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“It’s the questions we can’t

answer that teach us the most.

They teach us how to think. If

you give a man an answer, all

he gains is a little fact. But

give him a question and he’ll

look for his own answers.”

Patrick Rothfuss, The Wise Man’s Fear
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Resumo

Dentre as diversas questões em aberto da área de f́ısica de altas energias, a descrição teórica e

a busca por sinais de um estado da matéria denominado plasma de quarks e glúons (QGP) são um

grande desafio para sua teoria associada, a cromodinâmica quântica (QCD). Dada a complexidade

considerável de procurar descrever a evolução de ı́ons colisores altamente energéticos através de um

conjunto fechado de equações, além de um volume abundante de dados experimentais para colisões na

faixa de energias de TeV disponibilizado nos últimos anos, uma alternativa entre abordagens teóricas e

previsões experimentais pode ser desenvolvida com o uso de modelos fenomenológicos, criados através

de programas que simulam cada estágio de uma colisão de ı́ons pesados

Neste trabalho, uma nova abordagem para simular as condições iniciais criadas nos momentos

imediatamente posteriores de tais colisões foi desenvolvida através do uso de um pacote de códigos

robusto conhecido como PYTHIA, que foi selecionado como o gerador de eventos para tal abordagem.

As condições iniciais resultantes foram então caracterizadas e posteriormente evolúıdas com o uso de

uma cadeia hidrodinâmica de simulação, e os resultados finais obtidos destas simulações foram com-

parados com os dados experimentais disponibilizados pela colaboração ALICE.

Palavras-chave: Fenomenologia de ı́ons pesados, Colisões entre ı́ons pesados, Simulação.



Abstract

Within the list of open questions for the field of high-energy physics, the theoretical description

and the experimental pursue of signals of a state of matter denominated quark-gluon plasma (QGP)

provides a great challenge for its associated theory, quantum chromodynamics (QCD). Due to the

considerable complexity of attempting to describe the evolution of highly energetic colliding ions with

a complete set of equations, and given the abundant volume of data for experimental results in the

range of TeV made available in recent years, a middle ground between a full theoretical approach and

the experimental predictions can be reached with the use of phenomenological models, done through

programs that simulates each step of a high-energy collision.

In this work, a new approach to simulate the initial densities created in the moments immediately

after such collision was developed with the use of a robust code package known as PYTHIA as the

event generator of choice. These resulting initial conditions were then characterized and later evolved

through the use of a hydrodynamic simulation chain, with results being compared to experimental

data provided by the ALICE collaboration.

Keywords: Heavy-ion phenomenology, Heavy-ion collisions, Simulation.
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High energy physics and heavy-ion col-

lisions

The extreme conditions of temperature and density resulting from ultrarrelativistic heavy-ion

collisions in modern particle accelerators lead to the formation of strongly interacting matter, in which

partonic degrees of freedom become relevant. This state of matter is known as Quark-Gluon Plasma

(QGP), and the same conditions that gives rise to this plasma is believed to be the same present

instants after the Big Bang. The full theoretical description of the states created in such collisions is

an open challenge in the field of high energy nuclear physics. Observing, characterizing and studying

its properties, with the objective of developing a better understanding of the fundamental interactions

of matter, are the main motivations of this field of physics.

This first chapter is structured as a theoretical basis for the project. To this end, a general

introduction to the field of particle physics, in the context of high energy collisions, will be presented.

Sec. 1.1 will briefly introduce the main concepts of the Standard Model of particle physics, allowing

then the discussion of the QGP formation phenomena and of its indirect measurements, which will

be detailed throughout Secs. 1.1.1 and 1.1.2, respectively. The general properties of observables of

heavy-ion collisions and relevant kinematic variables will also be presented in Sec. 1.2, along their

experimental context.

1.1 The Standard Model

To understand the composition of known matter and its governing laws, one must first start with

the study of the structure of the Standard Model of particle physics. This model is a remarkable feat

of modern physics, characterized by its broad applicability in the fields of subatomic matter and its

capability of providing very accurate results when compared to a myriad of experimental results, which

ranges from several decades since the unification of the electro-weak force by Glashow, Weinberg and

Salam [1–3]. Some of these experiments are currently performed within particle accelerators, with a
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very prominent contribution being given by the experimental validation of the Higgs boson theory

in the last decade, on the LHC accelerator [4–6]. High energy experiments can also be performed

through observations of particle showers and decays, as done by the Pierre-Auger laboratory in its

AugerPrime program [7], Auger Hybrid detector and many others.

The Standard Model is composed of elementary, or indivisible, particles and the three forces that

are encased in the theory, with its equations dictating the dynamics of said components. Tab. 1.1

below lists the known elementary particles in order of discovery, where q stands for the electric charge

of said particle, and numbers I to III represent the generation they belong to.

Table 1.1: Elementary particles of the Standard Model

Leptons Quarks

q I II III q I II III

-1 electron (e−) muon (µ−) tau (τ−) −1/3 down (d) strange (s) bottom (b)

0
electronic

neutrino (νe)
muonic

neutrino (νµ)
tauonic

neutrino (ντ )
2/3 up (u) charm (c) top (t)

It is important to note that, for simplicity, Tab. 1.1 does not enumerate the respective antiparticles,

characterized by carrying negative charge −q, of each lepton and quark, and those particles can interact

by the same means as the former ones through their respective mediator, as described in Tab. 1.2. Also,

excluding neutrinos, which were not observed to go through decays − changing flavor as a consequence

of an entirely different mechanism [8] − the more massive quarks and leptons of generation III are

able to decay into the lighter generation II particles, and those, in turn, can decay into the lightest

generation I quarks.

Of the total 64 particles included in the Model, the ones that can be directly observed are leptons

and hadrons, with the latter being subdivided into baryons and mesons. Hadrons are formed from

specific combinations of varying quarks and those, in turn, are characterized by a new quantum

number known as “color”. Baryons are modernly defined as particles confining three RGB (red, green

and blue) quarks, while mesons are generated with only two quarks of opposing color number. That

definition comes from the principle of null color, in which the combination of quarks must be such

that the sum of color in an observable particle is zero. This same color property is present in the

mediators of the strong force known as “gluons”, composed of two color charges of opposing value.

It is important to note that, in phenomenological models, the term “parton”, specially in the

context of Monte Carlo simulations in high-energy physics, is still very much used to refer to quarks
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and gluons as an approximation, coming from the parton model first proposed by Richard Feynman.

Partonic degrees of freedom will then refer to a state where the dynamics of quarks and gluons could

be described considering a state of asymptotic freedom of those partons. This will be further discussed

in Sec. 1.1.1.

The Standard model can be then summarized as shown in Tab. 1.2 below. In this work, the focus

will be given to some implications of the strong interaction, governed by quantum chromodynamics.

More specifically, the object of study is a state of matter known as quark-gluon plasma (QGP), which

emerges given extreme conditions of temperature or pressure of a system of interacting particles,

allowing for a deconfined state of quarks and gluons. The conditions in which such a plasma can be

formed are described in the next section.

Table 1.2: Physical forces of the Standard Model, its mediators and the respective Quantum Field
Theory (QFT) that describes their interaction. The ”Particle” section refers to particles that can
interact through said mediators

Photon (γ) W+,W−, Z0 g (8 gluons)

Interaction Electromagnetic Electroweak Strong

Theory
Quantum

Electrodynamics
Electroweak

Theory
Quantum

Chromodynamics

Charges Electric Electric and Weak Color

Particles
Charged Leptons

Hadrons and
Quarks

Leptons, Hadrons
and Quarks Quarks and Gluons

1.1.1 Asymptotic freedom

First, it is important to understand how the coupling of quarks and gluons take place in the QCD

theory. This effect is observed quantitatively in the dependency of the coupling constant of the strong

interaction αs with the center of mass energy of the system, given by

αs ≈
2π

β0

1

ln(Q2/ΛQCD)
(1.1)

where Q2 is the square of the total energy of the system, ΛQCD is a scale parameter, with ΛQCD ≈ 220

MeV for hard interactions − defined by high momentum exchanges and a characteristic of high energy

collisions. Also, β0 is a constant, first shown to be negative for quantum chromodynamics by Wilczek,



CHAPTER 1. HIGH ENERGY PHYSICS AND HEAVY-ION COLLISIONS 18

Gross and Politzer [9]. This latter property is what enables the coupling constant to decrease at high

energies, as shown below in Fig. 1.1 for increasing Q.

Figure 1.1: Different measurements of the coupling constant αs as a function of Q, where the black
curve indicates the theoretical predictions, obtained using lattice QCD calculations. Adapted from
[10].

An important remark is that, when in this regime of weak coupling, perturbative quantum chro-

modynamics (p-QCD) can be used to analyse such systems of quarks and gluons instants after the

collision takes place, in which its cross sections can be calculated with reasonable precision. However,

with increasing values of αs, the results for strongly-coupled quark-gluon plasma (s-QGP) must be

obtained through non-perturbative methods, such as lattice QCD calculations [11, 12].

Figure 1.2: (a) Schematic representation of the effective interaction potential between a quark-
antiquark pair, with a illustration of high-density states and the deconfinement of partons on (b).
Figures from [13].

To understand the phenomenon of asymptotic freedom, the equation describing the effective po-

tential of quark-gluon interaction will also be studied. It can be shown [10] that this potential assumes

the following form
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Veff = −4

3

αs(r)~c
r

+ kr. (1.2)

Notice that, for small distances r, that is, r ≤ 0.1 fm, Veff has the same behavior of a Coulomb

potential and, for larger distances (r ≥ 1.0 fm), this effective potential could be compared to the

elastic interaction of classic mechanics, allowing it to be interpreted as a string tension between the

quark pair.

In this first regime, the small distances between quarks, where the r is low enough to be in the range

of effects of the strong force, are a result of the extreme conditions of pressure or temperature that the

system is subjected to. The result of lattice QCD calculations in this condition predicts an increase

in the degrees of freedom of the system composed of quarks and gluons. This points to a reduction of

the effective potential of Eq. 1.2, allowing an state of asymptotic freedom for those particles, which

characterizes the quark-gluon plasma. This is also reflected in the values of the coupling constant at

those regimes, of around αs ≈ 0.1 as shown before in Fig. 1.1, a condition that allows quarks to be

treated as quasi-free particles inside this volume of high energy density, which is predicted by lattice

QCD to be around εc ≈ 1GeV fm−3, or approximately 170 MeV.

