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We describe theoretically a scheme for observing conical emission, a transverse nonlinear optical effect, in an
atomic vapor with all excitation fields below the saturation level of the involved atomic transitions. The scheme
relies on the giant Kerr nonlinearities possible under electromagnetically induced transparency to introduce a
radially varying phase shift to a weak probe field by a weak signal field. The probe’s far-field diffraction pattern
shows multiple concentric rings around the probe beam’s axis, characteristic of conical emission.
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Kerr-type optical nonlinearities play a key role in the field of
nonlinear optics [1]. Usually, Kerr nonlinearities are rather low
because large detunings, which weaken the nonlinearity, are
necessary to avoid absorption. Therefore, practical nonlinear
effects require intense optical fields, even in atomic vapors,
which can exhibit a large nonlinear response close to an
atomic resonance. When an intense light beam propagates
through a nonlinear medium, transverse effects, which change
the beam spatial profile, can be observed. Conical emission
(CE) is one such nonlinear transverse effect, and it has been
the subject of extensive study [2]. CE is characterized by
the formation of a ring pattern around the original beam. It
has been observed in atomic vapors, glasses, liquid-crystal
films, and other materials. CE can originate from the Kerr
nonlinear effects of self-phase modulation [3–5] and cross
phase modulation (XPM) [6]. However, several other physical
mechanisms have also been proposed to explain CE, including
Cerenkov-like emission [7], the cooperative effect [8], and
four-wave mixing [9], among various others [2]. Typically,
experimental CE observations have been made with pulsed
laser intensities greater than 106 W/cm2 . But CE has also
been reported in metastable barium vapor under off-resonant
cw excitation with only 25 W/cm2 [10]. Nonetheless, such
relatively low intensity used in the barium experiment is about
three orders of magnitude higher than the saturation intensity
of the excited atomic transition at line center.
Electromagnetically induced transparency (EIT) allows the
combination of a strong Kerr nonlinearity and a small linear
absorption to be simultaneously experienced by a resonant
field interacting with an atomic medium [11]. Nonlinear
optics at low light levels has been proposed [12]; giant XPM
nonlinearities are possible even at the few-photon level [13],
with applications in quantum nondemolition measurement
[14], quantum logic gates [15], and quantum state teleportation
[16]. Experimental demonstrations of enhancement of an
optical Kerr nonlinearity have been reported in multilevel
atomic systems [17–19].
In this Brief Report, we predict theoretically the occurrence
of CE with weak field excitation in an atomic medium under
EIT. We explore the giant nonlinearities an atomic vapor can
exhibit under EIT to create a radially varying XPM phase
shift on a probe beam. In the far field, a ring structure can be
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ȧ4 = −4 a4 + 12 ia2 ,
where 3 = γ3 /2 and 4 = γ4 /2 + iδ. Using the rotatingwave approximation, we solve Eqs. (1) in the steady-state
regime. The probe Rabi frequency is assumed to be very small,
such that a1 ≈ 1.
The induced atomic polarization at the probe frequency
is P13 = N d13 a1∗ a3 , where N is the atomic density. Writing
P13 = 0 χ Ep , where χ is the atomic susceptibility and Ep is
the probe’s electric-field amplitude, we find
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induced on the probe beam transverse profile by a signal beam
with an intensity well below saturation level at line center
(Isat ≈ 5 mW/cm2 for sodium vapor).
Figure 1 shows the atomic model. It consists of an open
four-level atom interacting with three cw lasers. Levels |3 and
|4 are excited states that naturally decay at rates γ3 and γ4 ,
respectively. Level |1 is the ground state and |2 is a metastable
state with negligible decay rate (γ2 ≈ 0); these levels could
be, for example, two hyperfine-split states of an alkaline atom.
Transitions |1 → |3, |2 → |3, and |2 → |4 are electricdipole-allowed, while transitions |1 → |2 and |3 → |4 are
electric-dipole-forbidden. Levels |1 and |3 are connected
by a probe beam with Rabi frequency p = 2d13 Ep /h̄ and
wavelength λ, while the |2 → |3 transition is driven by
a coupling beam (Rabi frequency c = 2d23 Ec /h̄). Both
coupling and probe beams are resonant with their respective
transitions, and EIT of the probe beam occurs if c  p
[11]. The signal beam ( = 2d24 Es /h̄) is detuned from the
|2 → |4 transition by δ = ω24 − ω, where ω24 is the atomic
transition frequency and ω is the signal optical frequency. The
role of the signal field is to create an ac-Stark shift of state |2,
causing a large change in the index of refraction at the probe
frequency. Giant nonlinearities are induced while keeping the
linear susceptibilities identically zero for all fields [13].
The equations of motion for the probability amplitudes of
the atomic states are written as

