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Abstract 

In this thesis we present studies of nonlinear optics in waveguides, particularly, optical fibers 
and silicon nano-waveguides. 

In optical fibers we studied the capabilities of Four-Wave Mixing (FWM) pumped by an 
incoherent source in the characterization of the zero-dispersion wavelength (ZDW) and high-
order dispersion. By means of this FWM-based method we were able to obtain dispersion-
maps of a long fiber with a good spatial resolution. Our dispersion-mapping experiments 
reveal that high-order dispersion presents a higher fluctuation than that of the ZDW. In 
addition, by improving our experiments we were able to apply our measuring method in a 
short segment of fiber. This allowed us to study the bending-induced change on dispersion 
and explain our observations in terms of modifications of the mode confinement and fiber 
geometry. These studies, not reported before, are fundamental in the development of FWM-
based parametric devices and were achieved thanks to an extensive experimental work, 
numerical modeling of fiber dispersion and nonlinear propagation, and a good understanding 
of the phase-matching condition of the used FWM process.  

Given the possibility to characterize dispersion in short fibers, we numerically explored the 
application of our FWM-based measuring method in silicon nano-waveguides. We obtained 
promising results, although neglecting single and two-photon absorption and the effects 
induced by the generated free carriers. Therefore, we found that the understanding free-
carriers effects and their dynamics in silicon nano-waveguides is of crucial importance, not 
only for the application of our method but also for several studies of nonlinear optical 
propagation phenomena and applications of all-control of light. Initially, by means of time-
resolved pump-and-probe experiments we studied optical carrier generation mechanisms and 
identified, for the first time, the individual contribution of single and two-photon absorption 
at telecommunications wavelengths. In addition, our experiments also revealed a complex 
carrier recombination dynamics, which we explained in terms of trap-assisted recombination. 
This explanation was not given before in the context of optical nano-waveguides, and is 
founded by the good qualitative agreement obtained between an implemented theoretical 
model and the observed dynamics. Our main observations are of crucial importance for 
several studies of linear and nonlinear propagation phenomena and applications in silicon 
photonics.  



 

 

Resumo 

Nesta tese apresentamos estudos de óptica não linear em guias de onda, particularmente 
fibras ópticas e nano-guias de silício. 

Em fibras ópticas, estudamos as capacidades da Mistura de Quatro Ondas (FWM) 
bombeada por uma fonte incoerente na caracterização do comprimento de onda de zero-
dispersão (ZDW) e dispersão de alta ordem. Por meio deste método baseado em FWM, 
conseguimos obter mapas de dispersão de uma fibra longa com boa resolução espacial. 
Nossos experimentos de mapeamento de dispersão revelam que a dispersão de alta ordem 
apresenta uma maior flutuação do que aquela do ZDW. Além disso, ao aprimorar nossos 
experimentos, conseguimos aplicar nosso método de medição num segmento curto de fibra. 
Isso nos permitiu estudar a mudança induzida por flexão na dispersão e explicar nossas 
observações em termos de modificações do confinamento de modo e a geometria da fibra. 
Estes estudos, não apresentados antes, são fundamentais no desenvolvimento de dispositivos 
paramétricos baseados em FWM e foram alcançados graças a um extenso trabalho 
experimental, modelagem numérica de dispersão da fibra e propagação não-linear, e uma boa 
compreensão da condição de casamento de fase do processo de FWM utilizado. 

Dada a possibilidade de caracterizar a dispersão em fibras curtas, exploramos 
numericamente a possibilidade de aplicar o nosso método de medição baseado em FWM em 
nano-guias de silício. Obtivemos resultados promissores, embora negligenciando efeitos 
induzidos por portadores livres. Portanto, em nano-guias de silício, estudamos os mecanismos 
ópticos de geração de portadores e identificamos, pela primeira vez, a contribuição individual 
da absorção de um e dois fótons nos comprimentos de onda das telecomunicações. Além 
disso, nossos experimentos de bombeio e prova resolvidos no tempo também revelam uma 
complexa dinâmica de recombinação dos portadores, que explicamos em termos de 
recombinação assistida por armadilhas. Esta explicação não foi dada antes no contexto de 
nano-guias de onda ópticos, e é fundamentada pela boa concordância qualitativa obtida entre 
um modelo teórico implementado e a dinâmica observada. Nossas observações principais são 
de importância crucial para vários estudos de fenômenos de propagação linear e não-linear e 
aplicações em fotônica de silício. 
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1. Introduction 

Nonlinear optics studies the interaction of light and matter at high-optical intensities. The 

beginning of this field has been usually attributed to the first observation of second-harmonic 

generation (SHG) [1], right after the first laser demonstration [2]. Since then, continuous 

research efforts on nonlinear optics have allowed the development of several devices that are 

currently widely-used. For instance, electro-optic modulators based on the Pockels effect [3], 

Raman amplifiers [4, 5], optical parametric amplifiers (OPAs) [6, 7], and supercontinuum 

broadband light sources [8, 9]. The development of these devices has been eased by several 

factors, such as the use of high-power femtosecond pulsed lasers in OPAs, the use of highly-

nonlinear materials [10], the long interaction lengths achieved in optical fibers for 

supercontinuum generation and Raman amplifiers, and novel designs of tight optical-

confining waveguides such as photonic-crystal fibers [11, 12] and other high-index contrast 

waveguides [13, 14]. 

Although diverse nonlinear-optical phenomena have been explored in the development 

of different devices, those based on Four-Wave Mixing (FWM) have shown interesting results 

in optical fibers, such as fiber optical parametric amplifiers (FOPA) [15, 16, 17],  optical 

frequency combs [18, 19], and supercontinuum sources (which can be seeded by FWM) [20, 

21, 22]. The advancement of FWM-based devices has been motivated considering two 

fundamental reasons. First, being a third-order nonlinear process FWM may be explored in 

many materials. Therefore, besides experiments in optical fibers, FWM-based devices have 

been also demonstrated in integrated-waveguide structures [23, 24, 25]. Second, the spectral 

region at which FWM becomes highly efficient depends on the phase-matching condition. 

Thus, besides exploring materials with different dispersive characteristics, the dispersion of 

the waveguide can also be engineered in order to tune the FWM-efficiency over a desired 

spectral region [26, 27].  

We have identified different research challenges that have to be overcome in order to 

facilitate FWM-based waveguide devices to become practical devices. Namely, to be more 

compact, require less pumping power, and operate over a broadband spectrum. 
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One of the main limitations of FWM-based waveguide devices (in terms of bandwidth, 

gain, or conversion efficiency) is the impact of longitudinal fluctuations of the chromatic (or 

group velocity) dispersion [28]. These fluctuations are mainly attributed to random variations 

in waveguide geometry that, in the case of optical fibers, result from drawing and preform 

fabrication processes [28, 29, 30]. An interesting example consists of the achievable 

parametric gain at the spectral region widely-used for optical communications. Therefore, in 

Figure 1.1 we show an experimental example of the measured parametric gain of a double-

pump FOPA, achieved by using a total optical pumping power of ~0.5 W and 1 km of a highly-

nonlinear fiber (HNLF) specially designed to present a robust dispersion against fabrications 

imperfections [31]. Note that the measured gain bandwidth is quite larger than that achieved 

by using a commercial c-band Erbium-doped fiber amplifier (EDFA) (i.e., from 1530 to 1565 

nm). However, there is an evident difference of ~10 dB between the measured parametric 

gain and the one predicted by a theoretical approximation in a uniform fiber [17] (showed also 

in Figure 1.1 for an effective length 𝐿𝑒𝑓𝑓 = 0.9 km). Therefore, we believe that this 

disagreement could be attributed to the effect of longitudinal fluctuations of fiber dispersion, 

which can be explained by comparing the theoretical approximation assuming a shorter 𝐿𝑒𝑓𝑓 = 0.7 km (see the agreement with the measured gain in Figure 1.1). 

 

Figure 1.1: Measured  and calculated parametric gain of a double-pump FOPA in 1 km of HNLF and using ~500 

mW of total pumping power. 
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Although some studies have tried to evaluate the impact of dispersion fluctuations in the 

context of FOPAs [28, 32, 30, 33], their results have been limited to theoretical estimations for 

the length scales and amplitudes of these fluctuations. Therefore, several measuring methods 

have been proposed to exploit the sensitivity of phase-matched FWM to perform dispersion 

characterization [34 – 46]. However, most of these methods are limited in providing accurate 

information of high-order dispersion (HOD), which plays an important role in FWM-based 

applications and other studies that involve a broadband optical spectrum [26, 47 – 54]. In this 

thesis we have significantly improved the method originally proposed in [36], that is based on 

FWM between an incoherent pump and a laser, in order to experimentally study the 

characteristics of dispersion fluctuations in optical fibers, not only for the zero-dispersion 

wavelength but also for HOD. In addition, our experimental results along with our numerical 

calculations of fiber dispersion allowed us to provide a better understanding of the origin of 

changes of fiber dispersion such as bending and changes of fiber geometry. We also show the 

possibilities of applying our improved method for dispersion characterization in integrated-

waveguide structures. The presented studies are of fundamental importance in the 

development of FWM-based fiber optical devices and could provide insights for dispersion 

engineering of integrated-waveguides. 

Another main limitation in the development of FWM-based fiber devices is the weak 

nonlinearity of silica fibers, which has implied the use of high pumping-power levels and long 

lengths of fiber. Therefore, silicon nano-waveguides have become a promising platform for 

nonlinear optical devices, which has been evidenced by several experimental demonstrations 

[23, 55 – 58]. These demonstrations have been achieved with short waveguide lengths and 

using low pumping-power levels, given the large nonlinear coefficient of silicon nano-

waveguides (which is about 5 orders of magnitude larger than that of standard optical fibers). 

However, at the 1550 nm spectral band, widely-used for optical communications, silicon 

presents a large two-photon absorption (TPA) coefficient that could lead to a significant 

generation of free carriers. Consequently, the generated free carriers modify the propagation 

characteristics of the silicon nano-waveguides via free-carrier absorption (FCA) and free-

carrier dispersion (FCD). Although different approaches have been adopted to minimize FCA 

and/or FCD [55, 23, 56], some studies have shown that a better understanding of free-carrier 
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effects and their dynamics (governed by generation and recombination mechanisms) can be 

exploited for studies of novel nonlinear optical phenomena [59 – 66] and the development of 

all-optical devices for control of light [67, 68]. In this thesis we have thoroughly characterized 

the optical generation mechanisms of free-carriers and their recombination dynamics in 

silicon nano-waveguides, by means of time-resolved pump-and-probe experiments. Our 

experimental results and theoretical developments allowed us to accurately characterize the 

contribution of single-photon and two-photon absorption in carrier generation. In addition, 

we have been able to clearly observe the evolution of the instantaneous carrier-lifetime, 

revealing a complex recombination dynamics that we have explained in terms of trap-assisted 

recombination. This explanation, to the best of our knowledge, has not been explored in 

silicon photonics or other semiconductor photonic platforms. The presented results provide a 

better understanding of the dynamics of free-carriers in silicon nano-waveguides, which is of 

crucial importance for studies of nonlinear optical phenomena and opens opportunities for 

the development of novel silicon-photonic devices. 

1.1 Thesis Organization 

In chapter 2 we describe the main characteristics of the improved dispersion characterization 

method based on FWM between an incoherent pump and a laser. We present the basic 

experimental configuration of the method, the spectral characteristics of the generated FWM 

power spectrum, a detailed description of the phase-matching condition and its relationship 

with the waveguide dispersion parameters, and some examples that show the capabilities for 

dispersion characterization of the method. In addition, we present the application of the 

method in three different studies of dispersion characterization: (i) high-order dispersion 

mapping of a long optical fiber, (ii) the shift of the zero-dispersion wavelength with bending 

in a short optical fiber, and (ii) the possibilities and limitation of characterizing high-order 

dispersion in silicon nano-waveguides by ignoring two-photon absorption and free-carrier 

induced effects (these will be thoroughly explored in chapter 3). 

In chapter 3 we present a detailed experimental and theoretical description of the linear 

and nonlinear optical generation mechanisms of free-carriers and their recombination 
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dynamics in silicon nano-waveguides at 1550 nm. In the first part, we describe the theoretical 

modeling of optical pulse propagation considering single and two-photon absorption, and the 

free-carrier dynamics. Consequently, we describe the implemented pump-and-probe 

experimental setup and the theoretical developments used to measure the waveguide single 

and two-photon absorption coefficients. Then, we present our main results of carrier 

generation. In the second part, we describe the theoretical model of carrier recombination via 

flaw states and carrier-trapping that is used to explain the observed recombination dynamics 

in silicon nano-waveguides. A comparison between the experimental and theoretical results 

is then presented. Finally, we show how the described dynamics could be exploited in all-

optical switching applications.  

In chapter 4 we summarize the main conclusions of the thesis including our main 

contributions and possible works that could be developed in the future, based on our main 

observations. 

In addition, given that most studies presented in this thesis involve nonlinear propagation 

of optical pulses, in the following appendix we present a summary of the theory that is usually 

adopted for waveguides. 

1.2 Appendix: Nonlinear Optical Pulse Propagation in 

Waveguides 

In this section we will summarize the theoretical background that is essential to describe the 

propagation of optical pulses along an optical waveguide considering linear and nonlinear 

material responses. 

By assuming that optical waveguides are made of a non-magnetic medium with no free-

charges, a general form of the time-domain wave equation for the electric field (𝑬) can be 

derived from Maxwell’s equations and is given by [69, 50, 70]: 

 ∇ × ∇ × 𝑬(𝒓, 𝑡) + 1𝑐2 𝜕2𝑬(𝒓, 𝑡)𝜕𝑡2 = −𝜇0 𝜕2𝑷(𝒓, 𝑡)𝜕𝑡2 , (1.1) 
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where 𝒓 is the spatial-coordinate vector, the vacuum speed of light 𝑐 = 1/√𝜇0𝜀0, with 𝜇0 and 𝜀0 being the vacuum electric permittivity and magnetic permeability, respectively. Note that 

in Equation (1.1) the electric polarization 𝑷 acts as a source term and represents the medium 

response to the applied electric field. Therefore, considering how 𝑷 depends on the strength 

of the applied field 𝑬, it is appropriate to separate the induced polarization in two parts as:   

 𝑷(𝒓, 𝑡) = 𝑷𝑳(𝒓, 𝑡) + 𝑷𝑵𝑳(𝒓, 𝑡), (1.2) 

where 𝑷𝑳 depends linearly on 𝑬 and 𝑷𝑵𝑳has a nonlinear dependence. The linear polarization 𝑷𝑳 is related with 𝑬 by:  

 𝑷𝑳(𝒓, 𝑡) = 𝜀0 ∫ 𝑑𝜏′𝑅(1)(𝜏′) ∙∞
−∞ 𝑬(𝒓, 𝑡 − 𝜏′), (1.3) 

where 𝑅(1)(𝜏′) is the linear polarization response function of the medium, which is a second-

rank tensor and obeys the principle of time-invariance, and the causality and reality conditions 

[70]. In addition, Equation (1.3) assumes that the medium response is local according to the 

electric-dipole approximation. However, it is usually more convenient to describe the optical 

medium properties in the frequency domain, therefore, we define the Fourier and inverse-

Fourier transform pair as:  

 

𝑓(𝜔) = ∫ 𝑓(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡∞
−∞ , 

𝑓(𝑡) = ∫ 𝑓(𝜔)𝑒−𝑖𝜔𝑡 𝑑𝜔2𝜋∞
−∞ . 

 

(1.4) 

By using the inverse-Fourier transform in Equation (1.3), it is possible to express 𝑷𝑳 in the 

frequency domain as [69]:  

 

𝑷̃𝑳(𝒓, 𝜔) = 𝜀0𝜒(1)(𝜔)𝑬̃(𝒓, 𝜔), 
𝜒(1)(𝜔) = ∫ 𝑅(𝜏′)𝑒𝑖𝜔𝜏′𝑑𝜏′∞

−∞ , 
 

(1.5) 
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where 𝜒(1)(𝜔) is known as the linear susceptibility of the medium. In Equation (1.5) we have 

assumed that the medium is isotropic and, thus, the 9 elements 𝜒𝑖,𝑗(1)(𝜔) (for 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧) of 

the second-rank tensor 𝜒(1)(𝜔) become an scalar. By means of the Fourier transform and 

using Equation (1.5) for 𝑷̃𝑳, the wave equation may be also given in the frequency domain as:  

 ∇ × ∇ × 𝑬̃(𝒓, 𝜔) = 𝑘02𝜀(𝜔)𝑬̃(𝒓, 𝜔) + 𝜔2𝜇0𝑷̃𝑵𝑳(𝒓, 𝜔), (1.6) 

where 𝑘0 = 𝜔/𝑐 and 𝜀(𝜔) = 1 + 𝜒(1)(𝜔) is the complex dielectric constant of the medium. 

The real and imaginary parts of 𝜀(𝜔) can be related, respectively, with the medium refractive 

index 𝑛(𝜔) and absorption coefficient 𝛼(𝜔) by means of the following relations:  

 

𝜀(𝜔) = (𝑛 + 𝑖 𝛼𝑐2𝜔)2, 
𝑛(𝜔) = 1 + 12 𝑅𝑒[𝜒(1)(𝜔)], 

𝛼(𝜔) = 𝜔𝑛𝑐 𝐼𝑚[𝜒(1)(𝜔)]. 
(1.7) 

In addition, by using the identity ∇ × ∇ × 𝑬̃ = ∇(∇ ∙ 𝑬̃) − ∇2𝑬̃ and considering that ∇ ∙𝑬̃ = 0 (in the absence of free-charges from Maxwell’s equations), Equation (1.6) becomes:  

 ∇2𝑬̃ + 𝑘02𝜀(𝜔)𝑬̃ = −𝜔2𝜇0𝑷̃𝑵𝑳. (1.8) 

Regarding the nonlinear polarization, we can assume that 𝑷̃𝑵𝑳 is governed by third-order 

nonlinearities considering that silicon oxide and silicon (the materials used in this thesis) are 

centro-symmetric materials and then lack of second-order nonlinearities. Moreover, in order 

to solve Equation (1.8), further simplifications must be made:  

(i) We will assume that the applied field is linearly polarized in the 𝑥 direction (scalar 

approximation). Although this assumption is valid for polarization-maintaining 

fibers and other waveguides with large birefringence (e.g., silicon nano-

waveguides), it is commonly adopted for nonlinear propagation studies in standard 

optical fibers [50]. 

(ii) We assume that the applied field is quasi-monochromatic, which is valid 

considering that the spectral width of the applied field Δ𝜔 is much smaller than 
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the optical carrier frequency 𝜔0 (the optical pulse widths used in this thesis are > 

80 ps).  

(iii) We adopt the slowly varying envelope approximation (SVEA) and write the electric 

field and the linear and nonlinear parts of the induced polarization as:  

 

𝑬(𝒓, 𝑡) = 12 𝑥̂[𝐸(𝒓, 𝑡)𝑒(−𝑖𝜔0𝑡) + 𝑐. 𝑐. ], 
𝑷𝑳(𝒓, 𝑡) = 12 𝑥̂[𝑃𝐿(𝒓, 𝑡)𝑒(−𝑖𝜔0𝑡) + 𝑐. 𝑐. ], 

𝑷𝑵𝑳(𝒓, 𝑡) = 12 𝑥̂[𝑃𝑁𝐿(𝒓, 𝑡)𝑒(−𝑖𝜔0𝑡) + 𝑐. 𝑐. ]. 
(1.9) 

This allows to separate the rapidly and slowly varying parts of 𝑬(𝒓, 𝑡), 𝑷𝑳(𝒓, 𝑡) and 𝑷𝑵𝑳(𝒓, 𝑡). By means of the previous approximations and the Fourier transform, it is possible 

to obtain a simple expression for the nonlinear part of the induced polarization (considering 

only the electronic contribution) in the frequency-domain given by:  

 𝑃̃𝑁𝐿 = 𝜀0𝜀𝑁𝐿 = 𝜀0 34 𝜒𝑥𝑥𝑥𝑥(3) |𝐸̃|2𝐸̃, (1.10) 

where the factor 
34 is due to the fact that both the incident field and induced nonlinear 

polarization oscillate at the same frequency (𝜔0). Rigorously, there should be also a third-

harmonic term (3𝜔0) in Equation (1.10), although it is usually neglected since its phase-

matching condition is hard to satisfy. The nonlinear contribution to the dielectric constant 𝜀𝑁𝐿 

is therefore related with intensity-dependent refractive index 𝑛̃ and absorption coefficient 𝛼̃ 

defined as:    

 

𝑛̃ = 𝑛 + 𝑛̅2|𝐸|2,    𝛼̃ = 𝛼 + 𝛼2|𝐸|2, 
𝑛̅2 = 38𝑛 𝑅𝑒[𝜒𝑥𝑥𝑥𝑥(3) ], 

𝛼2 = 34 𝜔𝑐𝑛 𝐼𝑚[𝜒𝑥𝑥𝑥𝑥(3) ], 
(1.11) 

where 𝑛̅2 and 𝛼2 are the nonlinear refractive index and the two-photon absorption coefficient 

respectively. However, from an experimental perspective it is more convenient to relate these 
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parameters with the optical intensity 𝐼 = 12 𝜀0𝑐𝑛|𝐸|2, therefore Equation (1.11) may be also 

written as:  

 

𝑛̃ = 𝑛 + 𝑛2𝐼,    𝛼̃ = 𝛼 + 𝛽𝑇𝑃𝐴𝐼, 
𝑛2 = 34𝜀0𝑐𝑛2 𝑅𝑒[𝜒𝑥𝑥𝑥𝑥(3) ], 

𝛽𝑇𝑃𝐴 = 32 𝜔𝜀0𝑐2𝑛2 𝐼𝑚[𝜒𝑥𝑥𝑥𝑥(3) ], 
(1.12) 

where the nonlinear refractive index 𝑛2 has units of m2 W–1 and the two-photon absorption 

coefficient 𝛽𝑇𝑃𝐴 has units of m W–1 (usually given as cm/GW). 