Figure 1.3: Schematic representation of the phase transition predicted by lattice QCD calculations in
different regimes of temperature and barionic density. Adapted from [13].

For ultra-relativistic heavy-ion collisions, the temperature of the system of colliding particles will

surpass this estimate temperature, which is predicted to be enough for the phase transition of ordinary

matter to QGP to occur [12]. In this regime, it would then be possible to observe evidence of the

existence of this state of matter. The discussion of such a phase transition has been very active in the

past few years, and for a review on the topic in the context of RHIC’s experiments with beam energy



CHAPTER 1. HIGH ENERGY PHYSICS AND HEAVY-ION COLLISIONS 20

scan, see [14].

The resulting observables from those experiments would then be correlated to the QGP formation

through the measurement of signals associated with the plasma evolution, and detecting these signals

is one of the main objectives of the ALICE collaboration at CERN, which was also essential to this

project for providing the experimental data that was used throughout this work. More on the indirect

evidence of existence of the QGP follows in the next section.

1.1.2 Possible QGP signals

The predicted QGP stage is very short lived, with its expected duration being in the order of 10

fm/c [15], or around 10−23 seconds. For this reason, it is impossible to measure the plasma directly,

and indirect measurements, given by a combination of observables expected from the QGP formation

on ion-ion (AA) collisions, is the current way of probing the presence of such state of matter. These

results vary with the configuration of the initial states of the collision, and the effects of the emergence

of QGP need also to be different from the those already known to be part of proton-proton (pp)

collisions. Some of them are:

1. Non-zero elliptic flow: A very distinct characteristic of ion-ion collisions, when first compared

to pp experiments, is the existence of a collective behavior observed in the propagation of pro-

duced particles. This anisotropic propagation is caused by the evolution of the fluid formed by

the deconfined quarks and gluons after the collision process. This discovery was made through

the observation of a large azimuthal anisotropy, or modulation of the propagation of those emit-

ted particles, and known as elliptic flow (v2), where non zero results were first observed at RHIC

[16] for AA experiments. This observation is consistent with the predictions of nearly ideal

hydrodynamics of the s-QGP discussed previously, thus endorsing the need of non-perturbative

QCD in the modeling of this fluid. Note that such collective behavior is what allows for a

hydrodynamic approach to be valid for the QGP;

• Recent observations of relativistic collisions on smaller systems (pp, pA, d+Au and 3He+

Au) shows that those can also present anisotropy on the azimuth for its resulting particles,

as discussed in [17].

2. Particle production ratios: when comparing pp and AA results, it is clear that there is

a divergence in the ratio of multiplicities of observed particles in both experiments. Among
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other reasons, this effect can be caused by the difference in the distribution of momentum of the

participating partons in each case. This measurement could also be sensitive to phase transitions,

such as the one predicted for the QGP [18];

3. Transverse momentum spectra: this quantity can be measured either considering each in-

dividual species of particles, such as π, p, p̄ and, Ω, to observe jet production and correlations

for high momenta; or through the mean distribution of transverse momenta, 〈pT 〉. This latter

approach also correlates with the multiplicity of particles, and is a way to quantify the split of

the energy of the system between particle production and kinematic energy of each particle.

There are several other possible ways of investigating QGP formation, such as strangeness produc-

tion [19], jet fragmentation [20], heavy quark production [21], and many others [11]. This project will

be focused in presenting results in Sec. 5 of multiplicity distributions and the anisotropy of simulated

lead-lead (or Pb+Pb) heavy-ion collisions, in which the acquired outputs of the simulation will be

compared to experimental observables.

1.2 Heavy-ion collisions

Figure 1.4: Representation of each heavy-ion collision stage, with the evolution occurring from left to
right. Figure from [22].

To help visualize the process of colliding heavy-ions, Fig. 1.4 illustrates the main stages of such

collision. From left to right, they are:

1. Initial hard scattering, where the first interactions between participant nucleons occur, being

characterized by high-momentum-transfer processes. The reaction will take place in the region

overlay region of the two nucleus;
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2. Thermalization of the initial energy density of partons generated instants after the collision,

with an intense production of particles and the expansion of the system. This energy density

would be high enough to allow the phase transition of the system into the QGP;

3. Hadronization, where the distribution created by the initial density begins to cool down, with

quarks and gluons combining into hadronic matter;

4. Chemical Freeze-out , characterized by the end of inelastic interactions and the stabilization

of the chemical composition of the system;

5. Kinematic Freeze-out , ceasing all kinematic interactions between hadrons. The experimental

measurements occurs shortly after.

Those stages will also be discussed in the following chapters. The entirety of Chap. 2 is dedicated

to the study of initial conditions, while Secs. 3.1 and 3.2 of Chap. 3 will lay out the theoretical basis

for the hydrodynamic procedure, which is presented along with computational considerations.

1.2.1 Kinematic properties

The energy of the collision

In a collision between two nucleons, say A and B, where A is the projectile and B the target at

rest in the lab frame, Eq. 1.3 correlates the energy given in this frame and in the center of mass:

Ecm =
√

(2Elab +mB)mB +m2
A (1.3)

where Ecm is the energy in the center of mass frame, Elab the equivalent energy in the lab frame and

mA,B are the masses of each colliding nucleon, with c = 1 also being used for the following calculations.

For a generic collision, one can define the quantity s as

s =

(
2∑
i=1

Ei

)2

−

(
2∑
i=1

pi

)2

. (1.4)

Ei and pi represents, respectively, the total energy and momentum of each colliding particle. This,

along with u and p constitutes the set of Mandelstam variables [23], which are invariant under Lorentz

transformations and comprises information of the energy and momentum of particles in scattering

processes.
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Note that, for the relativistic limit, the momenta of the particles will essentially constitute the

total energy of the system E, thus allowing the approximation E2 = p · p + m2
0 ≈ p · p, resulting in

s = E2
cm. The square root of this quantity is the usual variable used to quantify the system’s energy

in heavy-ion collision experiments and, for all results that will follow in Sec. 5, the energy will also

be presented in this way, such as the chosen center-of-mass energy of
√
s = 2.76 TeV used throughout

the simulations.

The collision’s geometry

Figure 1.5: The initial stages of a heavy-ion collision. Left: instants before the collision takes place,
with the participant nucleons drawn in dark grey and the impact parameter b defining the interacting
area. Right: initial density created from the collision of the participants. Figure from [24].

One of the many ways to quantify how head-on or peripheral a collision will be is done by using

the transverse distance between each nucleon center as a parameter. This variable is known as impact

parameter (b), and can be used to estimate the centrality of a collision through the following relation:

c(b) =

∫ b
0
dσ
db′db

′∫∞
0

dσ
db′db

′
, (1.5)

where σ is the cross section of the collision. This variable then defines, from zero to one, the fraction

of nucleons that will be included in the collision, or participant nucleons: the closer to one, the more

central will the event be. In experimental results, the centrality of a collision is commonly presented

as a percentual interval, such as 40− 50%.

It is important to note that obtaining the impact parameter b of each nucleon, and as a consequence,

the centrality in terms of b, is not experimentally possible, given that the length of each of those

colliding ions is of the order of femtometers (10−15 m). This parameter is only accessible in simulations,

and as such more accessible variables must be used in its place, as discussed in the following section.
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1.2.2 Quantifying observables

Determining centrality

(a)

(b)

Figure 1.6: (a) Distribution of events by centrality and its relation to the impact parameter. The data
is adjusted using a Monte Carlo fit as described in Sec. 4.1. Figure from [25]. (b) Dependency of the
number of charged particles with the collision parameters b, σ and number of participants, illustrating
the use of multiplicity as a way to determine centrality classes in experiments. Figure from [26].

From Fig. 1.6, it can be seen that the multiplicity of events is directly correlated to the impact

parameter, with the division of those classes indicated in Fig 1.6a being a possible type of calibration

of centrality for a given event.

Kinematic variables

The following parameters are also useful to characterize byproducts of heavy-ion collisions. First,

the rapidity y of a particle, which is a ratio of a particle’s forward to backward light-cone momentum,

will be defined:

y =
1

2
ln

(
E + pz
E − pz

)
, (1.6)

with E and pz being the components of the four-momenta of such particle, given by

pµ =
(
p0, p1, p2, p3

)
= (E,p) = (E, px, py, pz) , (1.7)

with c = 1.
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In classical mechanics, y = v, where v is the velocity of the particle in the longitudinal direction.

However, the collisions that will be analysed all happen in the relativistic picture. In this context, the

pseudorapidity of a particle can be defined and compared to rapidity,

η = − ln

[
tan

(
θ

2

)]
=

1

2
ln

(
|p|+ pz
|p| − pz

)
. (1.8)

Note that, considering ultrarrelativistic collisions, the approximation pz ≈ E cos θ is used to arrive

at this result, and pT =
√

p2 − p2
z is the transverse momentum of a particle.

The pseudorapidity has advantages over rapidity: in detector-based experiments, only the angle of

the detected particle relative to the beam axis is available, and Eq. 1.8 shows that such measurement

would be enough to determine pseudorapidity, as this is a geometrical variable. Also, it can be

measured in the lab or center of mass frame. The relation between rapidity and pseudorapidity, given

by [11], in terms of this second variable, will be

y =
1

2
ln


√
p2
T cosh2(η) +m2 + pT sinh(η)√
p2
T cosh2(η) +m2 − pT sinh(η)

 . (1.9)

An important characteristic of such variables is that the peak values of multiplicity distribution

in the center of mass frame is around y ≈ η ≈ 0 - in which other variables such as the energy of the

system are normally measured, as discussed in Sec. 1.2.1 and shown in [11]. In this project, in order

to match the experimental results studied, the range in pseudorapidity is taken to be |η| < 0.8.
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Initial conditions

The initial stages of a heavy-ion collision is given by the instants shortly before and after the

collision takes place. As the nucleons interact, an energy density profile will be generated, which are

known to hydrodynamics simply as their initial conditions, modeling the geometric and kinematic

properties of such initial stages. A full description of how the colliding nucleus will be located in space

and how the posterior energy density is formed allows for the calculation of its evolution through fluid-

like dynamics, being thus an essential step for the implementation of any hydrodynamic simulation.