(2)
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where α = (R 2 + R 4 )/4 2 is the nonlinear-absorption coefficient, σ = R 2 /2 is the XPM phase shift of the probe laser
per absorption length, and N = 4π a 2 /λz0 is the beam Fresnel
number.
The transverse term can be eliminated from Eq. (8) if
N  1. For a probe diameter of a = 1 mm, γ3 /2π = 10 MHz,
< 1012 cm−3 , and d13 = 1.2 × 10−29 Cm, then N ≈ 1500.
N∼
Under this condition, diffraction of the probe beam within the
sample can be neglected, and its propagation is described by

4
3
c
p

FIG. 1. An illustration of the atomic model: An open four-level
atom interacting with three laser beams: probe (p ), coupling (c ),
and signal (). |1 is the ground state. The excited |3 and |4 states
have a natural decay rate of γ3 and γ4 , respectively. State |2 is
metastable (γ2 ≈ 0). Throughout our discussion, we will consider
typical atomic parameters for the D2 line of Na at λ = 589 nm:
γ4 ≈ γ3 = 2π × 10 MHz.

In deriving Eqs. (2), no approximations were made with
respect to the magnitude of , c , or . To present our
results in a unitless form, we define R = / c ,  = γ4 /γ3 ,
and = δ/γ3 . In the limit that  ,R, Eqs. (2) can be
simplified to
R2
,
2
R 2 + R 4
Im(χ ) = K
,
4 2
Re(χ ) = K

(3)

2
where K = 2N d13
/h̄0 γ3 . In the absence of the signal field
(R = 0), the atomic susceptibility χ is null since the coupling
field renders the atom transparent to the probe field.
Suppose the probe beam propagates along the z direction
and enters an extended atomic medium of length L at z = 0.
The incident probe field will be assumed to be a plane
wave with a Gaussian intensity profile: Ep (z = 0,ρ,t) =
E0 (ρ) exp[i(kp z − ωt)], with

E0 (ρ) = Ep0 exp(−ρ 2 /a 2 );

(4)

Ep0 is the input probe amplitude and a is the beam diameter.
We assume that the coupling field has either a uniform
transverse profile or a beam diameter much larger than the
probe diameter. The probe propagation through the atomic
sample is described by Maxwell’s wave equation with the
atomic polarization as the driving source. In the slowly varying
envelope approximation,
−i

kp
∂Ep
1 2
=i
∇ Ep +
P13 ,
2kp T
∂z
20

(5)

where ∇T is the transverse gradient, kp = 2π/λ is the probe
wave number, Ep ≡ Ep (z,ρ), and P13 ≡ P13 (z,ρ). To simplify
the notation, we choose the probe diameter a as the unit
for the radial coordinate ρ, and z0 as the unit for the
2
longitudinal coordinate z, where z0 = h̄0 λγ3 /4π N d13
is the
probe’s one-photon absorption length in the absence of the
coupling field. Therefore, in a unitless form, the wave equation
becomes
−i

∂Ep
1 2
∇T Ep +
= (−α/2 + iσ )Ep ,
N
∂z

(6)

∂Ep
= (−α/2 + iσ )Ep .
(7)
∂z
Equation (7) is readily solved to find the probe field at the
exit plane z =  = L/z0 of the atomic medium,
Ep (ρ) = E0 (ρ) exp(−α/2 + iφ).

