the in-phase
and quadrature scattered-waves and h = (2+ 1! +71)/4 and H = (n~ —7)/4; in Format
2, —1 < n < —1 is correlation coefficient between the in-phase and quadrature scattered-

waves and h = 1/(1 —n?) and H = nh. Its CDF is given, in terms of the Fox H-function, as

2N 2H
FR(r)=§(—“£(u%) HIx; (B, B); (5,D); 2], 2.18)
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in which x = [—-H?/(4h?),2ur?/#?], B =[2u,0,0], § =[u+1/2,1+2u], and the matrices

B and D are given as

-2 —1
-1 0
B=|1 0 |,andD= .
0 -1
0 1

The k-th moment is given, alternatively to [4, Equation (21)], as

JTCutk/2) (1 ko k. 1_H2)

k o
R =8 aw

SR (2.19)

and the constant & is defined as
p

e

From the n-u distribution it is possible to obtain other important fading models.

&=

(2.20)

Special cases include the Hoyt (u = 1/2), Nakagami-m (n — (0,c0)and m=puorn =1
and m = 2u for format 1,orn = 0and m = 2u or = (—1,1) and m = u), from Nakagami-m
is possible to obtain the Rayleigh distribution (m = 1) or the one-sided Gaussian (m = 1/2).

2.6 The a-n-x-u Fading Model

Accounting for virtually all short-term physical phenomena, namely nonlinearity
of the propagation medium, scattered waves, dominant components, and multipath cluster-
ing, the a-n-x-u fading model has been recently proposed. It comprises most of the fading
distributions presented in the literature and some not yet reported. This fading model has
been presented in three different parametrizations. Let R > 0 be a a-n-k-u fading signal.
It was recognized in [5] that the a-n-x-u fading envelope could be written in terms of the
in-phase and quadrature waves of the complex model as R* = X2 + Y2, in which a > 0
models the non-linearities in the physical medium and X and Y? are the powers of two
independent x-u distributed random variates. In its Global Parametrization, for an a-root
mean # = y/E[R¢], its PDF is given as [5]

ap— k'c, 1 "
fr(r) = M() (——) ()kL“ (2r*), (2.21)

in which u > 0 is the number of multipath clusters, L,’(L(-) is the generalized Laguerre Poly-

nomial [36, Equation (22.2.12)] and ¢, is given as

1
¢ = E;cidk_i, k>1, (2.22)
with ¢, and d; given, respectively, as

(2 (5 a)
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and

i =

a ( 2pE — P )i+ p ( 2up —n#* )i
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wherein £ = (1+7)(1+«)/(1+p)and 6 =(1+p)(1+qn)/(1+n); k > 0 is the ratio of
the total power of dominant component and the total power of the scattered waves; n > 0
is defined as the ratio of the total power of the in-phase and quadrature scattered waves of
the multipath clusters; p > 0 is the ratio of the number of multipath clusters of in-phase
and quadrature signals; and g > O is the ratio of two ratios: the ratio of the power of the
dominant components to the power of the scattered waves of the in-phase signal and its

counterpart for the quadrature signal. The CDF of the fading envelope R is obtained as [5]

. ro# k'm 2(u+1Dre
) = g P (__)Z(uﬂk)k g u ) e

in which m; is defined as

1
my = % A_E M;Qr—i» k>1, (2.26)
wherein m, and g; are given respectively as
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Unfortunately, the expressions for the PDF and CDF are given in intricate formulations using
recursivity, which can become quite troublesome to numerical evaluation. The a-n-x-u fad-
ing model comprises most of the fading distribution present in the literature. For instance,
the a-k-u fading [43] is obtained by setting p = n); for k — 0 and p = 1, the a-n-u fading
model [43] is obtained. Other important short-term fading can be obtained from the partic-
ular case of the a-x-u and a-n-u. Nevertheless, it is quite difficult to reduce the formulations
provided in [5] to those of the particular cases, mainly due to the recursive particle present
in (2.21) and (2.25). Of course, the reduction is straightforward by making use of physical

model of these distributions.
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Chapter 3

The Ratio Distribution of Two Fading

Envelopes

In this chapter, the basic concepts to derive the first order statistics of the ratio
of two random envelopes are shown. In particular, the PDF and CDF of the ratio of random
envelopes with variates taken from the a-u, n-u, and k-u distributions are obtained in
closed-form in terms of the Fox H-function. Fairly simple, fast convergent, series expansion
are also derived as an alternative for implementing the Fox H-function. The chapter ends
with a simple practical application example in physical layer security, namely probability of

positive secrecy capacity.

3.1 The Ratio Statistics

Let Z=X/Y > 0 be a random variate originated from the ratio of two indepen-
dent arbitrarily distributed random envelopes X and Y whose PDFs are fy(x) and fy,(y).
From standard statistical procedures, the PDF of Z, denoted as f,(r), is obtained by the

integral
fy(@) = /0 YOy D))y, 3.1)

and, of course, its CDF can be obtained from its definition as

FZ(z)=/0 fr(t)dr. (3.2)

Interestingly, when the RVs X and Y are taken from the a-u, n-u or k-u distributions, both
the PDF and CDF can be written in terms of a single multivariable Fox H-function given in
the general form as

g(x) = CH[x;($,B);(6,D); £]. (3.3)
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Table 3.1 — Parameters for the Fox H-Function of the Ratio PDF
Ratio Cc X B B 9] D
1 Z 1/a
a-u/a-u —_— — (s ity ] A/a
20 ()T () L tgg J ()
a z a —a,/2 -1
-/ P (2) 0] (57%) Tl (o)
2172 Ta, ( ) H2 i / .
a-u/n-u —_— [2uy, Uy, 0] 1 o) [uy +31 (0-1)
! AT ()T Hy 4k | ot s
PICETNTI ] G T 141
K'Au/K'Au - Z);"'xﬂx““yuj - [_Kx:ukaro_KyAU'y(l - VKK)] [0; Uy, .u'y] ( (1) ? ) [0; 0] (701 91
4\/5(—1)_"*_“%?2_1 HZ ) —1-2 10
K-M/Tl‘.u F(My)eKX”X(Kx‘U‘X)“X(Hi)HY _le“”xvmf): 4h2 (1 _an) [0; s .u_y] ( (1) (1) ) [O) 2] ( 0 —1
TI'M/T)'M 2 = yz - ;m’ - 2 [Ouuxnuy] ( 10 ) [%;%] (701 701
20(p, )T (uy J(H2)P=(H2) 4h2 4h? o1
Table 3.2 — Parameters for the Fox H-Function of the Ratio CDF
Ratio Cc X f B 6 D
/ ! =] won,0) () 0 1)
a-u/o- e —— S, Uy, “1/a _
pre ()T (1) g Ho by
1 r z Ay 7 —ai( 2 —01 o -1
a-‘U,/K'-‘U, W u )_Ky»uy [.uy:.u’xao’o] . (1) [!‘Ly’l] (71 0 )
X = QK =
21—2uyﬁ 2 x H§ —a,/2 =2 1
-u/n- = v- = = 20, hy, 0,0 10 1Ly, +1 1o
wulm ()T (1, )Ry (uan 4h2 | (20, ] ( Lo ) (Lu,+31 (3 9)
(—r ) P (=K ) 22U K, 22 —1-1-1 10 -1
e B e 2] om0 (151) oo (F49)
zﬁ(—l)_m_ﬂy(Hi)_MY 22u, K HJZ, 22 10 -1 10 -1
K- s , 0,0,y 1y, 0] (-1-2-1 1,0,% o180
M e ey TR s R AL
4m(—1) MM i fylY 202  H? 2 20 - 50 -
-u/1- - = X E 00,000 (Z25) il (F879)
T )Ty JHZ)=(H2) 4h2ut ° 4h2 U2 Y I 0 -1 0

The respective parameters for all possible combinations of ratios of RVs involving the a-
u, n-u, and k-u are provided in Tables 3.1 and 3.2, respectively, for the PDF and CDE
Please see Appendix A for their mathematical derivations. The constants u,;, and v,;, with

a,b € {a,x,n} used in the Tables 3.1 and 3.2 and elsewhere in the text are defined as

oy G/l
Ugg = — 75 Uge = 75 Ugy = 5
ﬂy J{y gy
A, A, Hy4/ Py
U = T Uea = 75 Uxn = 5
*, A, 8,
3.4)
. &x \/ __ & &
noa — s K=
" R, dh, " A,/
2
p4
and v, = R
ab

in which .«/;, #; and &, with i € {x, y} are derived, respectively, from (2.12), (2.16) and

(2.20) with the appropriate subscripts and I, denotes an identity matrix of order n.
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3.2 Series Representation

The implementation of the general multivariable Fox H-function can become
an herculean task as the number of variables increases, and, until now, there is no such
implementation. Nevertheless, some particular implementations may be found in the liter-
ature. For instance, an interesting Mathematica implementation of the single variable Fox
H-function is found in [9], in which the Fox H-function is written in terms of the Meijer’s G-
function. In [34], a Python implementation for the multivariable Fox H-function is provided,
in which the authors claim to efficiently and accurately evaluate it up to four variables. Al-
ternatively, calculus of residues may be used to produce computable series expansions. Of
course, in general, the evaluation of these series may become extremely complicated as the
number of variables rises above three or four with the result being obtained from a multi-
fold summation. There are some cases, though, in which the multi-fold summations can be

simplified to a single sum or even to a closed-form expression.

Tables 3.3 and 3.4 present simple, fast convergent series expansions for the PDFs
and CDFs, respectively, in which B(:, -) denotes the beta function [36, Equation (6.2.1) ] and
HI’)’?&“[-I—] represents the single variable Fox H-function [39]. These expressions compute
fairly quick on an ordinary desktop computer. On the one hand, the series involving the
a-u distribution can present some complications as the overall computation time depends
mostly on the efficiency of the single variable Fox H-function implementation. Although a
clever computational execution of the Fox-H function can be found in [9], when a > 2
and in the vicinity of 2 = 0 convergence is not always guaranteed. A novel algorithm has
been implemented here, which guarantees convergence in all cases' (see Appendix E).. On
the other hand, around 25 terms is enough to provide a good accuracy. The mathematical

derivations for the respective series expressions can be found in Appendix C.

3.3 The Reciprocal Distributions: Ratios of k-u/a-u, n-u/a-u
and n-u/K-pu

In the previous sections, the PDF and CDF for the ratio distributions were ob-
tained both in terms of the multivariate Fox H-function and as series expansions for some
combinations of RVs. The remaining combinations can be obtained from the reciprocal dis-
tributions defined as Z = 1/Z. By performing a simple variable transformation the PDFs
and CDFs of Z are given as

£6=55(3) (3.5)

When a < 2, the Meijer G implementation of [9] is more efficient.

1
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Table 3.3 — Series Expansion for the Ratio PDF

Ratio Series Representation
a-u/a-u Refer to [24]
_ a, e (K_ynu'y)l 1,1 z o (1—i—py,a,/2)
a-u/x-u f2(z) = 2Ty )e P z(:) T +“y)H1,1 Uy (1)
o2y [ 1 H, & ull 2\ | asam—2ia2)
a-p/n-p f2(2) = i 24T on ) Hll [
O s Bar(em+ 5\, 1, e

2\/#;(1 - VKK)My X (K)CILLXVKK)l

Ky J2(@) = = o, i:oi!B(i+Ux,Uy)lF1 (i per sy, (1= w)
) )= 2V (L= v )™ 20 (K Viey)' i+p+20, i+p,+20,+1 N 1‘H}2,(1—Vm7)2
Kp/np f2(2) = zexondy S5 iB(+p,,2u,)" ! 2 ’ 2 Hy T o h
fo P AT e (), (B )
? shi*h)y S iB(2i+2p,,2u,) \h, "
n-u/n-p . | H
XoFy (14t by T+ g+ iy + =500y + 5 (1= vy, )
2 2 hy
Table 3.4 — Series Expansion for the Ratio CDF
Ratio Series Representation
a-u/a-u Refer to [24]
1 & (kyuy) 12|:( Z )ax (L,1),(1—p, i, /z)]
a-u/k- F,(2)= H2 | = R e
Au’/ W Z( ) F([_Lx)eky“y l§0 l'F(l +.U'y) 2,2 Uy (uy,1),(0,1)
1 e (‘uy)i Hy “ 1,2 z \™ (1,1),(1—-2u, —2i,a, /2)
a- - F,(z)= — | H, — o S U
w/n-u 7(2) F(ux)hﬁy g(:) i0(2i +2u,) \ A, 2,2 Uy (1,1),(0,1)
1 2Uy 00 o0 (K‘ )k 2 L
Fy(z) = ——— (i) P — y".‘y z K'qux
K-‘U/K-‘U, ety by U i=0k=0l!k!(l+‘u‘x)B(l+Hx:k+.uy) Ui
22
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22
X, F; (i+ux,i+2k+ux+2uy;i+ux+1;—T
u
K1)
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o/ z 2hthly \uyy ) S04 i+ py)B(2K + 20y, 20 + 20, ) \ 12 b, h,
ZZ
x,F; (21’ + 2y, 21 + 2k + 20, + 2u,; 20 + 2u, + 1;—7)
u
nn
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and )
F;(z) = 1_Fz(;)- (3.6)

Hence, Tables 3.3 and 3.4 can be used directly to obtain these statistics.

3.4 Some Close-form Special Cases

For a certain set of parameters the ratio distribution presents closed-form ex-
pression. For instance, the PDF of the ratio of two Hoyt variates can be obtained by set-
ting u, = u, = 1/2 in the n-u/n-u expression in Table 3.3 and then using [41, Equation
(6.8.1.6)] along with the linear transformation given by [41, Eq. (7.3.1.3) ], and after some

algebraic manipulations, the PDF is given as

2 Ry (o) 2y F2 + 2R, )z

z) =
f2(2) (h 74+ 222h, h #272 + z4h, 74)3/2 57
35 4z HZH (7, 7y ) '
F _7 _; 1; N A A A M
I\ 4747 (hy e+ 222R h, P22 4 54, 742

Closed-form expressions are also obtained for the PDF of ratios involving the
Nakagami-m distribution. By setting the a, = 2 in the a-u distribution the PDF of the ratio

Nakagami-m/«k-u and Nakagami-m/n-u are given respectively as

2vhx (1—v )™

fZ(z) = lFl (lux + ‘u’yuuy; Kyu’y(]- _VaK)) (3-8)
ze B (Uy, 1y )
and
o 2vi (1=van)™ (420, 14p,+2u, 1+24, Hi(l ). @9
2) = , ; ;I 1=V . .
‘ 2B (g, 20, ) By 2 2 2 2 2 on

Other two interesting closed-form expressions arise from the ratios involving the
n-u distribution with the parameter u € Z. By writing the ,F; function as the Legendre Q
function using [41] and then the identity [44, Eq. (07.12.03.0028.01) ], after tedious and
cumbersome algebraic manipulations, the PDF of the ratio of x-u/n-u and 1-u/n-u variates

are obtained respectively as

fZ(Z) _ o1-ky (1 — Vm]):“'y V,'l:;; PL;/Z_l (]_ — ‘u'y)k (‘u'y)k((_].)k (1 _ %K)_MX_Hy+k (Z%K)_k

Hy|uy k=0 k! B(“x"uy)(l_nux_‘uy)k
KXMXVKTI) (_1)'%/‘“')( (1 + (gk)_“x_ﬂy
(1—%,() (ou'x+tu‘y)B(‘u'yuu’x+My)

ZeKxUx

(3.10)

x lFl (_k+1u’x +.u’y:‘u’x:

((‘gk‘ - 1)k(2(g1<)_k
X
(1 + U, + ,uy)k

(1 2 1+k b T
s e 20 e, T K4+ .
2 2( Au’x M :u'y ‘U, Au‘ :u’y (1+(g’<))
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ol=uy (1 — Myvzﬂx y—1 1 9 —1 k 1—-G <
=2 rs i) )(” )((( o

ZhﬁCLX |My k=0 z(gn B zuxuu“y)(]-_gl)k

-&
g (Bimk &kl 1 Hiv{% 2(—1)p, (1+G,)
261 o T Uy

2 2 2 ™i(g)

’ 1B (uy,81)(1+E),
2.,2
1 1+k+§ 2+k+E& Hv
XSFZ 1+:u’xuu’x+:u’y)2+ou'x 2 1: 2 L 2 P .
h§(1+Gn)
(3.11D)

in which ¢, = |Hy| (1 —van) /h, with a € {x,n} and &; = 2u, + u, . Of course the inverse
of these ratios can be easily obtained as hinted earlier. Special cases of the Nakagami-m

distribution can also be easily obtained by setting the appropriate parameters.

3.4.1 Asymptotic Expressions
3.4.1.1 Asymptotic PDF and CDF

To obtain closed-form expressions for the behavior of the PDF for both the lower
and upper tails, the following procedure was performed. In the cases involving the a-u
distribution, the Fox H-function was expanded in a power series using the residue theorem.
By taking the poles over the I'(u, + t), the variable z will have a positive exponent. Now,
consider z small enough so that it is possible to ignore all terms in the sum other than the
first one resulting in an expression for the lower tail of the PDE On the other hand, by taking
the residues over the other set of poles, a negative exponent on g arises. In this case, when
z is great enough all terms of the sum but the first may be ignored resulting in the upper
tail of the PDE

In the other scenarios, for small values of z, we may consider v,;, = z*/u?, and
1—v,, = 1. As z is in the vicinity of 0, summation indexes different from zero can be
ignored, that is, for the lower tail asymptotic behavior only the first term in the sum is used.
Proceeding like this and after some algebraic manipulations, the PDF lower tails presented
in Table 3.5 are obtained. For high values of z, we consider 1_i>rcr>10qu(ap, o k(l—v,))=1
Vep = 1and 1—v,, = u?, /2*. Replacing these in the expressigns of Table 3.3 and performing
the required summation, the PDF upper tails given in Table 3.5 are obtained. Of course, by
integrating these expressions from 0O to z and z to 0o, the CDF asymptotic behavior for the
lower and upper tails can also be achieved respectively and this is provided in Table 3.6.
Note that the CDF upper tails are indeed equal to one, although the expressions provided in

Table 3.6 can be used to achieve the lower tails of the reciprocal distribution by using (3.6).
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Table 3.5 — Left and Right Tail Asymptotic Expression for the PDF of the Ratio Distribution

Ratio Left Tail Right Tail
m
axF( S tuy )Zaxu)il ﬁ' ax“x 2F(“X a)’) 2My
OL'M/K-,U T(u uxP 141 ( ’.u'ya y‘u'y) K'VM*VF(HX)F(H )ZZM«VH
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Table 3.6 — Left and Right Tail Asymptotic Expression for the CDF of the Ratio Distribution

Ratio Left Tail Right Tail
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Table 3.7 — Parameters a and b for Various Modulation/Detection Combinations [45, Table

8.1]
a b 1/2 1
1/2 Orthogonal coherent BFSK Orthogonal noncoherent BFSK
1 Antipodal coherent BPSK Antipodal differentially coherent BPSK (DPSK)
0 < g <1 | Correlated coherent binary signaling -

3.4.1.2 Asymptotic Bit Error Rate

In a Gaussian channel, the bit error rate (BER) of a binary signaling may be
written in a compact form as [45, Eq. (8.100)]

r'(b,ay)

Py(y) = NOR

(3.12)

in which y is the instantaneous SNR, the parameters a and b are defined accordingly to the
modulation and detection scheme as described in Table 3.7, and I'(:, -) is the complementary
gamma function [36, Eq. (6.5.3)]. Consider now a binary signal over a ratio channel
Z = hy/h, in which h; = X and h, =Y with X and Y as defined previously. The signal-to-

noise ratio (SNR) is obtained as
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Table 3.8 — Bit Error Rate on High SNR for a Binary Signal over the Ratio Channel

Ratio Asymptotic Behavior
r(br S ny ) (R[22]) 7
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in which E; is the average energy per symbol and N, is the noise power spectral density. The

average SNR is given as

E E
7= ]V;IE[ZZ] = ]VZE[hf]E[hgz]. (3.14)

Therefore, the instantaneous may be written in terms of the mean SNR as

ZZ
E[Z7]

Y=Y (3.15)

After a simple variable transformation, the PDF of the SNR is given as

VE[Z2] f ( YE[ZZJ)

frr)= (3.16)

24/77

Y
The average BER is obtained by averaging (3.12) over the SNR as

P, = / P (o) dy (3.17)

The PDF of the SNR can be written as a power series using, for instance, those in Table 3.3
and expanding the special function therein to obtain a PDF in the form of >, a;(y/7)". To
obtain the asymptotic behavior for the BER in a high SNR regime, higher exponents in the
PDF can be ignored taking only i = 0, which means that the BER behavior at high SNR levels
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depends only on the lower tail of the channel PDE That is, to obtain an asymptotic equation
for the BER at high SNR over a ratio channel, replace f,(z) by the respective channel lower
tail provided in Table 3.5. Table 3.8 gives the asymptotic behavior of the BER over a ratio

channel for all possible combinations of ratios.

3.5 Numerical Results

As an illustration, Figure 3.1 shows the PDF of the ratio of x-u by an n-u RVs
and their asymptotic behavior at the right and left tails. It is important to remark that the
slope of the left tail depends solely on the distribution of the numerator, specifically on the
parameter u (and a if involved), wherein the rate of decay on the right tail is ruled by the
parameter u of the denominator. It is interesting to note that the distributions a-u, k-u and
1n-u have a finite non-zero value at z = 0, when au = 1, 2u = 1 and 4u = 1, respectively.
The same effect is encountered for the ratio distributions if the random variable on the
numerator also satisfies the condition for finite, non-zero value at z = 0 and such property

can be observed in Figure 3.2.

Exact

----- Asymptotic [4

Jz(2)

Note: n,, = 0.75, p,, = 2

Ke=2,7x=7y=1

. . . . I . . . . | . . . . I . . . . I . . \ .
-30 =20 -10 0 10 20

z, (dB)

Figure 3.1 — PDF of the ratio of x-u and n-u RVs with u, = 2, n, = 0.75, x, = 2, and
u, = {0.25,1,2.5} along with their asymptotic behavior for small and large z.

In Figure 3.3, the BER is depicted for channel resulting from the ratio of a k-
u by an n-u distributions, in which solid lines are exact solution obtained from (3.17) and
dashed lines are the asymptotic curves at high SNR. As expected, simulation results coincide
with analytical curves. It can be seen from Figure 3.3 that the high SNR asymptote will start
to coincide with the exact curve earlier when the numerator parameter u (or au if the

numerator is a-u distributed) is small.
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12
Note: k, =3, 4, = 1.8
i Pr=r,=1
=3.36
o =2.127
g 0€ =1.556
=1.226
0.4 =1.012
=0.75
0.2
0
0 1 2 3

Figure 3.2 — PDF of the ratio of a-u and x-u RVs with x, =3, u, =1.8, f, =f, =1 and
several values for a, and u, such that a,u, = 1.
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Figure 3.3 — BER of the ratio of x-u and n-u RVs with u, = 2, n, = 0.75, x, = 2, and
u, = {0.25,1,2.5} along with their asymptotic behavior for small and large z.

3.6 Practical Applications

In this section, we demonstrate the practical utility of the new formulations de-
rived here by analysing the secrecy capacity of a Gaussian wire-tap channel [46,47], for

D2D and V2V communications, using data obtained from field measurements. The secrecy
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capacity can be viewed as the maximum transmission rate such that no bit of information
is obtained by an eavesdropper. The experiment reported here has been conducted by Prof.
Simon Cotton’s team at the Wireless Communications Laboratory, Institute of Electronics,
Communications and Information Technology at The Queen’s University of Belfast. This is

reproduced here with their due permission. The secrecy capacity for a Gaussian wire-tap

1+Ym) :
lo , ify,>7r.
C = 82(1+Y Ym =Y

S w

channel is defined as

(3.18)
0, ifym < 7vw

in which y,, and v,, are the signal-to-noise ratio (SNR) for the main and the wire-tap chan-

nels, respectively, and are given by y; = Ph?/N;, i = (m,w), in which P and N; are the

transmission and noise power, respectively, and h; is the channel gain. The probability of

positive secrecy capacity is given as

hm Nm
Pr[C,>0]=1—Pr o <\|—
7 E[h?
—1-F, |42 )
mE[h2] (3.19)
TmE[R ]
7\ TuER2]

in which: (i) F,(-) is obtained from (3.3) with parameters obtained in Section 3.1 and eval-
uated by the exact series given in Table 3.4 in accordance with the chosen fading model for
h,, and h,,; (ii) F; is the CDF for the reciprocal distribution given in (3.6); and (iii) ¥,, and

Y,, are the mean values of the SNR for the main and wiretapper channels, respectively.

3.6.1 D2D Communications

The D2D measurements were conducted at 5.8 GHz within an indoor seminar
room. The exact details of the measurement setup, experiments, and data analysis can be
found in [48]. The measurement trial considered three persons who carried the hypothetical
user equipments (UEs) A, B and E? and were positioned at points X, Y and Z respectively
(see Figure 3.4). All three persons had the UEs positioned at their heads, and were initially
stationary. The persons at positions Y and Z were then instructed to walk around randomly
within a circle of radius 0.5 m from their starting positions whilst imitating a voice call. It
should be noted that the channel between UEs A and B is referred to as the main channel

whilst the channel between UEs A and E is referred to as the wire-tap channel.

2 A, B and E are analogous to Alice, Bob and Eve as commonly encountered in eavesdropping analyses of

wireless security applications.
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Figure 3.4 — Seminar room environment showing the position of the UEs A, B and E for the
D2D scenario.

For the analysis, the data sets were normalized to their respective local means
prior to parameter estimation. To determine an appropriate window size for the extraction
of the local mean signal, the raw data was visually inspected and overlaid with the local
mean signal for differing window sizes. In this case, a smoothing window of 500 samples
was used. As an example of the data fitting process, Figs.3.5(a) and (b) show the PDF of
the a-u, xk-u and n-u fading models fitted to the D2D fading data for the main and the
wire-tap channels, respectively. A total of 74763 samples of the received signal power were
obtained and used for parameter estimation. The parameter estimates were obtained using
the 1sqnonlin function available in the optimization toolbox of MATLAB along with the
a-u, k-u and n-u PDFs. To allow the reader to reproduce these plots, parameter estimates
for all of measurement scenarios are given in Table 3.9. From Figure 3.5, we observe that
both the a-u and k-u PDFs provide a very good approximation to the measured data, whilst
some disparity is noticed between the lower tail of the empirical PDF and the theoretical
1-u PDE To select the candidate model, from the a-u, k-u and n-u distributions, most likely
to have been responsible for generating the fading, the Akaike information criterion (AIC)

was used. Based upon the ranking performed using the computed AIC, it was found that the
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a-u distribution was the most likely model for the main channel, whilst the k-u distribution
was the most likely model for the wire-tap channel. The a parameter estimate for the main
channel was found to be higher than that for an equivalent Nakagami-m fading channel (a
= 2, u = m), while u was found to be 0.68 suggesting a tendency towards significant fading
for the main channel. This is understandable due to the constantly changing orientation
and posture of both the test subjects. For the wire-tap channel, we see that the k parameter
estimate was greater than 1, suggesting that a perceptible dominant component existed.
The u parameter estimate for the wire-tap channel was found to be relatively close to 1,
indicating that a single cluster of scattered multipath contributes to the signals received in

the D2D (indoor) scenario.