By means of the SVEA in Equation (1.9), the wave equation can now be given for the 

Fourier transform of 𝐸(𝒓, 𝑡) as:  

 ∇2𝐸̃(𝒓, 𝜔 − 𝜔0) + 𝑘02𝜀(𝜔)𝐸̃(𝒓, 𝜔 − 𝜔0) = 0, (1.13) 

where the dielectric constant has now been redefined as 𝜀(𝜔) = 1 + 𝜒(1)(𝜔) + 𝜀𝑁𝐿. Note 

that Equation (1.13) is in the form of the Helmholtz equation, which can be solved by means 

of the method of separation of variables. Therefore, assuming that the light propagates along 

the waveguide in the 𝑧 direction and the waveguide cross-section in the 𝑥𝑦 plane, a solution 

of Equation (1.13) can be given by:  

 𝐸̃(𝒓, 𝜔 − 𝜔0) = 𝐹(𝑥, 𝑦)𝐴̃(𝑧, 𝜔 − 𝜔0)𝑒(𝑖𝛽0𝑧), (1.14) 

where 𝐹(𝑥, 𝑦) is modal distribution, which in the case of single-mode waveguides (as the ones 

used in this thesis) corresponds to the fundamental mode. The function 𝐴̃(𝑧, 𝜔 − 𝜔0) is the 

Fourier transform of the slowly varying envelope and 𝛽0 is the propagation constant evaluated 

at the carrier frequency, i.e.,  𝛽0 = 𝛽(𝜔0). Both Equations (1.13) and (1.14) lead to the 

following equations for 𝐹(𝑥, 𝑦) and 𝐴̃(𝑧, 𝜔):  

 
𝜕2𝐹𝜕𝑥2 + 𝜕2𝐹𝜕𝑦2 + [𝑘02𝜀(𝜔) − 𝛽2]𝐹 = 0, (1.15) 
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 2𝑖𝛽0 𝜕𝐴̃𝜕𝑧 + (𝛽2 − 𝛽02)𝐴̃ = 0. (1.16) 

The second derivative 𝜕2𝐴̃/𝜕𝑧2 in Equation (1.16) has been neglected given that 𝐴̃(𝑧, 𝜔) 

is a slowly varying function of 𝑧. Note that the propagation constant 𝛽 can obtained by solving 

the eigenvalue Equation (1.15), although it becomes a complicated problem since the effect 

of linear losses and nonlinearity are taken into account in 𝜀(𝜔). Therefore, Equation (1.15) 

can be solved by using first-order perturbation theory [50]. In this approach, the effect of 

linear losses and nonlinearity are neglected by assuming 𝜀(𝜔) ≈ 𝑛2(𝜔) and, therefore, the 

modal distribution 𝐹(𝑥, 𝑦) and the corresponding propagation constant 𝛽 are obtained, 

assuming that the effect of nonlinearity does not modify the modal distribution 𝐹(𝑥, 𝑦). On 

the other hand, according to the first order perturbation theory the eigenvalue 𝛽 becomes: 

 𝛽(𝜔) = 𝛽(𝜔) + Δ𝛽(𝜔), (1.17) 

with:  

 Δ𝛽(𝜔) = 𝑘0 ∬ Δ𝑛|𝐹(𝑥, 𝑦)|2𝑑𝑥𝑑𝑦∞−∞∬ |𝐹(𝑥, 𝑦)|2𝑑𝑥𝑑𝑦∞−∞ , (1.18) 

where Δ𝑛 is a small perturbation to the refractive index that accounts for linear losses and 

nonlinearity, and is given by:  

 Δ𝑛 = 𝑛̅2|𝐸|2 + 𝑖 𝛼̃2𝑘0. (1.19) 

By using Equations (1.17), (1.18) and (1.19) in Equation (1.16), and following the 

considerations that are detailed in [50], it is possible to obtain an expression to describe the 

evolution of the envelope of an optical pulse 𝐴(𝑧, 𝑡) along the waveguide, which is given by:  

 
𝜕𝐴𝜕𝑧 = [𝑖 ∑ 𝛽𝑛𝑛! (𝑖 𝜕𝐴𝜕𝑡 )𝑛 − 𝛼2 + 𝑖𝛾|𝐴|2𝑛=2 ] 𝐴, (1.20) 

where the parameters 𝛽𝑛 = 𝑑𝑛𝛽/𝑑𝜔𝑛|𝜔=𝜔0 correspond to a Taylor expansion of 𝛽(𝜔) 

around the carrier frequency 𝜔0. Considering that the pulse envelope moves at the group 
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velocity       𝑣𝑔 = 1/𝛽1, it is convenient to start the summation in Equation (1.20) from 𝑛 = 2 

in order to define a frame of reference moving with the pulse. In addition, the envelope 𝐴(𝑧, 𝑡) 

in Equation (1.20) has been normalized such that |𝐴|2 represents optical power and the 

nonlinear coefficient 𝛾 is given by:  

 𝛾 = 𝜔0𝑛2𝑐𝐴𝑒𝑓𝑓 , (1.21) 

where the effective area 𝐴𝑒𝑓𝑓 is given by: 

 𝐴𝑒𝑓𝑓 = (∬ |𝐹(𝑥, 𝑦)|2𝑑𝑥𝑑𝑦∞−∞ )2∬ |𝐹(𝑥, 𝑦)|4𝑑𝑥𝑑𝑦∞−∞ . (1.22) 

The expressions given in Equations (1.20), (1.21) and (1.22) are commonly used for 

propagation studies of optical pulses in optical fibers as take into account the effect of linear 

losses, Kerr nonlinearity and dispersion. However, in the case of tight optical-confining 

waveguide structures (as the silicon-nano waveguides used this thesis), recent theoretical 

approaches have been proposed in order to consider the enhancement of nonlinearities due 

to the increased longitudinal component of the electric field [71, 72]. In particular we have 

found a good agreement with our experiments in silicon nano-waveguides by using the 

definition of the effective area that is given in terms of the z-component of the mode Poynting 

vector 𝑆𝑧, given by [71, 72]: 

 𝐴𝑒𝑓𝑓 = (∬ 𝑆𝑧2𝑑𝑥𝑑𝑦∞−∞ )2∬ 𝑆𝑧2𝑑𝑥𝑑𝑦∞−∞ . (1.23) 
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2. Dispersion Characterization by Using Four-

Wave Mixing Pumped by an Incoherent 

Source 

It is well-known that dispersive properties of waveguides are of fundamental importance in 

propagation studies of linear and nonlinear optical phenomena. For example, engineering the 

dispersion of optical waveguides is crucial for several nonlinear optical applications [26, 27, 73 

– 79], especially for parametric devices such as amplifiers, wavelength converters and 

frequency combs generators. This is because parametric devices are based on phase-matched 

Four-Wave Mixing (FWM). Different studies have demonstrated that the efficiency of FWM is 

significantly reduced as a result of longitudinal dispersion fluctuations in optical fibers [28, 32, 

30, 33]. Although most of these studies have solely taken into account changes of the zero-

dispersion wavelength (𝜆0), it is well-known that high-order dispersion (HOD) plays also an 

important role in the efficiency of parametric devices [26, 80 – 91]. In addition, HOD is also 

important for studies that involve a broadband optical spectrum such as of soliton physics and 

supercontinuum generation [26, 47 – 51], and ultra-high-capacity communications [52, 53, 

54]. Therefore, the possibility of obtaining accurate information of dispersion parameters in 

optical waveguides (i.e., 𝜆0 and HOD) becomes relevant in the development of linear and 

nonlinear optical applications. 

Widely used dispersion measurement techniques, usually implemented in commercial 

instruments, are based on interferometric or time-of-flight measuring methods [92, 93]. These 

methods perform measurements of the group velocity (i.e., 𝑣𝑔 = 1/𝛽1) for different 

frequencies and then obtain the second and third-order dispersion (i.e., 𝛽2 and 𝛽3) by 

polynomial fitting or numerical differentiation. However, for higher-order in the dispersion 

parameters (i.e., 𝛽4, 𝛽5,…), these methods are usually limited in accuracy, often not being able 

to correctly determine the sign of 𝛽4 [36]. 
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In contrast, given the high-sensitivity of phase-matched FWM to minute changes of 

dispersion, different FWM-based characterization methods have demonstrated capabilities 

for measuring HOD [35, 36, 94]. Among these, we have explored the method that was first 

proposed in [36] and subsequently improved in [94], which is based on measuring the 

spectrum generated by FWM between an incoherent pump and a laser. The use of an 

incoherent source as a pump offers some advantages: (i) a single measurement allows to 

visually evaluate the uniformity of a waveguide. (ii) Considering that the incoherent source is 

unpolarized there is, in principle, no need of polarization alignment. (iii) Given the large 

bandwidth of the incoherent source, Stimulated Brillouin Scattering (SBS) is prevented. 

In this chapter we present the improvements we have done to the method based on FWM 

pumped by an incoherent source and the application of the improved method in dispersion 

characterization of waveguides. These improvements consist of a deeper interpretation of the 

phase-matching condition and several modifications of the experimental setup to explore 

different capabilities of the method, such as dispersion-mapping and obtaining accurate 

dispersion characterization in fibers of few meters of length. 

In the first part of this chapter (Section 2.1) we describe our measuring method. We 

explain the underlying FWM process and the main characteristics of the generated power 

spectrum. Then, we present the phase-matching condition of the FWM process, which is used 

to obtain the measured dispersion coefficients. Finally, by using different measurement 

examples in optical fibers we discuss the capabilities and limits of our measuring method. 

In the second part of this chapter (Section 2.2) we present an example of measuring the 

longitudinal evolution of dispersion parameters in an optical fiber of few km of length. The so-

called dispersion maps are obtained by changing the overlapping region along the fiber 

between two short optical pulses (i.e., the incoherent pump and the laser). We first describe 

the experimental setup used in the dispersion-mapping experiments. Subsequently, we 

present the main experimental results along with numerical simulations of the pulse 

propagation that present a good agreement. In addition, we present the results of the 

numerical calculation of fiber dispersion that are used to understand the contribution of 
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changes in fiber geometry in the measured fluctuations of dispersion parameters along the 

fiber.  

In the third part of this chapter (Section 2.3) we present another interesting example, in 

which we were able to measure a segment of fiber as short as 20 m and evaluate the shift of 

fiber dispersion with bending. We first present the used experimental setup, describing the 

main improvements performed to increase the power of the incoherent-pump and laser, and 

the signal to noise ratio of the generated FWM spectrum. These improvements allowed us to 

measure such a short length of fiber, to guarantee the uniformity of the tested fiber and to 

obtain a good sensitivity in the measured 𝜆0 (i.e., ~40 pm). Finally, we present the results of 

the measured shift of dispersion with bending along with numerical calculations of a fiber 

profile that present a good agreement. Our numerical calculations also allowed us to explain 

the relationship between changes of fiber dispersion induced by bending and those induced 

by the modification of fiber geometry.  

Finally, in the fourth part of this chapter (Section 2.4) we evaluate the application of our 

method in silicon nano-waveguides by means of theoretical calculations of the FWM 

generated spectrum and neglecting two-photon absorption and the free-carrier induced 

effects (these will be comprehensively treated in chapter 3). We first describe both material 

and waveguide dispersion in this kind of waveguides. Subsequently, we show numerical 

calculations of HOD parameters in these waveguides by using the finite element method 

(FEM) and numerical differentiation. Finally, we show the prospects of using our measuring 

method in nano-waveguides, in terms of the ease of implementation and limits of our method.  

2.1 Measuring Method 

Our measuring method is experimentally simple and can be implemented, in principle, with 

few instruments. The basic description of the measuring setup is illustrated in Figure 2.1. An 

incoherent-pump is coupled with a relatively weak tunable laser into the fiber under test (FUT) 

by means of a fiber coupler. The incoherent pump must be centered at a frequency 𝜔𝑐, which 

is close to the zero-dispersion frequency 𝜔0 = 2𝜋𝑐/𝜆0, whereas the laser is tuned at a 

frequency 𝜔ℓ, which is far from 𝜔𝑐. A power spectrum is generated in the FUT by means of 



34 

 

 

 

FWM between the incoherent pump and the laser. The generated FWM spectrum is then 

detected by using an optical spectrum analyzer (OSA). The shape of the generated FWM 

power spectrum exhibits a peak at 𝜔𝐹𝑊𝑀 = 2𝜔𝑐 − 𝜔ℓ and satisfies the following phase-

matching condition: 

 Δ𝛽(𝜔) = 𝛽(𝜔) + 𝛽(𝜔ℓ) − 2𝛽(𝜔𝑐) = 0 at 𝜔 = 𝜔𝐹𝑊𝑀. (2.1) 

In Figure 2.1(a) we illustrate a sample of the FWM power spectrum generated along a 

uniform fiber. It is worth noting that the generated spectrum exhibits a well-defined single 

peak, which implies that the phase-matching condition is maintained along the fiber as a 

consequence of the fiber uniformity. However, most optical fibers present random non-

uniformities as a result of their fabrication processes that lead to longitudinal dispersion 

fluctuations [29, 95, 28]. Therefore, when measuring a non-uniform fiber, one would expect a 

FWM power spectrum with several peaks [see Figure 2.1(b)], where each peak corresponds 

to fiber segments with different of dispersion parameters [36]. 

 

Figure 2.1: Basic setup and samples of the measured spectra for an (a) uniform fiber and a (b) non-uniform 

fiber. 

Given the sensitivity of phase-matched FWM to changes of fiber dispersion (in general, 

changes of dispersion in an optical waveguide), it is possible to retrieve information about the 

dispersion from the measured FWM power spectrum. In the following subsections we will 

discuss how the shape of the generated power spectrum and the phase-matching condition 

of the FWM process influence the capabilities of our method to characterize the dispersive 

properties of an optical waveguide.  
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2.1.1 Power spectrum generated by Four-Wave Mixing between and incoherent pump and 

a weak laser 

In this section we summarize the main steps involved in the derivation of the power spectrum 

generated by FWM between an incoherent pump and a laser, however, more details can be 

found in [36, 96]. 

A schematic of the spectral distribution of the incoherent pump, laser, and generated 

FWM power spectrum is illustrated in Figure 2.2. The temporally-incoherent pump (ideally 

flat-top) with spectral width Δ𝜔𝑝 is centered near 𝜔0. The laser, on the other hand, is located 

far from 𝜔0 at 𝜔ℓ. In addition, the incoherent-pump should be narrower than the frequency 

separation between pump and laser (i.e., Δ𝜔𝑝 ≪ |𝜔𝑝 − 𝜔ℓ|). The interaction between the 

incoherent pump and the laser in the optical waveguide, generates a new wave through FWM 

at 𝜔 = 𝜔1 + 𝜔2 − 𝜔ℓ, where 𝜔1 and 𝜔2 are two Fourier components of the incoherent-

pump. Furthermore, by centering the incoherent-pump at 𝜔𝑐, more Fourier component pairs 

(𝜔1, 𝜔2) that are symmetrically distributed around 𝜔𝑐 satisfy the phase-matching condition of 

Equation (2.1) and, therefore, the power of the FWM power spectrum peak (located at 𝜔𝐹𝑊𝑀) 

is maximized. 

 

Figure 2.2: Spectral schematic of the FWM process. 

In order to derive an expression for the power spectral density of the field generated by 

FWM, we may start from the nonlinear polarization that takes into account only the FWM 

process  𝜔 = 𝜔1 + 𝜔2 − 𝜔ℓ, which can be given by [36, 96]: 
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 𝑃̃𝑁𝐿(𝜔) = 2 3𝜀02𝜋𝐸̃ℓ∗4(2𝜋)2 𝜒𝑥𝑥𝑥𝑥(3) ∫ 𝑑𝜔1𝐸̃𝑝(𝜔1)𝐸̃𝑝(𝜔 + 𝜔ℓ − 𝜔1)∞
0 . (2.2) 

This expression has been obtained taking to account different considerations: i) The laser 

and incoherent pump fields are given (in the frequency-domain) as 2𝜋𝐸̃ℓ𝛿(𝜔 − 𝜔ℓ) and 𝐸̃𝑝(𝜔), respectively. ii) Both the laser and the incoherent pump have relatively low power, so 

effects of self-phase and cross-phase modulation are neglected. iii) Due to the symmetry of 

the FWM process, 𝜔2 is expressed in terms of 𝜔1 as 𝜔2 = 𝜔 + 𝜔ℓ − 𝜔1. iv) Here, the scalar 

and SVEA approximations and the definition of the Fourier transform pair (presented in 

Appendix 1.2) are also assumed.  

The expression that describes the propagation of the field generated by FWM along the 

propagation in a loss-less optical waveguide in the 𝑧 direction, can be given by [36, 96]: 

 
𝜕𝐸̃𝐹𝑊𝑀(𝑧, 𝜔)𝜕𝑧 = − 𝑖𝜔𝑐𝜇02𝑛 𝑃̃𝑁𝐿(𝜔)𝑒−𝑖𝛽(𝜔)𝑧 , (2.3) 

where we have considered that (for 𝑧 > 0) the FWM, pump and laser fields are given as  𝐸̃𝐹𝑊𝑀(𝑧, 𝜔) = 𝐴̃𝐹𝑊𝑀(𝜔)𝑒𝑖𝛽(𝜔)𝑧 , 𝐸̃𝑝(𝑧, 𝜔) = 𝐴̃𝑝(𝜔)𝑒𝑖𝛽(𝜔)𝑧 and 𝐸̃ℓ(𝑧) = 𝐴̃ℓ𝑒𝑖𝛽(𝜔ℓ)𝑧. By 

integrating Equation (2.3), considering that at the input of the waveguide 𝐸̃𝐹𝑊𝑀(0, 𝜔) = 0, 

assuming that the dispersion is uniform along the waveguide (i.e., 𝛽 does not change with 𝑧), 

and using Equation (2.2), it is possible to obtain an expression for the FWM field at the output 

of the waveguide of length 𝐿, which is given by [36, 96]: 

 

𝐸̃𝐹𝑊𝑀(𝐿, 𝜔) = − 𝑖𝜔2𝑛𝑐 3𝐿𝐸̃ℓ∗4 𝜒𝑥𝑥𝑥𝑥(3) ∫ 𝑑𝜔1𝐸̃𝑝(𝜔1)∞
0× 𝐸̃𝑝(𝜔 + 𝜔ℓ − 𝜔1)𝑒𝑖Δ𝛽𝐿2 sinc (Δ𝛽𝐿2 ), (2.4) 

where Δ𝛽(𝜔) = 𝛽(𝜔) + 𝛽(𝜔ℓ) − 𝛽(𝜔1) − 𝛽(𝜔 + 𝜔ℓ − 𝜔1) and sinc(𝑥) is defined as sin(𝑥)/𝑥.  

Given that the FWM field is generated by an incoherent source, it could be also considered 

as incoherent [97]. Therefore, in order to derive an expression for the FWM power spectral 

density, the stochastic properties of an incoherent source must be taken into account in the 
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calculation of the ensemble average 〈|𝐸̃𝐹𝑊𝑀(𝜔)|2〉. That is, properties of wide-sense 

stationary and circular Gaussian random processes in the time domain. Thus, it is possible to 

obtain an expression of the FWM power spectral density by using Equation (2.4), which is 

given by [36, 96]:  

 

𝑆𝐹𝑊𝑀(𝜔) = 2𝛾2𝐿2𝑃ℓ2 ∫ 𝑑𝜔1𝑆𝑝(𝜔1)∞
0× 𝑆𝑝(𝜔 + 𝜔ℓ − 𝜔1)sinc2 (Δ𝛽𝐿2 ), (2.5) 

where 𝛾 is the nonlinear coefficient given by Equation (1.21), 𝑆𝑝 is the power spectral density 

of the incoherent-pump and 𝑃ℓ is the laser power. In addition, Equation (2.5) can be further 

simplified if we assume that the incoherent-pump is flat-top with constant power spectral 

density over Δ𝜔𝑝 and that the spectral width of the incoherent-pump is narrow such that the 

wavevector mismatch can be approximated as Δ𝛽 = 𝛽(𝜔) + 𝛽(𝜔ℓ) − 2𝛽(𝜔𝑐). Thus, by 

considering the mentioned assumptions, the spectral density of the field generated by FWM 

may be also given as [36, 96]: 

 𝑆(𝜔) ≅ 2𝛾2𝑆𝑝2Δ𝜔𝑝𝐿2𝑃ℓsinc2 [Δ𝛽(𝜔)𝐿2 ]. (2.6) 

In Figure 2.3 we illustrate the power spectral density of the generated FWM normalized 

to its maximum value [i.e., 𝑆(𝜔)/𝑆(𝜔𝐹𝑊𝑀) calculated by means of Equation (2.5)]. Note that 

the FWM spectrum is not symmetric around its peak, which is a consequence of the 

asymmetry of the wavevector mismatch (Δ𝛽) with Ω = ω − ωFWM (i.e. caused by dispersion). 

This asymmetry is clearly evidenced by the frequency separation between the minima of the 

generated FWM spectrum from each side of the FWM peak, that according of the sinc(𝑥) 

should appear at 𝑥 = Δ𝛽(Ω)𝐿/2 = 𝑛𝜋 as illustrated in the inset of Figure 2.3. 
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Figure 2.3: Calculated normalized FWM power spectral density (Inset: sinc2 function in linear scale). 

By identifying the main characteristics of the generated FWM power spectrum, that is, its 

peak frequency (𝜔𝐹𝑊𝑀) and the frequencies at which presents different minima [i.e., Δ𝛽(Ω)𝐿/2 = 𝑛𝜋], one could anticipate that it is possible to retrieve information about the 

dispersion parameters of the waveguide. This is achieved by means of a detailed analysis upon 

the phase matching condition of the FWM process, as will be presented in the next subsection. 

2.1.2 Phase-matching condition of the FWM process 

Considering the waves involved in the FWM process, that is, the generated FWM, the laser, 

and two Fourier components within the incoherent pump, the phase-matching condition is 

given by: 

 Δ𝛽 = 𝛽(𝜔𝐹𝑊𝑀) + 𝛽(𝜔ℓ) − 𝛽(𝜔1) − 𝛽(𝜔2) = 0. (2.7) 

Making a Taylor expansion up to the fourth-order around 𝜔𝑐 in Equation (2.7) it is easy to 

see that Δ𝛽𝑛 = 0 for  𝑛 = 1, 3  considering that 𝜔𝐹𝑊𝑀 − 𝜔𝑐 = 𝜔𝑐 − 𝜔 ℓ  and 𝜔2 − 𝜔𝑐 = 𝜔𝑐 −𝜔1) we get: 

 

Δ𝛽 = 12! 𝛽2𝑐[2(𝜔𝑐 − 𝜔ℓ)2 − 2(𝜔𝑐 − 𝜔1)2]
+ 14! 𝛽4𝑐[2(𝜔𝑐 − 𝜔ℓ)4 − 2(𝜔𝑐 − 𝜔1)4] = 0, (2.8) 

where the dispersion parameters 𝛽𝑛𝑐 = 𝑑𝑛𝛽/𝑑𝜔𝑛 are evaluated at 𝜔𝑐 = (𝜔𝐹𝑊𝑀 + 𝜔ℓ)/2. 