In this chapter, the main properties of the initial stages, such as their geometry, will be discussed

in Sec. 2.1. Sec. 2.2, will then present already well-known approaches to modeling this stage, with

Sec. 2.3 being entirely dedicated to the PYTHIA event generator: a code capable of bringing rich

physics to the early stage modelling of a collision. Finally, Sec. 2.4 will discuss the methodology

developed in this project to adapt the outputs given by PYTHIA into an energy-momentum tensor

for hydrodynamics.

2.1 Geometric properties of initial distributions

One way of quantifying the shape of the initial condition is to define its distribution with respect

to a given geometry. Eccentricity, a two-dimensional measure of the correlation of a certain density

to a circular geometry, can be mathematically defined as follows [27, 28],

ε2 =

√
(σ2
y − σ2

x)2 + 4(σxy)2

σ2
y + σ2

x

, (2.1)

where σ2
x, σ2

y and σ2
x,y are the covariances of the participant nucleon distributions in each direction.

Shifting the reference frame to match the center of mass frame of the collision and generalizing for

the desired geometry, this definition becomes

εn =

√
〈r2 cos(nφpart)〉2 + 〈r2 sin(nφpart)〉2

〈rn〉
, (2.2)

where r and φpart are the polar coordinates of the participant nucleons.
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In Eq. 2.2, each value of n correspond to a specific geometry: n = 2 specifies the eccentricity

of the collision, n = 3 the triangularity, n = 4 the quadrangularity and so on, measuring then the

contribution, or how similar the nucleon distribution will be to those shapes.

One could also correlate the initial condition geometry with the anisotropy produced in heavy-

ion collisions, as shown in [29, 30]. This connection will be done in Sec. 4.2.1, after the concept of

anisotropic flow is defined quantitatively.

2.2 Commonly employed approaches

There are many approaches for the modelling of initial conditions for hydrodynamics already

being used in phenomenological models. Some of them are the IP-Glasma [31] formulation, the

NeXuS package [32] and the Glauber-Montecarlo TRENTo code [33, 34]. Here, given that the results

presented in Chap. 5 also included TRENTo’s initial conditions as a baseline for developing the

methodology on 2.4, this model will be described in greater detail in the next section.

2.2.1 The TRENTo parametric model

(a)

(b)

Figure 2.1: (a) Behavior of the reduced thickness function for each value of p chosen. (b) Resulting
entropy distribution s(x, y) from the collision of nucleus A and B. Figures from [33]

The modeling of TRENTo is based on a Monte Carlo algorithm to generate the initial density

profiles, describing the multiplicity distributions of nucleon-nucleon collisions of interest and staying

consistent with experimental bounds. Its defining characteristic is to present those results without

assuming entropy production, thermalization or pre-equilibrium dynamics mechanisms. Also, each

nucleus is treated as a collection of nucleons, which allows the entropy distribution to be understood

as a superposition of pp collisions.
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For its computational implementation, the positions of colliding nucleus A and B are sampled

via a Woods-Saxon equation that does not assume any correlation between them. With that, the

probability of collision is calculated and only the colliding nucleons are saved for latter stages. The

resulting thickness function of each nucleus given by

TA,B =

Npart∑
i=1

wi

∫
dzρproton(x− xi, y − yi, z − zi), (2.3)

where wi are random weights sampled from a gamma distribution Γ(x) to introduce additional mul-

tiplicity fluctuations and fit experimental results, and ρproton is the matter density of each nucleus,

generally modeled by a gaussian function.

The total energy distribution of the system can then be calculated using the reduced thickness

formulation,

s(x, y) ∝
(
T pA + T pB

2

)1/p

, (2.4)

where p is a parameter determined experimentally.

This result is then used to fill the energy density entry of the energy-momentum tensor and allow

for the simulation of the hydrodynamic behavior of the plasma. Note that, as mentioned before for this

model, there’s no clear physical mechanism included into the code, with these being only parametric

solutions to energy densities generated by heavy-ion collisions, thus making very few assumptions of

the collision process.

2.3 The PYTHIA event generator

In the same way as TRENTo, PYTHIA also uses a Monte Carlo algorithm for its sampling of

nucleons. However, it goes beyond a parametric approach by including several formulations derived

from QCD theory, and specially p-QCD. This is one of the most complete generators for pp collisions

− and recently also capable of doing pA and AA events, as discussed in Sec. 2.3.3 − in terms of the

amount of physical processes that can be applied to a collision event, and is being constantly updated

to include recent experimental results into its phenomenological parameters.

For this project, a modified version of PYTHIA 8.235 was used. A full description of the physics

included in the original release is done on [35], while most of its computational implementations being

found on [36].



CHAPTER 2. INITIAL CONDITIONS 29

2.3.1 Interactions simulated in PYTHIA

Figure 2.2: An schematic representation of the physical processes taking place during an event gener-
ation in PYTHIA. The colors represent: hard interactions (red), radiative cascade of partons (blue),
interaction of initiators (pink), hadron formation (light green) and decays (dark green), and beam
spectrum (grey). Figure from [37].

PYTHIA is able to simulate decays of particles, interactions between multiple partons and the

hadronization process of quarks and gluons, to mention a few of its capabilities. Those effects are of

great relevance to the physical aspect of early stage modelling, and PYTHIA is unique in allowing

an approach for some of these phenomena. Below, some of the processes listed in Fig. 2.2 will be

discussed.

Hard processes: Hard scatterings, as discussed before in Sec. 1.2, are characterized by their

high-momentum transfer, in the scale of Q2, along with large values of transverse momentum (pT ) or

mass (m) of partons. In PYTHIA, they are processes of interaction between quarks (q) and gluos (g),

or qg → qg processes.

Soft processes: These processes does not involve high transfers of momenta between particles,

and some examples are the diffractive and elastic scatterings that can occur in partonic interactions.

Notice that those processes are done using lattice QCD models, as the coupling between partons is

stronger. The special treatment for those scatterings are discussed in Secs. 11.2-11.4 of [35].

Hadronization: This stage initiates at a given temperature that estimates the start of local
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equilibrium, which in turn allows for partons to combine into hadronic matter without assuming

the production of a fluid such as the QGP. PYTHIA is able to simulate the hadronization process,

generating the species expected from the initial distribution as detailed in Sec. 2.3.2. However,

this event generator does not include kinematic or chemical freeze-out mechanisms, which would

characterize a complete simulation of the collision.

For all processes treated by PYTHIA, the program applies leading order results from p-QCD calcu-

lations, that is, it approximates the results to the first order that have non zero values. Contributions

from higher order coefficients are generally included through parton radiations in the initial (ISR) and

final state of the process (FSR). Also, the possible interactions done in PYTHIA are 2 → 1, 2 → 2

and 2→ 3, with more final objects meaning a more complex phase space for the generation procedure.

Higher than two particles in the final stage have no generic treatment for the event generation process,

and PYTHIA is currently optimized for the first two types of interactions.

Other aspects, such as colour reconnection, supersymmetric particles and beam remnants, are also

included in the PYTHIA code, but were not explored in this project. For an in-depth discussion of

these topics, see [35, 38].

2.3.2 The Lund fragmentation model

Figure 2.3: Motion of quarks and antiquarks in a q′q̄′ system. Figure from “Monte Carlo Generators”,
lecture 2 (2006) [39].

To simulate the generation of hadronic matter, PYTHIA employs a model of string fragmentation

for its simulation. In this model, hadronization takes place whenever a “string”, a model for the flux

of color between quarks and antiquarks in QCD, is fragmented. The essential condition for this to

occur is that the effective potential from Eq. 1.2 have r large enough for it to be approximated as

Veff ≈ kr, which is equivalent to indicate that such interactions will take place in the perturbative

regime of quantum chromodynamics. As the potential increases with the distance, enough energy
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may be available for the creation of a new q′q̄′ pair. This color singled can, in turn, have enough

energy to continue the string rupture process, ending when those strings have low enough energies

to be considered, effectively, mesons. For baryons, the processes is similar but can result in unstable

hadrons, which then may decay into other species of particles.

2.3.3 The Angantyr module

Aside from PYTHIA’s use in the simulation of pp collisions, the newer versions of the code [38]

also include a module responsible for the implementation of a model for heavy ions, making pA and

AA simulations possible. The idea is similar to the TRENTo model, where the modelling of such

collisions is done by combining several partons that corresponds to nucleon-nucleon collisions into a

single heavy-ion event, which are then hadronized in the same fashion. The default option for this

procedure in PYTHIA is called Angantyr [40].

In this model, it is important to note that special attention is given to the interaction between

nucleons. In standard Glauber models, the only differentiation of the collision type is classifying those

as an elastic or inelastic process. Here, the inelastic collisions are subdivided into single-diffractive,

double-diffractive or non-diffractive events, which is achieved through a fluctuating nucleon-nucleon

cross section. This contribution from diffraction is essential to model realistic cross-sections of heavy-

ion collisions, as discussed in the model’s implementation. The choice of the type of collision to be

simulated is done by the principle of conservation of energy and momentum.

As for the treatment given for the interaction of the nucleus in each nuclei, the contributions of

each to the total multiplicity of the event is inspired by Fritiof’s approach [41], which was improved

and detailed in Angantyr’s implementation [40]. In it, this distribution is defined as

dNch

dη
= wtF (η) + wpF (−η), (2.5)

where wp/t is the number of participant nucleons for the projectile/target and F (η) is the emission

function of a single nucleus.

2.3.4 Generating an event

The stages for simulating a heavy-ion event can be summarized as follows,

1. The nuclei generated by the overlapping of protons, with its positions defined by a nucleon

distribution function in the Angantyr module, go throught a projectile→ target type of collision;
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2. The number of participating nucleons is calculated by a Glauber model and then saved. As

discussed in Sec. 2.3.3, the heavy-ion model also includes Angantyr’s parametrizations for this

stage;

3. An estimation of the final multiplicity of the event is done by Eq. 2.5;

4. Finally, the nucleon-nucleon sub-collisions and interactions are simulated through the Lund

string model of Sec. 2.3.2, with its final hadronic state as the output.

