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Abstract

Massive MIMO (M-MIMO) is one of the most promising technologies towards the fifth gen-
eration (5G) wireless systems and beyond. M-MIMO uses a large number of antennas at the
base station (BS) serving many user terminals (UTs) in a same radio resource. Furthermore,
it presents exceptional performance in terms of the ergodic capacity and bit error rate (BER)
using simple linear detectors, such as maximal-ratio combining (MRC), zero-forcing (ZF), or
minimum-mean-square error (MMSE) due to the interference reduction and the favorable prop-
agation. However, this exceptional performance is reached when time-invariant channels (TIC)
and perfect channel state information (CSI) are present.

Impairments introduced by time-variant channels (TVC) and imperfect channel estimation
restrict the M-MIMO performance. Some works have evaluated these impairments in terms of
the BER using only simulations. Besides, multiplexed pilot estimation (MPE) employing the
minimum-mean-square error (MMSE) estimator is widely employed in the channel estimation.
However, other channel estimation techniques, such as superimposed pilot estimation (SPE)
and hybrid pilot estimation (HPE) that perform differently on TICs and TVCs can be used for
M-MIMO.

In general, the uplink performance of single cell M-MIMO systems is evaluated in terms of
interference reduction factor (IRF) and BER. For this purpose, the IRF of M-MIMO systems
employing linear and planar antenna arrays in line-of-sight (LOS) and non-line-of-sight NLOS
channels is evaluated. The normalized mean-square-error (NMSE) of the channel estimator and
the system BER is then evaluated for MRC, ZF and MMSE detectors using MPE, SPE and
MPE techniques for obtaining the channel estimation on TICs and TVCs models.

The contributions of this dissertation are summarized in the following. Closed-form expres-
sions are derived to evaluate the IRF as a function of the spacing among antennas for linear
and planar arrays. Additionally, the condition of favorable propagation for different channel
models is presented. On the other hand, MPE, SPE and HPE techniques are described. These
channel estimation techniques are evaluated for TICs and TVCs in terms of the NMSE. Fur-
thermore, closed-form expressions of the BER are derived for linear detectors. For this aim,
the signal-to-noise-plus-interference ratio (SNIR) is derived for TICs and TVCs, considering
the aforementioned channel estimation techniques. Additionally, lower and upper bounds of
the BER are also derived. Finally, a comparison among detectors and estimation techniques is
presented. In all scenarios, multilevel quadrature amplitude modulation (M-QAM) modulations
are considered. Monte Carlo simulations are employed to verify the accuracy of the presented
mathematical expressions.

Keywords: Massive MIMO; channel estimation; bit error rate; time-variant channel; time-
correlation; linear detection; antenna array; channel state information; inter-user interference;
Rayleigh fading.



Resumo

MIMO massivo (M-MIMO) é uma das tecnologias mais promissoras para os sistemas sem fio
de quinta geragao (5G) e além. M-MIMO usa um grande nimero de antenas na estagdo radio
base (BS), atendendo a vérios aparelhos de usuario (UTs). Além disso, ele apresenta um desem-
penho excepcional em termos da capacidade ergédica e da taxa de erro de bit (BER) usando
detectores lineares, como o combinador de razdo méxima (MRC), forcamento de zero (ZF) ou
erro quadratico médio minimo (MMSE) devido & redugao da interferéncia e ao mecanismo de
propagacao favoravel. No entanto, esse desempenho excepcional é alcangado somente na pre-
senga de canais invariantes no tempo (TIC) e quando a informagao de estado do canal (CSI) é
perfeita.

As deficiéncias introduzidas por canais variantes no tempo (TVC) e por uma estimacao de
canal imperfeita limitam o desempenho do M-MIMO. Alguns trabalhos avaliaram essas defi-
ciéncias em termos da BER usando apenas simulagoes. Além disso, a técnica de estiamcao de
canal com pilotos multiplexados (MPE) em conjunto com o estimador de erro médio quadratico
minimo (MMSE) sao amplamente empregadas. No entanto, outras técnicas de estimagao de
canal, como a de pilotos sobrepostos (SPE) e a hibrida (HPE), que apresentam desempenhos
diferentes em TICs e TVCs, podem também ser usadas em M-MIMO.

Em geral, este trabalho aborda o desempenho do enlace de subida de sistemas M-MIMO
para uma Unica célula em termos do fator de redugao de interferéncia (IRF) e da BER. Para
isso, o IRF de arranjos de antenas lineares (unidimensionais) e planares em canais com linha
de visada (LOS) e sem linha de visada (NLOS) é calculada. A seguir, o erro quadratico médio
normalizado (NMSE) do estimador e a BER sao avaliadas para os detectores lineares MRC, ZF
e MMSE usando as técnicas de estimacao MPE, SPE e HPE em canais TICs e TVCs.

As contribuicoes desta dissertagao sao resumidas a seguir. Expressoes em forma fechada sao
derivadas para o IRF em funcao do espacamento entre antenas de arranjos lineares e planares.
Além disso, as condigoes de propagacao favoravel sao apresentadas. As técnicas de estimagao
de canal MPE, SPE e HPE sao apresentadas a seguir. Essas técnicas sao avaliadas em termor
do NMSE para TICs e TVCs. Além disso, expressoes em forma fechada da relacdo sinal ruido
mais interferéncia (SNIR) e da BER sao derivadas para os detectores lineares em TICs e TVCs.
Também, limitantes inferiores e superiores da BER sao derivados. Por tdltimo, uma anélise
comparativa entre os detectores e as técnicas de estimacao é apresentada. Em todos os cenérios,
modulagoes multinivel de amplitude em quadratura (M-QAM) sao consideradas. Simulagoes de
Monte Carlo corroboram a precisao das expressoes apresentadas.

Palavras-chave: MIMO Massivo, estimacao de canal; taxa de erro de bit; canal variante no
tempo; correlacao temporal; detecao linear; arranjos de antenas; informacao de estado do canal;
interferéncia entre usudrios; desvanecimento Rayleigh.
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CHAPTER 1

Introduction

The development of wireless communication systems promises a continuous increase
in mobile data traffic, allowing operators to offer several services that can range from a
simple call, to data services or even newer applications or services [1, 2|. The continuous
development motivated by the growing requirements has brought new challenges for both
academic and industry researches to pursue innovative strategies that enable reliable com-
munications with higher data rates, lower latency and bit error rate and greater spectral
efficiency and coverage.

Wireless communication systems present several operational impairments such as path
loss, multipath fading, co-channel interference, additive white Gaussian noise (AWGN),
and others. In order to overcome these undesirable effects, several transmission-reception
mechanism have been employed by wireless communication standards. In particular, the
fourth generation (4G) of cellular networks has introduced a technique that uses multiple
antennas at both the transmitter and the receiver, known as multiple-input multiple-
output (MIMO) systems [3]. This solution provides spatial multiplexing and diversity to
the wireless system, achieving higher data rates and reliability without any expansion of
the bandwidth or increase in the system transmission power. Nowadays, MIMO systems
employing at most 8 antennas at both ends are a mature and well understood technology
[4].  Furthermore, MIMO is part of some wireless communication standards, such as
802.11n/Wi-Fi and 802.16/WiMAX [5, 6].

However, 4G systems are proving to be insufficient to meet future demands of services
and applications [7]. The fifth generation (5G) of cellular networks has established new
parameters in order to fulfill the International Mobile Telecommunications (IMT) 2020
requirements [8], with wide impact not only in the technology but also in the economics
by creating new business models [9, 10]. In this context, 5G introduces a new network
core and a new radio interface [11]. One of the new radio innovations is the deployment of
MIMO systems with a large number of antennas at the base station (BS) serving a limited
number of single antenna user terminals (UT), known as massive MIMO (M-MIMO). M-

MIMO has emerged as one of the most promising technologies since it allows a much
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higher spectral efficiency and, consequently, very high data rates without requiring extra
bandwidth, or time resources, or additional transmit power [12]. M-MIMO improves
the ordinary MIMO performance, because it exploits the advantages of extra degrees of
freedom provided by using more antennas.

The remainder of this chapter is organized as follows. In Section 1.1, related works
in the area of M-MIMO systems are summarized and the motivation of this study is also
introduced. Finally, the contributions and the outline of this dissertation are presented

in Section 1.2.

1.1 Related Work and Motivation

The concept of M-MIMO was introduced by Marzetta in his seminal paper, "Noncoop-
erative cellular wireless with unlimited numbers of base station antennas” [13]. Succeed-
ing works have shown that the fundamental concepts of M-MIMO has improved ordinary
MIMO, allowing reliable communication with high throughput and power efficiency using
simple linear processing [14-16].

In [17], it was established that M-MIMO takes advantage of the channel favorable
propagation property, defined by the mutual orthogonality among the channel vectors
of the UTs. Favorable propagation has the effect of reducing the inter-user interference
[18], which can be assessed by the interference reduction factor (IRF) [19]. One condition
to achieve favorable propagation is to employ very large antenna arrays, which could be
impractical for real BS with limited physical space [20, 21]. Furthermore, a dense array of
antennas in a limited space does not reduce the inter-user interference due to the spatial
correlation [22, 23]. The large size of M-MIMO arrays is a fundamental problem for its
practical deployment. Thus, a study that evaluates the IRF of several antennas array on
different channels is necessary for the M-MIMO development.

The IRF is a basic performance indicator for M-MIMO, however, in order to evaluate
the overall performance of M-MIMO, other performance indicators may be used. In most
of the literature, the performance of M-MIMO is evaluated in terms of the ergodic capacity
[12, 15, 24-28]. Moreover, other more practical performance evaluations measures could
also be used, such as the bit error rate (BER), pair-wise error probability (PEP), or outage
probability [29-32]. The BER is often used, once it assesses the full end to end performance
of wireless systems, including the transmitter, receiver and channel impairments. Thus,
it is interesting to evaluate the BER of M-MIMO systems.

M-MIMO also presents near-optimal performance for simple linear detectors such as
zero-forcing (ZF) and minimum-mean-square error (MMSE), assuming perfect channel
state information (CSI) [31, 33-36]. Furthermore, maximal ratio combining (MRC), which

is the simplest linear detector, presents an exceptional performance [37]. In the literature,



1.1. Related Work and Motivation 26

the performance of M-MIMO systems is commonly evaluated considering perfect CSI, as
shown in the works mentioned above.

CSI is obtained by channel estimation, which is a classical problem of communication
systems. Usually, MIMO systems use pilot symbols to aid with channel estimation [38].
Thus, for the uplink, the CSI is obtained at the BS by using known orthogonal pilot
sequences transmitted by each UT. Commonly, pilot symbols are time-multiplexed with
data. In the literature, this technique is named multiplexed pilot estimation (MPE),
conventional pilot (CP), or regular pilot (RP) [39]. Some studies suggest that it may be
advantageous to superimpose the pilot and data, this technique is named superimposed
pilot estimation (SPE), that has been studied in the channel estimation of MIMO systems
and used to solve synchronization issues [40, 41]. It is considered an excellent technique
to combat pilot contamination in multi-cell M-MIMO [42, 43]. Furthermore, a hybrid
pilot estimation (HPE) that consist of combining MPE and SPE techniques is explored
for M-MIMO in [44].

In [45], a survey on M-MIMO systems in presence of channel and hardware impair-
ments is presented. In that work, in order to study the channel impairments, the channel
dispersion is divided into four categories: In the first category, the channel is assumed time-
invariant and the fading is flat. In the second category, the channel is time-variant and the
fading is flat. In the third one, the channel is time-invariant and the fading is frequency-
selective. Finally, the last category corresponds to a time-variant and frequency-selective
fading. The authors conclude that channel issues need to be addressed, particularly the
estimation and channel aging effects, especially in fast mobility environments. Therefore,
the channel estimation effects on the performance of M-MIMO systems should be analyzed
for some channel models and estimation techniques.

Most of the M-MIMO studies lie on the first category defined in [45], which considers
a time-invariant channel (TIC) and flat fading. In general, the system performance of
M-MIMO using MPE is evaluated in terms of the ergodic capacity in [15, 24, 26] and in
terms of BER in [30, 46, 47]. On the other hand, the ergodic capacity of M-MIMO using
SPE is evaluated in [42, 48, 49] and the BER based on simulation in [43] for an iterative
detector employing the least-squares (LS) estimator, and in [50] by using estimation aided
by second-order statistics. Finally, the performance of M-MIMO for HPE in [44, 51], in
terms of the ergodic capacity and in [43] in terms of the BER. As a consequence, there are
a limited number of studies that evaluates M-MIMO performance in terms of the BER
using SPE and HPE.

The second category in [45] considers a time-variant channel (TVC), where the channel
coefficients vary in a coherence time-interval due to the Doppler effects caused by the
UTs motion [52, 53]. The effects of time-variant coefficients in the uplink performance
of M-MIMO in terms of the channel capacity using both MRC and ZF detectors are

presented in [54], where another reason for CSI inaccuracy, named as channel aging, is



1.2. Contributions and Outline of the Dissertation 27

also introduced. The channel aging problem is due to delay between the channel estimation
instant and the detection usage in MPE and HPE techniques. The effects of channel aging
on the sum-rate and on the spectral efficiency were investigated for a multi-cell M-MIMO
system with regularized ZF precoder and ZF detector in [55] and [56]. The results show
that channel aging degrades the system performance severely. However, using channel
prediction techniques, the effects of channel aging can be minimized. It was also shown
that for UT at higher speeds, the maximum achievable rates are reduced. Further analysis
of M-MIMO performance using MPE can be found in [57-60]. On the other hand, the
effects of TVCs on the channel capacity of M-MIMO systems using SPE technique for high
speeds are shown in [61]. Based on the literature review, there is a lack of investigation
for both SPE and HPE techniques on TVCs. Furthermore, the BER analysis of M-MIMO
systems on TVCs is scarce.

The third and fourth categories described in [45] for frequency-selective fading goes
beyond the proposal of this work. However, some useful references related to this topic
are [62, 63].

By the aspects mentioned in previous paragraphs, evaluating the impairments intro-
duced by TVCs on the channel estimation quality and on the BER of M-MIMO systems
it is a relevant topic that deserves attention. Hence, evaluating the BER of M-MIMO
systems employing MRC, ZF and MMSE detectors using MPE, SPE and HPE techniques
on TICs and TVCs is one of the contributions of this thesis.

1.2 Contributions and Outline of the Dissertation

This thesis encompasses several results in the performance evaluation of M-MIMO
systems. The contributions are addressed in separate chapters raised from the motivations
described in Section 1.1. The first contribution is in terms of the IRF, as a result of the
M-MIMO channel analysis. The second contribution in terms of the BER, for some linear
detectors and some channel estimation techniques for time-variant and time-invariant
channel models. For this purpose, some basic concepts of digital communications, cellular
systems, MIMO systems, linear detection and channel estimation are presented. The

remainder of the dissertation is structured as follows:

m Chapter 2. The aim of this chapter is to provide some basic concepts for the
analysis performed in the next chapters. A brief review of fundamental concepts
such as digital modulation, cellular systems, MIMO and M-MIMO systems and
their mathematical representation is presented. Moreover, the principles of linear

detection and channel estimation are introduced.

m Chapter 3. This chapter depicted the contributions of the published articles [64]

and [65]. Hence, exact closed-form expressions to evaluate the IRF for linear and
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planar antenna arrays are presented. Furthermore, based on the array geometry, a
study of the relationship between IRF and favorable propagation is presented. This

chapter also describes the channel models for the M-MIMO performance evaluation.

Chapter 4. This chapter presents the contributions based on the results published
in [47] and [66]. The M-MIMO system model is described and some channel esti-
mation techniques for M-MIMO systems are presented. These channel estimation
techniques are evaluated for TIC and TVC channel models in terms of the normal-

ized mean-square-error (NMSE).

Chapter 5. The contributions of the results published in [34, 47, 66, 67] are pre-
sented in this chapter. The performance of linear detectors in M-MIMO systems
in terms of the BER is outlined, the signal-to-noise-plus-interference ratio (SNIR)
of linear detectors is derived and the performance is evaluated for TIC and TVC
channel models by using the expressions obtained in Chapter 4. Exact closed-form
expressions are obtained to evaluate the BER. Moreover, lower and upper bounds
on the BER are also derived. Finally, a comparison analysis between the detectors

and estimation techniques is presented.

Chapter 6. This chapter summarizes the main contributions of this work and some

proposals for future works are presented.
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CHAPTER 2

Basic Concepts

2.1 Introduction

In this chapter, the basic concepts of wireless communication systems are described.
The wireless communication systems face several challenges, including the limited avail-
ability of the radio frequency spectrum and the distortion and degradation by the channel
effects.

For improving the quality of the communication service to the users, splitting a ge-
ographic region into cells is a widely used technique. Furthermore, in order to increase
data rates efficient modulation techniques are required.

Thus, an introduction to cellular systems and modulation techniques are presented
in this chapter. Moreover, the characteristics of the propagation phenomena that distort
and degraded the radio signals are also presented.

Multiple-input-multiple-output (MIMO) systems exploit some channel characteristics
in order to increase system capacity and reliability. Moreover, the benefits of increasing the
number of antennas are harnessed by massive multiple-input-multiple-output (M-MIMO)
systems. Additionally, MIMO systems require efficient detection techniques. Therefore,
low complexity linear detectors are presented in this chapter. Furthermore, as the channel
state (CSI) information is required for linear detection, the channel estimation is also
discussed.

For better understanding, this chapter is organized as follows. The basics of digital
modulation is presented in Section 2.2. The cellular systems principles are described in
Section 2.3. The mobile radio channel is analyzed in Section 2.4. MIMO systems are
presented in Section 2.5. Linear detectors are detailed in Section 2.6. Finally, the channel

estimation is described in Section 2.7.
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2.2 Digital Modulation Schemes

Modulation shifts the spectrum of a baseband digital signal to a radio channel with
frequency carrier f.. Digital modulation performs the mapping of a block of bits into a
waveform. The waveform can be obtained by changing one of the following parameters
of a carrier: amplitude, phase or frequency. Furthermore, the set of waveforms can be
represented by a constellation diagram as shown in Fig. 2.1 for a particular modulation.

At the transmitter, the modulation stage is a mapper followed by an up-converter. At
the receiver, the signals undergo a down-converter, a matched-filter, a decision rule device
and finally a demapper [68]. In the following, some concepts regarding the modulation
process are presented and the digital modulation schemes used in this thesis are also
described.

2.2.1 PAM Modulation

Pulse amplitude modulation (PAM) consists in transmitting digital information in
baseband through the amplitudes of a pulse train. Hence, PAM signals can be written as
[68]:

0 ¢]
w(t) = > A(O)p(t —(T,), (2.1)
f=—00
where A(¢) is the signal amplitude at the ¢th time interval, T is the symbol time duration
and p(t) is a baseband pulse format that satisfies the Nyquist criterion. If the PAM signal
has M different amplitudes, then the modulation scheme is known as M-PAM (multilevel

pulse amplitude modulation), which transmits log, M bits in each symbol.

2.2.2 ASK Modulation

Including a sinusoidal carrier in the PAM signals, the bandpass modulation scheme is
named amplitude shift keying (ASK) modulation. Hence, the ASK scheme can written
as [68]:

s(t) = z(t) cos(2m f.t), (2.2)

where f, is the carrier frequency and x(t) is the M-PAM signal. In this scheme, the digital
information is transmitted on the amplitudes of the sinusoidal carrier, that is, a unique
combination of bits is attributed to each amplitude. For example, if M = 2 and the set
of amplitudes is {—A, A}, the modulation is called 2-ASK. For the binary case, amplitude
modulation is equivalent to phase modulation, that is named 2-PSK or BPSK (binary
phase shift keying) modulation [69].
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2.2.3 M-QAM Modulation

Multilevel quadrature amplitude modulation (M-QAM) consist in transmitting infor-
mation using two orthogonal v/M-ASK modulation schemes. The ASK carrier waves
have the same frequency and are out of phase with each other by /2 radians. Thus, by
the orthogonality, there is no interference between carriers despite of they use the same
bandwidth. Both carriers are typically called quadrature carriers. Hence, M-QAM signal
can be written as:

s(t) = xi(t) cos(2m fot) — xy(t) sin(27 f.t), (2.3)

where z;(t) and z,(t) are independent in-phase and in-quadrature PAM signals, respec-
tively.

M-QAM scheme has M = 2% waveforms, where k > 2 represents the number of bits
transmitted per symbol. If k is an even number, then the M-QAM constellation can be
obtained as the Cartesian product of two v M-ASK constellations. Besides, the baseband
or lowpass equivalent of the M-QAM signal can be obtained by the cartesian product of
two v/ M-PAM constellations, which is given by:

x(t) = x;(t) + 1z,(t), (2.4)

where 1 = y/—1. Furthermore, the PAM amplitudes are +A, +3A,--- , (VM —1)A, as can
be seen in Fig. 2.1a and 2.1b for modulations 4-QAM and 16-QAM, respectively. Thus,
the mean power of the baseband M-QAM constellation is equal to:

2P - g(M _ A (2.5)

On the other hand, the energy per symbol of a bandpass M-QAM signal is equal to:
1—
E, = §]x|2Ts. (2.6)

Furthermore, the bit energy is given by:

" log, M

(2.7)

The M-QAM modulation has been widely used in the last generations of cellular

systems because it uses the radio spectrum efficiently.

2.2.4 Gray Mapping

Gray mapping is a labeling technique of the symbols of modulation schemes in terms

of bits, where the closest symbols differ in only one bit position, which minimizes the
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Figure 2.1: M-QAM modulation.

BER. Fig. 2.1 shows 4-QAM and 16-QAM constellations employing Gray mapping.

2.3 Cellular Systems

In cellular systems, a geographical region is ideally divided into small circular areas
called cells, whose coverage is provided by a base station (BS) at the center of each circular
area. Each BS communicates with the user terminals (UT) in its cell. The radio link for
signals transmission from the BS to the UTs is known as downlink and the radio link for
signals transmission from the UTs to the BS is called uplink [70].

The advantage of cellular systems is reduced transmission power, radio spectrum,
congestion problems and increases the system capacity, providing voice and data services,
even in crowded regions. As the uplink performance is poorler than the downlink, it is
usual to consider it in the performance analysis. In this thesis, the uplink performance

analysis is taken into consideration.

2.3.1 Interference

Interference is all unwanted signals arriving at a receiver. It is considered as the
primary limiter of the cellular system capacity. In the uplink, the interference is produced
by other UTs in the same cell and in co-cells. In the downlink, the interference is produced
by the BSs in co-cells. Generally, the mean interference affecting the uplink is stronger
than that affecting the downlink [71].
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There are different sources of interference. The interference produced by users in the
same cell is called multiple access interference (MAI). The interference produced by users
in co-cells is known as co-cell interference (CCI). These types of interference are produced
when users employ the same radio channels simultaneously. Notice that multi cell systems
include both CCI and MAI. A simpler single cell model does not include CCI.

Errors during the channel estimation process can be seen as added interference named
channel estimation error interference (CEEI). The CEEI is analyzed in this thesis.

Finally, the effects of thermal noise can be mitigated by increasing the transmission
power, on the contrary, the interference effects can not be diminished as the transmission
power increases. Consequently, techniques should be employed in order to reduce the

interference effects.

2.3.2 Cellular Spectral Efficiency

Spectral efficiency refers to the total information rate that can be transmitted in a cell
through a given channel bandwidth. In cellular systems, the cellular spectral efficiency
(&) is evaluated in bits/s/Hz. Thus, the cellular spectral efficiency can be defined as the
ratio of the total cell throughput and the total system bandwidth, that is [72]:

_ Dt Roi

g - Stk 23)

where K is the total number of UTs in the cell, Ry = log, (My,)/Ts is the k-th UT bit

rate and B = 1/T} is the system minimum Nyquist bandwidth for passband modulation.

2.4 Mobile Radio Channel

The propagation of radio signals through wireless channels involves different phenom-
ena that create distortion and attenuation. The propagation phenomena can be divided

into large-scale and small-scale fading [73].

2.4.1 Large-Scale Fading

Large-scale fading is the result of signal attenuation due to signal propagation over
large distances and diffraction around large objects between the transmitter and receiver.
This type of fading is relatively slow and is responsible for long-term signal power varia-

tions. Furthermore, there are two large-scale fading phenomena: path-loss and shadowing

71].
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2.4.1.1 Path-Loss

The received power depends on the transmitted power and it is a function of the

distance between the transmitter and the receiver. Hence, the received power is given by:
P.=XPr—=, (2.9)

where P; is the transmitted power, r is the distance between a UT and the BS, K is the
propagation factor and ¢ is the propagation path-loss exponent. These last two parameters
depend on the employed propagation model. There are several propagation models in the
literature, such as Okumura-Hata, COST231-Hata and the SUI model, which include the
path-loss phenomena [70, 74].

2.4.1.2 Shadowing

Shadowing is produced by obstacles between the UTs and the BS. Thus, as the ob-
stacles size and position are random, the shadowing produces fluctuations of the received
power around its mean value given by the path-loss. The received power can increase or

decrease considerably. Shadowing is typically modeled by a log-normal distribution [70].

2.4.1.3 Power Control

In cellular systems, the power levels transmitted by each UT are under constant control
by the corresponding BS. In this way, power control contributes to several functionalities,
such as connectivity, power economy and interference management. Moreover, the power
control solves the near-far problem and allows to extend the UTs battery life [70].

The power control consists of adjusting the power transmitted by all UTs in the same
cell, so that the received power from all UTs is the same at the BS. Thus, the transmitted
power for each UT is given by:

P =X'P.gr*, (2.10)

where P, ( is the constant received power at the BS from each UT in the same cell, r is the
distance between a UT and its BS, X is the propagation factor and ¢ is the propagation
path-loss exponent. Regulation standards for wireless systems consider that P, < P, max,
where P max is the maximum transmission power of a UT. Notice that power control
compensates the effects of large-scale fading.

Finally, the power control used in 3G and 4G cellular systems is considered almost

perfect [75]. Thus, perfect power control is considered along this thesis.
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2.4.2 Small-Scale Fading

The small-scale fading is due to the constructive or destructive combination of ran-
domly delayed multipath signal components. These components may be originated by re-
flection, scattering and diffraction phenomena. Some factors influence on the small-scale
fading, such as the the UT speed, surrounding objects speed and the signal bandwidth.
This type of fading is relatively fast and is therefore responsible for the short-term signal
variations. Depending on the nature of the radio propagation environment, there are
different models describing the statistical behavior of the multipath fading envelope [73].

Small-scale variations of a radio signal is directly related to the channel impulse re-
sponse. Thus, the radio channel can be modeled as a linear filter with a time-variant
impulse response that is a function of ¢t and 7, where t represents time variations due
to the UT movement and 7 denotes multipath delays for a fixed ¢. Thus, the low-pass

equivalent of the channel impulse response is given by [69]:

h(t,7) = > ay(t)exp [ —igy(t)] 6 [T — n(t)], (2.11)

where oy(t), ¢(t) = 2nf.ni(t) and 7(t) are the amplitude, phase and delay of the [-th
multipath at the instant of time ¢, respectively, and §(7) denotes the delta of Dirac.
Observe that the filter model sum signals with random amplitudes, phases and delays.

Furthermore, the time-variant nature is produced by the UT movement.

2.4.2.1 Line-of-Sight Channel

In the line-of-sight (LOS) case, the received signal is composed by the direct path
component between transmitter and receiver. Thus, the low-pass equivalent of the channel

impulse response given by (2.11) can be rewritten as:

h(t,7) = a(t) exp [— — i¢(t)] [ 7]. (2.12)

By considering the fading amplitude «(t) as deterministic and modeling ¢(t) as a

uniform random variable over [0, 27), this channel is named uniform random line-of-sight

(UR-LOS) [21].

2.4.2.2 Non-Line-of-Sight Channel

In the non-line-of-sight (NLOS) case, the received signal is composed by different
components that are replicas of the transmitted signal, among which there is no dominant
component. As the number of multipaths is high and the amplitudes, delays and phases
of the multipaths are random, the low-pass equivalent of the channel impulse response can

be modeled as a zero-mean complex Gaussian stochastic process. Thus, the envelope of
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this process (a = |h(t,7)|) can be modeled by a Rayleigh distribution, whose probability
density function (PDF) is given by [69]:

o 202

fla) = Sexp (O‘—Q) L =0, (2.13)

where o2 is the Rayleigh parameter. Additionally, the resultant phase (¢) of the Gaussian

process is a random variable assumed uniformly distributed over [0, 27).