Moreover, recalling that the bandwidth of the incoherent-pump is narrower than the 
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separation between pump and laser (i.e., |𝜔𝑐 − 𝜔ℓ| ≫ |𝜔1 − 𝜔𝑐|), Equation (2.8) may be 

simplified as:  

 
𝛽4𝑐12 (𝜔𝑐 − 𝜔ℓ)2 = −𝛽2𝑐. (2.9) 

However, it is more convenient to express Equation (2.9) in terms of  the commonly used 𝛽𝑛 dispersion parameters evaluated at 𝜔0, that is 𝛽2𝑐 = 𝛽3(𝜔𝑐 − 𝜔0) + (𝛽4/2)(𝜔𝑐 − 𝜔0)2 

and 𝛽4𝑐 = 𝛽4. Therefore, it is possible to recast Equation (2.9) as: 

 7𝜔𝑐02 + (12Ω34 − 2𝜔ℓ0)𝜔𝑐0 + 𝜔ℓ02 = 0, (2.10) 

where 𝜔𝑐0 = 𝜔𝑐 − 𝜔0, 𝜔ℓ0 = 𝜔ℓ − 𝜔0 and Ω34 = 𝛽3/𝛽4. Notice that Equation (2.10) is a 

quadratic equation on 𝜔𝑐0 and, therefore, it can be easily solved in order to obtain an 

expression for 𝜔𝐹𝑊𝑀 as a function of 𝜔ℓ of the form:  

 𝜔𝐹𝑊𝑀 = 𝑓(𝜔ℓ, 𝜔0, Ω34). (2.11) 

Thus, by measuring 𝜔𝐹𝑊𝑀 for different 𝜔ℓ and fitting the measured values with Equation 

(2.11), the values of 𝜔0 and Ω34 can be obtained as fitting parameters. An example of this 

measurement will be presented in the following subsection.  

Another interesting aspect of the generated FWM spectrum is the minima around the peak 

that are predicted by theory in a uniform fiber (see Figure 2.3 and its inset). These minima had 

not been clearly observed in previous experiments due to fiber non-uniformity and limited 

signal-to-noise ratio (SNR) of [36, 98], however, we have been able to observe these spectral 

minima in a short uniform dispersion-shifted fiber (DSF) in our recent work [94] (specific 

details of this study will be presented in Section 2.3). Therefore, it is also useful to obtain an 

expression for Δ𝛽 around the FWM peak in terms of Ω = 𝜔 − 𝜔𝐹𝑊𝑀 and fiber dispersion 

parameters. 

If we fix one of the incoherent pump frequencies at 𝜔𝑐, the expression for the wavevector 

mismatch of the FWM process can be given by [94]: 

 Δ𝛽 = 𝛽(𝜔) + 𝛽(𝜔ℓ) − 𝛽(𝜔𝑐) − 𝛽(𝜔 + 𝜔ℓ − 𝜔𝑐), (2.12) 
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where 𝜔 = 𝜔𝐹𝑊𝑀 + Ω. Performing a Taylor expansion around 𝜔𝑐, Equation (2.12) can now be 

given as: 

 Δ𝛽 = ∑ 𝛽𝑛𝑐𝑛! [(𝜔𝑐ℓ + Ω)𝑛 + (−𝜔𝑐ℓ)𝑛 − Ω𝑛]𝑛=2 , (2.13) 

where 𝜔𝑐ℓ = 𝜔𝑐 − 𝜔ℓ. In addition, Equation (2.13) can be also expanded as a Taylor series 

around 𝜔 = 𝜔𝐹𝑊𝑀 (or Ω = 0) as: 

 
Δ𝛽 = Δ𝛽Ω=0 + Ω (𝑑Δ𝛽𝑑Ω )Ω=0 + Ω22! (𝑑2Δ𝛽𝑑Ω2 )Ω=0 + Ω33! (𝑑3Δ𝛽𝑑Ω3 )Ω=0+ ⋯ 

(2.14) 

Notice that the first term Equation (2.14) vanish as it corresponds to the phase-matching 

condition. Therefore, by using Equations (2.13)  and (2.14), Δ𝛽 around 𝜔𝐹𝑊𝑀 can be given as 

a function of Ω in terms of the 𝛽𝑛 dispersion parameters by the following expressions: 

 

Δ𝛽 = Ω ∑ 𝛽𝑛𝑐𝜔𝑐ℓ(𝑛−1)(𝑛 − 1)!𝑛=2 + Ω2! ∑ 𝛽𝑛𝑐𝜔𝑐ℓ(𝑛−2)(𝑛 − 2)!𝑛=3 + Ω3! ∑ 𝛽𝑛𝑐𝜔𝑐ℓ(𝑛−3)(𝑛 − 3)! + ⋯𝑛=4  

𝛽𝑛𝑐 = ∑ 𝛽𝑚𝑚! 𝜔𝑐0𝑚𝑚=𝑛 . (2.15) 

Taking into account the fact that the minima of the generated FWM spectrum should 

correspond to Δ𝛽(Ω)𝐿/2 = 𝑘𝜋 (where 𝑘 is a natural number), one could, in principle, perform 

a fitting of the measured Ω frequencies by using Equation (2.15) and estimate the 𝛽𝑛 

dispersion parameters. However, the accuracy and the highest measurable nth-order 

dispersion by using this approach would be limited by the amount of measurable Ω 

frequencies. An example of this measurement will be presented in the following subsection.  

2.1.3 Capabilities for dispersion characterization 

In Figure 2.4 we show the measured FWM power spectra for different values of 𝜆ℓ. These 

spectra were measured in 20 m of DSF and the incoherent-pump was centered close to 1550 

nm. Notice that the width of the FWM peak becomes narrower as the laser is tuned away from 

the incoherent-pump. By using expressions of Equation (2.15) and considering a first-order 
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approximation on Ω and up to the third-order dispersion, it is possible to derive an expression 

for the width of the FWM peak ΔΩ given by [94]: 

 ΔΩ ≈ 16π𝐿𝛽3(𝜔𝐹𝑊𝑀 − 𝜔ℓ)2, (2.16) 

Moreover, given the short length of fiber (i.e., 20 m) a broader ΔΩ is obtained compared 

with the FWM spectrum generated in fibers of km of length [36], therefore, additional 

experimental precautions should be taken to accurately measure 𝜔𝐹𝑊𝑀 as described in 

Section 2.3. 

 

Figure 2.4: Measured FWM power spectra as a function of the laser wavelength. Resolution bandwidth of 100 

pm. 

As mentioned in the previous subsection, by tuning 𝜆ℓ and measuring 𝜆𝐹𝑊𝑀, Equation 

(2.11) can be used as a fitting expression and, then, 𝜆0  and Ω34 (or 𝛽3/𝛽4) can be obtained as 

fitting parameters. An example of measured values of 𝜆𝐹𝑊𝑀 are plotted as a function of 𝜆ℓ in 

Figure 2.5(a) along with the calculation of Equation (2.11)  with the fitted 𝜆0 = 1546.52 ± 0.02 

nm  and Ω34 = –213 ± 3 ps−1. The presented standard deviations of the fitted parameters (σ𝜆0 

and σΩ34) where obtained by ensuring that ~68% of the residuals i.e., 𝜆𝐹𝑊𝑀 − 𝑓(𝜆ℓ, 𝜆0, Ω34), 

lay within the calculated 𝑓(𝜆ℓ, 𝜆0, Ω34) − 𝑓(𝜆ℓ, 𝜆0 ± σ𝜆0, Ω34) and 𝑓(𝜆ℓ, 𝜆0, Ω34) −𝑓(𝜆ℓ, 𝜆0, Ω34 ± σΩ34) as illustrated in Figure 2.5(b). 
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Figure 2.5: (a) Measurement of 𝜆𝐹𝑊𝑀  as a function 𝜆ℓ along with the calculation of 𝑓(𝜆ℓ, 𝜆0, Ω34). (b) 

Estimation of σ𝜆0 and σΩ34. 

Another measurement example considers the similarity of the measured FWM spectrum 

with the one predicted by theory in a uniform fiber (see Figure 2.3 and Figure 2.4). In this case 

we have chosen the generated FWM power spectrum for the laser tuned at 𝜆ℓ = 1652.2 nm, 

which is plotted as a function of Ω in Figure 2.6(a). Considering that at the spectral minima in 

a uniform fiber Δ𝛽(Ω)𝐿/2/𝜋 = 𝑘, by measuring the Ω frequencies for the minima of Figure 

2.6(a) and using Equation (2.15) for Δ𝛽(Ω), one could estimate the fiber high-order dispersion 

parameters (i.e., 𝛽𝑛 for 𝑛 ≥ 3). In Figure 2.6(b) we present the measured Δ𝛽(Ω)𝐿/2/𝜋 = 𝑘 

as a function of Ω along with the calculation of Equation (2.15) considering a third-order 

approximation on Ω and up to the fifth-order dispersion. The fitted dispersion parameters for 

the calculation of Figure 2.6(b) were 𝛽3 = 0.112 ± 0.002 ps3/km, 𝛽4 = (–5.3 ± 0.1) × 10–4 

ps4/km and 𝛽5 = (7 ± 4) × 10– 6 ps5/km. The convergence of the fitting routine was aided by 

considering the previously measured 𝜆0 = 1546.52 nm and Ω34 = –213 ps−1 as fixed 

parameter and, therefore, only 𝛽3 and 𝛽5 were left as fitting parameters. This was justified by 

the fact that variations within ±σ𝜆0 and ±σΩ34 did not modify the fitted 𝛽3 and 𝛽5. The 

standard deviations of the fitted parameters σ𝛽3 and σ𝛽5 were obtained in a similar way as 

for σ𝜆0 and σΩ34, whereas σ𝛽4 was obtained by means the relative standard uncertainties of Ω34 and 𝛽3 as: 

 σ𝛽4 = √(σΩ34|Ω34|)2 + (σ𝛽3|𝛽3|)2 |𝛽4| (2.17) 
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Figure 2.6: (a) Normalized power of the FWM generated spectrum with 𝜆ℓ = 1652.2 nm as a function of Ω. (b) 

Measurement of Δ𝛽𝐿/2/𝜋 as a function Ω along with the calculation using the fitted parameters. 

The presented examples show the capabilities of our measuring method in characterizing 

fiber dispersion, not only zero-dispersion but also high-order dispersion. The first example 

shows the possibility of measuring 𝜆0 and 𝛽3/𝛽4, which will be applicable as long as one could 

experimentally identify the maximum of the generated FWM spectrum between the 

incoherent-pump and laser. This would be mostly limited by the applied power and length of 

the fiber under test as indicated in Equation (2.6). The second example, on the other hand, 

shows how the high-order dispersion parameters 𝛽3, 𝛽4 and 𝛽5 can be independently 

measured (however, previous knowledge of 𝜆0 and 𝛽3/𝛽4 is required). Although, this 

approach could be only applicable in fibers (or other optical waveguides) with high-uniformity, 

to the best of our knowledge, this is the first measurement of the fifth-order dispersion in an 

optical fiber, which corresponds to a very small quantity and represents a challenging 

measurement.  

2.1.4 Discussion 

In this section we have described the main aspects of our dispersion characterization method 

based on measuring the power spectrum generated by FWM between an incoherent-pump 

and a laser. We have shown the main characteristics of the FWM power spectrum that is 

predicted for a uniform fiber and the relationship between these characteristics and the 

phase-matching condition of the FWM process. 
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First, by means of the phase-matching condition (Δ𝛽 = 0) we have derived an expression 

that relates the wavelength of the FWM power spectrum peak (𝜆𝐹𝑊𝑀) with that of the laser 

(𝜆ℓ) and dispersion parameters such as of 𝜆0 and 𝛽3/𝛽4. This allows to estimate the fiber 

dispersion parameters by tuning the laser at different 𝜆ℓ, measuring the values of 𝜆𝐹𝑊𝑀 and 

performing a fitting upon the measured data. The measured values and their estimated 

standard deviations show the capabilities of our measuring method for accurate estimation 

of 𝜆0 and 𝛽3/𝛽4 in optical fibers.  

Second, we have obtained a general expression for the wavevector mismatch around the 

peak of the FWM power spectrum in terms of fiber dispersion parameters. By exploiting the 

spectral minima that correspond to the  sinc2 spectral shape predicted in a uniform fiber and 

using the derived expressions, we have been able to measure for the first time the value of 𝛽5 

in an optical fiber. Although this approach is only applicable in fibers with high-uniformity, our 

measurement demonstrates the capabilities of our method in measuring such a small 

quantity. 

We have chosen DSFs as our fibers under test given two fundamental reasons. First, their 𝜆0 is located around the 1550 nm spectral band and, therefore, become suitable four our 

experiments, considering that most of the instrumentation operate at this band (widely used 

for optical communications). Second, DSFs have a significantly more uniform dispersion than 

other fibers with 𝜆0 near 1550 nm, such as highly-nonlinear fibers (HNLFs) and photonic-

crystal fibers (PCFs). However, the application of our method has been also demonstrated in 

fibers with significant nonuniformity [36].  

In the next sections we will show the applications of our measuring method in particular 

experimental examples such as high-order dispersion mapping in a long fiber and the study of 

the effect of bending in fiber dispersion. In addition, by means of a theoretical example we 

will show the prospects of applying our method in silicon nano-waveguides. 

2.2 High-order Dispersion Mapping 

Even though optical fibers are the most uniform optical waveguides, evidenced by their 

extremely-low propagation losses (i.e., ~0.14 dB/km [99]), random longitudinal fluctuations 
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of fiber dispersion arise from imperfections that result from their fabrication processes (i.e., 

drawing and preform formation) [29, 95, 28]. Therefore, several dispersion characterization 

methods have been proposed to obtain information of the longitudinal distribution of 

dispersion parameters along the fiber by non-destructive means [37 – 46]. These methods are 

so-called dispersion-mapping techniques and can be classified in different types as follows: 

 

(i) Methods that use CW lasers and measure the FWM parametric gain [40] or the 

conversion efficiency spectrum [38, 39] at the output of the fiber. Then, numerical 

methods are used to obtain 𝜆0(𝑧) by fitting the measured spectra. One important 

limitation of these methods is that the interference between FWM fields of 

different fiber segments can lead to misleading spectra and, therefore, cause 

errors in the retrieved 𝜆0(𝑧). 

 

(ii) Methods that measure the power spectrum generated by FWM between two 

pulses that overlap only over a segment of fiber [41, 42]. The pump wavelength is 

tuned around 𝜆0 and the signal is located at a wavelength far from 𝜆0. Considering 

that both pulses have a different group velocity, the overlapping region is tuned by 

varying the initial delay difference between pulses. The spatial resolution of this 

methods has been attributed to the overlapping region between pulses (i.e., ~700 

m was obtained in [41] for a DSF and using pulses of ~100 ps duration). Although 

the spatial resolution can be improved by using shorter pulses, the spectral 

broadening of the generated FWM spectrum could be also a limiting factor if the 

pulse duration is considerably reduced [41, 42]. 

 

(iii) Methods based on an optical time-domain reflectometry (OTDR) configuration, in 

which the power of a wave that is amplified [43] or generated [44] by FWM is 

measured by means of Rayleigh scattering. In [43], the map of 𝜆0 is reconstructed 

by tuning a pump laser around 𝜆0 (i.e., from the normal to the anomalous 

dispersion regime) and observing the signal backscattered power. When the pump 
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matches 𝜆0, there is an abrupt power increase. In [44], two lasers are used and the 

OTDR configuration measures the backscattered power of one of the generated 

FWM frequencies. This power oscillates with an spatial period given by 2𝜋/Δ𝛽(𝑧), 

from which 𝐷(𝑧) is retrieved. Unfortunately, these methods have shown limited 

spatial resolution (~1 km) attributed to the OTDR sensitivity requirements [43, 44]. 

 

(iv) Methods that also measure the power oscillations of a wave generated by FWM 

between two lasers. However, in contrast to the methods of group (iii), a 

counterpropagating pump pulse is used to provide local gain to the FWM power 

via SBS. Therefore, instead of measuring the backscattered power using an OTDR 

configuration, the power oscillations are detected in transmission [45, 46]. In [45], 

the two CW lasers were used as pumps in the FWM process and a measurement of 𝐷(𝑧) was obtained with an spatial resolution of ~20 m for an SMF and ~150 m for 

a DSF. In [46], the FWM and SBS pumps were pulsed, thus, a remarkable meter-

scale resolution was achieved in the measured  𝜆0(𝑧). This was due to the reduced 

overlapping region between the counter-colliding pulses. 

All mentioned dispersion-mapping techniques neglect the effect of HOD or assume a 

constant value for HOD parameters to retrieve either 𝜆0(𝑧) or 𝐷(𝑧). However, given the 

importance of HOD for several nonlinear optical phenomena, in this section we apply our 

measuring method to obtain dispersion maps of an optical fiber, not only for 𝜆0, but for the 

ratio between third and fourth-order dispersion (𝛽3/𝛽4). 

We first describe the experimental setup used to implement our method as a dispersion-

mapping technique. This was achieved by using short pulses for the incoherent pump and laser 

of ~40 ps and controlling the initial delay difference between both pulses. Subsequently, we 

show our measured dispersion maps for a DSF of 7 km with an spatial resolution of ~120 m, 

that in contrast to the assumption of the authors of [41, 42], corresponds to a shorter length 

than the overlapping region. In addition, we show our results obtained by numerical 

calculations of the pulse propagation that are used to explain the limits on the spatial 

resolution of our dispersion-mapping technique.  
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~35 ps pulse width at a 155 MHz repetition rate, generated by PPG2 (Agilent 81142A). The 

polarization controller (PC1) was used to align the laser state-of-polarization and maximize 

the amplitude modulation of MZM2. An optical low-pass filter (LPF, AC Photonics) was used 

to minimize the laser noise at the wavelength region expected for the generation of the FWM 

power spectrum, that is between 1490 − 1470 nm when tuning the laser between 1610 – 1630 

nm. An electrical time delay line (ETDL, actually an RF phase shifter Narda 3752) was used to 

delay difference between the pump and laser pulses. In this way, the overlapping region 

between the pump and laser pulses in the FUT can be varied, considering that PPG1 was 

triggered by PPG2.  

 

Figure 2.8: Sample spectrum 

The pump and laser pulses were coupled into the FUT (7 km of DSF Corning, with 𝛾 ≈ 2.3 

W−1 km−1 [34]) via a Wavelength Division Multiplexer (WDM, AC Photonics) coupler. At the 

input of the FUT, the pump and laser pulses had ~200 mW and ~2 mW of peak power, and 

39 and 43 ps pulse duration, respectively (see the pulse traces measured with a wide-

bandwidth oscilloscope in  Figure 2.7). In addition, the input spectrum is illustrated in Figure 

2.8, where the incoherent-pump had a bandwidth of  ~17 nm and the laser was located at 𝜆ℓ ≈ 1627.6 nm. After the FUT, in order to prevent stray light in the OSA (Yokogawa AQ6319) 

due to the pump and laser, we used a high-pass filter (HPF, with a cutoff wavelength ~1510 
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nm). The optical spectrum at the output of the HPF is also illustrated in Figure 2.8, where the 

signal-to-noise ratio (SNR) of the generated FWM spectrum is ~15 dB. 

We measured the FWM power spectrum for different laser wavelengths (i.e., 𝜆ℓ = 

1610.54, 1616.54, 1622.56, 1627.56, and 1632.54 nm). In addition, for each laser wavelength, 

we varied the delay between pulses at 58 different values, which corresponds to an spatial 

resolution of Δ𝐿 ≈ 120 m. Therefore, by measuring 𝜔𝐹𝑊𝑀 for the five different values of 𝜔ℓ 

we obtain the measured 𝜆0 and 𝛽3/𝛽4 for each one of the 58 segments of the FUT.  

In order to improve the accuracy of our measurements, we made the following 

verifications: (i) we isolated the fiber from excessive temperature variations inside a container 

and monitored the temperature inside. We assured a Δ𝑇 ≲ 1oC and, thus, minimized the 

temperature-induced shift of dispersion, considering that 𝑑𝜆0/𝑑𝑇 ≈ 0.03 nm/oC in DSFs 

[100]. (ii) We verified that there was no FWM generation when the pulses overlapped outside 

the FUT to define the initial and final segments of the fiber. This can be assumed, since for the 

power levels used in our experiments the FWM efficiency is negligible due to the large 

chromatic dispersion in the connecting fibers used in or experiments (made of SMF-28 with 𝐷 ≈ 17 ps nm−1 km−1 at 1550 nm). (iii) We verified that 𝜔𝐹𝑊𝑀 did not shift when varying either 

the pumping power or the laser state-of-polarization via PC2. This allow us to verify that the 

phase-matching condition was power-independent and disregard any effect of fiber 

birefringence, respectively. 

2.2.2 Results of dispersion mapping 

Our measured dispersion maps for 𝜆0 and 𝛽3/𝛽4 are presented in Figure 2.9(a) and Figure 

2.9(b) respectively. Our measurements show that 𝜆0 and 𝛽3/𝛽4 vary along the fiber, 

respectively, with means 〈𝜆0〉 ≈ 1550.5 nm and 〈𝛽3/𝛽4〉 ≈ –220 ps–1 and standard deviations 𝜎(𝜆0) ≈ 0.1 nm and 𝜎(𝛽3/𝛽4) ≈ 10 ps–1. The standard deviation for each fiber segment 

(shadow areas in Figure 2.9) was calculated as explained in section 2.1. Our dispersion maps 

show also a correlation between 𝜆0 and 𝛽3/𝛽4 along the fiber. A high dispersion fluctuation 

can be identified from 0 to 3.5 km and from 5.5 to 7 km.  In contrast, the region between 3.5 

and 5.5 km presents a more uniform dispersion. Therefore, our method could, in principle, be 

used to select a segment of uniform fiber to build a parametric device with high-efficiency. 
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Figure 2.9: Dispersion maps for: (a) the zero-dispersion wavelength (𝜆0) and (b) the ratio between third and 

fourth-order dispersion (𝛽3/𝛽4). Spatial resolution of 120 m. 

A clear example of the effect of fiber dispersion fluctuations in Δ𝛽(𝑧) is the measured 

longitudinal evolution of FWM power spectrum. Thus, in Figure 2.10(a) we illustrate the 

normalized FWM power spectrum when using 𝜆ℓ = 1632.54 nm for the different segments of 

the fiber. Note that the FWM spectrum shifts over a wavelength region of ~0.6 nm, thus, if 

the effect of HOD is neglected one could attribute this variation to an overestimated 

fluctuation of 𝜎𝜆0 ≈ 0.3 nm. 
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(NLSE) by means of the Split-step Fourier Method as described in [101]. Note from Figure 

2.10(a) and Figure 2.10(b) that our calculations are in good agreement with our experiments. 

In order to judge possible causes of the measured dispersion fluctuations in the tested 

optical fiber, we have performed numerical calculations of fiber dispersion. For this numerical 

study we have modeled a fiber refractive index profile (RIP) similar to the measured RIP of the 

FUT [see Figure 2.11(a)]. The modeled RIP was obtained by sweeping the core inner radius 

and dopant concentration (i.e., the base and the height of the inner triangular core) until a 

nearly good agreement with the measured 〈𝜆0〉 and 〈𝛽3/𝛽4〉 was achieved. For the 

calculations we used a numerical model of a multi-layered step-index profile, similar to the 

one used in [102]. From this model, we obtain the propagation constant 𝛽(𝜔) for a range of 𝜔 (equivalent to wavelength range from 1330 to 1860 nm) and then, we apply finite-

difference numerical differentiation to calculate 𝑑𝛽𝑛(𝜔)/𝑑𝜔𝑛. For the core dopant we 

assumed different concentrations of germanium and the refractive indices were obtained by 

means of the Sellmeier model for GeO2-SiO2 glasses presented in [103]. For the cladding we 

assumed boron as dopant and obtained the refractive index from [104]. 

