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❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛✲
t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✲
✜❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ❡①✐❣✐❞♦s ♣❛r❛ ❛ ♦❜✲
t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❛ ❡♠ ▼❛t❡♠át✐❝❛✳

❖r✐❡♥t❛❞♦r✿ ❘■❈❆❘❉❖ ▼■❘❆◆❉❆ ▼❆❘❚■◆❙

❊st❡ tr❛❜❛❧❤♦ ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧ ❞❛
❉✐ss❡rt❛çã♦ ❞❡❢❡♥❞✐❞❛ ♣❡❧❛ ❛❧✉♥❛ ▼❛②❛r❛
❉✉❛rt❡ ❞❡ ❆r❛✉❥♦ ❈❛❧❞❛s ❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦
Pr♦❢✳ ❉r✳ ❘✐❝❛r❞♦ ▼✐r❛♥❞❛ ▼❛rt✐♥s✳

❈❆▼P■◆❆❙
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❆♦s ♠❡✉s ♣❛✐s ❆❝á❝✐❛ ❡ ❋r❛♥❝✐s❝♦✱
❡ à ♠✐♥❤❛ ✐r♠ã ▲❡tí❝✐❛✳



❆●❘❆❉❊❈■▼❊◆❚❖❙

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣❡❧❛ ♠✐♥❤❛ ✈✐❞❛✱ ♣❡❧♦ s❡✉ ❛♠♦r ❡ ♣♦r s❡♠♣r❡
❡st❛r ❛♦ ♠❡✉ ❧❛❞♦ ♠❡ ❣✉✐❛♥❞♦✳

❆♦s ♠❡✉s ♣❛✐s✱ ❆❝á❝✐❛ ❡ ❋r❛♥❝✐s❝♦✱ ❛❣r❛❞❡ç♦ ❞❡ ❝♦r❛çã♦ ♣♦r t♦❞♦ ❛♠♦r✱ ♣♦r
♠❡ ♣❡r♠✐t✐r❡♠ ❢❛③❡r ♣❛rt❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❡①❝❡♣❝✐♦♥❛❧✱ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❛♦ ❧♦♥❣♦ ❞❛
✈✐❞❛✱ ♣♦r t♦❞♦ ♦ ❝✉✐❞❛❞♦ ❛té ❤♦❥❡✱ ♣♦r ♠❡ t♦r♥❛r❡♠ ❛ ♣❡ss♦❛ q✉❡ s♦✉✱ ♣♦r s❡♠♣r❡ ♠❡
✐♥❝❡♥t✐✈❛r❡♠ ❡ ❛❝r❡❞✐t❛r❡♠ ♥♦ ♠❡✉ ♣♦t❡♥❝✐❛❧✳ ❙❡♠ ❡❧❡s✱ ♥❛❞❛ ❞✐ss♦ s❡r✐❛ ♣♦ssí✈❡❧✳

➚ ♠✐♥❤❛ ✐r♠ã✱ ▲❡tí❝✐❛✱ s♦✉ ❣r❛t❛ ♣♦r ♠❡ t♦r♥❛r ❛ ✐r♠ã ♠❛✐s ✈❡❧❤❛ ❞❡ ✉♠❛
♣❡ss♦❛ ♠❛r❛✈✐❧❤♦s❛✱ ♣♦r ♠❡ ♣❡r♠✐t✐r ❝✉✐❞❛r ❞❡❧❛✱ ♠❡s♠♦ s❡♥❞♦ ♠✉✐t❛s ✈❡③❡s ❡❧❛ q✉❡ ❝✉✐❞❛
❞❡ ♠✐♠✱ ♣♦r ♠❡ ❡♥s✐♥❛r ✈ár✐❛s ❝♦✐s❛s✱ ♣❡❧❛s ❛rt❡s ❢❡✐t❛s ❡♠ ❝❛s❛ ❡ ♣♦r ❢❛③❡r ♠✐♥❤❛ ✈✐❞❛
♠❛✐s ❛❧❡❣r❡✳

❆♦s ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s✱ ❛❣r❛❞❡ç♦ ♣❡❧♦ ❛♠♦r ❡ ❝❛r✐♥❤♦✱ ♣❡❧❛s ❜♦❛s r✐s❛❞❛s ❡
❝♦♥✈❡rs❛s ❡♠ ✈♦❧t❛ ❞❛ ♠❡s❛✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦ ❛♦ ❧♦♥❣♦ ❞❡st❛ ❥♦r♥❛❞❛✳

❉❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧✱ s♦✉ ❣r❛t❛ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢✳ ❉r✳ ❘✐❝❛r❞♦ ▼✐r❛♥❞❛
▼❛rt✐♥s✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❞❡♣♦s✐t❛❞❛ ♥♦ ♠❡✉ tr❛❜❛❧❤♦✱ ♣♦r t♦❞♦s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s tr❛♥s✲
❢❡r✐❞♦s ♥❡ss❡s ❛♥♦s✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❞✐s♣♦s✐çã♦ ❡♠ ♠❡ ❛❥✉❞❛r ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s✱ ❞❡ t♦❞♦s ♦s ♥í✈❡✐s✱ ♣♦r ♠❡ ❞❛r❡♠ ❛ ❜❛s❡
♥❡❝❡ssár✐❛ ♣❛r❛ ❢❛③❡r ✉♠ ❜♦♠ tr❛❜❛❧❤♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ Pr♦❢✳ ❉r✳ ❨✉r✐ ❇♦③❤❦♦✈✱ ♣❡❧♦s
❡♥s✐♥❛♠❡♥t♦s ♥♦ ♣❡rí♦❞♦ ❡♠ q✉❡ ❢✉✐ P❆❉ ❞❡ ❈á❧❝✉❧♦ ■ ❞❛s s✉❛s t✉r♠❛s✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❞❛ ❯♥✐❝❛♠♣ ❡ ❞❡ ❢♦r❛ ❞❡❧❛✱ ❛❣r❛❞❡ç♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♣❡❧♦
❝❛r✐♥❤♦✱ ♣❡❧❛s ❜♦❛s ❝♦♥✈❡rs❛s✱ ♣❡❧❛s r✐s❛❞❛s ❡ ♣♦r t♦❞❛ ❛❥✉❞❛ ♥❡ss❡ ❝❛♠✐♥❤♦✳

❘❡s❡r✈♦ ✉♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ ❆❧❢r❡❞♦ ❱✐t♦r✐♥♦✱ ♣♦r t♦❞♦ ❝❛r✐♥❤♦✱
❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❝♦♠♣r❡❡♥sã♦✱ ✐♥❝❡♥t✐✈♦ ❡ ❛❥✉❞❛ ♥♦ ❞❡❝♦rr❡r ❞❡st❛ ❥♦r♥❛❞❛✱ ♣♦r t♦r♥❛r ♦
❝❛♠✐♥❤♦ ♠❛✐s ❧❡✈❡ ❡ ❛❧❡❣r❡✳

❆ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯♥✐❝❛♠♣✱ ❡♠ ❡s♣❡❝✐❛❧ ❞♦ ■▼❊❈❈✱ ♣❡❧♦ ❡①❝❡❧❡♥t❡
tr❛❜❛❧❤♦ ❡ ♣♦r s❡♠♣r❡ ❡st❛r❡♠ ❞✐s♣♦st♦s ❛ ❛❥✉❞❛r✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❝♦♠ ❛♣♦✐♦ ❞❛ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛✲
♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✲ ❇r❛s✐❧ ✭❈❆P❊❙✮ ✲ ❈ó❞✐❣♦ ❞❡ ❋✐♥❛♥❝✐❛♠❡♥t♦ ✵✵✶ ❡
t❛♠❜é♠ ❞❛ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ ❡ P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦ ✭❋❆P❊❙P✮✱ ♣r♦❝❡ss♦
✷✵✶✻✴✷✶✾✼✺✲✽✳



P♦r ✜♠✱ ❛ t♦❞♦s ❛q✉❡❧❡s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ t♦r♥❛r❛♠ ❛ ❝♦♥❝r❡t✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦ ♣♦ssí✈❡❧✳



◗✉❡ ♦s ✈♦ss♦s ❡s❢♦rç♦s ❞❡s❛✜❡♠ ❛s ✐♠♣♦ss✐❜✐❧✐❞❛❞❡s✱
❧❡♠❜r❛✐✲✈♦s ❞❡ q✉❡ ❛s ❣r❛♥❞❡s ❝♦✐s❛s ❞♦ ❤♦♠❡♠
❢♦r❛♠ ❝♦♥q✉✐st❛❞❛s ❞♦ q✉❡ ♣❛r❡❝✐❛ ✐♠♣♦ssí✈❡❧✳

❈❤❛r❧❡s ❈❤❛♣❧✐♥



❘❊❙❯▼❖

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s ♣♦r ♣❛rt❡s✱ ❞❛♥❞♦ ê♥❢❛s❡
❛ ✉♠❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s q✉❡ sã♦ ❧✐♥❡❛r❡s ❡♠ ✐♥✜♥✐t❛s ③♦♥❛s ❞♦ ♣❧❛♥♦✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦
❞❡ ❛♥❛❧✐s❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡
❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡♥tr♦ ❞❡ss❛ ❝❧❛ss❡✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛s ③♦♥❛s ❝♦♠♦ s❡♥❞♦ q✉❛❞r❛❞♦s ❛❜❡rt♦s ❞❡ ár❡❛
✉♥✐tár✐❛ ❡ ❞❡✜♥✐♠♦s ❡♠ ❝❛❞❛ q✉❛❞r❛❞♦ ✉♠ ❝❛♠♣♦ ❧✐♥❡❛r ❤♦♠♦❣ê♥❡♦✱ ❞❡✜♥✐♥❞♦ ♥♦ ♣❧❛♥♦
✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦✳ P❛r❛ ❡st❡ ❝❛♠♣♦✱ ❡st❛❜❡❧❡❝❡♠♦s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛
q✉❡ ❛ ♦r✐❣❡♠ s❡❥❛ ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❞✐✈✐sã♦ ❞♦ ♣❧❛♥♦ ❡♠ ✉♠❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r
♥ã♦ ✉♥✐❢♦r♠❡ ❡ ❞❡✜♥✐♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣♦❧✐♥♦♠✐❛❧ q✉❡✱ q✉❛♥❞♦ r❡str✐t♦ ❛♦ ✐♥t❡r✐♦r
❞❡ ❝❛❞❛ ③♦♥❛✱ é ❧✐♥❡❛r ❡ ♥ã♦✲❤♦♠♦❣ê♥❡♦✳ P❛r❛ ❡st❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ❞❡s❝♦♥tí♥✉♦s✱ ❡st❛✲
❜❡❧❡❝❡♠♦s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ♦ ❝❛♠♣♦ s❡❥❛ ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❙✉❛✈❡s ♣♦r P❛rt❡s✳ ❊st❛❜✐❧✐❞❛❞❡ ❆ss✐♥tót✐❝❛✳ ❊s✲
t❛❜✐❧✐❞❛❞❡ ❊str✉t✉r❛❧✳



❆❇❙❚❘❆❈❚

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❝❧❛ss
♦❢ ♣❧❛♥❛r s②st❡♠s ✇✐t❤ ✐♥✜♥✐t❡❧② ♠❛♥② ③♦♥❡s✱ t♦ ♦❜t❛✐♥ s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ❛s②♠♣t♦t✐❝
st❛❜✐❧✐t② ♦❢ ❛ s✐♥❣✉❧❛r ♣♦✐♥t ❛♥❞ t❤❡ str✉❝t✉r❛❧ st❛❜✐❧✐t② ♦❢ ✈❡❝t♦r ✜❡❧❞s ✐♥ t❤✐s ❝❧❛ss ♦❢
❞②♥❛♠✐❝❛❧ s②st❡♠s✳

■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ③♦♥❡s ❛s ♦♣❡♥ ✉♥✐t❛r② sq✉❛r❡s ❛♥❞ ✇❡ ❞❡✜♥❡
✐♥ ❡❛❝❤ sq✉❛r❡ ❛ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡♦✉s ✈❡❝t♦r ✜❡❧❞✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❝t♦r
✜❡❧❞✳ ❲❡ ❡st❛❜❧✐s❤ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t t❤❡ ♦r✐❣✐♥ ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✐❝ st❛❜❧❡✱
❢♦r t❤✐s ❝❧❛ss ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❧❛♥❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❛ ♥♦♥✲✉♥✐❢♦r♠ r❡❝t❛♥✲
❣✉❧❛r ♠❡s❤ ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✈❡❝t♦r ✜❡❧❞ t❤❛t ✐s ❧✐♥❡❛r ❛♥❞ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s
✐♥ ❡❛❝❤ r❡t❛♥❣❧❡✳ ❲❡ st✉❞② t❤❡ str✉❝t✉r❛❧ st❛❜✐❧✐t② ❢♦r t❤✐s ❝❧❛ss ♦❢ ✈❡❝t♦r ✜❡❧❞s✳

❑❡②✇♦r❞s✿ P✐❡❝❡✇✐s❡ ❙♠♦♦t❤ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙tr✉❝t✉r❛❧ ❙t❛❜✐❧✐t②✳ ❆s②♠♣t♦t✐❝
❙t❛❜✐❧✐t②✳



❙❯▼➪❘■❖

■♥tr♦❞✉çã♦ ✶✸

✶ Pr❡❧✐♠✐♥❛r❡s ✶✺

✶✳✶ ❙✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✶ Ór❜✐t❛s ❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✷ ❙❡♣❛r❛tr✐③❡s✱ Ór❜✐t❛s P❡r✐ó❞✐❝❛s ❡ ❈✐❝❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✶✳✸ ❊q✉✐✈❛❧ê♥❝✐❛ ❚♦♣♦❧ó❣✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✷ ❊st❛❜✐❧✐❞❛❞❡ ❊str✉t✉r❛❧ ❡♠ ❙✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✸ ❘❡❣✉❧❛r✐③❛çã♦ ❚❡✐①❡✐r❛✲❙♦t♦♠❛②♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✶✳✹ ❊st❛❜✐❧✐❞❛❞❡ ❙❡❣✉♥❞♦ ▲②❛♣✉♥♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✺ ❖ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇❡♥❞✐①s♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✻ ❈♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷ ❊st❛❜✐❧✐❞❛❞❡ ❆ss✐♥tót✐❝❛ ✹✽

✷✳✶ ❆♣r❡s❡♥t❛çã♦ ❞♦ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷ ❆ ❊①t❡♥sã♦ ♣❛r❛ R2 \ S ′′ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✸ ❆ ❊①t❡♥sã♦ ♣❛r❛ R2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✹ ❊①❡♠♣❧♦ ❞❛s ❊①t❡♥sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✺ Pr♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸ ❊st❛❜✐❧✐❞❛❞❡ ❊str✉t✉r❛❧ ✻✽

✸✳✶ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ▲✐♥❡❛r❡s ♣♦r P❛rt❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡ Ór❜✐t❛s P❡r✐ó❞✐❝❛s ♥♦ ■♥✜♥✐t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✸ ❈♦♥❝❡✐t♦s ❈♦♠♣❧❡♠❡♥t❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✹ ❚❡♦r❡♠❛ ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ❡ ●❡♥❡r✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
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■◆❚❘❖❉❯➬➹❖

❆ ❚❡♦r✐❛ ❞♦s ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ❙✉❛✈❡s ♣♦r P❛rt❡s é ✉♠ ❛ss✉♥t♦ q✉❡ t❡♠
r❡❝❡❜✐❞♦ ♠✉✐t❛ ❛t❡♥çã♦ ♥♦s ú❧t✐♠♦s ❛♥♦s ✭✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶✸❪✮✳ ❊♥q✉❛♥t♦ ♦s s✐st❡♠❛s
❞✐♥â♠✐❝♦s s✉❛✈❡s ✭❞❡ ❝❧❛ss❡ Ck✮ ❥á ♣♦ss✉❡♠ ✉♠❛ t❡♦r✐❛ só❧✐❞❛ ❞❡s❞❡ ❛ ❞é❝❛❞❛ ❞❡ ✻✵✱
✐♥❝❧✉✐♥❞♦ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ✭✈❡❥❛ ❬✶✹❪✮✱ s♦♠❡♥t❡ ♥❛s
❞✉❛s ú❧t✐♠❛s ❞é❝❛❞❛s ♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s ♣♦r ♣❛rt❡s ❢♦r❛♠ ❡st✉❞❛❞♦s ❞❡ ✉♠
♣♦♥t♦ ❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✳

❈♦♥s✐❞❡r❛♥❞♦ ❛s ❛♣❧✐❝❛çõ❡s ❡①✐st❡♥t❡s✱ ♦ ❡st✉❞♦ ❢♦r♠❛❧ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s
s✉❛✈❡s ♣♦r ♣❛rt❡s ✭♦✉ ❞❡s❝♦♥tí♥✉♦s✮ ❝♦♠❡ç♦✉ ❝♦♠ ♦ ❝❛s♦ ❞♦s s✐st❡♠❛s ♣❧❛♥❛r❡s ❧✐♥❡❛r❡s
♣♦r ♣❛rt❡s✱ ♦✉ ❡♥tã♦ ♥♦ ❝❛s♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧ ❞❡ s✐st❡♠❛s ♣❧❛♥❛r❡s ♣♦❧✐♥♦♠✐❛✐s ♣♦r
♣❛rt❡s✱ ♣♦ré♠ ❝✉❥❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡st❛✈❛ s♦❜r❡ ✉♠❛ r❡t❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♦s ♣r✐♠❡✐r♦s
r❡s✉❧t❛❞♦s só❧✐❞♦s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❡ ❜✐❢✉r❝❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠
❬✼❪✳

P❛r❛❧❡❧❛♠❡♥t❡✱ ❛❧❣✉♥s ❛✉t♦r❡s ❝♦♠❡ç❛r❛♠ ❛ ❛❜♦r❞❛r s✐t✉❛çõ❡s ♠❛✐s ❣❡r❛✐s✱
❝♦♠♦ s✐st❡♠❛s s✉❛✈❡s ♣♦r ♣❛rt❡s ❞❡✜♥✐❞♦s ❡♠ ✈❛r✐❡❞❛❞❡s✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ❡♠ ❬✷❪✱
s✐st❡♠❛s ♣❧❛♥❛r❡s ❝♦♠ ❞✉❛s ❧✐♥❤❛s ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♦✉ s✐st❡♠❛s tr✐❞✐♠❡♥s✐♦♥❛✐s ❞❡s✲
❝♦♥tí♥✉♦s s♦❜r❡ ✉♠ ♦✉ ♠❛✐s ♣❧❛♥♦s✱ ❝♦♥❢♦r♠❡ ❬✶✵❪✳ ❆❧é♠ ❞✐ss♦✱ ♠✉✐t❛ ê♥❢❛s❡ ❢♦✐ ❞❛❞❛ ❛♦
❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ♣❛r❛ t❛✐s s✐st❡♠❛s✱ ❞❡✈✐❞♦ à ❢♦rt❡ r❡❧❛çã♦ ❝♦♠ ❛ t❡♦r✐❛
❞❡ ❝♦♥tr♦❧❡✱ ❝♦♠♦ ✈✐st♦ ❡♠ ❬✶❪✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛♠♦s ❞♦✐s ❝❛s♦s r❡❧❡✈❛♥t❡s ❞❡ s✐st❡♠❛s s✉❛✈❡s ♣♦r ♣❛r✲
t❡s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❡st✉❞❛♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s s✉❛✈❡s ♣♦r ♣❛rt❡s✱ q✉❡ sã♦ ❧✐♥❡❛r❡s
♥♦ ✐♥t❡r✐♦r ❞❡ ✐♥✜♥✐t♦s q✉❛❞r❛❞♦s ✉♥✐tár✐♦s ♥♦ ♣❧❛♥♦ R2✳ ❚❡♠♦s ♦ ❝❛♠♣♦ ❞❡✜♥✐❞♦ ❡♠ R2

❝♦♠ ❡①❝❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥❛s ❢r♦♥t❡✐r❛s ❞♦s q✉❛❞r❛❞♦s✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r S✱
❡ ❡st❛❜❡❧❡❝❡♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❛ ♦r✐❣❡♠ s❡❥❛ ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳
◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❞✐✈✐❞✐♠♦s ♦ ♣❧❛♥♦ ❡♠ ✉♠❛ ♠❛❧❤❛ ♥ã♦ ✉♥✐❢♦r♠❡ (Γ,∆) ❡ ❞❡✜♥✐♠♦s ✉♠
❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣♦❧✐♥♦♠✐❛❧ q✉❡✱ r❡str✐t♦ ❛♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛ ③♦♥❛ ❞❛ ♠❛❧❤❛✱ é ❧✐♥❡❛r ♥ã♦✲
❤♦♠♦❣ê♥❡♦✳ ❉❡♥♦t❛♠♦s ♣♦r ΞΓ,∆ ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ❝❛♠♣♦s ❞❡st❛ ❢♦r♠❛ ❡ ❛♣r❡s❡♥t❛♠♦s
❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠ ❝❛♠♣♦ ❡♠ ΞΓ,∆ s❡❥❛ ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✳

❖ ❡st✉❞♦ ❞❡ s✐st❡♠❛s s✉❛✈❡s ♣♦r ♣❛rt❡s ❝✉❥❛ r❡❣✐ã♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ é ✉♠❛
♠❛❧❤❛✱ s❡❥❛ ✜♥✐t❛ ♦✉ ✐♥✜♥✐t❛✱ ✐♥tr♦❞✉③ ✉♠ ❝♦♠♣❧✐❝❛❞♦r ❡①tr❛ ♥❛ t❡♦r✐❛✳ ❆ ❝♦♥✈❡♥çã♦ ❞❡
❋✐❧✐♣♣♦✈ ♣r❡❝✐s❛ s❡r ❛♣❧✐❝❛❞❛ ✈ár✐❛s ✈❡③❡s✱ ❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ r❡❣✉❧❛r✐③❛çã♦ ✭❡♠ ♣❛rt✐❝✉❧❛r
❛ r❡❣✉❧❛r✐③❛çã♦ ❞❡ ❙♦t♦♠❛②♦r✲❚❡✐①❡✐r❛✮ ♥ã♦ t❡♠ ❛♣❧✐❝❛çã♦ tã♦ ✐♠❡❞✐❛t❛✳

❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s q✉❡ ❞❡♠♦♥str❛♠♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❡stã♦ ❛ s❡❣✉✐r



✶✹

❚❡♦r❡♠❛ ❆✿ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ ❍✉r✇✐t③ ❡♠ R2 \ S✱ ✐st♦ é✱ t♦❞♦s ♦s
❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ DF (x) tê♠ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ R2✱
❝♦♠ δ(X) < 0✱ ♦♥❞❡ δ(X) é ♦ s✉♣r❡♠♦ ❞❛ ♣❛rt❡ r❡❛❧ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❛s ♠❛tr✐③❡s q✉❡
❞❡✜♥❡♠ ♦ ❝❛♠♣♦ X ♥♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛ q✉❛❞r❛❞♦ ❞❡ ár❡❛ ✉♥✐tár✐❛ ♥♦ ♣❧❛♥♦✳ ❊♥tã♦✱ ❛
♦r✐❣❡♠ é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ X✳

❚❡♦r❡♠❛ ❇✿ P❛r❛ ♦ ❝♦♥❥✉♥t♦ ΣΓ,∆ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s
❛♣r❡s❡♥t❛❞❛s ♣♦r ●❛r❝✐❛ ❡ ❙♦t♦♠❛②♦r ❡♠ ❬✶✺❪ ❞❡ (Γ,∆)✲s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❞❡ (Γ,∆)✲ór❜✐t❛s
♣❡r✐ó❞✐❝❛s ❡ ♥ã♦ ♣♦ss✉❡♠ (Γ,∆)✲❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✶✳ ΣΓ,∆ é ❛❜❡rt♦ ❡♠ ΞΓ,∆✱

✷✳ ΣΓ,∆ é ❞❡♥s♦ ❡♠ ΞΓ,∆✱

✸✳ ❚♦❞♦ X ∈ ΣΓ,∆ é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✳

❖ ❚❡♦r❡♠❛ ❆ s❡ ❡♥❝♦♥tr❛ ❡♠ ❬✶✶❪ ❡ ♦ ❚❡♦r❡♠❛ ❇ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✶✺❪ ❡ ♥❛
❞✐ss❡rt❛çã♦ ❬✽❪✳

❆ ❡str✉t✉r❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❞❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶✱ ❡①✐❜✐✲
♠♦s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦s t❡♦r❡♠❛s ❛❝✐♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱
❞❡s❝r❡✈❡♠♦s ❝♦♠ ❞❡t❛❧❤❡s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡✜♥✐❞♦ ❡♠ R2 \S ❡ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s
❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆✳ ❏á ♥♦ ❈❛♣ít✉❧♦ ✸✱
❞❡s❝r❡✈❡♠♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ♣❡rt❡♥❝❡♥t❡s ❛ ΞΓ,∆✱ ❡st✉❞❛♠♦s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ór❜✐t❛s
♣❡r✐ó❞✐❝❛s ❡ ❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s ♣❛r❛ ❡st❡s ❝❛♠♣♦s✱ ❞❡✜♥✐♠♦s q✉❛✐s sã♦ ❛s ❝♦♥❞✐çõ❡s
♠❡♥❝✐♦♥❛❞❛s ♥♦ ❚❡♦r❡♠❛ ❇ ❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦✳
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❈❆P❮❚❯▲❖ ✶

P❘❊▲■▼■◆❆❘❊❙

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ♥♦çõ❡s ❡ ❢❡rr❛♠❡♥t❛s q✉❡
sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❡st✉❞❛♠♦s ❙✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈✱ ❝♦♠ ❜❛s❡ ♥❛s r❡❢❡rê♥❝✐❛s
❬✺❪✱ ❬✼❪ ❡ ❬✾❪✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡♥ér✐❝♦ ❧♦❝❛❧ ❞❡ss❡s s✐st❡♠❛s é ❛❜♦r❞❛❞♦ ♥❛ s❡❣✉♥❞❛
s❡çã♦✱ ♥❛ q✉❛❧ t❛♠❜é♠ ❡st✉❞❛♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡st❡s s✐st❡♠❛s✳ ❆ t❡r❝❡✐r❛
s❡çã♦ tr❛t❛ ❞❛ r❡❣✉❧❛r✐③❛çã♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❧✐♥❡❛r❡s ♣♦r ♣❛rt❡s✱ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r
❚❡✐①❡✐r❛ ❡ ❙♦t♦♠❛②♦r ❡♠ ❬✶✶❪ ❡ ❬✶✻❪✳ ◆❛s ❞✉❛s s❡çõ❡s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡
▲②❛♣✉♥♦✈ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇❛♥❞✐①♦♥✱ q✉❡ ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✸❪ ❡ ❬✷✵❪✳ P♦r ✜♠✱
♥❛ ú❧t✐♠❛ s❡çã♦ ❡①✐❜✐♠♦s ❛ ❈♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré ♣❛r❛ ❛ q✉❛❧ ❬✻❪ ❡ ❬✶✾❪ sã♦ ❜♦❛s
r❡❢❡rê♥❝✐❛s✳

✶✳✶ ❙✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈

◆❡st❛ s❡çã♦✱ ❛❜♦r❞❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡♠ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ♣♦r P❛r✲
t❡s✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦s ♣♦r ❙✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈✳ ❖ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ♥❡ss❡s s✐st❡♠❛s
♥ã♦ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ♣r♦♣r✐❛♠❡♥t❡ ♣❡❧❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s✱
♣♦r ❝♦♥t❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❝♦♥❝❡✐✲
t♦s sã♦ ❛❞❛♣t❛❞♦s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠❛♥t❡r ❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣♦rt❛♥t❡s ❡①✐st❡♥t❡s ❡♠
s✐st❡♠❛s s✉❛✈❡s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦s tr❛❥❡tór✐❛s✱ ór❜✐t❛s ❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡①✐❜✐♥❞♦ ❛❧❣✉♥s
❡①❡♠♣❧♦s ♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦✳ ❊♠ s❡❣✉✐❞❛✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ s❡♣❛r❛tr✐③❡s✱ ór✲
❜✐t❛s ♣❡r✐ó❞✐❝❛s ❡ ❝✐❝❧♦s✳ P♦r ✜♠✱ ❞❡✜♥✐♠♦s ❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ♣❛r❛ ❡ss❡ t✐♣♦ ❞❡
s✐st❡♠❛✳

✶✳✶✳✶ Ór❜✐t❛s ❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s

❙❡❥❛♠ X ❡ Y ❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉❛✈❡s ❞❡✜♥✐❞♦s ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦
❡ ❝♦♥❡①♦ U ⊂ R2 ❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛ss✉♠❛ q✉❡ ❛ ♦r✐❣❡♠ ♣❡rt❡♥ç❛ ❛ U ✳
❈♦♥s✐❞❡r❡ f : U → R ✉♠ ❣❡r♠❡ ❞❡ ✉♠❛ ❢✉♥çã♦ Cr✱ ❝♦♠ r > 1✱ ✭Cr ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❛s
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❖❜s❡r✈❛çã♦ ✶✳✶✳✶✳ ❘❡❝♦r❞❡ q✉❡ ♦ ✢✉①♦ ϕX(t, p) ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s✉❛✈❡ ❛✉tô♥♦♠♦
X ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U s❛t✐s❢❛③







d

dt
ϕX(t, p) = X(ϕX(t, p)),

ϕX(0, p) = p
✭✶✳✶✳✸✮

❡ ❡stá ❞❡✜♥✐❞♦ ♣❛r❛ t ∈ I ⊂ R✱ ♦♥❞❡ I = I(p,X) é ✉♠ ✐♥t❡r✈❛❧♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦
p ∈ U ❡ ❞♦ ❝❛♠♣♦ X✳ P❛r❛ ❢❛❝✐❧✐t❛r ❛ ♥♦t❛çã♦✱ ❞❡✐①❛r❡♠♦s ✐♠♣❧í❝✐t❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦
✐♥t❡r✈❛❧♦✳ ❈♦♠♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❛✉tô♥♦♠♦s✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r
❛ ♦r✐❣❡♠ ♥♦ t❡♠♣♦ t = 0✳

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❆ tr❛❥❡tór✐❛ ❧♦❝❛❧ ✭♦✉ s♦❧✉çã♦ ♦r❜✐t❛❧✮ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❋✐❧✐♣♣♦✈
❞❛ ❢♦r♠❛ ✭✶✳✶✳✶✮ ♣♦r ✉♠ ♣♦♥t♦ p é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ P❛r❛ p ∈ Σ+ ❡ p ∈ Σ−✱ t❛✐s q✉❡ X(p) 6= 0 ❡ Y (p) 6= 0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s tr❛❥❡tór✐❛s
sã♦ ❞❛❞❛s ♣♦r ϕZ(t, p) = ϕX(t, p) ❡ ϕZ(t, p) = ϕY (t, p)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ t ∈
I ⊂ R✳

✷✳ P❛r❛ p ∈ Σc✱ t❡♠♦s ❞♦✐s ❝❛s♦s✿

❛✮ ❙❡ Xf (p), Yf (p) > 0 ❡ t♦♠❛♥❞♦ ❛ ♦r✐❣❡♠ ❞♦ t❡♠♣♦ ❡♠ p✱ ❛ tr❛❥❡tór✐❛ é ❞❡✜♥✐❞❛
♣♦r

ϕZ(t, p) =

{

ϕX(t, p), t ∈ I ∩ {t ≥ 0},
ϕY (t, p), t ∈ I ∩ {t ≤ 0}.