2.4.2.3 Small-Scale Fading Parameters

The small-scale fading can be classified in different types according to some parameters
that describe the dispersive nature of the channel. These parameters are detailed below.

Delay spread, Ty, is defined as the propagation time difference between the shortest
and the longest path, counting only the paths with significant energy. Hence, the delay
spread is a measure of the channel impulse response duration [76].

Channel coherence bandwidth, B., shows how quickly the channel changes in frequency.

Furthermore, it is related to the inverse of the delay spread and can be written as [76]:

1
2Ty
Two signals separated by a frequency range much greater than B, are affected by inde-
pendent fading [70].

Another important parameter is the channel temporal variation. In this case, when

B. ~

(2.14)

a UT moves, the carrier frequency shifts upward or downward, depending if the UT
approaches or moves away from the BS. In fact, the power spectrum is not only shifted
but spreaded in the interval f. — f4 < f < f. + fa, where f. is the carrier frequency
and f; is the Doppler shift. The power spectrum depends on the maximum Doppler shift
famax = vfc/c, where v is the UT speed and c is the light speed. Therefore, the channel
time variation is described by the Doppler spread.

Doppler spread, Bp, is defined as the range of frequencies over which the power spec-
trum is non-zero. If the bandwidth of the transmitted signal is much greater than Bp,
then the Doppler spread effects are negligible [70].

Channel coherence time, T, is the time interval within the received signals present
high time correlation. The channel coherence time is inversely proportional to the Doppler
spread, that is [76]:

1%

(2.15)

where Bp = fqmax-
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2.4.2.4 Types of Small-Scale Fading

By considering the parameters described in the previous subsection, the small-scale
fading can be classified in the next types:

Non-frequency-selective or flat fading occurs when the coherence bandwidth is much
larger than the bandwidth of the transmitted signal, that is, B. » B. In this case, the
spectral components of the signal are susceptible to the same magnitude of fading. Thus,
the channel impulse response can be approximated by a Dirac delta function and there is
no ISI.

Frequency-selective fading occurs when the coherence bandwidth is smaller than the
transmitted signal bandwidth, that is, B, < B. The spectral components of the signal are
attenuated by different magnitudes of fading causing significant distortion in the signal.

Slow fading occurs when the coherence time interval of the channel is much greater
than the symbol time interval, that is 7. » T,. Thus, the channel can be considered
roughly invariant during a symbol time interval 7.

Fast fading occurs when the coherence time interval is less than the symbol duration,

that is T,. < T}. In this case, coherent detection can not be employed.

2.4.2.5 Slow-Flat Time-Variant Channel

The slow-flat time-variant channel (TVC) considers the Doppler shift effects. Further,
the Doppler effects are part of the channel impulse response, by considering that the
phase shift is equal to ¢,(t) = 27(f. + fa)7e(t) in (2.11), where f; = vf.cos(f)/c is the
Doppler shift that depends on the UT speed v, the light speed ¢, the frequency carrier f.
and the angle 6 between the direction of UT motion and the direction of arrival of the
electromagnetic wave.

By employing the Jakes’ model [77-79], the channel can be modeled as a zero-mean
complex wide-sense stationary Gaussian process with auto-correlation function given by
[80]:

Ra(A) = a2y (27 famaxd) | (2.16)

where o2 is the Rayleigh fading mean power, Jy(-) is the Bessel function of the first kind
of order zero, fqmax is maximum Doppler shift and A is the time delay. Therefore, in this
case, the transmitted symbols are affected by a time-correlated fading.

Fig. 2.2 presents an example of the fading power spectrum as a function of time and
the fading normalized auto-correlation function as a function of the delay for a2 = 1 and
by considering f. = 3.5 GHz. In particular, Fig. 2.2a and 2.2¢ presents a snapshot of the
fading time variation during one second, for v = 6 km/h and v = 60 km/h, respectively.
Observe that as the UT speed increases the fading envelope variation becomes faster.

Furthermore, Fig. 2.2b and 2.2d shows the fading normalized channel auto-correlation
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Figure 2.2: Time-variant channel example.

function for v = 6 km/h and v = 60 km/h, respectively. Notice that as the UT speed
increases the channel coherence time 7. is reduced. The channel coherence time can also
be considered as the time interval where the normalized channel auto-correlation function

varies less than 50%.

2.4.2.6 Slow-Flat Time-Invariant Channel

The slow-flat time-invariant channel (TIC) is a special case of the slow-flat TVC,
where fimax = 0. Hence, the channel spectrum is flat and the fading is considered
invariant during a coherence time interval 7,.. Therefore, the fading remains invariant
during a transmitted symbol, whose envelope has Rayleigh distribution given by (2.13)
and the phase is uniformly distributed over [0, 27), that is, a zero-mean complex Gaussian

random variable.
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Frequency

Figure 2.3: 5G Frequency Spectrum.

2.4.3 Radio Spectrum

The radio spectrum is the part of the electromagnetic spectrum with frequencies from
30 Hz to 300 GHz. In order to avoid interference between different services, the ra-
dio spectrum is strictly regulated by national laws and coordinated by the International
Telecommunication Union (ITU). Besides, each wireless technology standard operates in
a particular range of frequencies.

For 5G technology the radio spectrum is separated into two different frequency ranges
as shown in Fig. 2.3. The first includes the sub-6GHz frequency band, part of which is
currently being used by 3G and 4G cellular technologies, but according to IMT-2020 po-
tential new spectrum is available. The second range includes millimiter waves (mmWaves)
from 24 GHz to 72 GHz [11].

As aforementioned, the propagation characteristics depend on the carrier frequency.
Consequently, in this work we consider the 3.5 GHz band because it provides a rich
scattering that can be modeled as a Rayleigh fading. This bandwidth is a strong candidate
for 5G networks deployment [81].

2.5 MIMO Systems

Depending on the number of transmit and receive antennas, wireless communication
systems may have different configurations. Wireless systems with one transmit and one
receive antenna are named as single-input single-output (SISO) systems. Systems having
one transmit antenna and multiple receive antennas are said to be single-input multiple-
output (SIMO). Systems having multiple transmit antennas and one receive antenna are
said to be as multiple-input single-output (MISO). Finally, systems having multiple trans-
mit antennas and multiple receive antennas are said to be multiple-input-multiple-output
(MIMO).

In the past few decades, SISO systems were widely used. However, the spectral ef-

ficiency of these systems is limited by the modulation order, because if the modulation
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order is increased, the system become more susceptible to fading effects [72]. Therefore,
systems with high spectral efficiency are required nowadays.

Wireless systems with multiple transmit antennas present high spectral efficiency, once
the antenas can transmit simultaneously on the same radio resource. On the other hand,
wireless systems with multiple receive antennas present high performance, once the an-

tennas provides spatial diversity and spatial multiplexing as detailed below.

2.5.1 Spatial Diversity

Spatial diversity is a technique for combating the undesirable fading effects, once it
exploits multipath signals affected by independent fadings by combining different replicas
of the received signal. As a consequence, the probability that combined replicas present
significant degradation is much smaller than the probability of a single replica presenting
the same degradation. The number of replicas is known as diversity order. Further, the
higher the diversity the higher is the system performance. Several diversity techniques
such as frequency diversity, time diversity, and spatial diversities are well established in
the literature [76].

In particular, spatial diversity can be obtained by using multiple antennas at the
reciever, which is also known as antenna diversity. It is also possible to obtain spatial
diversity with multiple antennas at the transmitter. In this thesis we consider spatial
diversity by employing multiple antennas only at the receiver. In Chapter 3, a study of
the distance between antennas is carried out in order to make the fading independent
at the different antennas. However, in a multipath channel the distance between two
antennas is d ~ \./2, where \. denotes wavelength, which is calculated as A\. = ¢/f. [76].

Antenna diversity is the most employed diversity technique because its implementation

is easy and presents superior performance than frequency or time diversity techniques [82].

2.5.2 Spatial Multiplexing

Multiplexing consists in combining signals from different sources (users) into one com-
posite signal that is transmitted over a shared medium. In the literature, there are several
multiplexing techniques, such as time-division multiplexing, frequency-division multiplex-
ing, code-division multiplexing, and space-division multiplexing [69].

In space-division multiplexing many symbols are simultaneously transmitted by the
different transmit antennas, thus, the data rate is increased without any change in fre-
quency band or transmission power.

MIMO systems are attractive because it provides high performance reliability and
spectral efficiency through spatial diversity and spatial multiplexing, respectively. How-
ever, in [76] it is shown that there is a trade-off between diversity and multiplexing if

linear detectors are employed.
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Finally, MIMO systems, in addition to providing spatial diversity and multiplexing,

can also be used to suppress the interference.

2.5.3 MIMO Channel

MIMO systems employ K transmit antennas and N receive antennas to simultaneously
transmit /receive symbols in the same radio resource, as shown in Fig. 2.4. As K transmit
antennas are employed, the spectral efficiency is increased K times. Thus, the received
signal vector y is given by:

y = Hx + w, (2.17)

where y = [y1,¥2, ..., yn]’ has dimension N x 1, x = [x1,Zs, ..., zx|T is the transmitted
signal vector of dimension K x 1, whose elements belong to the M-QAM modulation with
order M, w = [wy, wy,...,wy]|’ is the additive complex white Gaussian noise (AWGN)
vector of dimension N x 1, whose entries consists of independent and identically distributed
(i.i.d) complex Gaussian random variables with zero mean and variance o2 and H is the
slow-flat Rayleigh fading MIMO channel matrix of dimension N x K, whose entries consist
of i.i.d complex Gaussian random variables with zero mean and variance equal to o2. The
MIMO channel matrix is of the form:

hip hig -+ hik
h h o h

H— ?,1 ?,2 | 2.71( ’ (2.18)
hni hye -+ hyk

where h; ; denotes the entry of the link between the ith receive antenna and jth transmit
antenna, as shown in Fig. 2.4. For a better understanding of the MIMO channel, some

matrix properties are presented in Appendix A.

2.5.4 Massive MIMO Channel

M-MIMO considers a system with a great number of antennas, where the number of
receive antennas is much greater than the number of transmit antennas, that is N » K.
Therefore, the product H?H, where HY is the conjugate transpose of H, converges
asymptotically to a2NI, as N goes to infinity for a fixed K, that is [24]:

lim (H"H) = o2NI. (2.19)

N—oo

The condition given by (2.19) establish that all eigenvalues of HH becomes equal,
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Figure 2.4: MIMO system with K transmit antennas and N receive antennas.

i.e., Ay = Ay = Ag. Thus, the condition number, given by:

)\max
k(H'H) = S (2.20)
where Apax and Apin are the greatest and the smallest nonzero eigenvalues of HYH,
respectively, is equal to one. This means that H# H is orthogonal [83].
The M-MIMO channel take advantage of two concepts known as channel favorable

propagation regime [24] and channel hardening [84], which are explained below.

2.5.4.1 Favorable Propagation

M-MIMO systems with large number of receive antennas allows the mutual orthogo-
nality among channels, that is known as favorable propagation. Thus, the column channel
vectors of H satisfy [22]:

0 if j#£k

h o (2.21)
2N if j=k

E {h{'h;} _{

This inner product is a measure of the interference reduction among users. For M-
MIMO systems, it will be more detailed in Chapter 3.

2.5.4.2 Channel Hardening

In M-MIMO systems, the spatial diversity produces a phenomenon called channel

hardening. Channel hardening means that a fading channel behaves as a AWGN channel,
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Figure 2.5: Empirical eigenvalues PDF for N = 128 and different K.

i.e, the fading impact on the communication is negligible [84].

Once the MIMO channel matrix H, given by (2.18), becomes larger, that is, only N or
both N and K increases with ratio f = K /N, then the eigenvalues distribution of HH
or HH¥ becomes less sensitive to the current distribution of its entries h; ; of the channel
matrix H.

This is a central result of random matrix theory based on the Marchenko-Pastur law,
which establishes that for N » 1 and 8 = K/N, the empirical distribution of H?H
converges to the probability density function given by [83] *:

1 \/(’\_d)+(l~’_A)+

p(\) = <1 - B) S(N) + N , (2.22)

where §(-) is the Dirac delta function, (z); = max(0,x), @ = Na, b= Nb, a= (1 - \/3)2,
and b= (1++/B)" fora<i<band0<f <1
Analogously, the empirical distribution of HH” converges to the probability density

function given by [83]:

\/(A&)+ (5)\)+.

PO = (1= ), 50 + ————

(2.23)

In Fig. 2.5 the PDF of the eigenvalues of HYH and HHY for N = 128 and K =
16, 64, and 128 are presented. Observe that as [ decreases, the eigenvalues ranges

decreases.

Tn [83] the entries of H are i.i.d. zero-mean complex Gaussian random variables with normalized

variance o? = 1/N.
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Consequently, the eigenvalues becomes deterministic for N » 1 and f§ — 0. This is
equivalent to N » K, which is known as massive MIMO. This behavior produces the
channel hardening phenomenon [12].

In [12] another channel hardening scenario is distinguished for large N and K, that
is for N = K, which is known as symmetric MIMO channel. However, along this thesis

only the massive MIMO channel scenario is considered.

2.5.4.3 Finite M-MIMO

The condition established in (2.19) produces favorable propagation and channel hard-
ening, once the number of receive antennas N tends to infinite. However, the employment
of an infinite number of receive antennas is impractical. Thus, a natural question arises:
How many antennas do we need for M-MIMO? [25]. The answer is not straightforward
because it depends on the system configuration required for a desired performance. How-
ever, an approach based on the condition number given by (2.20) can give us a practical
answer. Thus, as the condition number of H?H goes to 1, the channel becomes asymptot-
ically orthogonal. On the other hand, a large condition number, means that the channel
is highly non-orthogonal or ill-conditioned.

Another reference for the channel orthogonality of M-MIMO systems is the Frobenius

norm of the orthogonality error matrix, E, = H?/H — a2NI, given by:
|Eo| r = A/ Tr(EYE,), (2.24)

where Tr(EfE,) denotes the matrix trace.

In Fig. 2.6a and Fig. 2.6b, the condition number of H”H and the Frobenius norm of
the orthogonality matrix error are obtained using Monte Carlo simulation. Both metrics
are evaluated and averaged over 10* channel simulations.

Fig. 2.6a shows the condition number of H¥H as a function of the number of receive
antennas for K = 4, 16, and 64 transmit antennas. Notice that as N increases the
condition number tends to one, that is x(H”H) ~ 1, which is more evident when N » K.
For N = 100 the condition number is closer to one for K = 4 than for K = 64.

On the other hand, Fig. 2.6b shows the normalized Frobenius norm of the orthogonal-
ity error matrix E, as a function of the number of receive antennas for K = 4, 16, and 64
transmit antennas a2 = 1. Notice that the normalized Frobenius norm of the orthogonal-
ity error matrix tends to zero as N increases, which shows that for N » K, the channel
matrix H can be considered well conditioned (quasi-orthogonal) and behaves as deter-
ministic. However, the condition number and the Frobenius norm show that the channel
orthogonality is improved, but they do not show the loss in performance due to the chan-
nel non-orthogonality. Therefore, performance analysis such as the ergodic capacity or

bit error rate are required.
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Figure 2.6: Condition number and Frobenius norm of finite M-MIMO.

Finally, practical finite M-MIMO systems are limited by the physical space used in the
antenna array deployment, which is studied in Chapter 3. Furthermore, the performance
of finite M-MIMO is limited by MAI and CEEI, which are studied in Chapter 4 and 5.
Impairments such as pilot contamination, spatial correlation, hardware restrictions and

other that limits the M-MIMO systems performance are not part of this thesis.

2.6 MIMO Linear Detectors

Data detection recovers the transmitted symbol at the receiver. The detection tech-
niques vary from SISO to MIMO systems. MIMO systems due to the spatial multiplexing
is suitable for multiuser detection. However, MIMO detectors requires high complexity
algorithms for its effectiveness.

Given the received MIMO signal shown in (2.17), many detection techniques can be
used at the receiver in order to detect the transmit signal under CSI knowledge. Con-
sequently, efficient detection schemes in terms of performance and complexity should be
considered. For uncoded systems, the spatial diversity order can be used as a perfor-
mance metric for several MIMO detection methods, where the diversity gain is equal to
the number of receive antennas.

From a performance perspective, optimal detection is always preferred once it achieves
the full diversity gain given by N. However, its complexity grows exponentially with the
number of transmit antennas, which becomes impractical even for low values of K. The
maximum likelihood (ML) detector is optimal with complexity O (M K ), where M is the
modulation order. On the other hand, the sphere detector (SD) has the same performance
of ML, but smaller complexity given by O (M*X) where 0 < v < 1 [82].
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In order to reduce the computational complexity, sub-optimal linear detectors can be
an interesting approach. They consider the signals from the other antennas as MAI and
detect the transmitted signal vector x by multiplying the received signal vector y, given

by (2.17), by a compensation matrix A as:
X = Ay. (2.25)
Furthermore, the kth transmitted signal can be detected from:
Tp = aLy, (2.26)

where ay, is the kth row of A.

Linear detectors cannot achieve reasonably good performance if the channel matrix H
is ill-conditioned or non-orthogonal. Thus, they do not achieve the full diversity as the
optimum detector. On the other hand, when the channel matrix H is well-conditioned or
quasi-orthogonal, that is the case of M-MIMO, these detectors can achieve near optimum
performance [24].

The most common linear detectors are the maximal-ratio-combining (MRC), zero-
forcing (ZF) and minimum-mean-square-error (MMSE) detectors, and they are presented
below under the assumption that H is the estimation of H. Furthermore, their perfor-

mance is presented in Chapter 5.

2.6.1 Maximal-Ratio-Combining

The MRC detector is the less complex linear detector which can be implemented by
using (2.25) with:
A =H". (2.27)

Therefore, by using (2.27) in (2.17), the detected symbol vector is given by:
% = H'y, (2.28)
and the detected symbol transmitted by the kth antenna can be rewritten as:
Zr = hily, (2.29)

where IAlkH is the kth row vector of HZ.
Notice that the transpose-conjugate is an operation that requires complexity order
of O(K), which is attractive. However, MRC considers MAI as pure noise. Thus, the

MRC detector works properly only for the M-MIMO case, otherwise, the performance is
severely degraded by MAL
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2.6.2 Zero-Forcing

The ZF detector eliminates the MAI at the cost of more complexity and noise en-

hancement. The ZF compensation matrix is given by:
~ ~ A\ 1 A~
A=H*Y = <HHH) ar, (2.30)

where H* is the left-inverse or Moore-Penrose pseudo-inverse of the matrix H as shown
in Appendix (A.4). Therefore, by using (2.30) in (2.17), the detected symbol vector is
given by:

=H'y, (2.31)

and the kth detected symbol is given by:
& = hiy, (2.32)

where fl,‘j is the kth row vector of H*. Observe that MAI is eliminated according to:

o 1 if k=
hih; = : o (2.33)
0 if k#j

The ZF detector complexity is in computing ﬁ*, which has cubic complexity, given
by O(K3?). However, in [35], several inversion algorithms have been shown which at
a performance cost present complexity of O(vK?) or O(vK), where v is a factor that
depends on the inversion algorithm. On the other hand, the ZF performance achieves, on
average, a diversity order of N — K + 1 [68]. For M-MIMO the diversity order is nearly

optimal.

2.6.3 Minimum-Mean-Square-Error

The MMSE detector mitigates the noise enhancement of ZF detector by minimizing the
mean-square-error (MSE) between the transmitted symbol vector x and the compensated

received symbol vector Ay, which consist in solving the minimization problem given by:
inE [|x — Ay|?]. 2.34
minE [|x - Ay|?] (2.34)

Thus, the solution of (2.34) is the compensation matrix given by:

A =C,,C;! (2.35)

Yy’

where Cyy = |2|> H” and Cyy = |z|> HH” + 621y are covariance matrices, |x|? is the

constellation mean power and o2 is the noise variance. Notice that (2.35) requires the
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inversion of a N x N matrix. However, by using the matrix inversion lemma given by
(A.13) in (2.35), the compensation complexity can be reduced by the matrix inversion
of A = |z|? (W HH + aiIK> B ﬁH, which is K x K. Therefore, the detected signal
vector is given by: .

% = 2P (W H7H + avaK> ffy, (2.36)
and the kth detected symbol is given by (2.26).

As for ZF detector, the complexity of the MMSE detector is cubic with the number
of transmit antennas, due to the matrix inversion involved in (2.36). However, additional
knowledge of the constellation mean power and noise variance is required.

MMSE detector has a diversity order of N — K + 1. Besides, it has similar performance
to the ZF detector in M-MIMO [47]. However, the benefits of the MMSE detector are

well evident in MIMO systems with a few numbers of antennas [85].

2.7 Channel State Information

The CSI is the knowledge of channel matrix H at the receiver. Channel estimation is
performed before the symbol detection is carried out [82]. For simplicity, perfect CSI is
widely used in communication systems analysis. In this ideal scenario H = H.

In practice, CSI is obtained by transmitting pilot symbols which are known at the
receiver. Thus, the received samples y,, of dimension L, x 1, used in the channel estimation
can be modeled as:

y, = X,h +w, (2.37)

where X, is the pilot symbols matrix of dimension L, x L,, h is the unknown channel
vector of dimension L, x 1, w is the noise vector of dimension L, x 1 and L, is the number
of pilot symbols.

There are two techniques to estimate h: the ML estimator and the MMSE [86]. Con-
ventionally, the ML estimator is used only if the noise variance is known. On the other
hand, if the noise variance and the a-priori distribution of h are known, the MMSE esti-

mator can be used as shown below.

2.7.1 Minimum-Mean-Square-Error Estimator

The MMSE estimator, which is also called Bayesian mean-square-error (MSE) estima-
tor, exploits the knowledge of the channel coefficients distribution in order to obtain an
estimator that is better than the ML [86]. Thus, the Bayesian MSE estimator is given by
the mean of the a-posteriori PDF p(hl|y,) given by:

h = E[h]y,]. (2.38)
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The result of (2.38) is equivalent to minimize the MSE, that is:

min B H (h - ﬁ)2 : (2.39)

where h is the estimated channel vector.

By considering the observed data in (2.37) as a linear model, where h is a random
vector with Gaussian PDF CN (0, Cpy), and w is the noise vector with Gaussian PDF
CN (0, Cyyw) that is independent of h. Then, y has also a complex Gaussian distribution
with PDF CAN(0, Cy,y,) and therefore, h and y, are jointly Gaussian. As a consequence

the estimator in (2.38) can be rewritten as:

~

h = Cyy,C, vy, (2.40)

where Chy, = CpnX/, and C

P YpYp
thermore, the MSE matrix is given by:

= X,CunX/' + 021, are covariance matrices. Fur-

My = Chn — Cry, C, )y, Cyon, (2.41)

which is obtained by applying the orthogonal principle which establishes that the optimal
estimator is obtained when the error is orthogonal to the data sample.

Additionally, if the observed data in (2.37) is a wide-sense stationary Gaussian process
and the MMSE estimator is used, this problem is known as Wiener filtering, that can be
cast the functions of filtering, smoothing and prediction. The smoothing filter is given by
(2.40) and the prediction filter is given by [86]:

~

h(f) = Chyy,C

-1
P ypypyP’

(2.42)

forall ¢ > L, + 1.

Finally, the CSI quality depends also on the training scheme, which consists on the
usage of pilot and data symbols in a block with a duration Tg. Commonly, pilot and data
symbols are multiplexed in a block. This technique is named as multiplexed pilot esti-
mation (MPE) [87]. If pilot and data symbols are superimposed this technique is named
superimposed pilot estimation (SPE). Furthermore, a hybrid pilot estimation (HPE) tech-
nique can be built by using both MPE and SPE [38]. These estimation techniques are
detailed in Chapter 4.
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CHAPTER 3

Inter-User Interference Reduction in
M-MIMO

3.1 Introduction

The key idea in M-MIMO systems is the favorable propagation introduced in Section
2.5.4.1. Favorable propagation is defined as the mutual orthogonality among the channel
column vectors of the channel matrix [21]. However, favorable propagation depends on
the channel model [22, 88, 89]. In the literature, there are several channel models for
M-MIMO systems [15, 90]. Although the benefits of M-MIMO systems are undoubtedly
very attractive, its practical implementation, like the deployment of antenna arrays, is
equally challenging [88].

The physical size of M-MIMO arrays is the fundamental problem of practical deploy-
ment. Once M-MIMO has been initially conceived for ordinary rich scattering in sub-6
GHz frequency channel [13], it is ideal for frequency bands in the range of 30-300 GHz,
known as millimeter wave (mmWave). Despite conceptual similarities, the way M-MIMO
can be exploited in these bands is radically different due to their specific propagation be-
haviors [91, 92]. Furthermore, for small wavelengths, the antenna elements can be packed
in a finite volume, due to the highly directional nature of propagation at mmWave, line-
of-sight (LOS) propagation dominates.

On the other hand, it is shown in [20] that the independent and identically distributed
(i.i.d.) Rayleigh fading channel is a good model for non-line-of-sight (NLOS) channels,
once it occurs in special cases with a rich scattering environment where multipaths are
uniformly distributed which is a propagation characteristic of sub-6 GHz. However, the
array size increases as the number of antennas grows [93]. For this purpose, recent works
have also investigated the possibility of increasing the number of array elements in fixed
physical spaces. However, this approach introduces correlation between antennas which
limits the favorable propagation [94, 95]. Therefore, other properties of M-MIMO must
be exploited [96].
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This chapter addresses the favorable propagation issues through the interference re-
duction factor (IRF) presented in [19]. The IRF is the interference reduction of an array
in relation to the single antennas case. It also can be used to evaluate the antenna cor-
relation issues presented in fixed physical spaces. For this purpose, the uniform random
line of sight (UR-LOS) and the Rayleigh fading channel models are used.

The channel models are introduced in Section 3.2, the IRF is derived in Section 3.3

and the numerical results and discussions are presented in Section 3.4.

3.2 Channel Model

The entries of the MIMO channel matrix defined in (2.18) depend on the channel
impulse response given by (2.11). According to [90] and [46], the channel impulse re-
sponse can be modeled by a geometric-based stochastic model (GBSM) or correlation-
based stochastic models (CBSM). GBSM is used to evaluate the performance of practical
wireless communication systems using simulation. On the other hand, CBSM is used
as a theoretical model to evaluate the performance of M-MIMO systems based on the
correlation of the channel impulse response 2.

In the context of theoretical analysis, this thesis approaches the UR-LOS channel
model and the Rayleigh fading channel model, introduced in Section 2.4.2.1 and 2.4.2.2,
respectively.

Actually, the N x K MIMO channel matrix given by (2.18), for the ¢th time interval

can be rewritten as:
H(¢) = [hy(£) hy(f) ---hg(€)], (3.1)

where hy(¢) is the kth UT channel vector of dimension N x 1.

3.2.1 UR-LOS Channel

UR-LOS channel model assumes that at each receive antenna arrives one LOS path
as in (2.12), where the fading amplitude « is unitary, and the phase is a function of the
UT position and the antenna array pattern.

In a three dimensional (3-D) scenario, the azimuthal angle of arrival (AoA) and the
elevation angle of arrival (EoA) of the LOS path at each antenna depends on the position
of each UT defined by ¢, and 6 Vk < K, which are modeled as independent random
variables with probability density function p (¢r) = % distributed between [0,27) and

p (0r) = sin 0, distributed over [7/2, 1), respectively. Furthermore, the 3-D scenario could

2The GBSM can model several channel parameters that are not included in the CBSM due to its
increased complexity.
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Figure 3.1: Uniform linear array along X-axis, Y-axis and Z-axis.

be reduced to a two dimensional (2-D) if 6, = 7/2, which is called horizon or far-field
scenario.

On the other hand, the antenna array radiation pattern, that is the radiated power
distribution, depends on the array geometry and on each antenna radiation pattern. The
most common array geometries are the linear, planar, circular and cylindrical. Further-
more, there are several antenna types, such as, the half-wave dipole antenna that is the
very popular and the short dipole used when space is an issue [97].

For simplicity, no time-correlation is assumed in this channel model and consequently

Doppler effects are not presented.

