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Abstract. In this work, we report elastic integral cross sections for low energy positron
scattering by carbon monoxide and model calculations for vibrationally enhanced positron
annhilation on molecules. The former studies employed the Schwinger Multichannel method
in the static plus polarization approximation with two diﬀerent basis sets to access numerical
convergence. In the annihilation studies, the role of multimode vibrational couplings was
surveyed with the help of an analytically solvable model based on the Feshbach projection
operator formalism.

1. Introduction
In recent years, experimental advances have allowed for several scientiﬁc and technological
applications of positron-matter interactions (see [1] for a review), such as materials
characterization [2], positron emission tomography [3] and in the study of anti-hydrogen [4] and
positronium molecules [5]. However, there are still open questions on fundamental positron
interactions. Even for the most basic positron-molecule processes, agreement among the
available theories and experimental data is far from satisfactory.
In studies of positron-molecule scattering, for instance, though some accordance is found for
integral cross sections (ICS) [1], forward angle scattering eﬀects might signiﬁcantly impact total
cross section experiments [6, 7]. In addition, the low intensity of positron beams poses even more
severe diﬃculties for diﬀerential cross section (DCS) measurements. Though the comparison
between theory and early relative DCS data[8] was encouraging [9], a big discrepancy is found
between recent absolute DCS results and theory [10, 11]. On the theoretical side, the diﬃculties
arise from the repulsive static positron-molecule interaction, which imposes a very thorough
description of target polarization, and from the role short-range positron-electron correlation.
The description of vibrationally enhanced positron annihilation on molecules, a ﬁeld of intense
activity [12], is even more challenging for theoreticians. The positron annihilation rate in a
molecular gas (λ) can be obtained from the well-known relation
λ = πr02 cnZeﬀ ,
Published under licence by IOP Publishing Ltd
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where r0 is the classical electron radius, c is the velocity of light, n is the gas density, and the
annihilation parameter, averaged over positron incident directions, is given by
Zeﬀ (E) =

Z
π (+) ∑
(+)
⟨Ψki |
δ(rj − rp )|Ψki ⟩ ,
ki
j=1

(2)

(+)

where Z is the number of target electrons Ψki is the scattering wave function, and ki is
the magnitude of the positron incident wave vector. In addition to the diﬃculties related to
correlation- polarization eﬀects mentioned above, the positron couplings to nuclear degrees of
freedom that dramatically aﬀect Zeﬀ [12] values are not well understood. In view of these facts,
ab initio computational simulations have provided limited information on this process [13, 14],
such that much of the current understanding relies on semi-empirical theories [15, 16].
Our group has been undertaking eﬀorts in two directions, namely ab initio simulations of
ﬁxed-nuclei positron-molecule scattering and theories of resonant positron annihilation [14, 16,
17] based on the Feshbach projection operator (FPO) formalism [18]. In this work, (i) we report
low energy ICS for elastic positron scattering by carbon monoxide, as a ﬁrst step towards more
the challenging elastic DCS and vibrationally inelastic calculations; and (ii) we discuss essential
aspects of multimode eﬀects in resonant annihilation, with the help of the FPO approach. The
paper is organized as follows. In the next Section, we outline the SMC method and the FPO
theory; the results are discussed in Secs. 3 and 4, and the conclusions are given in Sec. 5.
2. Methods
2.1. Fixed-nuclei scattering calculations
Elastic ICS were computed with the Schwinger Multichannel method (SMC) in the ﬁxed nuclei
approximation. Details of the formulation are given elsewhere [19, 10]. The working expression
for the scattering amplitude is given by
[fi,f ] = −

1 ∑
⟨S⃗ |V |χν ⟩(d−1 )νµ ⟨χµ |V |S⃗k ⟩ ,
f
2π ν,µ ki

(3)

with
dµν = ⟨χµ | A(+) |χν ⟩ ,

(4)

and
(+)

A(+) = P V P + QĤQ − V GP V .

(5)

In the expressions above, S⃗k is an eigenstate of the free Hamiltonian, given by the product of
a plane wave (positron) and the electronic ground state of the target; V is the positron-target
scattering potential; χν is a conﬁguration state function (product of a target electronic state by
a scattering orbital); Ĥ = E − H is the collision energy minus the scattering Hamiltonian; P is
(+)
a projection operator onto the open (energy accessible) electronic states of the target; GP is
the free Green’s function projected onto P space and Q = (1 − P ) projects on the closed-channel
space.
Since we are only interested in elastic collisions, we set P = |Φ0 ⟩⟨Φ0 |, where Φ0 is the target
electronic ground state, obtained at the restricted Hartree-Fock level. The SMC approach
accounts for polarization eﬀects in an ab initio fashion, through single virtual excitations of the
target.
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2.2. Resonant positron annihilation
In a previous paper [14], we developed a theory of positron annihilation based the Feshbach
projection operator formalism [18]. This approach describes the capture of the positron into
a discrete state |ϕd ⟩ coupled to a dense scattering set, such that virtual or bound e+ -molecule
states can be accounted for. The discrete state is assumed parametrically dependent on the
nuclear coordinates and orthogonal to the set of continuum states {|ϕk ⟩}. The scattering wave
(+)
(+)
(+)
function can thus be decomposed as |Ψki ⟩ = P|Ψki ⟩ + Q|Ψki ⟩, where Q = |ϕd ⟩⟨ϕd | and
P = (1 − Q). The annihilation parameter is obtained as (see details in [14]):
Zeﬀ =