❜✮ ❙❡ Xf (p), Yf (p) < 0 ❡ t♦♠❛♥❞♦ ❛ ♦r✐❣❡♠ ❞♦ t❡♠♣♦ ❡♠ p✱ ❛ tr❛❥❡tór✐❛ é ❞❡✜♥✐❞❛
♣♦r

ϕZ(t, p) =

{

ϕY (t, p), t ∈ I ∩ {t ≥ 0},
ϕX(t, p), t ∈ I ∩ {t ≤ 0}.

✸✳ P❛r❛ p ∈ Σs ∪ Σe t❛❧ q✉❡ Zs(p) 6= 0 ❞❡✜♥✐♠♦s ϕZ(t, p) = ϕZs(t, p)✱ ♣❛r❛ t ∈ I✱ ♦♥❞❡
Zs é ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ❞❡✜♥✐❞♦ ❡♠ ✭✶✳✶✳✷✮✳

✹✳ P❛r❛ p ∈ ∂Σc ∪ ∂Σs ∪ ∂Σe t❛❧ q✉❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ tr❛❥❡tór✐❛s ♣❛r❛ ♣♦♥t♦s ❡♠ Σ ❡♠
❛♠❜♦s ♦s ❧❛❞♦s ❞❡ p ♣♦❞❡♠ s❡r ❡st❡♥❞✐❞❛s ♣❛r❛ p ❡ ❝♦✐♥❝✐❞❡♠✱ ❛ tr❛❥❡tór✐❛ ♣♦r p é
❡st❛ tr❛❥❡tór✐❛ ❡st❡♥❞✐❞❛✳ ◆❡st❡ ❝❛s♦✱ ❝❤❛♠❛r❡♠♦s p ✉♠ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛ r❡❣✉❧❛r✳

✺✳ P❛r❛ ♦s ♣♦♥t♦s p q✉❡ ♥ã♦ s❡ ❡♥q✉❛❞r❛♠ ♥♦s ✐t❡♥s ❛❝✐♠❛✱ ❞❡✜♥✐♠♦s ϕZ(t, p) = p✱
∀t ∈ R✳ ❊st❡ é ♦ ❝❛s♦ ❞♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ ♥ã♦ r❡❣✉❧❛r❡s✱ ❝❤❛♠❛❞♦s t❛♥❣ê♥✲
❝✐❛s s✐♥❣✉❧❛r❡s✱ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ X ❡ Y ❡♠ Σ± ❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❝❛♠♣♦
❞❡s❧✐③❛♥t❡ Zs ❡♠ ∂Σs ∪ ∂Σe✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❆ ór❜✐t❛ ❧♦❝❛❧ ❞❡ ✉♠ ♣♦♥t♦ p ∈ U é ♦ ❝♦♥❥✉♥t♦

γ(p) = {ϕZ(t, p) : t ∈ I}.

❈♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ s✐st❡♠❛s ❛✉tô♥♦♠♦s✱ ✉t✐❧✐③❛r❡♠♦s ♦s t❡r♠♦s ór❜✐t❛
❡ tr❛❥❡tór✐❛ ✐♥❞✐st✐♥t❛♠❡♥t❡✱ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ♣❡r✐❣♦ ❞❡ ❝♦♥❢✉sã♦✳
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❖❜s❡r✈❛çã♦ ✶✳✶✳✷✳ ❆ ❝♦♥✈❡♥çã♦ ❞❡ ❋✐❧✐♣♣♦✈ ♣r❡s❡r✈❛ ❞✉❛s ❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s
❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s✿ ❝❛❞❛ ♣♦♥t♦ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡
é ❞❡❝♦♠♣♦st♦ ❝♦♠♦ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ t♦❞❛s ❛s ór❜✐t❛s✳ ◆♦t❡ q✉❡ ❡①✐st❡ ♦✉tr❛ ❝♦♥✈❡♥çã♦
s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❛s ór❜✐t❛s✱ ✈❡❥❛ ❬✼❪✳

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❖s ♣♦♥t♦s p ∈ Σs ∪ Σe q✉❡ s❛t✐s❢❛③❡♠ Zs(p) = 0✱ ✐st♦ é✱ ♦s ♣♦♥t♦s
❝rít✐❝♦s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡✱ sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣s❡✉❞♦✲❡q✉✐❧í❜r✐♦s ❞❡ Z ♦✉ ❡q✉✐❧í✲
❜r✐♦s s✐♥❣✉❧❛r❡s✳ ❉❡❝♦rr❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ Zs q✉❡✱ ♥❡st❡ ❝❛s♦✱ X(p) ❡ Y (p) sã♦ ❧✐♥❡❛r♠❡♥t❡
❞❡♣❡♥❞❡♥t❡s✳

❆✐♥❞❛ ♠❛✐s✱ ❝❤❛♠❛r❡♠♦s ❞❡ ♣s❡✉❞♦♥ó ❡stá✈❡❧ q✉❛❧q✉❡r ♣♦♥t♦ p ∈ Σs t❛❧ q✉❡
Zs(p) = 0 ❡ (Zs)′(p) < 0✱ ❞❡ ♣s❡✉❞♦♥ó ✐♥stá✈❡❧ q✉❛❧q✉❡r ♣♦♥t♦ p ∈ Σe t❛❧ q✉❡ Zs(p) = 0 ❡
(Zs)′(p) > 0 ❡ ❞❡ ♣s❡✉❞♦✲s❡❧❛ q✉❛❧q✉❡r ♣♦♥t♦ p ∈ Σs t❛❧ q✉❡ Zs(p) = 0 ❡ (Zs)′(p) > 0 ♦✉
p ∈ Σe t❛❧ q✉❡ Zs(p) = 0 ❡ (Zs)′(p) < 0✳

❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❆s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ❙✐st❡♠❛ ❞❡ ❋✐❧✐♣♣♦✈ ✭✶✳✶✳✶✮ sã♦✿

✶✳ p ∈ Σ± t❛❧ q✉❡ p é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ X ♦✉ ❞❡ Y ✱ ✐st♦ é✱ X(p) = 0 ♦✉ Y (p) = 0✱

✷✳ p ∈ Σs ∪ Σe t❛❧ q✉❡ p é ✉♠ ♣s❡✉❞♦✲❡q✉✐❧í❜r✐♦✱ ✐st♦ é✱ Zs(p) = 0✱

✸✳ p ∈ ∂Σc∪∂Σs∪∂Σe✱ ✐st♦ é✱ ♦s ♣♦♥t♦s p t❛✐s q✉❡ Xf (p) = 0 ou Yf (p) = 0 ✭t❛♥❣ê♥❝✐❛s
s✐♥❣✉❧❛r❡s ♦✉ r❡❣✉❧❛r❡s✮✳

◗✉❛❧q✉❡r ♦✉tr♦ ♣♦♥t♦ é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ r❡❣✉❧❛r✳

❊♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ s❡♥❞♦ ③❡r♦s ❞❡ ❝❛♠♣♦s ✈❡✲
t♦r✐❛✐s✱ ❝♦rr❡s♣♦♥❞❡♠ ❛ ♣♦♥t♦s ❝rít✐❝♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ tr❛❥❡tór✐❛ ♣❛ss❛♥❞♦ ♣♦r
✉♠ ❞❡ss❡s ♣♦♥t♦s é s♦♠❡♥t❡ ♦ ♣ró♣r✐♦ ♣♦♥t♦✳ ❚♦❞❛✈✐❛✱ ❡♠ s✐st❡♠❛s ❞❡ ❋✐❧✐♣♣♦✈ ❡①✐s✲
t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ✭t❛♥❣ê♥❝✐❛s r❡❣✉❧❛r❡s✮ ❝✉❥❛ ór❜✐t❛ γ(p) 6= {p}✳ P♦r ❡ss❛ ❝✐r❝✉♥stâ♥❝✐❛✱
❝❧❛ss✐✜❝❛r❡♠♦s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦♠♦✿

✶✳ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❉✐st✐♥❣✉✐❞❛✿ ♣♦♥t♦s ♣ t❛✐s q✉❡ γ(p) = {p}✳ ❊❧❛s ❢❛③❡♠ ♦ ♣❛♣❡❧ ❞♦s
♣♦♥t♦s ❝rít✐❝♦s ♥♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s s✉❛✈❡s✳

✷✳ ❙✐♥❣✉❧❛r✐❞❛❞❡ ◆ã♦ ❉✐st✐♥❣✉✐❞❛✿ ♣♦♥t♦s p ∈ Σ q✉❡ sã♦ ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ r❡❣✉✲
❧❛r❡s ❡ ❡♥tã♦✱ ♠❡s♠♦ q✉❡ ❡❧❡s ♥ã♦ s❡❥❛♠ ♣♦♥t♦s r❡❣✉❧❛r❡s✱ s✉❛s ór❜✐t❛s ❧♦❝❛✐s sã♦
❤♦♠❡♦♠♦r❢❛s ❛ R✳

❉❡✜♥✐çã♦ ✶✳✶✳✼✳ ❯♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞✐st✐♥❣✉✐❞❛ é ✉♠ ♣♦♥t♦ p t❛❧ q✉❡ γ(p) = {p} ❡ ♣♦❞❡
s❡r ❝❧❛ss✐✜❝❛❞❛ ❝♦♠♦✿

✶✳ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ X ♦✉ ❞❡ Y ✱ ✐st♦ é✱ X(p) = 0 ♦✉ Y (p) = 0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛
p ∈ Σ±❀

✷✳ ✉♠ ♣s❡✉❞♦✲❡q✉✐❧í❜r✐♦✱ ✐st♦ é✱ Zs(p) = 0✱ ♣❛r❛ p ∈ Σs ∪ Σe❀

✸✳ ✉♠ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛ s✐♥❣✉❧❛r✱ ♣❛r❛ p ∈ ∂Σc ∪ ∂Σs ∪ ∂Σe✳
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❆♥❛❧♦❣❛♠❡♥t❡ às Σ✲❡q✉✐✈❛❧ê♥❝✐❛s✱ ❛s ❡q✉✐✈❛❧ê♥❝✐❛s t♦♣♦❧ó❣✐❝❛s ♣r❡s❡r✈❛♠ Σs ❡ Σe✱ ❝♦♥✲
s❡q✉❡♥t❡♠❡♥t❡ t❛♠❜é♠ ♣r❡s❡r✈❛♠ Σ+ ∪ Σ− ∪ Σc ❡✱ ❞❡ss❛ ❢♦r♠❛✱ ❧❡✈❛♠ ór❜✐t❛s r❡❣✉❧❛r❡s
❡♠ ór❜✐t❛s r❡❣✉❧❛r❡s✱ ór❜✐t❛s ❞❡s❧✐③❛♥t❡s ❡♠ ór❜✐t❛s ❞❡s❧✐③❛♥t❡s ❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞✐st✐♥❣✉✐✲
❞❛s ❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞✐st✐♥❣✉✐❞❛s✳ ▼❛✐s ❛✐♥❞❛✱ t❛♠❜é♠ ♣r❡s❡r✈❛♠ s❡♣❛r❛tr✐③❡s✱ ❝♦♥❡①õ❡s
❡♥tr❡ s❡♣❛r❛tr✐③❡s✱ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ❝✐❝❧♦s ❡ ♣s❡✉❞♦❝✐❝❧♦s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✸✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❞♦✐s ❝❛♠♣♦s s✉❛✈❡s X ❡ X̃ ❡♠ Rn✱ ❝♦♠ s❡✉s r❡s♣❡❝✲
t✐✈♦s ✢✉①♦s ϕX(t, p) ❡ ϕX̃(t, p)✱ sã♦ Cr✲❝♦♥❥✉❣❛❞♦s s❡ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ h ∈ Cr(Rn)✱
t❛❧ q✉❡ h(ϕX(t, p)) = ϕX̃(t, h(p))✳ ❉❡r✐✈❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❝♦♠ r❡❧❛çã♦ ❛ t✱ ❡♠ t❂✵✱ t❡♠♦s

d

dt
h(ϕX(t, p))

∣

∣

∣

t=0
=

d

dt
ϕX̃(t, h(p))

∣

∣

∣

t=0

Dh(ϕX(t, p))
d

dt
ϕX(t, p)

∣

∣

∣

t=0
=

d

dt
ϕX̃(t, h(p))

∣

∣

∣

t=0

Dh(p)X(p) = X̃(h(p)).

❆ss✐♠✱ ❞❛❞♦ q ∈ Rn✱ t❡♠♦s q✉❡ X̃(q) = Dh(h−1(q))X(h−1(q))✱ ❡ ♣♦rt❛♥t♦ h∗X = X̃✱ ♦♥❞❡
h∗X(p) = Dh(h−1(p))X(h−1(p))✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ h é s♦♠❡♥t❡ ✉♠❛ ♠✉❞❛♥ç❛
❞❡ ❝♦♦r❞❡♥❛❞❛s✳

P❛r❛ ❝❛♠♣♦s ❞❡s❝♦♥tí♥✉♦s ♥ã♦ ✉t✐❧✐③❛r❡♠♦s ✉♠❛ ✈❡rsã♦ ❛♥á❧♦❣❛ ❡ s✐♠ ❝♦♥❥✉✲
❣❛çõ❡s ❛♣❧✐❝❛❞❛s às ❝♦♠♣♦♥❡♥t❡s s✉❛✈❡s X ❡ Y ❞♦ ❙✐st❡♠❛ ❞❡ ❋✐❧✐♣♣♦✈ Z = (X, Y )✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✳ ❈♦♥s✐❞❡r❡♠♦s q✉❛❧q✉❡r ❞✐❢❡♦♠♦r✜s♠♦ h : U → Ũ q✉❡ ❝♦♥❥✉❣❛ s✐♠✉❧✲
t❛♥❡❛♠❡♥t❡ ♣♦r ✉♠ ❧❛❞♦ X ❡♠ Σ+ ⊂ U ❡ X̃ ❡♠ Σ̃+ ⊂ Ũ ❡ ♣♦r ♦✉tr♦ ❧❛❞♦ Y ❡♠ Σ− ⊂ U
❡ Ỹ ❡♠ Σ̃− ⊂ Ũ ✳ ❊♥tã♦✱ h ❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s❧✐③❛♥t❡s Zs ❡ Z̃s ❡✱ ♣♦rt❛♥t♦✱
h é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ Z = (X, Y ) ❡ Z̃ = (X̃, Ỹ )✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ h ❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s s❡♣❛r❛❞❛♠❡♥t❡ ❡♠ Σ+ ❡ Σ−✱ ❡♥tã♦ ♣❡❧❛
♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r

h∗X(p̃) = X̃(p̃), ∀p̃ ∈ Σ̃+,

h∗Y (p̃) = Ỹ (p̃), ∀p̃ ∈ Σ̃−.

❈♦♠♦ h é ❜✐❥❡t✐✈❛✱ t❡♠♦s q✉❡ h(Σ) = Σ̃✱ ❥á q✉❡ h ♠❛♣❡✐❛ Σ+ ❡♠ Σ̃+ ❡ Σ̃− ❡♠
Σ−✳ ❊♥tã♦ s❡♥❞♦ Σ = {p ∈ U : f(p) = 0}✱ t❡♠♦s q✉❡ Σ̃ = {p̃ ∈ Ũ : f ◦ h−1(p̃) = 0}✳

▲❡♠❜r❡♠♦s q✉❡✱ s❡ g : V ⊂ Rn → R é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❛❜❡rt♦ V
❞❡ Rn✱ ❡♥tã♦ h∗g = g ◦ h−1✳

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ h ❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s ❞❡s❧✐③❛♥t❡s Zs ❡ Z̃s✱ ♦✉ s❡❥❛✱
Z̃s = h∗Z

s✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♠♦str❛r q✉❡ h∗Xf(p̃) = h∗Xh∗f(p̃) = X̃f̃(p̃)✱
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♦♥❞❡ f̃ = f ◦ h−1✳ ❚❡♠♦s q✉❡

h∗Xf(p̃) = Xf(h−1(p̃))

= 〈X(h−1(p̃)),∇f(h−1(p̃))〉
= 〈In ·X(h−1(p̃)),∇f(h−1(p̃))〉
= 〈(Dh−1(p̃) ·Dh(h−1(p̃))) ·X(h−1(p̃)),∇f(h−1(p̃))〉
= 〈Dh−1(p̃) · (Dh(h−1(p̃)) ·X(h−1(p̃))),∇f(h−1(p̃))〉
= 〈Dh−1(p̃) · h∗X(p̃),∇f(h−1(p̃))〉
= 〈h∗X(p̃), (Dh−1(p̃))tr · ∇f(h−1(p̃))〉
= 〈h∗X(p̃), ((∇f(h−1(p)))tr ·Dh−1(p̃))tr〉
= 〈h∗X(p̃), (D(f ◦ h−1)(p̃))tr〉
= 〈h∗X(p̃),∇(f ◦ h−1)(p̃)〉
= 〈h∗X(p̃),∇(h∗f)(p̃)〉
= h∗Xh∗f(p̃)

= X̃f̃(p̃).

❆♥❛❧♦❣❛♠❡♥t❡✱ h∗Y f(p̃) = Ỹ f̃(p̃)✳ ❈♦♠ ✐ss♦✱ ❜❛st❛ ❛❣♦r❛ ♠♦str❛r q✉❡ Z̃s(p̃) = h∗Z
s(p̃)✱

∀p̃ ∈ Σ̃✳ ❚❡♠♦s q✉❡

h∗Z
s(p̃) = Dh(h−1(p̃))Zs(h−1(p̃))

= Dh(h−1(p̃))
1

Y f(h−1(p̃))−Xf(h−1(p̃))
(Y f(h−1(p̃))X(h−1(p̃))

−Xf(h−1(p̃))Y (h−1(p̃)))

= Dh(h−1(p̃))
1

h∗Y f(p̃)− h∗Xf(p̃)
(h∗Y f(p̃)X(h−1(p̃))− h∗Xf(p̃)Y (h−1(p̃)))

= Dh(h−1(p̃))
1

Ỹ f̃(p̃)− X̃f̃(p̃)
(Ỹ f̃(p̃)X(h−1(p̃))− X̃f̃(p̃)Y (h−1(p̃)))

=
1

Ỹ f̃(p̃)− X̃f̃(p̃)
(Ỹ f̃(p̃)Dh(h−1(p̃))X(h−1(p̃))− X̃f̃(p̃)Dh(h−1(p̃))Y (h−1(p̃)))

=
1

Ỹ f̃(p̃)− X̃f̃(p̃)
(Ỹ f̃(p̃)h∗X(p̃)− X̃f̃(p̃)h∗Y (p̃))

=
1

Ỹ f̃(p̃)− X̃f̃(p̃)
(Ỹ f̃(p̃)X̃(p̃)− X̃f̃(p̃)Ỹ (p̃))

= Z̃s(p̃).

P♦rt❛♥t♦✱ h ❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s ❞❡s❧✐③❛♥t❡s✱ ❧❡✈❛♥❞♦ ❛s tr❛❥❡tór✐❛s ❞❡ Zs ❡♠
tr❛❥❡tór✐❛s ❞❡ Z̃s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✹✳ ❚♦❞❛s ❛s ❡q✉✐✈❛❧ê♥❝✐❛s t♦♣♦❧ó❣✐❝❛s ❞❡✜♥✐❞❛s ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦
❛❝✐♠❛ ♣r❡s❡r✈❛♠ Σ ❡✱ ♣♦rt❛♥t♦✱ sã♦ t❛♠❜é♠ Σ✲❡q✉✐✈❛❧ê♥❝✐❛s✳ ❆ss✐♠✱ ♣❛r❛ ❝♦♥str✉✐r ❡q✉✐✲
✈❛❧ê♥❝✐❛s t♦♣♦❧ó❣✐❝❛s q✉❡ ♥ã♦ ♣r❡s❡r✈❛♠ Σ✱ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ♦✉tr❛s té❝♥✐❝❛s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✺✳ ❘❡♣❛r❡ q✉❡✱ s❡ r❡t✐r❛r♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ Pr♦✲
♣♦s✐çã♦ ✶✳✶✳✶✱ ✐st♦ é✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s h s♦♠❡♥t❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❛ ♣r♦♣♦s✐çã♦ ♥ã♦ é
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♠♦❞♦✱ ❜❛st❛ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳ ❆
s❡❣✉✐r✱ ❡♥✉♥❝✐❛♠♦s ♣r♦♣♦s✐çõ❡s q✉❡ ❢♦r♥❡❝❡♠ ❢♦r♠❛s ♥♦r♠❛✐s ♣❛r❛ ♦s ♣♦♥t♦s r❡❣✉❧❛r❡s
♣❡rt❡♥❝❡♥t❡s à Σc ∪ Σs ∪ Σe✳

◆♦t❛çã♦ ✶✳✷✳✶✳ ❈♦♥s✐❞❡r❛♠♦s ❞♦✐s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉❛✈❡s X ❡ Y ✳ ❉❡♥♦t❛♠♦s ♣♦r
X(p) ‖ Y (p) ♦ ❢❛t♦ ❞❡ X ❡ Y s❡r❡♠ ♣❛r❛❧❡❧♦s ♥♦ ♣♦♥t♦ p ❡ ♣♦r X(p) ∦ Y (p) ♦ ❢❛t♦
❞❡ X ❡ Y ♥ã♦ s❡r❡♠ ♣❛r❛❧❡❧♦s ♥♦ ♣♦♥t♦ p✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛ Z = (X, Y ) ∈ Zk ❝♦♠ ❝✉r✈❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ Σ t❛❧ q✉❡
(0, 0) ∈ Σc✳ ❊♥tã♦✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, 0)✱ Z é Σ✲❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠❛ ♥♦r♠❛❧

Z̃(x, y) =



























X̃ =

(

0

α

)

, y > 0,

Ỹ =

(

0

α

)

, y < 0,

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Ũ ❞❡ (0, 0) ❡ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠❛ ♥♦r♠❛❧
❝♦♥tí♥✉❛

Z̃(x, y) =

(

0
α

)

, ∀(x, y) ∈ R2,

♦♥❞❡ α = sgn(Xf(0, 0))✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ϕX ✱ ϕY ✱ ϕX̃ ❡ ϕỸ ✱ ♦s ✢✉①♦s ❞♦s ❝❛♠♣♦s X✱ Y ✱ X̃ ❡ Ỹ ✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ❛ ♦r✐❣❡♠ ♣❡rt❡♥❝❡ à Σc ❡ Σ̃c✱ t❡♠♦s q✉❡ ♦s ❝❛♠♣♦s Z ❡ Z̃ sã♦
tr❛♥s✈❡rs❛✐s à Σ ∩ U ❡ Σ̃ ∩ Ũ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ss✐♠✱ ❞❛❞♦ p ∈ Σ+ ∩ U ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♠♣❧í❝✐t❛ ❡①✐st❡ ✉♠ ú♥✐❝♦
t = t(p) ∈ R t❛❧ q✉❡ ϕX(t(p), p) ∈ Σ ❡ ❛ ❛♣❧✐❝❛çã♦ p 7→ t(p) é ❝♦♥tí♥✉❛✳ ❆♥❛❧♦❣❛♠❡♥t❡
♣❛r❛ p ∈ Σ− ∩ U ✳ ❊♥tã♦✱ ❝♦♥str✉í♠♦s ❛ Σ✲❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♠♦ s❡❣✉❡✿

h(p) =











ϕX̃(−t(p), ϕX(t(p), p)), s❡ p ∈ Σ+ ∩ U,
p, s❡ p ∈ Σ ∩ U,
ϕỸ (−t(p), ϕY (t(p), p)), s❡ p ∈ Σ− ∩ U.

❈❧❛r❛♠❡♥t❡✱ h é ❝♦♥tí♥✉❛✱ ♣♦✐s ❛s ❛♣❧✐❝❛çõ❡s ❡♥✈♦❧✈✐❞❛s sã♦ ❝♦♥tí♥✉❛s ❡ ❝♦✐♥✲
❝✐❞❡♠ ❡♠ Σ✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ h(ϕZ(t, p)) = ϕZ̃(t, h(p))✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ Z = (X, Y ) ∈ Zk ❝♦♠ ❝✉r✈❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ Σ t❛❧ q✉❡
(0, 0) ∈ Σs ❡ X(0, 0) ∦ Y (0, 0)✳ ❊♥tã♦✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, 0)✱ Z é Σ✲❡q✉✐✈❛❧❡♥t❡
à ❢♦r♠❛ ♥♦r♠❛❧

Z̃(x, y) =



























X̃ =

(

α

−1

)

, y > 0,

Ỹ =

(

α

1

)

, y < 0,

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Ũ ❞❡ (0, 0)✱ ♦♥❞❡ α = sgn(π1(Z
s(0, 0)))✳
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❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ϕX ✱ ϕY ✱ ϕX̃ ❡ ϕỸ ✱ ♦s ✢✉①♦s ❞♦s ❝❛♠♣♦s X✱ Y ✱ X̃ ❡ Ỹ ✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ❛ ♦r✐❣❡♠ ♣❡rt❡♥❝❡ à Σs ❡ Σ̃s✱ t❡♠♦s q✉❡ ♦s ❝❛♠♣♦s Z ❡ Z̃ sã♦
tr❛♥s✈❡rs❛✐s à Σ ∩ U ❡ Σ̃ ∩ Ũ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P♦r ❤✐♣ót❡s❡ X(0, 0) ∦ Y (0, 0)✱ ❡♥tã♦ ❛ ♦r✐❣❡♠ é ♣♦♥t♦ r❡❣✉❧❛r ❞♦ ❝❛♠♣♦ ❞❡s❧✐✲
③❛♥t❡ Zs✱ ♦✉ s❡❥❛✱ Zs(0, 0) 6= (0, 0)✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡ Z̃s(x, y) = (α, 0)✱ ❡♠ ♣❛rt✐❝✉❧❛r
Z̃s(0, 0) = (sgn(π1(Z

s(0, 0))), 0) 6= (0, 0)✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r✱ ❡①✐st❡
✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h̃ : Σ → Σ̃ q✉❡ ❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s Zs ❡ Z̃s✳

❆❣♦r❛✱ t♦♠❛♥❞♦ p ∈ Σ+ ∩ U ✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♠♣❧í❝✐t❛ q✉❡
❡①✐st❡ ✉♠ ú♥✐❝♦ t = t(p) ∈ R t❛❧ q✉❡ ϕX(t(p), p) ∈ Σ ❡ ❛ ❛♣❧✐❝❛çã♦ p 7→ t(p) é ❝♦♥tí♥✉❛✳
❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ p ∈ Σ−∩U ✳ ❊♥tã♦✱ ❝♦♥str✉í♠♦s ❛ Σ✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

h(p) =











ϕX̃(−t(p), h̃(ϕX(t(p), p))), s❡ p ∈ Σ+ ∩ U,
h̃(p), s❡ p ∈ Σ ∩ U,
ϕỸ (−t(p), h̃(ϕY (t(p), p))), s❡ p ∈ Σ− ∩ U.