3.2.1.1 Uniform Linear Array

The uniform linear array (ULA) consists of equally spaced antenna elements placed in
a straight line. Fig. 3.1 shows three uniform linear arrays using short dipoles with vertical
polarization deployed along the X-axis, Y-axis and Z-axis, respectively. When the radio
signal travels one wavelength ., then the carrier phase changes 27 radians, therefore the

phase difference between signals arriving at two adjacent antennas in each axis can be
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written as:
Q. » = 2mA, cos ¢y sin O, (3.2)
®y..,, = 2mA, sin ¢y, sin O, (3.3)
)., = 2w, cos by, (3.4)
where A, = C)l\—”z = %, A, = i—’i = ﬁj_l) and A, = i—z = %, are the normalized

separation between antennas, \. = ¢/f. is the carrier wavelength, ¢ ~ 3 x 10® m/s is the
light speed, f. is the carrier frequency, d,, d, and d. are the distance between antennas,
Ly, L, and L, are the array edge length and N,, N, and N, are the number of antennas
along the X-axis, Y-axis and Z-axis, respectively.

Notice that a steering vector can be formed by using the phase differences of the kth
UT received signal at the antennas of the array ® [72]. The first antenna is used as a phase
of reference. Thus, for the ULA on each axis, the steering or channel vector for the kth

UT is given by:

T

ho = [1 exp[—i®pa] - exp[—i(N, — 1) ®p.]| (3.5)
B QT

hpy = |1 exp[i®py] - exp[=i (N, = 1) Pyy]| (3.6)
B 17T

hy. =11 exp[-1Dy.] -+ exp[-1(N,—1)Dr.]| - (3.7)

Finally, in the far-field, the elevation angle is equal to 6y = 7/2. Thus, the steering
vector for the ULA on the Z-axis can be reduced to a single antenna element and the

steering vectors for the ULA on X and Y axis do not depend on the elevation angle.

3.2.1.2 Uniform Planar Array

The uniform planar array (UPA) is composed by equally spaced antenna elements
placed in a plane. A planar array could be deployed along the XY-plane, X Z-plane or
Y Z-plane. By using the ULA steering vectors for the ULAs in each axis, the UPA in each

plane can be obtained as follows:

hk,a:y = hk,a; & hk;,yy (38)
hk,xz = hk,x ® hk,z; (39)
hk,yz = hk,y & hk,za (310)

3The UR-LOS channel vector can also be named steering vector.
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where @ denotes the Kronecker product. For example, the steering vector hy, ,,, of dimen-

sion N;N, x 1, that represents the UPA on the X'Y-plane, can be rewritten as:

1
exp {—H@k@}

exp{—1[N, — 1] Pt}
exXp {—]'lq)k7y}

exp {—1 [Py, + Piyl} (3:11)

hk,zy =

exp {—1[(Ny — 1) P + Pp ]}

_eXp {_ﬁ [(Nx - 1) (I)k,;v + (Ny - 1) (I)k,y]}_

Additionally, for NV, = N, the UPA geometry is square and for IV, # N, is rectangular.
Notice that the total number of antennas in the array is N = N, N,. A similar procedure
can be performed in order to represent the UPA on the other planes.

Finally, in the far-field, the UPAs steering vectors hy, ., and hy ., are reduced to the

ULAs with steering vectors given by hy , and hy ,, respectively.

3.2.2 Rayleigh Fading Channel Model

Rayleigh fading channel occurs on an idealized rich scattering environment with a
large number of multipaths uniformly distributed that rise a flat and slow fading. Thus,
the entries of the channel matrix given by (3.1), for the ¢th time interval, can be written

as:
h@j(ﬁ) = Q; eXp{—]'l(Qﬂ'fdi’ngs + (bi,j)}, (312)

for 1 < i < N and 1 < j < K. Therefore, the channel is modeled by a zero-mean
complex wide-sense stationary Gaussian process with auto-correlation function R(¢) =
E{h; ;j(€)h};(£—m)}, where a; ; is the Rayleigh fading amplitude with mean power a? and
PDF given by (2.13), ¢;; is the uniformly distributed phase over the interval [0, 27), f4, , =
% fecos p; ; is the Doppler shift, v; is the jth UT speed, and ¢; ; is the angular position,
uniformly distributed over the interval [0,7). In a mobile communication environment
that considers the Jakes” model, the time auto-correlation function is given by (2.16).

Once in (3.12) only the azimuthal angle is considered, the Rayleigh fading channel
should be employed only on 2-D propagation scenarios. For 3-D scenarios, other channel
models should be used.

Finally, notice that in the Rayleigh channel model there are multipaths, while in the
UR-LOS channel model there is only one path.
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3.3 Interference Reduction Factor

An antenna array can pinpoint the main beam of the radiation pattern in the direction
of the desired UT [97]. Furthermore, as the number of antennas increases, the main beam
becomes narrower and directive by diminishing the secondary lobes, which reduces the
interference from other UTs.

The radiation pattern and the IRF are related definitions, both depend on the inner
product between the channel steering vector fixed on a desired direction and channel
steering vector from any direction. In particular, the IRF is defined by the mean value of

the squared radiation pattern. These aspects are presented in the following sections.

3.3.1 IRF in UR-LOS Channels

The normalized radiation pattern of an antenna array in the direction of the kth UT

for UR-LOS channels in 3-D scenarios is given by [97]:

[y

Rs_p = sin (6) sin (6;) N

(3.13)
where the steering vector hy, is a function of 6, and ¢y, that is the desired direction and h;
is a function of §; and ¢; directions, N normalizes the radiation pattern and sin (¢;) and
sin (0) are introduced by the use of vertical polarized short dipoles. Moreover, depending
on the array geometry, the steering vectors hy, and h; are given by (3.5), (3.6), and (3.7)
for ULAs and (3.8), (3.9) and (3.10) for UPAs, respectively. For a simple notation of
(3.13) the steering vectors axis or plane is not presented.

Once ¢y, and ¢; may assume any angular position between [0, 27) and 6, and 6; any
angular position between [7/2, 1), the array IRF can be obtained by averaging the squared

normalized radiation pattern given by (3.13) as:

Ts_p =E{R3 ,}
1 2r ™ 2w
Yo = [ | [ ] st @)sin 60 (W0l (60) (600 (6 (60) dBrdndtydes,
0 7/2 0 /2

(3.14)

where p (¢;) and p (¢y) are the azimuthal angle PDF's and p (6;) and p (6) are the elevation
angle PDFs.
In a 2-D scenario, i.e. fixing 0, = 6; = /2, the factors introduced by the short dipoles

in (3.13) are unitary. Thus, the radiation pattern for 2-D scenarios can be rewritten as
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[64]:
hfh
R = ’J—Nk‘ (3.15)
and the IRF is given by:
T = E{R?}
1 27 27
2
e ” [ bu " p (61) p (85) dondd;. (3.16)
00

3.3.1.1 1IRF for ULAs

The IRF expressions given by (3.14) and (3.16) depend on the inner product |h£ hj‘
of the ULA steering vectors given by (3.5), (3.6) and (3.7). Thus, after some algebraic

manipulation, the inner products for ULAs on each axis can be written as:

sin (N, %=
|hH hkx{ = SIIE ( ) ) ) (317)
sin | IV, Yy
by, | = (< 2>> (3.18)
b hy.| = sin (V- wz), (3.19)

sin (42)

where ¢, = 2w, (cos ¢, sinb; — cos ¢y sinby), ¥, = 2w, (sin ¢; sin 6; — sin ¢, sin G) and
Y, = 2w, (cos@; — cos ).

A closed-form expression of the IRF in 3-D scenarios can be obtained after integrating
(3.14). Thus, by using (3.17) and (3.19) in (3.14), the IRF for the ULA on X-axis and

Z-axis are respectively given by:

T L 2N {2na,m) cos (272,m)
Dr =+ e —m) ————1 (2rA,m) cos (2rAm
TPT 9N, N2 — (2nA,m)°
2
+ [(27TAxm)2 — 1] sin (QWAxm)} : (3.20)

4 9 Nei! 1 ) .
Yo po = —— + N. —m —{8+8 27 Am)* + (2 A.m
v0e = g3 v 2 () s {8 8 nBam) 4 (2nm)

—[8+14 (ZWAZm)Z] [cos (2rA,m) + (2rA,m) sin (QWAzm)]}. (3.21)

The IRF for the ULA on Y-axis, that is T35_p ,, is equivalent to the IRF for the ULA
on X-axis, given by (3.20), with A, = A, and N, = N,
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In 2-D scenarios, a closed-form expression for the IRF for the ULA on X-axis can be
obtained by integrating (3.16), considering the steering vectors inner product in (3.17).
Thus, the IRF is given by:

12 N )
Y, = N + N mZ:1 (N, —m) J5 (2mrA,m) . (3.22)

As for the 3-D scenario, the IRF for the ULA on Y-axis is equivalent to the IRF on
X-axis given by (3.22), with A, = A, and N, = N,,. Finally, there is no IRF for the ULA

on Z-axis, once the elevation angle is not considered in 2-D scenario.

3.3.1.2 IRF for UPAs

Applying the same criteria used for ULAs, the inner product ‘hﬁl hj| for the UPA on
planes XY, XZ and Y Z, in terms of the steering vectors given by (3.8), (3.9) and (3.10),

can be written as:

' Yy

‘hH b, | _ sin (N, %) sin (Ny 2 ) (3.23)

T sin(g) sin () '

N, %) sin (N, %)

bt | = S 2 3.24

el TG ) @24
sin (N ﬂ) in (N, %

}hfyzhk,yz| = Z : Sln,( ¢z2 ), (3.25)
sin | Sl 7)

where ¢, = 2w, (cos ¢; sin@; — cos ¢y sinby), ¢, = 2w, (sin ¢; sin 6; — sin ¢y, sin Gy ) and
Y, =21, (cosf; — cosby).
A closed-form expression of the IRF for the UPA on XY-plane can be obtained by
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integrating (3.14) using (3.23), that is:

4 2N, Nﬂf (N, —m)
IN,N,  N2N2 = (2rA,m)°

T3—D,xy =

{(QWAxm) cos (2mrA,m)

2N Ny—1

(Ny — )

+ [(27A,m)? — 1] sin (%Amm)}Q N

4 szl Ny_l

+ [(27rA,n)? — 1] sin (QWAyn)}2 + NZN? Z Z [\/( (NZ_ 77)1) <A<7y _An) | :|6
Y om=1 n=1 orA,m)* + (27 yn2

X {\/(QWAgcm)2 + (27rAyn)2 coS l\/(QWAzm)Q + (QWAy”)Q]

+ [(27TA:C77”L>2 + (2rAn)? — 1] sin [\/(QWAxmf + (27rAyn)2]} : (3.26)

On the other hand, the IRF for the UPA on X Z-plane is obtained by integrating (3.14)

using (3.24). The result is a semi closed-form expression equal to:

4 2N, szl (N, —m)
ON,N, | NZN? L (2rA,m)°

T3 Doy = {(QWAxm) cos (2w A,m)

+ [(27TAgcm)2 — 1] sin (QWAxm)}z ]\%\]f\m ;Z_ ((QJZT:A ll)) {8 +8(27ALl?

(2rALD)" = [8 4+ 4 (27 A1) [cos (27 ALL) + (27 A1) sin <2mzz>]}
1N,— T T
N2N2 Zz Z N, —1) L/2 L/z Jo 2mAymsinOy) Jo (2rA,msin6;)
x cos [21 Al (cos O, — cos 0;)] sin® (0;) sin® (6;) dO,db;. (3.27)

The IRF for the UPA on Y Z-plane is obtained by integrating (3.14) using (3.25)
and the result is equal to that obtained for the UPA on Y Z-plane given by (3.27), with
A, =A,and N, = N,.

For 2-D scenarios, a closed-form expression of the IRF for the UPA on XY-plane can
be obtained by integrating (3.16) and considering that the steering vectors inner product

given by (3.23) are function of ¢, = 2rA, (cos ¢; — cos ¢x) and ¥, = 21 A, (sin ¢; — sin ¢y,).
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Thus, the IRF is given by:

1 2N, & e
_ v
T,y = NN, + NINE 2 (N, —m) Jg (2rA,m) N2Ny2 nzl , —n)J5 (2rAn)
Np—1 Ny—1

2 Nyg mZ Z Ny = 1) Jo (208/m? £ 02) Jo (2, Vm? + n?)

(3.28)

Finally, for 2-D scenarios and for the UPAs on X Z-plane and Y Z-plane, the IRF is
equivalent to the ULA on X-axis and Y-axis, given by (3.22).

3.3.1.3 Physical Space Considerations

Depending on the available physical space to deploy the antenna array, there are two
cases to be considered. In the first one physical space is unlimited, thus, there is enough
room to increase the number of antennas and the separation between antennas can be
greater than or equal to A\./2. In the second one the physical space is limited, thus, there is
not enough room to increase the number of antennas and the separation between antennas
should be less than A./2 [22].

For the sake of simplicity, consider the IRF for the ULAs of 2-D scenarios given by
(3.22). Therefore, in the first case, the optimal IRF is achieved by taking the array length
L, to infinity in (3.22), that is: X

Eilinoo”f N (3.29)

On the other hand, the second case is relevant for M-MIMO, once the number of

antennas in limited spaces is very large. Therefore, the IRF for a large number of antennas

on (3.22) in a limited space, is given by:

lelng =2A -, (3.30)
where A = oF3[1/2,1/2;1,1,3/2; (—27L,/\.)?] is defined by the generalized hypergeo-
metric function [98] and U = JZ (27L,/\.) + JE (21L,/).), where J; is the first-order
Bessel function of the first kind.

For M-MIMO systems, unlimited physical space should be desirable in order to avoid
the IRF saturation and to reach the optimal IRF. In general, the optimal IRF of ULAs
and UPAs for 2-D scenario is given by:

1

Topt - N, (331)
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while for 3-D scenario it is given by:

4

— 32
o (332

T?)*D,opt =

where it is considered that N = N, = N, = N, for ULAs and that N = N,N, = N, N, =
Ny N, for UPAs.

3.3.2 IRF in Rayleigh Fading Channels

For the Rayleigh fading channel, the normalized IRF is similar to that given by (3.16)

for 2-D scenarios, that can be rewritten as:

T_E b/’
o2 N2

1

—
a? N2

oo O
T= f f!hfhk!%(hj)p(hk)dhjdhk, (3.33)

—00 —00

where the entries of h;, and h; are i.i.d. complex-Gaussian random variables given by
(3.12). Therefore, hy, and h; are multivariate complex-Gaussian random variables with
PDFs, p(hy) and p(h;), given by CN ~ (0,a%Iy). By integrating (3.33), the IRF is equal
to:

T= (3.34)

Notice that the IRF obtained in (3.34) is equal to the optimal IRF given by (3.31) for
the UR-LOS channel. Therefore, in the Rayleigh fading channel model it is possible to
assume that the antennas of the array are widely spaced in an unlimited physical space.
Notice that in practical applications the separation between antennas is at least A./2 [20].
In these cases, as N increases the IRF tends to zero, thus, the channel vectors becomes
orthogonal and the favorable propagation established in Section 2.5.4.1 is reached.

Furthermore, in MIMO systems the Rayleigh fading is also named as spatially un-
correlated fading, once the channel coefficients between antennas are uncorrelated. In
this particular scenario, it is reasonable to assume that the angle of arrival of each UT is
uniformly distributed in [0, 7) at each antenna. Therefore, the Jakes’ model is suitable

for modeling the channel time-correlations [99].

3.4 Numerical Results and Discussions

In this section, the IRF of ULAs and UPAs for UR-LOS channels and Rayleigh chan-

nels are evaluated using the proposed analytical expressions. Additionally, simulations
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Figure 3.2: Radiation pattern of ULAs and square UPAs intended to an UT at position ¢ = 0°
and ¢y = 45°.

employing the Monte Carlo method are performed in order to support the validity of the
proposed expressions. Furthermore, a comparison between ULAs and UPAs for unlimited
and limited physical space is presented for 2-D and 3-D scenarios.

Fig. 3.2a and 3.2b show the BS azimuthal radiation pattern intended to an UT at
position ¢ = 0° and ¢, = 45° using ULAs and square UPAs with V = 16 and N = 256
antennas spaced by d = A./2. For plotting Fig. 3.2a and 3.2b, the equation (3.13) is
used?. Notice that the radiation lobe is maximized on the direction of the kth UT, that
is hy, = h; and small radiation lobes are presented for hy # h;. Besides, as expected, the
radiation lobe becomes more directive as the number of antennas increases. As shown in
Fig. 3.2a and 3.2b, the radiation pattern is a snapshot for a given position of the desired
user. In particular, at 0° direction, the ULA lobe is wider than the UPA lobe, and in the
direction of 45°, the UPA lobe is wider than the ULA which presents an additional lobe
in the direction of —45°.

Fig. 3.3a shows the inverse of the IRF as a function of the number of antennas with
separation between antennas of d = d, = d, = d, = A\./2 for ULAs and UPAs in 3-D
scenarios. The IRF for the ULA deployed along X-axis and Z-axis are given by (3.20)
and (3.21), respectively. Besides, ULAs deployey along the X-axis or Y-axis have the
same IRF. On the other hand, the IRF for square UPAs on XY-plane is given by (3.26)
and for UPAs on X Z-plane it is given by (3.27). Additionally, the IRF of the UPA on
Y Z-plane is equivalent to UPA on X Z-plane. Notice that the ULA on X-axis and the
UPA on XY-plane that are deployed on the horizontal plane reduce more interference
than the arrays deployed on the vertical plane, which are the ULA on Z-axis and the
UPA on X Z-plane. Furthermore, for the same number of antennas, the ULAs reduce
more interference than the UPAs. Notice that the IRF of the ULA on X-axis is near

4The same results can be obtained by using (3.13) with 6; = 6 = 7/2
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Figure 3.3: Inverse of the IRF as a function of the number of antennas for ULAs and UPAs for
2-D and 3-D scenarios with separation between antennas of d = \./2.

to the optimum IRF. Finally, notice that the simulation results show that the derived
theoretical expressions are very tight to simulation results.

Fig. 3.3b shows the inverse of the IRF as a function of the number of antennas with
separation among them of d = d, = d,, = A\./2 for ULAs and UPAs in 2-D scenarios. The
IRF for the ULA and UPA are given by (3.22) and (3.28), respectively. Besides, the IRF
for the Rayleigh channel given by (3.34) is also presented. As for the 3-D scenario, ULAs
reduce more interference than UPAs for equal number of antennas. Observe in (3.28) that
UPAs introduces more interference due to the cross antenna elements. Additionally, the
optimum IRF for 2-D and 3-D scenarios are also plotted. Notice that the 3-D scenario
reduce more interference than the 2-D scenario, once the elevation angle can be exploited.
Furthermore, the IRF of the Rayleigh channel is equivalent to the optimum IRF for 2-D
scenarios. Finally, the simulation results validate the derived theoretical expressions.

In Fig. 3.2a, 3.2b, 3.3a and 3.3b the separation between antennas is equal to d = \./2.
Thus, as the number of antennas increases, the array size grows. For example, considering
a carrier frequency of f. = 3.5 GHz and d = A\./2, for N = 16 the ULA size is £, = 0.64
m and the UPA edge length is £, = £, = 0.13 m, that has area of 0.017 m?. Moreover,
for N = 256 the ULA size is £, = 10.98 m and the UPA edge length is £, = £, = 0.64
m, that has area of 0.41 m?. Notice that even increasing the IRF, the space for placing
the same number of antennas in UPAs is lesser than the required for ULAs. Therefore,
separation between antennas different from d = \./2 should be analyzed. Furthermore,
smaller antennas array can be deployed in the band of mmWaves. For example, for
N = 256 antennas at a carrier frequency of f. = 28 GHz and separation between antennas
of d = A\./2 the ULA has size of £, = 1.37 m and the UPA of £, = £, = 0.08 m.

Fig. 3.4a shows the inverse of the IRF as a function of the normalized separation
between antennas A for N = 256. Observe that A = A, for a ULA and that A = A, = A,
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Figure 3.4: Inverse of the IRF for ULAs and UPAs in 2-D scenarios considering space constraints.

for a square UPA. As expected, increasing the distance between antennas also increases
the IRF to the optimum value. However, the required room to deploy the array grows
and could become unavailable in some practical scenarios. Thus, the IRF is limited by the
available physical space. On the other hand, for A = 1/2, the ULA IRF is near 50% of the
optimum IRF and for the square UPA is near 25%. Notice that the IRF is an oscillating
function, such that for A = 1/2 the IRF is near the first minimum. In the first minimum
spacing, the antennas are spatially uncorrelated. Therefore, A = 1/2 is the normalized
separation between antennas commonly used in practice.

Fig. 3.4b shows the inverse of the IRF as a function of N for different length edge £,
for ULAs and £, = £, for square UPAs. By considering that the available physical space
is equal to the array length edge, the arrays cannot grow without limit as the number
of antennas N increases, resulting in a densely-spaced array with separation between
antennas of d, < A./2 for ULAs and d, = d, < \./2 for square UPAs. Fig. 3.4b shows
the saturation of the IRF, which is due to the channel spatial correlation. In this case, the
inter-user interference is not relieved and the favorable propagation required for M-MIMO
is not reached. For ULAs, the saturation levels are given by (3.30).

The dots in Fig. 3.4b represent the IRF for separation between antennas of d = d, =
d, = Ac/2, which optimize the IRF before the channel saturation, i.e., more inter-user
interference could be rejected for separation between antennas of d = d, = d, < \./2.
Tab. 3.1 shows the minimum distance between antennas d, min, for a given length edge.
For comparison purposes, the IRF for d = d, = d, = \./2 is presented. Notice that
the number of antennas can be increased, as the distance between antennas decreases,
resulting in the increase of IRF.

Additionally, Fig. 3.4b shows the IRF for the Rayleigh fading channel model. It

is a mistake to consider this model in environments with limited physical space, since
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Table 3.1: Inverse of the IRF for ULAs and UPAs with different separation between antennas.

Edge | Typical Spacing Spacing Reduction

Array 7 —
Lo | de [NATT | doin | No | T

3N./2 41332 3\/8 | 5 | 427
ULA | 15A./2 | Ac/2 | 16 | 10.97 | 15A./38 | 20 | 13.87
63A\./2 64 | 36.96 | 63)\./154 | 78 | 45.16

Ao/2 41309 ] A4 | 9 | 440
UPA | 3X./2 | A\;/2 | 16 | 7.83 3Ac/8 25 | 11.59
TA:/2 64 | 18.21 | T7A./18 | 100 | 25.28

Table 3.2: Inverse of the IRF for different UPAs configuration.

(N [N L | £, [ T
256 | 1 | 256A./2 | 0 127.33
128 [2 [127A.2 | A2 | 81.32
64 |4 | 63X/2 | 3A/2 | 54.87
32 |8 | 3IA/2 | 7TA/2 | 4370
16 | 16 | 16A,/2 | 15A./2 | 40.38

in this channel the antennas arrays shows spatial uncorrelation. For this condition the

separation between antennas must be at least d = A./2. Besides, due to the propagation
characteristics, the Rayleigh fading channel is not a good model for mmWaves [92].
Finally, the expressions of the IRF for UPAs given by (3.26), (3.27) and (3.28) are

valid for square and rectangular arrays. Tab. 3.2 shows the IRF for N = N, N, = 256
antennas in 2-D scenarios for different edge lengths. Notice that more linear the arrays
of antennas, the better the IRF.
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CHAPTER 4

Channel Estimation

4.1 Introduction

The channel estimation is a fundamental process for obtaining the CSI in order to per-
form coherent detection, as indicated in Section 2.6. MPE, SPE, and HPE are described.
Additionally, the perfect channel estimation (PCE) is also presented for comparison pur-
poses. The estimation techniques are analyzed in terms of the average energy and spectral
efficiency for TVCs and TICs.

From the estimation theory, there are two main estimate process: ML and MMSE.
The MMSE estimator is considered in this work due to its better performance [86]. Fur-
thermore, the quality of the estimated channel is presented in terms of the NMSE.

In this chapter, the M-MIMO system model is also described. For this purpose, the
transmitted and received signals are detailed for the uplink of a single cell cellular system
considering M-MIMO.

The system model is described in Section 4.2. The channel estimation techniques are
presented in Section 4.3. The channel coefficients estimation is derived in Section 4.4 and
the channel estimation error is presented in Section 4.5. Finally, the numerical results

and discussion are carried out in Section 4.6.

4.2 System Model

The uplink of a single cell system employing M-MIMO with imperfect channel esti-
mation is analyzed in this next chapter. Fig. 4.1 presents the system model including
the UT and the receiver structure at the BS. Moreover, Fig. 4.2 shows a summarized

representation of the cellular scenario.
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Figure 4.1: M-MIMO system model.

4.2.1 Transmitted and Received Signals

The signal transmitted by the jth UT during a symbol time interval can be written
as:

55(8) = v/Pry R {a; exp [82r fut]p(0)} (4.1)

where \/ﬁj is the jth UT transmitted power, x; is the transmitted symbol by jth
UT belonging to a M-QAM constellation with normalized mean power z2 and 1=+/—1,
whose in-phase and in-quadrature components are denoted as z;; and zq ;, that is x; =
xr; +1xg ;. Moreover, f, is the carrier frequency and p(¢) is a baseband pulse of duration
T, that satisfies the Nyquist criterion.

The matched filter output sample of the ith BS antenna for the ¢th symbol time

interval can be written as:

1 IT+Ts

w0 = [ DU + 0] exp [ —i2nft | ple — )i (4.2
s Jbt

where 7 is the channel delay. For simplicity, the synchronous case is supposed, i.e.,

7; = 7, Vj, where 7; is the channel delay of each UT. This supposition performs worse than

the asynchronous case and allows simpler analysis [100]. Additionally, M;(¢) represents
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Figure 4.2: M-MIMO uplink cellular system.

the multiple access signals of all K UTs arriving to the ith BS antenna and w;(t) is the

noise at the ith antenna. Notice that the multiple access signal M;(¢) can be written as:

Mi(t) = hiy(t,7) Z /Pry Rz exp[[i2n (f.) ] plt — £r)), (4.3)

where * denotes the convolution operation, Pg; is the received power from the jth UT
and h; j(t) is the channel impulse response between the jth user and the ith antenna. By
considering that f. » Tis, that the pulse shape is rectangular with unitary amplitude and
applying some identities, it is easy to show that the received sample of the multiple access

signal during the /th time slot at the ith antenna is given by:

1 Im+Ts
M;(0) = T L M;(t) exp [ =127 ft | p(t — 7)dt

% i; (4.4)

where h; j(¢) is the sample of the channel impulse response defined in Section 3.2.2 for
the ¢th time slot and x;(¢) is the transmitted symbol by the jth UT. Notice that the 1/2
factor is introduced by modulation/demodulation process. Additionally, perfect power
control is considered. Thus, Pg; = PTJ-IC?"]-_ and Pp; = K~ 17" , where r; is the distance
between the jth UT and the BS array, K is the propagation factor and S is the path-loss

exponent.
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On the other hand, the noise sample at the ith BS antenna for the ¢th time slot is
given by:

Ts

will) —f wilt) { cos (2nfut ) — isin (2t )} plt — £r)dt, (4.5)

T
where the Euler identity is employed exp(i27 f.t) = cos(2n f.t) + isin(2m fet). From (4.5),
it is easy to show that noise samples have zero mean. Furthermore, the variance of the

noise in-phase component samples can be obtained by:

br+Ts phT+Ts
- J J B {ws (£)ws ()} p(t — £r)p(# — £r) cos(2 fut) cos(2m £ )dtdt, (4.6)

S

where
B {wi(t)uil)} = “25(1 — 1), (4.7)

is the white noise autocorrelation function, Ny is the unilateral noise power spectral density
and 0(z) is the Dirac delta function. By substituting (4.7) in (4.6), the variance of the

noise in-phase component samples can be rewritten as:

NO r+Ts
Oar = o7 p*(t — £7) cos?(2m fot)dt, (4.8)
where it has been employed that §{ g(¢')d(¢' —t)dt’ = g(t), where g(¢') is any function of ¢,

Thus, the integral result is given by:

N,
2 0
9] = . 4.9
w, ] 4Ts ( )

Notice from (4.7) that the white noise is an uncorrelated stochastic process. Therefore,

the noise samples are uncorrelated. Moreover, it is easy to show that the variance of

2

the noise quadrature component samples are also given by (4.9), that is 03}762 = Oy 1

Therefore, the sample w;(¢) represents the additive complex white Gaussian noise, whose
entries are independent and identically distributed random variables with distribution

CN (0,02), where the noise sample variance is equal to:

2 _ Mo
Yo 2T,

o (4.10)

Finally, the sample at the output of the matched filter given by (4.2) can be rewritten

yi(€) = M;(€) + w;(L). (4.11)



4.2. System Model 69

A
\4

/€O T [R— JO T [R— y(L)

A
\4

Tp
Figure 4.3: Temporal block structure of duration Tp consisting of L data and pilot symbols.