π
1
1
⟨ηi | Γ1/2 (E)
ρd
Γ1/2 (E) |ηi ⟩ ,
†
ki
[E − K − Vopt ]
[E − K − Vopt ]

(6)

where
ρd = ⟨ϕd |

Z
∑

δ(rp − rα )|ϕd ⟩

(7)

α=1

is the electronic density at the positron (rp and rα are positron and electron coordinates,
respectively), ηi is the initial vibrational eigenstate of the target, K is the nuclear kinetic energy,
Γ(E) is the capture width, and Vopt is the complex, non-local and energy-dependent potential
of the positron-molecule transient [14, 16, 18]. Positron attachment, a fast process in the time
scale of molecular vibrations, launches the nuclei (originally on the potential energy surface
(PES) of the target ground state) onto the complex potential of the e+ -molecule compound. As
the vibrational state will no longer be stationary, the capture process (driven either by shortranged correlation-polarization eﬀects or long-ranged dipole interactions) provides an eﬃcient
mechanism for energy transfer into vibrational degrees of freedom.
3. Positron scattering by carbon monoxide
We describe the target at the Hartree-Fock (HF) level using a 13s8p3d cartesian gaussian basis
set. The calculated dipole moment (−0.128 D) is not in good agreement with the experimental
value (+0.044 D) as expected for the HF approximation [20]. The scattering wave function was
augmented with an additional 2s3p2d set on the molecular center of mass (CM).
Our calculations were performed at the static plus polarization approximation for energies
ranging from 0.030 to 7.0 eV, below the positronium (Ps) formation threshold of 7.2 eV [21]
(the Ps formation channel is not accounted for in our calculations). Polarization eﬀects were
included through virtual single excitations into modiﬁed virtual orbitals. The total number
of conﬁgurations with this basis set was 34,101 (Basis 1). To access the convergence of the
variational space, we also included a diﬀuse f-type function (exponent 0.002 a−2
0 ) on the CM,
thus obtaining 42,861 conﬁgurations (Basis 2).
In Figure 1, we show ICS results obtained with Basis 1 and 2, along with the calculations
of Gianturco et al. [22], Arretche et al. [11] and the experimental data of Kwan et al. [23], and
Sueoka and Hamada [24]. Though the theories do not agree around 1.0–3.0 eV, they provide
lower and upper bounds for the experimental data below 5 eV. At higher energies, albeit
below the Ps formation threshold, the measurements lie above the theoretical curves. Since
the experimental data were obtained with a positron beam with full width at half maximum
(FWHM) of approximately 2.0 eV, this diﬀerence could be a signature of Ps formation.
4. Model for positron annihilation on molecules
The straightforward application of Eq. (6) is very diﬃcult since the complex potential is non-local
and energy-dependent. A model based on the well known local approximation was developed, as
described elsewhere [14, 17], and could account for the essential physics of vibrationally enhanced
3
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Figure 1. Integral cross section for positron-CO scattering. Blue curve: present results for
basis 1; orange curve: present results for basis 2; brown curve: results from [22]; green curve:
data of [11]; blue circles: experiment of [23]; black circles: measurement of [24].
annihilation. The proposed mechanism involves the electronic capture of the positron in bound
or virtual states, with subsequent energy transfer into vibrational degrees of freedom. Long-lived
transients allow for constructive interference at the vibrational levels of the compound, giving
rise to sharp vibrational resonances.
The underlying dynamical picture can be understood on the basis of the following model. The
local approximation resorts to the very useful concept of a complex PES, Vopt = V0 +∆V −(i/2)Γ,
where V0 is the target PES, ∆V is the shift arising from positron attachment and the width Γ
accounts for the ﬁnite lifetime of the transient. The nuclear dynamics on this complex potential
is governed by the time-dependent Schrödinger equation,
∂
|ξ(t)⟩ = [K + Vopt ]|ξ(t)⟩ ,
∂t
where ξ is the nuclear wave packet subjected to the initial condition,
i

[

Γ
|ξ(t = 0 )⟩ =
2π
+

]1/2

|ηνi ⟩ ,

(8)