D2D: Main channel D2D: Wire-tap channel

10° . r 100 : T
e Empirical e Empirical
o a-p
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Figure 3.5 — Empirical envelope PDF of (a) the main channel and (b) the wire-tap channel
compared to the a-u, k-u and n-u PDFs for the D2D channel measurements.

Utilizing the parameter estimates from the D2D field trials (see Table 3.9), Figure
3.6 depicts the estimated probability of positive secrecy capacity versus y,, for a range of
Ym» When the main and the wire-tap channels experience a-u and k-u fading, respectively.
We now adopt the following approach to analyse the probability of positive secrecy capacity.
We perform our analysis when y,, is fixed at 10 dB and for two different levels of positive
secrecy capacity: 0.10 (10% level) and 0.50 (50% level), which are indicative of low and
mid-range levels of positive secrecy capacity, respectively. From Figure 3.6, we observe that
if the wire-tapper can improve her average SNR (y,,) from 5 dB to 10 dB, the probability of
positive secrecy capacity will decrease from 77% to 49%. Furthermore, to ensure a positive
secrecy capacity level of at least 10%, we find that the wire-tappers average SNR must not
exceed 19 dB. Likewise, to ensure a mid-range positive secrecy capacity level of at least

50%, y,, must not exceed 10 dB.

10
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Figure 3.6 — Probability of positive secrecy capacity versus 7, considering a range of 7,
for the D2D channel measurements when the main and wire-tap channels are
assumed to undergo a-u and k-u fading, respectively. Here, PSC indicates pos-
itive secrecy capacity.

Table 3.9 — Parameter estimates for the a-u, k-u and n-u fading models fitted to the D2D
measured data along with the AIC Rank.

a-u K- n-u

a u 7 | AICRank | « u # | AICRank | 71 u 7 | AIC Rank
D2D: Main channel 2.77 | 0.68 | 1.18 1 1.09 | 0.89 | 1.23 2 0.01 | 1.08 | 1.21 3
D2D: Wire-tap channel | 2.64 | 0.74 | 1.16 2 1.11 | 091 | 1.20 1 0.01 | 1.10 | 1.31 3
V2V: Main channel 1.97 | 2.88 | 1.03 2 2.54 | 141 | 1.02 3 0.56 | 1.47 | 1.08 1
V2V: Wire-tap channel | 2.78 | 1.55 | 1.04 3 41.7 | 0.13 | 0.99 2 0.80 | 1.39 | 1.02 1

3.6.2 V2V Communications

The V2V channel measurements considered in this work were conducted at 5.8
GHz. The exact details of the measurement setup and experiments can be found in [48].
Specifically, the transmitter, the legitimate receiver and the wire-tapper were positioned on
the center of the dashboards within vehicles A, B and E, respectively (see [48, Figure 10]).
Initially, both vehicles A and B drove towards each other at a speed of 30 mph whilst the
vehicle containing node E remained parked on the side of the road. The fading data used
in the analysis presented here, considered the channel acquisitions obtained when vehicles
A and B drove past each other and continued their onward journey. As before, it should be
noted that the channel between nodes A and B is referred to as the main channel whilst the

channel between nodes A and E is referred to as the wire-tap channel.
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Figure 3.7 — Empirical envelope PDF of (a) the main channel and (b) the wire-tap channel
compared to the a-u, k-u and n-u PDFs for the V2V channel measurements.

Similar to the D2D channel measurements, the data sets were normalized to
their respective local means prior to parameter estimation. In this case, a smoothing win-
dow of 200 samples was used. Figs. 3.7(a) and (b) show the PDF of the a-u, k-u and 1n-u
fading models fitted to the V2V data for the main and the wire-tap channels, respectively. A
total of 56579 samples of the received signal power were obtained and used for parameter
estimation. When compared to the a-u and n-u PDFs, we observe that the x-u distribu-
tion provides a better approximation around the lower tail of the empirical PDFs in Figs.
3.7(a) and (b). On the contrary, the n-u PDF provides a better approximation than the a-u
and x-u distributions around the median (where the greatest number of fade levels occur)
and also the upper tail of the empirical PDE Accordingly, from the computed AIC rankings
(see Table 3.9), it was found that the n-u distribution was the most likely model for both
the main and wire-tap channels. Inspecting the estimated 7) parameter for the V2V chan-
nel measurements (see Table 3.9), we observe that under the assumption of Format 1 for
the n-u fading model [4], a power imbalance existed between the in-phase and quadrature
components for both the main and wire-tap channels. Under the assumption of n-u fading,
low estimates of u were also found for both the main and wire-tap channels, indicating that

minimal environmental multipath contributions offered by the surrounding environment.

Now, using the parameter estimates from V2V field trials (see Table 3.9), Figure
3.8 depicts the estimated probability of positive secrecy capacity versus y,, for a range of
Ym» When the main and the wire-tap channel experiences 1n-u fading. Following a similar
approach to the D2D analysis with 7,, fixed at 10 dB, we observe that increasing 7,, from 5

dB to 10 dB causes the probability of positive secrecy capacity to significantly decrease from

10
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89% to 50%. Moreover, to ensure a positive secrecy capacity level of at least 10% or 50%,

we find that y,, must not exceed 15 dB and 10 dB, respectively.
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Figure 3.8 — Probability of positive secrecy capacity versus y,, considering a range of y,, for
the V2V when it is assumed to undergo n-u fading. Here, PSC indicates positive
secrecy capacity.

3.7 Conclusions

This chapter presents novel and compact expressions for the PDF and CDF of the
ratio of two fading envelopes following a-u, k-u and n-u distributions in terms of the Fox
H-function. Exact, computationally efficient series representations are also provided. New,
simple, exact, closed-form expressions are obtained for special cases involving the Hoyt,
Nakagami-m and n-u with integer u parameter distributions. Applications for these results
include multihop systems, spectrum sharing, the characterization of co-channel interfer-
ence and physical layer security, among other areas of wireless communications. Multipath-
shadowing composite fading statistics can also be obtained as special cases of the ratio
distribution and the various combinations given here can be used to characterize a plethora
of fading environments. Interestingly, and as well known, the sum of independent identi-

cally distributed (i.i.d.) k-u powers is another x-u. In the same way, the sum of i.i.d. n-u is



Chapter 3. The Ratio Distribution of Two Fading Envelopes 49

another 7n)-u. Therefore, the results provided here can be directly applied to maximal ratio
combining systems in the presence of interference. In the same way, the sum of i.i.d. a-u,
K-u, and n-u envelopes can be well approximated by the respective distributions, then ren-
dering the results useful in the study of equal gain combining systems. Similar comments
concerning the sum of independent non-identically distributed variates (power and enve-
lope) also apply. The practical application example shown here dealt with secrecy capacity
of a Gaussian wire-tap channel for D2D and V2V communications, using data from field

measurements with experiments conducted at 5.8 GHz.
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Chapter I

Statistics for the Product of Fading

Envelopes

In this chapter, the first order statistics such as PDFs, CDFs and moments of
the product of two random envelopes taken from the a-u, n-u, and x-u distributions are
presented both in terms of the multivariable Fox H-function and in fairly simple, fast con-
vergent computable series expansions. The results, given in terms of the Fox H-function, are
obtained through the inverse Mellin transform and, by the use of the sum of residues, series
expansions are derived. Another interesting result provided here is the that of the definite
integral involving the product of a PDF and a CDF which is closely related to the CDF of
the product of two random variates. These results find application in a plethora of wireless
communications systems. As an application example, performance analysis metrics namely
amount of fading, outage probability, and outage capacity of a two-tap cascaded channel

are derived. Additionally, the probability of detection of an UHF RFID system is also derived.

4.1 The Product of Two Random Envelopes

Consider the RV Z = R;R, > 0 to be the product of two positive, independent
and arbitrarily distributed RVs R; and R, whose PDFs are denoted by fz (x) and fz (¥).
From the standard probability procedure, the PDF of the random variate Z can be obtained

by the following integral
1 Z
£@) = [ i)y, 4.1
0

and the CDF is obtained as

(o]

Fy(z) = / f,(v)dr = / Fu ()0 dy. “42)
0 0
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Table 4.1 — Parameters of the Fox H-Function for the Product PDF
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Alternatively, the inverse Mellin transform may be used to derive an expression for these
statistics as discussed in Section 2.2. Since R; and R, are independent, the s-th moment of
the RV Z may be obtained as

E[Z®] = E[R]]E[R;]. 4.3)

Ergo, the PDF of the ratio distribution can be obtained through (2.8) whereas the CDF can
be obtained with the help of (4.2). It is worth remarking that both the PDF and CDF can be
represented in a compact form in terms of the multivariable Fox H-function following the

general structure
g(x) = CH[x;(B,B);(6,D); £]. (4.4

The parameters for the Fox H-function representation for the product PDF and CDF for any
combination of two RVs are summarized in Table 4.1 and 4.2, respectively, in which I,, and
0, denotes, respectively, the identity matrix of order n and a sequence of n zeros. Please see

Appendix B for their mathematical derivation.
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Table 4.3 — Series Expansion for the Product PDF

Product Series Representation
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4.2 Series Representations

In order to facilitate the implementation of the product statistics, series expan-
sions for the PDF and CDF of the product distribution are given in Tables 4.3 and 4.4 re-

spectively, and their mathematical derivation is found in Appendix C.

It is important to remark that for a certain combination of the parameters a
and u, these expressions will produce a singularity. Nevertheless, these restrictions are non-
prohibitive as the function exists for these parameters and a limit can be used to numerically
evaluate the expressions. As expected, the parameters influence the convergence of the
power series. Specifically, for a given value of z, the series will converge faster the higher
the values of ., # and &/+h. Additionally, these series converge faster for small values of
z. Table 4.5 offers the number of terms necessary to achieve a 107! accuracy for the power
series in Tables 4.3 and 4.4
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Table 4.4 — Series Expansion for the Product CDF

Product Series Representation
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Table 4.5 — Number of terms for accuracy of 107!° for the PDFs of Table 4.3 and for the
CDFs of Table 4.4

a-p X K-u a-p X n-l K-t X K-l K-y X M- n-u X 1n-p
«ﬁ{ A T dng ')glé’oZ 1602
1Ky Terms Terms %, Terms Terms n Terms
2 2 17°2
1.1340 14  1.2320 15 09349 16 0.7203 19 1.3149 13
PDF 0.2566 42 0.3953 32 0.2548 38 0.1879 57 0.2425 49

0.0697 118 0.0757 126 0.1128 76  0.0565 170 0.0729 147
1.4062 11 1.0018 15 1.3333 12 0.6479 21 0.6130 23
Outage Capacity 0.5315 21 0.4363 27 0.3698 27 03240 31 0.2890 40
0.2526 34  0.2009 50 0.1867 46  0.1572 63 0.1159 90

4.3 Integral Involving the Product of a PDF and a CDF

Another interesting result concerns the integral of the the PDF and CDF of ran-

dom envelopes, given as

71
Pa1) = [ o, (2)dr 5
0

in which R, and R, are independent random envelopes following the a-u, xk-u or n-u dis-
tribution, and f (r) and Fy (r) are, respectively, their PDF and CDE An expression can

be obtained for integral (4.5) in terms of the multivariable Fox H-function with the gen-
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Table 4.6 — Parameters of the Fox H-Function for the Integral Involving the Product of PDF
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eral structure given in (3.3). Tables 4.6 and 4.7 provide, respectively, the parameters for
the Fox H-function representation and series expansion for the integral (4.5). In Table 4.7,
\Fi(a,b,x) = ;F,(a,b,x)/T(b), v(a,x) is the lower incomplete gamma function [36, Eq.
(6.5.2)], and E,(x) is the exponential integral [36, Equation (5.1.4)]. The corresponding
mathematical derivation is provided in Appendix D. It is noteworthy that when vy, tends to
infinity the above integral has the exact same format as the integral to obtain the CDF for

the product of the random variables R; and R,.

4.4  Application Examples

441 Performance Metrics for the Cascaded Channel

Consider a two-tap cascaded channel described in [9]. The instantaneous SNR
is given as
E, 2 Ey_,
= = (R,R,)* = =72, 4.6
Y N, (RiR,) N (4.6)

T

in which R; and R, are the wireless channel gain, E; is the average energy of the transmitted
symbol and N is the noise power spectral density. Therefore, the average SNR, defined as
¥ = E[y], can be computed by
Es
vy =_"R[Z2 4.7
TN, [Z7]. (4.7)

Applying a conventional variable transformation, the PDF and CDF for the SNR can be

f =3\ B (B2 48

obtained, respectively, as
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Table 4.7 — Series Expansion for the Integral Involving the Product of a PDF and a CDF in

(4.5)
Product Series Expansion
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and

N
Fr(y) = Fg ( YE E ) > (4.9)
in which fz(r) may be replaced by (4.4) with parameters provided in Table 4.1 and Fg(r)
may be replaced by (4.4) with parameters provided in Table 4.2 according to the physical

model considered, or by their respective series representation given in Tables 4.3 and 4.4.

4.4.1.1 Amount of Fading

The amount of fading (AF), which is a measure of the fading severity, is defined
in [45, Eq. (1.27)] as the ratio between the variance and the square of the average of the
instantaneous SNR, i.e., AF = V[y]/E[y]?. Expressing it in terms of the moments of Z leads

to
_ E[z°]

- E[Z2]2 o
in which E[Z?] and E[Z*] are derived from (4.3).

(4.10)

4.4.1.2 OQutage Probability

The outage probability is the probability that the instantaneous SNR falls below

a certain threshold yy,, i.e.,

Yth

Pout = PI'(O < Y < Yth) = fF(Y)dY> (411)
0

in which f;(y) is given by (4.8). Therefore the outage probability is the CDF of the instan-

taneous SNR for y,, and is given by

Poye = Fr(yw), (4.12)

in which Fy(y) given by (4.9).

4.4.1.3 Outage Capacity

The Shannon capacity for a signal transmission over AWGN channel is defined as
C(y) =Wlog,(1+7y), in which W is the signal’s bandwidth and y is the instantaneous SNR.
The outage capacity is the probability that the capacity will fall below a certain threshold
and may be expressed as [49]

Coue = Prob[C(y) < A]. (4.13)

It can be easily shown that the outage capacity is given in terms of SNR’s CDF
as
Cou = Fr (2V" —1), (4.14)

in which F(y) defined by (4.9).
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4.4.2 Detection Probability in a UHF RFID System

The UHF RFID systems have been consistently applied in wireless technology
to object identification. For more information on RFID system please check [50,51] and

the references therein. Figure 4.1 shows a basic configuration of an UHF-RFID system. To

Reader )

/ 7}
Antenna 1 /< d]jv—R\- > » Reader
A \ Antenna 2
\ —
N H .
\d’ d,,/ -~
h, h
N %; o t
Tag

Figure 4.1 - Basic configuration of passive UHF RFID system [50].

correctly detect the RFID tag, the power received by the tag must be higher than the tag
sensitivity. Upon receiving, a backscatter signal is send by the tag which must be higher
than the reader sensitivity. Following the same lines as in [51, Equations (1) to (5)], the

probability of detection can be written as

Py =Pr{|hy| > vy, || hy| > 7o} =

T T (4.15)
//f|h1||h2|(X,)’)d}’dX,

Y1 va/x

in which y, and vy, are defined in [51]; h; and h, are respectively the fading coefficient
in the forward link and in the reverse link; and f}, ,/(x, y) is the joint PDF of h; and h,.
Now, let |h;| and |h,| be independent random envelopes. Hence, manipulating (4.15) for

this case, the probability of detection can be rewritten as

1
Py =1—F, (y1)— Fpn(12) + / Fu COF,, (%) dx, (4.16)
0

in which F; (x) and F, (x) are the CDF of the fading coefficients in the forward and reverse
links, respectively; f;, (x) is the PDF of the fading coefficient of the forward link; and F), ,, (x)
is the CDF of the product of random envelopes h; and h,. Fj, ;,(x) can be replaced by (4.4)
with the adequate parameters from Table 4.2 according to the desired fading model. The
remaining integral in (4.16) is the same integral solved in Section 4.3 and can be replaced

by (4.4) with parameters given in Table 4.6.
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Figure 4.2 — PDF for the product of one a-u and a k-u variates with a; = k, = 1.8, 7, =
5, = 1 and several values for u; and u,.

45 Some Plots

Several plots for the product PDF with different values for the parameters a, k, 7,
and u are shown in Figs. 4.2-4.6. Without loss of generality, it is assumed that 7, =7, =1
in all plots. The parameters have been taken to show the broad range of shapes that the
product PDF can exhibit. As expected, higher values of the parameters a, k and u tend
to concentrate the curves around #;7,. The PDF of an a-u random variable is finite and
non-zero at z = 0 when au = 1. The same effect is observed when u = 0.5 or u = 0.25,
respectively, for k-u and n-u distributions. Interestingly, the product distribution shows the
same effect if any of the random variables satisfies the conditions for non-zero PDF at z = 0

(au=1, u=0.5and pu = 0.25 for a-u, k-u and n-u, respectively).

As an application example, the outage capacity is depicted in Figs. 4.7-4.11 for
the cascaded channel formed by the a-u, x-u and 1-u distributions, in which the dots are
Monte Carlo simulation points and the lines have been obtained from the formulations
presented here. As can be seen, simulation and the exact expressions coincide with each
other, showing the correctness of the formulations. These figures also show that the product
distribution tends to a single distribution if one of the variables involved in the product
approaches the impulse function (¢ — 00, Kk — 00 or u — ©0), which gives the product

distribution much more flexibility than the single distribution.
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Figure 4.3 — PDF for the product of one a-u and an 7n-u variates with a; = 1.8, format 2
n = 0.286, 7, = 7, = 1 and several values for u; and u,,

f2(2)

Figure 4.4 — PDF for the product of two k-u variates with yu; = 0.5, u, = 1.1, 7, =

and several values for k; and k.
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Figure 4.5 — PDF for the product of one x-u and one 7n-u variates with k; = 2.4, format 2

n, = 0.4, 7, = 7, = 1 and several values for u; and u,.
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Figure 4.6 — PDF for the product of two n-u variates with n; = 0.1, 7, =04, 7, =7, =1

and several values for u; and u,.

4.6 Conclusion

This Chapter offers novel exact expressions for the probability density function

and cumulative distribution function of the product of two fading envelopes following an
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a-u, k- or -y distribution in terms of the Fox H-function. Series representations for the re-
sults are also provided. It is important to emphasize that the series in Tables 4.3 and 4.4 are

not unique and other series expansions are possible. Those provided here arises naturally
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from the sum of residues without much algebraic manipulations and compute efficiently. In
addition, an interesting integral involving the product of a PDF and a CDF which is related

to CDF of the product of two random envelopes were derived. Said integral find application,
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for instance in UHF-RFID systems. These results are applicable in several areas of wireless
communications such as high resolution synthetic aperture radar clutter, multihop systems.
It can also be used to model keyhole channels in MIMO system. Some metrics for the cas-
caded fading channel are provided. The various combinations of the products given here

can be used as an immense multipath-shadowing class of composite fading environment.
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Chapter

Miscellaneous Results on the a-n-x-u
Fading Model

The efficiency of the series presented in 2.6 for the PDF and CDF of the a-n-x-u
can be greatly compromised due to the recursivity present in the series. In this chapter, a
number of new results aiming at facilitating the use of the a-n-x-u fading model are pre-
sented. These results include: (i) fast convergent, with no recursions, series representations
for the envelope PDF and CDF; (ii) higher order moments; (iii) moment generating function;
(iv) asymptotic behaviour of the PDF and also of the CDF; (v) a procedure for parameter
estimation; (vi) new closed-form expressions for particular cases. As application examples,
the following are shown: (i) outage probability; (ii) outage capacity; (iii) amount of fading;

(iv) bit error rate, for which the asymptotic behaviour is found.

5.1 The Envelope PDF!

As was mentioned in Section 2.6, the a-n-x-u model, the relation between its
envelope R and in-phase and quadrature components X and Y is given as R* = X2 + Y2,
in which X2 and Y? are the powers of two independent of the x-u variates. The respective
PDFs for the modulus of X and Y follow that of (2.13) with respective parameters k., U, /2,
. and x,, u,/2 and f,. Their corresponding parameters are given in terms of those of
Parametrization-2, i.e. a, K, 1, U, p, g, and 7, as

Mx:fﬂ’ uy=2—“, . = (1+n)q1<’ <, = (1+n)x
+p 1+p 1+qn 1+qn
22 _ n(1+q(n +x + nk))re (1+x+n(g+x))re

T (1+n)A+x)(1+qn)’ (1+m)A+x)(1+gn)
This has also been obtained independently in [52]

(5.1)

/\2:
y

1
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As defined in [5], U = X? and V = Y2, and the PDF of the a-n-kx-u envelope can be evaluated

as
fa(r)=ar*! / fu(r*=v)fy(v)dv, (5.2)
0
in which f,;(u) and f,,(v) are easily obtained from standard statistical procedures. Of course
fa(r)=ar®! / fo)fy (r* —u)du. (5.3)
0
The CDF has the integral form given as
Fr(r) :/ Fy(r*—v)f,(v)dv 5.4
0
or, equivalently
Fr(r) :/ fu(@F,(r* —u)du. (5.5)
0

In [5], these integrals were solved using series expansion formulations found
in recursive forms. These recursive forms are not handy, and their convergence, although
achievable, is highly dependent on the parameters. It is then convenient to find new formu-

lations that render the use of such a flexible a-n-x-u model simpler.

Replacing f;;(u) and f;,(v) in (5.2) and with some algebraic manipulation yields

falr) = 0‘(“—5)“) (3)% - (_pf"::a)/ora e

(1+pq)xu raup
exp(—5 n (5.6)
(m—pwv = [ pu p*aExp*(r*—=v)\ = [ wu wEu’v
X eXp - A OFl ) ) A OFl s o s A dV
nre 1+p onfe 1+p ofe

The reader is referred to Section 2.6 for the respective definition of the parameters £ and
6. Using the series representation for the hypergeometric function in (5.6) as given in [41,
Equation (7.2.3.1)] and then, by changing the order of integration and summation, the PDF
is obtained, after some algebraic manipulations, as

(e, ol o]

a(ug)” (g )— re”! s 1

exp((l+p5q)t<u " pan ¢ im0 j=o 11jIT (] + %) r (i + %)

2 2\! 2\ pre _
« [ PLOSKK ) [Kep / (e — )1 i g (_(n Ii)g“”)dv.
onfe st ) Jo nfe

fr(r) =
5.7)

The inner integral can be solved with the help of [53, Equation (2.3.6.1) ] resulting in

oo o0

pu
a(ug)*  (p\w ret pEur® 1
frr)=——F—F"—1| = ——exp| —— —
exp(%) n frau nte ZO: i ilk!

2 2. .a\! 2 .a\K a _
X(p qExu’r ) (K§M r ) 1F1(k+1ip;i+k+u;r (p Az))éu).

(5.8)

onre ora nr
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The above expression can be further simplified by writing the hypergeometric function as

an infinite sum, which yields,

= (8) e ()83

(k ) . ] 5.9
x M (p agxy’r )( KEW? ) (r“(p—n)iu)
F(i+k+n+,u)F(k+%) onfe of nie
By performing the summation over the index i, it results in
a(ue) £ pap—1 Eur (k+n+1+ )
)= (o) e (P )ZZ -
exp(tege) WS ki (k+25) 5 1)

2 a\Kk a _ n 2 2..a
y (Kgé,l{: r ) (7’ (p A’f))gli) 7, (;k+n+,u;p qufi r )
ra nre onre

Now summing over the infinite triangle n = n’ — k and after some algebraic manipulations,

the PDF for the a-n-x-u fading model is obtained as

pu [o'e)
a(ug)* o pokl Eur® re(p—m&uw\"
fR(r): (1+pg)xu B o €xp _p ~a Z E "Z’
exp (L) \ 1 P nte )&= nf

2 a 2
-1 NKU -~ , peqroxéu
x L7 —— | o1 | s U ————
" (5(n—p))° 1( T )

Interestingly, in this new form, the PDF of the a-n-x-u fading model can be seen as the PDF

(5.11)

of an a-k-u distribution with the modified Bessel function of the first kind replaced by a
linear combination of Bessel functions. Therefore, it can be conjectured that the statistics of
the a-n-x-u distribution will be a linear combination of those of the a-k-u fading model.
Note, however, that the formulation in (5.11) presents an indeterminacy for p = 7). It is
noteworthy, on the other hand, that, in the limit as p — 7, the series reduces to the exact
closed-form PDF of the a-k-u distribution, as predicted in [5]. In addition, it is important to
note that this new equation evaluates substantially faster than anyone of the formulations
presented in [5] and reproduced in Section 2.6, and, in general, needs no more than 20

terms for high numerical precision.

5.2 Envelope CDF - New Series Representation

A new series representation for the a-n-x-u CDF can be obtained by using (5.11)

in the CDF definition. The integral form for the CDF is given by

n’=0

r a 2 a 2
x / Ta(n’ﬂt)—l exp (_Pi,lff ) 01”_—".1 (; n + w; pqv ,fgll'l' ) dT,
0 nre onre
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This integral can be solved by putting the hypergeometric function in terms of the modified
Bessel function of the first kind using [36, Equation (9.6.47)] and then [4, Equation (4) ]

which results in

ro=eo(“3) ()" 501 v ()

(5.13)
2pgK 2 re
(1 an(‘ PAKLL pai ))
nr
in which Q,(a, b) is the Marcum-Q function [54] defined as
oo 2
Qv(a,b):%/ xvexp(—x +a )Iv_l(ax)dx (5.14)
a— Jp 2

The series in (5.13) converges for 0 < 1) < 2p. By no means, this is an issue, because the
a-n-k-u distribution presents a certain symmetry such that the envelope distribution with
parameters {a,n, K, U, p,q} is identical to the one with parameters {a,1/n,x,u,1/p,1/q}.
Again, there is question concerning the parameters 1) and p approaching each other. As said
before, this is the case in which the a-n-k-u reduces to the a-x-u, and the envelope CDF is

given in a closed-form expression.