Note that, as PYTHIA produces hadrons as an output, one could also implement a model consisting

of only PYTHIA and a code package to simulate hadron cascades and decays in the freeze-out stage,

resulting in a complete simulation that does not assume QGP production. This approach was recently

developed by André Silva in this research group. The results of such methodology can be seen in [42].

2.4 Adapting PYTHIA’s events to the simulation chain

As the resulting particles generated by PYTHIA described in the previous sections are not directly

compatible with the expected parametrized Tµν of hydrodynamics − which will be discussed in further

detail in Sec. 3.1 − it is necessary to extract the information contained in these results and translate

the given particle dynamics into continuous distributions of energy and momentum. Throughout

this project, the approach implemented considered only the energy densities of each hadron, that is,

Tµν = T 00 6= 0. An extension could be made, including the momenta to the initial conditions and

filling the other components of the energy-momentum tensor. This will be latter discussed in Chap.

6.

2.4.1 The energy-momentum tensor as energy distributions

To effectively translate hadrons into initial conditions, one can start by filling the energy-momentum

tensor with values given by a three-dimensional gaussian function

1

2πσ2

1

1 + exp
(
r−2σ
a

) exp

(
− [(x− xg)2 + (y − yg)2 + (z − zg)2]

2σ2

)
. (2.6)

In this equation, x, y and z are the positions of a given hadron extracted from the original outputs,

xg, yg and zg are the corresponding position of those hadrons in the grid where the Tµν is calculated,

with the range in each dimension used in this project being described below. Also, r is the ratius of
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the nucleon, given by r =
√

(x− xg)2 + (y − yg)2 + (z − zg)2. The constant a is the thickness of the

surface of the Pb nucleon, taken to be a = 0.05 fm given that the resolution of the grid is 0.1 fm.

Finally, σ is the width of the gaussian function, set as σ = 0.6 fm based on the results shown in [43].

Notice that 1
1+exp( r−2σ

a )
comes from a Woods-Saxon distribution, used here to supress the gaussian

tail that would otherwise appear at large values of r.

Two other restrictions must be implemented in the generation of such initial conditions, namely

the selection of transverse momenta below 5.0 GeV/c and energies lower than 5.0 GeV. The reason

for such cutouts is that, not only are highly energetic particles very rare, but they conflict and are a

source of errors for the code package used in the simulation of the hydrodynamic stage.

With Eq. 2.6, it is then possible to calculate a hadron-by-hadron distribution of the energies and

write the results into the grid representing the energy-momentum tensor. The parameters used for

this end were the ranges of [−14, 14] fm to x and y and [−10, 10] fm to z. The two-dimensional case

projected the contents of this latter plane, which means for Eq. 2.6 to take z = zg = 0. Also, the code

was designed to be able to save some parameters of interest of the events, such as the original impact

parameter, number of participants and centrality.

For the computational aspects of the implementation of those initial conditions through PYTHIA,

the HadrEx class, a code package developed in the group were this research was done, was employed.

As this class is able to extract information from PYTHIA’s output, such as the hadron position,

momenta, energy and many others, it was essential to the development of the initial conditions used

in this work. This framework was also used to perform analysis on the outputs of the simulation chain,

which will be discussed latter in Sec. 3.2.3.
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Hydrodynamics and the simulation

In this chapter, some relevant aspects of the hydrodynamic evolution will be presented and dis-

cussed. First, as an introduction, the theoretical modeling of a viscous fluid will be done on Sec. 3.1,

where the time evolution of the energy-tensor of the previous chapter will also be discussed. In Sec.

3.2, the computational aspects and the basic principles of the simulation chain are shown. The last

stage, described in Sec. 3.3, will give a brief overview of the anisotropy generated by the evolution of

the fluid, with its respective calculations done in the next chapter, on Sec. 4.2.

3.1 Characterizing viscous hydrodynamics

(a)

(b)

(c)
(d)

Figure 3.1: (a). Instants before the collision event, showing a head-on configuration. (b) Formation
of the QGP from the initial density. (c) Particlization process. (d) Hadronic cascade, where the
freeze-out processes takes place. Figures from [44].

As mentioned in Sec. 2.4, an initial condition for hydrodynamics is the representation of the

energy-momentum tensor and encompasses all the properties of the initial density generated by a

given collision. This tensor is composed of four different fields, as shown below in Eq. 3.1.

Tµν = εuµuν − (P0 + Π)∆µν + πµν . (3.1)

Above, ε is the energy density in the local rest frame of the fluid, uµ maps the flow velocity of

the fluid, πµν is the stress tensor, Π the bulk pressure and the initial pressure, P0 = P0(T, µb, µe, µs),

is connected to the energy distribution through the equation of state (EoS). Energy-momentum and

net-charge conservation in the fluid imply in the following equations for Tµν and Nµ, where Nµ the
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net-charge 4-current of the plasma:

∂µT
µν = 0 , ∂µN

µ = 0. (3.2)

The difference between viscous and non-viscous (or ideal) dynamic lies in the parameters πµν and

Π, in which both are taken to be zero in ideal fluid approximation. This equation can then be rewritten

as

Tµν = εuµuν − P (gµν − uµuν), (3.3)

and, to solve such equations, the methodology will assume the flow velocity to be the unit vector

satisfying

Tµν u
ν ≡ εuµ , uµuµ = 1. (3.4)

For the modeling employed in phenomenological models, the conservation of energy and equation

of state are complemented by the equations of motion of the shear stress tensor πµν , and those of the

bulk pressure Π. The physics of such equations and its implementation on MUSIC, the code package

of choice for this stage, is discussed in [45–47]. This procedure assumes the 14-moments approximation

for Israel-Stewart-type equations of second-order viscous hydrodynamics. Those can be written in a

compact manner by

τππ̇
〈µν〉 + πµν = 2ησµν + 2τππ

〈µ
α ω

ν〉α − δπππµνθ + ϕτπ
〈µ
α π

ν〉α

− τπππ〈µα σν〉α + λπΠΠσµν + ϕ6Ππµν ,
(3.5)

for the shear stress tensor and

τΠΠ̇ + Π = −ζθ − δΠΠΠθ + ϕ1Π2 + λΠππ
µνσµν + ϕ3π

µνπµν , (3.6)

for the bulk pressure.

The two first-order coefficients, that are normally given by empirical equations, are the shear

viscosity η and bulk viscosity ζ. Also, the other coefficients, of second-order, are τπ, δππ, ϕτ , τππ, λπΠ,

ϕ6, τΠ, δΠΠ, ϕ1, λΠπ and ϕ3, also given by parametrizations (see [48]). Those transport coefficients

are characteristics of the response of the QGP to deviations from equilibrium.
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3.2 The simulation chain

Figure 3.2: Stages of a hydrodinamic evolution. The graph on the left shows the physical aspects of
such evolution, and the boxes to the right the code packages employed in each corresponding stage.

3.2.1 Applying hydrodynamics

In the thermalization stage of the QGP, the MUSIC package has the task of describing the relativis-

tic hydrodynamic evolution of the previously given initial conditions. With the appropriate equations

of state (EoS), given by either a parametrization or a numeric table, MUSIC can then numerically

solve Eq. 3.1 using hyperbolic coordinates and save the resulting fluid for latter stages. The chosen

equation of state for the evolution of the system was generated to match HotQCD lattice calcula-

tions of s-QGP and include the hadron resonance gas contributions of [49], with its source code found

on [50]∗. For more information on recent research related to modeling equations of state for strong

coupled QGP, see [51].

In this stage, many variables must be properly defined in order to create a hydrodynamic evolution.

As shown in Sec. 3.1, the energy-momentum tensor is described by the characteristics of the fluid,

which in turn is given by its viscosity parameters. Also, defining the initial τ and total time τf for

the hydrodynamic evolution, with a freeze-out temperature given by T , are equally important. Thus,

the methodology used to implement such parametrizations in this work is described below:

• Both shear (η) and bulk (ζ) viscosities are given, respectively, by Eqs. 4 and 5 of [49] and their

∗The specific code to generate the EoS used in this project from this source was: python3 eos.py --res-width-off

--species=urqmd --Tmax 1.0 --write-bin eos urqmd.bin --music output format
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respective parameters;

– Many other parametrizations could be employed to this model. However, as these choices

were made for the baseline TRENTo model, they were also applied here;

– (η/s)hrg is a parameter correlated to the hadron resonance gas and also discussed in [49].

As the range of possible values is considerably high, an estimation was done via Fig. 13

from [52], using the window of temperature between the transition to QGP (Tc = 0.154

MeV) and freeze-out of the surface as an approximation.

• Following the discussion done in Sec. 5.1.3, τ was taken here to be 1.7 fm/c, allowing the use of

all hadrons produced by the PYTHIA event generator;

• Considering that central collisions may take more time to evolve, τf was chosen to be 30 fm/c

as a superior limit;

• The freeze-out temperature for the chosen parametrization is given by T = 0.148 MeV, with the

method used for its calculation described in [53].

It is important to note that the parameters for these equations where tuned with a two-dimensional

approach in mind, and as such, three-dimensional hydrodynamic evolution may diverge from the

expected experimental results as a consequence. The task of retuning those parameters to account

for 3D initial conditions is feasible, but will demand a large amount of computational resources to be

accomplished.

Also, as a technical note, running this hydrodynamic evolution through MUSIC has a high com-

putational cost and is time consuming. To remedy this issue, a technique known as oversampling is

performed in the outputs given by this program, generating several events that are later evolved by

the remaining modules of the chain. The number of particles used for each approach will be given in

the next section.

3.2.2 Hadronization and particlization

It is essential that the hydrodynamic stage ends with a well defined criteria, as this point defines

the transition of a hypersurface, generated by the evolution of the energy-momentum tensor, into

hadrons (hadronization) and then final particles (particlization). This process happens at a given

temperature or energy density, through the equation of state, ranging from 150 to 200 MeV, in which
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the phase transition of the QGP to confined matter occurs. The evolution is considered complete if

all points in the system are below the said criteria.