P❡❧♦ ♠♦❞♦ ❝♦♠♦ ❢♦✐ ❝♦♥str✉í❞❛✱ h é ❝♦♥tí♥✉❛ ❡ h(ϕZ(t, p)) = ϕZ̃(t, h(p))✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛ Z = (X, Y ) ∈ Zk ❝♦♠ ❝✉r✈❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ Σ t❛❧ q✉❡
(0, 0) ∈ Σe ❡ X(0, 0) ∦ Y (0, 0)✳ ❊♥tã♦✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, 0)✱ Z é Σ✲❡q✉✐✈❛❧❡♥t❡
à ❢♦r♠❛ ♥♦r♠❛❧

Z̃(x, y) =



























X̃ =

(

α

1

)

, y > 0,

Ỹ =

(

α

−1

)

, y < 0,

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Ũ ❞❡ (0, 0)✱ ♦♥❞❡ α = sgn(π1(Z
s(0, 0)))✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳

❱❛♠♦s ❛❣♦r❛ ❡st✉❞❛r ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❣❡♥ér✐❝❛s✳ ❖s ♣r✐♠❡✐r♦s t✐♣♦s ❞❡ s✐♥❣✉✲
❧❛r✐❞❛❞❡s sã♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❣❡♥ér✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s ❞❡ X ❡ Y ❡♠ Σ+ ❡ Σ−✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❆ss✐♠✱ ❡♠ t♦r♥♦ ❞❡ss❡s ♣♦♥t♦s ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥✳
❉❡ss❛ ❢♦r♠❛✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ♥❛ ❝✉r✈❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠ ♣♦♥t♦ t✐♣♦ ❉♦❜r❛✲❘❡❣✉❧❛r ❞❡ Z = (X, Y ) ∈ Zk é ✉♠ ♣♦♥t♦ p ∈ Σ
t❛❧ q✉❡ Xf(p) = 0✱ X2f(p) 6= 0 ❡ Y f(p) 6= 0 ♦✉ t❛❧ q✉❡ Y f(p) = 0✱ Y 2f(p) 6= 0 ❡
Xf(p) 6= 0✳ ❆✐♥❞❛ ♠❛✐s✱

✶✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ❛ ❉♦❜r❛✲❘❡❣✉❧❛r é ✈✐sí✈❡❧ s❡ X2f(p) > 0 ❡ ✐♥✈✐sí✈❡❧
s❡ X2f(p) < 0✳ ❆❧é♠ ❞✐ss♦✱ s❡ p ∈ ∂Σs t❡r❡♠♦s ✉♠❛ ❞♦❜r❛ ❞❡ ❞❡s❧✐③❡ ❡ s❡ p ∈ Σe ❛
❝❤❛♠❛r❡♠♦s ❞❡ ❞♦❜r❛ ❞❡ ❡s❝❛♣❡✳

✷✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❡❧❛ é ✈✐sí✈❡❧ s❡ Y 2f(p) < 0 ❡ ✐♥✈✐sí✈❡❧ s❡ Y 2f(p) > 0✱ ❡ ♣♦❞❡✲s❡
❞❡✜♥✐r ❛♥❛❧♦❣❛♠❡♥t❡ ❞♦❜r❛s ❞❡ ❞❡s❧✐③❡ ❡ ❞❡ ❡s❝❛♣❡✳

P❛r❛ ♦s s✐st❡♠❛s ♣❧❛♥❛r❡s ❞❡ ❋✐❧✐♣♣♦✈✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❣❡♥ér✐❝❛s ❡♠ Σ sã♦
♣♦♥t♦s ❞❡ ❞♦❜r❛s✲r❡❣✉❧❛r❡s ❡ ♣♦♥t♦s ❝rít✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡✱
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✐st♦ é✱ ♣♦♥t♦s p ∈ Σs ∪ Σe t❛✐s q✉❡ X(p) ‖ Y (p) ❡ t❛♠❜é♠ Zs(p) = 0 ❝♦♠ (Zp)′(p) 6= 0✱
q✉❡ ❛ ♣r♦♣ós✐t♦ sã♦ s✐♥❣✉❧❛r✐❞❛❞❡s ❞✐st✐♥❣✉✐❞❛s✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r tr❛t❛ ❞❛s ❢♦r♠❛s ♥♦r♠❛✐s ❞♦s ♣♦♥t♦s ❞❡ ❞♦❜r❛s✲r❡❣✉❧❛r❡s✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✹✳ ❙❡❥❛ Z = (X, Y ) ∈ Zk ❞❡✜♥✐❞♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, 0) ♣❛r❛ ♦
q✉❛❧ (0, 0) ∈ Σ é ✉♠❛ ❞♦❜r❛✲r❡❣✉❧❛r✳ ❊♥tã♦✱ Z é Σ✲❡q✉✐✈❛❧❡♥t❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡
(0, 0) à s✉❛ ❢♦r♠❛ ♥♦r♠❛❧

Zabc(x, y) =



























Xab =

(

b

bax

)

, y > 0,

Yc =

(

0

c

)

, y < 0,

♦♥❞❡ a = sgn(X2f(0, 0))✱ b = sgn(π(X(0, 0))) ❡ c = sgn(Y f(0, 0))✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛s r❡❢❡rê♥❝✐❛s ❬✼❪ ❡ ❬✾❪✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❧✐❞❛ ❝♦♠ ❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞♦s ♣♦♥t♦s ❝rít✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s
q✉❡ ♣♦❞❡♠ ❛❝♦♥t❡❝❡r ❡♠ Σs ♦✉ Σe✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✺✳ ❙❡ (0, 0) ∈ Σs∪Σe é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡
Zs ❞❡ Z = (X, Y ) ∈ Zk ❞❡✜♥✐❞♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, 0)✱ ❡♥tã♦ Z é Σ✲❡q✉✐✈❛❧❡♥t❡
❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ (0, 0) à s✉❛ ❢♦r♠❛ ♥♦r♠❛❧

Zab(x, y) =



























Xa =

(

ax

b

)

, y > 0,

Yb =

(

ax

−b

)

, y < 0,

♦♥❞❡ a = sgn((Zs)′(0, 0)) ❡ b = sgn(Xf(0, 0))✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡ q✉❡✱ Zs
ab(x, y) = (ax, 0)✱ ❡♥tã♦ ❛ ♦r✐❣❡♠ é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡ Zs
ab ❡ s✉❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r

❞❡ a✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ❤✐♣ót❡s❡ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ ❝❛♠♣♦ ❞❡s❧✐✲
③❛♥t❡ Zs✳ P♦rt❛♥t♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥✱ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h̃ q✉❡
❝♦♥❥✉❣❛ ♦s ❝❛♠♣♦s ❞❡s❧✐③❛♥t❡s Zs ❡ Zs

ab✳

❈♦♠♦ ♦s ❝❛♠♣♦s Z ❡ Zab sã♦ tr❛♥s✈❡rs❛✐s ❛ Σ ❡ Σab✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ p ∈ Σ+✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t ∈ R t❛❧ q✉❡
ϕ(t(p), p) ∈ Σ✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ p ∈ Σ−✳ ❊♥tã♦✱ ❝♦♥str✉í♠♦s ❛ Σ✲❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♠♦
s❡❣✉❡✿

h(p) =











ϕX̃(−t(p), h̃(ϕX(t(p), p))), s❡ p ∈ Σ+,

h̃(p), s❡ p ∈ Σ,

ϕỸ (−t(p), h̃(ϕY (t(p), p))), s❡ p ∈ Σ−.

❈❧❛r❛♠❡♥t❡✱ h é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ s❛t✐s❢❛③ h(ϕZ(t, p)) = ϕZ̃(t, h(p))✳
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❯♠❛ ✈❡③ q✉❡ ❥á ❝❛r❛❝t❡r✐③❛♠♦s ♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ❡ s✐♥❣✉❧❛r✐❞❛❞❡s ✏❣❡♥ér✐❝❛s✑
❞❡ ✉♠ ❝❛♠♣♦ Z = (X, Y ) ∈ Zk✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ♦ t❡♦r❡♠❛ q✉❡ ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r s❡ ✉♠
❞❡t❡r♠✐♥❛❞♦ ❝❛♠♣♦ é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✳

❚❡♦r❡♠❛ ✶✳✷✳✻✳ ❙❡❥❛ Z0 = (X0, Y0) ∈ Zk ❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠ ❡ ❛
❝✉r✈❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ Σ = {(x, 0) : x ∈ R}✳ ❙❡ (0, 0) ∈ Σ é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ♦✉
✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛✱ ❡♥tã♦ Z0 é ❧♦❝❛❧♠❡♥t❡ ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ ❡ ❧♦❝❛❧♠❡♥t❡
Σ✲❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛s r❡❢❡rê♥❝✐❛s ❬✼❪ ❡ ❬✾❪✳

✶✳✸ ❘❡❣✉❧❛r✐③❛çã♦ ❚❡✐①❡✐r❛✲❙♦t♦♠❛②♦r

❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡❣✉❧❛r✐③❛çã♦ ♣♦r ❚❡✐①❡✐r❛ ❡ ❙♦t♦♠❛②♦r ❬✶✻❪✱
❬✶✶❪ é ❛♣r♦①✐♠❛r ✉♠ ❙✐st❡♠❛ ❞❡ ❋✐❧✐♣♣♦✈ Z = (X, Y ) ♣♦r ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡
❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉❛✈❡s Zε(x, y) ❞❡ ♠♦❞♦ q✉❡

lim
ε→0

Zε(x, y) = Z(x, y).

❈♦♥s✐❞❡r❡ ♦ ❙✐st❡♠❛ ❞❡ ❋✐❧✐♣♣♦✈ ✭✶✳✶✳✶✮✳ ❈♦♠ ❛ ❢✉♥çã♦ ❞❡s❝r✐t❛ ❛ s❡❣✉✐r✱ ❞❡✜✲
♥✐❞❛ ❡♠ R \ {0}✿

g(s) =

{

1, s❡ s > 0,

0, s❡ s < 0,
✭✶✳✸✳✶✮

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ❞❛ ❢♦r♠❛

Z(x, y) = [1− g(f(x, y))]Y (x, y) + g(f(x, y))X(x, y).

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ϕ : R → R é ❞✐t❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ s❡ ϕ(t) = 0
♣❛r❛ t♦❞♦ t ≤ −1✱ ϕ(t) = 1 ♣❛r❛ t♦❞♦ t ≥ 1 ❡ ϕ′(t) > 0 s❡ t ∈ (−1, 1)✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ ϕ : R → R✱ ❛ ϕε✲r❡❣✉❧❛r✐③❛çã♦ ❞❡
Z = (X, Y ) é ❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s Zε✱ ❝♦♠ ε ∈ (0, 1]✱ ❞❛❞❛ ♣♦r

Zε(x, y) = [1− ϕε(f(x, y))]Y (x, y) + ϕε(f(x, y))X(x, y),

♦♥❞❡

ϕε(t) = ϕ

(

t

ε

)

.

❖❜s❡r✈❡ q✉❡ ✉♠ ❙✐st❡♠❛ ❞❡ ❋✐❧✐♣♣♦✈ ♣♦ss✉✐ ✉♠❛ r❡❣✉❧❛r✐③❛çã♦ tr✐✈✐❛❧✱ ♦♥❞❡ ❛
❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ é ❞❛❞❛ ♣♦r

ϕ(t) =











1, s❡ t ≥ 1,
t+1
2
, s❡ − 1 < t < 1,

0, s❡ t ≤ −1,

✭✶✳✸✳✷✮

❡ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ t❡♠ lim
ε→0

ϕε(t) = g(t)✳
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❉❡✜♥✐çã♦ ✶✳✹✳✸✳ ❙❡❥❛♠ X : U → Rn ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ C1 ♥♦ ❛❜❡rt♦ U ⊆ Rn✱
x0 ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ X ❡ L : W → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ W ⊆ Rn

❞❡ x0 q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ W \ {x0}✳ ❉✐③❡♠♦s q✉❡ L é ✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛
X ❡♠ x0 s❡

✶✳ L(x0) = 0✱ ❝♦♠ L(x) > 0 ♣❛r❛ ❝❛❞❛ x ∈ W \ {x0} ❡

✷✳ L ◦ x : I → R é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲❝r❡s❝❡♥t❡ ♣❛r❛ q✉❛❧q✉❡r s♦❧✉çã♦ x : I → U ❞❡
x′ = X(x) t❛❧ q✉❡ x(t) ∈ W ♣❛r❛ ❝❛❞❛ t ∈ I✳

❆❣♦r❛✱ ❞✐③❡♠♦s q✉❡ L é ✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈ ❡str✐t❛ ♣❛r❛ X ❡♠ x0 s❡

✶✳ L(x0) = 0✱ ❝♦♠ L(x) > 0 ♣❛r❛ ❝❛❞❛ x ∈ W \ {x0} ❡

✷✳ (L◦x)′(t) < 0 ♣❛r❛ q✉❛❧q✉❡r s♦❧✉çã♦ x : I → E ❞❡ x′ = X(x) t❛❧ q✉❡ x(t) ∈ W \{0}
♣❛r❛ ❝❛❞❛ t ∈ I✳

❚❡♦r❡♠❛ ✶✳✹✳✶ ✭▲②❛♣♦♥♦✈✮✳ ❙❡❥❛♠ X : U → Rn ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ C1 ♥♦
❛❜❡rt♦ U ⊆ Rn ❡ x0 ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ X✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ X
❡♠ x0✱ ❡♥tã♦ x0 é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❡stá✈❡❧ ❞❡ X✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡
▲②❛♣✉♥♦✈ ❡str✐t❛ ♣❛r❛ X ❡♠ x0✱ ❡♥tã♦ x0 é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧
❞❡ X✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛s r❡❢❡rê♥❝✐❛s ❬✸❪ ❡ ❬✷✵❪✳

❊①❡♠♣❧♦ ✶✳✹✳✶✳ ❈♦♥s✐❞❡r❡ X(x, y, z) = ((εx + 2y)(z + 1), (−x + εy)(z + 1),−z3)✱ ❝♦♠
(x, y, z) ∈ R3✱ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♥ã♦✲❧✐♥❡❛r✳

❚❡♠♦s q✉❡ x0 = (0, 0, 0) é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ X ❡ ❛ ♣❛rt❡ ❧✐♥❡❛r ❡♠ x0 é
❞❛❞❛ ♣♦r

dX(x0) =





ε 2 0
−1 ε 0
0 0 0



 .

❆ss✐♠✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é ❞❛❞♦ ♣♦r p(λ) = λ[λ2 − ελ + (ε2 + 2)]✳ ❉❡ss❡ ♠♦❞♦✱
♦s ❛✉t♦✈❛❧♦r❡s ❞❡ dX(x0) sã♦ λ1 = 0✱ λ2 = ε+

√
2i ❡ λ3 = ε−

√
2i✳

❆ ♣❛rt✐r ❞✐st♦✱ ♦❜t❡♠♦s q✉❡ ♣❛r❛ ε > 0✱ x0 é ✐♥stá✈❡❧✱ ♣♦✐s ♦s ❛✉t♦✈❛❧♦r❡s λ2
❡ λ3 ♣♦ss✉❡♠ ♣❛rt❡ r❡❛❧ ♣♦s✐t✐✈❛✳ P♦ré♠✱ q✉❛♥❞♦ ε ≤ 0✱ ♥ã♦ ♣♦❞❡♠♦s ❞✐③❡r ♥❛❞❛ s♦❜r❡ ❛
❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X✱ ♣♦✐s λ1 = 0✳

❙❡♥❞♦ ❛ss✐♠✱ t♦♠❡ L(x, y, z) = ax2 + by2 + cz2✱ ❝♦♠ a, b, c > 0✳ ◆❡ss❡ ❝❛s♦✱
L(x0) = 0 ❡ L(x, y, z) > 0✱ ∀x ∈ R3 \ {x0}✳ ❚❡♠♦s q✉❡

L̇(x, y, z) = 〈∇L(x, y, z), X(x, y, z)〉
=
〈

(2ax, 2by, 2cz), ((εx+ 2y)(z + 1), (−x+ εy)(z + 1),−z3)
〉

= ε(ax2 + by2)(z + 1) + (2a− b)(z + 1)xy − cz4.

❚♦♠❛♥❞♦ a = 1✱ b = 2 ❡ c = 1✱ t❡♠♦s

L̇(x, y, z) = ε(x2 + 2y2)(z + 1)− z4.

P❛r❛ ε = 0✱ L̇(x, y, z) = −z4 ≤ 0✱ ❧♦❣♦ x0 é ❡stá✈❡❧✳ ❏á ♣❛r❛ ε < 0 ❡ z > −1✱ t❡♠♦s
L̇(x, y, z) < 0, ∀(x, y, z) 6= x0✱ ❛ss✐♠ x0 é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳
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✶✳✺ ❖ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇❡♥❞✐①s♦♥

❙❡❥❛ X : U → Rn ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ Ck✱ k ≥ 1✱ ♥♦ ❛❜❡rt♦ U ⊆ Rn✳
❙❡❥❛ ϕ(t, p) ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡X ♣❛ss❛♥❞♦ ♣❡❧♦ ♣♦♥t♦ p✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧
s❡♥❞♦ Ip = (ω−(p), ω+(p))✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❙❡ ω+(p) = +∞ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

ω(p) = {q ∈ U : ∃ tn → ∞ ❡ lim
n→∞

ϕ(tn, p) = q}.

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ω−(p) = −∞ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

α(p) = {q ∈ U : ∃ tn → −∞ ❡ lim
n→∞

ϕ(tn, p) = q}.

❖s ❝♦♥❥✉♥t♦s ω(p) ❡ α(p) sã♦ ❝❤❛♠❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡
❞❡ p ❡ ❝♦♥❥✉♥t♦ α✲❧✐♠✐t❡ ❞❡ p✳

❚❡♦r❡♠❛ ✶✳✺✳✶ ✭P♦✐♥❝❛ré ✲ ❇❡♥❞✐①s♦♥✮✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ C1 ♥♦ ❛❜❡rt♦
U ⊂ Rn✳ ❉❛❞♦ p ∈ U ❛ss✉♠❛ q✉❡ γ+p = {ϕ(t, p) : t ≥ 0} ❡st❡❥❛ ❝♦♥t✐❞❛ ♥✉♠ ❝♦♠♣❛❝t♦
K ⊂ U ✳ ❙✉♣♦♥❤❛ q✉❡ X ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❡♠
ω(p)✳ ❊♥tã♦✱

✶✳ ❙❡ ω(p) ♥ã♦ ❝♦♥té♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ❡♥tã♦ ω(p) é ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ X✳

✷✳ ❙❡ ω(p) ❝♦♥té♠ ♣♦♥t♦s r❡❣✉❧❛r❡s ❡ s✐♥❣✉❧❛r❡s✱ ❡♥tã♦ ω(p) ❝♦♥s✐st❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡
ór❜✐t❛s✱ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s t❡♥❞❡ ❛ ✉♠ ❞❡ss❡s ♣♦♥t♦s s✐♥❣✉❧❛r❡s q✉❛♥❞♦ t→ ±∞✳

✸✳ ❙❡ ω(p) ♥ã♦ ❝♦♥té♠ ♣♦♥t♦s r❡❣✉❧❛r❡s✱ ❡♥tã♦ ω(p) é ✉♠ ú♥✐❝♦ ♣♦♥t♦ s✐♥❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ r❡❢❡rê♥❝✐❛ ❬✷✵❪✳

❊①❡♠♣❧♦ ✶✳✺✳✶✳ ❈♦♥s✐❞❡r❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X : R2 → R2 ❞❛❞♦ ♣♦r

X(x, y) = (y + x(1− x2 − y2),−x+ y(1− x2 − y2)).

❱❛♠♦s ♠♦str❛r q✉❡ ❡ss❡ ❝❛♠♣♦ ♣♦ss✉✐ ❛♦ ♠❡♥♦s ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s
❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ X s♦❜r❡ ❛s ❝✉r✈❛s Sc = k−1

c (0)✱ s❡♥❞♦ kc(x, y) = x2 + y2 − c✱
c > 0✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡t❡r♠✐♥❛r ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ❝❛♠♣♦ X✱ ♦✉ s❡❥❛✱ ❡♥❝♦♥✲
tr❛r (x, y) ∈ R2 t❛✐s q✉❡ X(x, y) = (0, 0)✳ ❚❡♠♦s q✉❡ y+ x(1− x2 − y2) = 0 s❡✱ ❡ s♦♠❡♥t❡
s❡✱ y = 0 ❡ x = 0✱ ♦✉ y = 0 ❡ x = ±1✱ ❡ −x+ y(1− x2 − y2) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ y = 0 ❡
x = 0✱ ♦✉ x = 0 ❡ y = ±1✳ ❊♥tã♦✱ (0, 0) é ❛ ú♥✐❝❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ X✳

❙❡❥❛ (x, y) ∈ Sc✱ t❡♠♦s q✉❡

〈X(x, y),∇kc(x, y)〉 =〈(y + x(1− x2 − y2),−x+ y(1− x2 − y2)), (2x, 2y)〉
=〈(y + x(1− c),−x+ y(1− c)), (2x, 2y)〉
=2xy + 2x2(1− c)− 2xy + 2y2(1− c)

=2x2(1− c) + 2y2(1− c).
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Pr♦♣♦s✐çã♦ ✶✳✻✳✶✳ ❙❡❥❛ X ∈ X(R2)✳ ❖ ❝❛♠♣♦ ✐♥❞✉③✐❞♦ ❡♠ S2 \ S1 = H+ ∪ H− ❞❡✜♥✐❞♦
❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♣❛r❛ t♦❞❛ ❛ ❡s❢❡r❛ ❛♣ós ❛ ♠✉❧t✐♣❧✐❝❛çã♦
♣❡❧♦ ❢❛t♦r yd−1

3 ✱ ❡ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦ ❡q✉❛❞♦r s❡❥❛ ✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ φk : Uk → R2✱ ψk : Vk → R2✱ i = 1, 2, 3✱ ♦♥❞❡

Uk = {y = (y1, y2, y3) ∈ S2 : yk > 0},
Vk = {y = (y1, y2, y3) ∈ S2 : yk < 0},

❡ ❛s ❛♣❧✐❝❛çõ❡s sã♦ ❞❛❞❛s ♣♦r
{

φk(y1, y2, y3) =
1
yk
(ym, yn), ∀ (y1, y2, y3) ∈ Uk; m < n, m, n 6= k,

ψk(y1, y2, y3) =
1
yk
(ym, yn), ∀ (y1, y2, y3) ∈ Vk; m < n, m, n 6= k.

❖❜s❡r✈❡ q✉❡ U3 = H+ ❡ V3 = H−✳

❙❡❥❛ (y1, y2, y3) ∈ U1 ∩H+✳ ❱❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛r ❛ ✐♥✈❡rs❛ ❞❡ φ1✳ ❙❡
(z1, z2) = φ1(y1, y2, y3)✱ ❡♥tã♦ y2 = z1y1✱ y3 = z2y1 ❡ y21+y

2
2+y

2
3 = 1✱ ❧♦❣♦ y21(1+z

2
1+z

2
2) = 1✱

✐ss♦ ✐♠♣❧✐❝❛ y1 = 1√
1+z21+z22

✳ P♦rt❛♥t♦✱

φ−1
1 (z1, z2) =

(

1
√

1 + z21 + z22
,

z1
√

1 + z21 + z22
,

z2
√

1 + z21 + z22

)

.

❊♥tã♦✱

φ1∗(f
+
∗ X)(z1, z2) =dφ1(φ

−1
1 (z1, z2))f

+
∗ X(φ−1

1 (z1, z2))

=dφ1(φ
−1
1 (z1, z2))df

+((f+)−1 ◦ φ−1
1 (z1, z2))X((f+)−1 ◦ φ−1

1 (z1, z2))

=d(φ1 ◦ f+)((φ1 ◦ f+)−1(z1, z2))X(φ1 ◦ f+)−1(z1, z2)

=(φ1 ◦ f+)∗X(z1, z2),

❆❧é♠ ❞✐ss♦✱

φ1 ◦ f+(x1, x2) = φ1

(

x1
∆(x)

,
x2

∆(x)
,

1

∆(x)

)

=

(

x2
x1
,
1

x1

)

,

♦ q✉❡ ✐♠♣❧✐❝❛

d(φ1 ◦ f+)(x1, x2) =

(

−x2

x2
1

1
x2

− 1
x2
1

0

)

.

❱❛♠♦s ♦❜t❡r ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ❞❡ φ1 ◦ f+✳ ❙❡ (z1, z2) = φ1 ◦ f+(x1, x2)✱ ❡♥tã♦
x2 = x1z1 ❡ x1 = 1

z2
✱ ❛ss✐♠ x2 =

z1
z2
✳ ▲♦❣♦✱ (φ1 ◦ f+)−1(z1, z2) = ( 1

z2
, z1
z2
)✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ❡①♣r❡ssã♦ ❞❡ f±
∗ X ❡♠ U1 ∩H+ é ❞❛❞❛ ♣♦r

(φ1 ◦ f+)∗X(z1, z2) =d(φ1 ◦ f+)((φ1 ◦ f+)−1(z1, z2))X((φ1 ◦ f+)−1(z1, z2))

=d(φ1 ◦ f+)

(

1

z2
,
z1
z2

)

X

(

1

z2
,
z1
z2

)

=

(

−z1z2 z2

−z22 0

)(

P ( 1
z2
, z1
z2
)

Q( 1
z2
, z1
z2
)

)

=

(

z2Q

(

1

z2
,
z1
z2

)

− z1z2P

(

1

z2
,
z1
z2

)

,−z22P
(

1

z2
,
z1
z2

))

.
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❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❡♥❝♦♥tr❛♠♦s ❛ ♠❡s♠❛ ❡①♣r❡ssã♦ ♣❛r❛ f±
∗ X ❡♠ U1 ∩H−✳

P♦rt❛♥t♦✱ ✐♥❞✉③✐♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ U1 q✉❡ é ❞❡✜♥✐❞♦ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧
❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❡①❝❡t♦ ❡♠ S1 q✉❛♥❞♦ d > 1✳ ❊♥tr❡t❛♥t♦✱ s❡ ♠✉❧t✐♣❧✐❝❛r♠♦s ❛ ❡①♣r❡ssã♦
❛♥t❡r✐♦r ♣♦r ✉♠ ❢❛t♦r yd−1

3 ♦❜t❡♠♦s ✉♠ ♥♦✈♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ q✉❡ ❛❣♦r❛ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠
t♦❞♦ U1✳ ❆ ❡①♣r❡ssã♦ ❞❡ss❡ ❝❛♠♣♦ é ❞❛❞❛ ♣♦r

yd−1
3

(

z2Q

(

1

z2
,
z1
z2

)

− z1z2P

(

1

z2
,
z1
z2

)

,−z22P
(

1

z2
,
z1
z2

))

. ✭✶✳✻✳✶✮

❈♦♠♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ y3 = z2y1 ❡ y1 = 1√
1+z21+z22

✱ ❡♥tã♦ y23 =
z22

∆(z)2
✱ ♦♥❞❡ ∆(z) =

√

1 + z21 + z22 ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❡st❛♠♦s ❡♠ U1✱ t❡♠♦s q✉❡ y1 > 0✱ ❡♥tã♦ y3 ♣♦ss✉✐ ♦
♠❡s♠♦ s✐♥❛❧ q✉❡ z2✱ ❧♦❣♦ y3 = z2

∆(z)
✳ P♦rt❛♥t♦✱ ❛ ❡①♣r❡ssã♦ ✭✶✳✻✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

zd2
∆(z)d−1

(

Q

(

1

z2
,
z1
z2

)

− z1P

(

1

z2
,
z1
z2

)

,−z2P
(

1

z2
,
z1
z2

))

. ✭✶✳✻✳✷✮

❉❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ❡♠ U2

zd2
∆(z)d−1

(

P

(

z1
z2
,
1

z2

)

− z1Q

(

z1
z2
,
1

z2

)

,−z2Q
(

z1
z2
,
1

z2

))

, ✭✶✳✻✳✸✮

❡ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ❡♠ U3

1

∆(z)d−1
(P (z1, z2), Q(z1, z2)). ✭✶✳✻✳✹✮

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ (y1, y2, y3) ∈ V1✱ ♦❜t❡♠♦s ❛ ♠❡s♠❛ ❡①♣r❡ssã♦ ✭✶✳✻✳✷✮ ❡①❝❡t♦
♣❡❧♦ ❢❛t♦ q✉❡ ❡♠ V1 t❡♠♦s y1 < 0✱ ❡♥tã♦ y3 ❡ z2 ♣♦ss✉❡♠ s✐♥❛✐s ❞✐❢❡r❡♥t❡s✳ ▲♦❣♦✱ y3 = − z2

∆(z)

❡ ✭✶✳✻✳✷✮ ❞❡✈❡ s❡r ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r (−1)d−1 ♣❛r❛ ♦❜t❡r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ V1✳ ❉❡ ♠♦❞♦
❛♥á❧♦❣♦✱ ❞❡✈❡♠♦s ♠✉❧t✐♣❧✐❝❛r ♣♦r (−1)d−1 ❛s ❡①♣r❡ssõ❡s ✭✶✳✻✳✸✮ ❡ ✭✶✳✻✳✹✮ ♣❛r❛ ♦❜t❡r ♦s
❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡♠ V2 ❡ V3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♣♦❞❡♠♦s ❡st❡♥❞❡r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ f±X ♣❛r❛
t♦❞❛ ❛ ❡s❢❡r❛ S2✳ P❛r❛ ✜♥❛❧✐③❛r✱ ✈❛♠♦s ♠♦str❛r q✉❡ S1 é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ❝❛♠♣♦ ❡st❡♥❞✐❞♦✳