5.3 Higher Order Moments

The higher-order moments of the a-n-«x-u fading model can be obtained as

E[R¥] :/ rkfa(r) dr (5.15)
0
After replacing fz(r) with (5.11) and changing the order of integration and summation,
yields
a(ug) =1 (p—m)& L1 K
1= (2)" & S (e ()
PUT w=0 (5.16)

o0 a 2 .a 2
X / p itk exp (—pg‘fr )0151 on' 4y PSR 'fiu dr.
0 nre onre

The inner integral can be solved with the help of [41, Equation (2.22.3.1) ] resulting in

Ak _§ §+% [e%e] n’
E[RF] = (HE)© (ﬁ) Zr(n’+k+u) (1_ﬂ)
(1+pg)xu p - a p
eXP(—a ) n'=0 (5.17)
i (I
6(n—p)

The series in (5.17), likewise the envelope CDE converges for 0 < 1 < 2p. Again,

pqm)
=)

I / k /
J1n+a+mn+m
this is no issue, as explained for the CDF case. And again, here the comment concerning the

parameters 1) and p approaching each other applies, i.e. the moments in this case converge

to those of the a-k-u distribution, which are given in closed form.
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5.4 Moment Generating Function

The MGF is defined as the average of exp(—sR), i.e.,
M (s) =E[exp(—sR)] = / exp(—sr)fr(r) dr. (5.18)
0

The integral in (5.18) can be evaluated by replacing fz(r) with (5.11) and by
rewriting the hypergeometric function as an infinite sum. After changing the order of inte-

gration and summation, the MGF can be obtained as

Caey (p\5 (p—nEu\"
%(S)—W(—) fap szur(n'+u+k)( nfe )

exp n'=0 k=0

(p qroxgp ) L 1( ULY% )/ ki +)-1 gy sr)exp( p&ur® )dr.
onte 6(n—p)/Jo nre

The inner integral can be solved in terms of the Fox H-function using [39, Equation (2.29)].

(5.19)

After performing a series of algebraic manipulations, the moment generating function of the

a-n-k-u fading model is given as

/ﬂ(s)=+%_w)( )_i (qu“) [(%)é%

exp ( k=0

(1 _k_nu'J 1/a)
(0,1)

:|, (5.20)

in which ¢, is defined as

k

= 1 1 S(p—mY\' _, &5 nKU
= F(M"‘k);(k—n)! ( pP2gK U ) X Ln (5(TI—P)). (5.21)

0

5.5 Asymptotic Behavior

Expressions for the behavior of the lower portion of the PDF are found in closed-
form by taking the limit of the exponential and hypergeometric function as r — 0. Also,
it is possible to ignore all terms in the sum other than the first one. After applying some

algebraic manipulations, the lower tail envelope PDF can be obtained as

fr(r) =

aurgr  (p\HE et
(2 522

F(.UJ) exp(KH(P5Q+1)) n pau -’

By integrating (5.22), the corresponding CDF at the lower tail is found as

phLER P\ [ras
FR(r):F(u)exp(KM(pqu)) (5) (;) ) (5.23)
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5.6 Parameter Estimation

The a-n-x-u fading model is described in terms of several parameters related
to different physical phenomena. Parameter estimation in such a case can become a rather
complicated matter, mostly due to the fact that the k-th moment of the a-n-x-u envelope is
given in an infinite series form. Here, we propose a first approach to address the parameter
estimation problem based on the moment matching technique. The idea behind this process
is quite simple. It consists in first finding an estimate for the parameter a and then obtaining
the remaining a-n-x-u parameters by using the a-moments of the a-n-x-u distribution,
which is given in closed-form expression, as will be shown below. The tricky part now is to
estimate a. We propose to estimate a by assuming that the true distribution, i.e. a-n-k-u,
can be approximated by an a-k-u or an a-n-u distribution, for which the k-th moments are
given in closed-form formulas. That is, the parameter a, and only the said parameter, will be
estimated using the moments of either the a-x-u or a-n-u distributions. Suppose we have

a set of a-7-x-u random envelope samples. Then, we use the relation?

E[R]  MJk]
E[R2]}  M[2]%

(5.24)

in which M[k] is the k-th moment of the data, and E[R*] is the k-th analytical moment of
the a-n-u [43, Eq. (2)] or a-k-u [43, Eq. (7)] envelope. By choosing three distinct values
of k, a system of three equations and three unknowns arises. In Mathematica, a solution for
each parameter can be attained using the FindRoot function. Another faster approach is
obtained by using the NMinimize function, which allows for the inclusion of any objective

function, e.g. the mean square error of a set of (5.24).

The a-moments of the a-n-«x-u envelope can be found as
E[R*] = E[(X? + Y?)]. (5.25)

Using a multinomial expansion, the a-moments are then given as

k
E[R*]=E[) (I:)Xziyz(k—i)] (5.26)
i=0

Now, replacing the moments of the x-u power variates and performing the necessary calcu-

lations, the a-moments are obtained as

E[Rak]Zf”"‘kzk:k!r(k_i"'ﬁ)l"(lq_%)

= U(k=DlpinTiEkuk (5.27)
~ D L L4 LY L T u Ky
X Fi| -, ——;————— | 1F1|i— ki ——;——
! 1( 1+p o )1 1( 1+p o )

2 There is an infinite number of equations that could be used, the criterion was to choose a relation such

that # would vanish.
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in which k € N. The value for 7 is readily obtained by setting k = 1. The remaining pa-
rameters can be estimated using higher order moments. Again, there are an infinite number
of alternatives available. As observed, there remain five more parameters to be estimated,
namely 7, k, U, p, q. It is possible to use (5.27) and set five equations with five unknowns
and solve them by means of the FindRoot function in Mathematica. On the other hand, it
is observed that those equations become rather long as k increases, rendering the solution
very difficult and unstable. By working with these moments, we have been able to find a
pattern, which was then used to simplify the equations. Such a pattern led us to define what
we call Moment Relation, t;, which will be used to find the remaining parameters. Such a

Moment Relation is given as

_ pk+pn"+k(p"+pqn")r< Y
- 1+p 5 (Eup)k

It can be seen that t; = 1. From (5.27), we find that t; with i € {2, 6} are related to the

(5.28)

a-moments as

E[R*] E[R*] 3E[R*]
ta= ~2a -1 t= 2f3a  9f2a +1
E R4a IE RBa E 2a E 2a
e e e, )
6r4a 3r3a rZa 2r2a
E[R**] SE[R*] 5 E[R*]\ (3E[R*] E[R*]
t5 = 24?-501 o 24f4a _E 2— f-Za ,’>2a B f-3a + 1’ (529)
_E[R6a:| ]EI:RSOL:I ]E[R4a:| ) ]E[R2a:|
‘6 =1070a ~ 207x | gpda |- e

S 12\ e 4\ o

1 (]E[RS“] +6)2+ 1 (E[RZ“] _3)3+ E[R*] (E[Rga] _E) L3

Unfortunately, it is extremely difficult, if not impossible, to obtain closed-form expressions
for each parameter, hence, a numerical solution is required. For such a case, Mathematica’s

NMinimize function can be used to obtain the remaining parameters as follows

l

{K: 'I’), H:PH} = {Ks T)) U;p: q}/ NMlnlmlze[{Z(tl _Ki)zy (5 30)
=2 .

k>0AN>0AU>0Ap>0Aq> 0}, {x,1,up,qH[2]

in which t; are given by (5.28) and K; is the right-hand side of (5.29), obtained from the
corresponding moments of the data, and [ < 6. Interestingly, it may not be necessary to use
all equations in (5.29) to obtain estimations for the parameters, a feature of the NMinimize

function.
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5.7 New Closed-Form Particular Cases

The well-known fading distributions comprised by the a-n-x-u fading model are
described in [5]. As also mentioned in [5], a number of other fading scenarios are comprised
by a-n-x-u that are not yet known in the literature. Here, we obtain two new closed-form
expressions. This is attained as follows. By setting the parameter q = 0, the hypergeometric
function vanishes resulting in the infinite sum of Laguerre polynomials, which can also be

written in terms of a confluent double Gaussian series as

r\I") =

a(Eu)* exp (_ 5;;:“) (p )% pau—1

exp(L)r(u) \n) pe

n

« b, [ P (n—=p)eur® kEu’r®
\1+p’™  qpe 7 §lfa

(5.31)

in which ¢ is a confluent form of the Appell series [41, Eq. (7.2.4.7)]and 6’ = (1+p)/(1+
7). This particular double hypergeometric series can be evaluated using®

T 1 1

¢3(B;7;x,y) = lim lim Fl(—;ﬁ,—;y; €x, evy) (5.32)
oc—0 e—0 € o

in which F, is one of the Appell hypergeometric series [41, Eq. (7.2.4.1)] and, more impor-

tantly, is readily available in some mathematical packages such as Mathematica. A similar

approach can be done for ¢ — o0, leading to

a(gM)M exp (—%) p)f% rap—l
rR\I') =

DKUY rap
exp(5%)r(w)  \7 (5.33)

x¢3( u  (p—m)ur® szEMZr“)

5

1+p“u nfe 7 §'m2fa
5.8 Applications

This section provides a number of interesting applications using the results de-
rived previously in this chapter. Let v be the instantaneous signal-to-noise ration of a signal
with symbol energy E, transmitted over a fading channel, so that

_Er?
Y Ny’

(5.34)

in which r is the channel coefficient and N, is the noise power spectral density. Its mean
value is then obtained as

E
- S 2
7 = —E[R7], (5.35)
Ny
The readers are advised that when using the Limit function in Mathematica, as it might render an incorrect
result. As a suggestion, the built-in F; can be directly used in Mathematica, in which case € and o are set
as close to zero as possible.

3
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such that E[R?] is the second moment of the channel gain and can be evaluated from (5.17).
Following a standard probability procedure, the PDF for the instantaneous SNR can be eval-

uated from the PDF of the channel gain as

fr(Y):% E[}?]R( QE[RZ]), (5.36)
\J Ty ¥

in which fz(r) is the envelope PDF and can be evaluated using (5.2) or (5.11). The CDF of

the instantaneous SNR is given as

Fr(y) = FR( gE[RZJ), (5.37)

and Fg(r) is evaluated by (5.4) or (5.13).

5.8.1 Outage Probability

The probability that the SNR falls below a certain threshold defines the outage
probability, i.e.
Pour =Prly <yul=Fr(yewm), (5.38)

in which Fp(y) is given in (5.37).

5.8.2 Qutage Capacity

Shannon capacity is defined as C(y) = W log,(1 +y), in which W is the channel
bandwidth. Furthermore, the outage capacity is the probability that capacity falls below a
certain threshold rate C,. The outage capacity can be evaluated in terms of the CDF of the
SNR as

Cou = Fr (27 —1). (5.39)

5.8.3 Amount of Fading

The amount of fading (AF) [45] is a metric that indicated the severity of fading
and is defined in terms of the first and second moments of the instantaneous SNR or the
second and fourth moments of the envelope as

_ E[RY]
- E[R2]2

(5.40)

which may be evaluated using (5.17).
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5.8.4 Average Bit Error Rate

A general formulation for the bit error rate (BER) for binary signaling is given
as [45, Eq. (8.100) ]
I'(b,ay)
P =
b (1) 2T(b)
in which a and b are parameters chosen accordingly to the modulation and detection

(5.41)

schemes. The authors in [45, Table 8.1] provided all possible values for a and b. The average

BER can be then computed as
“ I(b,ay)

pb:/0 Pb(Y)fr(Y)dY:/o 2I'(b)

After long algebraic manipulations, the average BER is then obtained as

1 N\ o (quu)f
p, = ks .

fr(y)dy. (5.42)

- 2r(b) exp (22 =0
(5.43)
a/2
% H2 pEu E[R?] (1,1),(1—b,a/2)
2,2 n yar?2 (i+u,1),(0,1)

in which ¢; was previously defined in (5.21). A closed-form asymptotic behavior at high
SNR for the bit error rate can be obtained by expanding the Fox H-function through the
sum of residues around the poles generated by the parameter (i + u, 1) and then ignoring

the higher exponents in the sum, the asymptotic behavior at high SNR is given as
%
2 'plerr (b+ %) (p )%(E[Rz]) 2
exp (A2 ) r(p)r(uy \n/ \ aff? )

Now, expanding the Fox H-function using the residues around the poles created by the

b (5.44)

parameters (1,1) and (1 — b, a/2), after the necessary calculation a fairly simple infinite

summation for the behavior at very low SNR arises as

Pt ()7 (L) () Sor(ne 240)

n=0 (5.45)

n\" %—1( nKY ) ( 2b pqw)
x(1—=) L7 | —/—=— ) B, [ —=—;n+u;— :
( p) stn—p) TS

It is possible to note from (5.44) that the BER decreases with a power of au as the mean

SNR grows, which clearly indicates that high values of a and u results in better channel

condition, as expected.

59 Some Plots

In this section, plots will be presented to illustrate the use of the formulations
developed here. It is opportune to mention that, because of the number of parameters of

the a-n-k-u model, only a very limited sample of possible plots are shown.
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In Figure 5.1, a few examples of shapes for the PDF are plotted with varying k
along with their respective asymptotic behavior. It is noteworthy that the asymptotic line
slope is dependent only on the parameters a and u, ergo keeping these constants will pro-

duce shapes with parallel behavior near r = 0 as can be seen in Figure 5.1.

The parameter estimator process described in Section 5.6 has been exercised
as follows. Samples of the a-n-x-u envelope with some given parameters were generated.
Then the parameter estimation algorithm proposed here was applied. The parameter a was
obtained using the FindRoot function matching the data samples with the a-x-u distribu-
tion using a set of (5.24) with k = {1/3,2/3,1}. The remaining parameters were estimated
through (5.30) with [ = 3. As can be seen from Figure 5.2, the PDF using the estimated
parameters fits adequately with the original PDF even though the set of estimated param-
eters may differ slightly from the correct one. The original and estimated parameters used

to generate the curves in Figure 5.2 are given in Table 5.1.

Exact

e Y [ Asymptotic |3
E - \ ]

Sz (@)

107 L

Note: 7, = 0.75, p, = 2

Ke=2,7c=7,=1

105 . . . . . . . . | . . . . . . . . . . \ .
=30 =20 -10 0 10 20

z, (dB)

Figure 5.1 — Exact PDF (solid line) and asymptotic behavior (dashed line) for different val-
uvesof k,and a=2.5,1=12, u=2.4,p=2and qg=2.5.

Table 5.1 — Original and Estimated Parameters of Figure 5.2

A

a n K u p q P
Original 1.6 2.5 0.5 1.3 0.9 1.5 1.
Estimated 1.24261 1.2423 0.967155 1.44452 1.2423 2.1679 0.949505

Figure 5.3 shows the outage probability for a set of threshold values. As expected,
the analytical results agree with the Monte Carlo simulation. From the asymptotic analysis,
it is possible to verify that the rate at which the outage diminishes in high SNR depends

only on the product au, whereas the separation between curves is a function of all the
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Figure 5.2 - Fitted PDF (dashed line) with estimated parameters along with the data PDF
(solid line) from original set of parameters.

remaining parameters. In particular, for the scenario shown here, it is found that for a given
outage probability an increase in the mean SNR leads to to an increase in the threshold by

approximately the same amount.
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Figure 5.3 — Outage Probability for a signal subject to a-n-«x-u fading with a = 2.1, n = 1.1,
k=13,u=0.6,p=2.7and g =2.4.

Figure 5.4 depicts the amount of fading for the a-n-k-u as a function of the
parameter q for varying 7). Interestingly, for this particular case, the behaviour of the curves
depends on the ratio 1/p. From this figure, the amount of fading grows on ¢ when 1 > p

which indicates a more severe scenario. On the other hand, the AF diminishes for n < p as g
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increases. As said before, a number of other situations can be exercised that are not shown

here.
0.90 — S— :
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— 15
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< 0.75¢ .
0.70 1
0 2 4 6 8

Figure 5.4 — AF for the a-n-«x-u fading with a = 1.7, k = 2.3, u=0.9,p =2, # = 1 and
n = {1.5,2.5}.

Finally, Figure 5.5 depicts the BER for a BPSK signal over the influence of the
a-n-k-u channel and varying the parameter q. Again, for the specific scenario chosen here,

the increase in g leads to a better average BER.
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Figure 5.5 — BER for a BPSK signal over the a-n-x-u fading with a = 4, n = 0.25, k = 2,
pu=1.5,p=3,7 =1 and varying q.
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5.10 Conclusion

Several new fundamental results concerning the a-7n-k-u model were developed
in this chapter. In particular, series representations for the envelope PDF and CDF were pre-
sented in terms of well-known and easy to compute functions. Such series require no recur-
sion and are fast convergent. Higher order moments were also given in series form. These
can be used in a number of applications, including parameter estimation, bit error analy-
ses, and others. Moment generating function was derived and, although given in terms of
the Fox-H function, computes easily with the help of algorithms available in the literature.
Asymptotic behavior of the PDE CDE and BER were given in simple closed-form formu-
lations. An efficient procedure for parameter estimation was also given. New closed-form
expressions for particular cases not shown previously in the literature were given. The use
of some of the formulations was shown in applications such as outage probability, outage
capacity, amount of fading, and bit error rate performance, for which the asymptotic be-

haviour is found.
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Conclusions

In this work, the products and ratios of two fading envelopes taken from the

a-u, N-u, and x-y distributions have been thoroughly explored.

In Chapter 3, closed-form expressions for the PDF and CDF of the ratio of two
random envelopes taken from the a-u, n-u, and x-u distributions were obtained in terms
of the multivariable Fox H-function. As the multivariable Fox H-function is yet to be imple-
mented in the most common mathematical packages, simple, fast convergent series expres-
sions were derived using the residues theorem to evaluate the multiple contour integral of
the Fox H-function. In order to obtain further insight in the effect of the parameters, asymp-
totic expressions at lower and upper tails were obtained. All the expressions in Chapter 3
may be used in a plethora of wireless communication systems, such as multihop, spectrum
sharing, characterization of co-channel interference, physical layer security among many
others. Also, multipath-shadowing composite fading statistics can be found as particular
case of the ratio of two envelopes. To illustrate their applicability, a practical example deal-
ing with secrecy capacity of a Gaussian wire tap channel for D2D and V2V communications

were conduct using data from field measurements.

In Chapter 4, first order statistics — namely PDE CDF and moments — of the prod-
uct of two independent random envelopes taken from the a-u, n-u, and x-u distributions
were obtained in terms of the multivariable Fox H-function, and infinite series representa-
tion. Among the many possible applications, cascaded channel, multihop systems, MIMO’s
keyhole channel, high resolution synthetic aperture radar clutter stand out. In addition to
the PDF and CDF of the product distribution, an integral involving the product of a PDF
and a CDF related to CDF of the product distribution was found. The said integral was then
used to evaluate the probability of detection in UHF RFID system. Moreovetr, statistics for
multipath-shadowing can be obtained from the product distribution, therefore a plethora of

possible scenarios of composite fading is achieved from the results here obtained.

In Chapter 5, new and more efficient series representations for the PDF and CDF
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of the a-n-k-u fading model were obtained. From the PDF new representation, novel infinite
series for the higher order moments and MGF were derived. New closed-form expressions
were obtained for some interesting particular cases. In addition, closed-form asymptotic
expressions were obtained for the lower tail of the PDF and CDE A first approach for the
parameter estimation problem of the a-n-«x-u model was proposed. Some application ex-
amples were also shown to demonstrate the utility of the formulations proposed here, in
particular outage probability, amount of fading, outage capacity and bit error probability

for which asymptotic behaviours were derived.

Future Work

Opportunities for future investigation are summarized below:

1. The first order statistics — PDF and CDF - of the product of two random envelopes
were obtained here. These results can be generalized to obtain the statistics of the

product of several random variates.

2. Following the same lines as before, expressions for the statistics for the ratio of prod-

ucts of random envelopes can be generalized to unify the results here presented.

3. Second order statistics such as level crossing rate and average fade duration are still

an open issue for the product and ratio distributions.

4. Another interesting result is the derivation of complex-based model accounting for the
phase and the envelope for the product and ratio distributions. It is conjectured that
the phase PDF would deal with sum and difference of the random phases, respectively,

for the product and ratio of complex signals.

5. The sum of fading envelopes, which finds application in several wireless communi-
cation applications, is still an open issue. The challenge regarding the sum lies in
avoiding the use of multiple integrals or summations in the numerical evaluation. In
the same line, the summation of random vectors is also an interesting and difficult

topic of research.

6. The series presented here compute efficiently, although they are not unique and many
other series representation may arise either from changing the order of summation or
by altering the approach altogether. It is conjectured that the overall quality of a series
may vary according to the parameters. Therefore, there may exist series expression
with better performance under certain conditions or parameters and the pursuit for

new, improved formulations is an interesting research opportunity.
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7. Even though the series presented here compute rapidly, it is still interesting to find
approximations in the closed-form fashion. In the present form, it is easy to lose sight
of the impact the parameters have on the shape of the PDE In this sense, closed-form

expressions can be used to obtain an insight on the PDF shape more easily.
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Appendix A

Derivation of the Statistics of the Ratio

Distribution

In Chapter 3, the first order statistics (PDF and CDF) were presented in terms
of the multivariable Fox H-function and also as simple, fast convergent infinite series. Here,

the mathematical derivations for said expressions are presented.

To achieve the desired result, it will be required to write some functions in terms
of their Mellin-Barnes contour integral representation, namely the exponential and the hy-

pergeometric functions, which are given as [41, Equations (8.4.3.1) and (8.2.1.1)]

exp(—x) = L 515 I'(s)x*ds, (A.1)
2mj
and [41, Equation (7.2.3.12)]
L 1 I'(s) s
oFGaix) = T e xyas, (A2)

and

oFi(a,b;c;2) = (—2)"tdt. (A.3)

r(c) 1 ygl"(t)l"(a—t)l"(b—t)
T(Q)T(b) 27) S+ T(c—t)

A.l1 The a-u/a-u Distribution

A.1.1 PDF

By replacing (2.9) in (3.1) with appropriate subscripts, the PDF for the ratio of

two a-u variates is given by the following integral

My — oo a
a,.o, Ul Axhy—1 oy )% U,y
fz(z) — XYy x Yy z / y(lx.ux+ayﬂy_1 eXp (_ILLX( y) ) eXp (_ yy d_)/.
0

A Oy ly 5 FyHy 2 O A Oy
F(MX)F(My) rxx xry I'x ry

(A.4)
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The above integral cannot be solved by elementary functions. Although, it can be interpreted
as Fox H-function by putting an exponential function in terms of its Mellin-Barnes type

contour integral representation using (A.1), which results in
e M e p—1 oo
Ay ay;u Uy PN -1
f2() = Yttty
z A Qe Uy A a)’“}’ 0

T ()T (uy) Ay
X_ﬁr( )(nu'x( y)a ) dtexp(_u;,‘i/yay)dy.

y

(A.5)

It is possible to change the order of integration. This shift in the integration order causes
a distortion in the contour region which, in itself, is not prohibitive in this case. The inner

integral can now be solved using [36, Equation (6.1.1) ] reproduced here for completeness

I'(s)= / t"lexp(t)dt. (A.6)
0

Then, solving the inner integral, and after some algebraic manipulations and utilizing the

constants defined in (3.4), results in

a

a a t+uy
X 1 % (axnu’x axt) (.‘Z x"dyx)
z2) = - r(e)r +u, — = dt. (A7)
fZ( ) ZF(‘ux)l—'(‘u,y) 27_[] P ( ) ay iu'_)’ ay dex

Finally, by performing the variable transformation s = a,.(t — u,), the PDF for the ratio of

two a-u variates is written as

f1(5) = — (ux)lF ) zyltj yi r (ux + aix) r (uy = aiy) (fa)_ ds.  (AS8)

The above integral can be interpreted as Fox H-function using (2.1) whose parameters are

given in Table 3.1.

A.1.2 CDF

The CDF of the ratio of two a-u variates is obtained by replacing (A.8) at the

CDF’s definition resulting in

F(z)—/z L ! %r( +i)r( —i)(i)_sdsdr (A.9)
g 0 TF(MX)F(My)Zﬂ] L4 Hx Oy ‘uy ay Ugq . .

After changing the order of integration the inner integral can be solved using the identity
[Z 7771 =T(—s)/T(1 —s)z~* which results in

0
1 1Tl )T = )T gy
Fy(z) = F(MX)F(My) 27 §£ T(1—s) (u—) ds. (A.10)

The Fox H-function parameters for the ratio of two a-u variates are readily deduced by
comparing (A.10) with (2.1).

aa
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A.2 The a-u/x-u Distribution

A.2.1 PDF

Let Z = X /Y be the ratio of the a-u by the k-u variates with parameters {a,, t,., 7, }
and {Ky, Uy s f‘y}, respectively. Now, replacing (2.9) and (2.13) in (3.1) results in

u
20 ((1 + Ky)tuy) T gl /Oo y b +20y 1 oy (_Mx(z.)’)a" )
7 Jo

T(u)exp(rypy)  potes” Py

1 2 2k (14 2
xexp(—(uy( +Ky))y )0#1 (;My§y Ky( Ky)‘uy) dy.

72 72
y y

f2(z) =

(A.11)

Except for some specific values of a,, the above integral does not have a closed-form ex-
pression in terms of elementary functions. Again, a solution in terms of the Fox H-function
is possible by replacing one exponential and the hypergeometric functions by their Mellin-

Barnes contour integral representations by using (A.1) and (A.2) respectively, which gives

f(@) = 2ax.ul,ﬁx ((1 + Ky):uy)“y o %xly—1 ( 1 )2 /00 yax“,x-ﬁ-Z[J,y—l exp (_My (1 + Ky)yz)
0

[(u)exp(ryu,)  pobepty \2m] f
ﬁﬁ L ()T (ty) (ux(zy)ax ) (_yzky (1+5,)3

F(‘uy_tZ) fﬁ;x

2
y

)
3 ) dt,dt,dy.
y

(A.12)
Again, it is possible to change the order of integration. The inner integral can solved with

the help of (A.6), and after some algebraic manipulations and using the constants (3.4), it

results in

a, 1)? 1

f2(2) = ( ) jﬁgr(_tz‘*‘_ax(_tl +.Ux)+Uy)
2T (u,) exp (k) \ 270 2

< P (A.13)
l—u(t )F(t ) Zax Ay 1 X —t,
X 1_‘(‘(; _t2) 'dai (_Kyll'l'_)’) ‘ dtldtz,
y 2 X

in which .¢/, and X, are derived from (2.12) and (2.16). To further simplify the above
expression, the variable transformation s = t; — u,. is performed, which results in

a

2
f2(2) = 2T (,ux)ex; (x,uy) (23?1') 5‘; g (,uy B %s B tz)

()

(A.14)

And, finally, the above integral can be interpreted as Fox H-function function using (2.1)

with parameters provided in Table 3.1.
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A.2.2 CDF

The CDF of the ratio of the a-u by the x-u variates is obtained by replacing
(A.14) at the CDF’s definition resulting in

z 2
Fale) = /o TF(ux);:p(Kyuy) (2151‘) yéf ' (,uy B %s - tz)

X F(ff Euts_)z()tz) ((uf)a)_ (—r,u,) " dsdt,dr.