The Cooper-Frye formula [54], as shown below, is used to model this phase transition. The main

characteristic of this stage is the free propagation of particles, decoupled from the previous collective

behavior of the system as a consequence of its expansion.

E
d3Ns

dp3
= gs

∫
Σ
dΣµP

µfs(P, ε, u
µ, πµν ,Π), (3.7)

where E d3Ns
dp3

is the distribution of energy and momentum of each produced hadron.

This approach splits the freeze-out process into two different stages, from which the transition

detailed previously may occur. First, its chemical phase, with Tch as the defined temperature criteria

to the transition, in which the inelastic scattering of hadrons ceases, creating a constant density of

species of particles; and the kinetic phase, starting at Tkin < Tch, ending the elastic scattering of

those hadrons. Here, Cooper-Frye’s equation only accounts to the chemical freeze-out stage, with its

numerical solution being performed by the iSS package.

In the same way done for the hydrodynamic evolution, this package also needs several variables to

run its simulation, with those given by

• The Cooper-Frye formula (Eq. 3.7) must include corrections for the function fs, that is, fs =

f0 + δf , with only shear viscosity corrections being used for the viscous correction. Neglecting

the bulk contribution (δfbulk) was done given that ζ/s is small at the particlization stage [49];

• Using a sampling method, as mentioned before, which was done using a Poisson distribution

to sample the whole distribution of particles in rapidity (dN/dy). The number of hadrons to

sample was set to 50.000 (500.000) in the two dimensional (three-dimensional) simulation;

– The windows of rapidity and pseudorapidity for sampling were set to, respectively, |y| < 5.0

and |η| < 0.8, to match experimental data, while the range of transverse momenta was set

as pT < 5.0 GeV/c.

Also, some of the choices for the previous stage, such as the 14-moments approximation, viscous

characterization of the fluid, boost invariance or corrections and more, were carried to iSS in its input

file.
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The parameters discussed above are such that the output given by iSS does not include all the

physical description of the evolution of particles, as the remaining interactions and decays are not

included in this stage. For that reason, the UrQMD package will then be employed into the chain,

with its basic aspects covered in the next section.

3.2.3 Interactions and decay

The previous sections describes the transition of the QGP fluid into hadronic degrees of freedom,

where a gas of hadrons is formed. These hadrons, however, continue to interact, up to the kinectic

freeze-out temperature Tkin mentioned before, and decay into multiple species. This second stage of

particlization, that completes the physical description of the process, is done by UrQMD package,

which describes the dynamics of the observables byproducts of the collision chain, using a transport

model and the outputs given in the earlier stages of the simulation. The documentation of the code

and more information on its procedure can be found on [55].

3.2.4 Analysis of the simulation results

After the evolution done in iSS and UrQMD ends, its outputs must then be analysed. This

was done using the HadrEx class, the same applied also in Sec. 2.4.1, which is able to retrieve all

information of the observables produced, creating a framework that is useful in the writing of analysis

code and in extracting graphical information from those results.

However, specifically for the outputs given by UrQMD, the information contained in its .OSCAR files

must first be made compatible to the HadrEx class framework. This is done by the use of conversion

programs also developed in the group.

3.3 Anisotropic flow

Figure 3.3: Left: a schematic representation of a non-central collision. Right: the profile of the surface
modeled by the v2 coefficient, with each average radius representing the pT of the particles and the
anisotropy of the ring indicating the magnitude of the elliptic flow coefficient. Figure from [56].
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As described in Sec. 1.1.2, an interesting phenomenon observed in experimental measurements of

heavy-ion collisions is a rather collective behavior of the produced particles, which can be verified by

the anisotropic configuration of those particles. This observed distribution can be understood as a

consequence of the spatial anisotropy of the initial density of the system, which in turn is converted

into momentum anisotropy that can be measured through correlations of the final particles.

First, note that the anisotropy can be estimated from the momentum distribution of the particles.

This can be quantified, as shown in [57], using a Fourier series

E
d3N

d3p
=

1

2πpt

d2N

dηdpt

(
1 +

∞∑
n=1

2vncos(n[φ−ΨRP ])

)
, (3.8)

where E d3N
d3p

is analogous of the same distribution from Eq. 3.7. The differential coefficients vn of the

series, usually functions of transverse momentum and rapidity of the particles, are given by

vn = 〈cos(n[φ−ΨRP ])〉, (3.9)

with 〈...〉 denoting the mean taken first onto the initial subset of particles in each event and, after that,

calculated over all events. The angular variables φ and ΨRP define, in this order, the azimuthal angle

and the reaction plane angle. Also, n defines the nth coefficient of the series, where the first three

coefficients, v1, v2, v3, are designated, respectively, as directed flow, elliptic flow and triangular flow.

It is also important to note that the last two react to different types of asymmetry in the event plane.

Shown above in Fig. 3.3 is a representation of the momentum anisotropy of the final distribution

of particles to the observed elliptic flow. Note that the initial geometry of the collision is essentially

elliptic.

This figure also contains qualitative information on the impact of E into the anisotropy of the

system. As the collision energy increases, so does the gradients observed in the right-side image of 3.3,

and consequently the resulting distribution of particles, and the geometry of their collective behavior,

is altered by this parameter. In all simulation results presented in Chap. 5, the collision energy in the

center of mass frame is set as
√
sNN = 2.76 TeV.
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Experimental observables

This chapter aims to provide an overview of the variables and distributions used to study the

simulation outputs, which also allows for a comparison with the available experimental results. Sec.

4.1 will discuss the distribution of particles as functions of experimental observables and Sec. 4.2 details

the calculations performed to extract flow coefficients, with a connection of those with eccentricities

done in Sec. 4.2.1.

4.1 The distribution of produced particles

(a)

(b)

Figure 4.1: (a) Transverse momenta distribution of charged particles resulting from Pb-Pb collisions,
for |η| < 0.8 and

√
sNN = 2.76. Figure from [58]. (b) Distribution of multiplicity for charged particles,

arbitrary units, with its convolutional fit shown in red. Figure from [25].

To begin measuring the characteristics of the resulting hadrons and set a baseline for the subsequent

analysis, one can measure the number of observed charged particles as a function of their kinematic

variables, such as transverse momenta, as shown in Fig. 4.1. Note that some of the results presented
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in Chap. 5 shows, for example, distributions using the mean pT and as a function of centrality, which

is useful to verify the whole spectra with respect to another variable.

In accelerator experiments, the multiplicity of resulting particles can also be obtained while ad-

justing the obtained data by a Monte Carlo calculation, done by a convolution of a negative binomial

distribution (NBD) and a linear combination of the number of participants Npart and colliding nu-

cleons Ncoll, named number of ancestors Nanc, which accounts for both contributions in a heavy-ion

collision. The idea of such convolution is to use the NBD as a model of multiplicity for the Pb-Pb

events and combine those to the Nanc contributions.

The definition used to perform those calculations is Pµ,k ∗Nanc, where

Pµ,k(n) =
Γ(n+ k)

Γ(n+ 1)Γ(k)
.

(µ/k)n

(µ/k)n+k
, (4.1)

and the linear combination is defined as

Nanc = fNpart + (1− f)Ncoll, (4.2)

with f as a fraction of participants considered, being 0.801 for Pb-Pb collisions at 2.76 TeV [59] as

shown also in Fig. 4.1.

Also, another characteristic of produced particles can be quantified when considering their angular

distribution, which will also be useful for the development of anisotropy discussions in the next section.

From Eq. 3.8, the azimuthal dependence of this final particle distribution can be written as

2π

N

dN

dφ
= 1 +

∞∑
n=1

2vncos(n[φ−ΨRP ]) =

∞∑
n=−∞

vne
inΨne−inφ. (4.3)

Notice that this equation also helps to define the phase of the Fourier coefficients through vn and

the reference angle for each harmonic n. That is,

〈enφ〉 = vne
inΦn . (4.4)

This quantity will latter be used in Sec. 4.2.1 to correlate the eccentricities of initial conditions to

the anisotropic flow.
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4.2 Quantifying anisotropic flow using cumulants

Figure 4.2: (a) Representation of the angle of a particle φ with respect to the event plane S. (b) Visual
representation of the elliptic flow’s amplitude. The dotted line corresponds to v2 = 0.

Having defined the flow coefficients in Eq. 3.9, their numeric calculation can be done through two

approaches: using the event plane method, with the event plane angle ΨRP being another variable

only available for simulation techniques; or the cumulant method. This work will focus only on the

study done through the latter, as it also has the advantage of determining the correlation between

observed particles.

The essential aspect of the cumulant method is that it can be defined as a technique that determines

those particle correlations by analysing the global anisotropy of an event, which is in turn a result of

the initial stages of the collision. The main hypothesis is that, if each particle is somehow correlated

to this global anisotropy, then those will also have a angular correlation between themselves. This

also leads to an interesting connection to the eccentricity of an event, which will be discussed latter

in Sec. 4.2.1.

Extracting such coefficients will be restricted to second and fourth order correlations, with higher

order results given in [60]. Increasing the order of particle correlations turns the results less sensitive

to local correlations, resulting in, for example, the two-particle correlation of the second harmonic

(n = 2 in Eq. 3.9), v2{2}, being the best choice to study a local phenomena, such as connections from

particle decays. Thus, higher order on n of this same harmonic, as in v2{4}, is more fit to observe the

global aspect of particle emission.