 

Figure 2.11: (a) Measured and modeled fiber refractive index profile. (b) Variation of 𝜆0 and 𝛽3/𝛽4 as a funciton 

of relative changes in fiber geometry. Calculations performed by the Ph.D student Daniel F. Londoño. 

By observing the measured RIP of the FUT in Figure 2.11(a) one may anticipate different types 

of modifications as a consequence of preform fabrication and drawing processes. However, 

one of the most expected modifications would correspond to a uniform deformation over the 

entire geometry. Therefore, we have evaluated how 𝜆0 and 𝛽3/𝛽4 change as a function of a 
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relative change in geometry, that is varying the fiber core radius while the entire geometry 

changes proportionally. The results of this evaluation are presented in Figure 2.11(b). Note 

that the range of variations of 𝜆0 observed in the dispersion map of Figure 2.9(a) (i.e., from 

1550.3 to 1550.7 nm) is well-explained by relative changes in geometry within ± 1% (i.e. a 

change in the core radius of ± 28 nm). In the case of high-order dispersion, for a relative 

change of ± 1% the calculated variation of 𝛽3/𝛽4 is around ± 2.5 ps–1, which corresponds to 

a smaller variation than the observed in the dispersion map of Figure 2.9(b). We believe that 

this difference could be attributed to our limited accuracy in measuring 𝛽3/𝛽4 (i.e., 

approximately 7 ps–1) and/or to other possible RIP modifications different than the uniform 

deformation considered in our study. However, our simulations are in agreement with our 

experiments in two ways. First, the variations of 𝜆0 are comparatively smaller than those for 𝛽3/𝛽4 (i.e., variations in 𝜆0 of the order of 0.01% compared with variations in 𝛽3/𝛽4 between 

1 and 5%). Second, the calculated variations of 𝜆0 and 𝛽3/𝛽4 within ± 1% of relative change 

in geometry of Figure 2.11(b) could, in principle, explain the observed correlation between 

the dispersion maps of Figure 2.9(a) and Figure 2.9(b). 

2.2.3 Discussion 

In this section we have demonstrated a non-destructive spatially-resolved measurement of 

the zero-dispersion wavelength and, for the first time to the best of our knowledge, of high-

order dispersion in an optical fiber. This was achieved by implementing a dispersion-mapping 

version of our measuring method based on FWM between an incoherent-pump and a laser. 

By using pulses as short as ~40 ps (FWHM duration) and tuning the overlapping region 

between pulses along the fiber, we have obtained dispersion maps with an spatial resolution 

of Δ𝐿 ≈ 120 m in a DSF. The measured dispersion maps show a correlation between the 

observed fluctuation for 𝜆0 and that of 𝛽3/𝛽4, and also that 𝜆0 presents a comparatively 

smaller fluctuation than that of  𝛽3/𝛽4 (i.e., variations of the order of 0.01% in 𝜆0 and 5% in 𝛽3/𝛽4). By performing numerical calculations of an approximated fiber refractive index profile, 

these observations could be, in part, explained by fluctuations of fiber geometry (around ± 

1%) as a result of preform fabrication and drawing processes. In addition, numerical 

calculations of pulse propagation are in good agreement with our experiments, displaying the 



54 

 

 

 

same evolution of the measured FWM spectrum along the fiber when assuming a longitudinal 

dispersion distribution given by our dispersion maps.  

Other important characteristic of dispersion-mapping techniques is the minimum length-

scale at which changes on fiber dispersion could be detected. Our measurements performed 

with Δ𝐿 ≈ 120 m evidence clear shifts in the measured dispersion maps and FWM power 

spectrum of Figure 2.9 and Figure 2.10 respectively. Surprisingly, this Δ𝐿 is smaller than the 

overlap region between the used pulses (i.e., ~380 m from our numerical calculations for full 

with at half maximum). This is in contrast to previous experiments using FWM between 

overlapping pulses, group (ii) methods [41, 42], in which the authors have assumed that the 

spatial resolution is limited by the overlap region between pulses. In our experiments, Δ𝐿 was 

limited by the delay step used, which was manually modified by the RF phase-shifter used as 

a TDL. Therefore, if experiments were performed with a finer delay step and an automatic 

acquisition of the FWM spectra, in principle, a better spatial resolution could be achievable. 

However, one question that arises is what is the smallest achievable spatial resolution of our 

dispersion-mapping technique? However, there is no simple explanation for the limit on the 

spatial resolution of our method, as it depends on several parameters such as pulse duration, 

rising and falling times, laser wavelength, dispersion parameters, etc. 

Given the good accuracy in measuring dispersion parameters (i.e., ~40 pm in in 𝜆0 and ~7 

ps–1 in 𝛽3/𝛽4), our dispersion-mapping technique becomes suitable to be applied in fibers that 

exhibit more uniform dispersion than common HNLFs, for instance, DSFs and novel fibers that 

have been specially designed and/or fabricated to be robust against geometry fluctuations 

[95, 31, 105, 102]. In addition, considering that either using more separated wavelengths (for 

the laser and incoherent pump) or evaluating more-dispersive waveguides (e.g. high-index 

contrast waveguides) our method could, in principle, have a smaller spatial resolution due to 

the higher group delay difference between pulses. Therefore, our dispersion-mapping 

technique could be useful in the development of parametric devices, not only in optical fibers, 

but also in other integrated-waveguide structures. 
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2.3 Shift of Zero Dispersion Wavelength with Bending in Optical 

Fibers 

In order to develop compact fiber optical parametric devices, optical fibers must be bent to 

reduce space, sometimes over tight bending radii [106, 107]. Therefore, understanding how 

bending modifies the dispersion characteristics of an optical fiber becomes relevant, 

considering the high-sensitivity of phase-matched FWM to minute changes of dispersion. For 

instance, a variation of 0.1 nm in 𝜆0(~1550 nm) can lead to a significant reduction in the 

parametric gain [85].  

Considering that bending has a significant effect in the propagation properties of optical 

fibers, many studies have focused on bending-induced losses. However, the bending-induced 

changes in fiber dispersion (particularly the shift of 𝜆0, Δ𝜆0) have been comparatively less 

studied [108, 109]. This could be attributed to the limitation of accurately measuring Δ𝜆0 as a 

function of the bending radius (𝑅𝑏) taking into account different factors: (i) the tested fiber 

must be bent over a single-layer with a constant 𝑅𝑏 to avoid the effect of microbending, which 

becomes more practical for shorter lengths of fiber. (ii) Considering that Δ𝜆0 is nonlinear with 𝑅𝑏,  the employed measuring method must be sensitive enough to measure small changes of 𝜆0. (iii) Given the longitudinal nonuniformities of optical fibers that lead to fluctuations of 𝜆0 

[28, 30], it would be preferable to assure that the tested fiber is uniform enough, so the 

measured shift corresponds to a uniform 𝜆0 along the fiber. 

Therefore, given the challenges in accurately measuring Δ𝜆0 with bending in an optical 

fiber, we believe that this is a good opportunity to demonstrate the capabilities of our 

measuring method. By using high-power pulsed sources (i.e., ~3 W and ~200 mW of peak 

power for the incoherent-pump and laser, respectively), we were able to measure Δ𝜆0(𝑅𝑏) in 

a DSF (Corning) as short as 20 m. Although, we had to overcome additional experimental 

challenges to be able to assure the uniformity of the tested fiber and measure Δ𝜆0 as small as Δ𝜆0 ≈ 40 pm, as we will describe in the next section.  

We have also performed calculations of the dependence of 𝜆0 with bending by means of 

a numerical model of the DSF. Our numerical calculations, based on conformal mapping [110, 
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111, 112] and the finite-element method (FEM), are in good agreement with our experimental 

results. In addition, our numerical calculations allowed us to explain the observed Δ𝜆0 in terms 

of the mode profile deformation and changes in fiber geometry. This explanation along with 

the main results of our study could, in principle, be useful in the development compact fiber 

optical parametric devices and other bent-waveguide structures [113, 114]. 

2.3.1 Experimental setup for measuring the dispersion shift in bent fibers 

The general description of the experimental setup is presented in Figure 2.12(a). The 

incoherent pump [see Figure 2.12(b) and description below] had ~3 W peak power and  ~32 

nm of bandwidth (centered around 1550 nm). The tunable laser [see Figure 2.12(c) and 

description below] had ~200 mW peak power and it was tuned in the range of 1600 −1650 

nm. 

We selected a pulse duration of ~20 ns and a repetition rate of 100 kHz for the incoherent 

pump and tunable laser (i.e., –27 dB duty cycle). The selected pulse duration corresponds to 

the response limit of the used acousto-optic modulators (Gooch&Housego T-M200). We did 

not used a pulse width longer than this limit to prevent SBS inside the EDFA used in the tunable 

laser. The repetition rate, on the other hand, was selected considering the trade-off between 

the SNR of the measured spectrum and the peak power obtained from the EDFAs. That is, for 

a higher repetition rate a larger SNR is expected, whereas for a lower repetition rate a higher 

peak power can be extracted from the EDFAs. 

Even though high-peak power levels were required, considering the short fiber length and 

the low nonlinear coefficient of the DSF (i.e. 𝛾 ≈ 2.3 W−1 km−1 [34]), we assured that our 

measurements were performed below the parametric gain regime (𝛾𝑃𝐿 ≳ 1). This allows to 

keep the phase matching condition to be power-independent and, therefore, the peak of the 

FWM power spectrum does not change with the applied power. We verified this in our 

experiments by varying the power of the incoherent pump and laser and ensuring that 𝜔𝐹𝑊𝑀 

did not change. 
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Tunable laser: We constructed the tunable laser by means of FWM-based 

wavelength conversion, given the spectral and power limitation of the tunable 

lasers available in our laboratory. A pump laser near 1550 nm was modulated by 

AOM2 and amplified by EDFA3 (Keopsys Pulsed Erbium Fiber Amplifier). The 

amplified pulsed train was filtered by BPF2 (OZ Optics Manually Adjustable Tunable 

Filter) to suppress out-of-band ASE, obtaining pump pulses of ~10 W peak power. 

The pump and a CW signal were coupled into HNLF2 (with 100 m, 𝛾 ≈ 6 W−1 km−1 

and 𝜆0 ≈ 1554 nm) by means of a WDM coupler (AC Photonics) to perform 

wavelength conversion. The polarization controllers (PC1 and PC2) were used to 

align the polarizations of the pump and signal, thus, maximizing the conversion 

efficiency. By tuning the signal from 1464 nm to 1510 nm, we generate and idler 

around 1600 – 1650 nm. We selected the generated idler by means of BPF3 

(Yenista XTM-50), obtaining a pulse peak power of ~ 200 mW. 

 

Both the incoherent pump and tunable laser were coupled into the FUT (i.e., 20 m of DSF-

Corning) via a WDM coupler (AC Photonics). A sample of the optical spectrum at the output of 

the FUT is presented in Figure 2.13. Notice that the generated FWM spectrum is at most 15 

dB higher than the background noise of the OSA. Therefore, we used a series of three high-

pass optical filters (AC Photonics) to suppress the pump and laser and then minimize the so-

called stray light inside the OSA (Yokogawa AQ6319). In this way, we were able to observe 

details of the FWM spectrum below – 60 dBm with an spectral resolution of 100 pm [see the 

inset of Figure 2.13]. We want to point out that the observed spectral details of the generated 

FWM spectrum correspond to the  sinc2 function predicted by theory and, to the best of our 

knowledge, this observation was not reported before in the literature. Thus, we were able to 

assure that the FUT has a uniform dispersion along its length.  
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Figure 2.13: Optical spectrum at the output of the fiber (Inset: optical spectrum after high-pass optical filters). 

Resolution bandwidth of 100 pm. 

Other experimental challenge that we needed to overcome, in order to accurately 

measure the peak frequency of the FWM spectrum (𝜔𝐹𝑊𝑀), was the presence of spectral dips 

due to absorption of water vapor inside the OSA. In Figure 2.14(a) we show a sample of the 

measured FWM power spectrum under typical humidity conditions inside the laboratory (i.e. 

relative humidity of 31%). Note that the evidenced absorption lines distort the FWM power 

spectrum and lead to an inaccurate estimation of 𝜔𝐹𝑊𝑀, which is obtained by a fitting routine. 

Therefore, we have placed OSA inside a constructed low-humidity chamber as illustrated in 

Figure 2.14(b). The constructed chamber was sealed and filled with 4 kg of silica gel and 

nitrogen gas. In Figure 2.14(a) we present also two power spectra of an ASE source that show 

the reduction of the absorption lines when dropping the relative humidity from 44% down to 

7% inside the chamber. 
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Figure 2.15: Generated FWM power spectra with the same 𝜆ℓ ≈ 1640.4 nm and different bending radii. 

Resoltion bandwidth of 10 pm. 

We want to point out that Δ𝜆0(𝑅𝑏) is related but not proportional to the shift observed in 

Figure 2.15. Therefore, in order to accurately measure 𝜆0(𝑅𝑏) (which is presented in Figure 

2.16) we performed several measurements of 𝜔𝐹𝑊𝑀 by tuning 𝜆ℓ over different wavelengths 

for each bending radius. In addition, considering that bending induces a change on fiber 

birefringence [110, 115] which from our calculations increases from  Δ𝑛 = |𝑛𝑥 − 𝑛𝑦| ≈ 10−9 

for 𝑅𝑏 = 10 cm to ≈ 10−7 for 𝑅𝑏 = 1 cm, the FWM is deformed as 𝑅𝑏 is reduced (see also 

Figure 2.15). In our experiments, we identified that this deformation depends only on the laser 

state of polarization (SOP), which is expected considering that the incoherent pump is 

unpolarized. According to our calculations, we assumed that there is larger Δ𝜆0(𝑅𝑏) for the 𝑥 

polarization of the laser field [with the cylinder aligned to 𝑦 as shown in Figure 2.12(a)]. 

Therefore, we were able to measure a larger Δ𝜆0 for all values of 𝑅𝑏 (circles in Figure 2.16) by 

controlling the SOP of the laser with a polarization controller [PC3 in Figure 2.12(c)]. In 

contrast, for the 𝑦 polarization of the laser field that correspond to a minor shift on 𝜆0, we 

were only able to measure 𝜆0(𝑅𝑏) for 𝑅𝑏 ≈ 3.0 and 4.0 cm (triangles in Figure 2.16). This was 

due to the deformation caused by the bending-induced birefringence, which did not allowed 

accurate measurements of 𝜆0 for the 𝑦 polarization. In addition, we present in Figure 2.16 our 

calculations of 𝜆0 as a function of 𝑅𝑏 for 𝑥 and 𝑦 polarizations, obtained from our numerical 

model of the FUT.  
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As explained in Section 2.1, by employing our measuring method we were also able to 

measure high-order dispersion. Our measurements reveal that the ratio between third and 

fourth-order is approximately 𝛽3/𝛽4 ≈ −213 ps−1 and keeps unchanged from 𝑅𝑏 = 10.0 to 4.0 

cm. In addition, by using the width of the FWM spectrum we independently measured 𝛽3 ≈ 0.114 ps3/km and by using the measured 𝛽3/𝛽4, we found 𝛽4 ≈ −5.3 × 10−4 ps3/km. Our 

numerical calculations are also in agreement with the measured values of high-order 

dispersion, at least for 𝑅𝑏 = 10.0 cm, and from 𝑅𝑏 = 10.0 to 4.0 cm our calculation show that 

these quantities vary slightly (i.e., less than 2%). For tight bending radii (𝑅𝑏 < 4 cm), on the 

other hand, we were not able to measure high-order dispersion considering the deformation 

of the FWM due to the bending-induced birefringence and that our method is more robust for 

measuring 𝜆0 than high-order dispersion. 

Given the good agreement between our numerical model and our measurements, we also 

evaluated the total fiber loss of the fiber as a function of 𝑅𝑏. This calculation is also presented 

in in Figure 2.16 (right axis) along with the measured value for 𝑅𝑏 = 1 cm (star). For larger 𝑅𝑏, 

we could not perform loss measurements since the loss was within the error of the used 

power meter (i.e., 0.4 dB). One important observation from Figure 2.16 is that bending-

induced loss is noticeable for very tight values of  𝑅𝑏, whereas Δ𝜆0 is measurable from 𝑅𝑏 as 

large as 8 cm. 
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Figure 2.16: Measured and calculated zero-dispersion wavelength (left axis). Calculated total fiber loss as a 

function of the bending radius (right axis). The star symbol corresponds to the measured value of fiber total 

loss. Calculations were performed by Dr. Jhonattan C. Ramirez. 

For the numerical model of the FUT we used an approximate fiber profile for the DSF that 

consisted in a step-index core with a raised-index ring. The raised-index ring is usually 

implemented in DSFs considering that reduces bending losses and allows low splicing loss with 

an SMF [116, 117]. The modeled fiber profile (actually, the conformal mapped profile for 𝑅𝑏 = 10 cm) is illustrated in Figure 2.17(a) along with design parameters such as the refractive 

indices of the core, ring and cladding (i.e., 𝑛𝑐𝑜𝑟𝑒, 𝑛𝑟𝑖𝑛𝑔 and 𝑛𝑐𝑙𝑎𝑑𝑑); and the radii of the core, 

and the inner and outer side of the ring (i.e., 𝑟𝑐, 𝑟𝑖 and 𝑟𝑜). In order to take into account the 

effect of bending in our model, we have employed a widely-used method known as conformal 

mapping [110, 111, 112, 118]. This method allows to perform the modal analysis of the fiber 

in a transformed coordinate system, where the bent fiber with the original fiber profile 𝑛𝑏(𝑥) 

is transformed into an straight fiber with a modified refractive index profile given by [110, 

112]: 

 𝑛𝑡(𝑢) = 𝑛𝑏(𝑥)𝑒𝑥𝑝 ( 𝑢𝑅𝑏), (2.18) 

where 𝑢 = 𝑅𝑏ln (𝑥/𝑅𝑏) is the horizontal component of the transformation coordinate system. 

In addition, we also consider the photo-elastic effect to account for the bending-induced 

changes of 𝑛𝑏(𝑥) due to compressive and tensile stresses in the inner and outer side of the 

fiber respectively. Thus, 𝑛𝑏(𝑥) is defined as [110, 115]: 

 𝑛𝑏(𝑥) = 𝑛𝑠(𝑥) {1 − 𝑛𝑠(𝑥)2𝑥2𝑅𝑏 [𝑃12 − 𝜈(𝑃11 + 𝑃12)]}, (2.19) 

where 𝑛𝑠(𝑥) is the fiber profile without stress, 𝜈 = 0.2 is the Poisson's ratio, and 𝑃11 = 0.121 

and 𝑃11 = 0.270 are the SiO2 photo-elastic tensor components. We have assumed a pure SiO2 

cladding for 𝑛𝑐𝑙𝑎𝑑𝑑 and refractive index differences Δ𝑛𝑐𝑜𝑟𝑒 ≈ 0.5% and Δ𝑛𝑟𝑖𝑛𝑔 ≈ 0.05% for 

the core and raised-index ring respectively. All refractive indices were obtained from the 

model proposed in [103] for GeO2-SiO2 glasses (Table 2.1 summarizes the fiber profile 

parameters used in our calculations). The conformal mapped refractive index profiles were 
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then used to calculate 𝜆0(𝑅𝑏). This calculation was based on a 2D modal analysis performed 

by means of the finite-element method, employing the commercial simulation software 

COMSOL Multiphysics. The calculation of 𝜆0, for each 𝑅𝑏, consisted of estimating the 

propagation constant 𝛽(𝜔) for a wide range of frequencies (i.e. equivalent to a wavelength 

range between 1000 and 1800 nm). Subsequently, the derivatives 𝑑𝑛𝛽(𝜔)/𝑑𝜔𝑛 were 

estimated by using finite-diference differentiation [119]. The calculated values of 𝜆0 are then 

determined by evaluating the zero-crossing point of the group velocity dispersion (𝛽2 =𝑑2𝛽(𝜔)/𝑑𝜔2, GVD). 

 

Simulation parameter Value 

Core radius (𝒓𝒄) 2.1 m 

Inner ring radius (𝒓𝒊) 4.6 m 

Outer ring radius (𝒓𝒐) 6.6 m 

Cladding refractive index 

(𝒏𝒄𝒍𝒂𝒅𝒅) 
1.444 

Core refractive index difference 

(𝚫𝒏𝒄𝒐𝒓𝒆) 
~0.5% 

Ring refractive index difference 

(𝚫𝒏𝒓𝒊𝒏𝒈) 
~0.05% 

Table 2.1: Summary of geometrical and refractive index parameters used for the numerical model of the FUT. 

We present the fiber refractive index profiles obtained by means of conformal mapping in 

Figure 2.17(a) and Figure 2.17(b) for 𝑅𝑏 = 10 and 0.5 cm respectively. The mode normalized 

intensities obtained via FEM numerical calculations are also presented in Figure 2.17(c) and 

Figure 2.17 (d) for 𝑅𝑏 = 10 and 0.5 cm respectively. Note that the profile for 𝑅𝑏 = 10 cm 

represents well the case of an straight fiber (i.e., 𝑅𝑏 = ∞) as there is no evident deformation 

in either the conformal mapped profile or the mode intensity distribution. In contrast, for the 

case of 𝑅𝑏 = 0.5 cm the conformal mapped profile is significantly tilted, and the mode 
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The observation of a positive Δ𝜆0 with bending in Figure 2.16 (i.e., by reducing 𝑅𝑏, 𝜆0 is 

shifted longer wavelengths) and the increase in the mode confinement illustrated in Figure 

2.17, make us believe that there is relationship between the change of dispersion induced by 

bending and that induced by changes of fiber geometry. Therefore, we have calculated how 𝜆0 is shifted when varying  𝑟𝑐 in our DSF model summarized in Table 2.1 (the parameters 𝑟𝑖 
and 𝑟𝑜 were varied proportionally). For this calculation, presented in Figure 2.18, we have 

assumed 𝑅𝑏 = ∞. The profile of point B (i.e., 𝑟𝑐 = 2.1 m) matches 𝜆0(𝑅𝑏 = ∞) = 1546.48 

nm. Note that by reducing 𝑟𝑐 from this point, 𝜆0 is also shifted to longer wavelengths (over the 

range of our measurements presented in Figure 2.16). Therefore, this observation agrees 

qualitatively with the Δ𝜆0 achieved by reducing the bending radius. In addition, the profile of 

point A (𝑟𝑐 = 1.7 m) also matches 𝜆0(𝑅𝑏 = ∞) = 1546.48 nm and by reducing 𝑟𝑐 from this 

point, 𝜆0 is shifted to shorter wavelengths. Surprisingly, by simulating the effect of bending in 

the profile of point A, 𝜆0 is also shifted to shorter wavelengths. This is another interesting 

observation, since other studies that have analyzed the effect of bending on 𝜆0 in optical fibers 

[108, 109] and integrated waveguides [113] have only predicted that 𝜆0 can be shifted to 

longer wavelengths.  