(A.15)

After changing the order of integration the inner integral can be solved using the identity

foz 7% =T(—s)/(a, (1 —s))z~*° which results in

_ 1 1)’ S \T(u +95)T(t)
F) = I'(u,) exp (Kynuy) (Zﬂi) %%F(:“y 2 ’ tz) F(‘U“y_ tz)

e

uaK

(A.16)

The Fox H-function parameters for the ratio of the a-u by the x-u variates are readily de-
duced by comparing (A.16) with (2.1).

A.3 The a-u/n-u Distribution

A3.1 PDF

The PDF for the ratio Z = X /Y, in which X is a-u distributed with parameters
{a,,u,,} and Y follows the n-u model with parameters {n,,u,,?,}, is obtained by re-

placing (2.9) and (2.17) in (3.1) which, after some minor algebraic manipulations, gives

'uy Ay x_l S 2
fZ (z) _ zh_y a, g%l ; / yaxux+4,u,y—l exp (_h}")zl )
F (ALLX) F (zlbl'_y) ﬂxaxux gyuy 0 (g,y

4772

(Zy)“") 1 Y'Hj
X ———— | F{| ;u, + = d
eXP( = of'1| s My 5 4(5";} y

After replacing an exponential and the hypergeometric functions with (A.1) and (A.2) re-

spectively, the above integral becomes

2R o, T (u, + 1)  gowml 2 oo h,y?
=Bt ) S L (LY [T 22
0

F(uT(20,) it \2m) &

()T (¢ e~ y*HE\ "
Xﬁ 1( DI (6) ((Zyg ) 7’ dt,dt,dy.
F(E—t2+,uy) oy 46’;

(A.18)
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By changing the order of integration and using (A.6) to solve the inner integral, it results,

after some algebraic manipulations, in

1

" a T (u, + 3 2
o= el (1 ) (2ot jetcnru o)
<

2T (u )T (2u,) \27)

g\~ 2 )
rare (6 )Y (L) g
1dta.
F(%—t2+,uy) 'dxvhy 4h,2v

Now, by performing the variable transformation s = t;—u, and using the identity I' (,uy + %) /T (Z,uy) =
2172 /7t /T (u, ) [36, Equation (6.1.18)], the PDF is given as

21-2u, 1/—h—ﬂy . 2 .
f(2) = 2T (,ux)ﬂl" (y,uy()x (271'51) é g (2‘% - % B 2t2)

I +5)T (1) N[ H\"
+s)T(t *
x T ((i) ) ——2 | dsdt,,
Ty +3—t2) \\tay ahy
which can finally be interpreted as a Fox H-function using (2.1) with parameters given in
Table 3.1.

(A.19)

(A.20)

A.3.2 CDF

The CDF of the ratio of the a-u by the n-u variates is obtained by replacing
(A.20) at the CDF’s definition resulting in

2 21—2uy h_“y 2
FZ(z):/ J7h, a*( ! ) ygr(zuy—axs—ztz)
0 Tl"(,ux)l"(,uy) 27 @ 2

I (s, +5)T(t5) ()

U, +5s t T

X T 2 ((u—) ) (—473/2) detsz.
F(“y + 2 tZ) an y

(A.21)

After changing the order of integration the inner integral can be solved using the identity
f(')z 7% =T (—s)/(a, (1 —s))z~** which results in

_ 27 ymh 1 Y _as L T +)T ()
e Tt e ) B A GO e b e ey

I'(—s) z \*\" H; o
XFG—@(&EJ )(}ﬂg) drdt

The Fox H-function parameters for the ratio of two a-u variates are readily deduced by
comparing (A.22) with (2.1).

(A.22)
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A4 The x-u/k-u Distribution

A.4.1 PDF

Let Z = X /Y be the ratio of two k-u variates with parameters {x,, u,, 7} and

{Ky, Uy, f“y} respectively for the variates X and Y. By replacing (2.13) in (3.1) with the
appropriate parameters, it results in

4 g2Hl o 22 1
f,(z) = / y2(ux+uy)—1 exp (_yz (_ n _))
exp (K iy + K,y ) %ij,ff“y 0 HE AP

2
» Uk (zy)?*\ = UyKyy
XoFl(;ux;—x s )OFl (;uy; — )dy
x Yy

Now, using the identity (A.2) for both the ,F,; functions, it gives

4 g2l 1 )% [ z2 1
o= (L) [ e semp( o £ L,
? exp(Kx,ux + Ky,uy) ‘;gxz“x(;gyz“y 2mj 0 K2 J(yZ

(A.23)

X

F F 5 -t K 2 —ty
) j%g (t)T (t,) (_uxkx(zy) ) Y g degdy.
I(—ty +p)T (—t, + 1) e Ay

<

(A.24)

At this point, the order of integration is shifted and the inner integral is solved with the help

of (A.6) resulting, after some algebraic manipulations and using the constants (3.4), in

f2(2) =

2 (= ) ™ (=K, ) ( 1 )ngg T (=t =ty + e+, )T (£ T (£5)
zexp (K, + K,y ) 2mj T (=t +u)T (=t +uy) (A.25)

X (_Kxnu’kax)_tl-hux (_Ky‘u’y (1 - VK'K)) _t2+‘uydt1dt2'

Performing the variable transformations s, = t; — u, and s, = t, —u, after some algebraic

manipulations results in

f() = 2 (=K, ) (_Kyuy)_“y ( 1 )Zj% ['(—s; —5,) T (uy +51)F(.“y +52)

sexp (ot +x,0,)  \277) )] F=s0T (=) (A.26)

X (=K b Vo) (6 by (1= v,)) ™ dsy s,

The above integral can now be interpreted as a Fox H-function using (2.1), with parameters
provided in Table 3.1.
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A.4.2 CDF

The CDF of the ratio of two k-u variates is obtained by replacing (A.26) at the

CDF’s definition resulting in

F(e) = /z 2(—K )™ (_Kynuy)_uy ( 1 )2% [(—=s;—s)T (U, +57)T (‘uy +52)
0

Texp (K by +x,u,)  \27) ) I'(—=s1) T (=s,)

2\ 51 2 —S2
K T Kyu,u
x(—%) (—%) ds,ds,dt.
T +u;<;< T +uKK
(A.27)

By changing the order of integration it results in

Fy(z) =

2 (_thux)_ux (_Ky‘uy)_’uy ( 1 )2 ﬁ r (_Sl _52) r (‘u’x + 51) r (ou’y + 52)
+ 2] I'(—s;)T'(—s
exp (K iy + K,y ) J )J (=s1)T(—s2) (A.28)
G Il G B / T (72 4 ui)()sﬁs2 dtds,ds,.
0
and the inner integral can be solved with the help of [ 53, Equation (1.2.4.3)] which results,

after some algebraic manipulations in

p sy = et (oemn) ( 1 )2 (=51 =) T (4, + 5T (1, +55)
T ex (Kelty + 5, 0,) 2nj ['(1—s)T(—s,)
P\ Kyxly ynu’y > 1 2 (A 29)
2\ 1 9
KXILLXZ —S Z
X (_ u2 ) (—Ky‘LLy) ’ oFy (_51’_51_52;1_515_117) ds,ds,.

Finally, the hypergeometric function is written in terms of its Mellin-Barnes contour integral

representation and, after some algebraic manipulations, the CDF results in

(_thu“x)_ux (_Kytu’y)_’uy ( 1 )3% F(—51—52—53)F(—51—S3)

exp (K bty +x,1,)  \27] J I'(1—s;—s3)T(=s1)T(—sy) (A30)

Kopz? | o 22\
xl“(ux+sl)1“(uy+s2)l“(sg) S (—Ky,uy) o ds,ds,dss.

KK KK

Fy(z)=

The Fox H-function parameters for the ratio of two x-u variates are readily deduced by
comparing (A.30) with (2.1).

A5 The x-u/n-u Distribution

A5.1 PDF

Let Z = X /Y be the ratio of the k-u by the n-u variates with parameters {x,, u,, 7.}
and {n yslhys f"y} respectively. Its PDF can be obtained by replacing (2.13) and (2.17) in
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(3.1) which results, after some simplifications and using the constants defined in (2.16)
and (2.20), in

Hy 24,1 o 2
fr(2) = 4h, gzt i / yz(ux+2uy)—1 exp(—yz(h—y+z—))
exp (e, i) T (20, ) 47 6, Jo &2 A2

4772
. (zy)*K, U 1 Y'H
Xoﬂ(i“ﬁ# of 2.U«y+§; 4g4y d
X y

This integral may be solved by replacing the hypergeometric functions with their Mellin-

(A.31)

Barnes contour integral representations as in (A.2) resulting, after some minor algebraic

manipulations, in
3—2“ U_y 2 x_l 2 oo 2
f2(z)= 27y ca 4 ( : ) / 22 )1 oy (_3’2 (h—y + Z—))
r (lu}’)exp(Kxnu’x) c%xz'ux(g’yuy 27'[] 0 6"}% %2

_ —ty
ngﬁ ()T (5) (_(zy)zxxux) (2 g dnay
) T(—t; +p)T (53—t +u,) HZ 46} e

(A.32)

At this point, the order of integration is shifted and the inner integral can be solved using

(A.6). After some minor algebraic manipulations, the PDF is given by

4 —1) MRty 2
f2(z) = /1) . ( L ) %F(_H_ZQ‘FMX-FZM}/)

2T (1, ) exp (i) (H2) ™ et s \273 )
—tyt+u
L(e)T(6) e [ (=)
N (—Kx,uxvm) BT E— dt,dt,.
T(—t;+u)T(3—t,+u,) 4h2

(A.33)

Finally, the variable transformations s; = t; —u, and s, = t,—u, are performed which gives

2T () exp (i) (H2) (ko ) \ 270
T (s +p)T (52 + 1)
T'(—s)I(3—s,)
The above integral may be interpreted as Fox H-function as in (2.1) with parameters pro-
vided in Table 3.1.

4 —1) Myt 2
f,(=) = TRy ( L ) jfjgr(—sl—zsz)
, £ (A.34)

( VmeMx) e (1 vm) ds,ds,
y
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A5.2 CDF

The CDF of the ratio of the k-u variate by the n-u is obtained by replacing (A.34)
at the CDF’s definition resulting in

? 44/m(—1) PRy 1 \2 j%é
Fz( ): : F(— _9 )
’ /0 Tl"(,uy)exp(xxlux)(Hi)uy (K ) (27-5]) $17 452

<
_ 2\
X I'(s, +Mx)r(52+n“y) _ Kyl T2 ! _H§ ui” 2ds ds,dt
rear(G-s) U2, ) U\, ) ) 0

By changing the order of integration, it results in

iy by
Fy(z) = Ve :iy ( L )zﬁc I'(—s1—2s)T(s1 + )
[ (py ) exp (o) (H2) (e s N270 ) J)

(A.35)

2.4

1—‘(52+‘U,y) =S H.)'uK”V] e —25,—1 2 2 s1+2s9
T(=s)T(3—s,) Creatta ) - 4h2 /0 o (P, ) dedsds,,

(A.36)

and the inner integral can be solved with the help of [53, Equation (1.2.4.3)] which results,

after some algebraic manipulations, in

24/m(—1) "Rl ( 1 )2 ﬁg T (—s; —25,) T (s; + 1)
T (y) exp () (H2)™ () \270 ra-sorG=s)

Koz H o 22
M
y

K7 K7

Fy(z)=

Finally, the hypergeometric function is written in terms of its Mellin-Barnes contour integral

representation using (A.3) and, after some algebraic manipulations, the CDF results in

Fy(z) =

24/7(—1) Ry (H}Z/)_“y ( 1 )3 j%%{; I'(—s; —53) T (—s; — 25, —S$5)

r ) (e, ) \2mj I'(l—s;—ss5)
(1) exp (i o iy) (e ty) J 1753 (A38)

T (uy +51) T (1 +5,) T (s 2\ OHE\ TP 2\
sy (uy +52) (s)(_xxuxz) ( y) (Z_) ds, ds,dss.

T'(—s)I(3—s,) u?, 4h? u2,

The Fox H-function parameters for the ratio of two k-u variates are readily deduced by
comparing (A.38) with (2.1).
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A.6 The n-u/n-u Distribution

A.6.1 PDF

The PDF for the ratio of two n-u variates can be obtained by replacing (2.17) in

(3.1) with the appropriate subscripts, which, after some simplifications, gives

S Nt 4, —1 o 2
)= |y e —y? | A4 2

y

1 (zy)*H: 1 ¥°Hy
XOFl("ux-l_E"l-—g’;" OFl uu“y+§1 46,;} d.y

(A.39)

A solution in terms of the Fox H-function is possible by replacing the hypergeometric func-

tions in terms of their Mellin-Barnes contour integral using (A.2). Then, the PDF is given by

2—p—tby rhix MY _4p,—1 2 oo 2
fz(z)=4 yrhishly g4 4 ( 1 ) / y4(”x+“y)_1exp(—y2(hxz +h_y))
T(u)T (uy) &g \21j) Jo & ' &2

()T (¢ 2y H2\ " ( y*H2\?
) F(E_tl +,uX)I‘(§—t2+uy) 46‘; 4(5°y

(A.40)

After changing the order of integration, the inner integral can be solved with the help of
(A.6). After some algebraic manipulations and using the constants defined in (3.4), the PDF

is obtained as
8rm(—1) "~ uyhuxh“y fbg
f2(2) = F t1+t2 My — U ))
2T ()T () (H2)™ (H2) 27” ) ’

—t1+Uy 2 _t2+.uy
) (6T (t) ( Hf%) N EACT) e
- T 1dts.
Fz—ti+p)T(G—t+p) | 4h 4h3

(A41)

Finally, the variable transformations s, = t; — u, and s, = t, —u, are performed. Then, the

PDF is given as
8n(_1)—ux—uyhgxh“y 1 \2
f2(2) = T )1"( )(Hz)“’f ()[/-[Z)My (27_[]_) %F(_Z(sl +5,))
R 2 (A.42)

F(sl+,ux)l“(sz+uy) Hi gn 5 H§ , —s3
T —s)r(i-s) 4h2 _@(1_%) dsidsy,

which can be interpreted as Fox H-function as in (2.1) with parameters provided in Table
3.1
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A.6.2 CDF

The CDF of the ratio of two n-u variates is obtained by replacing (A.42) at the
CDF’s definition which results in

iy )_/z 8m(—1) uyhuxh“y F(2(s. +5.))
,(2) = ; ) 275] S1+S,
oL (T (uy) (H2)" (H2)

<z
X F(51 +Mx)1"(52+u,y) _Hyzc 2 - Hbz’ N\ ds,ds,dT
T(3—s1)T(3—s,) 4h2 72+u2 4h§ 72+ufm e

(A.43)

By changing the order of integration, the CDF is written as

87-5( 1 )_“‘x AlJ/y h:U‘x h'u-y

I'(—2(s; +55))
P (T (uy) (12)" (H2) (&) 7%@ o
F(sl+ux)l“(sz+,uy)( Hi) ( H2u4
X —_—

. (A.44)
_ ol / T drdsids
PGom)rGos) ) 7w ) o ey

) ) 251—2s,
Rl )
nm

and the inner integral can be solved with the help of [53, Equation (1.2.4.3)].After some
algebraic manipulations, the CDF results in

F,(z) =

4r(—1) "y Rl
z( ) =

1 2
B m ( ) #F(_z(sl"'sz))
O )T () (B2)" (B2) " 270
XF(51+,uX)F(52+,uy) H?z* 1 _H}Z, s r'(—2s;) (A.45)
(Gos)r (s \ap) 74 Ta-2)

72

X oFy | =281, =251 — 255;1 =255 ——— | dsds,.
u
m

Finally, the hypergeometric function is written in terms of its Mellin-Barnes con-

tour integral representation using (A.3) and, after some algebraic manipulations, the CDF
is obtained as

«Hy hix Y 3 o _ .
FZ(Z) — 471:( 1) HaHh }:F hy i (21 ) % F( 251 53)1—‘( 2(51 +82) 83)
LT () (H2) (12)7 27

<
r(ux+sl)r(uy+sz)r(sg)( H2z* )‘51( H? )‘52( 22 )‘S3d y
X — — — S1ds,dss.
F(3—s)T(z—s) 4up, b aht ) \uj

(A.46)

The Fox H-function parameters for CDF of the ratio of two x-u variates are readily deduced
by comparing (A.38) with (2.1).
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Appendix B

Derivation of the Statistics of the

Product Distribution

In Chapter 4, the first order statistics for the product of random envelopes taken
from the a-u, k-u and n-u distribution were presented in terms of the multivariable Fox
H-function. The mathematical derivations are provided here. Likewise the ratio statistics,
the Kummer’s confluent hypergeometric function ; F; is required to be written in terms of
its Mellin-Barnes contour integral representation given in [41, Equation (7.2.3.12)]

r(b) 1 ygl“(t)f‘(a—t)
T(a)2njJy T(b—1t)

1Fi(a; b;2) = (—z)'dt (B.1)

B.1 The a-u x a-u Distribution

B.1.1 PDF

Let Z = R,R, > 0 be the product of two a-u variates with parameters {a,, t;, 7 }
and {a,, u,, ,} respectively. The s-th moment of Z is obtained by replacing (2.11) in (4.3)

which results in

E[Z°] = (B.2)

Mot a)r(iara) 1y

T (uy) T (us) (4271%2) ’
in which .¢#; and ./, are derived from (2.12) with the appropriate subscripts. Now, the PDF
of the product of two a-u variates is obtained by replacing (B.2) in (2.8) which gives

fA=)= zr(m;r(uz) 271rj 752 g (“1 ! ai) r (“Z ¥ ai) (ﬁzﬂ) ds B3

By comparing (B.3) with (2.1), the parameters for the Fox H-function representation of the

PDF of the product of two a-u variates are readily obtained as they are provided in Table
4.1.
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B.1.2 CDF

The Fox H-function representation for the CDF of the product of two a-u variates

is obtained by replacing (B.3) in (4.2) which gives

% 1 1 s S T -
FZ(Z)‘/O rr(ul)r(uz)znjér(“ﬁa_l)r(“”a_)(ﬂl%) dsdv  (B4)

Then changing the order of integration, the CDF results in

_ 1 1 s s | R
F,(2)= T ()T () 2] ér‘(ul + al)l“(,uz + az) (ﬂfydz) /0 T "dtds. (B.5)

The inner integral can be easily solved using

: —s—1 _ F(_S) —s
/OT _F(l—s)z (B.6)

Therefore, the CDF is obtained as

RO gz () (e s () @ @7

Comparing (B.7) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.

B.2 The a-u x x-u Distribution

B.2.1 PDF

Let Z = R4R, > 0 be the product of the a-u by the x-u variates with parame-
ters {a, U, 71} and {x,, U,, »} respectively. The s-th moment of Z is obtained by replacing
(2.11) and (2.15) in (4.3), resulting in

F(%"‘Ml)r(%"'uz) s 1\
E[Z°] = T ()T () 1Fq (_Ehuz;—Kz.uz) (ﬂfp%/z) ) (B.8)

in which .¢#; and 4, are derived from (2.12) and (2.16) respectively. The PDF of the product
of the a-u by the k-u variates is obtained by replacing (B.8) in (2.8), which results in

11 F(ail+u1)F(%+u2) s z
é lFl(_

fale) =7 TG T () PR )(W) s B9

Z 27]
Now, the hypergeometric function is written in terms of its Mellin-Barnes contour integral

representation (B.1). After some simplifications, the PDF results in

11 [ TEt=s/20O (+ 2)T(ma+) oz
fZ(z):zF(Ml)(z_ﬂj)j%Q T'(uy — t)T(—s/2) (reabtz) (ﬂl%) dtds.

[
(B.10)
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Of course the above integral can already be written in terms of the Fox H-function, al-
though, to obtain the parameters provided in Table 4.1 the variable substitution x =s/2 is

performed, which results in

£(2) = 2 (1 ) j%gl"( t—X)F(t)F(M1 )F(uz+x)( ) ( 22 )—thdx

2T (uy) \27j T'(uy — )T(—2x) ALAT
<
(B.11)
Now, comparing (B.11) with (2.1), the parameters in Table 4.1 are obtained in an exact
manner.
B.2.2 CDF

The Fox H-function representation for the CDF of the product of the a-u by the
K-u variates is obtained by replacing (B.11) in (4.2) which gives

2 F(—t—X)F(t)
Fo(=)= /0 Tl (uy) 2%1 #F(Mz_”r(_x)
<

X F(,u +2—X)F(,u + x) (1, )_t(f—z)_x dtdxdt
1 a 2 2142 ﬂlz%z

1

(B.12)
Then changing the order of integration, the CDF results in
2 1\ ([ T(=t—2x)r(t
o= () ff femao
I'(uq) \ 27 T'(uy — )T (—x)
£ B (B.13)
w0 (1 22 ) 0y + 00 o) — X/ZT_ZX_ldetdx
(231 a, o) 2lha A2 A? . .
The inner integral can be easily solved using
= I(—x) _
2x—1 _ 2x' B.1
/0 K 21"(1 x) (B.14)
Therefor, the CDF is obtained as
(=t —x)T'(¢t
)= j(j(; (—t—0r()
F(ul 27TJ T'(u, — £)T(1—x)
% (B.15)

xl"( +2—x)r( 4 x0) (ko)™ L_xdtdx
Uq @ Ug 2l “‘2712‘7{22

Comparing (B.15) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.
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B.3 The a-u x n-u Distribution

B.3.1 PDF

Let Z = RyR, > 0 be the product of the a-u by the n-u variates with parame-
ters {a,, Uy, 71} and {n,, u,, 7, } respectively. The s-th moment of Z is obtained by replacing
(2.11) and (2.19) in (4.3) which results in

F(%+M1)T(%+2Mz) 1 s s 1 H? 1\
oF; —; Uyt ( ) )
I'(u)T(2u,) 8,

2 TR TR
in which .¢/; and &, are derived from (2.12) and (2.20) respectively. The PDF is obtained
from (2.8) by replacing the s-th moment with (B.16) which gives

(- +u )T(5+2u H2 s
fz(z)zl 1 y{ (1 1) (2 2)2F1(1 s s u +1_ 2)( s ) s,
<

2z 27j T ()T (2u,) 2 4 #7722 )\ a6,
(B.17)

At this point, the hypergeometric function is replaced by its contour integral representation
(A.3). The PDF results in

et (1 yROnoioorCing
2T (u) T (2uy) \ 27j T(uy+3—t)
7
P+ E)T(2m+3) 0 2\ 2
X TR . — 5 ( ) dtds.
r(z—-4)Tr(-3) h 16
This expression can be further simplified, by using the duplication formula of the gamma

function T'(a + 1) /T(2a) = 2'7¢/7t/T(a) [36, Equation (6.1.18)] and the variable trans-

formation x =s/2, to

1—-ps 2 L T
£ = 412 S ( 1 ) j%gr( 2t — x)T(¢)

E[Z°] = (B.16)

f2(2) =

(B.18)

2T (u) T (u) \27) T(u2+%—t)
, (B.19)
r (,ul + a—’l() T'(2uy +x) ( H? )—f ( 22 )—X
X ——= dtdx.
I'(—x) 4h3 A2E;

The parameters for the Fox H-function representation of the PDF of the product of a-u x

1-u is obtained by comparing (B.19) with (2.1) as they are provided in Table 4.1.
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B.3.2 CDF

The Fox H-function representation for the CDF of the product of the a-u by the
7-u variates is obtained by replacing (B.19) in (4.2), which gives

[P 4mym 1 2% (=2t —x)I(t)
FZ(Z)_/O TF(,Uq)F(;UJZ)(znj) F(Mz"‘%_t)
<

(Hl ) I'(2u; + x) H:? o2 O\
- dtdxdr.
I'(—x) 4h3 A2E;
(B.20)
Then, by changing the order of integration, the CDF results in
4171 S 1\ ([ T(=2t—x)r(t)
Fy(z) = ; 1
I'(u)T (up) \ 27 F(u2+ E_t)
“ (B.21)
F(u1+i—’j)F(2uz+X) H? 1\,
X —= =) / T drdtdx.
I'(—x) 4h AL E; 0
The inner integral can be easily solved using
= I'(—x) _
2x—1 __ 2x B.22
/0 g T or(1—x)° (B.22)
Therefore, the CDF is obtained as
21‘2“2ﬁ F( 2t—x)F(t)
Fz(z)=
F(ul)F(uz) 27T] 1—1t)
“ (B.23)
F(Hl )F(2u2+x) H2\ [ 22
2
X —— dtdx.
I'(l1—x) 4h3 AE;

Comparing (B.23) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.

B.4 The k-u x k-u Distribution

B.4.1 PDF

Let Z = R,R, > 0 be the product of two k-u variates with parameters {xq, t;, 7, }
and {k,, u,, 7, } respectively. The s-th moment of Z is obtained by replacing (2.15) in (4.3),

resulting in

T(5+mwu)T(35+u) s s 1\
E[Z°] = F (——; ;— ) F (——; ;— )(—) .
[Z°] T ()T (11) 11 5 Wy =K1y ) 144 5 Ugs =Koy
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The PDF of the product of two k-u variates is obtained by replacing (B.24) in (2.8). After
replacing the hypergeometric functions by their contour integral representations, perform-
ing the variable transformation x = s/2 and some algebraic manipulations, the PDF is given
by

£,(2) = %(i)gﬁg I'(—t; —x)T(—ty,—x)T(t;) T (t,)

z \27mj I'(uy —t)T (0 — £3)
&
I'(uy + )T (uy + x) —t —t ( z2 )_x
X K '(k 2 dt,dt,dx
F(—x)2 (rcqpy) " (Koup) %2%2 14ty

(B.25)

Comparing (B.25) with (2.1) the parameters of the Fox H-function are obtained completing

the derivation.