4.2.2 Matrix Form of the Received Samples

All the samples at the output of the matched filter bank can be written as an N

dimensional column vector, that is:

y(0) = [1(0) g2(0) ... yn (D] (4.12)

From (4.11), (4.5), and (4.4), the received vector y(¢) can be obtained as
1
y(l) = §H(€)X(€) + w(l), (4.13)

where H({) = [hy(¢) hy(¢) -+ hg(¢)] is the N x K channel matrix and h(¢) is the jth
UT channel vector with entries h;;(¢), fori = 1, 2, ---, Nand j =1, 2, ---, K.
Additionally, x(¢) = [21(€) z2(f) -+ zx(£)]" is the K x 1 vector of transmitted symbols

and w(f) = [wy(€) we(f) -+ wxn(€)]T is the N x 1 vector of noise samples.

4.2.3 Block Structure

Fig. 4.3 shows the temporal block structure of duration Tz where L is the number of
time slots consisting in data and pilot symbols. For N BS antennas, the received samples

in a block can be written as a N x L matrix, that is:

Y =[y(l) - y) - y(L)], (4.14)

where y(¢) is the N x 1 column vector of received samples at the ¢th time interval, given
by (4.13). For a slow fading channel 75 < T, where T, = m is the channel coherence
time interval.

The block structure allows to identify the pilot and data symbols position. Addition-

ally, two different block structures can be defined: for TVCs and for TICs.
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4.2.3.1 Time-Variant Channel

The received samples at the ¢th antenna during a block are given by the ith row of
(4.14) that can be rewritten as:

vi=[5i(1) - %0 - w(D] (4.15)
which is a L x 1 vector with entries y;({) = Z]K:1 hij(O)x;(€) +w;(¢), fori=1, 2,---, N
and £ =1, 2, ---, L. The elements of (4.15) are also obtained as:
Ko

where h;; = [hi;(1) hi;(2) --- hi;(L)]" is the L x 1 time-variant channel vector for
the link between the jth UT and the ¢th BS antenna, Xj = diag(x;) is the vector of
transmitted symbols by the jth UT in the form of a L x L diagonal matrix, and w; =
[w;(1) w;(2) -+ w;(L)]" is the L x 1 noise vector.

For TVCs, the temporal correlation between the channel coefficients is given by (2.16).
Therefore, the channel autocorrelation matrix Ry, = = E{ﬁi7jflfj}, has dimension L x L

whose (m, £)th entry is given by:
(Rﬁi,jﬁi’j) = QD2 fuman (= m)] ¥ L = 1,2, L, (4.17)

where Ty = Tg/L is the symbol duration. Notice that, Ry, i, 1s a symmetric Toeplitz
matrix [101].

4.2.3.2 Time-Invariant Channel

For the time-invariant channel, it is considerd that H(¢) = H for ¢ = 1,--- L, i.e., it is
assumed that the channel coefficients remain invariant during a block. It is a particular
case of the time-variant channel, where the maximum Doppler shift f;n.x = 0. Moreover,
the received symbols at the ith antenna during a block are given by (4.15) and (4.16), with
channel vector entries equal to ﬁm = h;;1, where 1 is a vector with ones with dimension
L x 1 and h;; is the TIC channel coefficient.

For TICs the channel vector fli,j has an autocorrelation matrix given by:

Ry ; =a?J;, (4.18)

4,5 144, 5

where J; = 117 is an all-ones matrix of dimension L x L.
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Figure 4.4: Block of L = L4 transmitted data symbols by the kth UT during a block for PCE.

4.3 Estimation Techniques

In this section, the basis of MPE, SPE and HPE estimation techniques, which are
also named as training techniques are presented. For this purpose, these techniques are
compared to PCE in terms of average symbol energy and spectral efficiency. Furthermore,
in the M-MIMO system model there are two blocks used for channel estimation as shown
in Fig. 4.1b. The first block is the buffer that storage the samples required for channel

estimation technique and the second block performs estimation of the channel coefficients.

4.3.1 Perfect Channel Estimation

PCE or perfect CSI is widely used in communications systems analysis due to its
simplicity. In this utopic scenario, the BS has perfect knowledge of all channel matrix
coefficients without transmitting pilot symbols to perform the channel estimation [73].
Fig. 4.4 shows a block of symbols for PCE. Notice that only data symbols are transmitted,
that is L = Lg, where L, is the number of data symbols in a block.

The received energy from the kth UT at the BS during a block is given by:

L
1
Epj = )50, (4.19)

(=1

where |24 (0)[? is the power of the (th data symbol transmitted by the kth UT.

Furthermore, the received power at each BS antenna is the same for all UTs at each

symbol time interval, i.e., %]mk(ﬁ)P = %]3;|2 Vk, 0. Therefore, the mean received energy

per block is given by:

Ep = ~[2PLT,, (4.20)

1
2
where %W is the constellation mean power.

For posterior comparison purposes, the average energy per data symbol is defined as:

E, =2 (4.21)
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where the average energy per data symbol is equal to the average symbol energy, that is,
E, = 1[z[*T..

The cellular spectral efficiency, defined in Section 2.3.2, is given by (2.8), where Ry
is the j-th UT bit rate and B = 1/Ty is the system bandwidth. Moreover, the block

duration can also be written as:
Tg = LT, = L4T,. (4.22)
Then, by using (4.22) in (2.8), the average cellular spectral efficiency is given by:

¢ = Klogy, M, (4.23)

log, M

where it is considered that all K UTs transmit the same bit rate R, = ==

4.3.2 Multiplexed Pilot Estimation

In this technique, pilot symbols for the channel estimation are multiplexed with data
symbols. Thus, L = L, + L, symbols are transmitted during a block, where L, is the
number of pilot symbols and L, is the number of data symbols, as shown in Fig. 4.5. For
the channel estimation, all L, pilot symbols are known by the receiver.

The received energy from the kth UT at BS during a block is given by:

Ly L
1 1
Epi =D 5lops(OPTum + D 5lwan(O) Tum, (4.24)
=1 l=Lp+1

where 1|z, (¢)|? is the power of the ¢th pilot symbol, 3|z4x(¢)[? is the power of the (th
data symbol and T ,, is the symbol duration for MPE. Notice that the block duration

can also be written as:
Tp = (Lp+ La)Tsm. (4.25)

For a fair comparison between PCE and MPE, both systems transmit the same number

of data symbols during a block. Thus, it is easy to show that the relation between the
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symbol time intervals for PCE and MPE is given by:

Ts = (1+n)Tsm, (4.26)

where I
=2 4.27
U (4.27)

Notice that n = 0 for PCE and n > 0 for MPE. From (4.26), observe that T, < T,
which represents a bandwidth expansion for MPE.

Besides, the received energy per block can be rewritten as:
Ep = LpEp + LdEd, (428)

where E, = 1|z,[*T,,, is the pilot symbols energy® and E; = |zq|*T,,, is the average
energy of the data symbols. Additionally, equating the received energy per block Epg, for
both techniques, it is easy to show that the relation between energies of PCE and MPE

techniques is given by:
Es = nEp + Eda (429)

where FE is the average symbol energy for the PCE scenario. By introducing the ratio:

'EP
==L 4.30
K E,’ ( )

the pilot and data symbol energies for MPE are given by:

Jo—_— (4.31)

P+ )
1

B, =
T+ )

E,. (4.32)

Finally, by considering the effects of bandwidth expansion, the MPE spectral efficiency

is given by:
Klog, M
g= 20 (4.33)
L+n
where in (2.8) all K’ UTs transmit at the same bit rate R, = IOgT#SM and that the bandwidth

is B = (1;—) Notice that, as expected, the spectral efficiency of MPE is reduced, since
n > 0.

®Once the pilot symbols are deterministic (known at the receiver), their energy do not need to be
expressed in terms of the average.
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Figure 4.6: Block of L = L, = L4 transmitted symbols by the k&th UT during a block for SPE.

4.3.3 Superimposed Pilot Estimation

This technique consists in superimposing pilot symbols with data symbols. Thus,
L =L, = L; symbols are transmitted during a block as shown in Fig. 4.6.
The received energy from the kth UT at BS during a block is given by:

fra- 23

where T ¢ is the symbol duration for SPE. Furthermore, the block duration is given by:

|'TP7 | + |xd k?( )|2] Ts,57 (434)

[\DI»—t

Ty = LT,.. (4.35)

For a fair comparison between PCE and SPE, the same block duration should be
considered in both schemes. Thus, it is easy to show that the relation between the symbol

time intervals is given by:
Ts - Ts,s' (436)

Observe that the symbol time interval is the same. Thus, in this case, like for PCE
there is no bandwidth expansion. Additionally, the spectral efficiency for the SPE is also
given by (4.23). This is the reason for considering that SPE is bandwidth efficient at the
cost of the interference. This impairment is evaluated later.

The received energy per block can be rewritten as:
Ep =L(E,+ Eq4), (4.37)

where E,, = %]xPFT&S is the pilot symbol energy and E; = %|a:d]2T s.s 1s the data symbol
energy. Therefore, the received energy relation between PCE and SPE considering same

energy per block, is given by:

E,=E,+ By (4.38)
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Figure 4.7: Block of L = L, + Lg p, transmitted symbols by the kth UT during a block for HPE.
By introducing the ratio between pilot and data energy,
- (4.39)

the pilot and data symbol energy are given respectively by:

s

P Ut ) MS)ES, (4.40)
1
E; = WE (4.41)

Notice that FE is the same average symbol energy of PCE.

4.3.4 Hybrid Pilot Estimation

HPE is a hybrid technique that employs both MPE and SPE. The block is divided
into two groups, as shown in Fig. 4.7. The first group consists of superimposed symbols,

while the second group of multiplexed data symbols. The block length is given by:
L =1Ls+ Lgm, (4.42)

where Ly = L, s = Lg s is the number of superimposed symbols, L, ; is the number of pilot

symbols, L, is the number of superimposed data symbols and Lg,, is the number of the

multiplexed data symbols. Notice that the number of data symbols is Lq = Lgs + L m.
The received energy from the kth UT at BS during a block is given by:

L
51
Ep = 3,5 [@naa(OF + [0k (O] Ten
=1
+ Z \Idmk )T, (4.43)
= LS+1

where %|xp,s7k(€)\2 is the power of pilot symbols, %|$d757k( )|? is the power of superimposed
data symbols, %|xd7m7k(€)|2 is the power of multiplexed data symbols and T 5, is the symbol

duration for HPE.
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For a fair comparison between PCE and HPE, in this case, the relation between the

symbol duration is given by:
Tp = (Ls+ Lgym)TLsp. (4.44)

For the spectral efficiency analysis, by using (4.44) and (4.42), it is easy to show that
Ty = Ts . Thus, there is no bandwidth expansion for HPE. As a consequence, the spectral
efficiency of HPE is also given by (4.23).

The received energy per block given by (4.43), can be rewritten as:

EB = LS<Ep73 + Ed,s) + Ld,mEd,ma (445)

where E,, = %|xp75|2T87h is the pilot symbol energy, E;, = %st,h is the average
energy of superimposed data symbols and Eq,, = %|$d,—m\2T s, is the average energy of
multiplexed data symbols.

Considering that the block energy and the number of data symbols in a block are equal

for PCE and HPE, then the relation between the energies is given by:

Th Mh
E, = E, .+ Eqs+ Eqm, 4.46
1+mn, P 1+mn, ¢ 147 . ( )
where I
- =5 4.47
Th Lam ( )
Furthermore, by introducing the ratios
E,,+ FE;,
tnam = —F 5 a, (4.48)
and
Eps
[h,s = EZ’ , (4.49)

it is straightforward to show that the pilot, the superimposed data and multiplexed data

symbol energy are given respectively by:

s fbh,m (1 + 1p)

S = Es, 450
P2 (4 ) (14 Dpnm) (4:50)
1
Byy = —temL¥m) g (4.51)
(1 + pn,s) (1 + Nfinm)
1
B = L) (4.52)

(1 + nhﬂh,m) °

Finally, notice that HPE can be considered the general estimation scenario and the

other techniques as special cases. Notice that the received energy per block of HPE,
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given by (4.45), can be reduced to the energy per block of SPE, given by (4.37), by using
Ly, = 0in (4.45), or yet to the energy per block of MPE, given by (4.28), by using
E4s = 0in (4.45) or to the energy per block of PCE, given by (4.20), by using E,; = 0

in the same equation.

4.4 Channel Coefficients Estimation

In this section, the channel coefficients are estimated by using the MMSE estima-
tor/predictor presented in Section 2.7.1 and the estimation techniques shown in the pre-
vious section. Moreover, the channel coefficients are estimated for TVCs and TICs. For
this purpose, the next assumptions are made:

The N antennas at the BS are enough spaced and all K UTs are uniformly distributed
in the cell. Thus, the spatially uncorrelated scenario is assumed [20, 65]. Therefore, the co-
efficients of the channel matrix are uncorrelated and they can be estimated independently
at each antenna.

Furthermore, for a channel estimation of all K UTs, each user terminal must transmit
at least K pilot symbols [18]. Besides, the pilot sequences transmitted by the kth UT
must be pairwise orthogonal in order to eliminate the MAI during the channel estimation.
Thus, at the output of the matched filter of each BS antenna, the received pilots matrix
are stored in a buffer in order to perform the channel estimation as shown in Fig. 4.1b.

Additionally, the mean and variance of the estimated channel coefficients are derived

in order to evaluate the channel estimation quality.

4.4.1 Channel Coefficients Estimation for TVCs

In this section, the channel coefficients are estimated /predicted assuming TVCs. The

CSI is obtained for each one of the three estimation techniques.

4.4.1.1 CSI for MPE

The matrix of received pilot samples for MPE is obtained from the overall block given
by (4.14), that is:

Y, =[y(@) --y(0) - y(Ly)] (4.53)

Therefore, from (4.16), the vector of pilot samples of length L, received at the ith antenna

can be written as:

K

] 1. -

Vi =) S Xpahig + Wi, (4.54)
=1
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where h,; = [hi;(1) hi;(2) -+ hij(L,)]" and w; = [wi(1) w;(2) --- wi(L,)]" are the
channel vector and the noise vector, respectively. Additionally, Xw = diag(x, ;) is a
diagonal matrix of dimension L, x L, that contains the vector of pilot symbols x, ; of
dimension 1 x L, transmitted by the jth UT, that is selected from the pilots matrix X,,.
The pilots matrix can be defined as X, = A®, where A is a K x K diagonal matrix
containing the amplitude of the transmitted pilot symbols. By assuming that the received
power is the same for all K’ UTs at each symbol time interval, then, x, (1) = z,;(2) =
- = xp;(Ly) = z, and A = z,Ix. Besides, ¢ is a K x L, matrix containing the first
K rows of a L, x L, Hadamard matrix (see Appendix A.5 for the Hadamard matrix
construction), such that K < L, where K = 2" for r > 0 and L, > 29K for ¢ > 1. Notice
that X, ; = diag(x, ) can be rewritten as X,,; = x,®;, by considering that x,; = TP,
where ¢, is the jth row vector of ® which can be rewritten as a diagonal matrix, i.e.,
Cﬁj = diag(¢;). In order to make the definition of Xm- clearer, consider the next example.

Given K = 2 and L, = 4, the matrix of pilot symbols is given by:

X, — (1) 2p1(2) wpa(3) wpa(4) | (4.55)
Tp2(1) @p2(2) p2(3) xp2(4)

where x,1 = [251(1) 2,1(2) 251(3) @p1(4)] and xp2 = [252(1) p2(2) 752(3) 2p2(4)]-
Therefore, for the second user, X, can be written as:

opa(l) 0 0 0
. 0 2 0 0
Xp2 = 7p2(2) (4.56)
0 0 2,53 0
0 0 0 2,0(4)
By considering that X, = A®, (4.55) can be rewritten as:
< 11 1 1 (457
=z : :
SR I T

where A = z,I, and ® is composed by the first two rows of the Hadamard matrix:

1111
1 -1 1 -1

F — (4.58)
11 -1 -1
1 -1 -1 1
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Thus, for the second user, (4.56) can be rewritten as:

1 0 0 0

. . 0 -1 0 O

Xp,g = qu)z =Tp 0 1 0 (459)
0 0 -1

where @, is the diagonal matrix form of ¢, that is the second row vector of the Hadamard
matrix given by (4.58).

By substituting the received vector given by (4.54) in a MMSE predictor given by
(2.42), then the estimated coefficients of the channel between between the kth UT and
the ¢th BS antenna at the /th symbol time interval are given by:

hl,k(@ = Rhi,k(é)yp,iR;p]:iyp’iyp,i7 (460)
where
1, .
Ri 03,0 = 5% R, 0h,. Pk - (4.61)
and
X1 . .
Rypism. Z 1100l @R i B+ 0L (4.62)

where Ry, is the channel autocorrelation matrix, whose entries (Rh B )m ¢ are given
by a2J, [27rfd max 1+n) (¢ — )] for {,m =1,2,---, L,. Moreover, R, ), , of dimension
1 x L, is the channel correlation vector at the /th symbol time interval, which enables the
prediction of the channel coefficients for ¢ > L, + 1. Notice that the MMSE estimator
performs the channel coefficients prediction by using the pilot symbols transmitted during
the first L, time slots of the block.

The vector y,; is a complex Gaussian random variable. Therefore, the estimated
channel coefficient ;5 (¢) has also complex Gaussian distribution with mean E{h; x(¢)} = 0

and variance:

0:(0) = E{hes(0hz(0)}
= R z k K)Yp 1R_ RhHiyk(Z)S’p,ﬂ (463)

Yo, zyp i

where h; ,(€) is given by (4.60). By using (4.61) and (4.62) in (4.63), the variance can be
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rewritten as:

0ik(l) = Rhi,k(z)ﬁi,k(i)kHM_l(i)kRZ,k(e)ﬁi,k’ (4.64)
where:
M= R
= g‘i’ij,jmJ i+ éaplTZILp
= i‘bjRﬁi,jﬁm fIJF%ILp
i
_ i‘Pth o %1%, (4.65)

E, for MPE, is given by (4.31), n is given by (4.27) and u is given by (4.30). Notice
that M is a symmetric Toeplitz matrix and its inverse is a bisymmetric matrix [102]. A
bisymmetric matrix presents symmetries in relation to the main and secondary diagonals.
Additionally, due to the uncorrelated antennas assumption, all the estimated channel
coefficients have the same statistics at each antenna. Thus, the variance obtained in (4.64)
is the same for any channel coefficient, i.e., g; j(¢) = o(¢) for 1 <i < N and 1 <j < K.

Furthermore, by assuming that L, = K the variance can be approximated by:

—9 .
062 Zszl Jg [QWfd,masz (f - ])]

2 (I+pn)
K+ 5N Tog, ()

o(f) < , (4.66)

where Ry, o, PF ORS00 < A YK R 27 famaTe(C — )] Tic and Y1, &Ry, N =
a?KIk. Once L, = K the spectral efficiency is maximized because the minimum number

of pilot symbols for reliable estimation is used. Besides, (4.66) is a simple scalar expression
where the matrix operations are not necessary in order to obtain the channel variance.

On the other hand, for L, > K there is no closed-form expression for M~ and
therefore for (4.64).

4.4.1.2 CSI for SPE

The matrix of received pilot and data samples at the matched filter output is also

given by (4.14). Therefore, the vector of superimposed pilot and data symbols at the ith
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antenna, given by (4.16), can be rewritten as:

o

(X + Xag) by + Wi, (4.67)

l\DI»—t

where de = diag(xg ;) represents the transmitted data symbols that introduce interfer-
ence during channel estimation. Notice that the definitions are similar to MPE but with
different dimensions. Thus, y;, ﬁi,j and w; are L x 1 vectors. Besides, the pilot symbols
matrix is X, ; = 2,®; where ®; = diag(e;) and ¢; is the jth row vector of the K x L
matrix .

The estimated channel coefficients can be obtained by substituting the vector of re-
ceived samples, given by (4.67), in the MMSE smoothing filter, given by (2.40). Therefore,
the estimated channel coefficient for the link between the the kth UT and the ith BS an-

tenna for the /th symbol time interval is given by:

~

hik(0) = R, 05, Ry 5.5, (4.68)
where:
1 % T H
Ru. w0y, = 5(% + 2q) Rhi’k(f)fli,kék g (4.69)
and
K1 . 1
Ry,y. Z L—L|a?p|2‘1>ij1i7 n, 5+ |$d|ZIL + o1y (4.70)
j=1 j=i

where Ry, | (i, , 15 the 1x L channel correlation vector. Notice that Ry, j, . is the channel
autocorrelation matrix with dimension L x L, given by (4.17) and Zj:i 042 |xd\2IL/4 is the
interference introduced by the superimposed data symbols.

The estimated channel coefficients are complex Gaussian random variables with mean
E{h;x(¢)} = 0 and variance:

0uk(l) = B {hua(D)h, (0}
= R zk g)le_ R ,k(g)yi (471)

YiYi

where h;,(€) is given by (4.68). By using (4.69) and (4.70) in (4.71), the variance can be
rewritten as:

G) % (4'72)
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where:

S
’xpP YiYi
K 5 . 2 4 2
=Y &Ry, 5 O+ QK'MAQL;+ Tuy,
i=1 ’ || ||
K
. . — F N
_ R. . & 2 jr2d 20
- ; Ry, 5, P +a KEpIL + EpIL
K
. 1 )1
= Z ®ijlijflij®§{ +a?2—1I; + (E:_#’ (4.73)
j=1 o s ,usmlog;Q(M)

E, and Ej; are given by (4.40) and (4.41), respectively, for SPE, and p, is given by (4.39).

The matrix § is also a symmetric Toeplitz and its inverse is bisymmetric. Additionally,

0i;(€) = o(l), Vi, j.
Furthermore, for L = K, the variance given by (4.72) can be approximated by:

—9 .
a? Z]K:I Jg [QWfd,masz (6 - j)]

2 2K o (tps)
QK+ Q% NG Tog, (1)

o(f) < : (4.74)

where the same considerations for obtaining (4.66) were made. Notice that the expression

is simple, but it is restricted to short blocks.

4.4.1.3 CSI for HPE

From (4.14), the received pilot samples matrix for HPE is:

Y, =[y(1) ---y() - y(L)], (4.75)

where Lg is the number of superimposed symbols.
Pilot symbols are superposed to data symbols, then, from (4.16) the vector of length
L, of received superimposed samples at the 7th antenna, can be rewritten as:

K
ys,i = Z
Jj=1

(Xp + Xay) hiy + Wi, (4.76)

DO | —

where flm- is the channel vector and w; is the noise vector, both of dimension L, x 1. The
pilot symbols matrix is equal to vaj = xpci)j where (iDj = diag(y,) and ¢, is the jth row
vector of the K x L, matrix ®.

Using (4.76) on the MMSE estimator, the estimated channel coefficient for the link



4.4. Channel Coefficients Estimation 83

between the kth UT and the ith BS antenna for the /th time interval is given by:

~

hlyk(g) = Rhi,k(Z)ys,iR;sl’iysyxy&i? (477)

1

where the autocorrelation matrix and the correlation vector can be obtained using the
same procedure of MPE. Notice that (4.77) estimates the channel for 1 < ¢ < L, and
predicts the channel for L, +1 < ¢ < L.

The estimated channel coefficient ﬁlk(ﬁ) has complex Gaussian distribution with mean
E{h;x(¢)} = 0 and variance:

0ir(0) = E{his(O)h%,(0)}

- Rhi,k(f)fli,kCI)kHH_li)thHi,k(Z)ﬁi,k7 (4.78)
where
S d o, 2 K (1+ fans) (1 + Dhttnm)
H=> &Ry, 5 O + 07—, + : e (4.79)
j=1 R Hh,s [ohshm (1 + nh)VZ log, (M)

where )y, ftpm and p s are given by (4.47), (4.48) and (4.49), respectively. Notice that
H, given by (4.79), can be obtained in a similar form of S, given by (4.73), by assuming
that L = L, that E, is given by (4.50) and that Ej is given by (4.51). Finally, due to the
uncorrelated antennas assumption, g; ;(¢) = o(?)..

Additionally, for Ly = K the variance given by (4.78) can be approximated to:

— 9 ]
a2 ZJK=1 Jg [27de,maxT8(£ - ])]

— S5 K (Ltpn,s) A +nnbh,m) ’
a?lK + a2 =
+ Hh,s Bh,sbh,m (14+nn) Ey/No logy (M)

0ik(f) < (4.80)

where the same considerations of (4.66) were assumed.

4.4.2 Channel Coefficients Estimation in TICs

In this section, the channel coefficients are estimated/predicted for each estimation
technique assuming TICs. Moreover, as the channel is time-invariant, only one channel
coefficient is estimated for each block. Thus, the CSI for TICs is simpler than for TVCs.

4.4.2.1 CSI for MPE

The matrix and vector of pilot samples are similar to the TVC case, given by (4.53)
and (4.54), respectively. However, for TICs, the vector of received pilot samples can be

rewritten as:

K

] 1

Yp,i = Z §Xp,j1hi,j + Wi, (481)
j=1
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where 1 is an all-ones vector of dimension L, x 1, h;; is the channel coefficient and
w; = [w;(1) wi(2) - w;(L,)]" is the noise vector. Additionally, X,,; = diag(x, ;) is the
diagonal matrix that contains the pilot symbols transmitted by the jth UT.

By applying the received vector in (4.81) to the MMSE estimator given by (2.40), the
estimated channel coefficient for the link between the kth UT and the ith BS antenna is
given by:

~

hir = Ry, R; . ¥

ki TV i pi Y Do

K -1
— 942xH 2x. xH 2 7
= 20X, Z a’x, ;x, ; + 4o, 1, Vpis (4.82)
j=1
o= lp2xH o = VW 1oay  H 2 . i i
where Ry, 5, = 502X, Ry, iy, = Do) 10°%p;X,; + 0.1z, and x,; of dimension

1 x L, is the vector of pilot symbols transmitted by the jth UT. Notice that there is no
dependence on time and therefore this expression is simpler than that for TVC.
Furthermore, the estimated channel coefficient is a complex Gaussian random vari-
able, due to the channel coefficient and the noise be complex Gaussian random variables.
Therefore, the mean of the estimated channel coefficient is E{ﬁlk} = (0 and the variance

is given by:
Oik = E{ilzkilfk}

X -1
—9 -
=a? X (Z ozzxgjxm + 40,3)ILP> ng- (4.83)

j=1

By applying the inversion lemma given by (A.14) and considering the orthogonality
between the pilot sequences, the variance given by (4.83) can be written as a function of

the average symbol as:

—1
—2 — 1+ pun
—a L, a2l + —— "1 | | 4.84
0 p( p ILLE_S 10g2(M)> ( )

where 7 and p are given by (4.27) and (4.30), respectively. Besides, the pilot symbol energy
given by (4.31) was employed. Additionally, due to the uncorrelated antennas assumption,

the variance obtained in (4.84) is the same for any estimated channel coefficient, i.e.,

0ij = 0, VZ,]
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4.4.2.2 CSI for SPE

The vector of received pilot samples given by (4.67) for TVCs, can be rewritten for

TICs as:
K
Vi = Z
j=1

where Xdyj are data symbols. The definitions are similar to MPE, but with different

(Xpj + Xay) Lhig + W, (4.85)

N —

dimension. Therefore, the vector 1 has dimension of L x 1 and X,,; = diag(x, ;) of
dimension L x L represents the transmitted pilot sequences.