 

Figure 2.18: Zero dispersion wavelength as a function of the core radius. Other geometrical parameters were 

varied proportionally. Calculations performed by Dr. Jhonattan C. Ramirez. 
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2.3.3 Discussion 

In this section we have experimentally and theoretically studied the effect of bending in the 

dispersive properties of an optical fiber, particularly, the bending-induced shift of 𝜆0 in a DSF.  

Even though the shift of 𝜆0 with bending was theoretically predicted for a single mode fiber 

in [108, 109], its accurate characterization has been limited due to the lack of methods capable 

of measuring short lengths of uniform fibers wound with a constant bending radius and a good 

accuracy on 𝜆0 [109]. Therefore, we have described the experimental challenges that we had 

to overcome in order to apply our FWM-based measuring method and be able to obtain a 

good control of the bending radius, guarantee the fiber uniformity, and achieve a good 

sensitivity in measuring changes of 𝜆0. That is, being able to measure a fiber as short as 20 m 

wound over cylinders with smooth surfaces, observing spectral characteristics of the FWM 

that correspond to the sinc2 function predicted by theory in a uniform fiber(see Section 2.1), 

and measuring Δ𝜆0 as small as 40 pm (which corresponds to a variation of 𝑅𝑏 from 10 to 8 

cm).  

Our results reveal that 𝜆0 is shifted up to 12 nm for an 𝑅𝑏 = 1 cm, which represents a 

larger shift compared to that achieved from changes in other environmental variables such as 

temperature, pressure or strain [100]. This observation implies that for experiments in which 

maintaining a constant dispersion along the fibers is essential (for example, those based on 

phase-matched FWM), special care must be taken in the fiber bending radius. This becomes 

even more critical since, as observed in our results, bending-induced losses become noticeable 

only for tight bending radii (i.e., 𝑅𝑏 = 1 cm), whereas the bending-induced Δ𝜆0 can be 

detectable even for a large bending radius (i.e., 𝑅𝑏 = 8 cm). 

Even though the mode deformation induced by bending (observed in our calculations) has 

been studied for single-mode [118] and multimode [110, 120, 111] optical fibers, it has not 

been related with changes of fiber dispersion. However, in the context of silicon waveguides, 

a theoretical study in [113] has calculated that 𝜆0 increases to longer wavelengths as the 

bending radius is reduced and  has attributed this shift to two different effects: (i) the increase 

of anomalous dispersion due to the so-called “mode squeezing” and (ii) the increase of normal 

dispersion given by the amount of energy that surpasses the cladding. In contrast, the results 
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obtained in our study show that 𝜆0 can be shifted to either shorter or longer wavelengths, 

depending on fiber geometry and mode confinement, and that there is a relationship between 

the observed shift of 𝜆0 induced by bending and that obtained by varying fiber geometry. 

Therefore, our results give insights for dispersion engineering of devices based on FWM and 

other nonlinear effects. For instance, bending could be used for tuning 𝜆0 to obtain parametric 

efficiency over an spectral region of interest [121]; for equalizing 𝜆0 along the fiber length and 

compensate fluctuations that arise from fabrication processes [122]; or for gradually varying 𝜆0(𝑧) and maintain the phase-matching along lossy waveguides [123]. All these approaches 

could be applied in optical fibers and also in other integrated bent-waveguide structures. 

2.4 High-order Dispersion in Silicon Nano-Waveguides 

Silicon on insulator (SOI) waveguides have become the main platform for integrated 

photonics, as a result of two essential reasons. First, the high compatibility with CMOS 

fabrication processes. Second, the tight optical-confinement due to the high refractive index 

contrast between silicon and silicon oxide. In particular, we refer to nano-waveguides as those 

having dimensions that allow single-mode operation and low propagation losses, being useful 

for several applications [124, 125, 13]. Given the large silicon nonlinear refractive index (i.e., 𝑛2 = 4.5 × 10−18 m2 W−1 [13, 126]) along with the tight optical-confinement, experimental 

demonstrations of nonlinear optical effects have been performed with relatively lower 

pumping power and shorter waveguide propagation lengths compared with realizations in 

optical fibers [23, 27, 55, 90, 127 – 137]. For instance, optical parametric amplification [23, 

127, 130], wavelength-conversion [55, 27, 90, 128, 129], generation of frequency combs [135, 

136, 137] and supercontinuum generation [131 – 134]. In most of these works, the dispersion 

of the nano-waveguides has been engineered in order to obtain specific characteristics, 

convenient for the enhancement of a particular nonlinear effect. Such dispersion engineering 

approaches consist in modifying the waveguide cross-section dimensions or cladding 

materials. However, it is well-known that the dispersive characteristics of silicon nano-

waveguides are dominated by the tight-optical confinement rather than material dispersion, 

which leads to a larger dispersion compared to that of optical fibers (about three orders of 
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magnitude) [74]. This applies not only for chromatic dispersion, but also for high-order 

dispersion as we will show later in this section.  

Although some studies have characterized chromatic dispersion in silicon nano-

waveguides by interferometric techniques [138, 75, 74], their measurements do not allow to 

obtain accurate information of HOD. Moreover, in experiments of FWM-based wavelength-

conversion [90] and parametric amplification [130], in which fourth-order dispersion plays an 

important role, the simulated HOD parameters do not match the experimental observations. 

These disagreements have been attributed to the impossibility of simulating the actual 

geometry of the fabricated waveguides. Therefore, given the importance of dispersion 

parameters in nonlinear propagation phenomena, understanding the dispersive 

characteristics of silicon nano-waveguides and the development of characterization methods 

capable of accurately measuring HOD are fundamental for nonlinear optical applications in 

silicon photonics.  

In this section, by means of numerical examples, we show the dispersion characteristics of 

silicon nano-waveguides and the possibilities of applying our dispersion characterization 

method based on FWM pumped by an incoherent-source. Moreover, in our calculations we 

neglect the effects of single-photon and two-photon absorption, and changes on the 

waveguide propagation losses and dispersion that could arise from the generation of free 

carriers. However, given the influence of these absorption mechanisms and subsequent free-

carrier induced effects in the optical propagation characteristics of silicon-nano waveguides, 

in chapter 3 we have comprehensively studied and characterized dynamics of optically-

generated free carriers. 

2.4.1 Dispersion of the material and the nano-waveguide  

In Figure 2.19(a) we show the calculated material dispersion curves for silicon (Si) and other 

silicon-based materials commonly used in integrated photonics such as silicon oxide (SiO2) and 

silicon nitride (Si3N4).  For these calculations we have obtained the refractive indices by means 

of Sellmeier models [103, 139, 140]  and used the definition of the dispersion coefficient given 

by [141]: 
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 𝐷 = − 𝜆𝑐 𝑑2𝑛𝑑𝜆2 . (2.20) 

The second-order derivative (𝑑2𝑛/𝑑𝜆2) was numerically calculated using finite-difference 

differentiation [119]. Note from Figure 2.19(a) that silicon material dispersion is normal (𝐷 <0), whereas, for silicon nano-waveguides [illustrated in Figure 2.19(b)] becomes large and 

anomalous (𝐷 > 0) between 1300 and 1550 nm. This abrupt change on dispersion can be 

attributed to the tight optical-confinement in the nano-waveguide.  

For the waveguide of cross-section 220 nm × 416 nm (ℎ ×  𝑤) and SiO2 cladding we found 

that 𝜆0 ≈ 1550 nm, desirable for optical parametric amplification at this spectral band, which 

is widely-used optical communications [23]. In addition, we have calculated the dispersion for 

waveguides with cross-sections of 220 nm × (416 ± 10) nm in order to illustrate the sensitivity 

of dispersion to changes in waveguide geometry. Comparing the dispersion curves of Figure 

2.19(b) one can note that the second  𝜆0 (around 1550 nm) is more sensitive to variations of 

waveguide geometry compared with the first  𝜆0 (around 1300 nm). Moreover, it is worth 

noting that both the slope (at 𝜆0) and the curvature of the dispersion are also strongly affected 

by changes in waveguide geometry, which evidences the sensitivity of high-order dispersion.  

 

Figure 2.19: (a) Calculated dispersion of silicon-based materials commonly used in integrated photonics (SiO2, 

Si3N4 and Si). (b) Calculated dispersion for silicon nano-waveguides with silica cladding and different cross-

sections.  
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The dispersion curves presented in Figure 2.19(b) correspond to the quasi-TE fundamental 

mode and were obtained by evaluating 𝛽(𝜔) over a wide-range of frequencies (i.e., between 

1000 and 2000 nm) and performing finite-difference differentiation. The propagation constant 𝛽(𝜔) was obtained via modal-analysis using the finite-element method and the waveguide 

dispersion coefficient was calculated as: 

 𝐷 = − 2𝜋𝑐𝜆2 𝑑2𝛽(𝜔)𝑑𝜔2 . (2.21) 

For the waveguide with cross-section 220 nm × 416 nm we have also evaluated the 𝛽𝑛 

dispersion parameters up to the sixth-order for the two values of 𝜆0. The calculated 

waveguide dispersion parameters, summarized in Table 2.2, are at least two orders of 

magnitude larger than those of optical fibers, which is evidenced by the strong wavelength-

dependency of the dispersion curves presented in Figure 2.19(b). 

  𝝀𝟎(nm) 𝜷𝟑(ps3/km) 𝜷𝟒(ps3/km) 𝜷𝟓(ps3/km) 𝜷𝟔(ps3/km) 

1285.1 13.1 0.21 6.2 ×10−3 2 ×10−4 

1550.5 −17.1 0.27 −2.9 ×10−3 −2.4 ×10−5 

Table 2.2: Calculated dispersion parameters for the silicon nano-waveguide with cross-section 220 nm × 416 

nm and silica cladding. 

In the following subsection we will theoretically evaluate the possibility of applying our 

dispersion characterization method, which is based in measuring the power spectrum 

generated by FWM between an incoherent-pump and a laser, in the silicon nano-waveguide 

with cross-section 220 nm × 416 nm and silica cladding. 

2.4.2 Prospects of high-order dispersion characterization in silicon nano-waveguides  

Given the sensitivity of HOD to changes of nano-waveguide geometry and the limitations of 

common dispersion characterization techniques in obtaining accurate values of HOD, by using 

theoretical example, we want to show the possibilities and limitations of applying our 

dispersion characterization method in a silicon nano-waveguide. 
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From an experimental perspective there are two main aspects to be considered:  

(i) The peak power of the generated FWM spectrum must be detectable by an OSA.  

 

(ii) The spectral width of the FWM peak must be narrow-enough to accurately 

measure  𝜆𝐹𝑊𝑀.  

Regarding the power of the generated FWM, assuming the use of an OSA with a resolution 

bandwidth 𝛿𝜔 and recalling the expression of Equation (2.6) for the power spectral density of 

the FWM field generated in an uniform-waveguide, the peak power at 𝜔𝐹𝑊𝑀 may be given as 

[96]: 

 𝑃(𝜔𝐹𝑊𝑀) ≅ 2(𝛾𝑃𝑝𝐿)2𝑃ℓ ( 𝛿𝜔Δ𝜔𝑝). (2.22) 

 Although this expression corresponds to a lossless waveguide, a simple and convenient 

way to take into account the effect of propagation losses consists in considering the 

waveguide effective length (𝐿𝑒𝑓𝑓) instead of the propagation length (𝐿). Therefore, the 

propagation losses of silicon nano-waveguides (typically 1.4 dB/cm [142, 143]) impose a limit 

of few cm in 𝐿𝑒𝑓𝑓. However, the high-nonlinearity of silicon nano-waveguides compensates 

the limited 𝐿𝑒𝑓𝑓.  By using the theoretical approach for the nonlinear coefficient in tight 

optical-confining waveguides presented in [71, 72], we have calculated  𝛾 ≈ 2 × 105 W−1 km−1, 

that is 5 orders of magnitude larger than that of DSFs. Consequently, it is possible to apply our 

method in silicon nano-waveguides as long as few cm with similar power levels as those used 

in our experiments in optical fibers.   

Regarding the width of the generated FWM spectrum, that according to the approximation 

of Equation (2.16) is inversely proportional to 𝐿𝛽3(𝜔𝐹𝑊𝑀 − 𝜔ℓ)2, the effect of the short-

waveguide length is compensated by the large value of 𝛽3. Therefore, it is also possible to 

apply our method in silicon nano-waveguides by tuning the laser and measuring the FWM 

power spectrum over similar wavelengths as those used in our experimental examples in 

optical fibers. 
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In Figure 2.20(a) we present calculated FWM power spectra generated in the silicon nano-

waveguide of cross-section 220 nm × 416 nm and silica cladding. For this calculation we have 

used Equation (2.5) and assumed power levels for the pump and laser of 100 and 10 mW 

respectively. In addition, for the calculation of  Δ𝛽(𝜔) we have used the second 𝜆0 = 1550.5 

nm and the 𝛽𝑛 dispersion parameters up to the sixth-order presented in Table 2.2. We 

assumed an incoherent-pump of 40 nm bandwidth located near 1530 nm. Note from Figure 

2.20(a) that, considering a resolution bandwidth of 100 pm, the peak power levels of the 

generated FWM spectra are around −20 dBm, which could be easily detectable by most 

commercial OSAs. In addition, the spectral width of the generated FWM is no larger than 10 

nm within the evaluated wavelengths, which allows accurate measurements of 𝜆𝐹𝑊𝑀 as we 

have shown in Section 2.1. 

 

Figure 2.20: (a) Calculated FWM power spectra in the silicon nano-waveguide for different 𝜆ℓ, we have 

assumed a resolution bandwidth of 100 pm. (b) Calculated 𝜆𝐹𝑊𝑀  as a funciton of 𝜆ℓ along with the fitted 

expressions that take into account up to 𝛽4 and 𝛽5.  

The calculated values of 𝜆𝐹𝑊𝑀 as a function of 𝜆ℓ are presented in Figure 2.20(b). In 

addition, we have included the evaluation of the fitting expression of Equation (2.11) which 

was derived considering the effect of 𝛽4 in the phase-matching condition of the FWM process. 

It is worth noting that the evaluated expression does not match the calculated values of 𝜆𝐹𝑊𝑀 

and this disagreement can be attributed to the influence of higher-order dispersion 

parameters. Therefore, we have also derived an expression, similar to Equation (2.11), 

although taking into account up to 𝛽5 in the phase-matching condition of Equation (2.10). We 

have also included the evaluation of the derived expression in Figure 2.20(b) and show that 
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considering 𝛽5 we obtain a better agreement with the values of 𝜆𝐹𝑊𝑀 as a function of 𝜆ℓ. This 

is a consequence of the increased HOD parameters in silicon nano-waveguides and clearly 

evidences the importance of accurate HOD characterization for the development of nonlinear 

silicon-photonics applications.   

2.4.3 Discussion 

In this section we have shown, by means of a theoretical example, the possibilities of applying 

our dispersion characterization method in silicon nano-waveguides. 

We have shown the dispersion characteristics of most common silicon-based materials 

used in integrated-photonics (SiO2, Si3N4 and Si). By comparing silicon material dispersion with 

that of a silicon nano-waveguide with silica cladding, we have observed that the large 

anomalous dispersion that appears at telecommunications wavelengths for the nano-

waveguide could be attributed to the tight-optical confinement. In addition, we found that 

the calculated HOD parameters in the nano-waveguide are at least two orders of magnitude 

larger than those of optical fibers, which is evidenced by the large wavelength-dependency of 

the dispersion curve (i.e., presenting two 𝜆0 within the range of 1200 to 1600 nm). 

We have calculated the FWM power spectrum expected in a uniform silicon nano-

waveguide with silica cladding and a cross-section of 220 nm × 416 nm. Although the 

propagation losses of the waveguide impose a limit of few cm on the effective length of the 

waveguide under test, the high nonlinear coefficient of the nano-waveguide (i.e., 5 orders of 

magnitude larger than that of DSFs) allows to apply our method with a reasonable pumping 

power (around 100 mW). In addition, the large values of HOD in the nano-waveguide also 

prevent the generation of a broad FWM spectrum that is expected for a short waveguide 

length.  

We have not obtained a good agreement when comparing the calculated 𝜆𝐹𝑊𝑀 as a 

function of 𝜆ℓ with the fitting expression derived in Section 2.1. Considering that this fitting 

expression was derived taking into account up to the fourth-order dispersion in the phase-

matching condition, we believe that higher-order dispersion terms have a significant influence 

in the FWM process. Therefore, we have derived an expression that considers up to the fifth-
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order dispersion in the phase-matching condition and good agreement with the calculated 

values of 𝜆𝐹𝑊𝑀 as a function of 𝜆ℓ. 

Considering the presented examples, our dispersion characterization method seems to be 

potential tool for accurate HOD characterization in silicon nano-waveguides, which is 

fundamental for nonlinear optical propagation phenomena and applications in silicon 

photonics.  

2.5 Conclusions 

In conclusion, we have presented a diversity of experimental and theoretical examples of 

dispersion characterization (𝜆0 and HOD) in optical waveguides by using our measuring 

method based on FWM pumped by an incoherent-source.  

In long fibers we have experimentally demonstrated a dispersion-mapping version of our 

FWM-based measuring method, which is based in tuning the overlapping region between 

short optical pulses along the fiber. Previous dispersion-mapping experiments have ignored 

the effect of HOD. However, besides 𝜆0 we have been able to demonstrate high-order 

dispersion mapping in a DSF. Our dispersion maps along with numerical calculations of fiber 

dispersion reveal, for the first time, that  𝜆0 presents a comparatively smaller fluctuation than 

that of HOD in DSFs. In addition, in contrast to previous experiments based on FWM of short 

optical pulses, our dispersion maps reveal that the spatial resolution can be shorter than the 

overlapping region between pulses. This opens possibilities for exploring our method in 

shorter waveguides, for instance, in integrated-waveguide structures. 

In short fibers we have presented the capabilities of our method for obtaining accurate 

measurements of  𝜆0 and HOD (up to the fifth-order dispersion), and assuring the uniformity 

of the tested optical fiber. This has allowed us to study the change of fiber dispersion 

properties induced by bending, which had been limited due to the lack of accurate dispersion 

characterization methods. Therefore, we have been able to detect small and large variations 

on 𝜆0 caused by bending the fiber with large and tight bending radii, respectively. In addition, 

our results along with numerical calculations of fiber dispersion allowed us to explain the 

observed shift in terms of changes of the mode confinement that could be, analogously, 
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related with changes in fiber geometry. Our observations give insights of using bending for 

dispersion-engineering of nonlinear optical devices in optical fibers and other bent-waveguide 

structures. 

In silicon nano-waveguides we have theoretically evaluated the possibilities of applying 

our dispersion-characterization method. Although the effective length of silicon nano-

waveguides is limited to few cm, we have shown that the generated FWM power spectrum 

could be easily detected while using moderate pumping-power levels, which is explained by 

the nano-waveguide high nonlinear coefficient. In addition, we have shown that the 

dispersion of silicon nano-waveguides, dominated by the tight-optical confinement, is 

characterized by HOD parameters with larger magnitudes compared with those of optical 

fibers. Even though the large HOD leads to a reasonable spectral width of the generated FWM, 

the calculated results cannot be explained by considering up to the fourth-order dispersion in 

the phase-matching condition. Therefore, we have considered up to the fifth-order dispersion 

in the phase-matching condition of the FWM process and obtained a good agreement with 

our calculations. Although, a more complete study that includes single and two-photon 

absorption and the effects induced by the generated free carriers must be taken into account 

(effects that will be thoroughly studied in chapter 3), our presented calculations allow to 

consider our FWM-based method as a useful tool for HOD characterization in silicon nano-

waveguides and other integrated waveguides. 
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3. Linear and Nonlinear Generation and 

Dynamics of Free Carriers in Silicon Nano-

Waveguides at 1550 nm 

Given the tight optical confinement and high nonlinearity of silicon nano-waveguides, 

nonlinear optical effects such as Four-Wave Mixing (FWM) [23, 55], Stimulated Raman 

Scattering (SRS) [56] and Stimulated Brillouin Scattering (SBS) [57, 58] have been 

demonstrated near the 1550 nm spectral band (commonly used in optical communications). 

However, it has been recognized that the efficiency of these nonlinear effects is mainly limited 

due to Free-Carrier Absorption (FCA) [144, 23, 13], considering the high carrier densities 

generated by two-photon absorption (TPA) in silicon nano-waveguides [142]. Therefore, most 

demonstrations have been feasible by means of using either low CW pump power [55], short 

optical pulses (with durations ranging from hundreds of femtoseconds to few picoseconds) 

[23], or the implementation of a reverse biased p-i-n junction across the waveguide [56]. 

Other nonlinear optical effects studies in silicon nano-waveguides, instead of minimizing 

the effect of FCA, have included FCA and/or the induced Free-Carrier Disperison (FCD) in the 

analysis of signal propagation, showing that free-carrier effects and their dynamics play and 

important role in novel nonlinear phenomena and applications [59 – 66, 145, 146]. For 

instance, studies of soliton physics and supercontinuum generation [66, 60], Self-Phase 

Modulation (SPM) [59], FWM-based phase-sensitive amplification [64], and nonlinear 

phenomena in plasmonic waveguides [65].  

In addition, the consideration of free-carrier effects dynamics is crucial for time-resolved 

studies of nonlinear optical propagation in silicon micro-cavities [145, 146]. One common 

scenario in micro-cavities is the presence of opposite shifts of the resonance frequencies due 

to FCD (blue-shift) and self-heating (red-shift). The latter effect arises from the phonon-

assisted recombination of generated carriers in silicon that leads to an increase in 

temperature and, consequently, to a change in the refractive index via the thermo-optic effect 
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[147]. The combination of nonlinear, free-carrier, and thermal effects leads, for example, to 

self-oscillation [145, 146]. Moreover, the dynamics of free-carriers plays also an important 

role in the development of novel all-optical devices based in silicon nano-waveguides and 

cavities that allow to control the flow of light in integrated photonic circuits, such as 

modulators [67] and diodes [68]. 

The dynamics of free-carrier involve the mechanisms that generate excess of electron-hole 

pairs and those by which they recombine. On the one hand, free carriers are generated when 

the absorption of photons with higher energy than the bandgap, promotes an electron from 

the valence band to the conduction band and creates a hole in the valence band. Given the 

silicon bandgap of  ~1.12 eV, the generation of free carriers through single-photon absorption 

(SPA) for wavelengths above 1100 nm is usually ignored. Thus, optical carrier generation in 

silicon nano-waveguides at 1550 nm has been mainly attributed to two-photon absorption 

(TPA). However, free-carrier generation through SPA may also occur via intra-bandgap states 

at photon energies lower than the band gap. These intra-bandgap states may be a 

consequence of impurities, bulk defects, or surface states at the Si/SiO2 interface [148, 149, 

150]. As it will be presented later in this chapter, even though SPA corresponds to a minimum 

amount in the total linear propagation loss of nano-waveguides (i.e., about 7% in our tested 

waveguide), the generated carrier density due to SPA is considerable for low and medium 

power regimes (i.e., below 300 mW) [142]. 