B.4.2 CDF

The Fox H-function representation for the CDF of the product two x-u variates

is obtained by replacing (B.25) in (4.2), which gives

_ ZE L ’ I'(—t; =x)T(=t, —x)T (&) T (¢)
FZ(Z)_/O 7(275]') ﬁ%ﬁ I'(u — )T (uy—t,)

¢
T (uy + )T (uy + x) ~ . ( 7’ )
X K '(k 2 dt,dt,dxd~.
l"(—x)z ( 1:“'1) ( 2;“’2) %2%2 1 2
(B.26)
Then changing the order of integration, the CDF results in
Fy(z) = Z(L)gﬁ%ﬁ [(=t; =) T (=t =x)T(6,) T (£) T (y + X)T (s + %)
? 2mj I'(py —t)T (uy—t5) I (—x)?
¢ (B.27)
_ _ 1\
(ST R CA Y (M) /0 2 drdt,dt,dx.
The inner integral can be easily solved using
Z 1—| _
/ S (—=x) g 2x (B.28)

Therefore, the CDF is obtained as

_ L 3 I'(—t; —=x)T(=t, —x) T ()T (t,)
FZ(Z)_(Zﬂ'j) ﬁ%ﬁ T(uy—t)T (uy—t,)

< (B.29)
T (g + )T (g + X) . . 2\
! | —=—= | dt;dtydx.
X T'(1—x)T (—x) (kqpy) " () HEA? 1dtdx

Comparing (B.29) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.
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B.5 The k-u x m-u Distribution

B.5.1 PDF

Let Z = RyR, > 0 be the product of the x-u by the n-u variate with parame-
ters {k, U, 7} and {n,, u,, 7, } respectively. The s-th moment of Z is obtained by replacing
(2.15) and (2.19) in (4.3) resulting in

T(u, +3)T(2u, + £ 1 1 H? 1\
]E[Zs]: (lu“]. 2) ( ‘u'z 2) 1F1(—i;‘u1;—K1M1) 21.7‘1 (__ij_i;‘ulz_f-_;_zz)( )
I'(u) T (2u,) 2 2 4 4 2" hy 16,

(B.30)
By substituting (B.30) in (2.8), putting the hypergeometric function in terms of its Mellin-

Barnes contour integral representation with the help of (B.1) and (A.3), and performing the

variable transformation x = s/2, the PDF is given as

2r(%+uz)( 1 )j%g [(—t;—x)T(=t,—%)T(1—t,— %)

2l (2p,) \2mj T(u—t)T(uy+3—1t,)

f2(z) =

T ()T (62) T (1 + )T (25 + x) b _Iig)_m (—Zz —)_X
g F(—X)F(%—%)F(_g) (141 ( h2 H2E? dt,dt,dx

(B.31)

Further simplifications are achieved by using the duplication formula of the gamma func-

tion, which results in

41‘“2ﬁ( 1 )Bj%g I'(—t,—x)T(=2t,—x)T(t,)T(ty)
z2l'(ug) \27j T(u—t)T (up+3—t,)

fz(2) =

Do +0T QU +x) o ( H\ P22\
X T(—x )2 (K’l‘u,l) _4_h§ M dtldtzdx.

(B.32)

When comparing (B.32) with (2.1) the parameters for the Fox H-function representation

for the PDF of the product of a x-u by an n-u variates are obtained.

B.5.2 CDF

The Fox H-function representation for the CDF of the product of the xk-u by the
1-u variates is obtained by replacing (B.32) in (4.2) which gives

_ [T 3\%%@F(—tl—x)F(—x—2tz)F(t1)F(tz)
FZ(Z)_/O 7T (us) (277:1') (= )T (Up +3—2)

T'(uy+x)T(2uy+ x) . Hg —ty 72 —x
X I'(—x)? (k1441) _4_h§ % dt,dt,dxdr.

(B.33)
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By changing the order of integration, the CDF results in

R =t (] )j%ﬁ (=t = X)T (—x —26) T ()T ()
‘ I'(uy) \2mj T(u—t)T (g +32—t5)

<
r (2 Hz —ty =X gz
x (Iu’l +X) ( Au’2+x)( 1 1)—t1 (__) ( 1 ) / T—Zx—ldetldtzdx.
0

I'(—x)2 4h? HEE?
(B.34)
The inner integral can be easily solved using
Z 1—1 _
/ A ﬁz_zx. (B.35)
o 2T'(1—x)
Therefore, the CDF is obtained as
2172 /1) I'(—t;—x)T (—x—2t,)T(t;)T(t,)
Fy(2) = - 1
T (uz) 21] F(M1_t1)r(.u2+§_t2)
(B.36)

<
T'(uy +X)T (24, + x) AN
(=22 ) (ZZ ) drde,ds.
T ra—or(—n ) Tz )\ Ger ) dhdtdx

Comparing (B.36) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.

B.6 The m-u x n-u Distribution

B.6.1 PDF

Let Z = R,R, > 0 be the product of two 1-u variates with parameters {7, u;, 7 }
and {n,, u,, I, } respectively. The s-th moment of Z is obtained by replacing (2.19), with the
appropriate subscripts, in (4.3), which results in

T(2u+35)T (20, +5) F (1 s s 1 Hf)

E[Z] = : iy
12’] T (2u,)T (2uy) 2 MY h?

Y E 1.H§(1)—5
37T e \as, )

The PDF is obtained by substituting (B.37) in (2.8), and using (A.3) to replace the hyper-

(B.37)

geometric functions with their Mellin-Barnes contour integral representations. The PDF is

given by
T+ j%g (=5 —t)T(3—5—t)T(e)T (L)
J=) = zF(2u1)F(2uz) ( ) r(i—s)r(—:)
XF(%—E— )T (=5 —6,)T(5+2 ) (5 +2u,) _Iﬁ)_“(_lﬁ)_tz( )‘ dtdt,ds
( —t1+,u1)1“(%— +.Uz) h? h3 616,
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Further simplifications are achieved by using the duplication formula of the gamma func-
tion, and after performing the change of variable x = s/2, the PDF for the product of two

7-u variates is obtained as
) 25722 g ( 1 )3 ,H ['(—2t; —x)T(—2t, —x)
Z2) = -
k2

T(t;)T(£,)T (x +2u;) T (x +2 H2\"( H2\ 2 22 \7°
y (t) T ()T (x +2u) T (x + 2u,) __12 __22 % dt,dt,dx.
['(—x)>2 4h1 4h; 816,

(B.39)

Now, by comparing (B.39) with (2.1), the parameters for the Fox H-function representation

for the PDF of product of two n-u variates are readily deduced.

B.6.2 CDF

The Fox H-function representation for the CDF of the product of two 1)-u variates

is obtained by replacing (B.39) in (4.2), which gives
F,(2) 7322 ( 1 )3 ’ l ’ [(—2t; —x)T(—2t, —x)
z) = -
Y2

T ()T ()T (x + 2u:) T (x + 2 HA\"(HZ\ 2 22 \7*
TN TG 2T o2 (FEY S Y N7
I'(—x) 4h3 4h; 816,

(B.40)
By changing the order of integration, the CDF results in

| 2% A2y ( 1 )33{%@ I'(—2t; —x)T(=2t, —x)T(t,)T(t,)
T (up)T () \ 27) Ti—t,+u) TR =ty +u,)

T (x +2uy)T (x +2 H2\ " (H2\ " o
o L+ 20)T0x + “2)(_1) ( 2) ( 1 ) /f‘zx‘ldrdtldtzdx.
0

Fy(z)

I'(—x)? 4h? 4h2 £267
(B.41)
The inner integral can be easily solved using
S I'(—x) _
TRl = s ™ (B.42)
/0 2I'(1—x)
Therefore, the CDF is obtained as
22 2m=2 1 3 [(—2t; —x)T(=2t,—x)T(t;)T(t,)
Fy(z) = X 1 ]
T'(p) T (pe) \ 27 T(i—t;+u)T(3—t,+u,)
(B.43)

T (x +2u;) T (x + 2 H2\ " (H2\ ([ 22 7"
v (x +2u,) T (x +2,) ey 2 _z dt,dt,dx.
I'(1—x)(—x) 4h3 4h3 &18;

Comparing (B.43) with (2.1), the parameter for the Fox H-function are deduced as they are
provided in Table 4.2.



108

Appendix C

Series Representation for the Ratio and

Product of Random Envelopes

In the previous appendices, the derivation of the Fox H-function representations
for the ratios and products of two random variates taken from the a-u, k-u and n-u dis-
tributions were presented. Here, the mathematical derivations of the series representations
of each combination of ratios and products presented in Tables 3.3, 3.4, 4.3 and 4.4 are
presented. These series are derived directly from their respective contour integral represen-
tations provided in the Appendices A and B through the sum of residues [35]. To obtain
the series representations, it is required to know that the residues of the gamma function
around its poles are given as

(-1)

res_;T'(x)f (x) = Tf(_i)’ ieN. (C.1)

C.1 The Ratio Distribution - PDF

The series presented in Table 3.3 were obtained as follows

C.1.1 The a-u/k-u Distribution

The contour integral representation for the PDF of the ratio of the a-u by the

K-u variates is given as

a

o) ()
: — s
2T (u, ) exp (Ky.uy) 21i ) Jo By =% 2

()

f2(z)=

(C.2)
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Taking the residues around the poles of I'(t,) will result in

Ay S (K}"u’}’)i 1 yg ( SQAy ) (Zax )_S
= E I'(s+ r'ii+ — ds.
f2() 2T () exp (kypy ) ST (i 4y ) 270) Jo (s +uT{E+1, 2 J \ugs ’

(C.3)

The inner contour integral can be interpreted as a Fox H-function and, using the notation
in [39, Equation (1.2)]. Therefore the PDF results in

P PR — ) S [ZZX

zF(ux)exp(Kyuy) P i!I‘(i+,uy) Uqx

(1—1’—,uy,ax/2):| C4)
(s> 1)

which is the exact same series provided in Table 3.3.

C.1.2 The a-u/n-u Distribution

The contour integral representation for the PDF of the ratio of the a-u by the

7)-u variates is given as

1-2 y‘/—h—ﬂy . 2 .
f2(2)= zzeux;" (y,uygl (27117) ;é g (2uy B % - th)

. _t, (C.5)
Ll 9T ()Y (L f
X — - dsdt,.
r (“y tZ) Han 4hy
Taking the residues around the poles of I'(t,) will result in
212, \/_h “y a, 0 H 2i
fo(z)= P ( . )

. osa 2%\
><Ejygr‘(s+,ux)F(21—7x+2,uy)(uax) ds.

an
The inner contour integral can be interpreted as a Fox H-function and, using the notation
in [39]. Therefore, the PDF results in

o120, 1/—h g & Ho\% %
) = ) (5] =] =
Zr(nu’x)r nu’y i= Ol'r +l+lu’y) y uan

(1—2i—2pu,, ax/2):|
(W, 1)
(C.7)

which is the exact same series provided in Table 3.3.



Appendix C. Series Representation for the Ratio and Product of Random Envelopes 110

C.1.3 The k-u/x-u Distribution

The contour integral representation for the PDF of the ratio of two x-u variates

is given as

fr(2)= 2 (reaph) (_K}“uy)_uy ( 1 )2ﬁ [ (—s; —s5) T (U, +S1)F(.uy +Sz)

zexp (K uy +K,u,) \27] ) I'(=s1)T(=s2) (C.8)

X (_KXAU’xvKK)_Sl (_Ky.uy (1 — Vix )_52 dsldSZ'
Taking the residues around the poles of T'(u, +5;) on the positive index i and I'(u,, +s,) on

the positive index k will result in
2(_Kx‘ux)_‘ux - y.uy HJ’ ii ( 1)i+k1—| (l +k+nu‘x +nu’y)
zexp( xux+1<yuy ‘=0 k=0 i!k!l“(i+,ux)F(k+,uy) (C.9)

Pt (_ (1 - VKK) Ky“y)k+uy

fz(z) =

X (_VKKKXAU’X)
After some algebraic manipulations, the PDF simplifies to

20k (1= v )™ ii P+ K+ g+ i) O (D= v ) w,m,)
zexp(Kx,ux+Ky,uy) =0 k=0 i!k!F(i+,ux)F(k+,uy) '

(C.10)

It is possible to further simplify the above double summation by performing the summation

over either the index i or k. By choosing the index k, the PDF results in

20 (1= v M i T (i + oy + 1y ) (VK fh)'
zexp(Kx,ux+Ky,uy) P i!l“(i+ux)l"(,uy) (C.1D)
X 1F1 (l + Uy + My; My; Kynu'y (1 - VKK))

Using the definition of the beta function, the above expression is written as

ZVHX 1-v )M z : (VKKKXAU’X .
fZ(Z): = 1F1 (l+ux+uy;“y;’<ynu’y(]‘_vm< )7
zexp (K phy + 5,1, ) 1B (i + o 4y )

(C.12)

which is the exact same series provided in Table 3.3.

C.1.4 The k-u/n-u Distribution

The contour integral representation for the PDF of the ratio of the x-u by the

7M-u variates is given as

A4 T(—1) Pt 2
) = F( ) \/f( )) (Hz)ui( - (2711_]) ﬁ ['(—s; —2s,)
2wy ) exp (K ) (HY ) (K lhy o (C.13)

I'(s: +,ux)l"(52+‘uy) - H§ 2 s
- —(1- ds,ds,.
X T (_31) T (% —52) ( VKnKxnu’x) 4h§, ( VKT)) s,ds,
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Taking the residues around the poles of T'(u, +5;) on the positive index i and I'(u,, +s,) on

the positive index k will result in

4ﬁ(—1)_ux—uyh5y ii( )1+kF 1+2k+,ux+2.uy)
o7 (1) exp (1) (H2)” (s, Y 0550 1RID G+ AT (5 + Kk + )

k+
H}Z/ (1 - VKn)z N iy
ol B 4h2 (_VKnKxnu’x)
y

fz(2) =

(C.14)
After some algebraic manipulations, the PDF simplifies to
2272y ) i 2o, e 2k 2
‘o= v (1- S (i +2k + p, +2u,)
2T (,uy) exp (Kx,ux)h Vo e kT (it ) F( +k+ ,uy) (C.15)

2 k
i Hy 2
X (VKnKx‘U,x) 4?(1—1/,(”) .
y

It is possible to further simplify the above double summation by performing the sum over

either the index i or k. By choosing the index k, the PDF results in

2272 1t (1—v, )2My Ve i P+ + 2'“)') (VWIKX‘UX)i

fz(z) = —
’ zl (Uy)r( +‘u’y)exp(Kx1u’x)hy i=0 l!F(l +nux) (C 16)
2 .
241 2 2 Au’yaz 2 2 Au’yaz Il'l‘_y) h?[ .

Using the gamma’s duplication formula and the definition of the beta function, the above

expression reduces to

fz2(2) =

2 (1 - VKT))ZMy v}lj;; i (VKnKxnu’x)i

z2 €Xp (Kx:u’x)hgy i=0 (!B (l + MX’ZMJ/)

(C.17)
2 2

i 1 1 H} (1—v,)
x2F1(§+&+,u ~+ +“’"+uy, + iy

2 Mool g 2 h2

which completes the derivation.

C.1.5 The n-u/n-u Distribution

The contour integral representation for the PDF of the ratio of two n)-u variates

is given by

87(—1) Mty hx 1 2
f2(2) = - ”)(F( ) )(Hz): (;Iz)”y (2717:j) ﬁgr(—z (51 +52))
oI < (C.18)

Lot lstm) ((HR (T
TG ) ae U Te) ) dnde
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Taking the residues around the poles I'(s; + u, ) over the index i and I'(s,u, ) over the index

k results in

8r(—1) M hiRY & ()T (2(i 4k + pye +1y))

fo(2) = — ST

2T ()T () (H2)™ (H2)" S R (G +i+ )T (5 +k+u,)

k+uy i+
% H2 (1 777)) 2 H>2c rzm 8
4h2 4h2 '

(C.19)
After some algebraic manipulations, the above expression simplifies to
—ou— 2u 0o 0o
f(z)=23 24y 2“X7'cv2“X( — Vo yzz l+k+,ux+uy))
? zl"(,ux)l"(uy)h“xh“y part Ol'k'F +l+,ux) (3+k+u,)
? | (C.20)
H2V2 L
x
( ) ( hz ) '
Performing the summation over the index k results in
3—2u,—2 2 2uy . 9 9 NI
£,(2) 27 HXTCVT#IX (1_v’7’7) i F(2(1+“x+“y)) Hovo,
z)=
? 2T (u, )T (3 +u, )RRy SiT(s+i+p,)T(w,) \ 4h2 (C21)

2
X F('+,u + U, L+ U, + U, + 1u+1—H2(1 ))
2l | 1 x y:l x y sy TS 5 .
2 2’ hy

From the duplication formula of the gamma function T’ (,uy) r (% + uy) = /21724 T (ZMy),

the above expression reduces to

e 1) 8 Tali ) (5
2T (2u, ) R Ry T (T +i+p,)T(p,) \ 42

2
, , 1 1 H(1-v,,)
XZFl l+Au’x+nu’ysl+ux+nu‘y uu’y h—2 .
y

f2(z) =

(C.22)
2 2

Using once more the gamma’s duplication formula, it is possible to write T (% +i+ ,ux) =
2172072t ST (2 (uy +1))/T (i + u, ). After replacing this identity and using the beta function
and Pochhammer symbol, the series representation for the PDF of the ratio of two n-u

variates is obtained as

AV (1 — vnn)zuy o

2.2 \1
U (.Ux)i Hxvnn
foe) = zh!h)? ZilB ' ( n2 )

1B (2(uy +1),2u,)
1 Hi(l_vnn)z)

S N o VIV o U

2

X 1
X oF (l+nu’x+‘u’y:§

which completes the derivation.
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C.2 The Ratio Distribution - CDF

The series provided in Table 3.4 were obtained as follows

C.2.1 The a-u/k-u Distribution

The contour integral representation for the CDF of the ratio of the a-u by the

K-u variates is

; 1 3\2 . I'(u,+s)T(ty)
Fa) = F(Mx)exP(Ky“y)(Zﬂi) yir(u ) g(“ts—tz)tz (C.24)
()Y o

Taking the residues around the poles of I'(t,), the CDF reduces to

oo

1 5 (k) 1 ?gr(—s)r(swx)
<

T (uexp(k,u, ) ST (i +p, ) 27) I'(1—s)

. sa, 2%\
xl“(l— 2 +,uy) & ds.

The inner contour integral can be interpreted as a Fox H-function function and, using the

Fy(z) =

(C.25)

notation in [39], the CDF is given by

P, (2) = 1 S (Ky.uy) Hﬁ[i (1,1),(1—i—,uy,7")}’ €26
F(nux)exp (Kynuy) i=0 l!F(l +nu’y) , Ugic (nu’xa 1)5(05 1)

which completes the derivation.

C.2.2 The a-u/n-u Distribution

The contour integral representation for the CDF of the ratio of the a-u by the

7)-u variates is

Fy(z) = 2 ﬁh;ﬂy ( : )2 72 r (ZMy -2 —2t2) [y +3)T(8)

T ()T () \27] § i b F_(t:,ty ) 27
X FI(E _‘2) ((uzjn) ) (—é) dsdt,.
Taking the residues around the poles of I'(t,), the CDF can be written as
F () = 21-2u, ﬁh;“y i 1 ( H§ )i 1 | §£ T(—=s)T'(s+ u,)
F(Mx)r(“y) i=oi!r(%+i+“y) an3 ) 2njJe  T(1—s) (C.28)

xr(2' Sax+2 ) ™ _Sd
1— S.
5 T2y )| &

an
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The inner contour integral can be interpreted as a Fox H-function function and, using the

notation in [39], the CDF is given as

21_2:“‘3/ \/Eh_“y [} 1 Hz i
FZ(Z) = 4 Z R 1 . ( h);
F(.Ux)r(.uy) i:ollr(i"'l""uy) 4hy

aX

12| 2
><H2,2 @
Ugn

Finally, using the duplication formula of the gamma function and the Pochhammer symbol,
the CDF is simplified to

h_My () (‘u’y) Hy)Zi L 20
F = - — | H»
2(2) = F(ux)zi!r(2i+2uy)(hy 22 ugy

i=0

(C.29)

(1,1),(1—2i—2uy,%)]
(4y,1),(0,1) '

(1,1),(1—2i—2u,, %)
(uy,1),(0,1)

], (C.30)

which completes the derivation

C.2.3 The k-u/x-u Distribution

The contour integral representation for the CDF of the ratio of two x-u variates

is

F(z) = (=Kl )™ (_Kynuy)_uy ( 1 )3% [(—s;—8y—83)T(—s; —s3)

exp (K ty + K1y ) 2mj J I'(1—s;—s3)T(=s1) T (=sy) €31

Kopz? | o 2\
xF(,ux+51)l“(,uy+sz)F(53) — (—Ky,uy) " ds,ds,dss.

KK KK

Here, the residues of the multivariable Fox H-function are taken around the poles of I'(u, +

s1), T'(uy +s,) and T'(s3), which results in the triple series

F (Z) _ (_Kx‘u’x)_ ynu’y —Hy iii (_1)i+k+n1—'(i +k+‘u,x)
’ exp( X‘U‘x+Ky:U‘y i=0 k=0 n= ol'k'”'r(l+ux)1“(1+l+n+ux)
(l +k+n+p,+ :u’y) _Z Ky Uy e (—K )k+Hy
T(k+u,) uik u2 yHy .
(C.32)
After some algebraic manipulations, the CDF reduces to
1 SN (1T (i +n+p)
Fy(z) = ( ) S Z . |
exp (x x,ux+1<y,uy Usese LA KINT ([ +p )T (L + i+ n+ )

(l+k+n+MX+'uy) i " zszu'x i(K.Uf)k
F(k +‘uy) Ude uz, e

(C.33)
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The summation over the index n will result in the following double summation.

1 1+k+ux+,uy)
F =
2(2) exp( x,ux+r<y,uy ( KK) Z):kzozl'k'f‘(l+l+ux)l"(k+uy)

i ) (C.34)
Z KXAU’X . . . z
X(_uz ) (Kylu’_y) zFl(l+,ux,l+k+ux+,uy;1+l+,ux;—u7),

KK KK

Using the identity I'(a + 1) = al'(a) and the beta function notation, the above double series

can be written as

)= 1 ( )Z“x ii (xym,)"

exp (K by + K,y ) \U oo ol'k'(l+ux)B(l+ux,k+uy)

i 2
27K
X( x:u’x) 2Fl(i+ux,i+k+ux+,uy;1+i+ux;—57),

u2
KK KK

(C.35)

which completes the derivation.

C.2.4 The k-u/n-u Distribution

The contour integral representation for the CDF of the ratio of the x-u by the

7)-u variates is

24/T(—1) M H R (H}zl)_uy( 1 )Sj{jgg I'(—s; —83) T (—s; — 25, —S$5)

F(‘uy)exp (Kx,u'x)(Kxnu“x)'uX 271-] Y F(l 5 _83) (C36)

T (uy+5)T (1) +5,)T(s 2\ HE\ P 2\
o Dl +51) (uy +55) (s)(_xxuxz) (__y) (Z_) ds, ds,dss.

T'(—s)T(3—s,) u?, 4h? u2,

Taking the residues around the poles of T'(u, +s5;), I'(u, +5,) and I'(s3), the CDF is written

Fy(z) =

as the following triple summation

2/mL e my (1) iii (1)K (i 4+ K+ 1)
T (1t ) exp (knfi) (ofin ) S S DRI ()T (L4 L1 i)

I (i + 2k +n+py +2u,) ( H? )"*“y ( 2 )( Zszux)”“x
X — — — .
T(:+k+u,) 4h? u2, u2,

(C.37)

Fy(z) =

After performing some algebraic manipulations, the CDF is given by

B 21-2uy /7 Hr o0 S0 0 D) T(+n+up,)
FZ(Z)_ F(‘uy)exp(Kx,ux)huy ( ) ZZOH l|k|n|]_—'(l+‘u,x)l—'(1+l+n+,ux)

(l+2k+n+,ux+2,uy) (Hz ) ( 22 )n(zzkxux)i
X ===
r(s +k+,uy) 4h2 uz, uz,

(C.38)
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Now, performing the summation over index n will result in

k
2172y /1 i+ 2k +u, +2u,) H?

F,(2)=

2(2) F(,uy)exp(Kx,ux hsy;;l'k'F(1+l+ux)F( +k+uy) 4h2

22,40, | . . - 22
X oFi | T+, 1+ 2k +uy + 20,5 1+1 4y —— |-
u? u?
K1) K1

(C.39)

By using the gamma’s duplication formula, the CDF simplifies to

F () = 1 “ii [(i+2k+u+2u,)C(k+u,) (H ‘
? exp(;cx,ux)h kzol'k'l"(l+l+,ux)1"(2k+2,uy)1"(,uy) h2

i

22K 22
( x‘u’x) (i+,ux,i+2k+,ux+2,uy;1+i+,ux;—T .
u

K7

(C.40)

Finally, the above expression can be further simplified by writing the gamma functions in

terms of the beta function and Pochhammer symbols, and is given as

1 22 R ) (My) H}Z[ k
F = | — 7
= eXp(Kxux)hiy(uin) ;;l'k'(l+ux)B(l+ux,2k+2uy) h?

zzkx‘u‘x l . . . Zz
x| ———— | ,F; 1+,ux,l+2k+,ux+2,uy;1+l+,ux;—7 ,
u

K7

(C41)

which completes the derivation.

C.2.5 The n-u/n-u Distribution

The contour integral representation for the CDF of the ratio of two n)-u variates

is

Fy(z) = 4m (1) bl by ( 1 )3 j%gg ['(=25, —55) T (—2(s; +5,) —s5)

et () o) () 2 T A==

(i, +5,)T (1, +5,)T(s H2H O\ OHD\ (27
X (i +5)T (1) +55) (3)( ) (__y) (z—) ds,ds,ds;.

I(3=s)T(3=52) s )\

(C.42)
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Taking the residues around the poles I'(u, +s;), I'(u, +5,) and I'(s;), the CDF is written as

a triple summation given by

Fy(z)=

4m(—1) " hEhY? iii (=) (20 +n + 2u,)
P(uoT () (H2)" (H2)” S i@ kT (G +i+ )T (G +k+p,)

r (21 +2k+n+2u, + 2‘%) H§ k-+ity 4H2 i+t 2\
X - 104 Y .
r(1+2i+n+2u,) 4h? T ah2ut 2

X nm
(C.43)
After some algebraic manipulations, the CDF is simplified to
41y e o o —D'r2i+n+2u,)
Fyla) = o 222
F(,ux)l"(,uy h v hy S e = l'k'n'F +l+,ux) (5 +k+,uy)
(C.44)

§ (2 + 2k +n+2u, +2uy) ( H, )2"( 22H, )2"( 52 )"
r(1+2i+n+2u,) 2h, 2hu2 uz )
At this point, the summation over the index n is performed, which results in
F(z) = 4l i (_)AWX ii l +k+u, +My)) |
T (u) T (u, )RRy = r ( (1+21+2,ux))F(1+21—+-2,ux)
TG+ ( H, )"( 2H, )
r(3(1+2k+2u,))\ 2k, 2hu

72
X oF (2(i+‘ux)’2(i+k+'ux+‘“y)§1+2i+2.“x3—u7 )
nm

(C.45)

Using the gamma’s duplication formula and notating the gamma functions in terms of the
beta function and the Pochhammer symbol, the CDF of the ratio of two n-u variates is

obtained as

ne= it (2) S5 A
2T optet S ik () B(2i+ 2u,, 2k + 20, ) \ B )\ R

X mm

. : . 22
X o z(l+“X)’2(l+k+'ux+“y);1+21+2.ux;_u7 )
n

(C.46)

which completes the derivation.

C.3 The Product Distribution - PDF

In this Section, the expressions for the PDF of the product of two random variates

taken from the a-u, k-u and n-u provided in Table 4.3 are derived.
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C.3.1 The a-uxk-u Distribution

The contour integral representation for the PDF of the product of the a-u and

the x-u variates is

I'(—t—x)T(t)I |, + T'(u, + x) 2 —x
fyla) = —= (1)% (4 2)r e, (zuz)—f( 2 ) dtdx.