❙❡❥❛ (y1, y2, y3) ∈ S1✳ ▲♦❣♦ y3 = 0✱ s❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ z2 =
y3
yi
✱ i = 1, 2✱ ♦❜t❡♠♦s

q✉❡ z2 = 0✳ ❊♥tã♦✱ ❛ ❡①♣r❡ssã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ (y1, y2, y3) ❞❛❞❛ ♣♦r ✭✶✳✻✳✷✮✱ ♦✉ ✉♠❛
❡①♣r❡ssã♦ s✐♠✐❧❛r✱ ♣♦ss✉✐ ❛ s❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡ ✐❣✉❛❧ ❛ ③❡r♦✳ P♦rt❛♥t♦✱ S1 é ✐♥✈❛r✐❛♥t❡✳

❉❡♥♦t❛♠♦s ♣♦r P(X) ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ q✉❡ ❡st❡♥❞❡ f±
∗ X ♣❛r❛ t♦❞❛ ❛ ❡s❢❡r❛ S2✱

❡ ❞❡✜♥✐♠♦s ❡❧❡ ❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❞❡ X ♥❛ ❡s❢❡r❛ S2✳ ❆❧é♠ ❞✐ss♦✱
❞❡♥♦t❛♠♦s ♣♦r D ❛ ♣r♦❥❡çã♦ ❞♦ ❤❡♠✐s❢ér✐♦ ♥♦rt❡ H+ ♥♦ ♣❧❛♥♦ y3 = 0✱ ♦ q✉❛❧ ❝❤❛♠❛♠♦s
❞❡ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳

❈♦♠ ❛ ♥♦t❛çã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ❛té ❛❣♦r❛✱ ❝❤❛♠❛r❡♠♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ✜♥✐t❛s
❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ P(X)✱ q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ S1✱ ❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s q✉❡ ♣❡rt❡♥❝❡♠ ❛
S1 s❡rã♦ ❝❤❛♠❛❞❛s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ✐♥✜♥✐t❛s✳

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ s❡rá ✜♥✐t❛ s❡ ❡st✐✈❡r ❧♦❝❛❧✐③❛❞❛ ❡♠
S2 \S1✱ ❥á ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❧♦❝❛❧✐③❛❞❛ ❡♠ S1 s❡rá ❝❤❛♠❛❞❛ ❞❡ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ✐♥✜♥✐t❛
♦✉ ♥♦ ✐♥✜♥✐t♦✳
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❈❆P❮❚❯▲❖ ✷

❊❙❚❆❇■▲■❉❆❉❊ ❆❙❙■◆❚Ó❚■❈❆

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ❡st✉❞❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ ✉♠❛ s✐♥✲
❣✉❧❛r✐❞❛❞❡ ❡♠ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝❛ ❡♠
R2✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ♦r✐❣❡♠ (0, 0) é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡
❡stá✈❡❧ ♣❛r❛ ♦ r❡❢❡r✐❞♦ ❝❛♠♣♦✳

❉✐✈✐❞✐♠♦s ♦ ♣❧❛♥♦ R2 ❡♠ ✉♠❛ ♠❛❧❤❛ ❝♦♠ ✐♥✜♥✐t♦s q✉❛❞r❛❞♦s ❞❡ ár❡❛ ✉♥✐tá✲
r✐❛ ❡ ❞❡✜♥✐♠♦s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ q✉❡✱ r❡str✐t♦ ❛♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛ q✉❛❞r❛❞♦✱ é ❞❛❞♦ ♣♦r
✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❧✐♥❡❛r ♣ró♣r✐♦✳ P❛r❛ ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ s❡rá ♥❡❝❡ssár✐♦
❡st❡♥❞❡r ♦ ❝❛♠♣♦ ♥❛s ❧✐♥❤❛s ❞❛ ♠❛❧❤❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ❝♦♥✈❡♥çã♦ ❞❡ ❋✐❧✐♣♣♦✈ ❡✱ ♣♦st❡r✐✲
♦r♠❡♥t❡✱ ♥♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡çã♦✱ ♦♥❞❡ ✉t✐❧✐③❛♠♦s ✉♠❛ r❡❣✉❧❛r✐③❛çã♦ ❞♦ ❝❛♠♣♦✳ ◆♦s
❜❛s❡❛♠♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❛rt✐❣♦ ❬✶✷❪✳

✷✳✶ ❆♣r❡s❡♥t❛çã♦ ❞♦ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ♣r♦♣♦st♦ ♣♦r ▼❛r❝✉s ❡ ❨❛♠❛❜❡ ❡♠
✶✾✻✵✱ ❡①✐❜✐♠♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❝♦♠ ♦s q✉❛✐s tr❛❜❛❧❤❛♠♦s ❡ ❡♥✉♥❝✐❛♠♦s ♦ r❡s✉❧t❛❞♦
♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ q✉❡ ❢♦r♥❡❝❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❛ ♦r✐❣❡♠ s❡❥❛ ❣❧♦❜❛❧✲
♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ ❡ss❡s ❝❛♠♣♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❯♠❛ ♠❛tr✐③ é ❞✐t❛ ❍✉r✇✐t③ s❡ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s tê♠ ♣❛rt❡ r❡❛❧
♥❡❣❛t✐✈❛✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❯♠ s✐st❡♠❛ ❞✐❢❡r❡♥❝✐❛❧ x′(t) = F (x(t)) ♦♥❞❡ F : R2 −→ R2 é C1✱ é
❍✉r✇✐t③ s❡ s✉❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ DF (x) é ❍✉r✇✐t③ ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ R2✳

❚❡♦r❡♠❛ ✷✳✶✳✶ ✭▼❛r❝✉s ❡ ❨❛♠❛❜❡✮✳ ❙❡❥❛ x′ = F (x) ✉♠ s✐st❡♠❛ ❞✐❢❡r❡♥❝✐❛❧✱ ❝♦♠ F ❞❡
❝❧❛ss❡ C1✳ ❙❡ ♦ s✐st❡♠❛ é ❍✉r✇✐t③ ❡ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✱ ❡♥tã♦ ❛ ♦r✐❣❡♠ é ✉♠❛
s♦❧✉çã♦ ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

❯♠❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✹❪✱ ♣♦r ❡①❡♠♣❧♦✳ ❊st❡ ❚❡♦r❡♠❛ é ✐♠♣♦r✲
t❛♥t❡ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ q✉❡ tr❛t❛ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s
❞❡s❝♦♥tí♥✉♦s✱ ❞❡s❝r✐t❛ ❡♠ s❡❣✉✐❞❛✳
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❝♦♠ a, b, c > 0 ❡ d ∈ R✱ ♣❛r❛ t♦❞♦ (i, j) ∈ Z2✳

❖❜s❡r✈❡ q✉❡ ❛s ♠❛tr✐③❡s Xi,j sã♦ ❍✉r✇✐t③✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♥❞♦
(

−a 0
0 −b

)

t❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é p(λ) = λ2 − (−a − b)λ + ab✱ ❛ss✐♠ λ1 = −a ❡
λ2 = −b sã♦ ♦s ❛✉t♦✈❛❧♦r❡s✳ ❊♥tã♦✱ Re(λ1) < 0 ❡ Re(λ2) < 0✱ ♣♦✐s a, b > 0✳ ■st♦ ✐♠♣❧✐❝❛
q✉❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❛ss♦❝✐❛❞♦ à ♠❛tr✐③ é ✉♠ ♥ó ❡stá✈❡❧✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦

(

−c d
−d −c

)

t❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é p(λ) = λ2 + 2cλ + c2 + d2✱ ❛ss✐♠ λ1 = −c + id ❡
λ2 = −c − id sã♦ ♦s ❛✉t♦✈❛❧♦r❡s✳ ❊♥tã♦✱ Re(λ1) < 0 ❡ Re(λ2) < 0✱ ♣♦✐s c > 0 ❡ d ∈ R✳
■st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❛ss♦❝✐❛❞♦ à ♠❛tr✐③ é ✉♠ ❢♦❝♦ ❡stá✈❡❧✳

❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡♠ R2 \ S é ❍✉r✇✐t③ s❡ ♦s
❛✉t♦✈❛❧♦r❡s ❞❛s ♠❛tr✐③❡s Xi,j tê♠ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛ ♣❛r❛ t♦❞♦ (i, j) ∈ Z2✳ ❆❧é♠ ❞✐ss♦✱
q✉❛♥❞♦ X é ❍✉r✇✐t③✱ ❞❡✜♥✐♠♦s δ(X) ❝♦♠♦ ♦ s✉♣r❡♠♦ ❞❛ ♣❛rt❡ r❡❛❧ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡
t♦❞❛s ❛s ♠❛tr✐③❡s Xi,j✳ ❉❡ss❡ ♠♦❞♦ t❡♠♦s q✉❡ δ(X) ≤ 0✳

❆ ♦r✐❣❡♠ ❞❡ R2 s❡♠♣r❡ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X
❡♠ R \ S✱ ♣♦✐s ❝♦♠♦ X|Si,j

= Xi,j ♣❛r❛ t♦❞♦ (i, j) ∈ Z2✱ t❡♠♦s q✉❡ X(0, 0) = X0,0(0, 0) =
(0, 0)✱ ❧♦❣♦ (0, 0) é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✳ ❆❣♦r❛✱ ❞✐③❡♠♦s q✉❡ ❛ ♦r✐❣❡♠ ❞❡ R2 é ✉♠❛ s♦❧✉çã♦
❣❧♦❜❛❧ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ❞❡ X s❡ ♦ ω✲❧✐♠✐t❡ ❞❡ q✉❛❧q✉❡r s♦❧✉çã♦ ❞❡ X ❢♦r ❛ ♦r✐❣❡♠✳
❉❡ ❢❛t♦✱ ♣♦✐s ∀x ∈ R2✱ ω(x) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(t, x) → 0 q✉❛♥❞♦ t→ +∞✳

❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ q✉❡ ❢♦r♥❡❝❡ ✉♠
❞❡s❞♦❜r❛♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛r❝✉s ❡ ❨❛♠❛❜❡ ♣❛r❛ ♥♦ss❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s
❞❡s❝♦♥tí♥✉♦s✳

❚❡♦r❡♠❛ ✷✳✶✳✷✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ ❍✉r✇✐t③ ❡♠ R2\S ❝♦♠ δ(X) < 0✳
❊♥tã♦✱ ❛ ♦r✐❣❡♠ é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ X✳

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ s❡rá ♥❡❝❡ssár✐♦ ❡st❡♥❞❡r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧
❞❡s❝♦♥tí♥✉♦ X ❡♠ R2 \ S ♣❛r❛ ♦ R2✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢❛③❡♠♦s ❛ ❡①t❡♥sã♦ ♣❛r❛ R2 \ S ′′ ❡
❞❡♣♦✐s ❝♦♠♣❧❡t❛♠♦s ❡❧❛ ♣❛r❛ t♦❞♦ ♦ ♣❧❛♥♦✳

✷✳✷ ❆ ❊①t❡♥sã♦ ♣❛r❛ R2 \ S ′′

❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ ❡♠ R2 \S✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❝❛❞❛
♣♦♥t♦ x ∈ S ′ ♣❡rt❡♥❝❡ ❡①❛t❛♠❡♥t❡ ❛ ❞♦✐s q✉❛❞r❛❞♦s ❢❡❝❤❛❞♦s Si,j ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
❡①✐st❡♠ ❞♦✐s ❝❛♠♣♦s ✈❡t♦r✐❛✐s Xi,j ❞❡✜♥✐❞♦s ❡♠ x✳ ❉❡ss❡ ♠♦❞♦✱ ✉t✐❧✐③❛r❡♠♦s ❛ ❈♦♥✈❡♥çã♦
❞❡ ❋✐❧✐♣♣♦✈ ✭✈❡❥❛ ❛ ❙❡çã♦ ✶✳✶✮ ♣❛r❛ ❞❡✜♥✐r ❛ tr❛❥❡tór✐❛ ♣❛ss❛♥❞♦ ♣♦r x✳

❙❡♥❞♦ ❛ss✐♠✱ q✉❛♥❞♦ ❢♦r♠♦s ❝❛r❛❝t❡r✐③❛r ❛s r❡❣✐õ❡s ♣❡❧♦s ♣♦♥t♦s
(

i− 1
2
, x2
)

∈
S ′✱ t❡♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ é Σ =

{

(x1, x2) ∈ R2 : x1 = i− 1
2

}

✱ ♦✉
s❡❥❛✱ Σ = f−1

i (0)✱ ♦♥❞❡ fi(x1, x2) = x1 − i + 1
2
✳ ❆❣♦r❛✱ q✉❛♥❞♦ ❢♦r♠♦s ❝❛r❛❝t❡r✐③❛r ❛s

r❡❣✐õ❡s ♣❡❧♦s ♣♦♥t♦s
(

x1, j − 1
2

)

∈ S ′✱ t❡♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ é Σ =
{

(x1, x2) ∈ R2 : x2 = j − 1
2

}

✱ ♦✉ s❡❥❛✱ Σ = g−1
j (0)✱ ♦♥❞❡ gj(x1, x2) = x2 − j + 1

2
✳
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❊♥tã♦✱ ❞❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡♠ R2 \ S✱ ❞❡ ❛❝♦r❞♦ ❝♦♠
❋✐❧✐♣♣♦✈✱ ❞✐st✐♥❣✉✐♠♦s ❛s r❡❣✐õ❡s ❡♠ S ′ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ ❘❡❣✐ã♦ ❞❡ ❈♦st✉r❛ ✭Σc✮✿ ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦s ♣♦♥t♦s (i− 1
2
, x2) ∈ S ′ ♦♥❞❡ Xi−1,jfi(i−

1
2
, x2) · Xi,jfi(i − 1

2
, x2) > 0✱ ♦✉ ♣❡❧♦s ♣♦♥t♦s (x1, j − 1

2
) ∈ S ′ ♦♥❞❡ Xi,j−1gj(x1, j −

1
2
) ·Xi,jgj(x1, j − 1

2
) > 0✳

✷✳ ❘❡❣✐ã♦ ❞❡ ❉❡s❧✐③❡ ✭Σs✮✿ ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦s ♣♦♥t♦s (i− 1
2
, x2) ∈ S ′ ♦♥❞❡ Xi−1,jfi(i−

1
2
, x2) > 0 ❡Xi,jfi(i− 1

2
, x2) < 0✱ ♦✉ ♣❡❧♦s ♣♦♥t♦s (x1, j− 1

2
) ∈ S ′ ♦♥❞❡Xi,j−1gj(x1, j−

1
2
) > 0 ❡ Xi,jgj(x1, j − 1

2
) < 0✳

✸✳ ❘❡❣✐ã♦ ❞❡ ❊s❝❛♣❡ ✭Σe✮✿ ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦s ♣♦♥t♦s (i− 1
2
, x2) ∈ S ′ ♦♥❞❡ Xi−1,jfi(i−

1
2
, x2) < 0 ❡Xi,jfi(i− 1

2
, x2) > 0✱ ♦✉ ♣❡❧♦s ♣♦♥t♦s (x1, j− 1

2
) ∈ S ′ ♦♥❞❡Xi,j−1gj(x1, j−

1
2
) < 0 ❡ Xi,jgj(x1, j − 1

2
) > 0✳

❈♦♥❢♦r♠❡ ✈✐st♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✶✳✶✱ ♣❛r❛ ♦s ♣♦♥t♦s ♥❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ♦✉ ♥❛ r❡❣✐ã♦ ❞❡
❡s❝❛♣❡ ❞❡✜♥✐♠♦s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ Zs ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡ x = (i − 1

2
, x2)✱

❡♥tã♦ Zs(x) = Zs(Xi−1,j, Xi,j)(x) ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦ s❡t♦r ❣❡r❛❞♦ ♣♦r Xi−1,j(x) ❡ Xi,j(x)
t❛♥❣❡♥t❡ à S ′✳ ❆ss✐♠✱

Zs(Xi−1,j, Xi,j)(x) =
Xi−1,jfi(x)Xi,j(x)−Xi,jfi(x)Xi−1,j(x)

Xi−1,jfi(x)−Xi,jfi(x)
. ✭✷✳✷✳✶✮

❆❣♦r❛✱ s❡ x = (x1, j− 1
2
)✱ ❡♥tã♦ Zs(x) = Zs(Xi,j−1, Xi,j)(x) ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦ s❡t♦r ❣❡r❛❞♦

♣♦r Xi,j−1(x) ❡ Xi,j(x) t❛♥❣❡♥t❡ à S ′✳ ❆ss✐♠✱

Zs(Xi,j−1, Xi,j)(x) =
Xi,j−1gj(x)Xi,j(x)−Xi,jgj(x)Xi,j−1(x)

Xi,j−1gj(x)−Xi,jgj(x)
. ✭✷✳✷✳✷✮

◆♦t❡♠♦s q✉❡ x = (i− 1
2
, x2) ∈ S ′ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ Zs(Xi−1,j, Xi,j) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ Xi−1,j ❡ Xi,j sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳ ❉❡ ❢❛t♦✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦ q✉❡
♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ é ❞❛❞♦ ♣♦r ✭✷✳✷✳✶✮✳ ❈♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ ✉♠ ❝❛♠♣♦
✈❡t♦r✐❛❧ ♥❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ♦✉ ❞❡ ❡s❝❛♣❡✱ t❡♠♦s q✉❡ Xi,jfi(x) · Xi−1,jfi(x) < 0✱ ❡♥tã♦
Xi,jfi(x)−Xi−1,jfi(x) 6= 0✳

❱❛♠♦s ❝♦♥s✐❞❡r❛rXi−1,j(x) = (X1
i−1,j(x), X

2
i−1,j(x)) ❡Xi,j(x) = (X1

i,j(x), X
2
i,j(x))✳

❙❛❜❡♠♦s q✉❡ fi(x) = x1 − i+ 1
2
✱ ❡♥tã♦ ▽fi(x) = (1, 0)✳ ❆ss✐♠✱

Xi,jfi(x) = 〈Xi,j(x),▽fi(x)〉 =
〈

(X1
i,j(x), X

2
i,j(x)), (1, 0)

〉

= X1
i,j(x)

❡
Xi−1,jfi(x) = 〈Xi−1,j(x),▽fi(x)〉 =

〈

(X1
i−1,j(x), X

2
i−1,j(x)), (1, 0)

〉

= X1
i−1,j(x).

❖❜s❡r✈❡ q✉❡
Xi,jfi(x)Xi−1,j(x)−Xi−1,jfi(x)Xi,j(x) =

= X1
i,j(x)(X

1
i−1,j(x), X

2
i−1,j(x))−X1

i−1,j(x)(X
1
i,j(x), X

2
i,j(x)) =

= (X1
i,j(x)X

1
i−1,j(x)−X1

i−1,j(x)X
1
i,j(x), X

1
i,j(x)X

2
i−1,j(x)−X1

i−1,j(x)X
2
i,j(x)) =

= (0, X1
i,j(x)X

2
i−1,j(x)−X1

i−1,j(x)X
2
i,j(x))
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❡ t❡♠♦s

X1
i,j(x)X

2
i−1,j(x)−X1

i−1,j(x)X
2
i,j(x) = −

∣

∣

∣

∣

X1
i−1,j(x) X2

i−1,j(x)
X1

i,j(x) X2
i,j(x)

∣

∣

∣

∣

.

❆ss✐♠✱ Zs(Xi−1,j, Xi,j)(x) = 0 s❡✱ ❡ só s❡✱ det[Xi−1,j, Xi,j] = 0 s❡✱ ❡ só s❡✱ Xi−1,j ❡ Xi,j

❢♦r❡♠ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳

❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ♠♦str❛♠♦s q✉❡ x = (x1, j − 1
2
) ∈ S ′ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡

Zs(Xi,j−1, Xi,j) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Xi,j−1 ❡ Xi,j sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳

P❡❧❛ ❉❡✜♥✐çã♦ ✶✳✶✳✻✱ t❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ x = (i − 1
2
, x2) ∈ S ′ é ✉♠ ♣♦♥t♦

S ′✲r❡❣✉❧❛r ❞❡ X s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✶✳ Xi−1,jfi(i− 1
2
, x2) ·Xi,jfi(i− 1

2
, x2) > 0✱ ♦✉ s❡❥❛✱ x ❡stá ♥❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛❀

✷✳ Xi−1,jfi(i− 1
2
, x2) ·Xi,jfi(i− 1

2
, x2) < 0 ❡ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ Xi−1,j(i− 1

2
, x2)∧Xi,j(i−

1
2
, x2) 6= 0✱ ♦✉ s❡❥❛✱ x ♣❡rt❡♥❝❡ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ♦✉ ❞❡ ❡s❝❛♣❡ ❡ ♥ã♦ é ✉♠ ♣♦♥t♦

s✐♥❣✉❧❛r ❞❡ Zs(Xi−1,j, Xi,j)✳

❆❣♦r❛✱ ✉♠ ♣♦♥t♦ x = (x1, j − 1
2
) ∈ S ′ é ✉♠ ♣♦♥t♦ S ′✲r❡❣✉❧❛r ❞❡ X s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✶✳ Xi,j−1gj(x1, j − 1
2
) ·Xi,jgj(x1, j − 1

2
) > 0✱ ♦✉ s❡❥❛✱ x ❡stá ♥❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛❀

✷✳ Xi,j−1gj(x1, j − 1
2
) · Xi,jgj(x1, j − 1

2
) < 0 ❡ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ Xi,j−1(x1, j − 1

2
) ∧

Xi,j(x1, j − 1
2
) 6= 0✱ ♦✉ s❡❥❛✱ x ♣❡rt❡♥❝❡ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ♦✉ ❞❡ ❡s❝❛♣❡ ❡ ♥ã♦ é ✉♠

♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ Zs(Xi,j−1, Xi,j)✳

❖s ♣♦♥t♦s ❞❡ S ′ q✉❡ ♥ã♦ sã♦ S ′✲r❡❣✉❧❛r❡s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦♥t♦s S ′✲s✐♥❣✉❧❛r❡s✳ ❉❡ss❡
♠♦❞♦✱ ❞❛❞♦ ✉♠ ❝❛♠♣♦ ❞❡s❝♦♥tí♥✉♦ X ❡♠ R2 \ S✱ t❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ x(t) ❞❡ X ❡♠
R2 \ S ′′ é✿

✶✳ ✉♠ s❡❣♠❡♥t♦ ❛❜❡rt♦ ♦r✐❡♥t❛❞♦ ❞❡ S ′ ❝♦♥t✐❞♦ ♥❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ♦✉ ❞❡ ❞❡s❧✐③❡✱
s♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Zs✱

✷✳ ♦✉ ✉♠ ♣♦♥t♦ S ′✲s✐♥❣✉❧❛r✱

✸✳ ♦✉ ✉♠❛ ❝✉r✈❛ ❞❡✜♥✐❞❛ ❡♠ R2 \ S ′′ t❛♥❣❡♥t❡ ❛ X ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ R2 \ S ❡ t❛❧ q✉❡
s❡✉s ♣♦♥t♦s ❡♠ S ′ ❡stã♦ ♥❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛✳

P♦rt❛♥t♦✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡stá ❞❡✜♥✐❞♦ ❡♠ R2 \ S ′′✳ ❆ s❡❣✉✐r✱
✈❛♠♦s ❞❡✜♥✐✲❧♦ ❡♠ S ′′✳

✷✳✸ ❆ ❊①t❡♥sã♦ ♣❛r❛ R2

P❛r❛ ❞❡✜♥✐r ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡♠ S ′′ ✈❛♠♦s ✉s❛r ❛ ✐❞❡✐❛ ❞❡
r❡❣✉❧❛r✐③❛çã♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s❝♦♥tí♥✉♦s tr❛t❛❞❛ ♥❛ ❙❡çã♦ ✶✳✸✳
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✶✳ Yε = Xi,j ♥♦ q✉❛❞r❛❞♦ ❢❡❝❤❛❞♦ Qi,j✳

✷✳ Yε(x) =
(

1− ϕε

(

x1 − i+ 1
2

))

Xi−1,j(x) + ϕε

(

x1 − i+ 1
2

)

Xi,j(x) s❡ x ♣❡rt❡♥❝❡ ❛♦
r❡tâ♥❣✉❧♦ Vi,j✳

✸✳ Yε(x) =
(

1− ϕε

(

x2 − j + 1
2

))

Xi,j−1(x) + ϕε(x2 − j + 1
2
)Xi,j(x) s❡ x ♣❡rt❡♥❝❡ ❛♦

r❡tâ♥❣✉❧♦ Hi,j✳

❆té ❛q✉✐✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Yε ❥á ❡stá ❞❡✜♥✐❞♦ ♥❛s ❢r♦♥t❡✐r❛s ❞♦s q✉❛❞r❛❞♦s Rε
i,j = Ri,j✳

❆❣♦r❛✱ ♣r❡❝✐s❛♠♦s ❞❡✜♥✐✲❧♦ ♥♦ ✐♥t❡r✐♦r ❞♦s q✉❛❞r❛❞♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Yε ❡st❛rá
❞❡✜♥✐❞♦ ❡♠ t♦❞♦ R2✳

✹✳ ❙❡ x = (x1, x2) ∈ Ri,j✱ ❞❡✜♥✐♠♦s

Yε(x) =

(

1− ϕε

(

x2 − j +
1

2

))

Yε

(

x1, j −
1

2
− ε

)

+ ϕε

(

x2 − j +
1

2

)

Yε

(

x1, j −
1

2
+ ε

)

.

◆♦t❡ q✉❡ ♣❛r❛ ❞❡✜♥✐r ❛ r❡❣✉❧❛r✐③❛çã♦ ♥♦ ✐♥t❡r✐♦r ❞♦ q✉❛❞r❛❞♦✱ ❢❛③❡♠♦s ✉♠❛ ❝♦♠❜✐♥❛çã♦
❞♦s ✈❛❧♦r❡s ❞❛ r❡❣✉❧❛r✐③❛çã♦ ❞❡✜♥✐❞♦s ♥♦ ✐t❡♠ ✷✳ ❆s ❝♦♦r❞❡♥❛❞❛s ❞♦ ♣r✐♠❡✐r♦ t❡r♠♦ sã♦
❞❡ ✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡♥t❡ à ❛r❡st❛ ✐♥❢❡r✐♦r ❞♦ q✉❛❞r❛❞♦✱ q✉❡ ❢❛③ ♣❛rt❡ ❞❛ ❢r♦♥t❡✐r❛ ❞♦
r❡tâ♥❣✉❧♦ ❛❜❛✐①♦ ❞❡❧❡✱ ❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ s❡❣✉♥❞♦ t❡r♠♦ sã♦ ❞❡ ✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡♥t❡
à ❛r❡st❛ s✉♣❡r✐♦r ❞♦ q✉❛❞r❛❞♦✱ q✉❡ ❢❛③ ♣❛rt❡ ❞❛ ❢r♦♥t❡✐r❛ ❞♦ r❡tâ♥❣✉❧♦ ❛❝✐♠❛ ❞❡❧❡✳ ❖✉
s❡❥❛✱ ❝♦♠❜✐♥❛♠♦s ✈❛❧♦r❡s ❞❛ r❡❣✉❧❛r✐③❛çã♦ ❡♠ ✉♠ ♣♦♥t♦ ❞♦ r❡tâ♥❣✉❧♦ Vi,j ❡ ✉♠ ♣♦♥t♦ ❞♦
r❡tâ♥❣✉❧♦ Vi,j−1✱ ♥♦s q✉❛✐s Yε ❥á ❡st❛✈❛ ❞❡✜♥✐❞♦✳

❉❛ ❞❡✜♥✐çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Yε ❡♠ R2✱ s❡❣✉❡ q✉❡ Yε é ❝♦♥tí♥✉♦ ❡♠ t♦❞♦ R2✳
P♦❞❡♠♦s ♥♦t❛r q✉❡ Yε ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ R2 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛ Yε(x) = Aε(x) ·x✱
♦♥❞❡

Aε(x) = ai−1,j−1(x)Xi−1,j−1 + ai−1,j(x)Xi−1,j + ai,j−1(x)Xi,j−1 + ai,j(x)Xi,j ✭✷✳✸✳✶✮

♣❛r❛ ❛❧❣✉♠ (i, j) ∈ Z2✱ ❝♦♠ ai−1,j−1(x)+ ai−1,j(x)+ ai,j−1(x)+ ai,j(x) = 1✱ ❡ ❝❛❞❛ al,k ≥ 0
❝♦♠ (l, k) ∈ G✱ ♦♥❞❡ G = {(i− 1, j − 1), (i− 1, j), (i, j − 1), (i, j)}✳ ◆♦t❡ q✉❡ Aε(x) é ✉♠❛
♠❛tr✐③ ❝✉❥♦s ❡❧❡♠❡♥t♦s✱ ❡♠ ❣❡r❛❧✱ ❞❡♣❡♥❞❡♠ ❞❡ x✳

❆t❡♥t❛♠♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ r❡❣✉❧❛r✐③❛çã♦ ❡♠ t♦r♥♦ ❞♦s ❝❛♥t♦s
pij = (x1, x2)✱ ♦♥❞❡ x1 = i − 1

2
❡ x2 = j − 1

2
✳ P❛r❛ ❝❛❞❛ ε✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ r❡❣✉❧❛r✐③❛❞♦

Yε(x) ❡stá ❞❡✜♥✐❞♦ ❡♠ Rε
i,j✳ ❆❧é♠ ❞✐ss♦✱ pij s❡♠♣r❡ é ♦ ❝❡♥tr♦ ❞❡ Ri,j ❡ lim

ε→0
Rε

i,j = pij✳

❆ss✐♠✱ ❢❛③ s❡♥t✐❞♦ ❝♦♥s✐❞❡r❛r ❛ s♦❧✉çã♦ ór❜✐t❛ ❞❡ Yε ♣❛ss❛♥❞♦ ♣♦r pij✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳ ❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Yε é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♠ R2✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❝♦♥str✉çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Yε✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ x0 ∈ R2 ♣♦❞❡♠♦s
s❡♠♣r❡ ❡s❝♦❧❤❡r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x0 ❡ ✉♠ ♣❛r (i, j) ∈ R2 t❛❧ q✉❡ ❛ ❡①♣r❡ssã♦ ❞❡ Yε(x)
♣❛r❛ t♦❞♦ x ∈ U é ❞❛❞❛ ♣♦r Yε(x) = Aε(x)x✱ ❝♦♠ (i, j) ✜①♦✳

❱❛♠♦s ❞❡✜♥✐r
M = max

(l,k)∈G
‖ Xl,k ‖ .
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P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ x, y ∈ U ♣♦❞❡♠♦s ❡s❝r❡✈❡r

‖ Yε(x)− Yε(y) ‖ = ‖ Aε(x)x− Aε(y)y ‖

=

∥

∥

∥

∥

∥

∥

∑

(l,k)∈G
al,k(x)Xl,kx−

∑

(l,k)∈S
al,k(y)Xl,ky

∥

∥

∥

∥

∥

∥

≤
∑

(l,k)∈G
‖ al,k(x)Xl,kx− al,k(y)Xl,ky ‖

=
∑

(l,k)∈G
‖ Xl,k(al,k(x)x− al,k(y)y) ‖

≤
∑

(l,k)∈G
‖ Xl,k ‖‖ al,k(x)x− al,k(y)y ‖

≤ M
∑

(l,k)∈G
‖ al,k(x)x− al,k(y)y ‖ .