On the other hand, after generation, excess carriers may recombine via different 

processes: (i) radiative recombination, (ii) Auger recombination, or (iii) via flaw states that act 

as recombination centers between the bandgap. Considering that Silicon is an indirect-

bandgap semiconductor, radiative recombination is usually neglected. Auger recombination 

can also be ignored since it becomes significant only for very high carrier densities (above 1018 

cm-3 [151, 152]). Consequently, the dominant carrier recombination mechanism in silicon 

nano-waveguides is via flaw states that, besides recombination centers, could act also as 

carrier traps. In the case of nano-waveguides, there is a significant carrier-trapping and, as we 

will show in this chapter, corresponds to the underlying mechanism of the complex 

recombination dynamics observed in nano-waveguides [143]. 
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In this chapter we present a detailed experimental and theoretical study on the dynamics 

of free-carriers generated by optical means in silicon strip (i.e., full-etched) nano-waveguides 

at the 1550 nm spectral band.  

In the first part of this chapter (Section 3.1) we study the optical generation of free carriers 

considering SPA and TPA. We present a numerical modeling, based on a one-dimensional 

finite difference approximation, that describes the propagation of a short optical pulse along 

the waveguide and the simultaneous generation and recombination of free carriers. We also 

present the details of the pump and probe experimental setup, used to obtain time-resolved 

information of the carrier density averaged along the waveguide and the instantaneous carrier 

lifetime.  In addition, we present a theoretical derivation of an expression for the generated 

average carrier density under low pumping power conditions. This expression was used to 

measure the SPA and TPA coefficients of our waveguide under test, by means of pump-and-

probe experiments. Finally, we present our experimental and theoretical results of the 

generated carrier density that are in a good agreement with the measured absorption 

coefficients.  

In the second part of this chapter (Section 3.2) we study the recombination of free carriers 

in silicon nano-waveguides. In this study we also perform pump-and-probe experiments and 

observe a nonlinear recombination dynamics. We first apply the carrier recombination and 

carrier trapping via flaw states to the particular case of nano-waveguides and explain the 

theoretical model used to evaluate the temporal decay dynamics of excess carriers in the 

presence of flaws. Afterwards, we compare our experimental observations with the 

theoretical results that present a qualitative good agreement and, therefore, explain the 

observed dynamics in terms of carrier-trapping. Finally, we present the possibilities to exploit 

the observed dynamics in all-optical switching applications. 
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3.1 Optical Linear and Nonlinear Absorption and Free-Carrier 

Generation in Silicon Nano-Waveguides 

Although over the spectral band of 1550 nm SPA is usually ignored in the case of bulk silicon, 

different studies in nano-waveguides have demonstrated that SPA becomes non-negligible 

[148, 149, 150]. For instance, some of these studies have demonstrated the use of SPA in the 

development of novel devices such as waveguide detectors [149] and power monitors [150]. 

In addition, the study in [148] has identified that SPA arises from surface-states in large 

surface-to-volume ratio nano-waveguides. However, even if the effect of SPA has been 

characterized by measurements of photocurrent [149], capacitance [150], or optical 

attenuation [148] as a function of the CW input power, none of these studies has directly 

characterized the SPA coefficient as a result of two principal limitations:  

(i) In order to estimate the SPA coefficient, a carrier lifetime must be assumed. 

However, the carrier lifetime in nano-waveguides is highly dependent on the 

temporal evolution of the carrier density due to carrier-trapping [143] and, 

therefore, it is not straightforward to assume a single carrier lifetime for CW 

pumping conditions.  

 

(ii) A value for the TPA coefficient must also be assumed in order to identify the 

individual contributions of SPA and TPA in the generated carrier density. Even 

though the measured TPA coefficient has been reported for bulk silicon at 1550 nm 

(i.e., 0.4 – 1.2 cm/GW [153, 154, 155]), TPA may also be enhanced in optical tight 

confinement waveguides. In the case of strip nano-waveguides, widely used 

guiding structures due to its single-mode operation and low bending losses [124], 

the TPA enhancement has only been observed for mid-infrared wavelengths (i.e., 

above 1775 nm) [156]. Thus, the TPA coefficient must also be accurately 

characterized in order to measure the SPA coefficient for a particular of waveguide. 

In this section we present how to measure simultaneously the instantaneous carrier 

lifetime, SPA and TPA coefficients. Our measuring method consists in time-resolved pump-



81 

 

 

 

and-probe experiments and the use of a derived analytical expression for the generated 

carrier density as a function of the pump power. In addition, we show how the measured SPA 

and TPA coefficients represent well the carrier generation and pump propagation as a function 

of the input pump power, observed in our experiments and simulated by numerical 

calculations. 

3.1.1 Modeling of pulse propagation and carrier dynamics 

The dynamics of free carriers is governed by generation and recombination processes that 

may be described by the following continuity equation: 

 
𝜕𝑁(𝑧, 𝑡)𝜕𝑡 = 𝐺(𝑧, 𝑡) − 𝑁(𝑧, 𝑡)𝜏𝑐 , (3.1) 

where 𝑁(𝑧, 𝑡) is the carrier density, 𝐺(𝑧, 𝑡) is the carrier generation rate, 𝑁(𝑧, 𝑡)/𝜏𝑐 is the 

recombination rate and 𝜏𝑐 is the carrier lifetime. Considering that free carriers are generated 

optically via SPA and TPA and disregarding other carrier generation mechanisms, 𝐺(𝑧, 𝑡) may 

be given by: 

 𝐺(𝑧, 𝑡) = 𝛼𝑆𝑃𝐴ℏ𝜔 𝐼(𝑧, 𝑡) + 𝛽𝑇𝑃𝐴2ℏ𝜔 𝐼2(𝑧, 𝑡), (3.2) 

where 𝛼𝑆𝑃𝐴 and 𝛽𝑇𝑃𝐴 are the SPA and TPA coefficients, ℏ𝜔 is the photon energy and 𝐼(𝑧, 𝑡) is 

the pump pulse intensity. In addition, the propagation of the pump pulse along the waveguide 

in the 𝑧 direction is given by [64]:  

 
𝜕𝐼(𝑧, 𝑡)𝜕𝑧 = −[𝛼 + 𝑆𝜎𝑟𝜂𝑁(𝑧, 𝑡) + 𝛽𝑇𝑃𝐴𝐼(𝑧, 𝑡)]𝐼(𝑧, 𝑡), (3.3) 

where 𝛼 is the linear attenuation coefficient that considers scattering as well as SPA losses 

(i.e. 𝛼 = 𝛼´ + 𝛼𝑆𝑃𝐴). The second term accounts for free-carrier absorption (FCA) where  𝜎𝑟 is 

the FCA cross-section for bulk-silicon and 𝑆 is the slow-light factor that considers the reduction 

of the group velocity in the waveguide compared with that of bulk silicon [62, 157]. The factor 𝜂 takes into account the overlap between the optical mode and the silicon core assuming that 

the carriers are uniformly distributed throughout the core due to the fast diffusion time, which 

is approximately 10 ps for our waveguide under test [143]. For other nano-waveguide 
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structures, for example rib waveguides, the diffusion of carriers over a larger area would cause 

a reduction of the carrier density that overlaps the optical mode. 

On the other hand, considering the use of a probe signal that is much weaker than the 

pump (i.e., in our work has been kept at least two orders of magnitude weaker), the 

propagation for the probe signal intensity 𝐼𝑠(𝑧, 𝑡) can also be described as [62]:  

 
𝜕𝐼𝑠(𝑧, 𝑡)𝜕𝑧 = −[𝛼 + 𝑆𝜎𝑟𝜂𝑁(𝑧, 𝑡) + 2𝛽𝑇𝑃𝐴𝐼(𝑧, 𝑡)]𝐼𝑠(𝑧, 𝑡), (3.4) 

Here we have assumed that the pump causes significant attenuation on the probe via non-

degenerate TPA but not the other way around. 

In order to solve the propagation of an optical pump pulse along the waveguide, we 

integrate Equation (3.3) and obtain a similar expression as the one presented in [62], given by: 

 𝐼(𝑧, 𝑡) = 𝐼(0, 𝑡)𝑒−𝛼𝑧𝑒−𝑆𝜎𝛼 ∫ 𝑁(𝑧´,𝑡)𝑑𝑧´𝑧0 𝑒−𝛽𝑇𝑃𝐴 ∫ 𝐼(𝑧´,𝑡)𝑑𝑧´𝑧0 , (3.5) 

where the different exponential terms consider linear attenuation, FCA and TPA. In addition, 

in order to solve the simultaneous optical generation of free-carriers due to SPA and TPA, and 

their recombination, we assume that Equation (3.1) has a solution of the form 𝑁 = 𝑁´𝑒−𝑡/𝜏𝑐  

and obtain the following expression (also similar to the one presented in [62]): 

 𝑁(𝑧, 𝑡) = 𝑒− 𝑡𝜏𝑐 ∫ 𝐺(𝑧, 𝑡´)𝑒 𝑡´𝜏𝑐𝑑𝑡´𝑡
−∞ . (3.6) 

In this assumption carriers recombine with a single 𝜏𝑐, which is valid for a short time after 

the pump pulse (i.e. few hundred ps for these particular waveguides [143]). However, as we 

will show in section 3.2, for later stages of recombination 𝜏𝑐 shows a significant dependency 

on carrier density as a consequence of carrier trapping by flaws. 

Solving numerically Equations (3.5) and (3.6) by means of a one-dimensional finite 

difference approximation, we are able to model the propagation of the pump pulse while 

evaluating the attenuation caused by linear losses, TPA and FCA, as well as the quantification 

of the carrier density generated by the pump. An example of our modeling is illustrated in 

Figure 3.1 for a Gaussian pulse of full-width at half maximum duration of  𝜏𝐹𝑊𝐻𝑀 = 80 ps of 



83 

 

 

 

and 100 mW of peak power. The left axis of Figure 3.1 shows the pulse at the input of the 

waveguide, whereas the right axis shows the generated carrier density for a silicon nano-

waveguide of 2.4 mm of length. We have presented the generated carrier density for the first 

and last segments of the waveguide (i.e. 𝑧 = 0.01 and 2.4 mm), as well as the longitudinally 

averaged carrier density. There are two important observations from Figure 3.1. First, it is 

worth noting that the longitudinal average of the generated carrier density does not depart 

significantly from the initial and final carrier densities for this short waveguide. This is an 

important observation, since our pump-and-probe experiments, performed over waveguides 

of few mm of length, just allows us to measure the longitudinal average of the carrier density. 

Second, note also that approximately 100 ps after the peak of the pump pulse, most carriers 

have been generated and, at the same time, no significant recombination has taken place. 

This is also an important remark, since it is used in our proposed approach to measure 𝛼𝑆𝑃𝐴 

and 𝛽𝑇𝑃𝐴.  

 

Figure 3.1: Numerical modeling of pulse propagation and carrier generation in silicon nano-waveguides. Pump 

pulses at the input of the waveguide (left axis) and generated carrier density (right axis). 

Another interesting numerical study consists in the evaluation of the pump power 

depletion due to FCA. This analysis is of particular importance, since it is highly-dependent on 

the pulse duration, and may be explained by observing Figure 3.1 and noting that it takes some 

time until a significant carrier-density is achieved. Therefore, the pulse width can be changed 
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to either reduce FCA pump-depletion or achieve higher carrier densities. In Figure 3.2 we show 

the calculated pulse peak power at the output of the waveguide as a function of that at the 

input. We have performed calculations for the same pulse of Figure 3.1 (i.e. 𝜏𝐹𝑊𝐻𝑀 = 80 ps) 

and compared the case that considers all attenuation mechanisms (i.e., linear losses, TPA and 

FCA), with the one that ignores FCA pump depletion. We have also included the calculation of 

pulses of 𝜏𝐹𝑊𝐻𝑀 = 40 and 10 ps, in both cases considering FCA pump depletion. Note that as 

the pulse width is reduced, there is an evident reduction of the effect of pump depletion due 

to FCA. It is important to point out that we have not evaluated even shorter pulses due to the 

fact that our model neglects the effect of dispersion, considering that the dispersion length 

(𝐿𝐷 = 𝜏𝐹𝑊𝐻𝑀2 /|𝛽2|, about 100 m for a pulse of 𝜏𝐹𝑊𝐻𝑀 = 10 ps in our tested waveguides) is 

longer than the length of the waveguide [64, 62].  

 

Figure 3.2: Numerical modeling of  the output peak power vs. input peak power with and without considering 

FCA. 

The fact that the effect of pump depletion due to FCA is negligible for ultrashort pulses 

(i.e., from hundreds of fs to few ps pulse duration) is useful, for example, in measuring 𝛽𝑇𝑃𝐴 

in waveguides, since a simple analytical expression for the pump intensity is derived in this 

regime, and 𝛽𝑇𝑃𝐴 can be obtained by fitting the pump transmittance as a function of the input 

peak power [138, 158, 156]. However, in the absence of ultrashort pulse sources one must 

use a precise model that considers carrier generation and, thus, FCA-induced pump depletion. 



85 

 

 

 

In addition, by using pulses with tens of picoseconds duration and taking into account the 

generation of free carriers, allows one to obtain accurate measurements of important 

parameters for a particular waveguide such as 𝛼𝑆𝑃𝐴, 𝛽𝑇𝑃𝐴 and 𝜏𝑐 as it is shown in this chapter. 

Table 3.1 summarizes all simulation parameters used for the modeling used in Figure 3.1 

and Figure 3.2. 

 

Simulation parameter Value 

Waveguide length (𝑳) 2.4 mm 

Effective Area (𝑨𝒆𝒇𝒇) 0.11 m2 

Carrier lifetime (𝝉𝒄) 800 ps 

Linear attenuation coefficient (𝜶) 1.4 dB/cm 

Single photon absorption coefficient (𝜶𝑺𝑷𝑨) 1.9 m−1 

Two photon absorption coefficient (𝜷𝑻𝑷𝑨) 1.5 cm/GW 

Slow light enhancement factor (𝑺) 1.19 

Free-carrier absorption cross section (𝝈𝒓) 1.45 × 10−17 cm2 

Overlap between optical mode and core (𝜼) 0.77 

Pump wavelength (𝝀) 1547 nm 

Table 3.1: Summary of parameters used for the numerical calculation of pulse propagation and carrier 

generation. 

3.1.2 Pump and probe experimental setup 

The pump and probe experimental setup that we have configured and used to perform the 

measurements presented in this chapter is described in Figure 3.3. This setup is subdivided in 

different stages such as the pump pulse, CW probe, waveguide under test, and detection.  
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For the pump pulse, a CW laser tuned at 1547 nm was modulated by an electro-optic 

Mach-Zehnder modulator (MZM, iXblue MXER-LN-20) with extinction ratio > 30 dB and 20 GHz 

bandwidth. The modulator was driven by an RF electrical pulse train of 500 kHz repetition rate 

(i.e. 2 s period) and 𝜏𝐹𝑊𝐻𝑀 = 80 ps (the pulse width could be actually varied from 80 ps up 

to the pulse train period). The RF pulse train was obtained from a pulse pattern generator 

(PPG1, Agilent 81142A), and passed through an RF amplifier in order to obtain enough RF 

voltage and maximize the extinction ratio of the optical pulses. The optical pulse train of 

approximately 3 mW peak power was amplified by an EDFA (Keopsys Pulsed Erbium Fiber 

Amplifier), obtaining ~40 W of peak power (> 40 dB gain). Although the low repetition rate 

was selected to minimize carrier accumulation effects between pulses, we have taken two 

additional experimental precautions. First, an optical bandpass filter (BPF1, OZ Optics 

Manually Adjustable Tunable Filters) was used after the EDFA to suppress out-of-band ASE. 

Second, an acousto-optic modulator (AOM, Gooch&Housego T-M200) of > 50 dB extinction 

ratio was used to minimize any residual CW optical power between pulses. The AOM was 

driven by an RF pulse train of 20 ns width, generated by a second pulse pattern generator 

(PPG2, Agilent 81160A). PPG2 was triggered by PPG1 (represented by the discontinuous line 

in Figure 3.3), thus both had the same repetition rate. A variable optical attenuator (VOA1, 

JDSU mVOA-A2) was used to control the pump power, allowing to maintain the same 

operating conditions of the EDFA over all measurements. A polarization controller (PC1) was 

used to minimize optical losses of the waveguide under test, assuring the coupling of the 

quasi-TE fundamental mode in the strip silicon nano-waveguide. Finally, a fiber coupler was 

used to derive 1% of the power to monitor the pump pulse shape and peak power by means 

of an external 20 GHz photodetector (Picometrix DG-15xr) and an electrical input (Ch2) of a 

wide-bandwidth oscilloscope (Infiniium DCA-J Agilent 86100C). 
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Figure 3.3: Pump and probe experimental setup. 

The probe was derived from a second CW laser tuned at 1549 nm, and a polarization 

controller (PC2) was also used to warrant the coupling of the quasi-TE fundamental mode in 

the waveguide under test. In addition, we kept the power of the probe around 50 W (power 

coupled into the waveguide) to minimize the effect of carriers generated by the probe. A fiber 

coupler was used to combine 90% of the pump and 10% of the probe before the waveguide 

under test. The optical spectrum of both combined signals is shown in Figure 3.4(a). The 

selection of the wavelengths of the pump and the probe was based on two reasons. First, the 

spectral response of the grating couplers used for coupling light in and out the waveguide 

under test exhibit maximum transmittance around these wavelengths. Second, the separation 

of 2 nm was enough to separate both pump and probe before detection, by means of optical 

filtering.  

 

Figure 3.4: (a) Optical power spectrum before the waveguide under test (resolution bandwidth of 10 pm). (b) 

Light coupling in and out the waveguide through grating couplers.  

The waveguide under test was a silicon strip nano-waveguide of 220 nm × 450 nm cross-

section and 2.4 mm of length. The waveguide had silicon oxide cladding and was fabricated at 

a CMOS foundry (IMEC/Europractice) by means of optical lithography and inductively-coupled 

plasma reactive ion etching (ICP-RIE). As it was mentioned, the light was coupled from a 

cleaved fiber to the waveguide by means of grating couplers as shown in Figure 3.4(b). We 

used two additional waveguides of different lengths (i.e. 5.9 and 30 mm) to measure coupling 
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and propagation losses by linear regression, and obtained a propagation loss of 1.4 dB/cm and 

3.7 dB for the coupling loss between the grating and the cleaved fiber. 

For the detection stage, a 10-90 fiber coupler was used at the output of the waveguide 

under test. 10% of the power was derived to measure the power and shape of the pump 

pulses, by means of an optical input (Ch1) of the wide-bandwidth oscilloscope, which has a 

built-in photodetector of 28 GHz bandwidth. A variable optical attenuator (VOA2, Anritsu 

MN9610B) was used to prevent saturation of the photodetector in the case of high pumping 

power. The additional 90% of the power was used for the detection of the probe. Two optical 

bandpass filters (BPF2 and BPF3, Yenista XTM-50 and Santec OTF-950 respectively) with > 40 

dB out-of-band rejection were used to suppress the pump. Due to the high insertion losses of 

BPF2 and BPF3 (around 5 dB each), a low noise pre-EDFA (IPG Photonics) was used to amplify 

the probe. Finally, an additional bandpass filter (BPF4, Yenista WSM-160) was used to reduce 

out-of-band ASE resulting from pre-EDFA, thus increasing the signal to noise ratio (SNR) of the 

probe before detection as it is shown in Figure 3.5(a). Ch1 was switched to measure both the 

probe power and the output pulses.  

Our interest is to identify the effect of the carriers generated by SPA and TPA via the FCA 

evidenced by the probe. Thus, by calculating the ratio between the detected probe power in 

the absence of the pump (pump off) and the probe power in the presence of the pump (pump 

on), we were able to obtain the normalized transmittance 𝑇(𝑡). Therefore, the normalized 

transmittance accounts for non-degenerate TPA and FCA and excludes linear losses. Several 

samples of the normalized transmittance were averaged to the reduce the high-frequency 

noise of the wideband of the photodetector. The number of averaged traces depended on the 

pump power, for instance, 75 traces were captured for the pump peak power of 10 mW, 

whereas only 5 traces were needed for the pump peak power of 1 W. We have also verified 

that the pump power did not vary significantly while capturing the traces.  Figure 3.5(b) shows 

the normalized transmittance for different pump pulse peak power (𝑃0) coupled at the input 

of the waveguide (i.e. 𝑃0= 100, 360 and 670 mW).  
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Figure 3.5: (a) Optical power spectrum before and after BPF4 (resolution bandwidth of 10 pm). (b) Normalized 

transmittance of the probe for different input power levels,  𝑃0 = 100, 360 and 670 mW. 

Note that two regions may be identified from Figure 3.5(b), an initial region dominated by 

non-degenerate TPA that shows an initial rapid decay of the normalized transmittance, and a 

following region dominated by FCA that shows a slow increase in the normalize transmittance 

as a result of carrier recombination. As we have shown in our numerical examples in previous 

sections, at a time 𝑡0= 100 ps after the peak of the pump pulse, the generated carrier density 

has achieved its maximum and no significant amount of carriers have recombined, considering 

the measured instantaneous carrier lifetime at the beginning of the recombination is 𝜏𝑐= 800 

ps [143].  

By neglecting the third term in Equation (3.4) and integrating along the waveguide of 

length 𝐿 (i.e., from 𝑧 = 0 to 𝑧 = 𝐿), it is possible to derive the following expression for the 

normalized transmittance: 

 𝑇(𝑡) = 𝐼𝑠(𝐿, 𝑡)𝐼𝑠(0, 𝑡)e(−𝛼𝐿) = 𝑒[−𝑆𝜎𝑟𝜂𝐿𝑁̅(𝑡)], (3.7) 

where the longitudinally averaged carrier density has been defined as 𝑁̅(𝑡) ≡𝐿−1 ∫ 𝑁(𝑧, 𝑡)𝑑𝑧𝐿0  in [159]. Thus, it is quite straightforward to obtain an expression for the 

measured average carrier density 𝑁̅ at 𝑡0 given by [142]: 

 𝑁̅(𝑡0) = − ln[𝑇(𝑡0)]𝑆𝜎𝑟𝜂𝐿 . (3.8) 



90 

 

 

 

We have used the same set of parameters considered in our numerical calculations of  𝜎𝑟 

= 1.45 × 10−17 cm2 as reported for bulk silicon at 1550 nm [61, 160]. We have calculated a 

value of 𝑆 = 1.19 and 𝜂 = 0.77 for our waveguide under test. In Figure 3.6 we present the 

measured average carrier density as a function of input power, 𝑃0.  

 

Figure 3.6: measured average carrier density 𝑁(𝑡0) as a function of the pump pulse peak power 𝑃0. 