The technique used to perform such calculations is named Q-cumulant method. The implementa-

tion into the analysis macro is relatively simple, and avoids a potential issue with encased loops that

is also a computationally efficient way of calculating cumulants. Starting from the definition of the
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Q-vector for an given harmonic of nth order, Qn, as shown below in Eq. 4.5,

Qn =
M∑
i=1

einφi ,


|Qn|2 =

∑M
i,j=1 e

in(φi−φj) = M +
∑′

i,j e
in(φi−φj)

|Qn|4 = QnQnQ
∗
nQ
∗
n =

∑M
i,j,k,l=1 e

in(φi+φj−φk−φl)
, (4.5)

where M is the multiplicity, φ the angles and the sum
∑′

must be done for different indexes. The

mean of the correlations for two and four particles, in this order, for each event, can then be defined

as

〈2〉 = 〈ein(φ1−φ2)〉 =
1

PM,2

′∑
i,j

ein(φi−φj) =
|Qn|2 −M
M(M − 1)

, (4.6)

〈4〉 = 〈ein(φ1+φ2−φ3−φ4)〉 =
1

PM,4

′∑
i,j,k,l

ein(φi+φj−φk−φl) =

=
|Qn|4 + |Q2n|2 − 2<|Q2nQ

∗
nQ
∗
n|

M(M − 1)(M − 2)(M − 3)
− 2

2(M − 2).|Q2n|2M(M − 3)

M(M − 1)(M − 2)(M − 3)
,

(4.7)

where Pn,m = n!/(n−m)!.

Now, taking the mean over the events, one arrives at

〈〈2〉〉 = 〈〈ein(φ1−φ2)〉〉 =

∑
events(W〈2〉)i〈2〉i∑
events(W〈2〉)i

, (4.8)

〈〈4〉〉 = 〈〈ein(φ1+φ2−φ3−φ4)〉〉 =

∑
events(W〈4〉)i〈4〉i∑
events(W〈4〉)i

, (4.9)

where W〈2〉 and W〈4〉 are used to minimize the effects of the multiplicity fluctuation in each event,

with

W〈2〉 = M(M − 1), (4.10)

W〈4〉 = M(M − 1)(M − 2)(M − 3). (4.11)

Notice that the same coefficients defined by Eqs. 4.10 and 4.11 appear, respectively, on the
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denominators of Eq. 4.6 and 4.7.

Now, with those definitions given, it is possible to define the cumulant coefficients for the events

and arrive at the flux coefficients,

cn{2} = 〈〈2〉〉 ⇒ vn{2} =
√
cn{2} , (4.12)

cn{4} = 〈〈4〉〉 − 2.〈〈2〉〉2 ⇒ vn{4} = 4
√
−cn{4} . (4.13)

Finally, the differential flow coefficients for two and four particle correlations can be calculated,

which are actual measured variables in heavy-ion collisions. Their final form is given by the following

relations

dn{2} = 〈〈2′〉〉 ⇒ v′n{2} =
dn{2}√
cn{2}

, (4.14)

〈〈4′〉〉 − 2.〈〈2′〉〉2 ⇒ v′n{4} =
dn{4}

(−cn{4})3/4
. (4.15)

where dn{2} and dn{4} are, respectively, the coefficients of second and fourth order for particle detec-

tors with uniform azimuthal acceptance, being this the case for the simulated events in this project.

To arrive at Eqs. 4.14 and 4.15, it is first necessary to define the quantities vector-p and vector-q


pn =

∑mp
i=i e

inψi

qn =
∑mq

i=i e
inψi

, (4.16)

where pn encases particles with some characteristic (or characteristics) of interest, such as intervals of

pT or rapidity, denoted as Particle of Interest (POI), and qn refers to particles used in the calculations

of the reference flux, known as Reference Flow Particle (RFP). This coefficient also subtracts effects

of self correlation.

With that done, 〈〈2′〉〉 and 〈〈4′〉〉 will then be calculated by taking the same two means as before

(by event and for all events) and rewritten using the Q-vector, q-vector and p-vector formalism
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〈2′〉 = 〈ein(φ1−φ2)〉 =
1

mpM −mq

mp∑
i=1

M∑
j∗=1

ein(φi−φj) =
pnQn∗ −mq

mpM −mq
, (4.17)

〈4′〉 = 〈ein(φ1+φ2−φ3−φ4)〉 =
1

(mpM − 3mq)(M − 1)(M − 2)

mp∑
i=1

M∑
j∗,k∗,l∗=1

ein(φi+φj−φk−φl) =

= (pnQnQ
∗
nQ
∗
n − q2nQ

∗
nQ
∗
n − pnQnQ∗2n − 2MpnQ

∗
n − 2mq|Qn|2 + 7qnQ

∗
n −Qnq∗n

q2nQ
∗
2n + 2pnQ

∗
n + 2mqM − 6mq)/[(mpM − 3mq)(M − 1)(M − 2)],

(4.18)

Using then

w〈2′〉 = mpM −mq, (4.19)

w〈4′〉 = (mpM − 3mq)(M − 1)(M − 2), (4.20)

as weights for the following relations, one arrives at

〈〈2′〉〉 = 〈〈ein(φ1−φ2)〉〉 =

∑
events(W〈2′〉)i〈2′〉i∑
events(W〈2′〉)i

, (4.21)

〈〈4′〉〉 = 〈〈ein(φ1+φ2−φ3−φ4)〉〉 =

∑
events(W〈4′〉)i〈4′〉i∑
events(W〈4′〉)i

, (4.22)

which results in Eqs. 4.14 and 4.15. For the initial proposal of the method and a greater level of detail

on its development, see [61].

4.2.1 Connecting flow and the initial distribution

(a) (b) (c)

Figure 4.3: (a) Eccentricity, ε2. (b) Triangularity, ε3. (c) Quadrangularity, ε4, with the flow occurring
in the perpendicular direction to the red contour of each figure. Inspired by [62].

To better understand the different distributions of anisotropic flow of observables, a connection to
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the original anisotropy of the density distribution can be made. That is, it is possible to correlate the

different eccentricities of a collision to the resulting collective behavior of particles. To do so, take the

two-dimensional Fourier transform of the transverse density ρ(x) of the participant nucleons,

ρ(k)

ρ(0)
=

∫
d2xρ(x)eik.x∫
d2xρ(x)

, (4.23)

with ρ(0) being the density given in the center of the reference frame. Now, expanding this results in

harmonics and in powers of k ≡
√

k2 as in [62],

ρ(k)

ρ(0)
=

∞∑
n=−∞

∞∑
m=0

im

m!
εm,nk

me−inφk , (4.24)

where the polar coordinates were used and

εm,n =
m!

2m
(
m+n

2

)
!
(
m−n

2

)
!
〈rmeinφ〉 , 〈. . . 〉 =

∫
d2xρ(x) . . .∫
d2xρ(x)

, (4.25)

with the moments εm,n being non-zero for m ≥ |n| and (m−n) being even. A coordinate system such

that 〈x〉 = 〈y〉 = 0 will also be used for posterior calculations.

As noted in the last section, the anisotropic flow is less sensitive to local correlations of particles of

higher order, which is equivalent to say that the contributions of higher-order in k for the momenta will

be not as relevant than the lower order contributions. This is also a consequence of the hydrodynamic

approach, where its long-wavelength description is only valid if the dynamics for short distances can

be neglected.

With that in mind and noting that ε2,0 ∝ 〈r2〉 and ε2,2 ∝ 〈r2e2iφ〉, the second order spatial

momentum is [62, 63]

ε2 = −〈r
2e2iφ〉
〈r2〉

, (4.26)

which is consistent with Eq. 2.2.

This ratio quantifies the ellipticity for the flow of particles, and as such must be proportional to

the previous definitions of elliptic flow, that is, v2 ∝ ε2. For smooth initial conditions − those with

continuous gradients of energy and momentum on the original density distribution − Eq. 4.26 predicts

the resulting anisotropy of the simulated events, but is also a reasonable approximation for general

densities [62]. The higher order corrections will be given by the degree of m in Eq. 4.25.
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Results

Following previous discussions, this chapter will present a variety of results from the performed

simulations, from both two-dimensional and three-dimensional setups for initial conditions and their

resulting observables. Sec. 5.1 contains the geometric characterization of the initial distributions

generated by the methodology described in Sec. 2.4. Sec. 5.2, on the other hand, will use the

procedure described in Chap. 4 to quantify the resulting particles with respect to variables of interest.

Whenever possible, the results of this project will be compared to those from the experimental

data from the ALICE collaboration, with the pseudorapidity interval for simulated results taken to

be |η| < 0.8, unless explicitly mentioned to have a different value, as to match the experimental data

available.

5.1 Characterizing an initial condition

5.1.1 Geometric properties

Along Sec. 2.4, the steps to translate the generated outputs from PYTHIA’s simulations into initial

densities of energy contained in the elements of the energy-momentum tensor Tµν were described,

which allowed for the posterior hydrodynamic evolution of such densities. It is essential to characterize

those distributions with respect to their geometry, knowing that these properties will impact on the

resulting observables from the simulation chain, while also proving useful information on the physical

aspects of this model.

An immediate result from using Eq. 2.6 to model the expected densities is the observed profile of

those initial conditions. In Figs. 5.1-5.3, showing central, semi-central and peripheral events in this

order, the two-dimensional version of Eq. 2.6 was used to produce the distributions used in the 2D

hydrodynamic simulations, and in those figures a comparison to TRENTo’s outputs for the equivalent

centralities was also made to define a baseline for this study.

Notice that, in all figures, the maximum magnitude of the distributions is similar, with the model

employing PYTHIA’s approach generating more hotspots, that is, local high-density spots, than its
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(a) (b)

Figure 5.1: Comparison between density profiles for the centrality 0−5%. (a) Results from converting
PYTHIA events and (b) TRENTo’s output.

(a) (b)

Figure 5.2: Comparison between density profiles for the centrality 40 − 50%. (a) Results from con-
verting PYTHIA events and (b) TRENTo’s output.

(a) (b)

Figure 5.3: Comparison between density profiles for the centrality 70 − 80%. (a) Results from con-
verting PYTHIA events and (b) TRENTo’s output.

parametric counterpart, which presents a smoother distribution of densities. As pointed in Sec. 2.3.1,

the former model does not create a superior limit to the energies or momenta of the generated particles

− done manually in the conversion stage by setting pT < 5.0 GeV/c and E < 5.0 GeV as an acceptance

window for hadrons−, allowing outliers to be relevant and in turn generating higher gradients of energy

in the resulting density.

The previous discussion indicates that PYTHIA might produce a very different geometric structure
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for those initial conditions. To quantify this effect, Eq. 4.25 was used to obtain the eccentricity (ε2),

triangularity (ε3) and quadrangularity (ε4) of such initial conditions, with the results shown below on

Figs. 5.4.