(8)

As the probe beam traverses the atomic sample, it acquires
a phase φ = σ  from the signal beam through XPM. In the
limit that R
1, a large XPM phase shift can be induced
on the probe beam with an arbitrarily weak signal field over
long interaction lengths, such as those found in atomic vapor
cells. The scheme is limited by the small nonlinear absorption
given by α [13]. Over short interactions lengths, consistent
with magneto-optical traps, a large XPM phase can also be
> 1, at the expense of a larger signal detuning
obtained for R ∼
to keep probe absorption low. If the ground-state decoherence
rate is negligible (γ2 ≈ 0), both signal and coupling beams can
still be weak.
If the signal beam, propagating collinear with the probe
beam, also has a Gaussian profile of identical width to the
probe beam, then the XPM probe phase will be
φ = φ(ρ) = φ0 e−2ρ ,
2

(9)

where φ0 = R /2 . Therefore, the signal beam induces a
probe phase shift that varies with the transverse distance ρ
from the probe beam’s axis. The maximum XPM phase shift
φ0 imparted to the probe field depends on three parameters: the
signal-to-coupling Rabi-frequency ratio R, the signal detuning
, and the length  of the atomic medium. In modulus,
the phase shift is the same for positive and negative signal
detunings of equal magnitudes.
The far-field diffraction pattern of the transmitted probe
beam is found by taking a two-dimensional (2D) Fourier
transform of the probe field at the exit plane. Due to the
cylindrical symmetry of the problem, the 2D Fourier transform
reduces to a zeroth-order Hankel transform. The far-field
intensity distribution of the probe beam, on an observation
plane at a distance D away from the sample, is given by
 ∞
2


[−α(ρ)/2 + iφ(ρ)]

E0 (ρ)e
J0 (kr aρ)ρ dρ  , (10)
I (kr a) ∝ 
2

0

where kr = kp ar/D is the radial wave number, with r being
the radial coordinate in the observation plane (in units of a);
J0 is the zeroth-order Bessel function. Diffracted fields from
distinct regions of overlap between pump-and-probe beams
can interfere with each other if they have the same wave
vector. The interference, which can be either constructive or
destructive, produces multiple concentric rings in the far-field
region. The number of rings is approximately φ0 /2π [3]. The

065802-2

BRIEF REPORTS

PHYSICAL REVIEW A 82, 065802 (2010)

0.50

1.0

Diffracted intensity

(a)
0.25

Diffracted intensity

0.00
0.12
(b)
0.06

0.8
0.6
0.4
0.2
0.0

0.00
0.08

-10

-5

0

5

10

kr a

(c)

0.04

FIG. 3. (Color online) Diffracted intensity distribution with
(dashed blue line) and without (solid black line) XPM.
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FIG. 2. Far-field diffraction pattern of the probe beam after
traversing an atomic medium of length (a)  = 33, (b)  = 65,
(c)  = 130, and (d)  = 190. The peak XPM phase shift φ0 is
also shown for each case. Here, R = 4, = 80, and  = 1. The
diffraction intensity is normalized as described in the text.

generated rings are of the same optical frequency as the original
probe beam.
Figure 2 shows the transverse spatial profile of the diffracted
probe beam for various interaction lengths  inside the atomic
sample. All curves are normalized with respect to the intensity
at r = 0 with the nonlinear phase set to φ ≡ 0. The peak
phase φ0 for each  is also indicated. As the interaction
length increases, the XPM phase increases, and along with
it, the number of CE rings. For  = 33, the XPM phase
shift is less than 2π and a ring structure has not started
to form yet, although a small pedestal can be seen. But
at  = 65 (φ0 = 1.0 × 2π ), a single ring forms around the
probe beam’s axis. For  = 130, the peak XPM phase shift
is φ0 = 2.0 × 2π , and a second ring is visible. At  = 190,
for which φ0 = 3.0 × 2π , a third ring can be seen. While the
diameter of the first ring remains approximately constant, that
of the outermost ring increases linearly with the propagation
distance.
The diameter of the outermost ring is directly related to its
half-cone angle θ , which is estimated by [3]
 
1  dφ 
θ≈
.
(11)
k  dρ 
p

max

From Eq. (9), we find
θ ∝ R 2 /| |.