By applying the MMSE smoothing filter given by (2.40) to the received vector given
by (4.85), the estimated channel coefficient for the link between the kth UT and the ith

BS antenna is given by:

s .
hi,k - Rhi,kyiRS’iS’iYi

-1
K
= 20%x, (Z a2xgjxp7j + 2K |zq|* T, + 403UIL> Vi, (4.86)
j=1
where Ry, .y, = a2x,; and Ry5, = Zszl o?xMx, ; + 02K |xqP1 + 4021,

Furthermore, the estimated channel coefficient h;j is a complex Gaussian random

variable with mean E{h;} = 0 and variance given by:
Oik = E{ilzkibfk}

X -1
— 9 _ -
= a? X, (Z a?x!x, + o?K|xgI + 405}IL) x/1, (4.87)

j=1

As for MPE, by applying the inversion lemma in (A.14) and considering the orthogo-

nality among pilot sequences, the variance in (4.87) can be rewritten as:

-1

o (= =K 1+ g

0= a22L o?L + a?— + % X (488)
s Msﬁg IOgQ(M)

where pg is given by (4.39), the pilot symbols energy is given by (4.40) and the data
symbol energy is given by (4.41).

4.4.2.3 CSI for HPE

The vector of received pilot samples given by (4.76) can be rewritten for TICs as:

K
S’s,z‘ = Z
7j=1

(Xpj + Xaj) Thij + Wi, (4.89)

N —
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where fli’j = 1h;;, 1 is an all-ones vector of dimension L x 1, h; ; is the channel coefficient
and w; is the noise vector. The matrix Xm = diag(x,,;) of dimension L, x L, contains
the vector of transmitted pilot symbols. The received vector is similar to (4.85), but with
different dimension. Thus, by applying MMSE channel estimation on the received vector,

the estimated coefficients are similar to that of SPE, that is:

~

hik = Ri .. RyL 5 ¥

i,kys,z ys,iys,iys’i

K -1
= 2a°x,,, (Z a2xLx, i + 2Kz, + 4031LS) Vi (4.90)

J=1

As the estimated channel coefficient is a complex Gaussian random variable, the mean

is given by E{ﬁ,k} = 0 and the variance is given by:
0= E{ilz,k;lzk}

-1
— — — K 1 1
= a22LS aQLS + o + ( * Mh’S)( "‘gh,uh,m) s (4.91)
Hh,s ,U/h,s,uh,m(1 + nh)ﬁz 1Og2<M)

where 0y, fh,m and py s are given by (4.47), (4.48) and (4.49), respectively. Besides the
pilot symbol energy given by (4.50), the superimposed data symbol energy given by (4.51)
and the multiplexed data symbol energy given by (4.52) were employed to derive (4.91).

4.5 Channel Estimation Error

The channel estimation process is not perfect and errors are introduced. Therefore,

the channel coefficient at the ¢th time interval is given by:

hi(€) = hix(€) + hix(0), (4.92)

where ﬁzk(ﬁ) is the estimated channel coefficient and ﬁzk(f) is the channel estimation
error introduced by the channel estimation process. Moreover, the channel matrix can
be rewritten as H(¢) = ﬁ(ﬁ) + H(0) or the kth channel vector as hy,(¢) = ﬁk(f) + Iy (0),
whose entries are given by (4.92).

According to the MMSE estimator principles, h; (£) and h; x(£) are orthogonal random
variables. Therefore, they are independent and uncorrelated and have the same distribu-
tion of h; x(¢). Furthermore, due to the orthogonality principle the MSE can be minimized.

Once h;(€) is a complex Gaussian random variable, h; ;(f) has same distribution with



4.6. Numerical Results and Discussion 87

mean E{h, ;(£)} = 0 and variance:

0i5(€) = B{hy (O ,;(0)}
— @ — ol0), (4.93)

where () is the variance of the estimated channel, which depends on the channel estima-
tion technique. Besides, the variance of the channel estimation error is g; ;(¢) = o(¢) Vi, j.
Notice that the variance of the estimated channel is bounded by 0 < o(¢) < a2, where
the upper bound is the perfect channel estimation and the lower bound is the completely
imperfect channel estimation.
A similar analysis with resembling results can be made for TICs, without the temporal
variable ¢, i.e., h; ) = lAzivk + ilz‘,k, where the channel estimation error has complex Gaussian

distribution with mean E{h;;} = 0 and variance:

0ij = B{hi %5}
=a? — g, (4.94)

Finally, the channel estimation quality is measured by the variance of the channel
estimation error given by (4.93) for TVCs and (4.94) for TICs, that is equivalent to
the MSE [103]. Furthermore, by normalizing the MSE by o2, the estimation quality is
measured by the NMSE.

4.6 Numerical Results and Discussion

In this section, the channel estimation techniques are evaluated in terms of the NMSE,
using the derived expressions. Additionally, for some cases, simulations employing the
Monte Carlo method are performed in order to validate our expressions. The simulation
parameters are detailed in Tab. 4.1, which have been chosen based on the long term
evolution (LTE) and the proposals of the 5G standard [81].

Table 4.1: Simulation parameters.

Parameter ‘ Value
Bandwidth - B 15 kHz
Carrier Frequency - f, 3.5 GHz
Fading Mean Power - a2 1
UT Speed - v 6 km/h and 60 km/h

As shown in Tab. 4.1, once the fading mean power is normalized, the NMSE is the
metric employed for the estimation quality in the next subsections. Additionally, as the

NMSE expressions are a function of the modulation order, M = 4 is used in this chapter.
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Figure 4.8: NMSE as a function of E/Ny for MPE, Lg = 256.

4.6.1 NMSE for TICs

In this subsection, the NMSE for different channel estimation techniques on TICs is
evaluated. The effects of varying some parameters are analyzed, such as the pilot sequence
length, the ratio between the energy of pilot and data symbols and the number of UTs.

For this purpose, the expressions obtained in Sections 4.4.2 and 4.5 are used.

4.6.1.1 MPE

For evaluating the NMSE, the variance of the estimated channel of MPE given by
(4.83) is used in (4.94). Therefore, Fig. 4.8a shows the NMSE as a function of Ej/Ny
parameterized by L,, for Ly = 256, K = 16 and p = 1. Notice that as the number of
pilot symbols increases the NMSE decreases at the cost of some loss in spectral efficiency.
By using (4.33), the spectral efficiency of ¢ = 30.1 bits/s/Hz for L, = 16 is reduced to
e = 21.3 bits/s/Hz for L, = 128.

Fig. 4.8b shows the NMSE as a function of E,/N, parameterized by p, for L; = 256,
K =16 and L, = 16. Notice that the NMSE can be reduced by increasing the power of
pilot symbols for ;1 > 1. However, increasing the power of pilot symbols it reduces the
power of data symbols, which can result in a poorer BER performance, as shown in the
next chapter.

The effects of K and L on the NMSE will be presented later, in figures that compare

the different estimation techniques and scenarios.

4.6.1.2 SPE

For evaluating the NMSE of SPE, the estimated channel variance given by (4.87) is
used in (4.94). Fig. 4.9a shows the NMSE as a function of Ej,/Ny parameterized by s,
for Ly = 256 symbols and K = 16. Notice that SPE introduces a floor in the NMSE
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Figure 4.9: NMSE as a function of Ey/Ny for SPE, L; = 256.

due to the interference between pilot and data symbols, bringing on loss in performance.
However, in this case, the spectral efficiency is maximized, that is ¢ = 32 bits/s/Hz.
Additionally, pilot symbols with higher power than that of data symbols are desirable for
a smaller NMSE. However, as for MPE, using too much power on pilot symbols can cause
problems on the BER performance once the power of data symbols is reduced.

Fig. 4.9b shows the NMSE as a function of E,/N, parameterized by K, for L, = 256
symbols and s = 1. Notice that the pilot interference between UTs is eliminated by the
orthogonality among pilot sequences. However, the interference from data symbols is not

eliminated. Therefore, the NMSE has become worsen as the number of UTs increases.

4.6.1.3 HPE

NMSE of HPE can be evaluated using the estimated channel variance given by (4.91)
in (4.94).

Fig. 4.10a shows the NMSE as a function of E,/Ny parameterized by L, for Ly = 256,
K =16, ppm = 1 and pp s = 1. As for SPE, a floor on the NMSE is introduced due to the
interference between pilot symbols and data symbols in the superimposed region. Notice
that increasing the number of superimposed symbols reduces the NMSE floor. However,
due to the pilot symbols orthogonality restriction, the maximum number of superimposed
symbols is Ly = 128.

Fig. 4.10b shows the NMSE as a function of E,/N, parameterized by fu, m, for Ly =
256, Ly = 128, K = 16 UTs and p,s = 1. Kept L, fixed, the NMSE floor remains the
same for any fu,,,. However, the NMSE is improved in the low Ej,/Ny region as fiu, m
is increased. By increasing jis . the energy of the multiplexed data symbols is reduced
and the energy of the superimposed symbols for both pilot and data symbols is increased.
Notice that, due to the increment of energy of superimposed data symbols, the NMSE

improvement is limited.
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Fig. 4.10c shows the NMSE as a function of £,/ N, parameterized by py, s, for Ly = 256,
Ly =128, K = 16 and pp,,, = 1. Notice that the NMSE is improved as i, s increases. For
thm = 1 the energy of the multiplexed data symbols is equal to the energy of superimposed
symbols. However, as j, s increases, the energy of pilot symbols becomes higher than
energy of data symbols in the superimposed region. Thus, the interference of data symbols
is reduced and the NMSE is improved. Therefore, it is recommendable to increase fu, s
instead fu, ., for lowering the NMSE. However, as for MPE, too much energy on pilot
symbols may degrade the BER performance.

Fig. 4.10d shows the NMSE as a function of E,/N, parameterized by K, for Ly = 256,
Ly =128, pps = 1 and pp,m = 1. As expected, increasing K results in more interference
raising the floor in the NMSE.

Fig. 4.11 shows a comparison between the NMSE for all three estimation techniques
for K = 4 and 16 UTs transmitting the same number of data symbols Ly = 256 with same
energy ratios (t = (s = fp sitnm = 1. Additionally, the number of pilot symbols is L, = 16
for MPE, L, = L = 256 for SPE and L, = L, = 128 for HPE. As E}/N; is increased, the
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best NMSE performance is obtained by MPE at a cost in spectral efficiency. Notice that
for MPE, the NMSE is the same for K = 4 and K = 16. Thus, the NMSE depends on L,,
but not on K, once the pilot sequences orthogonality eliminates the interference during
channel estimation. Furthermore, MPE’s results are opossed to the results of SPE and
HPE, because the NMSE does not present a floor. Observe that both techniques, SPE
and HPE, presents a floor in the NMSE due to the interference between pilot and data
symbols. Moreover, their NMSE performance is reduced as K increases. Finally, once
Ly < L the NMSE of SPE outperforms HPE on NMSE. For simplicity, in Fig. 4.11 only

the theoretical results are plotted.

4.6.2 NMSE for TVCs

In this subsection, the NMSE is obtained for TVCs for the all three estimation tech-
niques. Two scenarios are analyzed: the first for a pedestrian speed of 6 km/h and the
second for a vehicular speed of 60 km/h. The effects on the NMSE of the number of UTs,
the number of pilot symbols, and the energy ratio between pilot and data symbols are
evaluated. For this purpose, the estimated channel variance for MPE, SPE and HPE ob-
tained in Section 4.4.1 are used in (4.93). Furthermore, the generation of time-correlated
channel is time-demanding, thus, the Monte Carlo simulation is only presented in few

figures to validate the theoretical results.

4.6.2.1 Pedestrian Velocity

For the pedestrian speed of v = 6 km /h, the channel coherence time interval is T, = 26
ms and the symbol bandwidth for SPE and HPE is B = 15 kHz. Thus, the number of
time slots during this time interval is L = 390. Once L = L, for SPE and due to the
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Figure 4.12: NMSE as a function of time for MPE, Ly = 256, L, = 16, p = 1 and K = 16,
parameterized by Ejp/Ng.

orthogonality of pilot sequences, L should be a power of two. Therefore, L = 256 time-
slots should be employed by the system, that is, a block duration of T = 17 ms. For
a fair comparison, HPE must also employ L = 256 time slots. Furthermore, MPE must
employ L = 256 + L,, time slots during 7z = 17 ms, but at a cost of bandwidth expansion.

Notice that the aforementioned reason gives a justification for using a maximum num-
ber of time slots per block in TICs. Otherwise, it could be possible to use an unlimited
number of time slots per block in TICs.

For comparison purposes, a block with duration T = 17 ms and L; = 256 data
symbols is used in the following analyses.

Fig. 4.12 shows the NMSE as a function of time for MPE, parameterized by Ej/Ny,
for Ly = 256, L, = 16, p = 1 and K = 16. Additionally, for comparison purposes,
the NMSE on TICs is presented. For evaluating NMSE for MPE the estimated channel
variance given by (4.64) is used in (4.93). Notice that (4.64) is a quadratic form that
depends on the channel correlation vector Ry, | g, , and the bisymmetric matrix ML
given by (4.65). Besides, the entries of the channel correlation vector are lower at the
last time slot and higher at the time slot ¢ = L, + 1. Thus, the lower correlation as time
clapses after L, produces channel aging. Hence, the NMSE on TVCs increases with time.
On the other hand, on TICs the NMSE does not change with the time. Moreover, on
TICs as E,/Np increases the NMSE improvement is more evident. In contrast, on TVCs
the NMSE converges to the same value independently of E,/Ny because the channel aging
dominates the performance.

Fig. 4.13a shows the NMSE as a function of E,/Ny for MPE, L, = 256, 1 = 1 and
K = 16, parameterized by L, and /. As a consequence of the channel aging, the NMSE

is worsen with the time and there is a NMSE floor. For relieving the floor, more pilot
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Figure 4.13: NMSE as a function of Ej/Ny for MPE and Ly = 256.

symbols should be used at the cost of decreasing the spectral efficiency, as can be seen for
L, =16 and L, = 64. Moreover, for L, = 16 there is one inflection on the NMSE, while
for L, = 64 there are two inflections. From these results and other trials, the number of
inflections (Nol) is given by Nol = 1+ log, L,,/KX. Therefore, the inflections are a result
of increasing the number of pilot symbols and can be seen as Ej,/Ny increases.

Fig. 4.13b shows the NMSE as a function of E,/Ny for MPE, L, = 256, L, = 16 and
K = 16, parameterized by p and ¢. Notice that there is only one inflection because L, is
equal to K. Furthermore, the number of inflections is independent of pi. The effect of p is
observed at the low Ej,/Ny region, when the NMSE is still dominated by noise. Therefore,
by increasing u, the NMSE performance is improved only for low Ej/Nj.

Fig. 4.13c shows the NMSE as a function of E,/Ny for MPE, L, = 256, L, = 16
and p = 1, parameterized by K and /. Unlike for MPE on TICs, the NMSE on TVCs
changes with K and introduces floor due to the channel aging impairments. Furthermore,
for L, = K = 16 the NMSE performance is limited at the first inflection, while for K = 4
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the surplus of pilots symbols relieves the NMSE floor by introducing more inflections as
Ey/Ny increases. However, for low Ej/N, the NMSE performance is the same for any
K < L,.

Fig. 4.14 shows the NMSE as a function of time for SPE, L = 256, p = 1 and K =
16, parameterized by E,/Ny. For evaluating the NMSE of SPE, the estimated channel
variance given by (4.72) is used in (4.93). The estimated channel variance has a quadratic
form that depends on the channel correlation vector Ry, i, , and the bisymmetric matrix
St given by (4.73). Furthermore, the correlation vector at the first time slot Ry, ()b
is the mirror of the correlation vector at the last time slot of the block Ry, L)k, - Lhus,
the estimated channel variance of the first time slot p(1) is equal to the estimated channel
variance of the last time slot o(L). Actually, the correlation vector at the instant of time 2,
that is, R, | (o), - is the mirror of the correlation vector at the instant of time L+1—¢, that
is, Ry, (L1000 for 1 < ¢ < L. Therefore, the estimated channel variance is symmetric
with respect to the middle of the block, that is o(¢) = o(L + 1 — £). Additionally, the
channel correlation vector has entries with lower correlation in time slots at the beginning
and at the end of the block and entries with higher correlation at the center of the block.
Thus, the estimated channel variance is higher at the center of the block and lower at the
beginning and at the end of the block. As a result, the filtering process of the MMSE
estimator produces a channel correlation vector with U-shape on the NMSE. Besides, as
the speed approaches zero, the U-shape flattens, as expected for TICs. Furthermore, the
NMSE on TICs remains invariant at a value that is close to the minimum NMSE at the
middle of the block on TVCs. For this case, the middle of the block occurs at the time
interval ¢ = 128. Additionally, increasing £,/Ny does not effective improves the NMSE,
because the system is dominated by the interference introduced by the superimposed data

symbols. On the other hand, SPE introduces more delay on the system than MPE, once
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Figure 4.15: NMSE as a function of Ej/Ny for SPE and Ly = 256.

the block of L = 256 symbols must be received before the channel estimation process.

Fig. 4.15a shows the NMSE as a function of FEj/N, for SPE, L = 256 and K = 16,
parameterized by u, and £. As expected, by increasing the pilot symbol energy, i.e., ps > 1
the NMSE is reduced. The NMSE is symmetric around ¢ = 128, then, the performance
at ¢ = 256 is equivalent at £ = 1 and the performance at ¢ = 192 is equivalent at ¢ = 64.

Fig. 4.15b shows the NMSE as a function of E,/N, for SPE, L = 256 and u, = 1,
parameterized by K and ¢. As expected, the interference is reduced, then, reducing the
number of UTs it improves the NMSE.

For evaluating the NMSE for HPE, the estimated channel variance given by (4.78) is
used in (4.93). The block of L = 256 symbols is divided into two parts, the superimposed
region with L, symbols and the multiplexed region with L,,4 symbols. Notice that there
are pilot symbols only at the superimposed region. Therefore, there are L, estimated
channel coefficients and L,,4 predicted channel coefficients. In both cases the variance is
given by (4.78).

Fig. 4.16 shows the NMSE as a function of time for HPE, L = 256, Ly = 128, pj, s = 1,
fnm = 1 and K = 16, parameterized by E,/Ny. At the interval 1 < ¢ < 128 the NMSE
presents a U-shape as for SPE, because this interval corresponds to the superimposed
region. Moreover, for £ > 128 the shape of NMSE is similar to MPE, because this interval
corresponds to the multiplexed region. Therefore, the NMSE of HPE is a combination of
both SPE and MPE. Additionally, the NMSE for HPE on TICs and TVCs are similar in
the middle of the superimposed region, i.e., at £ = 64, which is the best NMSE performance
for TVCs.

Fig. 4.17a shows the NMSE as a function of E,/N, for HPE, L = 256, K = 16,
ths = 1 and pp,, = 1, parameterized by L, and ¢. Notice that in order to maintain
the orthogonality among pilot sequences, the maximum number of superimposed symbols
is Ly = 128. Furthermore, as the NMSE is reduced by increasing L, the best NMSE
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performance is achieved for L, = 128. Additionally, notice for L, = 64 that the NMSE
for £ = 1 and ¢ = 64 are coincident. This can be justified by the symmetry of the
superimposed region.

Fig. 4.17b shows the NMSE as a function of E,/N, for HPE, L = 256, K = 16,
Ly = 128 and pps = 1, parameterized by pp,,, and ¢. As on TICs, increasing pipm
has no effects over the NMSE floor and the NMSE is improved only in the low E,/Ny
region. Furthermore, Fig. 4.17c¢ shows the NMSE as a function of E/Ny for pu,m, = 1,
parameterized by pp s and by the same parameters of the last figure. In this case, by
increasing ps the NMSE floor is relieved because the pilot symbols energy is increased.
Therefore, as on TICs, it is more attractive to increase py, ; instead pup, .

Fig. 4.17d shows the NMSE as a function of E,/Ny for L = 256, L, = 128, jp = 1
and p,,, = 1, parameterized by K and ¢. As expected, by increasing K the NMSE is

reduced.

4.6.2.2 Vehicular Velocity

For the vehicular speed of 60 km /h, the channel coherence time interval is T, = 2.6 ms.
Thus, for a bandwidth of B = 15 kHz, the number of time slots during this time interval
is L = 39. However, due to the orthogonality restriction of pilot sequences, L = 32 time
slots should be employed for SPE and HPE. Thus, the block duration is Tz = 2.1 ms. For
a fair comparison, L = 32 + L, time slots should be employed for MPE a the same block
time interval of Tg = 2.1 ms, which introduces bandwidth expansion. The block duration
should be shorter at higher speeds, which limits the number of pilot symbols. Therefore,
the NMSE is worse for vehicular speed than for pedestrian speed.

Fig. 4.18a, 4.18b and 4.18c shows the NMSE as a function of time for MPE, SPE and
HPE for L = Lq = 32 symbols and pt = gy = pps = ftnm = 1, parameterized by £;,/Ny
and K. Furthermore, for MPE and HPE L, = L, = 16 is used. Notice that in order to
improve the NMSE, it is recommendable to use the maximum number of pilot symbols
and to reduce the number of UTs, as can be seen for K = 4 and K = 16. For comparison
purposes the NMSE on TICs are also plotted. Notice that the results are similar to that
of pedestrian speed.

Additional results for vehicular speed can be obtained for NMSE by modifying p, ps,

ftn,s and gy, ,,. However, to avoid being redundant, these figures will not be presented.
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CHAPTER 5

Performance of Linear Detectors in
M-MIMO Systems

5.1 Introduction

The linear detection techniques presented in Section 2.6 are widely used in M-MIMO
systems due to its low complexity and efficiency [24]. Furthermore, due to the M-MIMO
channel properties, they present a near-optimal performance when perfect CSI is available
at the receiver [33-35].

However, CSI can be obtained from an estimation process that is not perfect, thus, it
introduces errors and limits the linear detectors performance. In Chapter 4, some practical
channel estimation techniques were presented. They introduce different types of estimate
errors as can be seen in TVCs and TICs.

In this chapter, the BER of M-MIMO systems is evaluated for linear detectors such as
the MRC, ZF and MMSE using the MPE, SPE and HPE channel estimation techniques
on TVCs and TICs. The uplink of a single cell system is considered, where the BS has N
antennas serving K UTs that transmit M-QAM symbols.

The M-MIMO system model considering the estimation techniques is detailed in Sec-
tion 5.2. The linear detectors and their SNIRs are analyzed for TICs and TVCs in Section
5.3. The exact average BER of M-MIMO systems is derived in Section 5.4 and the simpler
BER bounds considering the M-MIMO properties are derived in Section 5.5. Finally, the

numerical results and discussions are presented in Section 5.6.

5.2 System Model with Imperfect Estimation

The system model of M-MIMO systems was presented in Section 4.2. The three blocks
between the matched filter and the linear detector shown in Fig. 4.1b are fundamental
for the BER analysis. The first block is a buffer that stores the samples required on the

channel estimation process. The second block performs the channel estimation itself, and
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finally, the third block executes a pre-processing of the data and sends these samples to
the linear detector.
In this Section, the interaction between these three blocks is detailed in order to define

the samples sent to the linear detector for each estimation technique.

5.2.1 System Model for PCE

PCE is an ideal model where perfectly the channel is known. In this case, there are
no pilot symbols and the samples are sent directly to the linear detector. Therefore, the

linear detector input for the ¢th time interval is given by (4.13), that can be rewritten as:

:imw%ﬂ)

+ w(?), (5.1)
for 1 < ¢ < L. Notice that y, represents the data samples vector.

5.2.2 System Model for MPE

For MPE, the data pre-processing block eliminates the pilot samples. Therefore, the

linear detector input for the fth time interval is given by:

= Zﬁj(@

for L,,+1 < ¢ < L. Additionally, the channel vector at the ¢th time interval can be written
as h;(0) = h;(¢) + h;(¢), where h;(¢) is the estimated channel and h;(¢) is the channel

estimation error. In this case before sending the data samples to the linear detector, L,

Z “J +w(0), (5.2)

samples are discarded, introducing a delay of L,, time interval.

5.2.3 System Model for SPE

For SPE, the ¢th sample is given by:

2 xpj +xd] Z xp] ;xd,j(g)] +w(b), (5.3)

for 1 < ¢ < L. All the block samples are pre-processed. Furthermore, as h;(¢) and x,_(¢)

are known at the receiver, they can be subtracted by the pre-processing stage. Therefore,
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the linear detector input at the fth time interval is given by:

i .

J=

= Z flj (4)

2
jg] et ';'mdd(é)] +w(b), (5.4)

for 1 < ¢ < L. Notice that the data pre-processing block introduces a delay of L time

intervals.

5.2.4 System Model for HPE

For HPE, the samples at the linear detector input are divided into two intervals. The

first interval, for 1 < ¢ < L, are the superimposed data samples, given by:

xdsg

Yds ]

xpsy ) + xd,s,j(g)]
2

K
K
Z +w(0), (5.5)
where the term Z§i1 flj(ﬁ)x”%"(@ was subtracted. Notice that for obtaining (5.5), an
analogous pre-processing stage to the SPE is implemented, resulting in an expression
similar to (5.4).

The second interval, L, + 1 < ¢ < L, contains the multiplexed data symbols. This
case is similar to the MPE scenario, given by (5.2), that is:

ymszmw@%@+Z@@ﬁw@+ma (5.6)

J=1 J=1

The data pre-processing introduces a delay of Ly time intervals, which is less than the
delay of SPE, once L, < L.

5.3 Linear Detection and SNIR

The linear detectors presented in Section 2.6 are evaluated for M-MIMO systems with
imperfect channel estimation. Hence, the SNIR for each linear detector on TICs and
TVCs is derived.
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5.3.1 Maximal Ratio Combining Detector

The data symbol of the kth UT at the output of the MRC detector, given by (2.29),

can be rewritten as:

~

Ear() = B (O)ya(0), (5.7)

where y4(¢) is the ¢th data sample at the input of the MRC detector. The MRC perfor-
mance depends on the estimation technique and the type of channel, therefore, several
expressions of SNIR can be derived in the next sections.

5.3.1.1 SNIR for MPE on TVCs

By replacing (5.2) in (5.7), the detected data symbol of the kth UT is given by:

Tap(l) = flf(f)flk(é) Tak(0) n i BkH(g)ﬁg@) xq;(0)

2 ; 2

~~ - =1
Signal ]\‘#k S
M‘;XI
o H(NT za;(0) | rm
+ OBy + B () w(e), (58)
=1 Noise
CEEI

where the first term is the kth user signal, the second term is the MAI, the third term is
the CEEI and the last term is the noise.
The SNIR at the detector output conditioned on the kth user estimated channel for

the ¢th time interval is given by [66]:
B |Signal,|?
Var {MAI + CEEI + Noise ‘ﬁk (0) }

Notice that the elements in the denominator corresponds to variances of complex
random variables.

From (5.8), the kth user signal power is given by:

2

xd,k(g)
2

4 xgr(0)]?

4

> = [h (O)hy(0)

|Signal,,

hy (¢) H (5.10)

Once perfect power control is considered, all UTs signals arrive with same power.
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Therefore, the MAI variance is given by:

Var {MAI|B,€(€)} = Var { Y h{(0)hy(0) xdé O 150
=~ o TP 6~ ), (511)

where o(¢) is the variance of the estimated channel given by (4.64). The variance of the

interference due to the imperfect channel estimation is given by:

> 24,5 (£)

Var {CEEI\ﬁk(@} — Var {Z h (0)h,(¢)

[@ -~ 9(5)]
4

By (0) HZ TP K. (5.12)

Finally, the noise variance is given by:

o2 (5.13)

where o2 is the noise variance given by (4.10).
By using (5.10)-(5.13) in (5.9), the instantancous SNIR conditioned on the kth user

estimated channel vector is given by:

[ (0) 2 [ (O]
[ealPo(0) (K — 1) + [a? = o(0)| [eaPK + 402

Vsjing (£) = (5.14)

where ||/l (¢)|? and the SNIR follows a chi-square distribution with 2N degrees of freedom.
See Appendix B.1 for more information about the chi-square distribution.

The SNIR can be unconditioned of flk(f) by applying the mean operation, that is:

() = E{7,5,(0)}

0
_ f i (0P ) (5.15)

where p(7,5,) is the PDF of the SNIR conditioned on hy. Observe that the mean of the

numerator of (5.14) is given by:

E{ear(O)PIB(0)* | = [eaP No(0). (5.16)
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Therefore, the average SNIR at the ¢th symbol time interval is given by:

Yo(l) = —— [2a?Nett)
[2aPo(0) (K = 1) + [0 = o(0) | TeaPK + 407,
- No()
o(0) (K — 1) + [?- Q(g)] K + o
= voo Lk gy e b 1
= Np(0) {a K —p(6) + 1og2(M)]€—g} : (5.17)

where the data symbol energy for the MPE scenario given by (4.32) was employed. Be-
sides, 7 is given by (4.27) and p is given by (4.30).
Notice that the SNIR varies with time, once the variance of the estimated channel is

time-variant. Thus, the average SNIR in a block can be evaluated by:

(5.18)

For obtaining the average SNIR on TVCs, two averages were employed. The first
average for unconditioning the SNIR of the estimated channel vector and the second for

averaging the SNIR in a block.