2T (uq) \ 27j I'(py — £)T(—x) lez%z

(C.47)
On the variable t, the residues are taken around the poles of I'(t) whilst on the variable x,

<

I'(u; +2x/a,) and T'(u, + x) are used to obtain the residues. Ergo, the PDF can be written
as the following double series

2 00 ©0 (—1)i+k alr‘(k+_"‘1(i;“1))1—-( a1(1+u1)+uz) 22 iy a1
= —2—3'S" (2]

M) S R\ 2r (G (4 ) (eppy) ™ T2

F(i+k+u2)F(,u1—2(i+1“2)) 22\
+
T (k+ ) T (i + py) (reattz) (M%Z)
(C.48)
Performing the summation over the index k results in
2

D 2 ™ 2(i + u,) A
f2(z) = F(M)F(Mz)z | ((%2%2) F(Ml_a—) 1F1 (1 + g tg; —Kous)

1

%2 3y (i+u1) 1 . a, (i + py)
+ _(Jzﬂ%z) T(uz—§a1(1+u1)) 1F (%Suz;_KzlJ«z) )

(C.49)

which completes the derivation.

C.3.2 The a-uxn-u Distribution

The contour integral representation for the PDF of the product of the a-u and

the n-u variates is

f(2) = 412 /1 (1.)j6£1ﬁ(—2t—x)f‘(t)

2 () T (up) \ 271j F(,U,2+%—t)
< (C.50)
T(p+Z)T(2u, +x) ( H? )‘f ( 2 )—x
X — dtdx.
T'(—x) 4h3 A2E:
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Here, the residues are taken around the poles of I'(t) for the variable t and I'(u; + 2x/a;)
and I'(2u, + x) for the variable x. Ergo, the PDF is written as

_ gmym (—1) [ T (2K + 252 )1 (2p, — 2Gun))
Jolz) = zr(ul)r(uz)zz iIk!

i=0 k=0 ZF(—al(HM)) (G+k+u,)
(Hg )k 2 \EY Tk +i+2u)T (p — 22)) ( H? )k( 22 )i+2uz
x| = | [ == + —=
4h3 (&fzé”z) T(3+k+uy) T3 +2u,) 4h3 ) \ /282

(C.51)
The PDF for the product of the a-u by the n-u variates is further simplified by performing

the summation over the index k, which results in

. 41_H2ﬁ ey (_1)1 2',2 i+20y B M
fZ(Z)_zr(ul)r(uz)r(éwz)z i! ((JM) F(“l a; )

=0

i 1 1 H}\ «a 22 2 a; (i+u;)
X2F1(§+u2,2+2+u2, + s 7 )+j( ) F(%r;)

h3 282 2

o (i+p) 1 oq( +.U1) 1 H;
X oF , =+ + ;
2 1( 4 2 4 M2 hz

(C.52)
Further simplifications are obtained using the duplication formula of the gamma function
and the linear transformation [36, Equation (15.3.3)] on the both hypergeometric functions
oF,. Therefore, the PDF is obtained as

(1) (2 " 2(i+2u)\(, H;
fz(2) = ZF(M])F(ZMZ)Z ! ((degz) F(Ph_ o 2)(1 hz)

ap (i+u)

i 1—i 1 H\ a,( 2 2 al(i+u1))
s Fy | == s = gy -2 |+ =L r(2u,— "1
“( 2’2 2 M hz) 2(%282) (Mz 2

H2 -, a, (i+ u;) a;(i+u;) 11 H?
x|1—-—2 F — Ly, — — e o
( ) 2 1(“2 4 Ua 4 5’9 Ua 12

(C.53)
Finally, it is easy to show that the parameters h and H of the n-u distribution are connected

by 1 —H?/h? = 1/h. After replacing this identity at the PDE, it results in

(—1) 2(i +2uy)
fa(2) = huzr(.ul) F(z.uz) Z ! ((ﬂzgz) g (‘ul B a )

ay (i+u1)

i 1—i 1 H3\ a,( 2?h, \ 2 ay (i + py) (C.54)
Fi| == ===ty —= |+ — T\ 20y ———— '
X“( 2’ 2 2 M hz) 2(&%252 (“2 2 )

a (i+uq) a(i+py) 11 Hg
XZFl(»u’Z_ 4 s Ug — 4 +§,§+;u’2,h_% 5

which completes the derivation.
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C.3.3 The k-uxxk-u Distribution

The contour integral representation for the PDF of the product of two x-u vari-
ates is
£i(2) = (L)B ﬁ%@ I'(—t; —x)T(—t, —x)T(t;)T(t,)
‘ 2mj I'(u; —t)T (g — £3)
¢

F(.ul + )T (uy +x)
T (—x)’

2

z
H Ay

CH (Kz.uz)_tz( ) dt;dtydx.

(C.55)

The residues are taken around the poles of I'(t,), I'(t,), I'(u; +x) and I'(u, + x), so that the

PDF can be written as the triple summation

o (— 1)”*”"( T(n+i+u)T A +k+u)T(—i—u; +uy)
(z)=-
oz nzo:;):; nlilk! F(”+H1)F(i+M1)2F(k+H2)(K1M1)_H(K2M2)_k
x( 2 )+ D(i 4y — ) T+ £ 4 i) (4 K+ 1) ( e ))

HP A T (n+pg) T+ pa) T Ok + ) ()" (et ™\
(C.56)
Performing the summation over the index n and k results in
(2) = Z( (( 22 ),U«Z-HF(_.—’_ )
)= i 2 ) T

X 1 Fy (1 + phos thys =K hy) 1Fp (T4 s U3 —KoUs) (C.57)

52 Uyt
+ (W) T(—i— g+ o) 1 Fy G+ g5 s =, 0g) 1Fp (g5 s _Kzuu«z)) >
12

which completes the derivation.

C.3.4 The k-uxn-u Distribution

The contour integral representation for the PDF of the product of the x-u by the

7)-u variates is

f@) = 41—“2ﬁ( 1 )Sj%g T'(—t; —x)T(=x —2t,)T(t;)T(t,)
z 2T (uy) \27j F(Ml_tl)r(.uz‘*'%_tz)

<
T (uy + )T (2u, + x) AN A A
X F(—x)z ( KU 1) W m dtldtzdx.

(C.58)
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Taking the residues around the poles of I'(t;), I'(t,) and I'(u; + x) and T'(u, + x) will lead

to a triple summation representation for the PDF which is given by
47 TN (=)™ (kqy)" F(n+i+u)
£ = ) 22 2 5
2l (ug) G nitk!T(n+u)T (3 +k+uy) \ TGE+p,)

2 )iﬂh n T'(—i+p; —2u,)
&7 T (i +2p,)°

xr(i+2k+u1)r(—i—u1+2u2)( (C.59)

ZZ i+2uUy
xT'(n+i+2uy)T(I+2k+2 — .

Performing the summation over the indexes n and k will result in

B 4t/ (—1)' ( 72 )”’“ o
fz(z)= zF(,ul)F(,uz)F( +,u2);: : ( S2A? 1Fr (04 s g5 =, )

i+u; 1+i+u; 1 H§ .
, S+ +T(—i4+u; —2 C.60
2 5 g TH h§ (=i + g —2u,) (C.60)

i 1 i 1 H2\[ 22 ™"
X 1 Fy(i+2uq; Uy;—K Fil =+ Uy, =+ =+ usy; + ; — .
1F1 ( Uas Uq 141) 2 1(2 Yo 55 Wos = T Usg; hz)(gzzj{//lz)

X T'(—i— py + 2u,) 2F1(

Further simplifications are obtained by using the gamma’s duplication formula, and the
linear transformation [36, Equation (15.3.3)] on the ,F; functions. After applying these

transformations, the PDF is given as

( 1)1 22 i+uy H§ =yt ‘
= s ((é"x) (1_F) )

i+ 1—i— 1 H2
'ul,,u2+ Hl
2 2

X 1 Fy (T4 g phys =K y) oF (.Uz -

+ T (=1 + py — 200) 1 Fy (D + 2055 g3 —K1 )

i 1—i 1 H2 52 i+2p H?2 —i—y
. L 2
X 1 Fy (1 + 205 Uy —K ) oF; (_5,—2 + Uy; hz)(gzzj//lz) (1_h_§) )

(C.61)

Finally, it is possible to use [36, Equation (6.1.17)] and the identity 1 —H?/h?> = 1/h to
further simplify the PDF of the product of the x-u by the n-u variates to

() = 2m ese(m (2u, — ))Z T AF (1 s s )
‘ h“ZF(‘ul)F(Z,uz) ! 52%2 T(14i+4u,—2u,)
F it u _|_1_l_.u1 1_'_ H2 . 1F1 (4 2095 phy; =K1 1)
= e F(14+i—p, +2u,)

(C.62)

2 IU’ZJ h2

o op (L2151 H2\( 2%h, ™"
241 2’ 2 IU’ZJ hz g§%2 )

which completes the derivation.
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C.3.5 The n-uxn-u Distribution

The contour integral representation for the PDF of the product two n-u variates

is
_ 9322y 7 1)° I'(=2t; —x) I (=26, —x)
T = T () (zm) ﬁ%ﬁ FG—t+m)T G-t p)

L() ()T e+ 20T et 2u) (BB (HBY (a2 ™
X 2 T - TP tldtZdX.
I'(—x) 4hy 4h; &6,

(C.63)

Taking the residues around the poles of I'(t;), I'(t,), ['(x + 2u,) and T'(x + 2u,) will result

in the following triple series

. . L
2 2m e G (1) H2\" [ H2
f2(2) = ZZZ : yie e
F(‘ul)r(‘uz)l =0 n=0 k= 0Tl'l'k'r +Tl+.u1)r(§+k+.u'2) 4 1 4 2
(F(2n+l+2,u1)1“(l+2k+2u1)F( i— 2‘u1+2‘u2)( 2 )i+2u1
I‘(l+2u1) 8,8,

F(l+mh—2uﬁF@n+vaﬂrﬁ+2k+mh)( )”%j
(i +2u,) 8,8, :

(C.64)

The PDF of the product of two n-u variates can be simplified to a single infinite series by

performing the summation over the indexes n and k, which results in
23—2H1—2M27-C

_ N (1) 2’ )”2‘“ o
O~ g ST e\ () T

i 1 i 1 H; i 1 i 1 H;
A I e e e EL N R Tt ey
1 2

(C.65)

. 2
(i 20— 20) oy [ b Lyt i
_l — — L J—

Uq Uy ) o' 5 .Uz;z 5 ‘uz;z I3 h%

i 1 i 1 H2\ [ g2 2
XZFl §+MZ7§+E+M232+M25 h2 gzg,z .

Further simplifications can be performed by using the gamma’s duplication formula, the lin-

ear transformation [36, Equation (15.3.3) ] on the hypergeometric functions, the reflection
formula of the gamma function [36, Equation (6.1.17)] and the identity (1—H?/h?) = 1/h.

After performing the aforementioned transformations and identities, the PDF of the product
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of two n-u variates is given by

£() = 2mese(m(2uy —2u1)) ~a 1 | [2%hyh, 2 2F1( ﬁ>%5%+ﬂ1§lz—§)
A=) = zhﬁlhgzr(zul)r(zuz);ﬁ ( &262 ) T(1+4i+2u, —2u,)
. . 2 2 i+2u;
X oF (MZ_Ml_é’MZ_Ml + %2 % + Us; Ihi%z)_(zg?;gz) (C.66)
o 2
X oFy (M_Mz_iuul My + 1_1; - +M1;H—f) ZFl (_%’.%;%—i_uz;%)
2 2 72 hi ) TQA+i—2u;+2u,)

which completes the derivation.

C.4 The Product Distribution - CDF

From the results presented here, there are two alternatives to obtain the series
representations for the CDF of the product distribution. 1) Compute the residues of the
contour integral representations given in Table 4.2 in a similar way as for the PDF; or 2)
by using the definition of the CDE by integrating the PDF’s series representations given in
Table 4.3. The latter alternative is considerably simpler than the former. To obtain the series

expressions for the CDE the following integral is required

X

/ Ty =2 (C.67)
0

C.4.1 The a-uxxk-u Distribution

The CDF for the product of the a-u by the k-u variates is obtained by replacing
(C.49) in the CDF’s definition which results in

z 1) 2 i+, 2(i ) ‘
FZ(Z):/O (rr(ul)r(uz)z( ) ((ﬂ;ﬂ) F(Ul_%) 1F1 (0 + pg; by —Koly)

a TZ 2‘11(1"'#1) 1 ‘ o (l+M )
+ _1(42{2%2) F(MZ_Eal (l+:u’1)) 1F1 (%;MZ;_K&U’Z) drt. |.

(C.68)

By changing the order of integration and summation, the CDF results in

DL ™ 21+ pp) :
Fy(z) = F(lh)r(.uz)z I ((szfz) F(Hl_a—z)1F1(1+H2;M2§—K2.u2)

1

y /z T21+2H2—1 FPCCt aq ( 1 )zal(i+u1) r (‘u B la (l tu )) (C.69)

a,(i+ i :
x 1F1( 1( 5 .u‘l);‘uZ;_Kz‘uz)/ ,L_al(lﬂ,tl)—l dT) .
0
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Using (C.67), the CDF is given as

Fy(z) = Z( z ( g )i%r(ul_zﬁ—j‘f”) Fy (i + )
’ l s U —K
‘ F(ul)l“(uz) A 2H2 T
aq(i+pg) (i+uy)
22 A 2“1- [‘(Mz_ou 12N1 ) a, (i+‘u1)‘ |
* A2 A2 1+ Uy 1F1 2 s U —Koly . (C70)

Which completes the derivation.

C.4.2 The a-uxn-u Distribution

The CDF for the product of the a-u by the n-u variates is obtained by replacing
(C.54) in the CDPF’s definition which results in

- [ L (20 20)
FZ(Z)_/( huzr(.uq)r(zliz)z il ((ﬁz(gz) F(‘ul_ aq )

ay (itu1)

. 2 2 .
x ,F, _i’ 1-1 1 + H, s al T°hy ’ r( 2, — ay (14 ;) (C.71)
2

2 Ha> h2 o 2E2 2
oy (i + ;) a, (H‘.Ul) 11 _H§
XZFl(M2_TaM2 T+§:§+M2;h_§ dr.

By changing the order of integration and summation, the CDF results in

2= MW@@F@&JZﬂI'((gzyyHWFO“‘ZQE?&ﬁ

ap (i+p1)

i 1-i1 H:? . a h 2 a, (i+ uq)
NI Al : 2(1+zu2—1)d7+_1( 2 ) p(z _;)
21( 2’ T2 g TH hz)/ 2 \ 7262 Ha 2

+ + 11 H;\\ [ e
y 2F1 1y — aq (l Ml)"uz . aq (l .Ull) + o4 Us; _; / Ta1(1+u1)—1 drt. (C72)
4 2’2 w2 ) ) J

4

Using (C.67), the CDF is given as

i 2(i+2 2)
F,(z) = Z( D[ [ 22k, #2001, — A2) )
? fﬂrmor@M) ! 2E

1+ 2uU,
a (i+ ) i
i 1—1 1 H2 2h, 1 F(Z,uz—al(l;“l)) (C.73)
fi| Ty T h2 a2 i+ g

a, (i + ;) a (i+u) 11 H;
F -, ———t o tu 5 | ]
X g 1(“2 4 Us — 4 5’9 Uo h%

Which completes the derivation.
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C.4.3 The xk-uxxk-u Distribution

The CDF for the product of two k-u variates is obtained by replacing (C.57) in
the CDF’s definition which results in

2 ( 2 Ua+i .
Fy(2)= /0 (TF(Ml)F(MZ) Z ((9{12%2) I'(—i+u,—u,)

X 1 Fy (1 + phos thys =K hy) 1Fp (T4 s U —KoUs) (C.74)

Tz Ug+t
+ (%2%2) T (—i— g +ug) 1 Fy (0 + s g —K ) 1 F; (0 +H1§M2;—K2Mz))) .
)

By changing the order of integration and summation, the CDF results in

( 1) 1 Ug+i .
Fy(2) = F(M1)F(M2)Z ! ((3{12%2) I'(—i+u,—us,)

X 1 Fy (T + g phy; =K ) 1 Fp (@ +M2;M2;—K2,u2)/ p2WatD-1 g ¢
0

H1+l (C.75)
1
+(—) T (—i— gy + py) 1 Fy (T4 pys Uy —KUq)
AL Ay
x (F (i +M12H2§—K2M2)/ g2t d’f)-
0
Using (C.67), the CDF is given as
o+i .
Fy(z) = Z SO ( 72 )“ T (—i+py—Hy)
‘ r(ul)r(uz) ! HEH i+ Uy

X 1 Fy (14 Wo; phys =K ) 1Fp (T4 o thgs —KoUs) (C.76)

z° I'(—i—pu; +uy) . .
+(;{12j(22 i+,li1 2 1Fr(+pgs g —Kkqun) 1Fp (D s pgs —Kous) |-

Which completes the derivation.

C.4.4 The xk-uxn-u Distribution

The CDF for the product of the x-u by the 1-u variates is obtained by replacing
(C.62) in the CDPF’s definition which results in

F (z):/z 27TCSC(7I(2M2—;11))Z T 1 Fr (4 s by =K q)

‘ 0 Th‘;ZF(Ml)F(ZMz) ! gzj{//z T(1+i+4u,—2u,)

it u 1—1—,u1 1 +.U Hz . 1Fr (0 + 2005 s —K1144)
2 2 2 2 2 T(14i—p, +2u,)

Cop(i1min HI\(2h e g
T Py T.
2\ T 2T @

(C.77)
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By changing the order of integration and summation, the CDF results in

F,(2)= zﬂCSC(ﬂ(Zuz—Ml))Z T 1Fr(i+ g pg =)
? h22T (uy) T (20,) il g%;sfz T(1+i+p, —2u,)
_i+,u1 u,+ 1—i—p, 1 £ HZ / L2 g 1 Fr (4 2005 uy; =K )
2 72 2 o hw h2 T(14i—pu, +2u,)

. . i+2uUy
X oF | ==, == 2 gy —2 T g |
21( 2 g g TH hg)(ggxf o

(C.78)
Using (C.67), the CDF is given as
F,(z) = mesc (7 (2uy — ) i l ( 22h2 )Hul 1Fr (4 s pg =)
‘ WD (u)T(2u,) Sit\\ 622 ) (4 p)T(1+i+p —2u,)
i+ 1—i— 1 H? F,(i+2uy; Uqy;—K
2F 1| o — ﬁ:“z + —Ml +M2, > | — = 11 ta Hl 1) (C.79)
2 2 h; (I +2u)T(1+i—pq +2u,)

i 1—i 1 H2\ ([ 22k,
x oFy | —=, — .
2 1( 2) 2 ILL2J hz)(éazzj{,/lz)

Which completes the derivation.

C.45 The n-uxn-u Distribution

The CDF for the product of two n-u variates is obtained by replacing (C.66) in
the CDF’s definition which results in

oo 9 i+2u; JF,(—1 =i.1 Hy

Fy(2) /Z 2mesc(m (2uy —2u,)) 1 (T h1h2) 281 72> 7 T h2
z) = — _

g o ThYRYT (2u))T (2u,) it |\ &262 T(1+i+2u;—2uy)

i 1—i 1 HY) (7°hh,\"™"
X oF Mz_ul_gjuz_.ul"‘—’_'f'liz;_ -

i
S —Hz o+

F — —_
X9 1(“1 25 5 2 1>h2

(C.80)
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by changing the order of integration and summation, the CDF results in

) i+20 F( L2 Hj)
27rcsc(7r(2u2—2,u1))zl (hlhz) N R P et SO
i

F,(z)=
g WY RYT (2u0) T (2u,) & £282 T(1+i+2u; —2u,)
1—i 1 HZ\ (% g hyhy \
X oFy | pp— ,Mz H1+—5—+H2;—§ /Tz(HZMl)ldT— ;22
2 2 h; ) Jo &1 8,
C.81)
1—i 1 H? (
21( Hl Ua 5’9 Uy h%)
2
P ( i1, 1+M’ ) .
2 1\72 22 2> 12 /Tz(i+2uz)—1dT
F(1+i—2u1+2u5) Jo

Using (C.67), the CDF is given as

i+2u F i 1-i,1 + H2
mesce(m(2uy —2u,)) Z hih, voo2f| T e T h2
TRy T (2u)) T (2u,) < 1! 5’25’2 (i+2u)T(1+i+2u; —2u,)

i 1-i 1 H; )
X oF Uz_.‘h_i;.uz_lh"‘T;E"‘.uz;h—% - 5267

H2
i 1—i 1 H2 2F1( é,lzl;;‘l‘.uz,hz)
oF1 | 1y

Fy(z)=

Uy — =y =y e = :
B e sy e e ) i 2u,)T (L + i — 201 + 201,)
(C.82)

Which completes the derivation.
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Appendix D

Derivation of the Integral of the Product
of a PDF by a CDF

In addition to the statistics of the product of two random envelopes, the integral
of the product of the PDF by the CDE which is closely related with the CDF of the product
distributions, was presented here. The derivation of the multivariable Fox H-function and

their series representation are provided here.

The desired integral is

T1
P(y1,72) = le(r)FRz (ﬁ) dr, (D.1)
0 r

in which R; and R, are independent random envelopes.

D.1 The Integral Involving a-u PDF xa-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the a-u distribution
with parameters {a,, u,, 7} and {a,, u,, 7} respectively. Then (D.1) is solved by replacing

(2.9) and (2.10) in it with the appropriate parameters resulting in

o, ramtl ren \ T (Mzs (ref)™ Ygz)
P(y1,75) = ——exp| —— dr (D.2)
1= [ s PR p( ﬂll) F(in)

To obtain a multivariable Fox H-function representation for the above integral, it is required
to put the exponential and incomplete gamma function in terms of their Mellin-Barnes con-

tour integral representation using (A.1) and [41, Equation (8.4.16.1)] respectively. After
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replacing them in (D.2), P(y,,7,) reduces, after some algebraic manipulations, to

p( )= a, ( 1 )2 /Yl r“l’“_lﬁg T(t)T (=) T (t5 + o)
T T T )T () @ \2mj) o r1—15)
z (D.3)

e —t Yaz —t
x (_a) (%) dt,dt,dr.
N (ro,)™

Changing the order of integration will result in

_ aq 1Y I'(t)T(—t,)T (5 + py)
PO 1e) = LT () (277:1) j%g T(1—1t,)

< (D.4)

1\
X e e / r“l“l_a1t1+a2t2_1drdt1dtz.
1 2 0

Remember that the inner integral can be solved with the known result

C r(»)
av—1 dt = av D.5
/0 ' " al’(1+ v)z (-3)
Ergo, the integral P(y,,7,) can be written in terms of a double Mellin-Barnes contour inte-
gral as
ayy" 1) I'(ay (=1 + py) + ayty)
P(Yl’ YZ) = gy .
T'(uy) T (uy) o, 2mj T(1+ay(—t; +py) + thay)
“ a; \—t a —t (D.6)
T(t)T(=t)T(ty+u) [ 77 T2
X o — dt,dt,.
Ir'(l—t,) N (y1.9,)

Finally, the variable transformation s; = t; — u, is performed and, after some algebraic

manipulations, P(y,,7,) is given as

P(r1,72) = —— ( L )ngﬁ LZaws + a,t)
I'(u)T (uy) \2m) I'(1—a;s; +ayt,)

ol —S a —t (D7)
F(51+.U«1)F(t2+.uz)r( tz)( ) 1( 123 ) zds dt
Ir(1—t,) »‘Zflal (r1.9)" e

Comparing (D.7) with (2.1), the parameters provided in Table 4.6 are easily deduced.

A series representation for P(y,, y,) can be obtained through the sum of residues.
From (D.7), the residues around the poles of I'(s; +u, ) for the variable s, and for the variable
t, the poles of I'(t, + u,) and I'(—a;s; + a,t,) are taken. These operation will result in the

double summation

( 1) Yy aq(i+uq) 71 aq (i+uq) _
Plrra) = r(ul)r(uz)z | ((ﬂfl%) Il(l”(ﬂfl) 12(1)) (B-8)

In which I,(i) and I,(i) are given, respectively, as

oo (_1)k k+(11(l+M1) +u k
L= i ) ( e ) , (D.9)
o k!l"(l—k)(k+a1 (i +u1)) \eory
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and o (_1 )k s ay(k+us)
L) — Z D.10
0 = k! (k4 pg) (o (D + py) — ap (k + ) (»‘272}’1) ( :

The former can be easily solve by noting that the summand vanishes for k > 0 resulting in

(-2 )

a; (i+u;)

Il(i):

(D.11)

On its turn, I,(i) can be solved first in terms of the hypergeometric function as

ap(i+uq) oy (i+uy) ra \*2
Fol g, thg — 12 00 + 1,1+ iy — ; Aty
242 25142 ’ 142 s . Y
Iz(i) = ( = - ( Zh) ) ( 2 ) , (D.12)

Qylsy (M Mz) ArY1

by using the identity 1/(a+k) = (1/a)x(a),/(1+a), in which (a), denotes the Pochhammer
symbol. Further simplifications are obtained by using the identity [41, Equation (7.12.1.3)]
to put I, in terms of the Kummer’s hypergeometric function, and [41, Equation (7.11.1.12)]
after applying the Kummer’s transformation [36, Equation (13.1.27)]. Therefore, I, is given

in terms of the incomplete gamma function as

1 ay [ + as aq(i+uq)
L(i))=———— (F (Uz:oy( T2 ) )_F(Hz_ o (i MI)JOJ( I2 ) )(—YZ ) )
a; (i+u;) oY1 a, oY1 oY1
(D.13)

Replacing I,(i) and I,(i) in (D.8) and after some algebraic manipulations P(y,,Y,) is ob-

tained as

Pl = s S ()™ (v (22)")

+F(,u _al(i+M1)( V2 )az)( Y2 )almul)
2 a, ’ oY1 V15 ’

in which T'(a, b) is the upper incomplete gamma function [36, Equation (6.5.3)]. Finally,

(D.14)

using the identity [36, Equation (5.1.45)], the function P(y,,Y,) can be written as

P01 = fgm (1) 2 Z T (ﬂ)alﬁw () )

az £5120)
o))
2 AsY1 oY1

in which E,(x) is the exponential integral function [36, Equation (5.1.4)]. Equation (D.15)

(D.15)

is the exact same provided in Table 4.7 which completes the derivation.