❈♦♠♦ 0 ≤ al,k(x), al,k(y) ≤ 1✱ é ❝❡rt♦ q✉❡

‖ al,k(x)x− al,k(y)y ‖ ≤ ‖ x− y ‖ .

❆ss✐♠✱ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ t❡♠♦s q✉❡

‖ Yε(x)− Yε(y) ‖ ≤ 4M ‖ x− y ‖ .

❚♦♠❛♥❞♦ L = 4M ✱ ♦❜t❡♠♦s q✉❡ Yε é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

❆ss✐♠✱ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Yε ❛tr❛✈és
❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ R2✱ ❡ t❛♠❜é♠ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❡♠ ❝♦♥❞✐çõ❡s ❡ ♣❛râ♠❡tr♦s ✐♥✐❝✐❛✐s✳

P♦r r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♠ ❬✶✻❪✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ x : [0, T ] → R é ✉♠❛ s♦❧✉çã♦
❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s
xε : [0, T ] → R ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ r❡❣✉❧❛r✐③❛❞♦ Yε ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ x(t)
q✉❛♥❞♦ εց 0✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ s♦❧✉çã♦ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X
♥♦s ♣♦♥t♦s ❞❡ S ′′✳ ❙❡❥❛ x0 ∈ S ′′ ❡ s❡❥❛ xε : [0, T ] → R ❛ s♦❧✉çã♦ ❞❡ Yε t❛❧ q✉❡ xε(0) = x0✳
❊♥tã♦✱ t♦♠❛♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s xε(t) ❡ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ ε ց 0✳ ❊ss❡ ❧✐♠✐t❡✱
❞❡♥♦t❛❞♦ ♣♦r x(t)✱ é ♣♦r ❞❡✜♥✐çã♦ ❛ s♦❧✉çã♦ ❞❡ X t❛❧ q✉❡ x(t) = x0✳

P♦rt❛♥t♦✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡stá ❞❡✜♥✐❞♦ ❡♠ R2✳ ◆❛ ♣ró①✐♠❛
s❡çã♦✱ ❡①✐❜✐♠♦s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❛s ❡①t❡♥sõ❡s ❢❡✐t❛s✳

✷✳✹ ❊①❡♠♣❧♦ ❞❛s ❊①t❡♥sõ❡s

❆❝♦❧❤❡♥❞♦ ❛s ♥♦t❛çõ❡s ❞♦s ❝♦♥❥✉♥t♦s ❞❛ ❙❡çã♦ ✷✳✶✱ ❝♦♥s✐❞❡r❡ ♦s ❝❛♠♣♦s ✈❡t♦✲
r✐❛✐s ❧✐♥❡❛r❡s ❛ss♦❝✐❛❞♦s às s❡❣✉✐♥t❡s ♠❛tr✐③❡s✿

X−1,1 =





−5 2
3

−2
3

−5



 , X0,1 =





−4 0

0 −5



 , X1,1 =





−1 0

0 −1
2





,
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❊♥tr❡ ♦s ❝❛♠♣♦s X0,1 ❡ X0,0✱ t❡♠♦s

X0,1g1

(

x1,
1

2

)

=

〈(

−4x1,−
5

2

)

, (0, 1)

〉

= −5

2
,

X0,0g1

(

x1,
1

2

)

=

〈(

−2x1 +
7

2
,−7x1 − 1

)

, (0, 1)

〉

= −7x1 − 1.

❊♥tã♦✱ X0,1g1
(

x1,
1
2

)

X0,0g1
(

x1,
1
2

)

= (−7x1 − 1)
(

−5
2

)

= 35
2
x1 +

5
2
✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧

❛ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1 = −1
7
✱ ❛ss✐♠✱

(

−1
7
, 1
2

)

é ♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✳ ❉❛í✱ t❡♠♦s ✉♠❛
r❡❣✐ã♦ ❞❡ ❝♦st✉r❛ s❡ x1 > −1

7
❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ s❡ x1 < −1

7
✳

❊♥tr❡ ♦s ❝❛♠♣♦s X−1,1 ❡ X−1,0✱ t❡♠♦s

X−1,1g1

(

x1,
1

2

)

=

〈(

−5x1 +
1

3
,−2

3
x1 −

5

2

)

, (0, 1)

〉

= −2

3
x1 −

5

2
,

X−1,0g1

(

x1,
1

2

)

=

〈(

−5

6
x1 + 1,−2x1 −

5

12

)

, (0, 1)

〉

= −2x1 −
5

12
.

❊♥tã♦✱ X−1,1g1
(

x1,
1
2

)

X−1,0g1
(

x1,
1
2

)

=
(

−2
3
x1 − 5

2

) (

−2x1 − 5
12

)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧
❛ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1 = −15

4
♦✉ x1 = − 5

24
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛

♣♦✐s −3
2
< x1 < −1

2
✳ ❆ ❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 < −15

4
♦✉ x1 > − 5

24
✱

♣♦ré♠ ♥ã♦ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛ ♣♦✐s −3
2
< x1 < −1

2
✳ ❆ ❡①♣r❡ssã♦ é ♠❡♥♦r ❞♦ q✉❡

③❡r♦ q✉❛♥❞♦ −15
4
< x1 < − 5

24
✱ ♦♥❞❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ ✈❛r✐❡❞❛❞❡ x2 = −1
2
✱ ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ g0(x1, x2) = x2+

1
2
✱

❡♥tr❡ ♦s ❝❛♠♣♦s X1,0 ❡ X1,−1✱ t❡♠♦s

X1,0g0

(

x1,−
1

2

)

=

〈(

−x1,
9

2

)

, (0, 1)

〉

=
9

2
,

X1,−1g0

(

x1,−
1

2

)

=

〈(

−3x1 +
1

2
, x1 +

3

2

)

, (0, 1)

〉

= x1 +
3

2
.

❊♥tã♦✱ X1,0g0
(

x1,−1
2

)

X1,−1g0
(

x1,−1
2

)

= 9
2

(

x1 +
3
2

)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛ ③❡r♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ x1 = −3

2
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛✱ ♣♦✐s 1

2
< x1 <

3
2
✳ ❆ ❡①♣r❡ssã♦

é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 > −3
2
✱ ♦♥❞❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛✳ ❆ ❡①♣r❡ssã♦

é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 < −3
2
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✱ ♣♦✐s

1
2
< x1 <

3
2
✳

❊♥tr❡ ♦s ❝❛♠♣♦s X0,0 ❡ X0,−1✱ t❡♠♦s

X0,0g0

(

x1,−
1

2

)

=

〈(

−2x1 −
7

2
,−7x1 + 1

)

, (0, 1)

〉

= −7x1 + 1,

X0,−1g0

(

x1,−
1

2

)

=

〈(

−x1 −
1

2
,−x1 +

1

2

)

, (0, 1)

〉

= −x1 +
1

2
.

❊♥tã♦✱ X0,0g0
(

x1,−1
2

)

X0,−1g0
(

x1,−1
2

)

= (−7x1 + 1)
(

−x1 + 1
2

)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧
❛ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1 = 1

7
♦✉ x1 = 1

2
✱ ❛ss✐♠✱

(

1
7
,−1

2

)

é ♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✱ ♣♦✐s
−1

2
< x < 1

2
✳ ❆ ❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 < 1

7
♦✉ x1 > 1

2
✱ ❡ é ♠❡♥♦r ❞♦

q✉❡ ③❡r♦ q✉❛♥❞♦ 1
7
< x1 <

1
2
✳ ▲♦❣♦✱ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛ q✉❛♥❞♦ x1 < 1

7
❡ ✉♠❛

r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ q✉❛♥❞♦ x1 > 1
7
✱ ♣♦✐s −1

2
< x1 <

1
2
✳
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❊♥tr❡ ♦s ❝❛♠♣♦s X−1,0 ❡ X−1,−1✱ t❡♠♦s

X−1,0g0

(

x1,−
1

2

)

=

〈(

−5

6
x1 − 1,−2x1 +

5

12

)

, (0, 1)

〉

= −2x1 +
5

12
,

X−1,−1g0

(

x1,−
1

2

)

=

〈(

−5x1,
9

2

)

, (0, 1)

〉

=
9

2
.

❊♥tã♦✱ X−1,0g0
(

x1,−1
2

)

X−1,−1g0
(

x1,−1
2

)

=
(

−2x1 +
5
12

)

9
2
✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛ ③❡r♦

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1 = 5
24
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ ♣♦✐s −3

2
< x1 < −1

2
✳ ❆

❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 < 5
24

❡ é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x1 > 5
24
✳

▲♦❣♦✱ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛ ♥❡ss❡ ❝❛s♦✱ ♣♦✐s −3
2
< x1 < −1

2
✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ ✈❛r✐❡❞❛❞❡ x1 = 1
2
✱ ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ f1(x1, x2) = x1 − 1

2
✱

❡♥tr❡ ♦s ❝❛♠♣♦s X1,1 ❡ X0,1✱ t❡♠♦s

X1,1f1

(

1

2
, x2

)

=

〈(

−1

2
,−1

2
x2

)

, (1, 0)

〉

= −1

2
,

X0,1f1

(

1

2
, x2

)

= 〈(−2,−5x2) , (1, 0)〉 = −2.

❊♥tã♦✱ X1,1f1
(

1
2
, x2
)

X0,1f1
(

1
2
, x2
)

=
(

−1
2

)

(−2) = 1 > 0✳ ▲♦❣♦✱ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡
❝♦st✉r❛ ♥❡ss❡ ❝❛s♦✳

❊♥tr❡ ♦s ❝❛♠♣♦s X1,0 ❡ X0,0✱ t❡♠♦s

X1,0f1

(

1

2
, x2

)

=

〈(

−1

2
,−9x2

)

, (1, 0)

〉

= −1

2
,

X0,0f1

(

1

2
, x2

)

=

〈(

−1 + 7x2,−
7

2
− 2x2

)

, (1, 0)

〉

= −1 + 7x2.

❊♥tã♦✱ X1,0f1
(

1
2
, x2
)

X0,0f1
(

1
2
, x2
)

= (−1 + 7x2)
(

−1
2

)

= 1
2
− 7

2
x2✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧

❛ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x2 = 1
7
✱ ❛ss✐♠✱

(

1
2
, 1
7

)

é ♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✳ ❆ ❡①♣r❡ssã♦ é ♠❛✐♦r
❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 < 1

7
✱ ♦♥❞❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛✱ ❡ é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦

q✉❛♥❞♦ x2 > 1
7
✱ ♦♥❞❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✳

❊♥tr❡ ♦s ❝❛♠♣♦s X1,−1 ❡ X0,−1✱ t❡♠♦s

X1,−1f1

(

1

2
, x2

)

=

〈(

−3

2
− x2,

1

2
− 3x2

)

, (1, 0)

〉

= −3

2
− x2,

X0,−1f1

(

1

2
, x2

)

=

〈(

−1

2
+ x2,−

1

2
− x2

)

, (1, 0)

〉

= −1

2
+ x2.

❊♥tã♦✱ X1,−1f1
(

1
2
, x2
)

X0,−1f1
(

1
2
, x2
)

=
(

−3
2
− x2

) (

−1
2
+ x2

)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛
③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x2 = −3

2
♦✉ x2 = 1

2
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ ♣♦✐s

−3
2
< x2 <

1
2
✳ ❆ ❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ −3

2
< x2 <

1
2
✱ ❡ é ♠❡♥♦r ❞♦ q✉❡

③❡r♦ q✉❛♥❞♦ x2 < −3
2
♦✉ x2 >

1
2
✳ ❈♦♠♦ −3

2
< x2 < −1

2
✱ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛

♥❡ss❡ ❝❛s♦✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ ✈❛r✐❡❞❛❞❡ x1 = −1
2
✱ ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ f0(x1, x2) = x1+

1
2
✱

❡♥tr❡ ♦s ❝❛♠♣♦s X0,1 ❡ X−1,1✱ t❡♠♦s

X0,1f0

(

−1

2
, x2

)

= 〈(2,−5x2) , (1, 0)〉 = 2,
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X−1,1f0

(

−1

2
, x2

)

=

〈(

5

2
+

2

3
x2,

1

3
− 5x2

)

, (1, 0)

〉

=
5

2
+

2

3
x2.

❊♥tã♦✱ X0,1f0
(

−1
2
, x2
)

X−1,1f0
(

−1
2
, x2
)

= 2
(

5
2
+ 2

3
x2
)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛ ③❡r♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ x2 = −15

4
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ ♣♦✐s 1

2
< x2 <

3
2
✳ ❆ ❡①♣r❡ssã♦

é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 > −15
4

❡ é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 < −15
4
✳ ❈♦♠♦

1
2
< x2 <

3
2
✱ t❡♠♦s ❛♣❡♥❛s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛ ♥❡ss❡ ❝❛s♦✳

❊♥tr❡ ♦s ❝❛♠♣♦s X0,0 ❡ X−1,0✱ t❡♠♦s

X0,0f0

(

−1

2
, x2

)

=

〈(

1 + 7x2,
7

2
− 2x2

)

, (1, 0)

〉

= 1 + 7x2,

X−1,0f0

(

−1

2
, x2

)

=

〈(

5

12
+ 2x2, 1−

5

6
x2

)

, (1, 0)

〉

=
5

12
+ 2x2.

❊♥tã♦✱ X0,0f0
(

−1
2
, x2
)

X−1,0f0
(

−1
2
, x2
)

= (1 + 7x2)
(

5
12

+ 2x2
)

✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛
③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x2 = − 5

24
♦✉ x2 = −1

7
✱ ❛ss✐♠✱

(

−1
2
,− 5

24

)

❡
(

−1
2
,−1

7

)

sã♦ ♦s ♣♦♥t♦s
❞❡ t❛♥❣ê♥❝✐❛✳ ❆ ❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 < − 5

24
♦✉ x2 > −1

7
✱ ♦♥❞❡ t❡♠♦s

✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛✱ ❡ é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ − 5
24
< x2 < −1

7
✱ ♦♥❞❡ t❡♠♦s ✉♠❛

r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✳

❊♥tr❡ ♦s ❝❛♠♣♦s X0,−1 ❡ X−1,−1✱ t❡♠♦s

X0,−1f0

(

−1

2
, x2

)

=

〈(

1

2
+ x2,

1

2
− x2

)

, (1, 0)

〉

=
1

2
+ x2,

X−1,−1f0

(

−1

2
, x2

)

=

〈(

5

2
,−9x2

)

, (1, 0)

〉

=
5

2
.

❊♥tã♦✱ X0,−1f0
(

−1
2
, x2
)

X−1,−1f0
(

−1
2
, x2
)

=
(

1
2
+ x2

)

5
2
✳ ❊ss❛ ❡①♣r❡ssã♦ é ✐❣✉❛❧ ❛ ③❡r♦ s❡✱

❡ s♦♠❡♥t❡ s❡✱ x2 = −1
2
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ♣♦♥t♦s ❞❡ t❛♥❣ê♥❝✐❛ ♣♦✐s −3

2
< x2 <

1
2
✳ ❆

❡①♣r❡ssã♦ é ♠❛✐♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 > −1
2
✱ ♣♦ré♠ ♥ã♦ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦st✉r❛✱

♣♦✐s −3
2
< x2 < −1

2
✱ ❡ é ♠❡♥♦r ❞♦ q✉❡ ③❡r♦ q✉❛♥❞♦ x2 < −1

2
✱ ♦♥❞❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡

❞❡s❧✐③❡✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❤❡❝❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❛♠♣♦ X ♥❛s ❧✐♥❤❛s q✉❡ ❞✐✈✐✲
❞❡♠ ♦s ❝❛♠♣♦s Xi,j✱ ♣❛r❛ i, j ∈ {−1, 0, 1}✳ ❆ ❋✐❣✉r❛ ✷✳✹ ✐❧✉str❛ ♦ ❝❛♠♣♦ ❡♠ R2 \ S ′′✳

❆❣♦r❛✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ❝❛♠♣♦ X ❡♠ S ′′✳ P❛r❛ ✐ss♦✱ ♦❜t❡♠♦s ✉♠❛ r❡❣✉❧❛r✐③❛çã♦
Yε ❡♠ R2 ❞♦ ❝❛♠♣♦✱ ❞❛❞❛ ♣♦r

Yε = Xi,j,

♥♦ q✉❛❞r❛❞♦ ❢❡❝❤❛❞♦ {(x1, x2) : i− 1
2
+ ε ≤ x1 ≤ i + 1

2
− ε, j − 1

2
+ ε ≤ x2 ≤ j + 1

2
− ε}✱

♣❛r❛ i, j ∈ {−1, 0, 1}✳ P❛r❛ ❛ ✈❛r✐❡❞❛❞❡ x2 = 1
2
✱ t❡♠♦s

Yε(x1, x2) =

(

1− ϕ

(

x2 − 1
2

ε

))

X1,0(x1, x2) + ϕ

(

x2 − 1
2

ε

)

X1,1(x1, x2),

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : 1
2
+ ε ≤ x1 ≤ 3

2
− ε, 1

2
− ε ≤ x2 ≤ 1

2
+ ε}❀

Yε(x1, x2) =

(

1− ϕ

(

x2 − 1
2

ε

))

X0,0(x1, x2) + ϕ

(

x2 − 1
2

ε

)

X0,1(x1, x2),
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♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : 1
2
− ε ≤ x1 ≤ 1

2
+ ε, 1

2
+ ε ≤ x2 ≤ 3

2
− ε}❀

Yε(x1, x2) =

(

1− ϕ

(

x1 − 1
2

ε

))

X0,0(x1, x2) + ϕ

(

x1 − 1
2

ε

)

X1,0(x1, x2),

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : 1
2
− ε ≤ x1 ≤ 1

2
+ ε,−1

2
+ ε ≤ x2 ≤ 1

2
− ε}❀

Yε(x1, x2) =

(

1− ϕ

(

x1 − 1
2

ε

))

X0,−1(x1, x2) + ϕ

(

x1 − 1
2

ε

)

X1,−1(x1, x2),

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : 1
2
− ε ≤ x1 ≤ 1

2
+ ε,−3

2
+ ε ≤ x2 ≤ −1

2
− ε}✳

P❛r❛ ❛ ✈❛r✐❡❞❛❞❡ x1 = −1
2
✱ t❡♠♦s

Yε(x1, x2) =

(

1− ϕ

(

x1 +
1
2

ε

))

X−1,1(x1, x2) + ϕ

(

x1 +
1
2

ε

)

X0,1(x1, x2),

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : −1
2
− ε ≤ x1 ≤ −1

2
+ ε, 1

2
+ ε ≤ x2 ≤ 3

2
− ε}❀

Yε(x1, x2) =

(

1− ϕ

(

x1 +
1
2

ε

))

X−1,0(x1, x2) + ϕ

(

x1 +
1
2

ε

)

X0,0(x1, x2),

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : −1
2
− ε ≤ x1 ≤ −1

2
+ ε,−1

2
+ ε ≤ x2 ≤ 1

2
− ε}❀

Yε(x1, x2) =

(

1− ϕ

(

x1 +
1
2

ε

))

X−1,−1(x1, x2) + ϕ

(

x1 +
1
2

ε

)

X0,−1(x1, x2).

♥♦ r❡tâ♥❣✉❧♦ {(x1, x2) : −1
2
− ε ≤ x1 ≤ −1

2
+ ε,−3

2
+ ε ≤ x2 ≤ −1

2
− ε}✳

❆❣♦r❛✱ ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞♦s q✉❛❞r❛❞♦s Ri,j✱ i, j ∈ {0, 1}✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈❛r✐❡✲
❞❛❞❡ x2 = 1/2✱ t❡♠♦s

Yε(x1, x2) =

(

1− ϕ

(

x2 − 1
2

ε

))

Yε

(

x1,
1

2
− ε

)

+ ϕ

(

x2 − 1
2

ε

)

Yε

(

x1,
1

2
+ ε

)

,

♥♦ q✉❛❞r❛❞♦ {(x1, x2) : 1
2
− ε ≤ x1 ≤ 1

2
+ ε, 1

2
− ε ≤ x2 ≤ 1

2
+ ε}✱

Yε(x1, x2) =

(

1− ϕ

(

x2 − 1
2

ε

))

Yε

(

x1,
1

2
− ε

)

+ ϕ

(

x2 − 1
2

ε

)

Yε

(

x1,
1

2
+ ε

)

,

♥♦ q✉❛❞r❛❞♦ {(x1, x2) : −1
2
− ε ≤ x1 ≤ −1

2
+ ε, 1

2
− ε ≤ x2 ≤ 1

2
+ ε}✳

❊ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈❛r✐❡❞❛❞❡ x2 = −1/2✱ t❡♠♦s

Yε(x1, x2) =

(

1− ϕ

(

x2 +
1
2

ε

))

Yε

(

x1,−
1

2
− ε

)

+ ϕ

(

x2 +
1
2

ε

)

Yε

(

x1,−
1

2
+ ε

)

,

♥♦ q✉❛❞r❛❞♦ {(x1, x2) : 1
2
− ε ≤ x1 ≤ 1

2
+ ε,−1

2
− ε ≤ x2 ≤ −1

2
+ ε}✱

Yε(x1, x2) =

(

1− ϕ

(

x2 +
1
2

ε

))

Yε

(

x1,−
1

2
− ε

)

+ ϕ

(

x2 +
1
2

ε

)

Yε

(

x1,−
1

2
+ ε

)

,

♥♦ q✉❛❞r❛❞♦ {(x1, x2) : −1
2
− ε ≤ x1 ≤ −1

2
+ ε,−1

2
− ε ≤ x2 ≤ −1

2
+ ε}✳

❈♦♠ ✐ss♦✱ ❞❡t❡r♠✐♥❛♠♦s ❛ r❡❣✉❧❛r✐③❛çã♦ Yǫ✱ q✉❡ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ♦ ❝❛♠♣♦
X ❡♠ S ′′✳ ❆ ❋✐❣✉r❛ ✷✳✺ ♠♦str❛ ♦ r❡tr❛t♦ ❞❡ ❢❛s❡ ❞♦ ❝❛♠♣♦ ❡♠ t♦❞♦ R2✳
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❝♦♠ a, c > 0 ❡ b, d ∈ R✳ ❖s ❛✉t♦✈❛❧♦r❡s ❞❡ A sã♦ −a±bi ❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ B sã♦ −c±di✳
❈♦♠ ✐ss♦✱

sA+ (1− s)B = s

(

−a b
−b −a

)

+ (1− s)

(

−c d
−d −c

)

=

(

−sa− (1− s)c sb+ (1− s)d
−sb− (1− s)d −sa− (1− s)c

)

.

❆ss✐♠✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ sA+ (1− s)B sã♦ −(sa+ (1− s)c)± (sb+ (1− s)d)i✳

❚❡♠♦s q✉❡ δ(A) = −a✱ δ(B) = −c ❡ δ(sA+ (1− s)B) = −sa− (1− s)c✱ ❡♥tã♦
sA+ (1 + s)B é ❍✉r✇✐t③✳ ❆❧é♠ ❞✐ss♦✱ δ(sA+ (1− s)B) ≤ max{δ(A), δ(B)}✳ P♦rt❛♥t♦✱ ♦
r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ❡ss❡ ❝❛s♦✳

❈❛s♦ ✷✿ ❆s ♠❛tr✐③❡s A ❡ B sã♦ ❞❛ ❢♦r♠❛

A =

(

−a 0
0 −b

)

❡ B =

(

−c 0
0 −d

)

❝♦♠ a, b, c, d > 0✳ ❖s ❛✉t♦✈❛❧♦r❡s ❞❡ A sã♦ −a ❡ −b ❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ B sã♦ −c ❡ −d✳
❈♦♠ ✐ss♦✱

sA+ (1− s)B = s

(

−a 0
0 −b

)

+ (1− s)

(

−c 0
0 −d

)

=

(

−sa− (1− s)c 0
0 −sb− (1− s)d

)

.

❆ss✐♠✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ sA+ (1− s)B sã♦ −sa− (1− s)c ❡ −sb− (1− s)d✳

❚❡♠♦s q✉❡ δ(A) = max{−a,−b}✱ δ(B) = max{−c,−d} ❡ δ(sA+ (1− s)B) =
max{−sa − (1 − s)c,−sb − (1 − s)d}✱ ❡♥tã♦ sA + (1 + s)B é ❍✉r✇✐t③✳ ❆❧é♠ ❞✐ss♦✱
δ(sA+ (1− s)B) ≤ max{δ(A), δ(B)}✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ❡ss❡ ❝❛s♦✳

❈❛s♦ ✸✿ ❆s ♠❛tr✐③❡s A ❡ B sã♦ ❞❛ ❢♦r♠❛

A =

(

−a 0
0 −b

)

❡ B =

(

−c d
−d −c

)

❝♦♠ a, b, c > 0 ❡ d ∈ R✳ ❖s ❛✉t♦✈❛❧♦r❡s ❞❡ A sã♦ −a ❡ −b ❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ B sã♦
−c± di✳ ❈♦♠ ✐ss♦✱

sA+ (1− s)B = s

(

−a 0
0 −b

)

+ (1− s)

(

−c d
−d −c

)

=

(

−sa− (1− s)c (1− s)d
−(1− s)d −sb− (1− s)c

)

.

❱❛♠♦s ❞❡t❡r♠✐♥❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ sA+(1−s)B✳ ❚❡♠♦s q✉❡ s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦
é ❞❛❞♦ ♣♦r

p(λ) = λ2 − tr[sA+ (1− s)B]λ+ det[sA+ (1− s)B]

= λ2 − (−s(a+ b)− 2(1− s)c)λ+ (−sa− (1− s)c)(−sb− (1− s)c)

= λ2 + (s(a+ b) + 2(1− s)c)λ+ (−sa− (1− s)c)(−sb− (1− s)c) + (1− s)2d2.
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❆ss✐♠✱ s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦

λ± =
−s(a+ b)− 2(1− s)c±

√
∆

2
,

♦♥❞❡ ∆ = (s(a + b) + 2(1 − s)c)2 − 4[(−sa − (1 − s)c)(−sb − (1 − s)c) + (1 − s)2d2]✳
❖❜s❡r✈❡♠♦s q✉❡

(s(a+ b) + 2(1− s)c)2 = s2(a+ b)2 + 4s(a+ b)(1− s)c+ 4(1− s)2c2

= s2a2 + 2s2ab+ s2b2 + 4s(a+ b)(1− s)c+ 4(1− s)2c2

❡

−4(−sa− (1− s)c)(−sb− (1− s)c) = −4[s2ab+ sa(1− s)c+ sb(1− s)c+ (1− s)2c2]

= −4s2ab− 4s(a+ b)(1− s)c− 4(1− s)2c2.

❊♥tã♦✱
∆ = s2(a− b)2 − 4(1− s)2d2.

❚❡♠♦s q✉❡ δ(A) = max{−a,−b} ❡ δ(B) = −c✳ ❊♥tã♦✱ max{δ(A), δ(B)} =
max{−a,−b,−c}✳

❱❛♠♦s ♠♦str❛r q✉❡ ❛ ♣❛rt❡ r❡❛❧ ❞❡ λ± é ♠❡♥♦r q✉❡ max{−a,−b,−c}✳ ❙❡
∆ ≤ 0✱ t❡♠♦s q✉❡ ❛ ♣❛rt❡ r❡❛❧ é 1

2
(−s(a + b) − 2(1 − s)c)✳ ❉❡ss❡ ♠♦❞♦✱ ✈❛❧❡♠ ✭❛✮ ❡ ✭❜✮✳

❙❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ∆ > 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ λ± sã♦ r❡❛✐s✳ ❈♦♥s✐❞❡r❛♠♦s
max{−a,−b,−c} = −a✱ ❛s ♦✉tr❛s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦❞❡♠ s❡r ❡st✉❞❛❞❛s ❞❡ ♠❛♥❡✐r❛
❛♥á❧♦❣❛✳

▼♦str❛r❡♠♦s q✉❡ λ± ≤ −a✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

−s(a+ b)− 2(1− s)c±
√

s2(a− b)2 − 4(1− s)2d2

2
≤ −a

⇔ − s(a+ b)− 2(1− s)c±
√

s2(a− b)2 − 4(1− s)2d2 ≤ −2a

⇔ − s(a+ b)− 2(1− s)c±
√

s2(a− b)2 − 4(1− s)2d2 + 2a ≤ 0

⇔ 2a− 2c− (a+ b− 2c)s±
√

s2(a− b)2 − 4(1− s)2d2 ≤ 0.