Note from Figure 3.6 that the carrier density increases rapidly for low pump power (i.e. 

below 200 mW) as a result of carrier generation via SPA and TPA in the waveguide. In contrast, 

for higher pump power there is an evident reduction in the rate at which carrier density grows, 

which could be attributed to the fact that the pump is being depleted due to FCA at high carrier 

densities. Therefore, if FCA pump depletion could be neglected for low pump power, it would 

be easier to derive an analytical expression for the average carrier density as a function of the 

pump power, in terms of the linear and nonlinear absorption coefficients 𝛼𝑆𝑃𝐴 and 𝛽𝑇𝑃𝐴. In 

the next section we will show such derivation, as well as the use of the resultant expressions 

in the measurement of 𝛼𝑆𝑃𝐴 and 𝛽𝑇𝑃𝐴 for our waveguide under test. 

3.1.3 Measurement of the linear and nonlinear absorption coefficients in silicon nano-

waveguides 

For relatively low power levels, the FCA term in Equation (3.3) may be neglected. Thus, the 

propagation of the pump intensity propagation along the waveguide is now given by: 
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𝜕𝐼(𝑧, 𝑡)𝜕𝑧 = −[𝛼 + 𝛽𝑇𝑃𝐴𝐼(𝑧, 𝑡)]𝐼(𝑧, 𝑡). (3.9) 

Then, by integrating Equation (3.9), an analytical expression can be obtained for the pump 

intensity [64, 62, 59]: 

 𝐼(𝑧, 𝑡) = 𝐼(0, 𝑡)𝑒−𝛼𝑧1 + 𝛽𝑇𝑃𝐴𝐼(0, 𝑡)𝐿𝑒𝑓𝑓 , (3.10) 

where 𝐼(0, 𝑡) is the pump intensity at the input of the waveguide and 𝐿𝑒𝑓𝑓 = (1 − 𝑒−𝛼𝑧)/𝛼 is 

the effective length.  

Considering that our measurements correspond to the longitudinal average of the carrier 

density and using Equations (3.2) and (3.6) we arrive to an expression of the form: 

 𝑁̅ = 𝑒− 𝑡𝜏𝑐 ∫ [𝛼𝑆𝑃𝐴ℏ𝜔 𝐼(̅𝑡´) + 𝛽𝑇𝑃𝐴2ℏ𝜔 𝐼2̅(𝑡´)]𝑡
−∞ 𝑒 𝑡´𝜏𝑐  𝑑𝑡´, (3.11) 

where 𝐼(̅𝑡) = 𝐿−1 ∫ 𝐼(𝑧, 𝑡)𝑑𝑧𝐿0  and 𝐼2̅(𝑡) = 𝐿−1 ∫ 𝐼2(𝑧, 𝑡)𝑑𝑧𝐿0  are the spatial average of the 

pump intensity and squared intensity, respectively. By using the analytical expression for the 

pump intensity of Equation (3.10), that is obtained ignoring FCA pump depletion, 𝐼(̅𝑡) and 𝐼2̅(𝑡) can also be solved analytically leading to: 

 

𝐼(̅𝑡) = 𝐼(0, 𝑡) 𝐿𝑒𝑓𝑓𝐿 [1 − 𝛽𝑇𝑃𝐴𝐼(0, 𝑡)𝐿𝑒𝑓𝑓2 ], 
𝐼2̅(𝑡) = 𝐼2(0, 𝑡) 𝐿𝑒𝑓𝑓,2𝐿 , (3.12) 

where  𝐿𝑒𝑓𝑓,2 = (1 − 𝑒−2𝛼𝑧)/(2𝛼) stands for the effective length of the squared intensity. In 

the derivation of Equation (3.12) we have just assumed terms up to the second order in the 

pump intensity 𝐼(𝑧, 𝑡), we will show later that this is valid for relatively low pump power (i.e. 

below 100 mW).  

The extra time integral in Equation (3.11) can be also solved analytically assuming a 

Gaussian pulse excitation at the input of the waveguide under test, which is defined as: 
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 𝐼(0, 𝑡) = 𝐼0𝑒− 𝑡22𝜎2 , (3.13) 

where 𝐼0 is the peak intensity of the pump pulse and 𝜎 is related to the pulse duration as 𝑡𝐹𝑊𝐻𝑀 = 2𝜎√2ln(2). As discussed earlier in this chapter, considering that the carrier density 

is measured at 𝑡 = 𝑡0, the evaluation of the implicit time convolutions for 𝐼(0, 𝑡) and 𝐼2(0, 𝑡) 

that result from replacing Equations (3.12) and (3.13) in Equation (3.11),  allows to represent 

the pump intensity and squared intensity as the products 𝐼0𝜏1 and 𝐼02𝜏2, where the time 

constants 𝜏𝑛[𝑛 = 1,2] may be evaluated by using following approximation: 

 𝜏𝑛 = 12 ∫ 𝑒−𝑛𝑡22𝜎2  𝑒 𝑡𝜏𝑐𝑡0−∞ 𝑑𝑡 ≈ ∫ 𝑒−𝑛𝑡22𝜎2  𝑒 𝑡𝜏𝑐0
−∞ 𝑑𝑡. (3.14) 

Finally, considering Equations (3.11) – (3.14) we present an expression for 𝑁̅(𝑡0) as a 

function of 𝑃0 given by: 

 

𝑁̅(𝑡0)𝑃0 = 𝑎 + 𝑏𝑃0, 
𝑎 = 2𝛼𝑆𝑃𝐴𝜏1ℏ𝜔𝐴𝑒𝑓𝑓 𝐿𝑒𝑓𝑓𝐿 𝑒−𝑡0𝜏𝑐 , 

𝑏 = 𝛽𝑇𝑃𝐴𝜏2ℏ𝜔𝐴𝑒𝑓𝑓2 (𝐿𝑒𝑓𝑓,2𝐿 − 𝛼𝑆𝑃𝐴𝐿𝑒𝑓𝑓2𝐿 ) 𝑒−𝑡0𝜏𝑐 . 
 

(3.15) 

We have intentionally presented Equation (3.15) as a linear expression for two reasons. 

First, both SPA and TPA coefficients may be retrieved from a simple linear fitting of the 

measured data. Second, the presence of SPA in a particular waveguide is clearly evidenced if 

the results of the fitting present a non-zero intercept. In Figure 3.7 we present the measured 

carrier density to peak power ratio, 𝑁̅(𝑡0)/𝑃0, as a function of the input power for our 

waveguide under test for relatively low power (i.e. 𝑃0 = 10 to 100 mW). Note that our 

measurements show a clearly linear dependence of 𝑁̅(𝑡0)/𝑃0 with 𝑃0, and also present a non-

zero intercept. This means that our analytical approach is valid for such power range and that 

our waveguide under test presents SPA. However, for higher 𝑃0 we observed that our 
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measurements depart from the linear dependence, which represents that FCA pump 

depletion must be considered for higher 𝑃0. By performing a linear fitting of our 

measurements and using the relations of the fitted coefficients 𝑎 and 𝑏 with SPA and TPA 

coefficients given in Equation (3.15), we have obtained the measured coefficients  𝛼𝑆𝑃𝐴 = 1.9 ± 0.1 m–1 and 𝛽𝑇𝑃𝐴 = 1.5 ± 0.1 cm/GW for our waveguide under test. 

 

Figure 3.7: Carrier density to input pulse peak power ratio for peak power levels up to 100 mW. The straight 

line represents the linear performed linear fitting to retrieve the absorption coefficients of our waveguide 

under test. 

3.1.4 Comparison of experiments with simulations 

We compare in Figure 3.8 our measurements of the averaged carrier density for a wide range 

of power (i.e., 10 mW to 1 W) with the simulated results obtained from our numerical model, 

that considers FCA pump depletion. The results of Figure 3.8 have been presented in 

logarithmic scale for both axes in order to ease the visualization of the low-power and high-

power regimes. The good agreement of the simulation with our experiments is a good 

evidence of the validity of our measured absorption coefficients, 𝛼𝑆𝑃𝐴 = 1.9 ± 0.1 m–1 

(equivalent to linear loss of ~0.1 dB/cm) and 𝛽𝑇𝑃𝐴 = 1.5 ± 0.1 cm/GW, as these values have 

been used in our calculations as well as the measured  𝜏𝑐= 800 ps [143]. In addition, our 

numerical model allows us to identify the individual contribution of each carrier generation 

mechanism. Thus, we have recognized three different regions delimited by vertical lines in 
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Figure 3.8. The region below ~5 mW is evidently dominated by SPA, whereas the region above ~300 mW is dominated by TPA. For the region in between, one may note that both carrier 

generation mechanisms have significant contributions and, therefore, should be considered.  

 

Figure 3.8: Comparison between the measured and simulated carrier density as a function of the input peak 

power. Individual contributions of the generation of free carriers via SPA only and TPA only.  

One important observations from our results is that the measured 𝛽𝑇𝑃𝐴 coefficient for the 

waveguide under test is higher than the measured value for bulk silicon at 1550, which has 

been reported by different groups, and their measurements (including the reported 

uncertainties) are within the range of 0.4 – 1.2 cm/GW [153, 154, 155]. Therefore, in order to 

validate the measured 𝛽𝑇𝑃𝐴 for our waveguide under test, we have performed additional 

measurements of the pump pulse peak power at the output of the waveguide (before the 

grating coupler) as a function of that at the input (coupled into the waveguide). These 

measurements are presented in Figure 3.9 in conjunction with simulated results also obtained 

from our numerical model. We have also performed measurements in both coupling 

directions (forward and backward) to verify the balance in the coupling losses, which is 

validated given the good agreement between the data in both coupling directions. Note also 

that the good agreement of our simulations with our measured data also validates the 

measured absorption coefficients. 
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Figure 3.9: Comparison between measured and simulated pump peak power at the output of the waveguide as 

a funciton of the input peak power. The measurements were performed in both forward and backward 

coupling directions (forward and backward). 

3.1.5 Discussion 

In this section we have presented a thorough theoretical and experimental description of 

optical linear and nonlinear absorption mechanisms in silicon nano-waveguides at the spectral 

band around 1550 nm, as well as their contribution in carrier generation. Our pump-and-probe 

experiments along with developed analytical expressions allow to simultaneously measure the 

SPA and TPA coefficients and the instantaneous carrier life-time. Such comprehensive 

characterization, to the best of our knowledge, has not been presented before.  

The measured SPA coefficient 𝛼𝑆𝑃𝐴 = 1.9 ± 0.1 m–1 corresponds to approximately a 7% of 

the total linear propagation loss in our waveguides (~1.4 dB/cm). However, we have shown 

that its contribution to carrier generation is non-negligible and must be considered for a low 

and mid-range input power (below 300 mW). Even though, the measured SPA coefficient 

corresponds to the particular waveguide under test, considering that strip silicon waveguides 

of 220 nm × 450 nm cross-section are widely used and that our waveguide was fabricated at 

a CMOS foundry, that uses well-stablished processing methods, our results could be applied 

to similar waveguides. Moreover, our presented method can be used by other groups to test 

their samples and fabrication processes. 
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In regards to the TPA coefficient, its value has been characterized in different silicon wave-

guiding structures that can be classified in three types [138, 161, 158, 62, 162, 156]:  

(i) Waveguides with larger cross-section area than our tested nano-waveguide [138, 

161, 158], which present measured TPA coefficients comparable with the values 

reported for bulk.  

(ii) Photonic crystal waveguides that exhibit a significantly lower group velocity 

compared with bulk silicon [62, 162]. This reduction in the group velocity leads to 

the well-known slow-light enhancement of nonlinear optical effects [157] that, 

along with the optical tight confinement, have shown a significant enhancement 

of TPA compared with bulk.  

(iii) Nano-waveguides with similar dimensions of our tested waveguide. In this case, 

only the study in [156] has reported measured values for the TPA coefficient and 

exhibit an enhancement compared with bulk. However, their measurements 

(performed at wavelengths longer than 1775 nm) do not allow to estimate the TPA 

coefficient at 1550 nm. Therefore, the measured 𝛽𝑇𝑃𝐴 = 1.5 ± 0.1 cm/GW in our 

work is the first value reported for a silicon strip nano-waveguide at 1550 nm. In 

addition, by calculating the enhancement of the TPA coefficient that considers the 

reduction of the group velocity and the optical tight confinement [71, 72], the 

tested nano-waveguide results in a ≈20% enhancement compared with bulk. 

Considering this enhancement, our measurement is in agreement with the 

reported values for bulk silicon and larger cross-section waveguides (i.e., the top 

value within the range of 0.4 – 1.2 cm/GW). 

Both the measured SPA and enhanced TPA lead to a large carrier density, even for low 

power applications. Given the importance of silicon strip nano-waveguides in several 

applications, most of them developed at the 1550 nm spectral band used for optical 

communications, our measurements and our proposed method are of great importance in the 

development of novel silicon photonic devices. 
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3.2 Nonlinear Carrier Recombination dynamics in Silicon Nano-

Waveguides 

Once excess carriers have been generated by means of a short optical pulse via SPA and TPA, 

the mechanisms of carrier diffusion and recombination start to modify the density of excess 

carriers that attenuate the optical probe through FCA. On the one hand, carriers diffuse 

spatially and rapidly become uniformly distributed over the waveguide cross-section. For 

instance, in the case of a silicon strip waveguide of 450 nm of width, we have calculated that 

takes about 5 ps for electrons and 15 ps for holes to diffuse until the carrier density reaches a 

uniform distribution over the waveguide cross-section [143]. On the other hand, we have 

already shown that for earlier stages the excess carriers recombine at an initial 𝜏𝑐 = 800 ps. 

However, for later stages of recombination our experiments reveal that carriers do not 

recombine with a single carrier lifetime, but present a complex recombination dynamics that 

becomes slower as the carrier density is reduced. In order to illustrate this, we show in Figure 

3.10(a) a sample of the normalized transmittance obtained by means of the same 

experimental setup described in Section 3.1.2, but in this case using a pulse of 𝜏𝐹𝑊𝐻𝑀 = 130 

ps and a 5.9 mm long silicon strip nano-waveguide of 220 nm × 450 nm cross-section  and 

silica cladding. We also superimpose over the normalized transmittance of Figure 3.10(a) a 

fitting of the form exp[−𝐴 exp(−𝑡/𝜏𝑐)] [58], where 𝐴 is a constant and 𝜏𝑐= 800 ps. Note that 

the exponential fitting matches just the initial stage of recombination, whereas there is an 

evident slower decay dynamics for later stages.  
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Figure 3.10: (a) Measured normalized transmittance and single lifetime fitting. (b) Measured averaged carrier 

density as a function of time for different pump power levels.  

We also present our measurements of the average carrier density as a function of time in 

Figure 3.10(b) for different pump power levels, obtained from the normalized transmittance 

after the region dominated by non-degenerate TPA and using Equation (3.8). There are two 

important observations from our measurements in Figure 3.10(b): first, considering that the 

carrier density is presented in logarithmic scale, an exponential decay with a single lifetime 

would correspond to a straight line. In contrast, our results show a clear carrier lifetime 

dependency on the carrier density i.e., 𝜏𝑐(𝑁), in which there is a fast drop in the carrier density 

for higher densities and a slower dynamics for lower densities. Second, there is also a clear 

dependence of the decay dynamics on the initial pump power, which is evidenced by the 

different decay trajectories of the carrier density from a particular initial density (𝑁0). Our 

observations are qualitatively explained by the trap-assisted recombination that, although 

corresponds to a well-established process in semiconductors [163, 164] and  has been applied 

in the context of solar cells [165], to the best of our knowledge, has not been explored in 

silicon photonics or other semiconductor photonic platforms. 

3.2.1 Recombination via flaw states and carrier trapping in silicon nano-waveguides 

In the optical generation of excess carriers via SPA and TPA in the nano-waveguide, electrons 

and holes are generated in equal amounts. Once generated, excess carriers recombine via 

states located within the gap that arise from permanent perturbations of the lattice, also 
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known as flaws [163]. The term “flaw” was suggested in [166] and also adopted in [163] to 

generally describe all possible causes of lattice perturbations such as impurities and defects. 

There are different ways by which carriers are recombined via flaws. For example, a flaw 

may capture an electron from the conduction band, and then transfer the electron to the 

valence band by capturing a hole [164]. However, besides acting as recombination centers 

between the bandgap, flaws may also act as temporary carrier traps. For example, the electron 

may be re-excited to the conduction band after being trapped in the flaw [163]. The role of 

flaws either as recombination centers or traps depends on the asymmetry between the 

capture cross-sections for electrons (𝜎𝑒) and holes (𝜎ℎ) and flaws energy levels [163] (which, 

will be explained in the next subsection 3.2.2). Particularly, significant trapping takes places 

for large density of flaws 𝐷𝑓, which implies that electrons or holes remain in the flaws long 

enough time and cause that the density of electrons in the conduction band (𝑛𝑒) or holes in 

the valence band (𝑝𝑒) decay at significantly different rates. This difference between the decay 

rates for electrons and holes results in a carrier imbalance (i.e., 𝑝𝑒 ≠ 𝑛𝑒), and therefore gives 

rise to a non-linear decay dynamics of the excess carrier density. 

From our experiments, we are able observe the decay of the carrier density [see Figure 

3.10(b)] by measuring FCA, which follows the dynamics of (𝑛𝑒 + 𝑝𝑒). Therefore, considering 

that the exact FCA coefficient (𝛼𝑓 = 𝜎𝑟𝑁) takes into account the weighted sum of excess 

electrons and holes as [61, 160]:  

 𝛼𝑓 = (8.5𝑛𝑒 + 6.0𝑝𝑒) × 10−18cm−1, (3.16) 

we cannot identify the decay of 𝑛𝑒 and 𝑝𝑒 separately by means of our pump-and-probe 

experiments. For this reason, we will use a theoretical model (that will be described in the 

next subsection 3.2.2) proposed in [167, 168, 163] that allows to evaluate the decay of 𝑛𝑒 and 𝑝𝑒, taking into account the effect of recombination via flaws and carrier-trapping. 

In the case of a nano-waveguide (illustrated in Figure 3.11), we assume that the number 

of flaws over the lateral surfaces is significantly larger. This is expected considering that top 

and bottom surfaces of silicon-on-insulator (SOI) waveguides are generally smooth [169] and 

that the lateral surfaces of the waveguides used in our experiments were patterned by optical 





101 

 

 

 

Comparing Equations (3.17) and (3.18), one can see that the excess carrier unbalance can 

be as high as 𝐷𝑓 or 2𝐷𝑠/𝑊 in the cases of volume or surface carrier-trapping, respectively. 

However, in the case surface carrier-trapping, the carrier unbalance can be increased either 

by reducing 𝑊 or increasing 𝐷𝑠, and therefore produce a significant non-linear decay 

dynamics as the one observed in our experiments.  

In the next subsection we will describe the model used to evaluate the decay dynamics of 𝑛𝑒 and 𝑝𝑒involving the process of recombination and carrier trapping through flaws.  

3.2.2 Model of the dynamics of excess carriers in the presence of flaws 

The model used in our study [163, 167, 168] considers that excess carriers recombine through 

a set of “monovalent” flaws with density  𝐷𝑓 and a single energy level  𝜙𝑓 within the bandgap. 

The term monovalent stands for the possibility of the flaw to be in two states, either “full” or 

“empty,” and separated by a charge 𝑞.  The charge attributed to each state depends whether 

the flaw is donor or acceptor-like. A donor-like flaw is electrically neutral when full and 

charged when empty. Therefore, it is more likely to capture electrons than holes due to 

Coulomb attraction, resulting in a relationship between capture cross-sections such that 𝜎𝑛 >𝜎𝑝. In contrast, acceptor-like flaws are electrically neutral when empty, charged when full and 

characterized by 𝜎𝑝 > 𝜎𝑛. As reported in [165], for the interface between silicon and silicon 

oxide (Si-SiO2) 𝜎𝑛 > 𝜎𝑝, thus we may assume that flaws at the surface of our tested 

waveguides can be considered as donor-like flaws.  

The rate at which electrons are captured by flaws is given by [163]: 

 𝑟 = 𝑛[1 − 𝑃𝑒(𝜙𝑓)]𝜏𝑛 , (3.19) 

where 𝑛 accounts for the equilibrium and excess electron densities, i.e. (𝑛0 + 𝑛𝑒);  𝜏𝑛 =1/(𝐷𝑓𝜎𝑛𝑣𝑛) is the shortest possible time constant for electron capture (being 𝑣𝑛 the electron 

thermal velocity); and 𝑃𝑒(𝜙𝑓) corresponds to the flaw occupancy, considering those that are 

filled at thermal equilibrium and those that must be filled to maintain charge neutrality. In 

addition, besides electron-capture, in thermal equilibrium flaws may also emit electrons 

simultaneously at a rate given by [163]: 
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 𝑔 = 𝑛1𝑃𝑒(𝜙𝑓)𝜏𝑛 , (3.20) 

where 𝑛1is the thermal electron density when the Fermi level 𝜙 is coincident with 𝜙𝑓. Thus, 

the net rate for electron capture may be given by [163]: 

 

(𝑟 − 𝑔) = 𝑛[1 − 𝑃𝑒(𝜙𝑓)] − 𝑛1𝑃𝑒(𝜙𝑓)𝜏𝑛  

= 1𝜏𝑛 [(𝑛0 + 𝑛1 + 𝑛𝑒)(𝑛𝑒 − 𝑝𝑒)𝐷𝑓 + 𝑛𝑒𝑛1𝑛1 + 𝑛0]. (3.21) 

Consequently, considering that the net carrier transitions to the flaws in Equation (3.21) 

correspond to the main recombination mechanism, that the carriers are generated at a rate 𝐺, and using the  continuity equation for carrier dynamics of Equation (3.1), the temporal 

dynamics of the excess electron density 𝑛𝑒 is then given by [163]: 

 
𝜕𝑛𝑒𝜕𝑡 = 𝐺 − 1𝜏𝑛 [(𝑛0 + 𝑛1 + 𝑛𝑒)(𝑛𝑒 − 𝑝𝑒)𝐷𝑓 + 𝑛𝑒𝑛1𝑛1 + 𝑛0]. (3.22) 

Correspondingly, a similar equation that describes the temporal dynamics of the excess 

hole density 𝑝𝑒 may be given as [163]: 

 
𝜕𝑝𝑒𝜕𝑡 = 𝐺 − 1𝜏𝑝 [(𝑝0 + 𝑝1 + 𝑝𝑒)(𝑝𝑒 − 𝑛𝑒)𝐷𝑓 + 𝑝𝑒𝑝1𝑝0 + 𝑝1], (3.23) 

where  𝜏𝑝 = 1/(𝐷𝑓𝜎𝑝𝑣𝑝) is the shortest possible time constant for hole capture, 𝑣𝑝 is the hole 

thermal velocity, 𝑝0 is the equilibrium hole density, and 𝑝1is thermal hole density when the 

Fermi level 𝜙 is coincident with 𝜙𝑓. 