(a) (b)

(c)

Figure 5.4: Eccentricity coefficients of simulated events, with PYTHIA’s output results shown in blue,
the initial density generated using those events plotted in red and the baseline, TRENTo, in black.
(a) eccentricity (ε2), (b) triangularity (ε3) and (c) quadrangularity (ε4).

Notice that there is a clear divergence for peripheral events (50 − 60% in centrality) between the

behavior of the PYTHIA model and TRENTo’s approach. Those differences indicate that the spatial

distribution of the nucleons modeled by those initial conditions are intrinsically distinct for those

centralities: while the parametric model defines an elliptic-like distribution, PYTHIA presents higher

contributions on higher centralities, and thus having a lump-like substructure.

In the three-dimensional approach, the initial conditions were formulated using the ηs (Z) compo-

nent of each produced particle as a third dimension. The best way to extract qualitative information

on the energy distributions is to define projections on a plane from the original profile, as done in Fig.

5.5 using the XY and ZY planes.

From those figures and comparing them to the previous two-dimensional initial conditions, one
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Figure 5.5: Projections of a three-dimensional initial condition produced using Eq. 2.6 and PYTHIA’s
events, for the range of 0-10% in centrality. (a) Projection in the XY plane and (b) In the XZ plane.

can see that the magnitude of the highest values of density are considerably larger than those from

the XY projection, with also a tight spread in the Z direction.

5.1.2 Particle densities and momentum distribution

(a) (b)

Figure 5.6: (a) Distribution of particles with respect to the density of the cell where they are located,
with the two curves comparing particles generated with (in red) and without (in black) an acceptance
window in |η|. (b) Ratio of the sum of the absolute values of the momenta and the absolute value of
the vector sum of momenta at ηs = 0. The grid resolution for this result is 0.5 fm.

Another way of understanding the modeled distribution is to calculate the densities of hadrons in

each cell and their momentum configuration. The results of this first study is given in Fig. 5.6 (a),

showing the number of cells with a certain number of particles, in arbitrary units, where most of those

having no more than 10 hadrons, which results in the initial conditions with grids of lower densities

of particles.

For the momentum configuration, however, the procedure was to define the ratio between the
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modulus of the sum of momenta components and the sum of those moduli, with results from this

calculation shown in Fig. 5.6 (b). Note that, as the ratio can range continuously from 0 to 1, some

physical aspects of the distribution can also be observed: if equal to 1, this indicates the local existence

of jets of particles, that is, there must be particles in the respective regions that are propagating in

the same direction after the collision. Also, the chosen grid position indicates that, for |η| < 0.8, the

momenta distribution of the center is such that there is a greater misalignment of hadrons, which is

an expected result.

This study can also help develop an extension of the proposed model of initial conditions by

including the momenta of the original particles in the Tµν , resulting then in a complete physical

description of the initial stages through PYTHIA’s modelling.

5.1.3 Initializing hydrodynamics

(a)
(b)

Figure 5.7: (a) Results comparing the ratio of particle creation and collision distribution. (b) Light
cone-like distribution of particles, where the hyperbolic fits are given by Eq. 5.1. Notice that the
range 0 < τ < 1.7 fm/c includes the majority of the produced hadrons.

After the initial distribution is accounted for, the initialization parameters of hydrodynamics must

be estimated, as done through Sec. 3.2. The initial time, however, has a connection to the hadroniza-

tion rate of PYTHIA, as shown in Fig. 5.7 (a). As such, determining the best stage to start the

hydrodynamic simulation was done through the space-time distribution of observed particles in Fig.

5.7 (b), which plots the number of particles with a given Z (ηs) position at time t. The correlation with

the initial time of hydrodynamics is done knowing that this approach applies the Milne coordinates

τ =
√
t2 − z2, ηs =

1

2
ln

(
t+ z

t− z

)
, (5.1)
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to the evolution of the particlization surface, allowing for a simple approximation for τ . From this

equation, the hyperbola shown in this figure were drawn, using first τ = 0.2 fm/c, the standard

initialization time for a hydrodynamic simulation using TRENTo as the initial condition generator,

and later τ = 1.7 fm/c, as this value encompasses most of PYTHIA’s hadrons, as both figures on Fig.

5.7 indicates.

5.2 Final state observables

5.2.1 Multiplicity and momentum distribution

As mentioned in Sec. 4.1, the simulated events can be characterized using the number of particles

as functions of transverse momenta, collision’s centrality and angular distribution. The multiplicities

of charged particles, Nch, are one of the initial consistency metrics for the given outputs of any

simulation, when compared to particle detector’s results. The next few figures will present those

results for simulated particles given by 2D and 3D approaches for initial conditions in a hydrodynamic

chain. Also, as discussed in 3.2.1, the computational costs of running 3D hydrodynamics is considerably

larger than in the 2D approach, and for that reason the data sample of the former is smaller than

the latter. This may induce higher fluctuations and uncertainties in the following three-dimensional

results.
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Figure 5.8: Charged particles for two and three dimensional simulations, with data from [59].

Fig. 5.8 shows the total number of charged particles, integrated in 0.2 < pT < 5.0 GeV/c, for
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different classes of centrality, where each approach used its unique value of scale factor s in the

initial conditions. That is, the initial distribution is multiplied by a given factor that directly affects

the number of resulting particles, with the first centrality class generally being used as reference

when calculating those normalization constants. For this figure, s2D, P = 0.357 for PYTHIA 2D,

s2D, T = 901.625 for TRENTo 2D and s3D = 2.6 for PYTHIA 3D. This is done to ensure that the

output is consistent with the expected experimental results.

Notice that the results for PYTHIA presented in Fig. 5.8 shows an increasing divergence from

simulation results on higher values of centrality, with two-dimensional simulations being slightly closer

to data. Also, given that hydrodynamics is only a good approximation for non-peripheral events, as

the volume of the simulated fluid in this case is enough for thermalization to occur and to the QGP

to have an effect on the fluid’s behavior, a certain level of divergence in data for those high-centrality

events is expected. This will also be true for other observables, such as anisotropic flow in Sec. 5.2.2.

However, TRENTo’s output for charged particles provides a more accurate description of exper-

imental results. As a way to verify the extent of the description of this model, the distribution of

momenta of all approaches must also be analysed. The resulting transverse momenta spectra of parti-

cles is shown in Figs. 5.9, with each individual spectra plotted for chosen centrality ranges, and 5.10,

considering the mean over all centrality intervals.

In Figs. 5.9, while the particles generated with two and three-dimensional initial conditions have

around the same magnitude for this given range of transverse momenta, with Figs. 5.9 (a) and (c)

having few differences, the decrease in the number of particles for increasing pT is faster for Fig.

5.9 (b). This indicates a smaller count of particles with high momenta for all centrality classes

in the three-dimensional case, which translates in 3D simulations producing particles with smaller

average momentum than their 2D counterpart. The reason for such characteristic of three-dimensional

simulations is related to the substructure of the initial densities: differently from the smoother, two-

dimensional initial conditions, which are given by integrating the energies and momentum of the ηs

coordinate over the xy plane, the properties of those particles are kept in three-dimensional initial

conditions, possibly producing a destructive interference at increasing momenta. Those hotspots of

energy and momentum interact throughout the evolution of the initial density, where a smaller pT

will be produced as the momenta components are not summed in a projection of the xy plane. This

same conclusion is given by the mean over centrality classes shown in Fig. 5.10. Although there are

more particles with pT < 1.5 GeV/c being predicted in the 3D approach than in the actual data in
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Figure 5.9: Transverse momenta spectra for hydrodynamic simulations for nine centrality classes using
(a) two-dimensional and (b) three-dimensional PYTHIA initial conditions, and (c) TRENTo initial
conditions.
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Figure 5.10: Comparison of PYTHIA and TRENTo results for pT distribution integrated from 0 to
70% in centrality. Experimental data from [58].
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Figure 5.11: Selected transverse momenta spectra and comparison to experimental data [58] for (a)
central events (0− 5%) and (b) peripheral events (50− 60%).

this figure, the overall results pattern is closer to the measurements by the ALICE collaboration than

the ones given by the 2D simulations, which have an almost identical output in momenta.

Upon inspecting the outputs of central events, this result becomes even clearer through Fig. 5.11,

where two different centrality classes were compared to data: not only the spectra from central three-

dimensional events follows the behavior of experimental results, but it is accurate within experimental

uncertainty up to pT ≈ 1.7 GeV/c and presenting lower counts of particles while staying within 10%

of data for the highest value of transverse momenta studied.

However, for peripheral events as shown in Fig. 5.11 (b), neither approaches describe experimental

data, which corroborates the limitations of hydrodynamics as previously discussed. Also, as the spectra

from 2D PYTHIA and TRENTo for this figure differs only in magnitude and not in behavior, the

differences observed in Fig. 5.8 point to these approaches to initial conditions producing particles

with diverse η distributions.

An important remark for the distribution of momenta observed for TRENTo’s particles, as the

above-mentioned figures feature a similar spectra for this model and 2D PYTHIA, is that the original

tuning of the parameters used by the Duke collaboration, and also implemented in this project, does

not include the transverse momenta distribution of particles.
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5.2.2 Anisotropic flow results

Before presenting the results of this section, it is important to make some remarks on the centrality

class and pT interval chosen in the following figures. As discussed in [26], where the method of

acquiring the experimental data of choice for this analysis is also discussed, the values for elliptic

flow integrated in transverse momentum steadily increase from central to semi-peripheral collisions,

reaching a maximum value for two-particle correlations at 40−50% and, for four-particle correlations,

at 50− 60% in centrality. Being the highest output of flow for heavy-ion collisions, the experimental

results are also more readily available for the sNN = 2.76 TeV considered in this study. Notice that

[26] also employs the cumulant method throughout their v2 calculations.