❚❡♠♦s q✉❡ 2a − 2c < 0✱ ♣♦✐s −a = max{−a,−b,−c} ❡ a, b, c > 0✳ ❱❛♠♦s ❛♥❛❧✐s❛r ❛
r❡t❛ y(s) = 2a − 2c − (a + b − 2c)s✳ ❙❛❜❡♠♦s q✉❡ s ∈ [0, 1]✱ ❛ss✐♠✱ s❡ s = 0 t❡♠♦s
y(0) = 2a− 2c < 0✱ ❛❣♦r❛ s❡ s = 1 t❡♠♦s y(1) = 2a− 2c− (a+ b− 2c) = a− b < 0✱ ♣♦✐s
−a = max{−a,−b,−c}✳ ❉❡ss❡ ♠♦❞♦✱ −s(a+ b)− 2(1− s)c+ 2a < 0✳ ❈♦♠ ✐ss♦✱

− s(a+ b)− 2(1− s)c+ 2a±
√

s2(a− b)2 − 4(1− s)2d2 ≤ 0

⇔ | − s(a+ b)− 2(1− s)c+ 2a| ≥ |
√

s2(a− b)2 − 4(1− s)2d2|
⇔ (−s(a+ b)− 2(1− s)c+ 2a)2 ≥ (±

√

s2(a− b)2 − 4(1− s)2d2)2

⇔ (−s(a+ b)− 2(1− s)c+ 2a)2 ≥ s2(a− b)2 − 4(1− s)2d2

⇔ (−s(a+ b)− 2(1− s)c+ 2a)2 − (s2(a− b)2 − 4(1− s)2d2) ≥ 0.
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❚❡♠♦s q✉❡

(−s(a+ b)− 2(1− s)c+ 2a)2 − (s2(a− b)2 − 4(1− s)2d2)

= (2(a− (1− s)c)− s(a+ b))2 − (s2(a− b)2 − 4(1− s)2d2)

= 4[a2 − 2a(1− s)c+ (1− s)2c2 − sa(a+ b) + sc(1− s)(a+ b) + (1− s)2d2 + s2ab]

= 4[(1− s)(−2ac+ (1− s)c2 + sc(a+ b) + (1− s)d2) + a2 − sa(a+ b) + s2ab]

= 4[(1− s)(−2ac+ (1− s)c2 + sc(a+ b) + (1− s)d2) + a2(1− s)− sab(1− s)]

= 4(1− s)[−2ac+ (1− s)c2 + sc(a+ b) + (1− s)d2 − d2 + a2 − sab]

= 4(1− s)[(a− c)2 + d2 − s(c2 − ca− cb+ d2 + ab)]

= 4(1− s)[(a− c)2 + d2 − s((a− c)(b− c) + d2)].

▲♦❣♦✱

λ± ≤ −a⇔ 4(1− s)[(a− c)2 + d2 − s((a− c)(b− c) + d2)] ≥ 0

⇔ (a− c)2 + d2 − s((a− c)(b− c) + d2) ≥ 0.

P♦r ✜♠✱ s❡ s = 0✱ t❡♠♦s (a− c)2+d2 > 0✱ ❛❣♦r❛ s❡ s = 1 t❡♠♦s (a− c)2+d2− ((a− c)(b−
c) + d2) = (a − c)((a − c) − (b − c)) = (a − c)(a − b) > 0✱ ♣♦✐s −a = max{−a,−b,−c}✳
❊♥tã♦✱ t❡♠♦s q✉❡ ✈❛❧❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ❡ss❡ ❝❛s♦✱
✜♥❛❧✐③❛♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ q✉❡✱ ♣❛r❛ ♠❛tr✐③❡s ❍✉r✇✐t③ ❛r❜✐trár✐❛s✱ ♦ ✐t❡♠ ✭❛✮ ❞♦
▲❡♠❛ ✷✳✺✳✶ ♥❡♠ s❡♠♣r❡ é ✈❡r❞❛❞❡✐r♦✳

▲❡♠❛ ✷✳✺✳✷✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s ❍✉r✇✐t③

A =

(

−7 −1
1 0

)

❡ B =

(

−2 −3
1 1

)

.

❊♥tã♦✱ ❛ ♠❛tr✐③ sA+ (1− s)B ♥ã♦ é ❍✉r✇✐t③ ♣❛r❛ s = 1
2
✳

❉❡♠♦♥str❛çã♦✳ ❖ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A é p(λ) = λ2+7λ+1✱ ❛ss✐♠✱ ♦s ❛✉t♦✈❛❧♦r❡s
❞❡ A sã♦

−7± 3
√
5

2
.

❆❣♦r❛✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ B é p(λ) = λ2 + λ + 1✱ ❛ss✐♠✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A
sã♦

−1±
√
3i

2
.

❉❡ss❡ ♠♦❞♦✱ t❡♠♦s q✉❡ A ❡ B sã♦ ❍✉r✇✐t③✳

❱❛♠♦s ❛❣♦r❛ ❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ sA+ (1− s)B✳ ❚❡♠♦s q✉❡

sA+ (1− s)B = s

(

−7 −1
1 0

)

+ (1− s)

(

−2 −3
1 1

)

=

(

−2− 5s −3 + 2s
1 1− s

)

.

❊♥tã♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ sA+ (1− s)B é

p(λ) = λ2 − (−2− 5s+ 1− s)λ+ [(−2− 5s)(1− s)− (−3 + 2s)]

= λ2 − (−1− 6s)λ+ [−2 + 2s− 5s+ 5s2 + 3− 2s]

= λ2 + (1 + 6s)λ+ (1− 5s+ 5s2).
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❆ss✐♠✱ ♦s ❛✉t♦✈❛❧♦r❡s sã♦

−(1 + 6s)±
√

(1 + 6s)2 − 4(1− 5s+ 5s2)

2
=

−(1 + 6s)±
√
−3 + 32s+ 16s2

2
.

❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ s = 1
2
t❡♠♦s

−[1 + 6(1
2
)]±

√

−3 + 32(1
2
) + 16(1

2
)2

2
=

−4±
√
17

2
,

♦♥❞❡ −4+
√
17

2
< 0 < −4−

√
17

2
✱ ♣♦✐s

√
16 <

√
17 <

√
25 ⇒ 4 <

√
17 < 5✳ P♦rt❛♥t♦✱

sA+ (1− s)B ♥ã♦ é ❍✉r✇✐t③ q✉❛♥❞♦ s = 1
2
✳

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✷✱ ♣❛r❛ ♥♦ss❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s❝♦♥tí♥✉♦s X
❡♠ R2 \ S✱ ❛s ♠❛tr✐③❡s Xi,j ♥ã♦ ♣♦❞❡♠ s❡r ❍✉r✇✐t③ ❛r❜✐trár✐❛s✳ ❙❡ ✐ss♦ ♦❝♦rr❡✱ ♦ ❝❛♠♣♦
✈❡t♦r✐❛❧ Yε ♣♦❞❡ ♥ã♦ s❡r ❍✉r✇✐t③✳ P❡❧♦ ▲❡♠❛ ✷✳✹✳✶✱ t❡♠♦s q✉❡ Yǫ é ❍✉r✇✐t③ ❡♠ R2✱ ❡

δ(Yε) =: sup
x∈R2

δ(Aε(x)) ≤ δ(X) = sup
(i,j)∈Z2

δ(Xi,j). ✭✷✳✺✳✶✮

P❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✷ q✉❡r❡♠♦s ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ❞❡ ▼❛r❝✉s ❡ ❨❛♠❛❜❡✱
❡♥tã♦ é ♥❡❝❡ssár✐♦ ✉♠❛ r❡❣✉❧❛r✐③❛çã♦ C1 ❝♦♥✈❡♥✐❡♥t❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡♠
R2 \ S✳ ❆ s❡❣✉✐r✱ ✈❛♠♦s ❡①✐❜✐r ✉♠❛ r❡❣✉❧❛r✐③❛çã♦ C∞ ♣❛r❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦
X ❡♠ R2✳

❉❛❞♦ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ C∞ é ✉♠❛
❢✉♥çã♦ ψε : R → R ❞❡✜♥✐❞❛ ♣♦r

ψε(t) =

{

0 s❡ t ≤ −ε,
1 s❡ t ≥ ε,

❡ ψ′
ε(t) > 0 ♣❛r❛ t ∈ (−ε, ε)✳

❈♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s Qi,j✱ Vi,j✱ Hi,j ❡ Ri,j ❞❡✜♥✐❞♦s ♥❛ ❙❡çã♦ ✷✳✸✳ ❯♠❛ r❡❣✉✲
❧❛r✐③❛çã♦ C∞ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ X ❡♠ R2 \ S s❡rá ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Zε

❡♠ R2 ❞❡✜♥✐❞♦ ❝♦♠♦ s❡❣✉❡✳ P❛r❛ t♦❞♦ (i, j) ∈ Z2 t❡♠♦s q✉❡

✶✳ Zε = Xi,j ♥♦ q✉❛❞r❛❞♦ ❢❡❝❤❛❞♦ Qi,j✳

✷✳ Zε(x) =
(

1− ψε

(

x1 − i+ 1
2

))

Xi−1,j(x) + ψε

(

x1 − i+ 1
2

)

Xi,j s❡ x ♣❡rt❡♥❝❡ ❛♦ r❡✲
tâ♥❣✉❧♦ Vi,j✳

✸✳ Zε(x) =
(

1− ψε

(

x2 − j + 1
2

))

Xi,j−1(x) + ψε

(

x2 − j + 1
2

)

Xi,j(x) s❡ x ♣❡rt❡♥❝❡ ❛♦
r❡tâ♥❣✉❧♦ Hi,j✳

❆té ❛q✉✐✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Zε ❥á ❡stá ❞❡✜♥✐❞♦ ♥❛s ❢r♦♥t❡✐r❛s ❞♦s q✉❛❞r❛❞♦s Ri,j✳ ❆❣♦r❛✱
♣r❡❝✐s❛♠♦s ❞❡✜♥✐✲❧♦ ♥♦ ✐♥t❡r✐♦r ❞♦s q✉❛❞r❛❞♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Zε ❡st❛rá ❞❡✜♥✐❞♦ ❡♠
t♦❞♦ R2✳

✭✐✈✮ ❙❡ x = (x1, x2) ∈ Ri,j✱ ❞❡✜♥✐♠♦s

Zε(x) =

(

1− ψ

(

x2 − j + 1
2
+ ε

2ε

))

Zε

(

x1, j −
1

2
− ε

)

+ ψ

(

x2 − j + 1
2
+ ε

2ε

)

Zε

(

x1, j −
1

2
+ ε

)

.
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❉♦ ♠♦❞♦ ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ♦ ❝❛♠♣♦ Zε ❡♠ R2✱ t❡♠♦s q✉❡ Zε é C∞ ❡♠ R2

❡①❝❡t♦✱ t❛❧✈❡③✱ ♥♦s q✉❛❞r❛❞♦s Ri,j✳ P♦ré♠✱ s❡♠♣r❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♣❡rt✉❜❛çã♦
Zε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ Zε r❡str✐t❛ ❛♦s q✉❛❞r❛❞♦s Ri,j t❛❧ q✉❡ Zε é C∞ ❡♠ t♦❞♦
R2✳

❊s❝♦❧❤❡♥❞♦ ψε ❡ Zε ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❡ t♦♠❛♥❞♦ ❡♠ ❝♦♥t❛ ✭✷✳✺✳✶✮✱ t❡♠♦s q✉❡
δ(Zε) <

δ(X)
2

< 0✱ ❝♦♠ ✐ss♦ Zε é ❍✉r✇✐t③✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ ‖Yε(x) − Zε(x)‖ < ε2✱
♦❜t❡♥❞♦ q✉❡ Zε é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ s❡çã♦ ❡①✐❜✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷ q✉❡ ❡♥❝❛✲
❞❡♦✉ ♦ ❡st✉❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ ❍✉r✇✐t③ ❡♠ R2 \S ❝♦♠ δ(X) < 0✳
P❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ s❡❥❛ Yε ✉♠❛ r❡❣✉❧❛r✐③❛çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❞❡
X ❡♠ R2✱ ❝♦♥str✉í❞❛ ♥❛ ❙❡çã♦ ✷✳✸✳ ❙❛❜❡♠♦s q✉❡ Yε é ❍✉r✇✐t③ ❡♠ R2✱ ❡ ♣❡❧❛ ❡①♣r❡ssã♦
✭✷✳✺✳✶✮ t❡♠♦s q✉❡ δ(Yε) ≤ δ(X) < 0✳

❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ r❡❣✉❧❛r✐③❛❞♦ Yε ♥ã♦ é ❣❧♦❜❛❧♠❡♥t❡ C1✱ ♣♦✐s ❛ ❢✉♥çã♦ ❞❡ tr❛♥✲
s✐çã♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡s❝r❡✈❡r Yε é ❛♣❡♥❛s C0✳ P♦ré♠✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠á✲❧♦ ♣♦r ✉♠ ❝❛♠♣♦
✈❡t♦r✐❛❧ C∞✱ Zε✱ ❡♠ R2 t❛❧ q✉❡ δ(Zε) <

δ(X)
2

< 0✳ ❈♦♠ ✐ss♦✱ t❡♠♦s q✉❡ Zε é ❍✉r✇✐t③ ❡♠
R2✳ ❈♦♠♦ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ X✱ ♣❡❧❛ ❝♦♥str✉çã♦ ❞❡ Yε ❡ ❞❡ Zε✱ ❛ ♦r✐❣❡♠
t❛♠❜é♠ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ♣❛r❛ ❡ss❡s ❝❛♠♣♦s ✈❡t♦r✐❛✐s✳

❈♦♠♦ Zε é C∞✱ ❍✉r✇✐t③ ❡♠ R2 ❡ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✱ t❡♠♦s ♣❡❧♦
❚❡♦r❡♠❛ ❞❡ ▼❛r❦✉s ❡ ❨❛♠❛❜❡ q✉❡ ❛ ♦r✐❣❡♠ é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛
Zε✳ ❆✜r♠❛♠♦s q✉❡ ❛ ♦r✐❣❡♠ é t❛♠❜é♠ ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ Yε✳ ❉❡
❢❛t♦✱ t♦♠❡ ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ x ∈ R2 \ {(0, 0)}✳ ❆ s♦❧✉çã♦ ❞❡ Zε q✉❡ ♣❛ss❛ ♣♦r x ♣r❡❝✐s❛
❞❡ ✉♠ t❡♠♣♦ ✜♥✐t♦ T ♣❛r❛ ❛t✐♥❣✐r ❛ ❜♦❧❛ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ❞❡ r❛✐♦ 1

2
✳ P❡❧❛ ❞❡♣❡♥❞ê♥❝✐❛

❝♦♥tí♥✉❛ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞♦s ♣❛râ♠❡tr♦s✱ s❡ ε > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❛
s♦❧✉çã♦ ❞❡ Yε q✉❡ ♣❛ss❛ ♣♦r x✱ ❞❡♣♦✐s ❞❡ ✉♠ t❡♠♣♦ T ❡stá ❝♦♥t✐❞❛ ♥❛ ❜♦❧❛ B ❝❡♥tr❛❞❛
♥❛ ♦r✐❣❡♠ ❡ ❞❡ r❛✐♦ 1 − ε✳ ❈♦♠♦ Yε|B = X0,0 ❡ X0,0 ♣♦ss✉✐ ✉♠ ♥ó ♦✉ ❢♦❝♦ ❧✐♥❡❛r ❡stá✈❡❧
♥❛ ♦r✐❣❡♠✱ t❡♠♦s q✉❡ ❛ ór❜✐t❛ ❞❡ Yε ♣❛ss❛♥❞♦ ♣♦r x ♣♦ss✉✐ s❡✉ ω✲❧✐♠✐t❡ ♥❛ ♦r✐❣❡♠✳ ▲♦❣♦✱
❛ ♦r✐❣❡♠ é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ Yε✳

P♦r ✜♠✱ ❝♦♠♦ ❛s s♦❧✉çõ❡s ❞❡ Yε t❡♥❞❡♠ às s♦❧✉çõ❡s ❞❡ X q✉❛♥❞♦ ε ց 0✱
s❡❣✉❡ q✉❡ ❛ ♦r✐❣❡♠ é ❣❧♦❜❛❧♠❡♥t❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ X✱ ♣r♦✈❛♥❞♦ ❛ss✐♠ ♦
t❡♦r❡♠❛✳
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◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧
♣♦❧✐♥♦♠✐❛❧ ❡♠ R2 ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❧✐♥❡❛r❡s ♣♦r ♣❛rt❡s s❡❥❛
❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✱ ✐st♦ é✱ ✉♠ ❝❛♠♣♦ q✉❡ ♠❛♥té♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡s♠♦ ❝♦♠
♣❡q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s✳

❉✐✈✐❞✐♠♦s ♦ ♣❧❛♥♦ ❡♠ ✉♠❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ♥ã♦ ✉♥✐❢♦r♠❡ ❡ q✉❡r❡♠♦s ❡st✉❞❛r
❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ❡ ❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧✳ ◆♦ss❛
❞✐✜❝✉❧❞❛❞❡ é ❡♥t❡♥❞ê✲❧❛s ♥♦ ✐♥✜♥✐t♦✱ ♦♥❞❡ ❛s r❡❣✐õ❡s ❞❛ ♠❛❧❤❛ ♥ã♦ sã♦ ❝♦♠♣❛❝t❛s✳ P❛r❛
✐ss♦✱ ✈❛♠♦s ✉s❛r ❛ ❈♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré✳ ❖ ❡st✉❞♦ ❞❡ss❛s tr❛❥❡tór✐❛s é ✐♠♣♦r✲
t❛♥t❡ ♣❛r❛ ❛♥❛❧✐s❛r♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞♦ ❝❛♠♣♦✳ ◆♦s ❜❛s❡❛♠♦s ♥♦s tr❛❜❛❧❤♦s
❞❡s❡♥✈♦❧✈✐❞♦s ❡♠ ❬✽❪ ❡ ❬✶✺❪✳

✸✳✶ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ▲✐♥❡❛r❡s ♣♦r P❛rt❡s

◆♦ ♣❧❛♥♦ R2 ❝♦♠ ❛s ❝♦♦r❞❡♥❛❞❛s (x, y)✱ ❝♦♥s✐❞❡r❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

X = P
∂

∂x
+Q

∂

∂y
,

❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❞❛❞❛s ♣♦r

P (x, y) = a1 + b11x+ b12y +
n
∑

i=1

ci1|x− γi|+
m
∑

j=1

dj1|y − δj|,

Q(x, y) = a2 + b21x+ b22y +
n
∑

i=1

ci2|x− γi|+
m
∑

j=1

dj2|y − δj|.
✭✸✳✶✳✶✮

❉❡♥♦t❛♠♦s ♣♦r Γ = {γ1 < γ2 < · · · < γn} ❡ ∆ = {δ1 < δ2 < · · · < δm} ❛s
s❡q✉ê♥❝✐❛s ♦r❞❡♥❛❞❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s q✉❡ ❞❡✜♥❡♠ ❛s r❡t❛s x = γi ❡ y = δj✱ ♥❛s q✉❛✐s ♦
❝❛♠♣♦ ♣♦❞❡ ♥ã♦ s❡r s✉❛✈❡✳

◆♦ ♣❧❛♥♦✱ ❡ss❛s r❡t❛s ❞❡✜♥❡♠ ✉♠❛ ♠❛❧❤❛ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r (Γ,∆)✳ ❖s
♣♦♥t♦s ❞❛ ❢♦r♠❛ (γi, δj)✱ ❝♦♠ i ∈ {1, . . . , n} ❡ j ∈ {1, . . . ,m} s❡rã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦♥t♦s
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❞❡ ❡sq✉✐♥❛ ❞❛ ♠❛❧❤❛✳ ❖ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ❡sq✉✐♥❛ ❞❛ ♠❛❧❤❛ s❡rá
❞❡♥♦t❛❞♦ ♣♦r Γ×∆✳

❊st❛❜❡❧❡❝✐❞♦s ♦s ❝♦♥❥✉♥t♦s Γ ❡ ∆✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ΞΓ,∆ ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s
❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡✜♥✐❞♦s ❝♦♠♦ ❡♠ ✭✸✳✶✳✶✮✱ ✜①❛❞❛ ❛ ♠❛❧❤❛ (Γ,∆)✳

❖❜s❡r✈❡ q✉❡ ΞΓ,∆ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ R ❞❡ ❞✐♠❡♥sã♦ 6 + 2(n+m)✳ ❉❡
❢❛t♦✱ ♣♦❞❡♠♦s ♦r❣❛♥✐③❛r ❝❛❞❛ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ΞΓ,∆ ❡♠ ✉♠ ✈❡t♦r a ∈ R2✱ ✉♠❛ ♠❛tr✐③
b ∈ R2×2✱ ✉♠❛ ♠❛tr✐③ c ∈ R2×n ❡ ✉♠❛ ♠❛tr✐③ d ∈ R2×m✿

a =

(

a1
a2

)

, b =

(

b11 b12
b21 b22

)

,

c =

(

c11 c21 . . . cn1
c12 c22 . . . cn2

)

, d =

(

d11 d21 . . . dm1
d12 d22 . . . dm2

)

.

❉♦ ♠♦❞♦ ❝♦♠♦ ❢♦✐ ❞❡♥♦t❛❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ΞΓ,∆✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡rá✲❧♦ ❝♦♠♦
✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠ ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛ ❤❡r❞❛❞❛ ❞❡ R6+2(n+m)✱ ♣♦✐s ΞΓ,∆ ≃ R6+2(n+m)✳
❚❡♠♦s q✉❡ ❛ ♠❛❧❤❛ ✈❛③✐❛✱ n = m = 0✱ ❡ ❛ ♠❛❧❤❛ ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ r❡t❛✱ ❤♦r✐③♦♥t❛❧ ♦✉
✈❡rt✐❝❛❧✱ t❛♠❜é♠ ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s✳ ◆❡ss❡s ❝❛s♦s✱ ♦s ❡s♣❛ç♦s ❞♦s ♣❛râ♠❡tr♦s sã♦✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ R6 ❡ R8✳

P❡r❝❡❜❛ q✉❡ X é ✉♠ ❝❛♠♣♦ ❧✐♥❡❛r ♣♦r ♣❛rt❡s✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱ r❡str✐t♦ ❛
❝❛❞❛ ✉♠❛ ❞❛s (n+1)× (m+1) ❝é❧✉❧❛s Γi×∆j ❞❛ ♠❛❧❤❛ (Γ,∆)✱ ❡❧❡ é ❛✜♠✱ ❞❡♥♦t❛❞♦ ♣♦r
Xi,j✱ ♦✉ s❡❥❛✱

Xi,j(x, y) = X(x, y)
∣

∣

∣

Γi×∆j

= Aij(x y)T + bij,

❝♦♠ Aij ∈ M2(R) ❡ bij ∈ R✳ ❆q✉✐✱ Γi = [γi, γi+1]✱ i = 1, 2, . . . n − 1✱ Γ0 = [−∞, γ1]
❡ Γn = [γn,∞]✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ∆j = [δj, δj+1]✱ j = 1, 2, . . . ,m − 1✱ ∆0 = [−∞, δ1] ❡
∆m = [δm,∞]✳

P♦r ❡①❡♠♣❧♦✱ s❡ (x, y) ∈ Γkx ×∆ky✱ t❡♠♦s γ1 < · · · < γkx ≤ x ≤ γkx+1 < · · · <
γn ❡ δ1 < · · · < δky ≤ y ≤ δky+1 < · · · < δm✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡①♣r❡ssã♦ ❞♦ ❝❛♠♣♦ X ❞❛❞♦
♣♦r ✭✸✳✶✳✶✮✱ ♦❜t❡♠♦s

P (x, y) = a1 + b11x+ b12y +
kx
∑

i=1

ci1|x− γi|+
n
∑

i=kx+1

ci1|x− γi|

+

ky
∑

j=1

dj1|y − δj|+
m
∑

j=ky+1

dj1|y − δj|

= a1 + b11x+ b12y +
kx
∑

i=1

ci1(x− γi)−
n
∑

i=kx+1

ci1(x− γi)

+

ky
∑

j=1

dj1(y − δj)−
m
∑

j=ky+1

dj1(y − δj)

=

[

a1 −
kx
∑

i=1

ci1γi +
n
∑

i=kx+1

ci1γi −
ky
∑

j=1

dj1δj +
m
∑

j=ky+1

dj1δj

]

+

[

b11 +
kx
∑

i=1

ci1 −
n
∑

i=kx+1

ci1

]

x+

[

b12 +

ky
∑

j=1

dj1 −
m
∑

j=ky+1

dj1

]

y,
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Q(x, y) = a2 + b21x+ b22y +
kx
∑

i=1

ci2|x− γi|+
n
∑

i=kx+1

ci2|x− γi|

+

ky
∑

j=1

dj2|y − δj|+
m
∑

j=ky+1

dj2|y − δj|

= a2 + b21x+ b22y +
kx
∑

i=1

ci2(x− γi)−
n
∑

i=kx+1

ci2(x− γi)

+

ky
∑

j=1

dj2(y − δj)−
m
∑

j=ky+1

dj2(y − δj)

=

[

a2 −
kx
∑

i=1

ci2γi +
n
∑

i=kx+1

ci2γi −
ky
∑

j=1

dj2δj +
m
∑

j=ky+1

dj2δj

]

+

[

b21 +
kx
∑

i=1

ci2 −
n
∑

i=kx+1

ci2

]

x+

[

b22 +

ky
∑

j=1

dj2 −
m
∑

j=ky+1

dj2

]

y.

❊♥tã♦✱ Xkx,ky =

(

C11 C12

C21 C22

)(

x
y

)

+

(

D1

D2

)

, ♦♥❞❡

C11 = b11 +
kx
∑

i=1

ci1 −
n
∑

i=kx+1

ci1,

C12 = b12 +

ky
∑

j=1

dj1 −
m
∑

j=ky+1

dj1,

C21 = b21 +
kx
∑

i=1

ci2 −
n
∑

i=kx+1

ci2,

C22 = b22 +

ky
∑

j=1

dj2 −
m
∑

j=ky+1

dj2,

D1 = a1 −
kx
∑

i=1

ci1γi +
n
∑

i=kx+1

ci1γi −
ky
∑

j=1

dj1δj +
m
∑

j=ky+1

dj1δj,

D2 = a2 −
kx
∑

i=1

ci2γi +
n
∑

i=kx+1

ci2γi −
ky
∑

j=1

dj2δj +
m
∑

j=ky+1

dj2δj.

◆♦t❡ q✉❡ X ∈ ΞΓ,∆ é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ▲✐♣s❝❤✐t③✐❛♥♦ ❡♠ R2✳ ❉❡ ❢❛t♦✱ ❡♠
❝❛❞❛ ❝é❧✉❧❛ Γi×∆j ♦ ❝❛♠♣♦ é ❛✜♠✱ ❧♦❣♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❝♦♠♦ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③
♣❛r❛ X ♦ ✈❛❧♦r

L = max{‖ Aij ‖, 1 ≤ i ≤ n, 1 ≤ j ≤ m},
♦♥❞❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♥♦r♠❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s ❞❡ R2✳

P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ X ∈ ΞΓ,∆ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✢✉①♦ ▲✐♣s❝❤✐t③ ❜❡♠ ❞❡✜♥✐❞♦ ❡
❝♦♠♣❧❡t♦✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ ❝❛❞❛ (x, y) ∈ R2✱ ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ Xt(x, y) ❞♦ ❝❛♠♣♦ X
♣❛ss❛♥❞♦ ♣♦r (x, y) ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ ❝❛❞❛ t ∈ R✳
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P❛r❛ ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ✐♠♣♦rt❛♥t❡ ❡st✉❞❛r♠♦s ♦ r❡tr❛t♦ ❞❡ ❢❛s❡ ❞♦
❝❛♠♣♦ ✈❡t♦r✐❛❧ X✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ t♦r♥♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱
ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s ❡ ór❜✐t❛s t❡♥❞❡♥❞♦ ❛♦ ✐♥✜♥✐t♦✳

◆♦ ❝❛s♦ ❞❛s ór❜✐t❛s t❡♥❞❡♥❞♦ ❛♦ ✐♥✜♥✐t♦✱ ❡st❛♠♦s ❡♠ ❝é❧✉❧❛s ♥ã♦ ❝♦♠♣❛❝t❛s ❞❛
♠❛❧❤❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ór❜✐t❛s ❞❡✈❡♠♦s ✉t✐❧✐③❛r
❛ ❈♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré ✭✈❡❥❛ ❛ ❙❡çã♦ ✶✳✻✮✱ ❞❡♥♦t❛❞❛ ♣♦r P(X)✱ q✉❡ ❧✐❞❛ ❝♦♠ ❛
❞✐♥â♠✐❝❛ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧X ♥❛s ❝é❧✉❧❛s ♥ã♦ ❝♦♠♣❛❝t❛s✱ ❝♦♠♣❛t✐✜❝❛♥❞♦ ❛ ♠❛❧❤❛ ❡♠ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❡ S2✱ ♠❛♣❡❛♥❞♦ ❛s ❝é❧✉❧❛s ♥ã♦ ❝♦♠♣❛❝t❛s ❡♠ ♣♦❧í❣♦♥♦s ❡s❢ér✐❝♦s
✭♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s tr✐â♥❣✉❧♦s✮ ❝♦♠ ❛❧❣✉♥s ✈ért✐❝❡s ❡ ❛r❡st❛s ♥♦ ❡q✉❛❞♦r S1✳

✸✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡ Ór❜✐t❛s P❡r✐ó❞✐❝❛s ♥♦ ■♥✜♥✐t♦

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐♠♦s ✉♠ ♦✉tr♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❢❛❝✐❧✐t❛r ♦s
❝á❧❝✉❧♦s ❛♦ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ P(X) ♥♦ ✐♥✜♥✐t♦ ❡✱ ❛ ♣❛rt✐r ❞✐ss♦✱
❡st✉❞❛♠♦s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ♥♦ ✐♥✜♥✐t♦✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ S : R× R+ → S2
+ \ (0, 0, 1) ❞❛❞❛ ♣♦r

S(θ, ρ) =
(cos θ, sen θ, ρ)
√

ρ2 + 1
.