(12)

We see that the cone angle is linearly proportional to the
propagation length , as observed in Fig. 2, and proportional to the square of the signal-to-coupling Rabi-frequency
ratio R. Since  = L/z0 ∝ N , the cone angle varies linearly
with atomic density. CE as a result of self-modulation also
exhibits a linear dependence of the cone angle with N [4],
while for CE from four-wave mixing, θ ∝ N 0.5 [9], and from
the cooperative effect, θ ∝ N 2 [8]. CE occurs for both red-

and blue-detuned signal fields, and the cone angle is inversely
proportional to the signal detuning.
Much like the XMP phase φ, the nonlinear absorption
2
coefficient is also radially varying: α(ρ) = (R 2 e−2ρ +
4 −4ρ 2
2
R e
)/4 . To verify that the CE patterns result from the
XPM phase shift induced on the probe field by the signal field,
we artificially set φ(ρ) ≡ 0, but keep the radial dependence
of the absorption coefficient α(ρ) in Eq. (10). The diffraction
patterns with and without the XPM phase are shown in Fig. 3.
In both cases, R = 4,
= 80,  = 60, and  = 1, under
which conditions α(0) = 0.63, corresponding to a 53% probe
transmission at its axis. (Without EIT, the probe transmission
would be negligible: e−60 .) Here, the intensity patterns are
normalized by their peak intensities for better viewing and
comparison of the two curves. Without XPM, no ring structure
is seen in the far-field intensity distribution, confirming that
XPM is the main mechanism responsible for CE in our
scheme.
Except for the particular form of the exp[−α(ρ)/2] term,
Eq. (10) is quite general and describes the far-field diffraction
pattern observed under any physical mechanism that induces
a change of the sample’s refractive index proportional to the
light intensity in the sample. The far-field patterns shown here
resemble those observed under self-phase modulation of a
strong pump beam, for example [2]. The most interesting part
of our work is the physical mechanism responsible for CE: a
giant XPM phase shift of a weak probe beam induced by a
weak signal field.
We next estimate the necessary Rabi frequencies to observe
CE under the present scheme. In a homogeneously broadened
atomic vapor, EIT occurs for 2c > γ2 γ3 , which sets the
required lower limit for the coupling Rabi frequency. Typically,
in a magneto-optical trap, for example, γ2 /2π ≈ 1 kHz [17];
for γ3 /2π = 10 MHz, one must have c /2π > 100 kHz. For a
hot atomic sample, the EIT condition is 2c  (γ2 /γ3 ) 2D [20],
where D /2π ≈ 500 MHz is the typical, inhomogeneously
broadened Doppler width found in many EIT experiments with
hot atoms; in a vapor cell with buffer gas and large beams,
it is possible to achieve γ2 /2π ≈ 100 Hz [21]. Therefore,
c /2π  16 kHz for EIT to occur. In our discussion, we
> c  p .
considered an excitation regime in which  ∼
Hence, a Kerr nonlinearity large enough to cause CE of the
probe beam can be obtained with signal, coupling, and probe
Rabi frequencies well below saturation levels (,c ,p <
γ3 ) in both hot and cold atomic samples. For sodium vapor,
these Rabi frequencies would correspond to intensities below
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5 mW/cm2 . To the best of our knowledge, the estimated light
levels for observing CE in the current scheme are several orders
of magnitudes lower than those required in all the CE schemes
studied so far.
To observe CE under the proposed scheme, the required
optical depths are easily obtainable in a vapor cell, although
precise predictions would require introducing an inhomogeneous Doppler broadening into the model. The cold-atom case
poses an experimental challenge in that the optical depths to
develop the necessary XPM phase shifts are fairly large. But
optical depths as large as 160 have been reported for a Na
“dark-spot” magneto-optical trap [22] and optical depths of
105 have been demonstrated in cigar-shaped Cs atom clouds

[23]. Figure 2(b) shows that an optical depth of 65 is sufficient
to observe the formation of a single CE ring. So CE under
the conditions studied here should be observable with existing
technology.
In conclusion, we proposed a scheme under which conical
emission can be observed in an atomic vapor excited at low
light levels. Exploiting the large XPM phase shifts afforded
by EIT, diffraction rings can be induced on a probe beam by a
signal field with an intensity below the saturation intensity of
an atomic transition.
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