However, the choice of centrality took into account the distribution of flow calculated for each

approach and presented in Figs 5.12 as a parameter: while the two-dimensional simulations using

PYTHIA follows the expected maximum for two-particle correlations discussed before and the pattern

of data on Fig. 5.12 (a), the maximum for TRENTo’s approach and the three-dimensional PYTHIA

simulations, respectively, was shown to be at 40 − 50% and 30 − 40%. Knowing that those are in

the semi-peripheral range, the highest value of 3D PYTHIA was then used as a reference for latter

discussions.
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Figure 5.12: Elliptic flow distribution ranging in centrality and integrated using 0.2 < pT < 5.0
GeV/c, where (a) includes two-particle correlation and (b) four-particle correlation results, with the
latter excluding negative values observed in the centrality range of 50−70%. Experimental data from
[26].

As for the transverse momenta range chosen, the intervals 0.2 < pT < 3.0 GeV/c and 0.2 < pT <

3.2 GeV/c were selected to display the differential flow results, as values greater than 3.2 GeV/c

produce significantly more fluctuations and have an increased margin of uncertainty, although Fig.
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5.12 maintains the experimental pT range of 0.2 < pT < 5.0 GeV/c in its calculation.

Comparing each approach and their resulting anisotropy in centrality classes, it can be seen that

although the behavior of simulated particles for the TRENTo approach is closely related to data up to

centrality 30 − 40%, all approaches shows an increase in flow coefficients, which points to significant

contributions from hydrodynamics and QCD predictions for the total observed anisotropy. It can

also be said that the TRENTo + hydrodynamics model expects similar contributions from local and

global phenomena, on central and semi-central events, as observed in data, given that those are more

prominent for two-particle correlations. Also, hydrodynamics does not to produce enough anisotropy

to describe the stability in v2{2} and slight decrease in v2{4} after the maximum value is reached

in experimental data, which can be a result of the previous discussions of Sec. 5.2.1 regarding the

validity of hydrodynamics for increasing centrality.
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Figure 5.13: Differential anisotropic flow outputs for the three hydrodynamic approaches, where (a)
uses two-particle correlation for the associated calculations and (b) four-particle correlation. Experi-
mental results from [26].

It is also possible to study the distribution of anisotropic flow using transverse momentum, charac-

terizing the collective expansion of the fluid and the resulting modulation of the angle for the resulting

particles with respect to their momenta. For two-particle correlation results given in Fig. 5.13 (a),

the behavior observed for simulated TRENTo particles follows the same pattern presented by the

data, with differences between each approach being given in different pT ranges: PYTHIA + hydro

simulations produce similar outputs for anisotropy for low momenta, with a fast increase in counts for

the three-dimensional method after pT > 1.5 GeV/c, nearing TRENTo’s and experimental data with

uncertainty bars considered at pT = 2.0 GeV/c and beyond. This implies that, while the expected

momenta distribution at low pT for 3D is close to data, as shown in Fig. 5.10, the resulting anisotropy

of such particles is still low, which can be a result of using hadrons produced at latter stages by
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PYTHIA: the larger the momenta of such particles, the greater their distance from the center of the

distribution will be, which can have an negative impact on the latter observed anisotropy. Including

the contribution of the momenta in the initial condition and studying initial conditions with an earlier

production of hadrons, however, could be a possible solution to the issue.

Four-particle correlation results, where less contributions from local phenomena are expected,

also follows the behavior observed on the experimental distribution. TRENTo’s approach predicts

higher than data values for pT > 1.7 GeV/c, meaning that the parametric initial conditions given

by this method will expect higher values of anisotropy given by global effects. On the other hand,

both PYTHIA approaches have lower-than-data values in the chosen pT range, predicting a smaller

influence of global effects on resulting particles.
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Figure 5.14: Elliptic flow with four-particle correlations for central events. Experimental data from
[26].

Another comparison for elliptic flow results can be done using the anisotropy calculated for central

events. Notice that, in Fig. 5.14, around pT > 0.8 GeV/c all the flow coefficients for 3D simulations

are comparable to data, considering their associated uncertainty, with results being similar to the

TRENTo approach. Considering the greater accuracy of three-dimensional approach discussed in Sec.

5.2.1 on central events, the results of Fig. 5.14 also point to consider a 3D model to be a more

appropriate way to describe anisotropic flow.

It is also important to study the behavior of higher harmonics, that is, vn with n > 2. Here,

triangular (v3) and quadrangular (v4) flow are presented in Figs. 5.15 for the centrality class of

30 − 40%, used previously on Figs. 5.13. Notice that, being higher order contributions, a higher

degree of uncertainty and fluctuations are expected to be present in data.
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Figure 5.15: Higher order anisotropy results for two and three-dimensional simulations. (a) triangular
and (b) quadrangular flow, with experimental results from [64].

When compared, the approaches for hydrodynamics shows very distinct behaviors between them-

selves. While 2D TRENTo display results that are within uncertainty with data for v3{2} in low pT

ranges, 3D PYTHIA has a similar distribution to the former after pT = 1.5 GeV. For Fig. 5.15 (b), it

can be seen that none of the proposed methodologies describes data, that is, hydrodynamics does not

produce large enough higher order anisotropy coefficients at v4.

0 10 20 30 40 50 60 70 80

Centrality percentile

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

{2
}

2ε
/ 

{2
}

2v

 = 2.76 TeVNNsPb-Pb 

3D PYTHIA
2D PYTHIA
2D TRENTo 

Figure 5.16: Ratio of elliptic flow to the eccentricity of a Pb+Pb collision for all approaches considered.

As for the impact of the geometry of the early stages of collision into the observed anisotropy

of final particles that was discussed in Sec. 4.2.1. Fig. 5.16 shows the ratio of elliptic flow using

two-particle correlations, v2{2}, to the respective geometry of the original event calculated in first

order, given by its eccentricity coefficient. This value can be interpreted as a response coefficient of

hydrodynamics-based evolution, i.e. v2 = αε2. In this figure, it can be seen that the resulting ratios

for each approach presents an almost constant behavior for central events, with a steady decrease in
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modulus for increasing centralities. This latter pattern can be understood considering the reduction

of calculated flow for peripheral events, as shown in Fig. 5.12 and discussed previously. For central

events, the increase in modulus for elliptic flow is proportional to the result observed in Fig. 5.4 (a),

pointing to the original substructure of a head-on event having greater influence over the observed

collective behavior of final particles.

Also, the original distribution causes less impact on three-dimensional PYTHIA simulations, which

indicate that this initial condition generates an anisotropy profile that is less sensitive to local phe-

nomena than the other approaches on higher centralities, which was also observed on Fig. 5.13 (b).

Additionally, all ratios being less than one means that the hydrodynamic response to the initial den-

sity results in a final distribution that is less elliptic when compared to the stages immediately after

the collision. This response can be different when not considering the attenuation effects caused by

viscosity: an ideal hydrodynamic simulation could potentially result in a more elliptical final shape,

and therefore a somewhat larger response coefficient α = v2/ε2.
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Conclusions and outlook

This project developed a new methodology to generate initial distributions for hydrodynamics

simulations using the resulting hadrons generated by PYTHIA, which is inspired on QCD and includes

multiple physical processes not considered by other alternatives used to simulate heavy-ion collisions.

A systematic study of such initial conditions from PbPb collisions was performed, with those being

either longitudinally invariant or fully three-dimensional, with the resulting output being used in a

hydrodynamics simulation chain. The results from our simulations were then explored in detail.

These initial conditions were generated by assigning a gaussian distribution to each hadron, gener-

ating the density profile in two or three dimensions necessary to initialize the hydrodynamic evolution.

These profiles were then characterized using their geometric properties: Sec. 5.1 shows that PYTHIA

initial conditions are composed of more hotspots, that is, structures with higher density than the

average of the distribution, than the alternative given by TRENTo and used as baseline. Moreover,

those former profiles were also shown to be smoother for central events, but forming lumpier structures

when considering centralities larger than 50%.

The next stage was to fully develop a hydrodynamic evolution by coupling those initial conditions to

a hydrodynamics-based simulation chain. The study presented in Sec. 5.2 made extensive comparisons

between using two and three-dimensional initial conditions and experimental data from the ALICE

collaboration. When comparing each approach for the initial profile, it was shown that the gradients

generated by including a third dimension have a different outcome from the 2D densities, given that

the latter projects the spatial rapidity component of hadrons into a plane. Moreover, the results

from 3D PYTHIA provide an accurate description of the transverse momentum spectra of particles,

specially when analysing central events. The addition of the third dimension, and the fact that it has

significant effects on the evolution of the initial density discussed in 5.2, indicates that this component

should not be neglected and might be essential to an accurate description of a heavy-ion system.

Another observable explored in this work was the anisotropic flow, which characterizes collective

behavior of final particles through a modulation of their azimuthal emission angle. All results have
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demonstrated the same behavior of differential elliptic flow, the second order anisotropy coefficient, on

central and semi-central collisions, given the limits of the hydrodynamic approach discussed in 5.2.1.

Additionally, PYTHIA’s 3D approach displayed greater accuracy for increasingly central collisions for

v2, while also predicting lower anisotropy coefficients than TRENTo and experimental data, with such

contrast being more relevant for four-particle correlations, where global effects are more prevalent and

thus influence the final distribution more strongly. Moreover, the ratio of elliptic flow to the eccentricity

of the initial density was also calculated, showing an approximately constant hydrodynamic response

in central events and a decrease of the influence from the initial stages for peripheral events.

As mentioned in Sec. 2.4, the generated initial conditions presented in this study only include

contributions from the spatial positions of hadrons produced in PYTHIA to formulate the density

distribution. The physics of such approach has the potential of improving significantly if the momenta

of those hadrons are also included as components of this initial profile. The hadron densities and

momentum distribution of the new initial conditions have already been studied in Sec. 5.1, with those

results being essential to initiate this extension. Along with the use of momenta, another possible

approach to improve this model would be to develop a modification for the PYTHIA code that allows

the use of partons directly, excluding the necessity of using its hadrons to generate an initial density.

Furthermore, given that the original hydrodynamic parameters, such as the transport coefficients, were

initially tuned for two-dimensional initial densities, reevaluating those variables for a three-dimensional

simulation would be beneficial not only for this project, but also to other initial stage methods, as

these calculations including three-dimensional parameters have not yet been done.
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