D.2 The Integral Involving a-u PDF xx-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the a-u and k-u

distributions respectively with parameters {a,, u;, ™} and {x,, u,, 5}. Then (D.1) is solved
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by replacing (2.9) and (2.14) in it with the appropriate parameters resulting in

Y1 a ralnu‘l_l ral Y% Hz 1 2
[ )] )
Y1, 72 0 F(‘ul) ,,Qfl 1M1 le 1 rZJ{zZ 27-[]

. D.1
y T'(uy—t;—t) T ()T (£,) (6ot Y_§ t dt.dt,dr o1
T(uy—t)T (uy+1—t,) i rz%z S

£
Using (A.1), and changing the order of integration the function P(y,,y,) is written as

(L):%ﬁgg I'(uy—t; — )T ()T (£,) T (¢5)
F(.‘h) 2mi T'(uy—t)T (uy +1—1t5)

<

Yz —latlo 1 —t3tU1 ey

— 2 —1+2ty+aq (—t3+u;)—2u

X (KZMZ) tl (_2) ( a ) / r 2 1 3 1 2 drdtldtzdtg.
A o) 0

P(y,72) =

(D.17)

The inner integral can be solved with the help of (D.5) resulting, after some algebraic ma-
nipulations and the variable transformations s, = t, — u, and s; = t; —u,, in
a ]. 3 F(_tl_SZ)F(ZSZ_Sgal)
p(YlJ YZ) -
1"(,u1) 2mj I'(1+42s, —s504)
¥

T'(¢)T (pg +52) T (g +53) —t; s\ 1y
X (Kzll’l’z) 2 2 aq
I'(uy—t)T(1—s)) et <

) dt,ds,ds;.
(D.18)

By comparing the above triple integral with (2.1), the parameters for the Fox H-function

are readily obtained as they are provided in Table 4.6.

Series representation can be obtained by taking the residues of (D.18) around
the poles of I'(t; ) for the variable t,, I'(s;+u, ) for s;, and I'(s, +u,) and I' (2s, —s;a, ) for the
variable s,. This will generate a triple summation representation for the function P(y,,7,),

which is given by

( 1)1 Y% i+ ‘ Yy aq(i+uq) )
P(y1,72) = I(u 1)2 . ((x;ﬁ) 11(1)+(%1%2) L) |, (D.19)

in which I,(i) and I,(i) are given, respectively, as

VNS (“1)™KT (i + n+ ) (Ko05)" ( n )“1”‘*“0
W= 2, 2 ks i —2 G gy mikir (L= i+ i T i) \ » (020

and

1M (n+ 3 +u)+k -1 [+ up) +k k
Iz(l)_zz( ) n (al(l ) )) ( z(al(l uy) ))(;;;2)/1)

=3 2ntkIT(A =T (1+ 3 (ay G+ ) +K))T (0 + pp) (o) ™"
(D.21)
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A closed form expression for I (i) is obtained by performing the summation over the index
n which results in the Kummer’s confluent hypergeometric function and over the index k
with the help of [36, Equaiton (6.5.29)], ergo the function I,(i) is obtained as

11(i):

. 2 aq ~ . .
Y(—i—i + Uy — 0%2,(;7}1) ) 1F1 (4 s s =K o) ( 5 )lwz (D.22)

(i + Uz) aq o, 12
In its turn, I,(i) vanishes for any k > 0, and the resulting summation can be written in terms

of the Kummer’s hypergeometric function as

F(MZ—M) ~ (al(i+,u1)

5 U —K D.23
ay (i + i) 1 5 [25) 2.“2) ( )

L(i) =

Then, P(y,,7,) is obtained by replacing I,(i) and I,(i) in (D.19), which results, after some

algebraic manipulations, in

_ 1 O (D) (1 F (G o o —Koly) 2(1+u2) (11\"
P = 0 20 ( (=222 (5))

L+ Uy 1 2
2 i+ _ 1 . (i+ug)
Ya F(Uz 21 (1+u1)) -~ (1 . )( [§) )al '
X + Fil za(i+ s Ug; —K .
(42)712(7{22) i+ 1] 5 1 (T 1) 5 pgs =Ko A A,
(D.24)

Which completes the derivation of the series representation of the integral of the PDF of the

a-u and the CDF of the k-u distributions.

D.3 The Integral Involving k-u PDF xa-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the x-u and the a-u
distributions respectively with parameters {1, U, 1} and {a,, u,, 7, }. Then, (D.1) is solved

by replacing (2.13) and (2.10) in it with the appropriate parameters resulting in

n 2 r2h—l 2\ . rlk,u Y(“Z’(r%) 2)
P(Y1;Y2):/O exp( ) oF1 (§.U1; - - dr.

exp (Kiuy) A7 HE H2 T'(u,)
(D.25)

This integral can be solved in terms of the Fox H-function by putting the exponential, hyper-

geometric and incomplete gamma functions in terms of their Mellin-Barnes contour integral

representations resulting, after some algebraic manipulations, in

_ 2 1Y hl I'(t)T ()T (—t3)T (5 + o)
P01 = et (3e7) )+ % [ G)F (-t )
&

2\ htth 2 i —ayts
r’K
x(r—z) (— 1;‘1) ( Y2 ) dt,dt,dtsdr.
‘%G. Jfl erfz

(D.26)
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Changing the order of integration results in

_ 2 13° T'(t)T ()T (—t5) T (£5 + 1p)
POr2) = Yexp Grpn) (m) #f T ) (6 + 1)

<
—t1tuy —ty —a,t
1 K 213 T1
() () (B) 7 [ e ardodue,
1 1 2

(D.27)

With the help of (D.5), the inner integral can be solved and the function P(y, y,) is obtained

P20 T () exp (k1 up) \ 27 F(1—2(t; +ty— )+ t3a,)

as

<

y F(tl)F(tz)F(uzﬂg)r(_tB)( y? )—mul (_Yfklul)_fz( .
=)L —t) Ay KA 195

—Qyts
) dt,dtydt,.
(D.28)

Now, by performing the variable transformation s; = t, and s, = t; + t, — u;, after some

algebraic manipulations, the integral P(y,,7,) is given as

b I (uy) exp (k py) \ 27) I'(1—t)T(1—2s, + tza)

< (D.29)

T(s)T(t3+ u) T (—t3) s ( Y3 )_32( - )_azfg
8 (—rpg) ™ ds,ds,dt-.
I'(=s; + ) 1 9{12 A 18920883

Note that isolating the variable s;, the contour integral resultant is the representation for
the Kummer’s confluent hypergeometric function. Using the Kummer’s transformation the
following identity holds

yg T(s)T(—s1 + 55+ uy)
1% I'(uy —s$41)

(—xyuy) 1 ds; = exp (k1)

o yg T'(s1)T(—=s; —5,) T (s, + uq)
% I'(=sy)T (—=s; + )

(k1) dsy
(D.30)

Replacing this identity in (D.29), and after some algebraic manipulations, the function

P(y4,Y-) is obtained as

2 1) T'(—2s, + ayt3) T (—s; —s,) T(s;)
P(YI’YZ)_F(HZ) (2_7'51) j% I'(1—2s, +ayt3) T (u; —s4)

= (D.31)

T (uy +5,)T (s + £5) T (—t N\ b
y (py +5) T (ug + t5) T (—t5) (K pty) ™ (Y_lz) ( T2 ) ds,ds,dt,.
[(—=sy)T(1—1t5) Ay 19>

The parameters provided in Table 4.6 for the integral of the PDF of the x-u by the CDF of

the a-u are readily obtained by comparing (D.31) with (2.1), completing the derivation.
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A possible series representation is obtained through the sum of residues by taking
the residues around the poles of I'(s;) for the integration variable s;, I'(u; + s,) for the
variable s, and I'(—2s, + a,t5) and I'(u, + t5) for t5. After some algebraic manipulations,

the function P(y4,y,) is written as the following triple summation
oo

2 (-1) yi\"™ v \™
P(Yl,Yz)—F(MZ)ZHF(HMI)((%Z) Il(l”(%z%lz) L) |, (D.32)

i=0

in which I,(i) and I,(i) are given, respectively, as

RSt (=)™ T (i + n + py) (ke py)" ( ‘s )az(k+u2)
Il(l)_;;n!k!F(H+M1)(k+Mz)(2(i+u1)—a2(k+u2)) o1 » (D:33)

and

[S RN y k
Iz(i):ZZ : ) (rpuq)".

== nIkIT(1— )T (n+ py) T (220222 ) o e

(_1)n+kr (i+n+ ‘ul) T (2i+1;42‘2H1 ) T (—2i—k—2u1+a2,u2)

Ay

(D.34)
The function I, (i) can be solved in closed-form by performing the summation over the index
n using [41, Equation (7.2.3.1)]. Over the index k, I,(i) can be solved first in terms of the
oF, function and then using [41, Equation (7.12.1.3)] and [41, Equation (7.11.1.12)] to

write I;(i) in terms of the incomplete gamma function as

o i) (1 (2]

. a i+ (D.35)
_Y(M _2(l+u1)( Y2 ))( v3 )
2 a, \.hy ﬂzzyf

In its turn, I,(i) vanishes for any k > 0 and for the index j, the summation can be solve in

Il(i):

terms of the Kummer’s confluent hypergeometric function. Ergo, I,(i) is given as

DG+ p)T (202 4 )

L(i)= Fi(i+u;su;— .
5(1) 2F(M1)(1+H1) 1Fr(@+pgs iy —Kuy)

Now, by replacing I,(i) and I,(i) in (D.32) and after some algebraic manipulation, P(y;,75)

(D.36)

is obtained as

P( )= Z( 1) 1Fa @ +U1§H1§_K1U1)( Y% )iﬂh
e r(ul)r(uz) i1+ pr) #?

@ 2(i + ) e\ (yE O\
<l 5) )22 05) W) )
oY1 25 Y1 A5y

To finalize the derivation, the identity [36, Equation (5.1.45)] is used to put the upper

(D.37)

incomplete gamma function in terms of the exponential integral function so that the function



Appendix D. Derivation of the Integral of the Product of a PDF by a CDF 135

P(y4,72) is given as

N : [ i+
P(rir2)= ! Z(—l) 1y (l+u1;u1;—r<1u1)( v ) 2
P2 T () T () pars (i + uy) P

(D.38)

y a '}/aZ y 2185
X(Y(Mz,(—z ) )+E1+M_ ( af az)( 2 ) )
AsY1 o M2\ A, Y, 2571

Which completes the derivation of the series representation of the integral involving the

product of the PDF of the k-u distribution by the CDF of the a-u distribution.

D.4 The Integral Involving a-u PDF xn-u CDF

Let Ry > 0 and R, > 0 be two random envelopes following the a-u and n-u
distributions respectively, with parameters {a, u,, 7, } and {n,, u,, »}. Then, (D.1) is solved

by replacing (2.9) and (2.18) in it with the appropriate parameters resulting in
Y1 91-2u, ﬁal pop—1 r&1 1 2 T (Z.UJZ — 2['1 — t_z)
P(Yl’ Yz) = T ap SXP| —— 4, Py ) 1
o T(u)T(uy) o o)t J\2m] T(u+3i-1t))
¢

—t —ty+2Uy
Le)T(e) (CH3\ (s \*™
F(1+2u,—ty) \ 4h2 r2é; S

(D.39)

A multivariable Fox H-function representation can be obtained by replacing the exponential
function in term of its Mellin-Barnes contour integral using (A.1) and then change the order

of integration. This operation results, after some algebraic manipulations, in

21—2u2ﬁa1( 1 )Sj% T(t)T(t)T(t3)T (=2t —ty +2u,)
I'(u) T (up) \27j F(%—ﬁ‘*‘ﬂz)r(l_tz"‘zﬂz)

HZ —t 2\ —tat2us 1 —t3+u; e
X 2 ﬁ / r—1+2f2+0‘1(—f3+M1)—4H2 drd tld tzd ts.
4h2 &2 o) 0

The inner integral can be solved with the help of (D.5) which gives

21—2u2ﬁa1 ( 1 )3% I'(2(ty —2uy) +ay (—t3 +uq)) T (L)
T'(uy) T (up) \27) I'(1+2(t;—2u,) + oy (—t3+ ;)

P(Yl) YZ) =
(D.40)

P(yi,72)=

<

-t —ty+2 oy N —tzti
XF(tz)r(tg)F(—Ztl—t2+2M2) (_H_i) 1( Y% ) 2 MZ(YI ) u .
F(%_tl +M2)F(1—t2+2,u2) 4h3 yi&; "Qflal 1atdts

(D.41)
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Further simplification is obtained by performing the variable transformations t; = s; + u;,

t; =s, and t, = s3 + 2u,, which results in

212 S (1 )3 T'(—ays; +253) T (=25, —55)
P(Yl) YZ) = 27'C]

T'(u)T (uy) I'(1—ays +253)F(M2+%_52)
7
F(Ml +51)T (5,) T (2u, +53) - _H_S - Y2 - ds,ds,ds
F(]. —83) JZ{lotl 4h§ Y1g2 1402493
(D.42)

The parameters for the Fox H-function representation are readily obtained by comparing

(D.42) with (2.1), completing the derivation.

A series representation can be obtained through by summing the residues around
the poles of I'(u; +s, ) for the variable s;, I'(s,) for the integration variable s, and I'(2u,+55)
and I'(—a;s, + 2s3) for the s, variable. Therefore, a triple infinite summation arises and it is

given as

212 /Ty S (—1) 1 ( v )”2“2 . ( s )”‘“ ,
P I I
(Y1,72) = F(Ph)r(.uz)z I T(1+i+2u,) gzzﬁ (D) + "Q{]algzal »(1)
(D.43)

in which I,(i) and I,(i) are given respectively as

(_1)’{1—' (l +2n+ 2“2) ( H§ )n ( }/(111 )k+,u1
I (l) B 12 aq ) (D44)
1 nz(;;):knf' +n+u2)(a1(k+u1)—2(i+2u2)) 4h3 A

and

k k+a1(l+u1) _ ktay(i+ug) n
L(i) = ZZ( D (2n+ ) (ZM - ) (H—g) ( I2 )k. (D.45)

kTl — k)l“(1+w)l“(%+n+u2) 4h3 ) \ &1

The function I,(i) can be expressed in closed-form by, first summing over the index n re-
sulting in the Gauss’ hypergeometric function ,F;. For the index k the result can be written

in terms of the incomplete gamma function using [36, Equation (6.5.29) ], which results in

11(i) =

. 2i+2u,) 11 _
F(l+2:u’2)‘)/(lu’1_la—1“2’ ﬁ) (l+2‘u/2 l+2‘U/2+1 1 u HZ)(ﬂ)ﬂH—ZHz)
F(%+,u2)a o 2 2 » hy )\ .
(D.46)
On its turn, I,(i) can be solved by first noticing that it vanishes for any k > 0 and then

performing the summation over the index n, which results in

2

1. 1 1 1 H?
oF; Za1(l+.u1),§+Za1(l+.u1);§+.uz;h—% (D.47)

(Z,uz - l0‘1 (i+ M1))
ay (i +H1)F( +M2)

By replacing I,(i) and I,(i) in (D.43) and by performing some algebraic manipulations, a

L(i) =

series representation for the integral involving the PDF of the a-u distribution and the CDF
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of n-u distribution is obtained as
2i+2uy) 17" )

21—2,u2ﬁ i(_l)i Y(‘ul_a—1’ﬂf{“
F(H1)F(M2)F(%+M2) = 1 L+ 2,

2 i+24y . . 2 a i+
1% i i 11 H; Y, (D.48)
X Fi| 5+t it it |+ —2is
(ﬂfé"f) 2 1(2 Hog Ty T )T e

(2w, —sa ) (1 11 1 H
ij—ul 2Fy Zal(l"_“l)’i+Za1(l+.u1);§+.uz;h—§ .

By using the duplication formula of the gamma function, the function P(y, y,) is simplified

P(Yl; YZ) =

to

_2(it2u) 1y
Y ‘LLl a; :leal

(— 1)1
F(ul)F(zuz) Z ! L+ 20,

2 N\ it2u . . 2 a i+
5 i i 11 H; 1 (D.49)
x Fil =4ty =+ g+ =3 = + g —= |+ | —2—
(ﬂféﬁ) 2 1(2 Hog Ty T e )T e

F(2pp— 305 (i+p)) (1 11 1 H?
X Fil-a,(i+u),z+-o, (i+u);=+us— ||,
i+ 251\ g 1 (E+pq) 23 p (04 ) 5 [2%) n2

which is the exact expression provided in Table 4.7 for the integral of the product of the
PDF of the a-u and CDF of the n-u distributions.

P(Yl) YZ)

D.5 The Integral Involving n-u PDF xa-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the n-u and the a-u
distributions respectively, with parameters {n, u;, 7} and {a,, u,, »}. Then (D.1) is solved

by replacing (2.17) and (2.10) in it with the appropriate parameters resulting in
P(r1.7) / n__ 2 e ( her)
»Y2) = exp| —
T ) TRu)Tw,) e &2

1 H2r4 ,)/az
XoFl(Ul bE 42,4)}’(.“» e dr

The Fox H-function representation for the above integral can be obtained by replacing

(D.50)

the exponential, hypergeometric and the incomplete gamma functions with their respec-
tive Mellin-Barnes contour integral representation given at (A.1), (A.2) and [41, Equation
(8.4.16.1)] respectively. The integral P(y,,Y,) is given as

2T (uy+3) 1\ / 1 ﬁ%@ T (6)T () T (=) T (3 + o)
F'(2u)T (uy) \2mj F(l—t3)['(%—t2+,u1)

<
h. 2 —t1+2u, H2r4 —ty as —t3
x( il ) il 2 ) dedt,degdr.
&; 48, roz.qf,”?

(D.51)

P(Yl, YZ) =
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Changing the order of integration will result in
Py y,) = 2h;“11"(uu1 + %) ( 1 )3% T ()T (ty) T (—t3)T(t5+ uUs)
PP T@m)T () \2m) PA—6)T (5t + i)
(D.52)

K
—t; 420, 2\t a \"l ey
X (E) (_ " ) ( : ) / | PPttt qrd e dt,dt,.
&} 46} oy’ 0

The inner integral can be solved with the help of (D.5) resulting, after some algebraic ma-
nipulations, in

thulr(ul_"%) 1Y L(=2(t; + 2ty —2uy) + t3a,)
P(Yl: YZ) =

I'(2u) T (up) \27j I'(1—2(t; +2t, —2py) + t305)
¢
—ti1+2 - A —i3
X I'(6)T ()T (=t3) T (5 + uy) (hlyz) ! Ml( 7/1‘) tz( T2 ) t dt,dt,dt
a 15253
T(1—t)T(3—t,+ ) &2 48} oA

(D.53)
Performing the variable transformations t; = —2s; +s, + 2u; and t, =s; will result in

! 1
P(y1,74) :2h1 1—‘(‘ul + 5) ( 1 )3 % I'(—2s5 + t30,) T (=251 + 55+ 244)

I'(2u)T (uy) \2mj I'(1—2s, + t3a,)
v
T()T(—t)T () (HI\ (a7 v\
X - —— 5 T ds,ds,dt;.
(D.54)

Further simplifications are obtained by isolating the integral in the variable s; which is given

as
2nj J« T(2—s+u) 4h?

o7ttt 1 [ T(s)T(=s1+2+uw)T(3—s;+2+py) [ HX\ (B-55)
JT 2nj§é r(i—s+u) ( h%)
The above identity holds through the gamma’s duplication formula. The right-hand side of
(D.55) can be written in terms of the Gauss’ hypergeometric function as
o—Ttsy+2u 1 55 1"(51)1"(—51 +2 +,u1)1"(% —s;+2+ ul) (_Iif)_sl o —
v 2mj e r'(3-s +M1) h3 1T

T (sy+2uq) s 1 H?
21 s 2F1(§ +M1, (1 +52)+H1, t U7
r(3+m)

(D.56)

hz
By applying the linear transformation [36, Equation (15.3.3) ], the hypergeometric function
will reduce to

T (sy+2u;) (sz 1 1 Hf)
—a o S ey () F s S+
l"(%+,u1) 21 5 U 5 2) T M5 5 T U 2

I (D.57)
T'(sy + 2u;) F( sy 1—s, 1 Hz)( Hz) 8
“Sath) (%

r(2+p,) 2 2 2 M )\ITe
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Note that due to relation amongst 1 with h and H of the n-u distribution the identity 1 —
H?/h?* = 1/h holds. At this point the right-hand side is rewritten in terms of the Mellin-
Barnes contour integral and it is replaced in (D.54). After some algebraic manipulations,

the integral P(y,,7,) is given as

2T (uy + 1) ( 1 )3% (=25, + tya,) Ts)T(—s3—2)T(—t5)

T (2u)T () \ 271 [(1—25,+a;) T ((1—s,))T(—2)

T(3—s1—2)T(s2+2u)T(ts+ H\ (YA v Y
a3t 20T “2)( ) (ﬁ) (Yz ) ds,ds,dts.

F(l—tg)F(E—sl +,u1) ht &7 11y

P(Yl: YZ) =

(D.58)

The final step is to use the gamma’s duplication formula so that the integral P(y,,y,) is

simplified to

P(yi1y) = 47w ( 1 )Bff# T (—2s; —$,) T (=25, + tsa,) T (s;)

T (u)T (ug) \ 27j T(1— 25, + t30,) T (g + 3 —51)
v (D.59)

T(2u; +5)T (U +t)T(—=t) ( HIN (Y a2 \°
X —— — & ds,ds,dt;.

The parameters provided in Table 4.6 can be readily obtained by comparing (D.59) with
(2.1), which completes the derivation of the multivariable Fox H-function representation

for the integral involving the product of the PDF of n-u and the CDF of a-u distributions.

A series expressions for P(y,,Y,) can be obtained through the sum of residues.
Using the residues around the poles of I'(s;) for the integration variable s;, ['(2u; +s,) for

s, and T'(u, + t3) and T'(—2s, + a,t;) for t; results in the following triple summation

1—y i 2N i+2m 2 i+2p
P(y1,72) = 4 Z =1 ((Yl) 11(1)+( 'z ) 12(1')),(13.60)

I'(ug) T (o) & l'F(l+2M1) & A}

in which I,(i) and I,(i) are given, respectively, as

. i i (—1)FT (i + 2n + 2u,) H?'(2h,) 2" ( Y )k“‘z
i)= 2 ,
=0 k=0 n'k'l" +n+“1)(k+ﬂz)(2(l+2.‘11) ay (k+u,)) \ A,

(D.61)

and

ii(_1)kr(l~+2n+zul)r(2i+l;+4u1)F(—zi—k—iuﬁazuz) Hf n v, "

iy () G5

T n!k!r(l—k)r(§+n+ul)r(21+k+;++%)a 4h? ) \ .y,
(D.62)

For I,(i), the summation over index n can be written in terms of the Gauss’ hypergeometric

function by using the gamma’s duplication formula. On index k, the summation is solved

first in terms of the hypergeometric ,F, function by remembering that 1/(a + k) = (1/a) x
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((a)/(1+a),). The ,F, function can be simplified using [41, Equation (7.12.1.3)] and [41

Equation (7.11.1.12)]. After some algebraic manipulations I, (i) is given as

_ r(i+2u,) (i 1 1 Hz)
L(i) = Fol = 400, = + = + g 5+
1 21_‘(%4_“1)(1,_,_2“1)2 1l 5 M1, 5 55 My 5 T M5 2

X(Y(M Ts )_Y(M ~ 20 +2u,) Y )( V2 )ZWM)
2> deaz,}/‘lxz 2 a, > deaz,}/‘lxz "Q{Z’}/l )

In its turn, I,(i) vanishes for any k > 0 and the summation over index n can be written in

(D.63)

terms of the Gauss’ hypergeometric function. Therefore, I,(i) is given as

O TG+2u)r(FAE )y 1 i 1 H?
L(i) = 2

—+u,—+—+u;—+u;—)- (D.64)
2T (3 + py) (i +2uy) 2 "2 2 P2 TUR

Replacing I,(i) and I,(i) in (D.60), after some algebraic manipulations, will result in

(=1)! i 1 1 H?
P(yq, , L = U —
(ri,72) = F(zul)r(uz)zl'(l+zul) + U, 5 55 My S 5 M h%

'}/% i+2u, Ygz 2 (l n 2‘11,1) '}’(212 Y% i+204
X o2 T Y2 —a o +T Ua — s ay o 2 42 :
&) Ay Y ) Ay Y &1 A,

The last step is to use the linear transformation [36, Equation (15.3.3)] and put the upper

(D.65)

incomplete gamma function in terms of the exponential integral function using [36, Equa-

tion (5.1.45)]. The integral P(y4,7,) is, then, given as
h,u1 0o ( 1) hl 1—i i1 HZ Yz i+2u,
P(r1,72) = S Z e N ) —12
TR Ty & i+ '\ 2 22T )&

Ygz ( Yz )( Y2 )azuz)
X > ay +E i+2p1 a .
(Y(“ ? %w) R A2y A

Which completes the derivation of the series provided in Table 4.7 for the integral involving

(D.66)

the product of the PDF of the n-u and the CDF of the a-u distributions.

D.6 The Integral Involving x-u PDF xx-u CDF

Let R, > 0 and R, > 0 be two random envelopes following the x-u distribution
with parameters {x,, u;, 7} and {k,, u,, 7,}. Then (D.1) is solved by replacing (2.13) and

(2.14) in it with the appropriate parameters resulting in

Y1, 72 exp (k) \ 271 . 3{12“1 p 5{12 of'1| s Mq; J{,/12

Fup—ts—t)T ()T (L) [ y2 Y™ (D.67)
% (Kkoiy) 5 dtydt,dr.
F(“z_ts)F(M2+1—t4) r2 A
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The multivariable Fox H-function representation is found by putting the exponential and the
hypergeometric functions in terms of their Mellin-Barnes contour integral representations
using (A.1) and (A.2). Therefore, the integral P(y,,Y,) is given as

5 ( 1 )4/Y11¢ T(t)T () T (o —ts—t4) T(t3) T (t4)
Kily) \270] o TJe I'(pg—1t3) F(,uz—tg)I‘(,u2+1—t4)

2\ "hti 2 —ty 2 —tgtuy
x( i ) (—r Kl“l) (Kzuz)—%(i) dt,dt,dt,dt,dr

%2 %2 rz%Z

P(Yl: YZ) = eXp(
(D.68)

By changing the order of integration, the integral P(y,,7,) becomes

2 1 \* F(fl)r(tz)F(Uz_fg—t4)1"(t3)l"(t4)( 1 )—t1+u1
(z3) ¢

exp (k1) \27j ) Jo T(uy—1t3) T(u,—t5)T(up+1—1t,) \ A7

P(Yl: }/2) =
1

SRR vy ) e om
X (_ ; 1) (125) ™" ( 2 ) / p 2okt 2( )1 drt,dt,dtsdt,.
0

(D.69)
The inner integral is solved with the help (D.5), which results in
1 1Y [ T+t —ta—u+ 1)) T(e)T (¢
P(y1,75) = ( ) yﬁ Clatt-tmm+u)) TE)r(E) (D.70)
exp (k) \ 27 gF(l—(t1+t2—t4—,u1 +,u2)) I'(u,—t3)

r (Mz —t3— t4) r(t;)r (t4) Y% Tt Y%Klﬂl e —t, Y;
X - (Kou2) | 5=

—tatuy
dt,dt,dtsdt,.
T (= t3)T (up +1—1t,) \ AT A Y%%z)
Further simplifications are obtained by performing the variable transformations t; = —s; +

Sy + Uy, ty =s; and t, = s, + Uy, which results in
1 ( 1 )455 1—‘(_524'54) T'(—=s;+5,+u)T(s;)
exp (k) \21j ) Jo F(l—sz +S4) I'(py —s1)

F(—s4—t3)F(t3)F(s4+M2) ) (ﬁ)_52 o )_tg( Y%
F(1—34)F(—t3+,u2) o A ol AV

P(Yl; YZ) =

) ds,ds,dtsds,.