◆♦t❡ q✉❡ S é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ S2
+ \ (0, 0, 1)✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦

❝❛♠♣♦ ✈❡t♦r✐❛❧ P(X) ❡♠ ❝♦♦r❞❡♥❛❞❛s (θ, ρ)✳

▲❡♠❛ ✸✳✷✳✶✳ ◆❛s ❝♦♦r❞❡♥❛❞❛s (θ, ρ)✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ P(X) t❡♠ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

(A1 + ρA0)
∂

∂θ
− ρ(R1 + ρR0)

∂

∂ρ
,

♦♥❞❡
A0(θ) = a2 cos θ − a1 sen θ, R0(θ) = a1 cos θ + a2 sen θ,

A1(θ, ρ) = − sen θ(b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ − ργi|+
m
∑

j=1

dj1| sen θ − ρδj|)

+ cos θ(b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ − ργi|+
m
∑

j=1

dj2| sen θ − ρδj|),
✭✸✳✷✳✶✮

R1(θ, ρ) = cos θ(b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ − ργi|+
m
∑

j=1

dj1| sen θ − ρδj|)

+ sen θ(b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ − ργi|+
m
∑

j=1

dj2| sen θ − ρδj|).
✭✸✳✷✳✷✮

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ Φ : R+ × R → R2 ❞❛❞❛ ♣♦r Φ(θ, ρ) = ( cos θ
ρ
, sen θ

ρ
)✱

♦♥❞❡ x = cos θ
ρ

❡ y = sen θ
ρ

✳ ❚❡♠♦s q✉❡

x2 + y2 =
1

ρ2
⇒ ρ =

√

1

x2 + y2
,
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y

x
=

sen θ

cos θ
⇒ θ = arctan

(

x

y

)

.

❈♦♠ ✐ss♦✱ Φ−1(x, y) =
(

arctan
(

x
y

)

,
√

1
x2+y2

)

✳

❱❛♠♦s ❞❡t❡r♠✐♥❛r dΦ−1(Φ(θ, ρ))✳ ■♥✐❝✐❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡

dΦ−1(x, y) =











− y

x2
(

1 + x2

y2

)

1

x
(

1 + x2

y2

)

−x
(

1

x2 + y2

) 3
2

−y
(

1

x2 + y2

) 3
2











.

❊♥tã♦✱

dΦ−1(Φ(ρ, θ)) =





−ρ sen θ ρ cos θ

−ρ2 cos θ −ρ2 sen θ



 .

❆ ♣❛rt✐r ❞❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ♣♦❞❡♠♦s ♦❜t❡r ♦ ❝❛♠♣♦Φ−1
∗ X(ρ, θ) = dΦ−1(Φ(ρ, θ))X(Φ(ρ, θ))✱

❞❡ ❢❛t♦✱

Φ−1
∗ X(ρ, θ) =





−ρ sen θ ρ cos θ

−ρ2 cos θ −ρ2 sen θ









P ( cos θ
ρ
, sen θ

ρ
)

Q( cos θ
ρ
, sen θ

ρ
)





=





−ρ sen θP ( cos θ
ρ
, sen θ

ρ
) + ρ cos θQ( cos θ

ρ
, sen θ

ρ
)

−ρ2 cos θP ( cos θ
ρ
, sen θ

ρ
)− ρ2 sen θQ( cos θ

ρ
, sen θ

ρ
)



 ,

♦✉ s❡❥❛✱ ❡st❛♠♦s ❡s❝r❡✈❡♥❞♦ ♦ ❝❛♠♣♦ P(X) ♥❛s ❝♦♦r❞❡♥❛❞❛s θ ❡ ρ✳ ❆ss✐♠✱ t❡♠♦s






θ′ = −ρ sen θP ( cos θ
ρ
, sen θ

ρ
) + ρ cos θQ( cos θ

ρ
, sen θ

ρ
),

ρ′ = −ρ2 cos θP ( cos θ
ρ
, sen θ

ρ
)− ρ2 sen θQ( cos θ

ρ
, sen θ

ρ
).

❙✉❜st✐t✉✐♥❞♦ P ( cos θ
ρ
, sen θ

ρ
) ❡ Q( cos θ

ρ
, sen θ

ρ
)✱ ♦❜t❡♠♦s

θ′ = ρ

[

− sen θ

(

a1 + b11
cos θ

ρ
+ b12

sen θ

ρ
+

n
∑

i=1

ci1

∣

∣

∣

∣

cos θ

ρ
− γi

∣

∣

∣

∣

+
m
∑

j=1

dj1

∣

∣

∣

∣

sen θ

ρ
− δj

∣

∣

∣

∣

)

+cos θ

(

a2 + b21
cos θ

ρ
+ b22

sen θ

ρ
+

n
∑

i=1

ci2

∣

∣

∣

∣

cos θ

ρ
− γi

∣

∣

∣

∣

+
m
∑

j=1

dj2

∣

∣

∣

∣

sen θ

ρ
− δj

∣

∣

∣

∣

)]

=ρ(a2 cos θ − a1 sen θ)− sen θ

[

b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ − ργi|

+
m
∑

j=1

di1| sen θ − ρδj|
]

+ cos θ

[

b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ − ργi|

+
m
∑

j=1

di2| sen θ − ρδj|
]

,



❈❆P❮❚❯▲❖ ✸✳ ❊❙❚❆❇■▲■❉❆❉❊ ❊❙❚❘❯❚❯❘❆▲ ✼✸

ρ′ =ρ2

[

− cos θ

(

a1 + b11
cos θ

ρ
+ b12

sen θ

ρ
+

n
∑

i=1

ci1

∣

∣

∣

∣

cos θ

ρ
− γi

∣

∣

∣

∣

+
m
∑

j=1

dj1

∣

∣

∣

∣

sen θ

ρ
− δj

∣

∣

∣

∣

)

− sen θ

(

a2 + b21
cos θ

ρ
+ b22

sen θ

ρ
+

n
∑

i=1

ci2

∣

∣

∣

∣

cos θ

ρ
− γi

∣

∣

∣

∣

+
m
∑

j=1

dj2

∣

∣

∣

∣

sen θ

ρ
− δj

∣

∣

∣

∣

)]

=− ρ2(a1 cos θ + a2 sen θ)− ρ cos θ

[

b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ − ργi|

+
m
∑

j=1

di1| sen θ − ρδj|
]

− ρ sen θ

[

b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ − ργi|

+
m
∑

j=1

di2| sen θ − ρδj|
]

.

■ss♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

◆♦t❡ q✉❡✱ ♥❡ss❛s ❝♦♦r❞❡♥❛❞❛s✱ ❡st✉❞❛r ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧
s❡ ❛♥✉❧❡ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ♥♦ ✐♥✜♥✐t♦ s❡ t♦r♥♦✉ ♠❛✐s ❡✜❝❛③✱ ♣♦✐s ♦ ❡q✉❛❞♦r é ❡①✐❜✐❞♦ ♥❛s
❝♦♦r❞❡♥❛❞❛s (θ, ρ) ♣❡❧♦s ♣♦♥t♦s ❝♦♠ ρ = 0 ❡♠ R×R+✳ ❉❡ss❡ ♠♦❞♦✱ ✉♠ ♣♦♥t♦ p0 ∈ S1∩S2

é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ P(X) s❡ ❡①✐st✐r θ0 t❛❧ q✉❡ A1(θ0, 0) = 0✳

▲❡♠❛ ✸✳✷✳✷✳ ❆s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ P(X) ❛♦ ❧♦♥❣♦ ❞♦ ❡q✉❛❞♦r S1 sã♦ ❞❛❞❛s ♣♦r ③❡r♦s ❞❛
❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r A1(θ, 0)✱ ❝♦♠♦ s❡❣✉❡✿

◆♦ q✉❛❞r❛♥t❡ k✱ k ∈ {1, 2, 3, 4}✱ ❡❧❛s sã♦ s♦❧✉çõ❡s r❡❛✐s ❞❛ ❡q✉❛çã♦ A1,k(θ) = 0
♥♦ ✐♥t❡r✈❛❧♦ [(k − 1)π

2
, k π

2
]✱ ♦♥❞❡

A1,1(θ) = [b21 + c2] cos
2 θ + [b22 − b11 + d2 − c1] sen θ cos θ − [b12 + d1] sen

2 θ,

A1,2(θ) = [b21 − c2] cos
2 θ + [b22 − b11 + d2 + c1] sen θ cos θ − [b12 + d1] sen

2 θ,

A1,3(θ) = [b21 − c2] cos
2 θ + [b22 − b11 − d2 + c1] sen θ cos θ − [b12 − d1] sen

2 θ,

A1,4(θ) = [b21 + c2] cos
2 θ + [b22 − b11 − d2 − c1] sen θ cos θ − [b12 − d1] sen

2 θ.

✭✸✳✷✳✸✮

❆q✉✐✱

c1 =
n
∑

i=1

ci1, c2 =
n
∑

i=1

ci2, d1 =
m
∑

j=1

dj1, d2 =
m
∑

j=1

dj2. ✭✸✳✷✳✹✮

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❛✈❛❧✐❛r ❛ ❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r A1 ❞❡ P(X) ❡♠ (θ, 0)✳ ❚❡♠♦s

A1(θ, 0) =− sen θ

(

b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ|+
m
∑

j=1

dj1| sen θ|
)

+ cos θ

(

b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ|+
m
∑

j=1

dj2| sen θ|
)

.

❯t✐❧✐③❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✸✳✷✳✹✮✱ ♦❜t❡♠♦s

A1(θ, 0) =− sen θ(b11 cos θ + b12 sen θ + c1| cos θ|+ d1| sen θ|)
+ cos θ(b21 cos θ + b22 sen θ + c2| cos θ|+ d2|senθ|).
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❊♥tã♦✱ q✉❛♥❞♦ k = 1 t❡♠♦s cos θ ≥ 0 ❡ sen θ ≥ 0 ❡✱ ❞❡ss❡ ♠♦❞♦✱

A1,1(θ) = [b21 + c2] cos
2 θ + [b22 − b11 + d2 − c1] sen θ cos θ − [b12 + d1] sen

2 θ.

◗✉❛♥❞♦ k = 2 ♦❜t❡♠♦s cos θ ≤ 0 ❡ sen θ ≥ 0 ❡✱ ❛ss✐♠✱

A1,2(θ) = [b21 − c2] cos
2 θ + [b22 − b11 + d2 + c1] sen θ cos θ − [b12 + d1] sen

2 θ.

◗✉❛♥❞♦ k = 3 t❡♠♦s cos θ ≤ 0 ❡ sen θ ≤ 0 ❡✱ ❞❡ss❛ ❢♦r♠❛✱

A1,3(θ) = [b21 − c2] cos
2 θ + [b22 − b11 − d2 + c1] sen θ cos θ − [b12 − d1] sen

2 θ.

◗✉❛♥❞♦ k = 4 ♦❜t❡♠♦s cos θ ≥ 0 ❡ sen θ ≤ 0 ❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱

A1,4(θ) = [b21 + c2] cos
2 θ + [b22 − b11 − d2 − c1] sen θ cos θ − [b12 − d1] sen

2 θ.

❈♦♠ ✐ss♦✱ ✜♥❛❧✐③❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✸✳✷✳✸✳ ❯♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ ❡stá ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ x s❡✱ ❡ s♦♠❡♥t❡
s❡✱

(

b21 +
n
∑

i=1

ci2

)(

−b21 +
n
∑

i=1

ci2

)

= 0.

❊ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ ❡stá ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ y s❡✱ ❡ s♦♠❡♥t❡ s❡✱
(

b12 +
m
∑

j=1

dj1

)(

−b12 +
m
∑

j=1

dj1

)

= 0.

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r A1 ❞❡ P(X) ❛✈❛❧✐❛❞❛ ❡♠ (θ, 0) é ❞❛❞❛
♣♦r

A1(θ, 0) =− sen θ(b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ|+
m
∑

j=1

dj1| sen θ|)

+ cos θ(b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ|+
m
∑

j=1

dj2| sen θ|).

◗✉❛♥❞♦ θ = 0 ❡ θ = π ❡st❛♠♦s ♥❛ ❞✐r❡çã♦ x✳ ❆✈❛❧✐❛♥❞♦ A1(θ, 0) ♥❡ss❡s ✈❛❧♦r❡s✱ ♦❜t❡♠♦s

A1(0, 0) = b21 +
n
∑

i=1

ci2 ❡ A1(π, 0) = −
(

−b21 +
n
∑

i=1

ci2

)

.

❉❡ss❛ ♠❛♥❡✐r❛✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ ❡stá ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ x s❡✱ ❡ s♦♠❡♥t❡ s❡✱
(

b21 +
n
∑

i=1

ci2

)(

−b21 +
n
∑

i=1

ci2

)

= 0.

❆❣♦r❛✱ q✉❛♥❞♦ θ = π
2
❡ θ = 3π

2
❡st❛♠♦s ♥❛ ❞✐r❡çã♦ y✳ ❆✈❛❧✐❛♥❞♦ A1(θ, 0) ♥❡ss❡s

✈❛❧♦r❡s✱ ♦❜t❡♠♦s

A1

(π

2
, 0
)

= b12 +
m
∑

j=1

dj1 ❡ A1

(

3π

2
, 0

)

= −
(

−b12 +
m
∑

j=1

dj1

)

.
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❙❡♥❞♦ ❛ss✐♠✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ ❡stá ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ y s❡✱ ❡ s♦♠❡♥t❡ s❡✱
(

b12 +
m
∑

j=1

dj1

)(

−b12 +
m
∑

j=1

dj1

)

= 0.

▲❡♠❛ ✸✳✷✳✹✳ ❆ ❢✉♥çã♦ R1 ❞❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ ❞❡ P(X) ❛✈❛❧✐❛❞❛ ♥♦ ❡q✉❛❞♦r ρ = 0 é
❞❛❞❛ ❝♦♠♦ s❡❣✉❡✿

◆♦ q✉❛❞r❛♥t❡ k✱ k ∈ {1, 2, 3, 4}✱ ❡❧❛ é ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ R1,k(θ)✱ ♦♥❞❡

R1,1(θ) = [b11 + c1] cos
2 θ + [b12 + b21 + d1 + c2] sen θ cos θ + [b22 + d2] sen

2 θ,

R1,2(θ) = [b11 − c1] cos
2 θ + [b12 + b21 + d1 − c2] sen θ cos θ + [b22 + d2] sen

2 θ,

R1,3(θ) = [b11 − c1] cos
2 θ + [b12 + b21 − d1 − c2] sen θ cos θ + [b22 − d2] sen

2 θ,

R1,4(θ) = [b11 + c1] cos
2 θ + [b12 + b21 − d1 + c2] sen θ cos θ + [b22 − d2] sen

2 θ.

✭✸✳✷✳✺✮

❆ss✉♠❛ ❛ ♥♦t❛çã♦ ❞❡✜♥✐❞❛ ♥❛ ❡①♣r❡ssã♦ ✭✸✳✷✳✹✮✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞❡t❡r♠✐♥❛r ❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ R1 ❞❡ P(X) ❡♠ (θ, 0)✳ ❚❡♠♦s

R1(θ, 0) = cos θ

(

b11 cos θ + b12 sen θ +
n
∑

i=1

ci1| cos θ|+
m
∑

j=1

dj1| sen θ|
)

+ sen θ

(

b21 cos θ + b22 sen θ +
n
∑

i=1

ci2| cos θ|+
m
∑

j=1

dj2| sen θ|
)

.

❯t✐❧✐③❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✸✳✷✳✹✮✱ ♦❜t❡♠♦s

R1(θ, 0) = cos θ(b11 cos θ + b12 sen θ + c1| cos θ|+ d1| sen θ|)
+ sen θ(b21 cos θ + b22 sen θ + c2| cos θ|+ d2|senθ|).

❊♥tã♦✱ q✉❛♥❞♦ k = 1 t❡♠♦s cos θ ≥ 0 ❡ sen θ ≥ 0 ❡✱ ❞❡ss❡ ♠♦❞♦✱

R1,1(θ) = [b11 + c1] cos
2 θ + [b12 + b21 + d1 + c2] sen θ cos θ + [b22 + d2] sen

2 θ.

◗✉❛♥❞♦ k = 2 ♦❜t❡♠♦s cos θ ≤ 0 ❡ sen θ ≥ 0 ❡✱ ❛ss✐♠✱

R1,2(θ) = [b11 − c1] cos
2 θ + [b12 + b21 + d1 − c2] sen θ cos θ + [b22 + d2] sen

2 θ.

◗✉❛♥❞♦ k = 3 t❡♠♦s cos θ ≤ 0 ❡ sen θ ≤ 0 ❡✱ ❞❡ss❛ ❢♦r♠❛✱

R1,3(θ) = [b11 − c1] cos
2 θ + [b12 + b21 − d1 − c2] sen θ cos θ + [b22 − d2] sen

2 θ.

◗✉❛♥❞♦ k = 4 ♦❜t❡♠♦s cos θ ≥ 0 ❡ sen θ ≤ 0 ❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱

R1,4(θ) = [b11 + c1] cos
2 θ + [b12 + b21 − d1 + c2] sen θ cos θ − [b22 − d2] sen

2 θ.

❆ss✐♠✱ ✜♥❛❧✐③❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦✳

❆ ♣❛rt✐r ❞❛s ♥♦t❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ❛té ❛❣♦r❛✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦
♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ❞❡ ✉♠❛ ór❜✐t❛ ♥♦ ✐♥✜♥✐t♦✳
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Pr♦♣♦s✐çã♦ ✸✳✷✳✺✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ P(X)✳ ❊♥tã♦✱ ♦
♠❛♣❛ ❞❡ P♦✐♥❝❛ré π ❛ss♦❝✐❛❞♦ à ❡❧❛ é ❛♥❛❧ít✐❝♦ ❡ π′(0) = r1r2r3r4✱ ♦♥❞❡

rl = exp

[

∫ θl

θl−1

−R1,l(θ)

A1,l(θ)
dθ

]

, θl =
π

2
l, l = 1, ..., 4.

❉❡♠♦♥str❛çã♦✳ ◆❛s ❝♦♦r❞❡♥❛❞❛s (θ, ρ) ♦ ❡q✉❛❞♦r é ❞❛❞♦ ♣♦r ρ = 0✳ ❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ ♦
❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ P(X)✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s
♥♦ ✐♥✜♥✐t♦✱ ✐st♦ é✱ A1(θ, 0) 6= 0✱ ∀θ ∈ R✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♠❛❧❤❛ (Γ,∆) ♥❛s ❝♦♦r❞❡♥❛❞❛s (θ, ρ)
❣❡r❛ ❝✉r✈❛s q✉❡ sã♦ ❛s ♣ré✲✐♠❛❣❡♥s ❞❛s ❧✐♥❤❛s x = γi ❡ y = δj✱ ♦♥❞❡ ❡ss❛s ❝✉r✈❛s sã♦ ❞❛❞❛s
♣❡❧❛s ❡q✉❛çõ❡s ργi = cos θ ❡ ρδj = sen θ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆s ❝✉r✈❛s ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❛tr❛✈❡ss❛♠ ♦ ❡✐①♦ θ tr❛♥s✈❡rs❛❧♠❡♥t❡✳
❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♣❡q✉❡♥♦s ❛r❝♦s ❞❡ss❛s ❝✉r✈❛s ❝♦♠♦ s❡çõ❡s tr❛♥s✈❡rs❛✐s ❞♦
s✐st❡♠❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❡✐①♦ θ✳

❆s ❝✉r✈❛s ργi = cos θ ❢❛③❡♠ ✉♠ â♥❣✉❧♦ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ✐❣✉❛❧ ❛ − 1
γi

❡♠
θ = π

2
❡ 1

γi
❡♠ θ = 3π

2
❝♦♠ ♦ ❡✐①♦ θ✱ ❡ ❛s ❝✉r✈❛s ρδj = senθ ❢❛③❡♠ ✉♠ â♥❣✉❧♦ ❞❡ ❝♦❡✜❝✐❡♥t❡

❛♥❣✉❧❛r ✐❣✉❛❧ ❛ 1
δj

❡♠ θ = 0 ♦✉ θ = 2π ❡ − 1
δj

❡♠ θ = π ❝♦♠ ♦ ❡✐①♦ θ✳

■r❡♠♦s ❞❡♥♦t❛r ❛s s❡çõ❡s tr❛♥s✈❡rs❛✐s q✉❡ ❡stã♦ ❡♠ ργi = cos θ ♣♦r Σ
π
2
i q✉❛♥❞♦

θ = π
2
❡ Σ

3π
2
i q✉❛♥❞♦ θ = 3π

2
✱ ❡ ❛s s❡çõ❡s tr❛♥s✈❡rs❛✐s q✉❡ ❡stã♦ ❡♠ ρδj = sen θ ♣♦r Σ0

j

q✉❛♥❞♦ θ = 0✱ Σπ
j q✉❛♥❞♦ θ = π ❡ Σ2π

j q✉❛♥❞♦ θ = 2π✳

❊♠ ❝❛❞❛ ❝é❧✉❧❛ ❞❡✜♥✐❞❛ ♣❡❧❛s ❝✉r✈❛s ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧
é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♠❛♣❛ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❧❛❞♦s ❞❛s ❝é❧✉❧❛s✳

❖ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞♦s ♠❛♣❛s ❞❡ tr❛♥✲
s✐çã♦ Tk ❡♥tr❡ s❡çõ❡s tr❛♥s✈❡rs❛✐s ❝♦♥s❡❝✉t✐✈❛s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧✱ ✐st♦ é✱

π : Σ0
j → Σ2π

j ,

♦♥❞❡
π(p) = T2(n+m) ◦ · · · ◦ T2 ◦ T1(p).

▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♦❜t❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ❛❝✐♠❛ é
❞❛❞❛ ♣♦r

π′(0) =

2(n+m)
∏

l=1

T ′
k(0).

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❡♠ ❝❛❞❛ ❝é❧✉❧❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é ❛♥❛❧ít✐❝♦✱ t❡♠♦s q✉❡ ♦s ♠❛♣❛s ❞❡
tr❛♥s✐çã♦ Tk sã♦ ❛♥❛❧ít✐❝♦s ❡✱ ♣♦rt❛♥t♦✱ ❞♦ ♠♦❞♦ ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦✱ π é ❛♥❛❧ít✐❝♦✳

❈♦♠♦ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ t❡♠♦s q✉❡ ♥❛s ❝♦♦r❞❡♥❛❞❛s (θ, ρ) ❛
s♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ❡s❝r✐t♦ ❝♦♠♦ ϕ(t) = (θ(t), 0)✱ ♦♥❞❡ ✈❛❧❡ q✉❡ θ′ = A1(θ(t), 0)✳ ❉❡
❢❛t♦✱ ♣♦✐s ϕ′(t) = (θ′(t), 0) ❡✱ ❝♦♠♦ ϕ é s♦❧✉çã♦ ❞❡ P(X)✱ t❡♠♦s ϕ′(t) = P(X)(ϕ(t)) =
P(X)(θ(t), 0) = (A1(θ(t), 0), 0)✳

❈♦♥s✐❞❡r❡ ❞✉❛s s❡çõ❡s tr❛♥s✈❡rs❛✐s Σ1 ❡ Σ2 q✉❡ ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠ ❡ q✉❡ ❝♦rt❛♠
♦ ❡✐①♦ θ tr❛♥s✈❡rs❛❧♠❡♥t❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ (θ1, 0) ❡ (θ2, 0)✱ ❝♦♠ â♥❣✉❧♦s α1 ❡ α2✱ ♦♥❞❡
θ2 > θ1✱ t1 > t2✱ θ(t1) = θ1 ❡ θ(t2) = θ2✳ ❊♥tã♦✱ σ1 : I1 → R2 ❞❛❞❛ ♣♦r σ1(t) =
(θ1, 0) + t(cosα1, senα1) é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ Σ1 ❡ σ2 : I2 → R2 ❞❛❞❛ ♣♦r σ2(t) =
(θ2, 0) + t(cosα2, senα2) é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ Σ2✳
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♠❛♣❛ ❞❡ tr❛♥s✐çã♦ T ✭✈❡❥❛ Pr♦♣♦s✐çã♦ ✷✳✸
❞❛ r❡❢❡rê♥❝✐❛ ❬✽❪✮ ❡♥tr❡ Σ1 ❡ Σ2 é ❞❛❞❛ ♣♦r

T ′(0) =
det
(

P(X)(θ1, 0)
∣

∣

∣σ′
1(t1)

)

det
(

P(X)(θ2, 0)
∣

∣

∣σ′
2(t2)

) exp

[∫ t2

t1

(divP(X)(θ(t), 0)) dt

]

=

det

(

A1(θ1, 0) cosα1

0 senα1

)

det

(

A1(θ2, 0) cosα2

0 senα2

) exp

[∫ t2

t1

(

∂A1(θ(t), 0)

∂θ
−R1(θ(t), 0)

)

dt

]

.

❈♦♠♦ A1(θ, 0) 6= 0✱ ∀θ ∈ R✱ ❡♥tã♦ θ′(t) = A1(θ(t), 0) 6= 0✱ ∀t ∈ R✳ ❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡
✈❛r✐á✈❡✐s θ = θ(t) t❡♠♦s q✉❡ dθ = θ′(t)dt = A1(θ(t), 0)dt✳ ❆ss✐♠✱

T ′(0) =
A1(θ1, 0) senα2

A1(θ2, 0) senα2

exp

[

∫ θ2

θ1

(

∂A1(θ(t),0)
∂θ

A1(θ, 0)
− R1(θ, 0)

A1(θ, 0)

)

dθ

]

=
A1(θ1, 0) senα2

A1(θ2, 0) senα2

exp

[∫ θ2

θ1

(

∂ ln(A1(θ, 0))

∂θ
− R1(θ, 0)

A1(θ, 0)

)

dθ

]

=
A1(θ1, 0) senα2

A1(θ2, 0) senα2

exp

[

ln

(

A1(θ2, 0)

A1(θ1, 0)

)

+

∫ θ2

θ1

−R1(θ, 0)

A1(θ, 0)
dθ

]

.

❊♥tã♦✱

T ′(0) =
senα2

senα2

exp

[∫ θ2

θ1

−R1(θ, 0)

A1(θ, 0)
dθ

]

.

◆♦t❡ q✉❡✱ q✉❛♥❞♦ Σ1 ❡ Σ2 s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ (θ0, 0) ❝♦♠ ♦ ❡✐①♦ θ tr❛♥s✈❡rs❛❧✲
♠❡♥t❡ ❝♦♠ â♥❣✉❧♦s α1 ❡ α2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ♣❡❧❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ q✉❡ ❛ ❞❡r✐✈❛❞❛
❞♦ ♠❛♣❛ ❞❡ tr❛♥s✐çã♦ é

T ′(0) =
senα1

senα2

.