Equations (3.22) and (3.23) can be handled by adopting a dimensionless notation, which 

is convenient when analyzing carrier transient decay dynamics [143, 163]. Considering that 

the silicon used to fabricate our tested SOI waveguides was p-type, the equilibrium hole 

density 𝑝0 is used as a normalizing parameter and, therefore, Equations (3.22) and (3.23) can 

be written as: 
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𝜕𝑥𝜕𝑡′ = 𝐺′ − [(𝑥 − 𝑦)[𝑥 + 𝑎(1 + 𝑏)]𝐷 + 𝑥1 + 𝑏], (3.24) 

 
𝜕𝑦𝜕𝑡′ = 𝐺′ − [𝛾(𝑦 − 𝑥)(𝑦 + 1 + 𝑏)𝐷 + 𝛾𝑏𝑦1 + 𝑏], (3.25) 

where 𝑥 = 𝑛𝑒/𝑝0 and 𝑦 = 𝑛𝑒/𝑝0 are the normalized excess electron and hole densities, 

respectively. Similarly, the normalization applies for the thermal electron (𝑎 = 𝑛1/𝑝0) and 

hole (𝑏 = 𝑝1/𝑝0) densities when the Fermi level 𝜙 is coincident with 𝜙𝑓, the density of flaws 

(𝐷 = 𝐷𝑓/𝑝0) and the generation rate (𝐺′ = 𝐺𝜏𝑛/𝑝0). The parameter 𝛾 = 𝜏𝑛/𝜏𝑝 determines 

whether a flaw is donor or acceptor-like, being smaller than unity for donor-like flaws and 

larger than unity for acceptor-like flaws. In addition, the time variable 𝑡′ has been normalized 

by the shortest capture time constant that, in our case, corresponds to 𝑡′ = 𝑡/𝜏𝑛. 

Given the short pulse excitation used in our experiments (i.e., 𝜏𝐹𝑊𝐻𝑀 = 130 ps), we may 

assume that after carrier generation (via SPA and TPA) and at the beginning of the transient 

decay dynamics the excess densities of electrons and holes are equal, i.e.,  𝑥(0) = 𝑦(0). In 

Figure 3.12 we present the excess carrier decay for two values of the normalized flaw density 𝐷. Figure 3.12(a) corresponds to a small normalized flaw density of 𝐷 = 0.1 (𝐷𝑓 is an order of 

magnitude smaller than 𝑝0). One can observe in Figure 3.12(a) that the excess electron (𝑥) and 

hole (𝑦) densities and the sum of both (𝑁′ = 𝑥 + 𝑦) decay at the same rate, which evidences 

that no significant carrier-trapping takes place. In contrast, Figure 3.12(b) illustrates the 

transient decay of excess carriers assuming a large normalized flaw density of 𝐷 = 10 (𝐷𝑓 is 

an order of magnitude larger than 𝑝0). In this case, the excess electron (𝑥) and hole (𝑦) 

densities evidently decay at different rates. On the one hand, given the donor-like 

characteristic of the flaws (we have used 𝜎𝑛 = 8𝜎𝑝), most electrons are trapped at earlier 

stages, not being able to immediately return to the valence band. For example, by assuming 𝜙𝑓 to be at the middle of the bandgap, the trap occupancy at thermal equilibrium, given as 𝑏/(1 + 𝑏) in the normalized notation, is of the order of 10−6. On the other hand, the holes are 

less likely to be captured by flaws at earlier stages, since no significant amount of flaws have 

been filled by electrons. Therefore, as a consequence of carrier-trapping, the excess electron 
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density decays at a much faster rate than that of the excess hole density, causing a significant 

carrier unbalance. The effect of this unbalance is also observed in the decay dynamics of the 

sum of both excess electrons and hole densities (which is presented as 𝑁′/2 to fit in the same 

scale of 𝑥 and 𝑦) in Figure 3.12(b). One can see that at initial stages the decay is dominated by 

the fast decay in the excess electron density, whereas at later stages the decay is dominated 

by the slower decay of the excess hole density. This nonlinear decay dynamics is, therefore, in 

qualitative agreement with the one observed in our experiments of Figure 3.10(b). 

 

Figure 3.12: Transient decay dynamics of the normalized electron (𝑥), hole (𝑦) and half of the total carrier 

(𝑁′/2) densities for different normalized flaw densities (a) 𝐷 = 0.1 and (b) 𝐷 = 10 .  

Symbol Definition Expression / Reference Value 

𝝓 Fermi level, assuming p-type and 10 (Ω-cm) SOI 

resistivity at 300 K 

[151] 
0.24 eV 

𝑵𝒄 Effective density of states in the conduction band [151] 2.8 × 1019 cm−3 

𝑵𝒗 Effective density of states in the valence band [151] 1 × 1019 cm−3 

𝑬𝒈 Bandgap energy [151] 1.12 eV 

𝒏𝟎 Equilibrum free electron density 𝑁𝑐exp (𝜙 − 𝐸𝑐𝑘𝐵𝑇 ) 4.4 × 104 cm−3 

𝒑𝟎 Equilibrum free hole density 𝑁𝑣exp (𝐸𝑐 − 𝐸𝑔 − 𝜙𝑘𝐵𝑇 ) 1 × 1015 cm−3 
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𝝓𝒇 Flaw energy level Input parameter 0.5 eV 

𝒏𝟏 Thermal electron density when 𝜙 = 𝜙𝑓 𝑁𝑐exp (𝜙𝑓 − 𝐸𝑐𝑘𝐵𝑇 ) 1.1 × 109 cm−3 

𝒑𝟏 Thermal hole density when 𝜙 = 𝜙𝑓 𝑁𝑣exp (𝐸𝑐 − 𝐸𝑔 − 𝜙𝑓𝑘𝐵𝑇 ) 4.1 × 1010 cm−3 

𝝈𝒏 Electron capture cross section 𝜎𝑛 = 8𝜎𝑝 2.1 × 10−15 cm2 

𝝈𝒑 Hole capture cross section Input parameter 2.6 × 10−16 cm2 

𝒗𝒏 Electron thermal velocity [151] 1.7 × 107 cm/s 

𝒗𝒑 Hole thermal velocity [151] 1.3 × 107 cm/s 

𝑫𝒇 Flaw density 2𝐷𝑠/𝑊 1014 – 1016 cm−3 

𝑫 Normalized flaw density 𝐷𝑓/𝑝0 0.1 – 10 

𝝉𝒏 Shortest electron capture time constant 1/(𝐷𝑓𝜎𝑛𝑣𝑛)  

𝝉𝒑 Shortest hole capture time constant 1/(𝐷𝑓𝜎𝑝𝑣𝑝)  

𝜸 Ratio between shortest capture time constants 𝜏𝑛/𝜏𝑝 0.1 

𝒕′ Normalized time 𝑡/𝜏𝑛 0 – 100 

𝒙 Normalized excess electron density 𝑛𝑒/𝑝0  

𝒚 Normalized excess hole density 𝑝𝑒/𝑝0  

𝑵′ Normalized excess carrier density 𝑁′ = 𝑥 + 𝑦  

𝒂 Normalized thermal electron density when 𝜙 = 𝜙𝑓 𝑛1/𝑝0  

𝒃 Normalized thermal hole density when 𝜙 = 𝜙𝑓 𝑝1/𝑝0  

Table 3.2: Summary of definitions and parameters used in our calculations. 



106 

 

 

 

3.2.3 Comparing experimental and theoretical results 

In Figure 3.13 we compare our experimental results of the carrier density as a function of time 

[Figure 3.13(a)] and instantaneous carrier lifetime as a function of carrier density [Figure 

3.13(b)] with the theoretical results for the equivalent normalized parameters calculated by 

means of the single-energy flaw model [Figure 3.13(c) and Figure 3.13(d)].  It is worth noting 

that the calculated decay dynamics is in qualitative agreement with our measurements 

considering two main observations.  

First, the non-exponential decay of the carrier density observed in our experiments shown 

in Figure 3.13(a) [a detail of the first few nanoseconds of the measurements shown in Figure 

3.10(b)] is also displayed in our calculations shown in Figure 3.13(c). Both measurements and 

calculations exhibit an early fast decay of the carrier density, which is explained due to 

significant-trapping of excess electrons by the empty flaws, followed by a slower decay due to 

trapping of excess holes by the flaws that have been filled.  

Second, the measured and calculated decay dynamics show a clear dependence on the 

initial carrier density, which is observed by using different pump power levels in the 

experiments and normalized initial carrier densities 𝑁′(0) in the calculations. This dependency 

leads to different carrier density decay trajectories, which does not correspond to a simple 

shift in the vertical scale between curves in Figure 3.13(a) and Figure 3.13(c). In order to clearly 

illustrate this effect, we present the measured and calculated instantaneous carrier lifetime, 

that can be estimated by 𝜏𝑐 = −𝑁(𝑡)[𝑑𝑁(𝑡)/𝑑𝑡]−1 [143, 170, 171], as a function of the 

measured and normalized carrier densities in Figure 3.13(b) and Figure 3.13(d), respectively. 

One can see that for the same carrier density, different curves in Figure 3.13(b) or Figure 

3.13(d) present a different instantaneous carrier lifetime. Therefore, given the qualitative 

good agreement of our calculations with our measurements, the “memory-like” behavior of 

the carrier density in terms of the initial carrier density may also be explained as result of the 

significant carrier-trapping in the nano-waveguide. 
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Figure 3.13:Experimental results for (a) carrier density as a function of time and (b) carrier lifetime as a function 

of carrier density. Theoretical results for (c) normalized carrier density as a function of normalized time and (d) 

normalized carrier life time as a function of normalized carrier density. 

We want to point out that performing a quantitative analysis of the carrier decay dynamics 

for a particular waveguide would require, besides a more complex model that considers 

different types of flaws and Auger recombination, proper characterization of the flaw energy 

distribution and capture cross-sections. However, the single-energy flaw model used in our 

study also allows us to predict that the carrier lifetime has slow and fast limits, which is also 

observed in our measurements. These limits are denoted by discontinuous lines in Figure 

3.13(b) and Figure 3.13(d).  

The slow limit of the carrier lifetime corresponds to the slow decay dynamics observed at 

later stages in Figure 3.13(a) and Figure 3.13(c). Considering that at this stage (𝑡′ = ∞), most 

excess electrons have been captured by flaws, i.e., 𝑥(∞) ≈ 0, and that the decay dynamics is 

mainly determined by the decay of the excess hole density [Equation (3.25)], it is possible to 
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obtain an expression for the slow limit of the carrier lifetime (𝜏∞) in terms of normalized 

parameters given by: 

 𝜏∞ = 𝐷(1 + 𝑏)𝛾[𝐷𝑏 + (1 + 𝑏)2], (3.26) 

If we consider that the flaw energy level (𝜙𝑓) is located near the middle of the bandgap 

and that the Fermi level is close to the valence band in a p-type semiconductor (see Table 3.2), 

we find that 𝑏 ≈ 0. This allows us to obtain an approximation for the slow limit of the carrier 

lifetime as 𝜏∞ ≈ 𝐷𝛾−1 and also in terms of absolute parameters as 𝑡∞ ≈ 1/(𝑝0𝜎𝑝𝑣𝑝). From 

our measurements 𝑡∞ ≈ 300 ns, and by using the parameters used in our calculations the hole 

capture cross-section results to be  𝜎𝑝 ≈ 2.6 × 10−16 cm2. Even though the capture cross-

sections would depend on the type of oxide used as cladding material and particular 

waveguide fabrication processes, the estimated value for 𝜎𝑝 lies between the order of 

magnitude of the measurements for the interface between Si and SiO2 reported in [165], 

which were performed in metal-oxide-semiconductor (MOS) capacitors by means of small 

pulse deep level transient spectroscopy. 

The fast limit of the carrier lifetime, on the other hand, corresponds to the early fast decay 

dynamics observed in Figure 3.13(a) and Figure 3.13(c). At this stage (𝑡′ = 0), the densities of 

excess electrons and holes are equal, i.e., 𝑥(0) = 𝑦(0), and the decay dynamics is dominated 

by the fast decay of the excess electron density [Equation (3.24)], then the fast limit of the 

carrier lifetime (𝜏0) can be given as: 

 𝜏0 = 2(1 + 𝑏), (27) 

Correspondingly, considering 𝑏 ≈ 0, the fast limit can be also approximated as 𝜏0 ≈ 2 and 

in terms of absolute parameters as 𝑡0 ≈ 𝑊/(𝐷𝑠𝜎𝑛𝑣𝑛).  It is worth noting that, in contrast to 

the slow limit of the carrier lifetime (𝑡∞), the fast limit may be modified by changing the width 

of the waveguide (𝑊) or the surface density of flaws (𝐷𝑠). This could be used to even obtain a 

faster decay dynamics, either by reducing the waveguide dimensions or processing its surface, 

and be exploited in the development of all-optical switching devices, as we will show in the 

next subsection. From our measurements 𝑡0 ≈ 800 ps, which leads to a surface flaw density 
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𝐷𝑠 ≈ 1.6 × 1012 cm−2 (obtained by using the parameters employed in our calculations). This 

estimated density of surface flaws lays within the order of magnitude of other measurements 

for the interface between silicon and oxide [165, 172]. 

3.2.4 Possibilities of free-carrier dynamics in all-optical switching applications 

Given the “memory-like” behavior of the dynamics observed in the previous subsection 

(Figure 3.13), one may note that operating at high carrier densities leads to a faster dynamics. 

Therefore, one possible application based on this observation would be all-optical switching 

based on the optical loss induced by optical pump pulses of few ns duration (i.e. non-

degenerate TPA and FCA). Thus, we have changed the short pulse pump by a pseudo-random 

sequence of 10 ns symbol duration and measure the normalized nonlinear loss of the probe 

by using different pump power levels (see Figure 3.14). It is worth noting the effect of 

accumulated carriers generated by each symbol, evidenced by the change in the dynamics 

along the sequence. In addition, one can observe that by using higher pumping power (i.e., a 

higher carrier density), not only the decay but also the built-up dynamics become faster.  

 

Figure 3.14: Normalized nonlinear loss when using a pseudo-random sequence of 40-symbols of length and 

different pump power levels. 

Considering the word-dependency observed in Figure 3.14 due to the accumulation of 

free-carriers, in order to have a more clear estimate of the time responses for a possible 

switching application, we have also evaluated the dynamics resulting from a single pump pulse 

of 20 ns of width. The normalized nonlinear loss in the case of a single pulse is shown in Figure 

3.15(a) for different pump power levels. We have also evaluated the rising and falling times 
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for each pump power, which are presented in Figure 3.15(b). Note that the rising time 

decreases by one order of magnitude, whereas the falling time decreases by more than one 

order of magnitude over the range of pump power used (i.e., from 2 to 170 mW).  

 

Figure 3.15: (a) Normalized nonlinear loss by using a single pump pulse of 20 of width and different pump 

power levels. (b) Rising (10 to 90%) and falling (90 to 10%) times as a function of the pump power. 

We want to point out that even though our demonstrations seem to be far from a practical 

all-optical switching application, our experiments along with our physical explanation for the 

observed non-linear free-carrier dynamics based on trap-assisted recombination, give some 

insights for the development of practical all-optical switches. On the one hand, as we have 

discussed in the previous subsection, even a fast response time could be achieved by reducing 

the waveguide dimensions or increasing the density of surface flaws by surface processing. On 

the other hand, considering the free-carrier accumulation effect observed in Figure 3.14, one 

could in principle use a CW laser as a bias of the carrier density and, therefore, reduce the 

change of the dynamics along the sequence. 

3.2.5 Discussion 

In this section we have presented an experimental and theoretical description of the 

recombination dynamics of free carriers in silicon nano-waveguides. By performing pump-

and-probe experiments we have been able to observe the decay dynamics of the density of 

free carriers generated by a short optical pump pulse. In contrast to an exponential decay with 

a single lifetime (usually assumed in silicon photonics applications), the observed dynamics 

displays two interesting characteristics:  
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(i) A clear lifetime dependency on the carrier density evidenced by a faster decay rate 

at the beginning of the recombination and a slower decay at later stages.  

(ii) A kind of memory in the decay dynamics given by the dependency of the evolution 

of the carrier lifetime on the initial carrier density.  

Considering that radiative and Auger recombination could be ignored in our study, our 

experimental observations can be explained in terms of carrier-recombination via states 

located within the bandgap that arise from flaws. However, we want to point out that carrier 

recombination via flaw states can lead to two different scenarios.  

On the one hand, for relatively small flaw densities (i.e., 𝐷𝑓 ≪ 𝑝0) flaws act mainly as 

recombination centers and, therefore, excess electron and hole densities decay at the same 

rate. Under these conditions, it is possible to obtain an expression for the carrier lifetime as it 

was derived by Shockley and Read [164] and also by Hall [173]. The so-called Shockley-Read-

Hall (SRH) recombination model could also reproduce a dependency of the carrier lifetime on 

the carrier density that leads to a non-linear decay dynamics. However, the SRH model cannot 

explain the carrier lifetime dependency on the initial carrier density.  

On the other hand, for large flaw densities (comparable to the excess carrier density) 

significant carrier-trapping by flaws takes place, which causes the density of excess electrons 

and holes to decay at different rates leading to a non-linear decay dynamics. This situation is 

more likely to occur in nano-waveguides, considering that the flaw density can be high due to 

the large surface-to-volume ratio and the presence of surface states at the Si/SiO2 interface. 

Therefore, we have used a single-energy flaw theoretical model that allows to evaluate the 

effect of carrier-trapping and separately identify the decay dynamics of both excess electron 

and hole densities.  

Our theoretical calculations present a qualitative agreement with our experiments, and 

allows us to explain our main observations in terms of carrier trapping by flaws. The observed 

initial decay in the carrier density can be attributed to the fast decay of the excess electron 

density, considering that at early stages electrons are being rapidly trapped by empty flaws 

given their donor-like characteristics for the Si/SiO2 interface [165]. In contrast, the slower 

dynamics observed at later stages can be explained in terms of hole capture by flaws that have 
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been filled. In addition, the memory behavior, given by the dependency of the carrier density 

decay evolution on the initial carrier density, can be also attributed to carrier trapping. This 

dependency exhibits a faster decay for higher excess carrier densities which could be 

explained by the fact that more electrons are available to be trapped by empty flaws.  

An additional agreement between our calculations and our experiments is the existence 

of slow and fast limits in the instantaneous carrier lifetime. For our tested waveguide, these 

limits correspond to 𝑡∞ ≈ 300 ns and 𝑡0 ≈ 800 ps. Interestingly, by means of the theoretical 

model we can anticipate that it is possible to obtain an even faster limit by reducing the 

waveguide width or increasing the density of flaws. For example, one interesting study would 

be the change in the dynamics for the quasi-TM mode that has a larger overlap with the 

waveguide sidewalls. This possibility, along with the fact that a faster dynamics is obtained 

operating at high-carrier densities, gives some insights that can be exploited in the 

development of all-optical switching applications as we have shown in this section.  

3.3 Conclusions 

In conclusion, we have presented a comprehensive experimental and theoretical description 

of the linear and nonlinear generation and dynamics of free carriers in silicon nano-

waveguides at the spectral band of 1550 nm that, to the best of our knowledge, has not been 

presented elsewhere. 

Our pump-and-probe experiments along with the derived expressions allowed us to 

simultaneously measure the instantaneous carrier lifetime and SPA and TPA coefficients of a 

silicon strip nano-waveguide with good accuracy. Our reported SPA and TPA coefficients and 

our detailed description of the linear and nonlinear carrier generation may impact several 

linear and nonlinear applications based on silicon strip nano-waveguides. In addition, our 

proposed method may be useful for other groups to test their own waveguides and fabrication 

processes. 

On the other hand, we have been able to explain the observed complex decay dynamics 

of the generated carrier density in terms of significant carrier-trapping by flaws that result 

from the large surface-to-volume ratio in nano-waveguides. That is, the dependency of the 
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instantaneous carrier lifetime with the carrier density and the dependency on the decay 

evolution with the initial carrier density or pumping power. In addition, our pump-and-probe 

experiments along with the implemented theoretical model allowed us to give some insights 

for obtaining even a faster dynamics by reducing the waveguide geometry or increasing the 

density of flaws and, therefore, open new opportunities in the development of all-optical 

switching applications based on silicon nano-waveguides.  
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4. General Conclusions and Future Work 

The main goal of this thesis was to explore fundamental limitations in the development of 

practical applications of nonlinear optics in well-stablished waveguide platforms such as 

optical fibers and silicon nano-waveguides.  

In optical fibers, the presence of dispersion fluctuations has been recognized as a main 

limitation in FWM-based devices. Although, theoretical predictions have shown the effect of 

fluctuations of the zero-dispersion wavelength in the efficiency of FWM, we have identified a 

lack of experimental evidence of the characteristics and origins of such fluctuations. By 

exploiting the sensitivity of FWM pumped by an incoherent source and based on numerical 

calculations of fiber dispersion, we have been able to show that besides the zero-dispersion 

wavelength, high-order dispersion significantly contributes to the dispersion fluctuations in an 

optical fiber. In addition, we have been able to show that bending causes a significant change 

in the dispersive characteristics of an optical fiber, and that the effect of bending is strongly 

related with changes of fiber geometry and mode confinement. Our main observations, not 

reported before to the best of our knowledge, are fundamental in the development of 

compact FWM-based devices in optical fibers. We also believe that the identified relationship 

between bending and waveguide geometry could be exploited for dispersion engineering of 

novel fiber designs and integrated waveguides.  

By performing several experimental improvements and obtaining a better interpretation 

of the phase-matching condition of the FWM process, we have been able to show the 

capabilities of our method for measuring high-order dispersion parameters with good 

accuracy. Therefore, we have shown theoretical examples in silicon-nano waveguides, 

although neglecting the effect of two-photon absorption and free-carrier effects. Our study 

shows that the high-nonlinearity and large high-order dispersion in these waveguides allow 

the application of our measuring method. Therefore, an interesting future study would be to 

apply our method for accurately measuring high-order dispersion in silicon nano-waveguides, 

a task that has been limited by using other characterization methods.  
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Despite the promising nonlinear optical demonstrations in silicon nano-waveguides, the 

generation of free carriers via two-photon absorption has been recognized as the main 

limitation in the development of nonlinear devices around 1550 nm. However, we have 

identified that a better understanding of carrier generation and recombination mechanisms 

and their dynamics is fundamental for studies of nonlinear optical phenomena and the 

development of all-optical devices in silicon nano-waveguides. Therefore, by using time-

resolved pump-and-probe experiments and theoretical developments we have provided a 

detailed description of the carrier generation mechanisms, identifying the contributions of 

single and two-photon absorption. This description has not been presented in the literature, 

to the best of our knowledge. In addition, our experiments allowed us to observe a complex 

decay dynamics of the carrier density, showing that the instantaneous carrier lifetime changes 

as the carrier density decays and a dependency of the decay trajectory with the pumping 

power. We have explained this complex dynamics in terms of significant carrier-trapping due 

to the large surface-to-volume ratio and surface termination of the nano-waveguides, also not 

reported in the literature. We have also shown that the observed complex dynamics leads to 

a faster operation at high carrier densities, which can be useful, for example, in all-optical 

switching applications. Therefore, an interesting future study consists in engineering the 

geometry and processing conditions of nano-waveguides in order to develop all-optical 

switches. 
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