5.3.1.2 SNIR for MPE in TICs

TICs are a special case of the TVCs, where h;(£) = h; and h;(¢) = h;, for ¢ < L.
Therefore, the detected data symbol given by (5.8), can be rewritten as:

K K
A PHy Ldk ~Hy Ldj " Hy Ldj 2
Far = b =25 + > b =2+ Y hi'hy =2 + hiw (5.19)
2 . 2 ; 2 ——
Y ]-:1 J=1 Noise
Signal J#k —
—_— CEEIL

MAI

Furthermore, the SNIR conditioned on the kth user estimated channel is similar to
(5.9), that is:

|Signal, |2
Var {MAI + CEEI + Noise ‘hk}

Voo = (5.20)
Hence, by employing the same procedure as that used for TVCs, the instantaneous

SNIR conditioned on the kth user estimated channel is given by:

|@a ||| |2
lz420 (K — 1) + [042 — g] |zq|2K + 402
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where g is given by (4.84) and ||h||? is a chi-square random variable with 2N degrees of

freedom. Therefore, the average SNIR is given by:

-1

— (1 + pm)

vs=No{a?K — g+ ——"=—4 . (5.22)
{ log, (M) £

The SNIR is independent of time, then, the average SNIR per block is 75 = v,. Thus,
only one average is required for the SNIR on TICs.

As the SNIR derivation for TICs is similar to TVCs, in the next sections, for simplicity,
the average SNIR for TICs is presented directly without derivation. The average SNIR is

necessary in the BER analysis.

5.3.1.3 SNIR for SPE on TVCs

By replacing (5.4) in (5.7), the detected data symbol of the kth user for the ¢th time

interval can be rewritten as:

Zar(0) = DI (O)hy(0) 5 +>]

~~ Jj=1
Signal -?HC

+ SR (0)hy(0) ["”p’j (0) + 24, (f)] + R (Ow(0). (5.23)

~
CEEI

The first term is the kth user signal, the second term is the MAI, the third term is
CEEI and the last term is the noise. Notice that the CEEI is enhanced by the pilot
symbols.

The instantaneous SNIR conditioned by the kth user estimated channel at the (th

time interval was defined in (5.9). For SPE, it can be rewritten as:

24 ()P [ (O]
[ealPo(6) (K = 1) + [a? = o(0)| (e + [eaP?) K + 407

Vsl (6) = (5.24)

where |Signal, |2, Var {MAI|f1k(€)} and Var {Noise | flk(é)} are given by (5.10), (5.11) and
(5.13), respectively. Additionally, the CEEI variance is given by:

Var {CEEI]ﬁk(é)} _ [? - g(e)] B (0)]2 (W 4 W) K, (5.25)

where o(¢) is given by (4.72) and ||[hy(¢)||? is a chi-square random variable with 2N degrees

of freedom. Notice that the SNIR is also a chi-square random variable.
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The average SNIR for the ¢th symbol time interval can be obtained by using (5.24) in
(5.15), that is:

[za2No(¢)
[raPo(t) (K = 1) + [aZ = o(0) | (T + [al?) K + 40
No(¢)
o) (K =)+ |02 = o(0)| (£ +1) K+ 32

Vs (0) =

:Nd@{?KG+MJ—MOG+KWJ+ﬁé&%%}» (5.26)

where the pilot symbols energy given by (4.40) and the data symbols energy given by
(4.41) are employed and p; is given by (4.39). Besides, the average SNIR per block is
given by:

V=Y ——=. (5.27)

5.3.1.4 SNIR for SPE on TICs
Using the same reasoning as for TVCs, the average SNIR is given by:

- (+m) |
’)/SZNQ{K(OJ +M3>—Q<1+Kus)+m} s (528)

where o is given by (4.88).

5.3.1.5 SNIR for HPE on TVCs

From Section 5.2.4, the received data samples can be divided into two intervals. There-
fore, two SNIRs should be evaluated, the first for the superimposed data and the second
for multiplexed data.

For the superimposed data, the kth detected data symbol at the output of the MRC
detector can be obtained by replacing (5.5) in (5.7) as:

~~ 4 J=1
Signal Jjék .
MAI
Ko Tps i) + a5 (O] -
+ 2 h (0)h;(¢) [ D5 5] ] +hi(Ow(e). (5.29)
iz 2 T
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Observe that (5.29) is similar to (5.23), both represent the superimposed data. Thus,
the conditioned SNIR for the superimposed data using HPE is similar to the SPE case,
that is given by (5.24).

By applying the mean operator given by (5.15) in (5.24) and employing the symbol en-
ergy of superimposed pilots, given by (4.50) and the energy of superimposed data symbols,
given by (4.51), the average SNIR for the ¢th symbol time interval is given by:

-1
(14 pn,s) (1 + D m) }

Voar(0) = No() { 2K (1 + pns) — 0(€) (1 + Ky s) +
’ pinm (1 + 1) logy (M) 52

(5.30)
where o(€), N, pnm and pp s are given by (4.78), (4.47), (4.48) and (4.49), respectively.
For the multiplexed data, the kth detected data symbol at the output of the MRC
detector can be obtained by replacing (5.6) in (5.7) as:

~ xd,m,k(£) i H " xd,m,j(£)
Zamk(0) = Dy (Ohy(6)—= + > b (Ohy(0) i
v =1
Si;;al %’ék B
MAI
K
. S a0 -
+memmy%§lﬂﬁwm@. (5.31)
J=t Noise
CEEI

The detected symbol, given by (5.31), is similar to the MPE scenario, given by (5.8).
Thus, the conditioned SNIR for HPE multiplexed data is similar to the MPE case, and it
is given by (5.14). Hence, the average SNIR for HPE multiplexed data can be obtained by
(5.15) in (5.14) and employing the energy of multiplexed data symbols, given by (4.52).
Therefore, the average SNIR for the ¢ symbol time interval is given by:

_ S (1 + Dnptnm) B
/ySd,m(E) = NQ(K) {CY K Q(E) + (1 n nh) logQ(M)ff—Z} s (532)

where o(¢), nn, and pp, ., are given by (4.78), (4.47) and (4.48), respectively.
Furthermore, the average SNIR for HPE is given by:

o 1 Ls Lg
%ZEIZ%M@+ > %”@l (5.33)
L (=Ls+1

5.3.1.6 SNIR for HPE on TICs

For the superimposed data symbols, the average SNIR is given by:
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(1 + ,uh,s)(l + nh,uh,m) }_1 (534)

Ysgo = N0 K (1 + i) — 0 (1 + Kpp ) +
¢ { finm (1 + 1n) logy (M) 22

where g is given by (4.91). On the other hand, average SNIR for the multiplexed data

symbols is given by:

-1

— (L + mnttnm)

Vs, = No{ @?K — o+ ’ : (5.35)
’ { (L4 mn) 10g2(M)ﬁ—§

Notice that the estimated channel variance is the same for both superimposed and
multiplexed data symbols.
The average SNIR in a block is given by:
Ls’}/sdys + Ld,m’)/sd’m

7o = . 5.36
2l I (5.36)

5.3.1.7 SNIR for PCE

The PCE is the simplest case, which can be seen as a special case of the aforementioned
estimation techniques. For PCE, the detected data symbol of the kth UT at the MRC
output can be obtained by replacing (5.1) in (5.7), that is:

K
. c e Ldk P Hy Tdj ;
Far = D= + > hiTh; =2 + hy'w (5.37)
2 — 2 N
Y ]';k Noise
Signal J
[ ——
MAI

where the first term is the kth UT signal, the second is the MAI and the last term is
the noise. Notice that there is no channel estimation interference, nor temporal channel
variation issues, thus, flj =h;.

For PCE, the SNIR conditioned on the kth UT channel vector can be obtained from

(5.20), that is:

|z, |* Dy ||?

— , (5.38)
|z4? @? (K — 1) + 402

Vs\hk =

where [Signal,|2 = [hy|* Z22 Var{MAT|hy} = 22 |hy[* Jeal? (K — 1), Var{CEEIhs} = 0
and Var{Noise|h;} = ||h;||” 02, was employed. By using (5.38) in (5.15), considering that
|hy||* has chi-square distribution and employing the data symbol energy given by (4.20),
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for the PCE, the average SNIR is given by:

—1
— | = 1
s=Na?{a?(K—-1)+ —— . 5.39

For PCE, the average SNIR per block is also given by (5.39). Additionally, the SNIR
can be obtained from the SNIR expressions with imperfect channel estimation. For ex-
ample, the SNIR for MPE given by (5.22) is equal to the SNIR for PCE given by (5.39),
by considering that ¢ = o2 and that n = 0

5.3.2 Zero Forcing Detector

The detected data symbol of the kth UT at the output of the ZF detector, given by

(2.32) can be rewritten as:

~

Far(6) = B (Oya(0), (5.40)

where y4(¢) is the ¢th data sample at the input of the ZF detector that depends on the
estimation technique.
5.3.2.1 SNIR for MPE on TVCs

By replacing (5.2) in (5.40), the detected data symbol of the kth UT for the £th symbol

time interval can be rewritten as:

) Tgr(l K - gl ~

Zax(l) = dv’;< ) > bl (0hy(0) d’;( ) (5.41)
. {:1 Y] Noise
Signal C;E)(EI

where the MAT is eliminated according to (2.33), but the CEEI is still present.
In this case, the SNIR at the detector output conditioned on the estimated channel
vector of the kth UT is given by:

|Signal, |?

Vi () = T : (5.42)
Var {CEEI + Noise ’hk(ﬁ) }
From (5.41), the kth user signal power is given by:
2
|Signal, |* = xd’k(g)'
2
_ lrax(OF (5.43)

4 I
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the variance of the CEEI is given by:

Var {CEEnﬁk(@} — Var {g hif (0)hy(¢) ‘”d’; (0 flkw)}
[ﬁ - Q(g)] - 2
-1 b (e)\ zaPK, (5.44)

where o({) is the estimated channel variance and the noise variance is given by:

Var {Noise | flk(ﬂ)} = Var {fl,‘: (O)ywy(0)

where 02 is the noise variance given by (4.10).

By using (5.43)-(5.45) in (5.42), the instantaneous SNIR conditioned on the estimated
channel vector of the kth UT is given by:

i (1)}

B (o) )2 o2 (5.45)

w?

_ |za(0)? ’
I ()2 | (a7 = o(0)) TeaPK + 403

where o ﬁ e and the conditioned SNIR follows a chi-square distribution with 2(N—K+1)
k

degrees of freedom for Rayleigh fading [68].

Vsfing (0) (5.46)

By employing the average given by (5.15) in (5.46), it is possible to show that:

[za>(N — K + 1)o({)

O e o) TP+ 402]

(5.47)

Hence, by employing the data symbol energy for the MPE scenario given by (4.32),
the average SNIR for the /th symbol time interval is given by:

-1
— 1+
() = (N = K + 1)o(0) | K (a2 = o(0)) + R (5.48)
log, (M )FZ
where o(f) is given by (4.64). Furthermore, the average SNIR per block can be found by

substituting (5.48) in (5.18).
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5.3.2.2 SNIR for MPE on TICs

Following a similar procedure presented in the previous section, it is possible to show
that the average SNIR for TICs is given by:

%z(N—K+1)g[K(¥—g)+b(gl(+—M")")Eb] , (5.49)

where p is given by (4.84) and the average SNIR per block is also given by (5.49).

5.3.2.3 SNIR for SPE on TVCs

For SPE, by using (5.4) in (5.40), the detected data symbol of the kth user for the ¢th

time interval can be rewritten as:

K
~ (f (¢ ~
Za(0) Z O)hy( :'3”( );%( ) +h; (O)w(l). (5.50)
{:1 _ Noise
Signal CEEI

Notice in (5.50) that the MAI is eliminated by the channel inversion matrix given by
(2.33) and that the CEEI has effects on the superimposed pilot symbols.

The instantaneous SNIR conditioned on the kth UT estimated channel vector is given
by:

|Zak(0)]?

5 ()12 (a7 = o(0)) Ty + Jeal?) K + 402

that is obtained by substituting in (5.42), the signal power given by (5.43), the noise

Vo, (6) = : (5.51)

variance given by (5.45) and the CEEI variance given by:

Var {CEEI|Bk(€)} _ [? — g(g)] by (0)) (W + W) K. (5.52)

Moreover, in (5.51), 5 —1 OF and the SNIR follows a chi-square distribution with 2(/N —
K + 1) degrees of freedom. Thus, by using (5.51) in (5.15), the average SNIR is given by:

-1
— 1
WO = (N =K +1)0(0){ (1+p) | K (2= 0o(0)) + ——5 |t . (559
log, (M )FO
where the pilot symbols energy given by (4.40) and the data symbols energy given by
(4.41) are employed. Besides, o(¢) is given by (4.72). Notice that the average SNIR per
block can be obtained by substituting (5.53) in (5.27).
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5.3.2.4 SNIR for SPE on TICs
The average SNIR for TICs is given by:
) -1
v = (N = K +1)0{ (1 + ) K(?—g>+— , (5.54)
10g2(M)%

where p is given by (4.88) and the average SNIR is also given by (5.54).

5.3.2.5 SNIR for HPE on TVCs

As in the MRC detector analysis, there are two SNIRs to be evaluated, for the super-
imposed data and for the multiplexed data.

For the superimposed data the kth detected data symbol at the output of the ZF
detector for the /th time interval is obtained by replacing (5.5) in (5.40) as:

s 14 4 0 " EN 14 S,7 14 .
fifd,s,k(@ _ Xy, ,2k( ) + Z h;(g)h](f)xp’ ,J( ) ;—ICL J( ) +h}:—(£)w(£) (555)
——— j=1 NV,
Signal - _ oise

~
CEEI

Observe that (5.55) is similar to (5.50). Therefore, the conditioned SNIR for the
superimposed data symbol of HPE is similar to the SPE given by (5.51). By using (5.51)
in (5.15) and employing the energy of the superimposed data symbols given by (4.51) and
the energy of superimposed pilot symbols given by (4.50), the average SNIR is given by:

— _ ? N 1+ HhmTh -
Vsas (0) = (N = K +1)o(f) {(1 + in,s) [K< @(ﬁ)) T 1og2(M)%]} )

(5.56)
where o({) is given by (4.78).
For the multiplexed data, the kth detected data symbol at the output of the ZF
detector is given by replacing (5.6) in (5.40), that is:

" - jfl
Signal Jjék .
MAI
K
chont o Tdmi(l) ¢
+ > hf(O)hy (E)TJ +h (Ow(0). (5.57)
J=1 Noise

The detected symbol, given by (5.57) is similar to the detected symbol of MPE, given
by (5.41). Thus, the conditioned SNIR for the multiplexed data of HPE is similar to the
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conditioned SNIR of MPE, given by (5.46). Furthermore, by employing the energy of the
multiplexed data, given by (4.52), the average SNIR is given by:

-1

(1+ nh)logz(M)ﬁ—Z

Vsam(£) = (N — K +1)o(f) [K (9— Q(@) +

where o(¢) is given by (4.78). The average SNIR per block can be obtained by substituting
(5.56) and (5.58) in (5.33).

5.3.2.6 SNIR for HPE on TICs

For TICs, the average SNIR of the superimposed data is given by:

-1
— L+ fhmn
Ysgo = (N =K +1)p< (1 + pns) | K <a2 — g) + : , (5.59)
. p,m (1 + 1) logy (M) 7

where g is given by (4.91). On the other hand, the average SNIR of the multiplexed data

is given by

—1
L+ phmnn ] (5.60)

(1 +1n) logy (M) i

0

Veun = (N—K+1)g[K (?—g) +

where g is also given by (4.91). The average SNIR per block can be obtained by substi-
tuting (5.59) and (5.60) in (5.36).
5.3.2.7 SNIR for PCE

The detected data symbol of the kth UT at the ZF output can be obtained by replacing
(5.1) in (5.40), that is:

N Xd k 2
Tak = T + h;W s (561)
——
. Noise
Signal

where the MALI is eliminated according to (2.33) and in this case there is no CEEI Thus,
the SNIR conditioned on the kth UT channel vector is obtained from (5.42) as:
|zak]®

fo= 2.62
e ] P} 552
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where [Signal, |2 = 22 Var{MAT|h,} = 0, Var{CEEI|h;} = 0 and Var{Noisc|h} —
Hh,’:”2 o2 are employed. By using (5.62) in (5.15), the average SNIR is given by:

Ey

Y= (N —-K+1) ﬁlogQ(M)ﬁ. (5.63)
0

Notice that the average SNIR per block is also given by (5.63).

5.3.3 Minimum-Mean-Square Error Detector

The detected data symbol for the kth UT at the MMSE detector output is given by:

Zi’d’k(g) = ak(f)yd(ﬁ), (564)

where ay(¢) is the kth row of the compensation matrix A(¢), given by (2.35). The matrix
A(l) = ka’d(g)yd(g)c;dl(g)yd(z), where y,(¢) is the data sample of the fth time interval at
the input of the MMSE detector, given by (5.2).

5.3.3.1 SNIR for MPE on TVCs

By replacing (5.2) in (5.64), the detected data symbol of the kth UT during at the ¢th

time interval is given by:

. - pzarl) - nZag(l) - oy Tag(6)
Bax(l) = ax(Ohe(O=0=+ D an(Ohy (=27 + 3 an(Ohy (=222 + ay(Ow(l).
N g oo o H—/
Signal j#k ~- g Noise
~ ~~ - CEEI
MATI
(5.65)
The compensation channel vector a;(¢) can be rewritten as [85]:
rH (k) -

a(0) = B (0) (CPl ) (5.66)
where C;Z)(f)yd 0 =E {M (E)MH (E)} and yq,(¢) is the received signal vector y, without

the kth user entry given by:

~

va(0) = Hi(0)xax(0) + Hi(O)xax(0) + w(0), (5.67)

where &(5) is the estimated channel matrix and E(ﬁ) is the channel estimation error
matrix without the kth column vector. Besides, x4.(¢) is the vector of data symbols

without the kth UT entry. Therefore, the covariance matrix CSZ)(Z)W(Z) can be rewritten
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as:

|24]?
4

(? - g(e)) K+ ail Iy.  (5.68)

T

Bl

=
£

(6) = U ())D(O)U(0), (5.69)

where U(¢) is an orthonormal matrix that contains the eigen-vectors of &(ﬁ)ﬁf (¢) and
N—K+1

. FM . . . .
D(¢) = diag[A:1(¢) Xa(€) -+ Ag—1(€) O --- 0] is a diagonal matrix that contains the
eigenvalues of @(6)%(6) Notice in the diagonal matrix that there are K — 1 random
eigenvalues and N — K + 1 null eigenvalues [85]. Substituting the eigen-decomposition,

given by (5.69), in (5.68), the covariance matrix can be rewritten as:

|24]?

c = @UH(@D(@)U(@ - [ 0

vaOyat) = 4 (9 - @(ﬁ)) K+ ai] Iy. (5.70)

The conditioned SNIR is given by (5.9), where the kth UT signal power is given by:

[zar(0)|

Signal, |2 — "Bt (o) (e )1ﬁ(e)ﬁﬂ(e) (e )lﬁ(@ (5.71)
shaly 1 k ya(©)ya(0) AN ya(0)ya(0) AN '

that was obtained by using (5.66) in (5.65). Besides, the sum of the variances on the

denominator is given by:
~ ~ -1 .
Var {MAI + CEEI + Noise ‘ hk(é)} — b () (c;’“j(z)yd(@) hy(0). (5.72)

Therefore, by replacing (5.71) and (5.72) in (5.9), the conditioned SNIR is given by:

2ar(O)]? -~ -1
Vsiin, (6) = %hf(@ <C§rk;)(€)yd(ﬁ)> hy (€). (5.73)

Furthermore, by using (5.70) in (5.73), and considering that the product of orthonor-
mal matrices do not change the statistics of a random matrix, the conditioned SNIR can

be rewritten as:

N :

S zan(OF 1hys(O)

73|ﬁk(€) _ | d,k( )| | ],k( )| 7 (574)
A T2aPA0) + |07 = o(0) | TeaP K + 40



5.3. Linear Detection and SNIR 116

or as:
RS i ()] [hy(0)]
= TaPA0) + |07 = o0) | TeaP K + 407,

24k (O Ry ()
[oﬂ - Q(ﬁ)] x4 K + 401207

(5.75)

RMZ

where \; (/) is the jth eigenvalue of E(f)%(f} In (5.75) notice that the first summation
depends on the K — 1 random eigenvalues and the second summation on the remaining
N — K + 1 eigenvalues that are equal to zero.

The SNIR, given by (5.74), can be averaged over the eigenvalues distribution. In [83],
the authors have derived the eigenvalues distribution, that resulted in a tricky expression.
Thus, averaging the SNIR is a quite complex task as shown in [33]. However, for M-
MIMO, the eigenvalues distribution p(A;) can be well approximated by the Marchenko-
Pastur distribution, whose PDF is given by (2.23). Therefore, the SNIR can be well
approximated by:

b
Vol (£) = J Vsl r, (A7) dA;

_ lzaslt |2< Z ()] + AL > B ) (5.76)

|‘rd‘2 ]:K
where (/) is given by:

2 = [ g

_ f(ﬁ) [\/ [0+ AO)][b + A0)] — (A(6) + mﬂ , (5.77)

and A({) is given by:

A() = [@ - Q(E)] K+ b;?%, (5.78)

where the data symbols energy, given by (4.32), was employed. Besides, o(¢) is given by
(4.64), a = (1 —+/B)*, b= (1++/B)* and = K/N.

The SNIR conditioned on the kth UT estimated channel vector, given by (5.76), is the
sum of two chi-square random variables with different variances. The sum of chi-square
random variables with different variances produces a random variable with the generalized

chi-square distribution, shown in Appendix B.2. The generalized chi-square PDF for two



5.3. Linear Detection and SNIR 117

different variances can written as:

2 2, & w ;1,1 Tk— n Z%
RIE= 22 e (5.79)

where r = [r; ro] is a vector containing the degrees of freedom of each sum in (5.76). Thus,

the first chi-square random variable has r; = K — 1 degrees of freedom with variance
¢ = Q(f) and the second chi-square random variable has r, = N — K + 1 degrees of
freedom with variance ¢ = 1/A(¢). Finally, ¢1 ,» and vy, are given by:

—(rg+n—1)
. n+ry—2 1 1
¢1,n,r = (—1) 1—1 ( N ) (g _ g) , (580)

. n+r —2 1 1\ "t
Vone = (—1)"7 ! ( S ) (g — g) . (5.81)

By using (5.75) and (5.79) in (5.15), the average SNIR for the ¢th time interval is
given by:

vs(0) = 0(O)QL) (K — 1) + %(N - K+1). (5.82)

Moreover, as N » K, the contribution of the first term of (5.82) is negligible. As the
second term of (5.82) is dominant, the SNIR of the MMSE detector is similar to the SNIR
of the ZF detector, given by (5.48).

A similar result can be obtained in the following by considering that the first sum of
(5.75) is negligible. Thus, by considering only the second summation, the SNIR has a
chi-square distribution v, ~ x*[2(N — K + 1)], which is equal to the SNIR distribution
of the ZF detector. Hence, the SNIR for the MMSE detector can be well approximated
by the SNIR of the ZF detector, given by (5.48). Finally, the average SNIR per block for
MPE can be obtained by substituting (5.82) in (5.18).

5.3.3.2 SNIR for MPE on TICs

The derivation of A is fundamental on the evaluation of the average SNIR. Hence, by

performing a similar procedure as for TVCs, A is given by:

— L +np
A=|a?2—po| K+ ————— 5.83
02— 0] o (& (5.83)
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where ¢ is given by (4.84). Hence, the average SNIR is similar to (5.82), that can be

rewritten as:
e = QQ(K—1)+%(N—K+1), (5.84)

where A is given by (5.83) and €2 is given by (5.77).
The average SNIR per block is also given by (5.84). Furthermore, the SNIR of the
MMSE detector can also be approximated by the SNIR of the ZF, given by (5.49).

5.3.3.3 SNIR for SPE on TVCs

For SPE, the detected data symbol of the kth UT at the output of the MMSE detector
is obtained by substituting (5.4) in (5.64), that is:

z o ar0) | Ty (0) A+ ag (L
$dk<£) = ak(é)hk(g) d»;( ) +Zak<€)hj(€) PJ( ) 5 d]( )

) Si;ml g é:/lc )

M&I
S = Xy (0) + g (0)
+ 22l OBy (=5 b aOw(l). (5.85)
- Noise
CEEI

As for MPE, the SNIR conditioned on the kth user estimated channel vector and the

eigenvalues is given by:

A RS (24 (O)2 [y (0)
Tt " j=1 [|xp|2 + |z q|? ] A+ [a2 — o )} [|xp\2 + |z q/? ] K + 402
. i 24O 1hix(0) (5.56)

I
=

J

[oz2 - g(ﬁ)} [|xp|2 + W] K + 40120.

By considering the Marchenko-Pastur approximation in (5.86) the average SNIR in

relation to the eigenvalues can be written as:

i (0) = zar(OF ( g ﬁ > u}j,k(e)y?) . (5.87)

2 + Ja?

where §(¢) is given by (5.77) and A(¢) is given by:

1

e (5.88)
log, (M) %

A() = [@ - g(z)] K+
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where o({) is given by (4.72). In (5.88) it was used that the pilot symbols energy is given
by (4.40) and the data symbols energy is given by (4.41).
Notice that (5.87) follows a generalized chi-square distribution. Therefore, by using
(5.87) and (5.79) in (5.15), the average SNIR can be rewritten as:
() = —— lawawE -1+ 2 v k4], (5.80)
L+ A(2)
The average SNIR per block can be obtained by substituting (5.89) in (5.27). The
SNIR of the MMSE detector can be well approximated by the SNIR of the ZF detector,
given by (5.53).

5.3.3.4 SNIR for SPE on TICs
For SPE on TICs, A is given by:

N 1
10%2(M)&7

0

A= [E - g] K (5.90)

where p is given by (4.88). Furthermore, the average SNIR is similar to (5.89), that can

be rewritten as:

1
1+ ps

s [QQ(K 1)+ %(N K+ 1)] : (5.91)
where A is given by (5.90) and € is given by (5.77).

The average SNIR per block is also given by (5.91). Furthermore, the average SNIR
can be well approximated by the ZF SNIR, given by (5.54).

5.3.3.5 SNIR for HPE on TVCs

As for MRC and ZF detectors, the SNIR for HPE is evaluated in two intervals. For the
superimposed data symbols, the kth detected data symbol at the output of the MMSE
detector can be obtained by substituting (5.5) in (5.64), resulting in an equivalent expres-
sion to (5.85). The conditioned SNIR for the superimposed data is similar to SPE, given
by (5.86). Therefore, the average SNIR is given by (5.89), by employing 2(¢) given by
(5.77), A(¢) given by:

5 1+ Hh.mTh
Ais(0) = a2 —o(0)| K + ’ , (5.92)
[ ] fonm (1 4+ 11) logz(M)ﬁ—g

and o(¢) given by (4.78). Furthermore, the pilot symbols energy given by (4.50) and the
data symbols energy given by (4.51) were used in (5.92).
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For the multiplexed data symbols, the conditioned SNIR is similar to the MPE, given
by (5.75). Hence, the average SNIR is similar to (5.82), by employing €2(¢) given by (5.77),
A(?) given by:

= L+ finmn
Agm(l) = [a g(e)] R T HE (5.93)

and o({) given by (4.78). For obtaining (5.92), the multiplexed data symbols energy, given
by (4.52), was employed.

The average SNIR per block can be obtained by substituting (5.89), (5.92), (5.82) and
(5.93) in (5.33). Besides, the SNIR can be approximated by the SNIR of the ZF detector,
given by (5.56), for the superimposed data and given by (5.58), for the multiplexed data.