(9)

and |ηνi ⟩ is the initial vibrational eigenstate of the isolated target. Equation 8 can be solved with
the help of the vibrational spectrum of the compound Hamiltonian (K +V0 +∆V )|χν ⟩ = ϵν |χν ⟩,
such that, after transformation to the energy domain, the ﬁnal expression for Zeﬀ is given by
Zeﬀ =

π ∑
Γ
ρd
|cν0 |2
2 + Γ2 /4 .
ki
(E
−
ε
ν
ν)

(10)

In the expressions above, ϵν = ϵν1 + ϵν1 + ...ϵνM is the multimode vibrational energy, where
M is the total number of vibrational modes, and cν0 = ⟨χν1 |0ν1 ⟩ · · · ⟨χνM |0νM ⟩ are the FrankCondon (FC) overlaps that arise from the target vibrational ground state |0ν1 · · · 0νM ⟩ and the
compound vibrational states |χν1 · · · χνM ⟩. These FC factors account for the relative coupling
strengths among the vibrational modes, an important fact as the experimental data point out
that infrared (IR) active modes give rise to stronger annihilation peaks [12]. Since the time
4
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evolution of the wave packet takes place on the transient potential, transformation to the energy
domain gives rise to resonant peaks on the vibrational eigenstates of (K + V0 + ∆V ), according
to Equation 10.
A solvable model can be obtained as follows.
(i) The target vibrational Hamiltonian
∑
HN = (K + V0 ) is assumed harmonic, 2V0 (Q) = j µj ωj 2 Qj 2 , and (ii) any couplings arising
from the width Γ are neglected. As a result, the annihilation dynamics, i.e. the vibrational
modes coupled to positron attachment, will be given by the potential energy shift ∆V . In
other words, the initial state |0ν1 · · · 0νM ⟩ will evolve into a non-stationary wave packet upon
positron capture as the PES suddenly changes from V0 to (V0 + ∆V ). To point out how this
potential energy shift can give rise to annihilation spectra, we consider two diﬀerent coupling
schemes. (I) The potential energy perturbation due to positron attachment∑is viewed as small,
such that ∆V can be Taylor series expanded up to ﬁrst order, ∆V = − i Fi Qi , where the
zero-th order term was set to zero (this constant would only uniformly shift the resonance
peaks). (II) A stronger coupling to positron attachment could
excite∑overtones and two-mode
∑
(in general multimode) resonances according to ∆V = − i Fi Qi + ij Kij Qi Qj . The energy
dependence of Zeﬀ obtained from the schemes I and II described above is shown in Fig. 2. In these
plots, we considered four vibrational modes, with frequencies h̄ω1 = 0.10 eV, h̄ω2 = 0.15 eV,
h̄ω3 = 0.20 eV and h̄ω4 = 0.25 eV. Modes 1 and 3 were assumed strongly coupled to positron
attachment, with linear couplings (Fi ) exceeding those of modes 2 and 4 by one order of
magnitude. In scheme I (red lines in Fig. 2), the neglect of two-mode couplings essentially
allows for ν = 1 resonances, with relative intensities given by Fi . In scheme II (blue lines in
Fig. 2), we employed the same value for all coupling constants Kij for simplicity. The annihilation
spectrum is much richer as it comprises overtones (arising from the curvature corrections, Kii )
and two-mode couplings (arising from the oﬀ-diagonal terms, Kij ).
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Figure 2. Annihilation parameter for a toy system. The thin lines with sharp structures are
the present calculations: red dashed line considers only single mode couplings, blue line takes
into account also the multimode vibrational coupling. The smooth thick lines (with the same
color scheme) are convolutions of these results over a Gaussian proﬁle with 35 meV full width
at half maximum.
Finally, we mention that the potential energy shift ∆V accounts for distortions of the
compound state PES with respect to V0 . As these distortions can arise from correlationpolarization eﬀetcs, they provide a universal mechanism for the coupling of both IR active
5
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and inactive modes. Nevertheless, the static long-ranged dipole interaction (that only couples
IR active modes) can play an important role.
In this work, we resorted to the local approximation, even though the energy dependence of
the complex potential should be important at very low positron energies. However, to the best
of our knowledge, all existing theories of this matter treat this problem with the use of empirical
parameters [14, 15]. Further, since the positron beam in the experiment has a wider resolution
than the resonances, we do not consider this approximation to qualitatively compromise our
results, since ﬁne details of theses structures can not be seen.
5. Conclusions
We present results for low-energy integral cross sections for positron-CO scattering and model
calculations for resonant positron annihilation. Our ICS results show reasonable agreement with
the available theoretical and experimental data. Through our model calculation, it was possible
to show how the FPO formalism can account for the underlying dynamics of vibrationally
enhanced annihilation in positron-molecule scattering.
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