(D.71)
Now, the contour integral on the variable s; can be written in terms of the Kummer’s hy-
pergeometric function using (B.1). By using the Kummer’s transformation [36, Equation
(13.1.27) ], the following identity is obtained
I'(=sy 453+ p)T (1)
é I'(tq —s$1)

(_Kl.ul)_sl ds; =

D.72
exp (kU )F(82+M1) L)1 —5,) (x,uy) " ds ( )
i I'(=sy) Je  Tpg—s1) s '
Therefore, the integral P(y,,y,) simplifies to
P(y1,y )_( : )4§I§ P8 o) Pt =s) H(E00 +0) TG0 T (s +5)
LI2)—\\ 5~
2mj IF'(1—sy+s4)T(uy —s)T(—s T'(uy—t3)
ad ( 2 4) (1 —5) T (=s,) 27l 0.73)

T (t3)T (s4+ p2) i\ o 1\
X = o ds,ds,dt;ds,.
F(1—54) (K1u41) 9{12 (Kaus) %2)/% $10AS,A 1305,
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The parameters of the Fox H-function representation are obtained by comparing (D.73) with

(2.1) and they are provided in Table 4.6 completing its derivation.

A series representation for the integral P(y,, y,) can be obtained through the sum
of residues. A multi-fold summation is achieved by taking the residues around the poles of
I'(s1), I'(u; +s5) and ['(t;) for the variables s,, s, and t5 respectively. For the variable s,, the
poles of I'(u, +s,) and I'(—s, +s,) are used. Therefore, the integral P(y,,7,) is given as

=515 D ()" ;
ot TG+ p) \H2) T+ ) =+ g — 1)

i=0 [=0

l 2 . i l 1
o\ T(—i—1—py + ) o N\
X 2 92 Il(l)l)-l_ . 2.2 IZ(l)Z) )
AT FA-DrA+i+1+up) \ Alys

(D.74)

in which I,(i, 1) and I,(i,) are given, respectively, as

L3, 1) = ii (—1)k+nr(i +k+u)T(+n+u,) (K1H1)k (Ko)"

k!n!T' (n+ uy) T (k + ) ’ (D.75)

k=0 n=0

and

L3, 1) = ZZ (— 1)k+nr(l +k+u)T(i+l+n+ .ul)(K1M1) (Kz.uz) (D.76)

=0 n=0 k!n!T (n+ u,) T (k + wy)

Both I,(i,1) and and I,(i,[) can be written in closed form in terms of the Kummer’s hyper-

geometric function given as

T+ p) T p) 1 Fy (E ps prgs =Ky p) 1Fy (L g s —Kol)
I'(uy) T (uz) ’

LG, = (D.77)

and

r{i+ r@+1+ Fo(i+uq U — Fo(i+ 1+ tq; Uo;—
LG, 1) = (I+u)T( ui) 1 Fy (i F.L&L .‘;«}(Mki.uﬂl 1 (@ Uy Uy KzUz). (D.78)
1 2

After replacing I,(i,1) and I,(i,1) in (D.74) and some algebraic manipulations, P(y,,y,) is

obtained as

O (AN L
P(y1,72) = F(Ml)r(uz)z Iy ( ) 1Fr G+ s g =K 0q)

o I+, 0o i+l
y Z( Y2 ) ' (—1)11F1(lfuz;uz;—xzuz)+Z( ) " (D.79)
S\ A2y [N+ pp) (= 1+ by — ) ATy

=
L CEDT == + )
Nra-nG+1+uwp,)

0
Fr+ 1+ g g — KzMz))
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A final simplification is found by noticing that the second summation vanishes for [ > 0,

which results in

oo . . i+
1 (1) . I'(—i—uy +uy) Y%
P(v4, = E - Fi(i+ U uy—xK -
(Y1,72) T (u1) T (thy) - T (RS H T 1“1)( i+ 9(129{22

i+u; oo 1 2 L+,
. . ! (=1) 1 Fy (L4 pg; pg; —Ko49) V3
X 1 Fy (1 + Py o — Kz.uz)"‘(%z) Z D+ p) (1 —py) \t2y? )

(D.80)

completing the derivation of the series expression for the integral involving the product of
the PDF and CDF of the k-u distribution.

D.7 The Integral Involving k-u PDF xn-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the x-u and n-u
distributions with parameters {x,, u;, 71} and {n,, u,, 7, }. Then (D.1) is solved by replacing
(2.13) and (2.18) in it with the appropriate parameters resulting in

2272 [ r T p2—l r2 rlk,u 1 )2
P(yy,72) = €xp _y 0F1 >3 Rt ( )

exp (k1u1) T () Jo - ot : Ve 2mj

T (2, — 2t —t,) T ()T (¢ H2\ %[ g2 et (D.81)
xﬁ (‘uz 3 4) (t3) (4)(__2) (Yz) dt,dt,dr.

T(pp+32—t)T(14+2u,—t,) \ 4h3 r2g2

The Mellin-Barnes contour integral representation for P(y,,7,) is obtained by replacing the
exponential and hypergeometric functions with their contour integral representations using
(A.1) and (A.2) respectively, and then changing the order of integration. Then, P(y,,7,) is

given as

—alU2 4 . .
P(y1,72) = 2y ( 1 ) ?g I'(¢)T(t,) F(z.uz 2t5 t4)F(t3)F(t4)

exp (K u) T () \27j ) Joo Ty —t2) T (g + 3 — t3) T (1 +2uy — t,)

(D.82)

—ti+uy —ty 2\ "3 2\ —tat2uy
1 H 71
(m) (52) () () [ oo adua,
1 1 2 2

The inner integral is solved with the help of (D.5) and P(y,,y,) is obtained, after some

algebraic manipulation, as

21_2“2ﬁ( 1 )4y§ F(_tl_t2+t4+."‘1_2."‘2)F(tl)r(tz)r(ts)r(t4)
exinl (uy) \ 27 F(l_tl_tz"‘t4+U1_2Uz)F(M1_t2)F(M2+%_ts)

L | 1 —t2 -3 - 2 2
F(2u2—2t3—t4) Y% e _Y%Kﬂil ' —H§ ' Y% s dt.dt.de.d
8 2 2 2 2 o2 tdtydtsdiy.
T(1+2u,—t,) \ A =4 4h; 7165

(D.83)

P(yi,72) =
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Further simplifications are achieved by performing the variable transformations t; = —s; +

Sy + U4, t, =5, and t, = s, + 2u,. After some algebraic manipulations, P(y,,7,) is given as

T (s,) T (—s; +5,+ t4y) (TN OHENU R \T
X ! 1 2 1 (_Klul) E _12 __22 222 d51d52dt3d54.
['(—s;+uy) 4 4h; Y165

P(Yl) YZ) =

(D.84)
Now, the integral on s; can be modified accordingly to (D.72) which, after some algebraic
manipulations, results in
212 /1 \* [ T(=s _Sz)r(_2t3_34)r(_52 +54)F(51)
I'(u) (27'51) yg T(1—5,+s,) T (g —57)T(—s5)

I'(uy +5)T(t5)T (2“2 + 34) -5 Y% - H§ - Y§ A
X - (kq1uq) > T > ds,ds,dtsds,.
T(3+uy—t3)T(1-5,) o 3 g

P(Yl) YZ) =

(D.85)
By comparing (D.85) with (2.1), the parameters for the Fox H-function representation are

readily obtained and they are provided in Table 4.6 which completes the derivation.

A series representation can be obtained through the sum of residues. A multi-
fold summation arises by the taking the residues around the poles of I'(s;), I'(u; +s,) and
['(t5) for the integration variables s;, s, and t; respectively. Those used For the variable s,

are I'(2u, +s,) and I'(—s, +s,). Therefore, the integral P(y,,y,) is given as

21—2u21/_ 0 o0 (_1)i+l (}’f/ﬁ(lz)iﬂ“

IN(7Y =0 l:Oi!l!F(i+H1) T(1+1+2u) ([ =1+ uy —2u,)

: 2 [ i+ I
(T L+ LCimlmmt2m) (7 M, G0,
&1 BT T+ i+ )T -1 \ #2682 57 ) b

in which I,(i, 1) and I,(i,) are given, respectively, as

S (DT +k+u)T(+2n+2 H2\"
LED=>> SRNC ‘fl) (L+2n ”’%k (—22) (D.87)
f—o n—o k!'n!T'(k + M1)F(§ +n +,u2) (rcq 1) 4h;

P(y1,72) =
(D.86)

and

. (— l)kF(l+k+u1)F(l+l+2n+ul)(Hz)
L, 10 = : (D.88)
’ ;):;): k!n!F(k+,u1)F(2 +n+U2)(K1U1) 4h;

The functions I,(i,1) and I,(i,l) can be written in terms of the Kummer’s and the Gauss’

hypergeometric functions as

T(i+u) T+ 2u,) 1 Fy (T + pg; ;=K 04)
T (u)T (5 + )

I]_(iﬁ l) =
(D.89)

l 1. 1. 1, H
2F §+Mz;§+§+.uz,§+.uz,h—§ )
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and

T +u) T+ T+ ) 1 Fy (4 pys iy —Kq )

L(i,l)=
(1 T(u)T (3 +u,) .90)
i1+ 1+l+l+u1 1 H; '
2Fy 5 > 5 PR oY Ry hz

The function I,(i,1) can be slightly simplified using the linear transformation [36, Equation
(15.3.3)] and the n-u identity 1 — H?/h? = 1/h, which results in

L, D=

I+ p) T+ 2u,) 1 Fy (T4 py; s =K1 4) P ( [ 1-11 +u Hg)
—]— 241 a2 25
T(u)T (3 +p,)Hy " 2 272 h
(D.91)

After replacing I,(i,1) and I,(i,1) in (D.86) and performing some algebraic manipulations,

the integral P(y,,7,) is obtained as

(_ )1 YZ i+:u1 oo ,}/2 i+“1
Fy (i + pys g —K1 4 )( ) ( 2 )
r(ul)r(z;mz IR U ) B D b

5 2\ (=) (=i =1 — py +2u,) i+l+p T+i+l+p; 1 H?
) hi+l+pyra-n ¥\ 2 2 2 “Z’hz

S DT B\ (_li=t1, H
LATIT (14 1+ 20,) i — L+ oy — 201) \ 6272 \Ty T TR )

(D.92)

P(Yl: YZ)

To finalize the derivation, the first summation on the index [ is simplified by noting that it

vanishes for any [ > 0. Ergo P(y,,Y,) is written as

. (1) ()™
P 5 F + b) b
(ri,72) = T'(u 1)F(2M2)Z P! 1 (T4 g g Kl.ul)(!}{1 ) ((gzzﬁ)

Timp+2u,) (i 1+t 1 H;
i+ U, 21

) + b
2 2 “2h2

+§: (=)', B\ (L -1,
LTV + 2,) = L+ oy — 200) \ 6272 21\ T Ty 0 “’Z’h2

which completes the derivation of the power series for the integral involving the product of

(D.93)
the PDF of the k-u by the CDF of the n-u distributions, which is provided in Table 4.7.

D.8 The Integral Involving n-u PDF xx-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the n-u and k-u
distributions with parameters {n,, u;, 7} and {k,, u,, 7, }. Then (D.1) is solved by replacing
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(2.17) and (2.14) in it with the appropriate parameters resulting in

! 2 1 .4up—1 2 2.4
P(yy,72) = 2", (i) /Y Le><p _hr oF1 ;M1+1;Hl—r
r@u)\2nj/) Jo &" &} 2" 48}

1

T (uy—ts—t4) T (t3)T(t4) —¢ 1 Tl (D-94)
X C 5 dtsdt,dr.
F(Mz_t3)r(1+ﬂz_t4) r2x;

A contour integral representation is found by replacing the exponential and hypergeometric
functions with their equivalent contour integral using (A.1) and (A.2) respectively, and then

changing the order of integration. These operations will result in

2h;“11—‘(“1+%)( 1 )455 ()T () F(Uz_ts_t4)r(t3)r(t4)
T'(2u;) 21j) Jo T(uy+3—t,) T(uy—t)T(1+uy—t,)

hl —t1+2uy Hf ) B ')/3 —t4t+ho /Yl
x| 2L L) (x | L2 p2(tt2m=2ttte) 1 grg e de,deadt,.
(‘5’12) 4g14 (Kau3) 9{22 . 1dtdtzdly

The inner integral is solved with the help of (D.5). After applying the gamma’s duplication

P(yy,72) = (D.95)

formula, the integral P(y,,7,) reduces to

21—2“1ﬁ( 1 )455 T(—t, =26+t + 20— ;) T(£)T(L,)
hlflr(.ul) 2mj .s,ﬂF(l—t1—2t2+t4+2‘u1—‘u,2)f‘(‘u1+%_tz)

T(u,—ts—t,)T(t5)T (¢ 2 \ T L 2T 2\ Ttath
x liamta—t)rs (4)(Y1 1) ( 1Y1) (Kzﬂz)_ts(—}/z) dt,dt,dtsdt,.

T(uy—to)T(14u,—ty) \ &2 48 riAs

P(yi,70) = (D.96)

By performing the variable transformations t; = —2s; + s, + 2u4, t, = s; and t, = s, + U,

the integral P(y,,7,) is simplified to

P(Yl: }/2) =

21—2u1ﬁ( 1 )435 F(—s2 +54) ' (51) T (=251 +55 +2u,) (D.97)
&

RY'T (uy) \ 27 T(1—sy+5,) T(3—s;+u)T(1—5,)

T (=5, — t,) T (t5)T (54 + H2\ ™ (hyy?\ ™ 2\
L= 6) T ()T (54 + o) (__12) (121) (Kzuz)—fs( sz) ds, ds,dt,ds,.
I'(—t3+uy) 4h1 &) Ay YT

The integral on the variable s; can be interpreted as a Gauss’ hypergeometric function.

Following the same steps as in (D.55) to (D.57), the integral P(y,,7,) can be simplified to

21—2u1ﬁ( 1 )495 I'(—2s, —sz)F(—t3—54)F(—sz +54)F(51)

T(u) \27j) JeT(1—sy+s5,)T(uy+3—51) T (=) T (uy— t3)

y I'(2u, +52)F(t3)F(,u2 +54) (_H_%)_Sl (ﬁ)_sz (Kot )_tg( Y%
F(1_54) 4h3 7 o 6

2
The parameters provided in Table 4.6 are readily obtained by comparing (D.8) with (2.1)

P(yy,72) = (D.98)

s,
) ds,ds,dtsds,.

completing the derivation.

A series representation is found by summing the residues around the poles I'(s; ),

I'(2u, +s,) and I'(t;) for the variables s, s, and t5, and I'(—s, +s,) and I'(u, +s,) for the
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variable s,. This will result in the following multi-fold summation

21—2M1ﬁ © X (_1)i+l 1
P(yy,v2) = —7——— —— ( . (D.99)
.72 T (u, ;;ulﬁ‘(l+2u1) TA+1+p) (0 —1+2u; —usy)

i 1 l+us . i 1 l
Y% e Y% " . F(—i—1—2u; +us,) Y% e Y% .
X o2 2,2 Il(l’l)+ . 2 2 2.2 IZ(l’Z) >
&; A2y T(A—DT(+i+1+2u) \ 24 APy

271

in which I,(i, 1) and I,(i,1) are defined as

LG = ii (=1)"T (i + 2k + 20, T (141 + ) (1et4)" (H_f)" 5100
1\5 - ) .
k=0 n=0 k!n!F(%+k+u1)F(n+u2) 4h?
and
Lin=3S T2kt 2u) T+ L4 ot 2) (kapt) (H_)k (D.101)
2T Ll k'nIT (3 + K+ ) T (n+u,) ) :

Both I,(i,1) and I,(i,1) can be written in the closed form in terms of the Kummer’s hyper-

geometric function and the Gauss’ hypergeometric function as

I(+2u)T(+uy) F (1 + Hz?MzQ_KzPLz)

Il(l:l):
r(i+u,)r
(2 Ml) (uy) ) (D.102)
i1 i 1 H
2Fq §+M1:§+§+M1,E+M1,h—§ ,
and
LG, = P +2p) T+ T4 2p) 1 Fy (T4 1+ 2005 pg; —Ko9)
215 - 1
r'(s+ I'(uy)
(3 +m)T (D.103)

efi,, 1 i, 1. H
241 2 nu’lsz 2 nu’lfz nu’l: h% .

After replacing I,(i, 1) and I,(i, 1) in (D.99) and, performing some algebraic manipulations,

the integral P(y,,7,) is obtained as
212/ i (—1) i 1 i 1 H?
P(y1,72) = e Y e o U P e o e o Sy
r(ul)r(§+u1)r(uz); i! 2 2 2 2 h?

i+201 / oo . .
X ny™” Z(—l)lf(—l—l—Zuﬁuz) 1Fy (04 T4 205 g5 —K o)
&2 NT(1—-DGE+1+2u,)

[=0

i+42u; oo s
y ( Y% ) H +Z(—1)l 1Fp (L o o —Kolhsy) ( Y% ) iz
A1 U+ o) (=14 20 — o) \ APy

(D.104)

The final step is to use the gamma’s duplication formula, the linear transformation [36,

Equation (15.3.3)] on the ,F; function and notice that the first summation on the index [
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vanishes for [ > 0. Therefore, the integral P(y,,v,) results in

Rt ) (_1)ihi i 1—i 1 H2 Y2 i+2uy
P(y1,72) = 1 D e e | B

i=0

. . i+2u
y [(—i—2uy + uy) 1F1 (T + 2055 pg; —Kou,) Y% '
L+ 2u, ALY

oo l 2
+Z (=1 1 Fy (L4 s s —K5l40) Y% "
=0 Dl +p) (@ —1+2u; —uy) 3{22}’% '

Which completes the derivation of the integral involving the PDF of the 1-u and the CDF of

(D.105)

the k-u distributions provided in Table 4.7.

D.9 The Integral Involving n-u PDF x1-u CDF

Let R; > 0 and R, > 0 be two random envelopes following the n-u distribution
with parameters {n;, u,, ™} and {n,, u,, #,}. Then (D.1) is solved by replacing (2.17) and
(2.18) in it with the appropriate parameters resulting in

( ) 22722 SRR 1 N2 [T il hyr? 1 Hir*
P(y1,72) = ( )/ — exp| — Filsm+ 25—+
v I'(2u)T (uy) \ 2mi 0 6"?“1 &2 o 2 46”14

IF'(2u,—2t,—t, )T (t5)T (¢t H2\ 2 N ~tat2us
ﬁﬁ (21, =26, 4><a>(4)( (L) e

T(uy+35—t3)T(1+2u,—1t,) _4_h§ rié;

A contour integral representation is obtained by replacing the exponential and hypergeo-
metric functions by their respective Mellin-Barnes integral representations using (A.1) and
(A.2) respectively, and then changing the order of integration, which results in
2272 /T (g + 3) ( 1 )4 56 T ()T (£)T (2 — 265 — t4) T (£5) T (t4)

T (2uq) T (up) by 2T (u+5—t)T(ua+ 35— 1) T(1+2u,— 1)

h —t1+2u H? ) 2 —t3 2\ ~tat202
ya L) (-] (2 / P22t 2m) rd e deyd ade,,
&) 48] 4h; &; 0

(D.107)

P(Yl: YZ) = 27'5]

The inner integral can be solved with the (D.5). After some algebraic manipulations and

using the duplication formula of the gamma function, the integral P(y,,7,) is given as
2222t r o N4 p T (=t — 2ty + ty + 20y — 20, T(¢))
I'(uq) T () ( ) é T(1—t;—2t,+ t, +2u; —2u,)
T(t)T (2uy —2t5—t4) T (t5)T(t4)
T(p+32—6)T (uy+3—t5)T(1+2u,—t,)

Y%hl —t1+2uq H%'}’;‘ —ty H§ —t3 '}’% —t4+2Us
X 5 —— —— S dt,dt,dtsdt,.
I 48, 4h; Y165

(D.108)

P(Yl) YZ) = 271:]
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Now, performing the variable transformations t; = —2s; +s,+2u4, t, =s; and t, =s,+2U,,

after some algebraic manipulations, will result in

(D.109)

222 M o9 N4 T (—sy+s,) T (=251 +5,+20;) T (51)
P(Yl; YZ) = ( ) \¢

T'(uy) T (us) 2T (1—s,+s,)T(3—s;+u)T(1—5,)

T (=s, — 2,) T (£5)T (5, + 2 HI\ 7 (2™ HI\°( v2 \7™
« ( 4 3) (ts) (4 “2)(__1) (1}/1) (__2) (Yz) ds,ds,dtsds,.

T (5—ts+us) 4hi ¢ 4h; 8371

The above expression can be slightly simplified by following the same steps as in (D.55) to
(D.57), which results in
22201 —2u 1 \* [ T(—2s;—s,)T (—2t3 —54) r (—s2 + 54) T'(sy)
T'(ug) T () (Zﬂj) 55 T(1—sy+5,)T (g +3—5,)T(—s,)
2\ 2\ 52 2\ i3 2 —S4
oty Cae) () () (F) asawacae

The parameters provided in Table 4.6 are readily obtained by comparing (D.110) with (2.1).

2mj

P(yy,70) = (D.110)

Through the summation of residues, it is possible to obtain a series represen-
tation for the integral P(y,,y,). For the integration variables s, s, and t;, the residues
around the poles of I'(s;), I'(2u, +s,) and I'(t;) are taken respectively for each variable,
whilst I'(2u, +s,) and I'(—s, +s,) are those used for the variable s,. The resulting multi-fold

summation for the integral P(y,,y,) is given as

22 20— 2“27-5

peee s tr () (£)”
T ()T (uy) &4 0T (i + 201 &3

1
X

N C(—i—1—2u;+2u,) v i+l+2u11(i )
T(1—-DT(1+i+1+2u,) \ &2 2AL L) ]

P(Yl: YZ)

L3, 0 (D.111)

in which I,(i, 1) and I,(i,) are given, respectively, as

LG = ZZ F(l+2k+2,u1)I‘(l+2n+2,u2)( ) (H_ﬁ)” (D.112)
! ST (3 +k+py)T(3 +n+up,) \ 4R 4h2 )’ '

and

L l)_zzF(l+2k+2u1)r(l+l+2n+2ul)( ) (H_S) (D.113)
2 A T (2 +k+u)T(3+n+p,) \4h3) \4n3) '

Both I,(i,1) and I,(i,1) can be written in the closed form in terms of the Gauss’ hypergeo-
metric function as

T(i+2u)T (1 +2u,) i 1 i 1 H?
1 ! 1 2 241 £+ +_+Au’1) +Au’13 h2
T(3+u)T(5+u)

Il(l:l): 1)5 2

(D.114)

l 1. 1. 1, H
2F §+uz,5+§+uz,§+uz,h—§ ;
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and

_ T(i+2u)TG+1+2u,) i 1 i 1 H?
L,(i,1)= s t oF, 3

—t U, m U
Gem)rGem) 2T

(D.115)

2 2 2 h?

F, L H
2 55 ,u1,2 Yq; Uo; 2 .

By replacing I,(i,1) and I,(i,1) in (D.111) and performing some algebraic manipulations,

the integral P(y,,7,) reduces to

92-211-2413 (=1) i+2u
P(y1,72) = - Z -
F(H1)F(M2)F(‘+M1)F +U2 ! &7

i=0

i 1 (=D (=i —1—2u; +2u,)
X2F1(§+M1: + +‘U«1, + U )(Z ; ! 2

2 2 Nr(1—-0D3G+1+2u,)

9 N i+ 20 . 2 ) 2 N [H2up
75 i+1 1 ) 1 H; 18
X Fil — +u, (A +i+ D+ -+ g — +E
(522'}’%) 241 ( 2 WUy 2( ) Uq 2 Yo h% L gzz}/%

x (1) ,F, l+ L S
10(L+ 20) (i — L+ 200, — 200,) 2 Hog Ty ey TG ) )

(D.116)

Further simplifications are obtained using the gamma’s duplication formula, the linear trans-
formation [36, Equation (15.3.3)] on the first and last Gauss’ hypergeometric functions and
noticing that the first summation on [ vanishes for any [ > 0. After applying these modifi-

cations, the integral P(y,,7,) simplifies to

(- 1)h”“1 e i 1—i 1 H;
P(r1, Fi| —o,——s o+l o
(ri72) = F(2u1)F(2uz)Z I 8’2 2"1\ Ty Ty 05 231 1

. . . +2,U1
I'(—i—2u; +2u,) i 1+1i 1 H; 1SRN
x Fi| =+, —— + g =+ o —
( l+ 2‘U,1 241 2 Uq 2 Wy 2 Yo h% 6022')/%

S (=1)'hy™ i\ (L 1= Loa H2
S 11 (1 + 2u0) (i — L+ 20, — 2u,) \ 6272 12 2 Has 2

(D.117)

which completes the derivation of the series representation for integral involving the prod-

uct of the PDF and the CDF of the n-u distribution provided in Table 4.7.
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Appendix

Mathematica Implementation for the

Single Fox H-function

The following Mathematica program is a simple implementation for the Fox H-
function used to evaluate those present in Tables 3.3 and 3.4.

(* A simple Mathematica Implementation for the Fox H function *)
foxH[a_ ,b_,2_,limit_] := Block[{F, s, R, t, Na, Nb, Da, Db, V, m, n, p, ql},
m = Length[a[[1]]1]; n = Length[b[[1]1]];
P Length[al[[2]111; g = Length[b[[2]]1];

Na = Product[Gamma[1-a[[1,i,1]1]1-al[[1,i,2]1]s], {i,1,m}];
Nb = Product[Gamma[b[[1,i,1]11+b[[1,i,2]]s], {i,1,n}];
Da = Product[Gammal[a[[2,i,1]]+a[[2,1i,2]]s], {i,1,p}];
Db = Product[Gamma[1-b[[2,i,1]1]1-b[[2,i,2]11s], {i,1,q93}];

F = Na Nb / Da / Db Powerl[z,-s];

R = Reduce[And@@Flatten [{
Table[1-a[[1,i,1]1]1-al[1,i,21]1s>0,{i,n}],
Table[b[[1,i,111+b[[1,i,2]1]1s>0,{i,n}]1}],s];

t = If[Length[R] == 2, Last@R +10, Mean[{FirstOR, Last@R}]];

V =1/(2 Pi I) NIntegratel[F, {s,t - I limit, t + I limit}];

Return[V];
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