5.3.3.6 SNIR for HPE on TICs

For HPE on TICs, A for the superimposed data is given by:

1+ HhmTh

Ay = [? - Q] K+ , (5.94)
pinm (1 + 1) logy (M) 52
and for the multiplexed data is given by:
_ 1 -
Agom = [042 — Q] K+ Sl (5.95)

(1+ Uh>10g2(M>1]\Ef_z

where ¢ is given by (4.91).

The average SNIR for superimposed data symbols is similar to SPE, it can be obtained
by employing (5.94) in (5.91). On the other hand, the average SNIR for multiplexed data
is similar to MPE, it can be obtained by employing (5.95) in (5.84).Notice that the average
SNIR in a block is obtained by using (5.36).

Moreover, the SNIR approximation by the SNIR of the ZF detector is given by (5.59)
for the superimposed data symbols and (5.60) for the multiplexed data symbols.

5.3.3.7 SNIR for PCE

The detected data symbol of the kth UT at the MMSE detector output is obtained
by substituting (5.1) in (5.64) that is:

K
N r Ldk ~ Ld,j
Tqp = azh,— + 2 akhj—] + agw , (596)
2 4 p AW
v j.*k Noise
Signal J#
—— ——
MAI

where the MAI was compensated by a;. Notice that there is also no CEEL It is easy
to show that the SNIR conditioned on the kth UT estimated channel vector and on the
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eigenvalues is given by:

Zak|” \hyk\ |Zak|” ’hyk\
P)/S‘Bkv)‘ Z Z

5.97
4 Jza2N + 402 4oy, (5.97)

Therefore, by using the Marchenko-Pastur distribution, the average SNIR in relation

to the eigenvalues is similar to that given by (5.76), by employing €2 given by (5.77) and
A given by:

1
- 5.98
" og(DE 4%
where the data symbol energy given by (4.20) was employed.

Thus, by considering the generalized chi-square distribution, the average SNIR is given
by:

v = a2Q(K — )+—2(N K +1).

N (5.99)

The SNIR can be approximated by the SNIR of the ZF detector, given by (5.62) and
the average SNIR per block is also given by (5.99).

5.4 Average BER for M-MIMO

An exact expression to evaluate the average BER per block is derived. Once the SNIR
and its PDF are known, it is possible to obtain the BER for the ¢th time interval by [73]

BER(() = E{P (bl15,(0)) } = f " P (b, (0) 2 () e (5.100)

where P (b[’ysmk (5)) is the bit error probability for the fth time interval conditioned on

the SNIR and p <'Ys|ﬁk> is the PDF of the SNIR conditioned on the estimated channel

Notice that BER(?) changes at each time slot, cause the SNIR changes in time. Thus
the average BER per block can be defined as:

Lq

1
ER = L—Z (5.101)

where L, is the the number of data symbols® and BER(¢) is the BER at the /th time slot

For TICs, the SNIR is the same in all time slots for PCE, MPE and SPE, and the BER

does not change in a block, that is BER(¢) = BER. For HPE, there are two SNIRs

5Notice that for SPE Ly = L and for HPE Ly = Lyg+ Lyg = L

. Hence,
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BER = (L4sBER4s + LymBERG,,)/La, where BER,4 is the BER of the superimposed
data symbols and BERg,, is the BER of the multiplexed data symbols.

For M-QAM modulation, the exact bit error probability using Gray mapping is pre-
sented in [104]. By considering that the noise, the MAI and the CEEI were modeled as
complex Gaussians, the exact bit error probability conditioned to the SNIR can be written

B
0

P (o) = oo 2 7a fenl] (2o - | 224 )
erfc [(22 + 1“/% Vsliny, (0) ] } : (5.102)

where erfc(x) = \% S;c e~"dt is the complementary error function and || is the greatest

as:

1=

integer less than or equal to = [69].
The BER for the ¢th time interval can be obtained by using (5.102) in (5.100), that

18:

BER(/) = ﬁliiﬂ\/% <12:):M1 {(—UW%_IJ (2*1 — r\/gl + %D

%jw erfe \/%%Iﬁk p (%flk(é)) NS (5.103)

0

Hence, the solution of (5.103) rely on the integral:

Vs|hy, (5)

i

1 0
T, v;) = §L erfc P (fys‘ﬁk) DY iy (5.104)

2
where v; = 3

5.4.1 BER of MRC Detector

The BER of the MRC detector can be obtained by substituting the PDF of the SNIR,
with chi-square distribution with 2V degrees of freedom, in (5.104). Thus, the solution
of the integral (5.104) is given by [105]:

N-1 :
N—-1+y ;
Z(t,vi) = p(O)™ < . ) [L=p(O), (5.105)
=0 J
where (4) = #lm), is the binomial expansion, p(f) = 1 (1 + Nuji(jz(@) is the BER

with no diversity and ~,(¢) is the average SNIR for the PCE, MPE, SPE or HPE derived
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in Section 5.3. Finally, the BER for the ¢th time interval is given by replacing (5.105) in
(5.103).

5.4.2 BER of ZF Detector

The BER of the ZF detector can be obtained by substituting the PDF of the SNIR,
that is a chi-square with 2(N — K + 1) degrees of freedom, in (5.104). Thus, the solution
of (5.104) is given by:

N-—-K .

N-K

I(l,vi) = p(O)N K+ ) < L
J

J=0

) [1— (0], (5.106)

where p(f) = <1 +\/ i Kfl(i —— > is the BER with no diversity and ~5(¢) is the

average SNIR for the PCE, MPE, SPE or HPE, derived in Section 5.3. As for the MRC
detector, the BER for the fth time interval is obtained by replacing (5.106) in (5.103).

5.4.3 BER of MMSE Detector

For the MMSE detector, the exact solution of (5.104) is quite complex, because the
SNIR has a generalized chi-square distribution. In [33], the authors have obtained a exact
closed-form expression. However, a simpler solution for (5.104) is presented in [106] using
the channel reliability approach for MC-CDMA systems. Since the solution presented in
[106] is simpler than that of [33], it can be modified for M-MIMO systems, that is:

] T[Nk N_K+1\/ 11 N-K+1
Wv”@'):i{l_ 2%-[-2 () e )

al 1 (N—K+1\"''H [ K-1
t AT ( (0 > 2, ( ! )
x L j+l—%,K—1,i+%)]}, (5.107)
where
J(z,y) =T(z)y™, (5.108)
L(x,y,z) =T(z) [—F(g(;)w 1Firye—y+1;2) + zy_“"—r(;(;)y) Fily;y—xz+1;2) ],

(5.109)

['(x) is the gamma function,  Fi(x;y; z) is the confluent hyper-geometric function [98]
and ~,(¢) is the average SNIR of the ZF detector for PCE, MPE, SPE and HPE, derived
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in Section 5.3.

5.5 BER Bounds

Lower and upper bounds for the BER can be derived to avoid the complexity of the

exact closed-form expression, obtained in the former section.

5.5.1 Lower Bounds

For M-MIMO systems, due to [V is large, the channel becomes deterministic as estab-
lished by the channel hardening property, shown in Section 2.5.4.2. The BER becomes a
negative exponential function and the Jensen’s inequality” can be employed to obtain a
simple lower bound of the BER. By applying the Jensen’s inequality in (5.100), the BER

lower bound for the /th time interval is given by:

BER.5(() = P [b|E {yslﬁk (5)}] <E {P(b]*ysmk (@))} . (5.110)

Hence, by considering the lower bound in (5.102), the BER lower bound of M-MIMO

systems can be rewritten as:

L
BER,5(f) = ——— — )l
wl) =i Lo A {( )

O ),
erfc [(2@ + 1)\/% %w)] } (5.111)

where v5(¢) = E {’Yslflk (6)} is the average SNIR, derived in Section 5.3.
For M-MIMO, the BER lower bound of the ZF detector is a good approximation to
the BER lower bound of the MMSE detector.

5.5.2 Upper Bound
The BER upper bound is obtained by considering that E,/Ny — oo in (5.103).
f (B{z}) < E{f(2)}.
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5.5.2.1 MRC Detector

For the MRC detector, the upper bound of (5.103), depends on the solution of (5.104),
that can be approximated by:

N \Y[2N-1
T, v) ~ , 5.112
)~ (5nm) ( N ) o412
where series expansion of p(f) is employed, that is®:
1 vs(0) N
0)==|(1- ~ 5.113

and it was considered that 1 — p(f) ~ 1 and that Z;V:_Ol (V) = (Y-
By using (5.112) in (5.103) and taking the first term of its sum over ¢, the BER upper

bound is given by:

(5.114)

C2WM-1) [ 2N -1 (M-1) N 1V
BERUB(@_W( N )Xl— ] )

5.5.2.2 ZF Detector

By applying similar procedure used for the MRC detector, the solution of the integral

expression given by (5.104), can be approximated to:

N—K+1>N_K+1<2(N—K+1)—1>’ (5.115)

Ig? i) ~
() ( yPT N_ K41

Hence, by using (5.115) in (5.103) and considering the first term of its sum over ¢, the
BER upper bound is given by:

BERes () = i gy (1)

(WM 1) [2N-K+1)-1 xl(M—l)(N—KH)}N‘K“
N-K+1 6 75(0) '
(5.116)

5.5.2.3 MMSE Detector

The upper bound of the MMSE detector can be well approximated by the ZF upper
bound. However, other tighter upper bound can be obtained by using the Marchenko-
Pastur PDF [67].

1 52°

. . . 2
8Maclaurin series of the function e =1- 5+ 3% -2+
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The solution of (5.104) is obtained by using the SNIR and the PDF approximated
by the Marchenko-Pastur distribution, derived in Section 5.3.3. Thus, (5.104) can be

rewritten as:

pE) 3 ( o ) (1= pu(O)F (5.117)

where pi(0) = 3 (1 - ﬂ) is the BER without diversity and ¢?(¢) are the variances

I/i+§£ @)
of the chi-square random variables of the MMSE detector.

5.6 Numerical Results and Discussions

The SNIR and the BER of M-MIMO systems for TICs and TVCs considering PCE;,
MPE, SPE and HPE, employing MRC, ZF and MMSE detectors are evaluated. Further-
more, Monte Carlo simulations are performed in order to check the accuracy of the SNIR
and BER expressions”.

Subsection 5.6.1 presents the SNIR curves and Subsection 5.6.2 presents the BER

curves. The parameters of Tab. 4.1 are used in the evaluations.

5.6.1 SNIR Evaluation

The SNIR is a useful parameter that gives an insight of the system performance.
Besides, BER is a function of the SNIR. Hence, as a first approach, all SNIRs obtained

in Section 5.3 are evaluated.

5.6.1.1 SNIR on TICs

Fig. 5.1, shows the average SNIR as a function of Ej/N, for TICs by considering
that M = 4, N = 256, K = 16 and Ly = 256. Furthermore, L, = 16 and = 1 are
used for MPE, L, = 256 and pus = 1 for SPE and L, = 128 and pps = ppm = 1 for
HPE. PCE is also considered for comparison purposes. MRC, ZF and MMSE detectors
are considered. Notice that the SNIR of the MMSE detector is slightly better than
that of the ZF detector and both outperform the SNIR of the MRC detector. These
performance results are expected, because MMSE and ZF detectors eliminate the MAI.
Besides, the complexity of MMSE detector is higher than the other detectors. In fact, the
SNIR expressions of MMSE detector are more tricky than the SNIR expressions of MRC
and ZF detectors. On the other hand, as FEj/Ny increases, MPE presents better SNIR

9For simplicity, only BER simulations where realized.
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Figure 5.1: Average SNIR as a function of Ej,/Ny, parameterized by the estimation techniques
and the linear detectors for TICs, employing M = 4, N = 256, K = 16 and Ly = 256. Besides,
L, = 16 and p = 1 is used for MPE, L, = 256 and ps = 1 for SPE and L, = 128 and
Hhs = Hhm = 1 for HPE.

than SPE or HPE, because there is no interference during the channel estimation process.
Additionally, SPE outperforms the HPE, due to its more reliable channel estimation, once
more pilot symbols are used in the channel estimation. PCE is an ideal technique and
outperforms the other estimation techniques.

In Fig. 5.1 the SNIR increases with Fj,/Ny. However, due to the MAI and CEEI, the
SNIR may present a ceiling. The SNIR of the MRC detector is limited by the MAI. Thus,
by considering that E,/Ny — oo in (5.22) it is easy to show that the ceiling is equal to
N/(K — 1) for MPE, as can be seen in Fig. 5.1. Furthermore, for PCE the ceiling is also
equal to N/(K —1).

Notice that the ceiling can be depicted by an asymptote that represents the maximum
SNIR as Ej/Ny — 0. In the following, the SNIR asymptotes for ZF and some channel
estimation techniques are obtained.

In Fig. 5.1 it can be observed that MPE has no asymptote. On the other hand, for
SPE superimposed symbols introduce interference during the channel estimation and data
detection, which limits the SNIR. Thus, by considering that Ej,/Ny — oo in (5.54), the
SNIR asymptote is given by:

(N — K + 1)Ly,
(1+p)K2

s = (5.118)
Notice that the asymptote is a function of L, us, N and K. Furthermore, the SNIR
can be increased by augmenting L and N. Observe also that it is limited by 1/K?, i.e., it
is limited by the number of UTs.
For HPE, there are two SNIR asymptotes, one for the superimposed data and other
for the multiplexed data. Hence, by considering that E,/Ny — < in (5.59), the asymptote
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Figure 5.2: Average SNIR and its asymptote as a function of FEj/Ny parameterized by N,
employing M =4, K = 16 and Ly = 256. Besides, Ly = 256 and ps = 1 for SPE and L; = 128
and pi s = ppm = 1 for HPE.

for the superimposed data is given by:

(N - K+ 1)Lsuh,s
(1 + ,U/h,s)KZ

Vag.. = : (5.119)

and by considering that E,/Ny — o0 in (5.60), the asymptote for the multiplexed data is
given by:

(N - K+ 1>L3,U/h,s
fyad,m = K2 .

(5.120)

Notice that the SNIR asymptote of the superimposed part of HPE is similar to SPE
but as a function of Ly;. On the other hand, the denominator of the SNIR asymptote of
the multiplexed part does not depend on g, 5. From (5.119) and (5.119), observe that the
SNIR of the multiplexed part is higher than the SNIR of the superimposed part and the
average of the SNIR asymptote is can be obtained by:

(N - K+ 1)Ls,ulh,s
(1 + ,U/hys)LKz

Yah = [L(1 + pins) — Lstins] - (5.121)

Fig. 5.2 shows the average SNIR and its asymptote for the ZF detector, parameterized
by N. Besides, K = 16, Ly = 256, L, = 128 and ps = ptn,s = pin,m = 1 are used. Notice,
that as expected the SNIR asymptotes are tighter to the SNIR as FEj/Ny — 0. Further-
more, as the number of antennas increases, the ceiling is improved but not eliminated.
Additionally, increasing the number of antennas is more effective for SPE, because the
difference between SPE and HPE SNIRs increases with the number of antennas.

The SNIR asymptotes are close to the real SNIRs for high FEj/Ny, in the next two
figures only the SNIR asymptotes are plotted. Fig. 5.3a shows the SNIR for high E;,/Nj
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Figure 5.3: Average SNIR for high Ej/Ny employing N = 256, K = 16, Ly = 256 and Ls = 128.

as a function of K, for N = 256, L = 256, Ly = 128 and ps = ptns = fthm = 1. As
expected, the SNIR increases as the number of UTs reduce.

Fig. 5.3b shows the average SNIR for high Ej/N, as a function of s = pyps, for
N =256, K = 16, Ly = 256 and L, = 128. Notice that s, = p, s is the ratio between
the energy of superimposed pilot and data symbols. Hence, the SNIR for high E,/Ny can
be increased by using more energy on pilot symbols. Furthermore, for SPE, p is in the
denominator, which limits the SNIR. For HPE, note that py, s is in the denominator of
the superimposed region, but not in the denominator of the multiplexed region. Thus,
higher average SNIR is obtained for HPE. This parameter that weigh the energies will be

analyzed in the BER evaluation.

5.6.1.2 SNIR on TVCs

The SNIR on TVCs is evaluated by considering all estimation techniques and detectors.

Fig. 5.4 shows the SNIR as a function of time for £E,/Ny = 0 dB, parameterized by
the estimation techniques and the linear detectors. Besides, M = 4, N = 256, K = 16,
L4 = 256 and UTs with a speed of v = 6 km/h. Furthermore, L, = 16 and y = 1 are used
for MPE, L, = 256 and ps = 1 for SPE and L, = 128 and py, s = ptp,m = 1 for HPE. SNIR
is a function of time, then, different values are obtained at each time slot. Furthermore,
the SNIR is limited by the CEEI effects, which depends on the channel estimation NMSE.
Therefore, the SNIR curve shape is similar to the NMSE but inverted.

Fig. 5.5 shows the average SNIR as a function of Ej/Ny, parameterized by the es-
timation techniques and the detectors. Furthermore, the same parameters of Fig. 5.4
are employed. As for TICs, the SNIR of the MMSE detector is superior than the ZF
detector. Moreover, the SNIR of the ZF and MMSE detectors outperform the SNIR of
the MRC detector because the MAI is eliminated for the ZF detector and minimized by
the MMSE detector. Furthermore, as FEj/Ny increases, the SNIR of all three estimation
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Figure 5.5: Average SNIR as a function of Ej,/Ny, parameterized by the estimation techniques
and linear detectors for TVCs, employing M = 4, N = 256, K = 16, Ly = 256 and v = 6 km /h.
Besides, L, = 16 and p = 1 are used for MPE, L, = 256 and p; = 1 for SPE and L, = 128 and
Hh,s = fh,m = 1 for HPE.

techniques presents a ceiling. This is a difference between TICs and TVCs. For TICs, ZF
and MMSE detectors using MPE do not present SNIR ceiling, but for TVCs they present
for high E,/Ny, e.g., for the ZF detector the SNIR is equal to 209.5 for E,/Ny = 40 dB
and equal to 209.7 for E,/Ny = 50 dB. For MRC detector, the SNIR using SPE and HPE
outperforms the SNIR using MPE. These results for MPE are a consequence of the chan-
nel aging produced by the channel estimation process on TVCs. Finally, by comparing
Fig. 5.5 with Fig. 5.1, the average SNIR is worse on TVCs than on TICs.
Unfortunately, the derivation of the SNIR asymptotes on TVCs is more complex than

on TICs and there is no simple closed-form. However, the SNIR floor can be evaluated
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Figure 5.6: Average BER as a function of Ej,/Ny, parameterized by the estimation techniques
and linear detectors for TICs, employing M = 4, N = 256, K = 16 and Ly = 256. Besides,
L, = 16 and p = 1 are used for MPE, L, = 256 and pus, = 1 for SPE and L, = 128 and
Hhs = Hhm = 1 for HPE.

by plotting the SNIR expression. Moreover, similar conclusions to TICs can be obtained,

in terms of the energy ratios and the number of UTs.

5.6.2 BER Evaluation

The BER is evaluated for M-MIMO systems on TICs and TVCs. For convenience, the
BER on TICs is presented before the BER on TVCs.

5.6.2.1 BER on TICs

Fig. 5.6 shows the average BER as a function of £,/ Ny parameterized by the estimation
techniques and the linear detectors, for M = 4, N = 256, K = 16 and L; = 256.
Furthermore, L, = 16 and p = 1 are used for MPE, L, = 256 and p, = 1 for SPE and
L, =128 and pp s = ptp,m = 1 for HPE. As expected and in agreement to the SNIR results,
MMSE and ZF detectors outperforms the MRC detector in terms of average BER. MMSE
has a slightly better performance than ZF, as shown in the zoom inside Fig. 5.6, for SPE
and Ej/Ny = 7 dB. This result is expected because the SNIR of the MMSE detector is
slightly higher than the SNIR of the ZF detector and the performance gain is negligible.
On the other hand, MPE is better than SPE and HPE in terms of average BER and SPE
outperforms HPE. However, at the cost of performance, SPE and HPE present higher
spectral efficiency. Finally, in order to evaluate the loss of channel estimation techniques,
observe in the same figure the BER of PCE.

In Fig. 5.6 only theoretical expressions are plotted because simulation of BER values
less than 10~* are difficult to obtain. Fig. 5.7a, Fig. 5.7b and Fig. 5.7c show the average

BER as a function of E,/Ny parameterized by the estimation techniques and detectors
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Figure 5.7: Average BER as a function of Ej,/Ny, parameterized by the estimation techniques
for linear detectors, employing M = 4, N = 256, K = 16 and Lg = 256. Besides, L, = 16 and

p =1 are used for MPE, L, = 256 and p, = 1 for SPE and L, = 128 and pu s = ptpm = 1 for
HPE. BER lower bounds and simulations are included.

employing the same parameters of Fig. 5.6. Therefore, in order to validate the BER
expressions using Monte Carlo simulation, smaller values of E,/N,y are employed in Fig.
5.7a, Fig. 5.7b and Fig. 5.7c. These figures show that the exact closed-form BER derived
in Section 5.4 is accurate and that the lower bounds derived in Section 5.5 are tight to the
exact closed-form BER, mainly in low E,/Ny. In Fig. 5.7c the ZF detector lower bound
is used as the lower bound of the MMSE detector. Notice that this lower bound is a good
approximation for M-MIMO, once MMSE and ZF detectors present similar performance.

Fig. 5.8 shows the average BER upper bounds as a function of Ej,/Np, employing
the same parameters used for Fig. 5.6. As expected, the upper bounds are tight as
Ey/Ny — 0. In M-MIMO, the BER upper bounds are not too useful for two reasons.
First, the upper bound merges with the exact BER only for too small BER values. The
ZF upper bound merges for a BER less than 1072°°, and the MMSE upper bound for a
BER less than 107%°. Second, the upper bounds are accurate only when the BER does
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Figure 5.8: Average BER upper bound as a function of E,/Ny for ZF and MMSE detectors,

employing M = 4, N = 256, K = 16 and Lq = 256. Besides, L, = 16 and 1 = 1 are used for
MPE.
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Figure 5.9: Average BER as a function of = ps = pp s = pn,m parameterized by E,/Ng and
the estimation techniques, employing M = 4, N = 256, K = 16 and L, = 256. Besides, L, = 16
is used for MPE, L, = 256 for SPE and L, = 128 for HPE.

not present a floor, that is, just the ZF and MMSE detector using PCE or MPE. For the
cases where there is a BER floor, using the SNIR asymptotes is a good approximation, as
will be shown later. In the following, only the ZF detector is analyzed because it presents
similar performance to the MMSE detector and outperforms MRC detector.

Fig. 5.9 shows the average BER as function of pt = pt5 = ptns = ftnm parameterized by
Ey/Ny = —10 dB and E,/Ny = 0 dB, for M =4, N = 256, K = 16 and L, = 256. Notice
that p is a parameter for MPE, pi, is for SPE and py, s and py, ,, for HPE. Furthermore,
L, = 16 is used for MPE, L, = 256 for SPE and L, = 128 for HPE. For MPE, ;1 > 1
is a good choice in order to improve the BER. However, there is an optimum g, thus,

increasing g unlimitedly it is not recommended. For MPE, the optimum g is independent
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Figure 5.10: Average BER as a function of 1 = ny, parameterized by the estimation techniques
and Lg, employing M =4, N =256, K = 16, u = s = pths = pth,m = 1, and E,/Ng = —10 dB.

of Ey/Ny and for SPE the optimum pg depends on Ej/Ny. For SPE and E,/Ny = —10
dB the optimum shows up for py < 1 and for E,/Ny = 0 dB the optimum shows up for
is > 1. Thus, ps should be selected depending on Ej/Ny and the target BER. For HPE,
the optimum shows up for ups = pp.m > 1, that depends on E,/Ny. This is expected
because HPE is a hybrid of both MPE and SPE.

Fig. 5.10 shows the average BER as a function of = n,, parameterized by L4, for
M =4, N =256, K =16, i = fts = fths = pnm = 1, and E,/Ny = —10 dB. Notice that n
is the parameter for MPE and 7, is the parameter for HPE. For SPE, as L, = Lq, 7 = 1 can
be assumed. For MPE, the BER improves as L, increases. Besides, increasing L, is also
beneficial for the BER performance, e.g., Ly = 1024 and L, = 128 outperforms L; = 1024
and L, = 64 in terms of BER. However, the spectral efficiency, given by (4.33), decays
as L, increases, e.g., the spectral efficiency is 28.4 bit/s/Hz for Ly = 1024 and L, = 128
and 30.1 bit/s/Hz for Ly = 1024 and L, = 64. There is an optimum 7 and consequently
L, is bounded. For SPE, the BER improves as Lq increases. However, the improvement
from L4 = 512 to Ly = 1024 is smaller than from Ly = 256 to Ly = 512. Thus, increasing
unlimitedly L, increases the complexity, delay and interference in the channel estimation
and the BER decreases. For SPE, the spectral efficiency is 32 bits/s/Hz. For HPE, the
BER improves as Ly increases. Additionally, in Fig. 5.10, n, = 0.5 is the maximum value,
due to the orthogonal restriction of the pilot sequences, e.g., for Ly = 1024 symbols, the
maximum number of pilot symbols should be L, = 512, because there is no Hadamard
sequences of length between 512 and 1024. For HPE, the spectral efficiency is 32 bits/s/Hz.
Increasing L, is beneficial on TICs. However, on TVCs, Ly is bounded by the UTs speed
and the system bandwidth.

Fig. 5.11 shows the average BER as a function of E}/N, parameterized by M and the
estimation techniques, for N = 256, K = 16 and L; = 256. Furthermore, L, = 16 and
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Figure 5.11: Average BER as a function of E}/Ny, parameterized by the estimation techniques
and M, employing N = 256, K = 16 and Lg = 256. Furthermore, L, = 16 and p = 1 are used
for MPE, L, = 256 and p, = 1 for SPE, and L, = 128 and p s = ptp,m = 1 for HPE.

i =1 are used for MPE, L, = 256 and ps = 1 for SPE, and L, = 128 and p, s = fihm = 1
for HPE. As expected, as M increases, more £,/ Ny is required to improve the BER. Notice
that MPE presents the same difference in E,/Ny to PCE for M = 4, M = 16 and M = 64,
e.g., for average BER of 1072 the difference is 3.5 dB. For SPE, the difference in E,/N
to PCE depends on the modulation order. Furthermore, there is remarkable change on
the BER floor depending on the modulation order, for example, for M = 4 and M = 16,
the BER difference is 10'?. This is a consequence of the interference introduced by the
superimposed symbols in the channel estimation and data detection. For HPE, the results
are similar to those observed for SPE. Despite the loss in performance, the advantage of
increasing M is the gain in the spectral efficiency, e.g., for SPE with 64-QAM, the spectral
efficiency is 96 bits/s/Hz for a BER near to 107*, which is quite reliable by considering
that channel encoding can also be employed.

In Section 5.6.1, asymptotes of the SNIR were derived for SPE and HPE. Fig. 5.12
shows the average BER as a function of Ej/Ny parameterized by N, for M = 16, K = 16
and Lg = 256. Furthermore, L, = 16 and p = 1 is used for MPE, L, = 256 and ps = 1
for SPE, and L, = 128 and ps = ppm = 1 for HPE. Besides, the BER asymptotes
are plotted substituting (5.118) in (5.111) for SPE and substituting (5.119) and (5.120)
in (5.111) and then averaging for HPE. MPE has not BER floor, but it is included for
comparison purposes. As expected, as N increases, the BER improves. Notice that 16-
QAM is used to show that reliable BER can be obtained for M-MIMO. However, as shown
in Chapter 3, increasing the number of antennas requires more physical space, which could
be a major constraint.

Fig. 5.13 shows the average BER as a function of K for SPE and HPE, employing
M =16, N = 256 and L; = 256 . Furthermore, L, = 16 and p = 1 are used for MPE,
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Figure 5.13: Average BER as a function of K employing the SNIR asymptotes for M = 16,

N = 256 and L, = 256. Besides, L, = 16 and 1 = 1 are used for MPE, L, = 256 and ps = 1
for SPE, and L, = 128 and pup s = pip,m = 1 for HPE.

L, =256 and ps = 1 for SPE, and L, = 128 and 4 s = ptnm = 1 for HPE. For simplicity,
the SNIR asymptotes are used for evaluating the BER. Besides, MPE is not presented,
once it has no BER floor. Notice that, as expected, as K decreases, the BER increases
and an outstanding BER is obtained for N » K. However, there is a penalty in the

spectral efficiency, given by (2.8), once it is a function of K, e.g., for K = 4 the spectral
efficiency is 16 bits/s/Hz and for K = 16 is 64 bits/s/Hz.
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Figure 5.14: Average BER as a function of E}/Ny, parameterized by the estimation techniques
and linear detectors on TVCs, employing M =4, N = 256, K = 16, Ly = 256 and v = 6 km/h.
Besides, L, = 16 and p = 1 are used for MPE, L, = 256 and ps = 1 for SPE, and L, = 128 and
Hhs = Hhm = 1 for HPE.

5.6.2.2 BER on TVCs

For evaluating the BER on TVCs, the speeds of Tab. 4.1 are employed. Fig. 5.14
shows the average BER as a function of E}/N, parameterized by the estimation technique
and detectors, for M = 4, N = 256, K = 16, Ly = 256 and v = 6 km/h. Furthermore,
L, = 16 and p = 1 are used for MPE, L, = 256 and p; = 1 for SPE, and L, = 128
and ftns = fnm = 1 for HPE. Notice that the same parameters employed in Fig. 5.6
that evaluates the average BER for TICs, are employed in Fig. 5.14. including the speed
of v = 6 km/h. Comparing both figures, notice that the BER on TVCs is worst than
on TICs. This is evidenced by the BER difference between the PCE and the other non
ideal estimation techniques. As expected, the impairments introduced by TVCs during
the channel estimation and data detection restrict the BER performance. Moreover, an
insight of the performance restriction can be observed in the SNIR of Fig. 5.4. Observe
in Fig. 5.14 that MRC detector presents the worst average BER of all the estimation
techniques. Some differences between TICs and TVCs performances for ZF detector
deserves attention. Notice that the average BER of MPE is widely affected by the channel
aging, as it is near to the BER of MRC detector and SPE outperforms the BER of the
other estimation techniques. As HPE is a hybrid of both, it presents an intermediate
performance. The performance of MMSE detector is similar to ZF detector, as shown on
TICs. Simulating the average BER per block is a complex task, as the BER at each time
slot has to be evaluated. Therefore, in Fig. 5.14 only the theoretical BER expressions are
evaluated.

Fig. 5.15 shows the BER as a function of the time, for the ZF detector, parameterized
by the estimation techniques, employing N = 256, K = 16, Ly = 256, M = 4, E},/Ny =
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Figure 5.15: BER as a function of time, parameterized by the estimation techniques for ZF
detector, employing N = 256, K = 16, Ly = 256, M = 4, E;/Ng = —10 dB and v = 6 km/h.
Besides, L, = 16 and p = 1 are used for MPE, L, = 256 and ps = 1 for SPE and L, = 128 and
fhs = phm = 1 for HPE. BER lower bounds, average BER and simulation for TICs and TVCs
are included.

—10 dB and v = 6 km/h. Furthermore, L, = 16 and p = 1 are used for MPE, L, = 256
and p1; = 1 for SPE and L, = 128 and pp, s = pip = 1 for HPE. Fig. 5.15 shows the BER,
given by (5.103), the average BER, given by (5.101) and the Monte Carlo simulations
of the BER and average BER. The average BER on TICs is presented for comparison
purposes. Notice that the simulations are restricted only to BER values above 1079, due
to the simulation complexity. Despite this, the simulation confirms the precision of the
derived expressions. As in Fig. 5.14, SPE presents the best average BER performance
and has superior spectral efficiency than MPE. Notice that the CEEI introduced by the
MMSE estimation in SPE is less harmful than the channel aging of MPE. In fact, MPE
can be improved by using more pilot symbols at a cost of reducing the spectral efficiency.
Moreover, the M-MIMO lower bound, given by (5.111), is also plotted. Observe that the
lower bound is tight for N » K and that there is a simpler expression than the exact
one, given by (5.103). Fig. 5.15 shows that the worst performance for all three estimation
techniques occurs at the end of the block, that is a consequence of the estimated channel
NMSE. Notice that the average BER is near to the BER at the last time slots. Thus, the
BER at the last time slots is a good reference for the average BER. Finally, notice that
the average BER on TICs is far from the average BER on TVCs.

For simplicity, only the lower bounds are plotted in the following figures. Fig. 5.16a
and Fig. 5.16b show the BER as a function of time, parameterized by u for MPE, 4 for
SPE and by s = pinm for HPE, employing N = 256, K = 8, M =4, E,/Ny = 0 dB and
v = 60 km/h. If the speed increases, it is necessary to reduce the block duration for a
reliable performance. For MPE, Ly = 32 and L, = 16 symbols are transmitted, for SPE,
Ly = L, = 32 and for HPE, L, = 32.
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Figure 5.16: BER as a function of time parameterized by the estimation techniques and the

ratios (i, fis, fth,s, and fip m, employing N = 256, K =8, Ly = 32, M = 4, Ey/Ny = 0 dB and
v = 60 km/h. Besides, L, = 16 is used for MPE, L, = 32 for SPE and L, = 16 for HPE.

Fig. 5.16a shows the BER for ratios i = ps = pins = pinm < 1. Observe that for
= s = [hs = fhm < 1, the energy of pilot symbols is smaller than the energy of
data symbols. Thus, the estimated channel coefficients are less reliable, degrading the
BER. Therefore, for E,/Ny = 0 dB, using more energy in data symbols than in pilot
symbols is not a good choice. On the other hand, Fig. 5.16b shows the BER for ratios
[= [ts = [ps = Hnm = 1. Observe that for p = ps = pps = ptnm > 1, the energy of pilot
symbols is greater than the energy of data symbols. Notice that for s = pins = fihm = 2,
the BER of SPE and the superimposed part of HPE is improved because the estimated
channel coefficients are more reliable than for p, = pps = pnm = 1. However, for
fs = fhs = fnm = 06, although the reliability of the estimated channel coefficients
increases, the BER degrades because the energy of data symbols is excessively reduced,
increasing the susceptibility to noise and interference in the detection. Besides, for MPE
and the multiplexed part of HPE, increasing the ratios pi, ps, i s and g, ., is advantageous
for the BER, as it effectively relieves the channel aging.

The optimal energy ratio between pilot and data symbols is not easy to be obtained
and depends on the system configuration. After a complex optimization process, the best
s [y fhs and ., ratios that minimize the BER can be obtained. This optimization
process goes beyond the focus of this work.

In order to mitigate the effects of high UT's speed on the BER, it is not recommendable
to overload the system with many users. It is desirable to maintain that K < L,. Thus,
in Fig. 5.15, for K = 16 and L, = 16 for v = 6 km/h and in Fig. 5.16, K = 8 and
L, =16 for v = 60 km/h.

Fig. 5.17 shows the BER as function of time for SPE, parameterized by L, for N = 256,
K =16, M = 4, E,/Ny = 0 dB, ps = 1 and v = 60 km/h. As the speed is 60 km/h,

the coherence time interval is 7. = 2.6 ms and consequently L = 38 symbols should be
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Figure 5.17: BER as a function of time for SPE parameterized by L, for N = 256, K = 16,
M =4, Ey/Ng =0dB, ps =1 and v = 60 km/h.

transmitted. However, due to the pilot symbols orthogonality restriction, the block length
L must be a power of two. For L < 38, the largest solutions are L = 16 and L = 32, where
in these cases there is only one minimum in the BER curve, but for L > 38, the BER
becomes wavier as L increases. As the block size increases, more interference is introduced
in the channel estimation and data detection and the BER gain is limited. Moreover, the
channel estimation process becomes more complex as the block length increases. Notice
that the block length can be even larger than the coherence time interval without raising
the BER, e.g., for L = 128, the block duration is T = 8.5 ms, which is more than three
times the coherence time interval.

Fig. 5.18 shows the BER of MPE and SPE techniques as a function of Ej/N, param-
eterized by the number of BS antennas N, for K = 8 and M = 4. For convenience, the
BER is evaluated at the last time slot of a block of 32 symbols for v = 60 km/h. Further-
more, for MPE, =1, L, = 8 and L; = 32 are used and for SPE, g = 1 and L = 32.
As expected, the BER is improved as N increases due to the high diversity provided by
the large number of antennas. However, there is an evident difference between MPE and
SPE. As aforementioned, the channel aging introduced by MPE limits the BER severely.
Moreover, increasing the number of antennas from 256 to 1024 is not enough to reach a
BER lower than < 107!, Thus, for MPE, increasing N or Ej/Ny is not effective due to
the channel aging effects. In order to lower the BER, it is recommendable to increase
the number of pilot symbols to L, = 16, which is more effective than increasing further
the number of antennas, as shown in Fig. 5.16b. On the other hand, increasing N is
advantageous for SPE, once a significant BER improvement is obtained. Notice that ZF
detector is highly susceptible to unreliable CSI due to the NMSE is less reliable for MPE
and increasing the number of antennas does not solve the channel aging issues.

Fig. 5.19 shows the BER as a function of fymar, for Ep/Ny = —10 dB, M = 4,
N = 256 and K = 16. Furthermore, i = 1, L, = 16 and Lq = 256 are employed for MPE
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Figure 5.18: BER as a function of Ej/Ny for the last time slot of a block, parameterized by
MPE, SPE and the number of BS antennas N, for Ly = 31, K =8, M =4 and v = 60 km/h.
Besides, = 1 and L, = 8 are used for MPE, and ps = 1 and L, = 32 for SPE.

Figure 5.19: BER as a function of fg maxTs, for Ey/Nog = —10 dB, M = 4, N = 256, K = 16 and
Lg = 256. Besides, p = 1 and L, = 16 are used for MPE and ps = 1 and L, = 256 for SPE.

and ps = 1 and L = Ly = 256 for SPE. For comparison purposes, the BER at the last
time slot is evaluated. Notice that for fjmaxr, = 0 the channel becomes time-invariant
and the performance is similar to TICs, as can be seen in Fig. 5.6 for E,/Ny = —10 dB.
On the other hand, as fgmaxr, increases, the BER worsen due to the bandwidth expansion
that depends on T or due to the speed increase that influences on the maximum Doppler
shift fqmax. Once the bandwidth is fixed at B = 15 kHz, fjmax increases with speed.
For 6 km/h, fymaxr, = 1.3 x 1073, Hence, Fig. 5.15 shows the BER, that for the last
time slot is 6 x 10~ for SPE and 2 x 10—1 for MPE. Notice that as the decreases, MPE
outperforms SPE. Thus, MPE is more effective for TICs and SPE for TVCs.
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CHAPTER 6

Conclusions and Future Works

This final chapter summarizes the conclusions of this thesis and provides the research

directions for future works.

6.1 Conclusions

In this thesis, the IRF and the BER of the uplink of single cell M-MIMO systems
are investigated. The first topic is the IRF, which relates the interference reduction of
antennas array to the M-MIMO channel properties and links the antennas array to theo-
retical channel models. The second topic focuses on the BER of M-MIMO systems with
imperfect channel estimation. Some channel estimation techniques and linear detectors
were employed at the BS receiver by considering time-invariant and time-variant channel
models.

For both topics, closed-form expressions were obtained. For IRF, the expressions are
function of the number of BS antennas N, the number of UTs K and the array length
L, that depends on the carrier frequency f.. For BER, the expressions are function of
the number of BS antennas NN, the number of UTs K, the modulation order M, the
block length L, the number of pilot symbols L,, the number of data symbols L; and
the ratio of pilot and data energies. Moreover, for TVCs, the BER depends also on the
maximum Doppler shift fp max and the system bandwidth B. The accuracy of the derived
expressions was verified by Monte Carlo simulations in representative scenarios.

The main contributions and conclusions obtained in each chapter of this thesis are

summarized.

m In Chapter 2, the basic concepts were presented. The basis of M-MIMO systems
and their properties were detailed. The principles of channel models, linear detec-
tion and channel estimation were introduced as a framework for the system model

presented in the next chapters.
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m In Chapter 3, exact closed-form expressions of the IRF for ULAs and UPAs were

derived in 2-D and 3-D scenarios. The results show that better IRF is presented
in 3-D scenarios, because the elevation angle can be exploited as an additional
degree of freedom. If the number of antennas goes to infinity in unlimited physical
space, then, the IRF goes to zero on UR-LOS and Rayleigh fading channel models.
Therefore, the IRF is effectively related to the favorable propagation, because as the

interference goes to zero, the channel vectors become asymptotically orthogonal.

However, in a limited physical space, if the number of antennas increases, the spacing
among antennas can be less than \./2, resulting in saturation of the IRF. This is due
the spatial correlation among antennas. Of course, in this case favorable propagation
can not be reached. The lost of this condition depends on the separation among
antennas in any frequency band (e.g., sub-6 GHz or mmWave frequency bands).

Finally, the favorable propagation of M-MIMO depends on the channel model.

In Chapter 4, the estimation techniques MPE, SPE and HPE were analyzed on
TICs and TVCs using the MMSE estimator/predictor. These techniques are com-
pared to PCE in terms of average symbol energy and spectral efficiency. Further-
more, the estimation quality of each technique is evaluated in terms of the NMSE,

which is a function of the variance of the estimated channel coefficients.

For TICs, MPE outperforms SPE and HPE, because it does not present a floor in
the NMSE. Furthermore, SPE outperforms HPE, since it uses more pilot symbols.
For TVCs, two analysis were made: for pedestrian speeds and for vehicular speeds.
In general, as the speed increases, the block duration T should be shortened, due
to the reduction of the coherence time interval. The increased speeds reduces the
number of pilot symbols worsening the NMSE. The shortened block duration and
the bandwidth B limit the number of time slots L. On the other hand, TICs could
use infinite block size, but for a fair comparison, TICs should use the same TVCs

block size.

Furthermore, for a fair comparison of all estimation techniques, L should be a power
of two in order to fulfill the requirement of orthogonal pilot symbol sequences. Ad-
ditionally, they should transmit the same number of data symbols L, in a block,
reducing the spectral efficiency of MPE by a factor of 1/(1 + 7). SPE and HPE do
not experience reduction in spectral efficiency and then they are considered band-
width efficient estimation techniques. Moreover, the channel estimation techniques
introduces a delay. The delay of MPE is of L, symbol intervals, which is smaller
than the delay of SPE, which is L symbol intervals. For HPE, the delay is L, symbol

intervals.
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The derived expressions on TVCs are more complex than the expressions in TICs,
because they consider the time-correlation between the channel coefficients of a
block. The simplicity of the expressions on TICs is justified because only one chan-
nel coefficient must be estimated during each block, while L; must be estimated on
TVCs. Moreover, for TVCs, each estimation technique presents a particular NMSE
shape, that is, a result of the MMSE estimation. As a consequence of the temporal
channel correlation in TVCs, channel aging is introduced in the NMSE of MPE and
HPE. For SPE and HPE, a U-shape is introduced in the NMSE. To improve the
NMSE, the inequality L, > K has to be satisfied. This condition limits the spec-
tral efficiency. An alternative to overcome this restriction, without loss in spectral
efficiency, is to use p > 1, us > 1 and pp s > 1, which is more effective because
more energy is available for channel estimation. Notice for p,,, > 1 that there is a

limited improvement in low Ej/Nj.

The relationships between the parameters of the estimation techniques and their
effects on the system performance can not be seen only in terms of the NMSE.
Therefore, the estimation error effects on the BER of M-MIMO are analyzed in
Chapter 5. Notice that channel estimation is a significant challenge, further stressed
in M-MIMO systems, because at the BS N K channel coefficients should be estimated
on TICs and NKL,; on TVCs.

In Chapter 5, the BER of M-MIMO systems was evaluated on TICs and TVCs for
MPE, SPE and HPE techniques, employing MRC, ZF and MMSE detectors. For
this purpose, exact-closed form expressions of the BER were derived. BER lower
bounds considering the M-MIMO ideal channel properties and BER upper bounds
in the high E,/Ny region were obtained. The BER is a function of the SNIR of each
linear detector. Furthermore, the SNIR includes the interference produced by the
channel estimation process, which is different for each estimation technique. The

SNIR is a useful reference for the system performance, whose results are reflected
on the BER.

For TICs, the BER and average BER per block are equal, because the same es-
timated channel coefficients are employed for the linear detection in a block. On
the other hand, the BER and the average BER per block are different for TVCs
because the estimated channel coefficients are different at each time slot of a block.
Notice that both the BER and NMSE have a similar shape as a function of time
during a block. Moreover, the average BER per block of TVCs is near to the worse
BER of a block, while the average BER of TICs is near the best BER of a block on
TVCs. Hence, the average BER of M-MIMO on TVCs is far from the average BER
on TICs. However, as fgmaxr, — 0, the channel becomes slow and the average BER
is similar to the average BER of the TICs.
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Among the analyzed detectors, MMSE and ZF detectors outperform the MRC de-
tector in terms of the BER on TICs and TVCs for any estimation technique. As
expected MMSE detector outperforms slightly ZF detector and the BER difference
is negligible for M-MIMO. Thus, the BER of ZF detector is a good approximation
to MMSE detector in M-MIMO. Lower bounds of the BER were derived for the
linear detectors considering the channel hardening property of M-MIMO. The lower
bounds are tight for low E}/Ny and, upper bounds in the high E,/Ny. The upper
bounds are not attractive, because the BER is extremely small on the region of con-
vergence to the exact expression due to the high diversity of M-MIMO. Moreover,
an upper bound using the Marchenko Pastur distribution was derived for MMSE

detector.

The average BER on TICs outperforms the average BER on TVCs. However, there
are some differences between TICs and TVCs that deserve attention. Among the
estimation techniques, the best average BER for TICs, is shown by MPE, while on
TVCs is shown by SPE. HPE presents the worst average BER on TICs, but an
intermediate average BER on TVCs. For MPE the channel aging on TVCs is so
detrimental that ZF and MRC detectors have similar average BER. On the other
hand, there is no channel aging on TICs, then, the average BER of ZF detector is
superior than MRC. Furthermore, MPE does not have a BER floor on TICs, but has
on TVCs. Indeed, the BER of MPE is strongly affected by the channel aging, even
a huge increment in the number of BS antennas does not improve the BER. This
observation shows that the channel aging effects limit the favorable propagation of
M-MIMO systems for MPE and HPE. On the other hand, the effects of channel
aging for SPE on TVCs are limited. Thus, in this case the block duration can even
be larger than the coherence time interval without increasing the BER, which is not
possible for MPE or HPE.

Many parameters can be modified in order to improve the performance of M-MIMO.
The spectral efficiency can be improved by increasing the modulation order at the
cost of reducing the BER. On the other hand, the BER can be improved by reducing
the number of UTs, which reduces the spectral efficiency. For MPE, it is desirable
to use L, > K, which also reduces the spectral efficiency. However, the BER can
be improved without effects on the spectral efficiency by modifying the energy ratio
between pilot and data symbols, that is given by p for MPE, p for SPE and py, s and
fth,m for HPE. There is a trade-off between channel estimation and BER because
increasing the energy of pilot symbols could be good for the channel estimation but
not for BER. Hence, there is an optimum 7 and p for each one of the estimation

techniques, that depends on each system configuration and can be obtained after an
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optimization process. The optimization process goes beyond the scope of this work

but is an interesting topic for future works.

6.2 Future Works

In this section, some proposals for future research on M-MIMO systems and related

topics, based on the contributions and results of this thesis, are presented.

m Generalized Channel Models. The loss of favorable propagation condition opens
new questions about M-MIMO, such as the requirement to evaluate the effects of
spatial correlation and interference among users on the performance of wireless net-
works [107]. The extension from 2-D to 3-D M-MIMO systems through the elevation
angle deserves attention due to various strategies that can be implemented to exploit
this additional degree of freedom [108].There is no channel model for M-MIMO in
the literature that includes all impairments of signal propagation. Therefore, sev-
eral M-MIMO models for particular scenarios could be analyzed [109]. Among them,
there are the mmWaves channel model and the spatially correlated scenarios. Bands
in mmWaves have been proposed for 5G systems and beyond [93]. On the other
hand, it is attractive to study the spatially correlated scenario, once a recent work

shows that some advantages can be obtained on the performance of M-MIMO [96].

m Antennas Arrays. ULAs and UPAs were analyzed, but other uniform arrays de-
serve attention, such as circular and cylindrical arrays [110]. Nonuniform and mimic
arrays are useful for avoiding the visual pollution introduced by the antennas at the
BS and their characteristics in M-MIMO should be studied [111, 112]. Moreover,
there is a new topic in M-MIMO named extremely large aperture arrays or large

intelligent surfaces [113], which could be analyzed in terms of the IRF.

m Channel Estimation. Since channel estimation is critical in M-MIMO, this topic
deserves attention to further studies. One of the options is to exploit some channel
properties, such as the channel sparsity and the spatial correlation [96]. Another
option is to study suboptimal channel estimation in order to reduce the overload of
this process, which increases with /N. Finally, an option that requires much attention

due to its potential is machine learning for the channel estimation [114].

m M-MIMO Downlink. The performance of the uplink of M-MIMO systems was
presented in this dissertation. However, M-MIMO is also attractive for the downlink,
once simple linear precoding and the channel reciprocity of time-division duplexing
systems can be exploited. Therefore, evaluating the BER of precoders, such as
the maximal-ratio-transmitter or the regularized zero-forcing considering imperfect

channel estimation are also interesting options for future works [31].
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m Multicell M-MIMO. A single cell scenario was considered in this work. In the
literature, many studies claim that channel estimation is contaminated by pilots in
multicell systems. They have even determined that the pilot contamination can be a
performance limiting factor of M-MIMO systems [39]. However, a recent work con-
siders that pilot contamination can be overcome in M-MIMO systems with channel
correlation [96]. Hence, the study of multicell systems considering correlated chan-

nels is an interesting extension for a future development of this thesis.

m Error Correcting Codes. In this work, error correcting codes were not employed
in the analysis. However, in practical wireless systems, these codes are essential
to improve the performance. Furthermore, error correcting codes could be advan-
tageous for both channel estimation and data detection [115]. Hence, analyzing
channel estimation techniques with error correcting codes is an attractive topic for

future works.

M-MIMO is a vast with high-impact topic for 5G systems and beyond. Hence, it
requires further development in different areas. In the future, M-MIMO will be imple-
mented in several wireless communication standards enabling many practical applications
[116].
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APPENDIX A

Matrix Definitions

A.1 Hermitian and Positive Definite Matrix

A N x N complex square matrix A is Hermitian, if it is equal to its own conjugate
transpose, that is [83]:
A= A" (A.1)

where A is the conjugate transpose of matrix A. A Hermitian matrix is said to positive-
definite if:
b7 Ab > 0, (A.2)

for any complex vector b # 0 of dimension N x 1.

A.2 Eigen-decomposition
The eigen-decomposition of a N x N square matrix A is given by [76, 83]:
A= VAV, (A.3)

where the matrix V is composed by the eigenvectors of A, and A = diag[A1, Ao, -+ An]
is a diagonal matrix that contains the eigenvalues of A. If A is Hermitian, then V is
invertible. Furthermore, if A is Hermitian and positive-definite (HPD), then all of its

eigenvalues are positive and real.

A.3 Inverse

The inverse A~! of A of dimension N x N satisfies that:

AA = ATTA =Ty (A.4)
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where Iy is the N x N identity matrix. If A~! exists, A is said to be invertible. Otherwise,

A is said to be singular or non-invertible.

A.4 Pseudoinverse

The pseudoinverse or Moore-Penrose inverse At of A of dimension N x K assumes
that A is full rank. Thus, if rank(A) = N, then it is called right-inverse that is given by:

AT = AT(AAT) (A.5)
If rank(A) = K, then it is named left-inverse that is given by:
AT = (AFA)TAT, (A.6)

Finally, if N = K the pseudoinverse is equal to the inverse given by (A.4).

A.5 Orthogonal Matrix

A N x N matrix A is said to be orthogonal, if [83]:
APA =mly (A.7)

where Iy is the N x N identity matrix and m > 0 is a scalar. If m = 1, A is said to
be orthonormal. To satisfy the orthogonality, all column vectors of A must be pairwise
orthogonal; likewise for the row vectors. Moreover, the eigenvalues of an orthogonal matrix
are equal, i.e., Ay = Ay = --- = Ag. Therefore, an orthogonal matrix is always invertible,

where its inverse is given by:

A7l = Af (A.8)

In particular, orthogonal matrices can be constructed from Hadamard matrices. Hadamard
matrices X,, have dimension 2" x 2" for n =1, 2, ---. They are defined by the following

recursive relation [69]:

X1 = [ Xn Xn ] : (A.9)
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A.6 Condition Number

The condition number is a measure of how singular a matrix is. The condition number

of a matrix A is given by [83]:

)\max
R(A) = T (A.10)

where Ay and Ay, are the greatest and the smallest nonzero eigenvalues of A, respec-
tively. A condition number of one, kK(A) = 1, means that A is orthogonal and therefore
Amax = Amin- On the other hand, a large condition number, x(A) » 1, means that A is

highly non-orthogonal or ill-conditioned.

A.7 Vector Norm

The Euclidean norm of a vector b of dimension N x 1 is given by:

1/2

Ib] = (b*b) (A.11)

A.8 Matrix Norm

A N x K complex matrix A has matrix norm ||A|| that is a non-negative number
associated with A. In the literature some kind of matrix norms are discussed, among
them, the maximum absolute column sum norm or 1-norm ||Al|;, the maximum absolute
row sum norm or infinite-norm |A |, the spectral norm or 2-norm ||A |z and the Frobenius

norm ||Al|g. In particular, the Frobenius norm is given by:

|AlF = \/Tr(AHA), (A.12)

where Tr(-) denotes the matrix trace.

A.9 Inversion Lemma

Let a matrix A of dimension N x K, then the following identity holds:

1

AT (AAT +1y) 7" = (ATA + 1) " AT, (A.13)

where Iy and Ik are identity matrices of dimension N x N and K x K, respectively. An

special case of the inversion lemma for vectors is given by:

z (z"z + IN)_1 z" = (zz" + 1)_1 zz" (A.14)
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where z is a vector of dimension 1 x N and Iy is a identity matrix of dimension N x N.



162

APPENDIX B

Chi-square Random Variable

In this appendix, the chi-square random variable and the generalized chi-square ran-
dom variable are described. Additionally, their PDFs are written based on the results of
[69] and [117].

B.1 Chi-square Random Variable

Let X be a chi-square random variable, given by:
X =3 (P + -+ + - b))

=N |hf? (B.1)
i=1

where ¢? is a real number and h; are zero-mean complex Gaussian random variables with
unit variance. Thus, the factor ¢ modifies the variance of each complex Gaussian random
variables. Moreover, X has 2u degrees of freedom.

From [69], the PDF of this random variable can be written as:

o) = iz e (;) (B.2)

where I'(u) = (u — 1)! is the gamma function of w.

B.2 Generalized Chi-square Random Variable

Let X be a generalized chi-square random variable. Thus, it can be obtained from:

w1 Uk UK
X =Gy il 42D bl + -+ ok ) [l
=1 =1 =1

2 2
= oo, O RN (B.3)
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where ¢, is a real number and h; are zero-mean complex Gaussian random variables with

unit variance. Thus, the factors ¢? modify the variances of the complex Gaussian random

variables. Moreover, Xim is a chi-square random variable with 2u, degrees of freedom.
From [117], the PDF of X can be written as:

where .
Qe = [ [ o™ (B.5)
k=1
and . ( :
P+ U — 1 1 1 e
U(k,l) = Z H < ) <—2 ) ) (B.6)
Vpec, o m=1 Pm Smo Sk

where (., is a set defined by (¢ = {p e 7%, Zle pn=L0—1,p.=0,p, =0, Vn}, where
pn is the nth element of p. Hence, (, , is the set of all partitions of length K of the integer
¢ — 1, where the k-th element is equal to zero. The integer partition of a positive integer
x, is a way of writing = as a sum of positive integers. As example consider K = 3, k = 2
and ¢ = 3. The set of partitions of length K = 3 of the integer ¢ — 1 = 2 is the following:

Position Position Position
k=1 K=2 k=3

0 0 2
0 1 1
0 2 0
1 0 1
1 1 0
2 0 0

Therefore, the partitions whose second element (k = 2) is equal to zero are the partitions
of the first, fourth and sixth rows of the above table. Consequently, the set (23 can be
written as (o3 = {[0,0, 21, [1,0,1], [2,0,0]}.
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