P♦rt❛♥t♦✱ ❛ ❝♦♥❝❧✉sã♦ s❡❣✉❡ ❞❛ s✐♠❡tr✐❛ ♥❛ ❞❡✜♥✐çã♦ ❞♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré✱ ♦✉
s❡❥❛✱ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞♦s ♠❛♣❛s ❞❡ tr❛♥s✐çã♦ ❡♠ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s é r❡❝í♣r♦❝❛✳

❆s ♣r♦♣♦s✐çõ❡s ❛ s❡❣✉✐r ✐♥❞✐❝❛♠ ❝♦♠♦ ❞♦✐s t✐♣♦s ❞❡ ♣❡rt✉❜❛çõ❡s ❛❢❡t❛♠ ♦s
♣♦♥t♦s ♥♦ ✐♥✜♥✐t♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ ΞΓ,∆✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✻✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ P(X)✳ ❈♦♥s✐❞❡r❡ ❛
❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ Xν = X + ν(x ∂

∂x
+ y ∂

∂y
)✳ ❊♥tã♦✱ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛

❤✐♣❡r❜ó❧✐❝❛ ❞❡ P(Xν) ♣❛r❛ t♦❞♦ ν 6= 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛♥❛❧✐s❛r ❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s ❛ ✉♠ ♣❛râ♠❡tr♦ Xν =
X + ν(x ∂

∂x
+ y ∂

∂y
) ❡♠ ❢✉♥çã♦ ❞❡ θ ❡ ρ✳ ❚❡♠♦s

Xν = X + ν

(

x
∂

∂x
+ y

∂

∂y

)

= (P (x, y), Q(x, y)) + ν(x, y) = (P (x, y) + νx,Q(x, y) + νy).
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P❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ♦❜t❡♠♦s Xν ♥❛s ❝♦♦r❞❡♥❛❞❛s θ ❡ ρ✳ ❉❡ ❢❛t♦✱

θ′ =− ρ sen θ

(

P

(

cos θ

ρ
,
sen θ

ρ

)

+ ν
cos θ

ρ

)

+ ρ cos θ

(

Q

(

cos θ

ρ
,
sen θ

ρ

)

+ ν
sen θ

ρ

)

=− ρ sen θP

(

cos θ

ρ
,
sen θ

ρ

)

+ ρ cos θQ

(

cos θ

ρ
,
sen θ

ρ

)

,

ρ′ =− ρ2 cos θ

(

P

(

cos θ

ρ
,
sen θ

ρ

)

+ ν
cos θ

ρ

)

− ρ2 sen θ

(

Q

(

cos θ

ρ
,
sen θ

ρ

)

+ ν
sen θ

ρ

)

=− ρ2 cos θP

(

cos θ

ρ
,
sen θ

ρ

)

− ρ2 sen θQ

(

cos θ

ρ
,
sen θ

ρ

)

− ρν.

❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s q✉❡ Aν
1(θ, ρ) = A1(θ, ρ) ❡ Rν

1(θ, ρ) = ν +R1(θ, ρ)✳

❯t✐❧✐③❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❡♥❝♦♥tr❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✺✱ t❡♠♦s

π′
ν(0) = exp

[

4
∑

l=1

∫ πl
2

π(l−1)
2

−
Rν

1,l(θ)

Aν
1,l(θ)

dθ

]

❡✱ ♣❡❧❛s r❡❧❛çõ❡s ❛❝✐♠❛✱

π′
ν(0) = exp

[

4
∑

l=1

∫ πl
2

π(l−1)
2

−ν +R1,l(θ)

A1,l(θ)
dθ

]

.

❉❡r✐✈❛♥❞♦ ❡ss❛ ❡①♣r❡ssã♦ ❝♦♠ r❡❧❛çã♦ ❛ ν✱ ♦❜t❡♠♦s

d

dν
π′
ν(0) = exp

[

4
∑

l=1

∫ πl
2

π(l−1)
2

−ν +R1,l(θ)

A1,l(θ)
dθ

](

−
4
∑

l=1

∫ πl
2

π(l−1)
2

1

A1,l(θ)
dθ

)

,

✐st♦ é✱
d

dν
π′
ν(0)

∣

∣

∣

ν=0
= π′(0)

(

−
4
∑

l=1

∫ πl
2

π(l−1)
2

1

A1,l(θ)
dθ

)

.

P♦r ❤✐♣ót❡s❡✱ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ❊♥tã♦ A1(θ, 0) 6= 0✱ ∀θ ∈ R✱
❝♦♠ ✐ss♦✱ A1,l(θ) 6= 0✱ ∀θ ∈ R✱ l = 1, 2, 3, 4✳ ❈♦♠♦ A1 é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ t♦❞❛s
❛s ❢✉♥çõ❡s A1,l ♣♦ss✉❡♠ ♦ ♠❡s♠♦ s✐♥❛❧✳ ▲♦❣♦

−
4
∑

l=1

∫ πl
2

π(l−1)
2

1

A1,l(θ)
dθ 6= 0

❡✱ ♣♦rt❛♥t♦✱ d
dν
π′
ν(0) 6= 0✳

❉❡ss❛ ❢♦r♠❛✱ ♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré π′
ν(0) é ❝r❡s❝❡♥t❡ ♦✉ ❞❡❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦

❛ ν✱ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✈❛❧♦r❡s ❞❡ ν s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s ♣❛r❛ q✉❡ π′
ν(0) 6= 1✳

■st♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ❡q✉❛❞♦r é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ P(Xν)✳

❙❡❥❛ X = (P,Q) ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ R2✳ ❉❡✜♥✐♠♦s ♦ ❝❛♠♣♦ Rω(X) ❞❛❞♦
♣❡❧❛ r♦t❛çã♦ ❞♦ ❝❛♠♣♦ X ♣♦r ✉♠ â♥❣✉❧♦ ω ❝♦♠♦ s❡♥❞♦ Rω(x) = (Pω, Qω) ❝♦♠

(

Pω

Qω

)

=

(

cosω senω
− senω cosω

)(

P
Q

)

.
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Pr♦♣♦s✐çã♦ ✸✳✷✳✼✳ ❙❡❥❛ X ∈ ΞΓ,∆✱ ❡ ❝♦♥s✐❞❡r❡ Xω ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X r♦t❛❝✐♦♥❛❞♦ ♣♦r
ω✳ ❊♥tã♦✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

(

Aω1(θ)
Rω1(θ)

)

=

(

cosω − senω
senω cosω

)(

A1(θ)
R1(θ)

)

.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ X ∈ ΞΓ,∆✱ ❡♥tã♦ X(x, y) = (P (x, y), Q(x, y)) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛

P (x, y) = a1 + b11x+ b12y +
n
∑

i=1

ci1|x− γi|+
m
∑

j=1

dj1|y − δj|,

Q(x, y) = a2 + b21x+ b22y +
n
∑

i=1

ci2|x− γi|+
m
∑

j=1

dj2|y − δj|.

❚❡♠♦s

Xω(x, y) =

(

cosω senω
− senω cosω

)(

P (x, y)
Q(x, y)

)

.

❉❡ss❡ ♠♦❞♦✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xω(x, y) = (Pω(x, y), Qω(x, y)) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

Pω(x, y) = (a1 cosω + a2 senω) + (b11 cosω + b21 senω)x+ (b12 cosω + b22 senω)y+
n
∑

i=1

(ci1 cosω + ci2 senω)|x− γi|+
m
∑

j=1

(dj1 cosω + di2 senω)|y − δj|,

Qω(x, y) = (−a1 senω + a2 cosω) + (−b11 senω + b21 cosω)x+ (−b12 senω + b22 cosω)y+
n
∑

i=1

(−ci1 senω + ci2 cosω)|x− γi|+
m
∑

j=1

(−dj1 senω + di2 cosω)|y − δj|.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✷✳✶✮ ❡ ✭✸✳✷✳✷✮ ❞♦ ▲❡♠❛ ✸✳✷✳✶✱ ❡ s✉❜st✐t✉✐♥❞♦ ♣❡❧♦s t❡r♠♦s
❡q✉✐✈❛❧❡♥t❡s ❞❡ Pω ❡ Qω✱ t❡♠♦s q✉❡ ❛s r❡❧❛çõ❡s sã♦ s❛t✐s❢❡✐t❛s✳

✸✳✸ ❈♦♥❝❡✐t♦s ❈♦♠♣❧❡♠❡♥t❛r❡s

◆❡st❛ s❡çã♦✱ ❞❡✜♥✐♠♦s ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❡♠ ΞΓ,∆ ❡ ❡①✐❜✐♠♦s ❞❡✜♥✐çõ❡s
q✉❡ sã♦ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ ΞΓ,∆ s❡❥❛ ❡str✉t✉r❛❧♠❡♥t❡
❡stá✈❡❧✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❯♠ ❡❧❡♠❡♥t♦ X ∈ ΞΓ,∆ é ❞✐t♦ (Γ,∆)✲❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ ❡①✐st❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ X ❡♠ ΞΓ,∆ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ Y ∈ V ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ hY
❞❡ S2 ♠❛♣❡❛♥❞♦ ❛s ór❜✐t❛s ♦r✐❡♥t❛❞❛s ❞❡ P(Y ) ♥❛q✉❡❧❛s ❞❡ P(X)✱ ♣r❡s❡r✈❛♥❞♦ ♦ ❡q✉❛❞♦r
❡ ❛s ❝é❧✉❧❛s ❝♦♠♣❛❝t❛s ❞❛ ♠❛❧❤❛ (Γ,∆)✳

❆ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡✐s s❡rá ❞❡♥♦t❛❞❛ ♣♦r SΓ,∆✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✶✳ ❘❡❝♦r❞❡♠♦s q✉❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ é s✐♠♣❧❡s s❡ ♥♦ ♣♦♥t♦ ❞❡ s✐♥❣✉✲
❧❛r✐❞❛❞❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é s✉❛✈❡ ❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ♥♦ ♣♦♥t♦ é ♥ã♦
♥✉❧♦✱ s❡ ❛❧é♠ ❞✐ss♦ ❛s ♣❛rt❡s r❡❛✐s ❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s ❢♦r❡♠ t♦❞❛s ♥ã♦ ♥✉❧❛s ❞✐③❡♠♦s q✉❡
❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ❤✐♣❡r❜ó❧✐❝❛✳ ❙❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ ❏❛❝♦❜✐❛♥♦ ♥❡ss❡ ♣♦♥t♦ ❢♦r ♥❡❣❛t✐✈♦✱
❞✐③❡♠♦s q✉❡ ♦ ♣♦♥t♦ é ✉♠❛ s❡❧❛✱ ❛❣♦r❛ s❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❢♦r ♥❡❣❛t✐✈♦✱ ❞✐③❡♠♦s q✉❡ ♦
♣♦♥t♦ é ✉♠❛ ❛♥t✐✲s❡❧❛✳
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❉❡✜♥✐çã♦ ✸✳✸✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ X ∈ ΞΓ,∆ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ (Γ,∆)✲
s✐♥❣✉❧❛r✐❞❛❞❡ s❡

✶✳ t♦❞❛s ❛s s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦ ✐♥✜♥✐t♦ sã♦ ❤✐♣❡r❜ó❧✐❝❛s ❡ ❞✐s❥✉♥t❛s ❞❛s ❞✐r❡çõ❡s ❞♦s
❡✐①♦s x ❡ y✱

✷✳ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✷✬✮ t♦❞❛s ❛s s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ✜♥✐t❛s sã♦ ❤✐♣❡r❜ó❧✐❝❛s ✭r❡s♣❡❝t✐✲
✈❛♠❡♥t❡ s✐♠♣❧❡s✮ ❡ ❞✐s❥✉♥t❛s ❞❛s ❧✐♥❤❛s Γ× R ❡ R×∆✱

✸✳ t♦❞❛s ❛s s✉❛s t❛♥❣ê♥❝✐❛s ❝♦♠ ❛s ❧✐♥❤❛s Γ × R ❡ R ×∆ sã♦ q✉❛❞rát✐❝❛s ❡ ❞✐s❥✉♥t❛s
❞❛s ❡sq✉✐♥❛s Γ×∆ ❞❛ ♠❛❧❤❛✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s❛t✐s❢❛③❡♥❞♦ ❛s três ❝♦♥❞✐çõ❡s s❡rá ❞❡♥♦t❛❞♦
♣♦r ΣΓ,∆(1)✳ ◗✉❛♥❞♦ ❛♣❡♥❛s ✉♠❛ ✭❞✐❣❛♠♦s ❛ ♣r✐♠❡✐r❛✮ ♦✉ ♠❛✐s ❝♦♥❞✐çõ❡s ✭❞✐❣❛♠♦s ❛
♣r✐♠❡✐r❛ ❡ ❛ t❡r❝❡✐r❛✮ sã♦ s❛t✐s❢❡✐t❛s✱ ❡s❝r❡✈❡♠♦s ΣΓ,∆(1; 1) ♦✉ ΣΓ,∆(1; 1, 3)✱ ❡ ❛ss✐♠ ♣♦r
❞✐❛♥t❡✳

❉❡✜♥✐çã♦ ✸✳✸✳✸✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ (Γ,∆)✲
ór❜✐t❛s ♣❡r✐ó❞✐❝❛s s❡

✶✳ t♦❞❛s ❛s s✉❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ✜♥✐t❛s sã♦ ❤✐♣❡r❜ó❧✐❝❛s ❡ ❞✐s❥✉♥t❛s ❞❛s ❡sq✉✐♥❛s Γ×∆
❡ ❞❛s t❛♥❣ê♥❝✐❛s ❛ss♦❝✐❛❞❛s à ♠❛❧❤❛✱

✷✳ ❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ✐♥✜♥✐t❛ ♥♦ ✐♥✜♥✐t♦ é ❤✐♣❡r❜ó❧✐❝❛✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s❛t✐s❢❛③❡♥❞♦ ❡ss❛s ❞✉❛s ❝♦♥❞✐çõ❡s s❡rá ❞❡♥♦✲
t❛❞♦ ♣♦r ΣΓ,∆(2)✳ ◗✉❛♥❞♦ ❛♣❡♥❛s ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✱ ❡s❝r❡✈❡♠♦s ΣΓ,∆(2; 1)✱
♦✉ ΣΓ,∆(2; 2)✳

❉❡✜♥✐çã♦ ✸✳✸✳✹✳ ❯♠❛ (Γ,∆)✲❝♦♥❡①ã♦ ❞❡ s❡♣❛r❛tr✐③ ❞❡ X é ✉♠❛ ór❜✐t❛ ✜♥✐t❛ ❞❡ P(X)
q✉❡ ❧✐❣❛

✶✳ ❞♦✐s ♣♦♥t♦s ❞❡ s❡❧❛ q✉❡ ♣♦❞❡♠ ❝♦✐♥❝✐❞✐r✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛ ❝♦♥❡①ã♦
s❡❧❛✲s❡❧❛✱ ♦✉ s❡❧❛✲❧❛ç♦ ♥♦ ❝❛s♦ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛❀

✷✳ ✉♠ ♣♦♥t♦ ❞❡ s❡❧❛ ❡ ✉♠❛ t❛♥❣ê♥❝✐❛✳ ◆❡ss❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛ ❝♦♥❡①ã♦
s❡❧❛✲t❛♥❣ê♥❝✐❛❀

✸✳ ✉♠ ♣♦♥t♦ ❞❡ s❡❧❛ ❡ ✉♠❛ ❡sq✉✐♥❛ ❞❛ ♠❛❧❤❛✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛
❝♦♥❡①ã♦ s❡❧❛✲❡sq✉✐♥❛❀

✹✳ ❞✉❛s ❡sq✉✐♥❛s ❞❛ ♠❛❧❤❛ q✉❡ ♣♦❞❡♠ ❝♦✐♥❝✐❞✐r✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛
❝♦♥❡①ã♦ ❡sq✉✐♥❛✲❡sq✉✐♥❛✱ ♦✉ ❡sq✉✐♥❛✲❧❛ç♦ ♥♦ ❝❛s♦ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ✭q✉❡ é ♦ ♠❡s♠♦
q✉❡ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛✈és ❞❡ ✉♠❛ ❡sq✉✐♥❛✮❀

✺✳ ❞✉❛s t❛♥❣ê♥❝✐❛s q✉❡ ♣♦❞❡♠ ❝♦✐♥❝✐❞✐r✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛ ❝♦♥❡①ã♦
t❛♥❣ê♥❝✐❛✲t❛♥❣ê♥❝✐❛✱ ♦✉ t❛♥❣ê♥❝✐❛✲❧❛ç♦ ♥♦ ❝❛s♦ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ✭q✉❡ é ♦ ♠❡s♠♦ q✉❡
✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛✈és ❞❡ ✉♠❛ t❛♥❣ê♥❝✐❛✮❀

✻✳ ✉♠❛ t❛♥❣ê♥❝✐❛ ❡ ✉♠❛ ❡sq✉✐♥❛ ❞❛ ♠❛❧❤❛✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ t❡♠♦s ✉♠❛ ❝♦♥❡①ã♦
t❛♥❣ê♥❝✐❛✲❡sq✉✐♥❛✳

❆ ❋✐❣✉r❛ ✸✳✶ ✐❧✉str❛ ❡①❡♠♣❧♦s ❞❡ (Γ,∆)✲❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s ❧✐st❛❞♦s ♥❛
❞❡✜♥✐çã♦ ❛❝✐♠❛✳
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✭❛✮ s❡❧❛✲s❡❧❛✳ ✭❜✮ s❡❧❛✲t❛♥❣ê♥❝✐❛✳

✭❝✮ s❡❧❛✲❡sq✉✐♥❛✳ ✭❞✮ ❡sq✉✐♥❛✲❡sq✉✐♥❛✳

✭❡✮ t❛♥❣ê♥❝✐❛✲❧❛ç♦✳ ✭❢✮ ❡sq✉✐♥❛✲t❛♥❣ê♥❝✐❛✳

❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦s ❞❡ (Γ,∆)✲❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s q✉❡ ♥ã♦ ♣♦ss✉❡♠ (Γ,∆)✲❝♦♥❡①õ❡s ❞❡ s❡♣❛r❛✲
tr✐③❡s s❡rá ❞❡♥♦t❛❞♦ ♣♦r ΣΓ,∆(3)✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✷✳ ◆♦t❡ q✉❡ ❛s ❝♦♥❡①õ❡s ❞❡ s❡❧❛ ♥♦ ✐♥✜♥✐t♦ ♥ã♦ sã♦ ❝♦♥s✐❞❡r❛❞❛s ❝♦✲
♥❡①õ❡s ❞❡ s❡♣❛r❛tr✐③❡s✱ ✐ss♦ ♦❝♦rr❡ ❞❡✈✐❞♦ à ✐♥✈❛r✐â♥❝✐❛ ♥♦ ❡q✉❛❞♦r✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛
♣❡rs✐stê♥❝✐❛ ❞❡ss❛s ❝♦♥❡①õ❡s ♣♦r ♣❡q✉❡♥❛s ♣❡rt✉❜❛çõ❡s✳
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✸✳✹ ❚❡♦r❡♠❛ ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ❡ ●❡♥❡r✐❝✐❞❛❞❡

◆❡st❛ s❡çã♦✱ ♠♦str❛♠♦s q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ♣❡rt❡♥❝❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦
ΣΓ,∆ = ΣΓ,∆(1)∩ΣΓ,∆(2)∩ΣΓ,∆(3) é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ ❡♠ ΞΓ,∆✳ P❛r❛ ✐ss♦✱ ♣r♦✈❛♠♦s
q✉❡ ΣΓ,∆ é ❛❜❡rt♦ ❡ ❞❡♥s♦ ❡♠ ΞΓ,∆✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❞✉❛s ♣r♦♣♦s✐çõ❡s q✉❡ s❡rã♦ út❡✐s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦
❚❡♦r❡♠❛ ✸✳✹✳✸✱ ♦ q✉❛❧ ♥♦s ❛✉①✐❧✐❛rá ♥❛ ♣r♦✈❛ ❞❛ ❞❡♥s✐❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ P❛r❛ q✉❛❧q✉❡r X ∈ ΞΓ,∆✱ ❛ ❢❛♠í❧✐❛ ❞❡ q✉❛tr♦ ♣❛râ♠❡tr♦s Xα1,α2,ν,β

❞❡✜♥✐❞❛ ♣♦r

Xα1,α2,ν,β(x, y) = X(x, y) + α1
∂

∂x
+ α2

∂

∂y
+ ν

(

x
∂

∂x
+ y

∂

∂y

)

+ β

(

−y ∂
∂x

+ x
∂

∂y

)

✐♥t❡rs❡❝t❛ ♦ ❝♦♥❥✉♥t♦ ΞΓ,∆ \ ΣΓ,∆(1; 1, 2
′, 3) ∩ ΣΓ,∆(2; 2) ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡

▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❡①❛♠✐♥❛r ❝♦♠♦ ♦s ♣❛râ♠❡tr♦s α1✱ α2✱ ν ❡ β ❛❣❡♠ ♥♦ r❡tr❛t♦ ❞❡
❢❛s❡ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ ΞΓ,∆ ❛❧t❡r❛♥❞♦ s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ t❛♥❣ê♥❝✐❛s ❡ ór❜✐t❛s
♣❡r✐ó❞✐❝❛s ♥♦ ✐♥✜♥✐t♦✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❞✐✈✐❞✐r ❛ ❞❡♠♦♥str❛çã♦ ❡♠ q✉❛tr♦ ♣❛ss♦s✱ ♠❛s
❛♥t❡s ❢❛③❡♠♦s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s✳

❈♦♥s✐❞❡r❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

Xν,β(x, y) = X(x, y) + ν

(

x
∂

∂x
+ y

∂

∂y

)

+ β

(

−y ∂
∂x

+ x
∂

∂y

)

.

❚❛❧ ❡①♣r❡ssã♦✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s (θ, ρ)✱ é ❞❛❞❛ ♣♦r

(Aν,β
1 + ρAν,β

0 )
∂

∂θ
− ρ(Rν,β

1 + ρRν,β
0 )

∂

∂ρ
. ✭✸✳✹✳✶✮

❆ss✐♠✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✷✳✶✮ ❡ ✭✸✳✷✳✷✮ ❞♦ ▲❡♠❛ ✸✳✷✳✶✱ ❡ s✉❜st✐t✉✐♥❞♦ ♣❡❧♦s t❡r♠♦s
❡q✉✐✈❛❧❡♥t❡s ❞❡ Pν,β ❡ Qν,β✱ ♦❜t❡♠♦s

Aν,β
1 (θ, 0) = β + A1(θ, 0),

Rν,β
1 (θ, 0) = ν +R1(θ, 0).

✭✸✳✹✳✷✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s Xα1,α2,ν,β ❡ Xν,β✱ ✈❛❧❡

Aα1,α2,ν,β
1 (θ, 0) = Aν,β

1 (θ, 0),

Rα1,α2,ν,β
1 (θ, 0) = Rν,β

1 (θ, 0).
✭✸✳✹✳✸✮

❊ss❛s ♦❜s❡r✈❛çõ❡s sã♦ ♥❡❝❡ssár✐❛s ♣❛r❛ ♦s ♣❛ss♦s ✶ ❡ ✹ ❞❛ ❞❡♠♦♥str❛çã♦✳

P❛ss♦ ✶✿ ❱❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛♥❛❧✐s❛r ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦ ✐♥✜♥✐t♦✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s
❡st✉❞❛r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xν,β ✉t✐❧✐③❛♥❞♦ s✉❛ ❡①♣r❡ssã♦ ❞❛❞❛ ♣♦r ✭✸✳✹✳✶✮✳

❆s s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦ ✐♥✜♥✐t♦ ❞❡ Xν,β sã♦ ♦s ♣♦♥t♦s ❞❛ ❢♦r♠❛ (θ, 0) ❡♠ q✉❡

Aν,β
1 (θ, 0) = 0.
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❙✉♣♦♥❤❛ q✉❡ (θ0, 0) é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ ❝♦♠ θ0 6= π
2
z✱ z ∈ Z✳ ❈❛❧❝✉❧❛♥❞♦ ♦

❏❛❝♦❜✐❛♥♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xν,β ♥❡ss❡ ♣♦♥t♦✱ ♦❜t❡♠♦s
(

∂
∂θ
Aν,β

1 (θ0, 0)
∂
∂ρ
Aν,β

1 (θ0, 0) + Aν,β
0 (θ0)

0 −Rν,β
1 (θ0, 0)

)

.

❈♦♠♦ ❛ ♠❛tr✐③ ❛❝✐♠❛ é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐✲
❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✱ ❛ss✐♠✱ ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ✐♥✜♥✐t♦ (θ0, 0) s❡r ❤✐♣❡r❜ó❧✐❝❛✱ ❞❡✈❡♠♦s
t❡r

(

∂

∂θ
Aν,β

1 (θ0, 0)

)

Rν,β
1 (θ0, 0) 6= 0.

P❡❧❛s ✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ❡♠ ✭✸✳✹✳✷✮✱ t❡♠♦s

Aν,β
1 (θ, 0) = 0 ⇔ β = −A1(θ, 0),

Rν,β
1 (θ, 0) = 0 ⇔ ν = −R1(θ, 0).

❈♦♠ ✐ss♦✱ ♥♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧ (ν, β, θ)✱ ❛ s✉♣❡r❢í❝✐❡ ❢♦r♠❛❞❛ ♣❡❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦
✐♥✜♥✐t♦ ❞❡ Xν,β é ❞❛❞❛ ♣♦r

S(ν, θ) = (ν,−A1(θ, 0), θ).

◆❡❧❛ ❡stá ❝♦♥t✐❞❛ ❛ ❝✉r✈❛

C(θ) = (−R1(θ, 0),−A1(θ, 0), θ)

❢♦r♠❛❞❛ ♣❡❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥ã♦ ❤✐♣❡r❜ó❧✐❝❛s ♥♦ ✐♥✜♥✐t♦ ♥❛s q✉❛✐s Rν,β
1 (θ, 0) s❡ ❛♥✉❧❛✳

❆s ❢✉♥çõ❡s A1(θ, 0) ❡ R1(θ, 0) sã♦ ❝♦♥tí♥✉❛s ❡✱ r❡str✐t❛s ❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❛
❢♦r♠❛ [(k − 1)π

2
, k π

2
]✱ k ∈ {1, 2, 3, 4}✱ sã♦ q✉❛❞rát✐❝❛s ❝♦♠ s✉❛s ❡①♣r❡ssõ❡s ❞❛❞❛s ❡♠

✭✸✳✷✳✸✮ ❡ ✭✸✳✷✳✺✮✳ ▲♦❣♦✱ ♦s ♣♦♥t♦s ♦♥❞❡ ∂
∂θ
Aν,θ

1 (θ, 0) = 0 ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♣♦♥t♦s ❝rít✐❝♦s
❞❛s ❢✉♥çõ❡s A1,k(θ) ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ((k − 1)π

2
, k π

2
)✳ ◆♦t❡ q✉❡ ❛ ❢✉♥çã♦

A1,1(θ) = [b21 + c2] cos
2 θ + [b22 − b11 + d2 − c1] sen θ cos θ − [b12 + d1] sen

2 θ

♣♦ss✉✐✱ ♥♦ ♠á①✐♠♦✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ✐st♦ é✱ A′
1,1(θ) = 0✳ ❉❡ ❢❛t♦✱ t❡♠♦s

A′
1,1(θ) =[b21 + c2] cos(2θ) + [b22 − b11 + d2 − c1] sen θ cos θ − [b12 + d1] sen(2θ)

=[b21 + c2] cos(2θ) +

(

[b22 − b11 + d2 − c1]

2
− [b12 + d1]

)

sen(2θ).

❊♥tã♦✱ A′
1,1(θ) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

tan(2θ) =
sen(2θ)

cos(2θ)
=

2(b21 + c2)

2(b12 + d1)− (b22 − b11 + d2 − c1)
.

❈♦♠♦ θ ∈ (0, π
2
)✱ t❡♠♦s q✉❡ tan(2θ) ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡

A1,1(θ) ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s q✉❡ A1,k ♣❛r❛
k ∈ {2, 3, 4}✱ ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ ((k − 1)π

2
, k π

2
)✳ P♦rt❛♥t♦✱ ❛ ❢✉♥çã♦

A1(θ, 0) t❡♠ ♥♦ ♠á①✐♠♦ q✉❛tr♦ ✈❛❧♦r❡s ❝rít✐❝♦s ♥♦ ❝♦♥❥✉♥t♦ (0, 2π) \ {π
2
, π, 3π

2
}✳

❈♦♠♦ t❛♠❜é♠ q✉❡r❡♠♦s ❡✈✐t❛r q✉❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦ ✐♥✜♥✐t♦ ❡st❡❥❛♠ s✐✲
t✉❛❞❛s ♥♦s ❡✐①♦s x ❡ y✱ ♣r❡❝✐s❛♠♦s ❞❡s❝♦♥s✐❞❡r❛r ♦s ✈❛❧♦r❡s β = A1(θ, 0) q✉❛♥❞♦ θ ∈
{0, π

2
, π, 3π

2
}✳
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▲♦❣♦✱ ♦s ✈❛❧♦r❡s ❞❡ (ν, β) ♣❛r❛ ♦s q✉❛✐s t❡♠♦s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥ã♦ ❤✐♣❡r✲
❜ó❧✐❝❛ ♥♦ ✐♥✜♥✐t♦ ♦✉ ♥❛ ❞✐r❡çã♦ ❞♦s ❡✐①♦s x ❡ y✱ ❞❡✜♥❡♠ ♥♦✈❡ ❝✉r✈❛s ♥❛ s✉♣❡r❢í❝✐❡ S✳
Pr♦❥❡t❛♥❞♦ ❡ss❛s ❝✉r✈❛s ♥♦ ♣❧❛♥♦ (ν, β) ❡♥❝♦♥tr❛♠♦s ♥♦ ♠á①✐♠♦ ♦✐t♦ r❡t❛s ♣❛r❛❧❡❧❛s ❛♦
❡✐①♦ ν ❡ ✉♠❛ ❝✉r✈❛ q✉❡ é ❛ ♣r♦❥❡çã♦ ❞❡ C✳ ❉❡♥♦t❛♠♦s ♣♦r c1✱ c2✱ . . . ✱ c9 ❡ss❛s r❡t❛s ❡ ❛
♣r♦❥❡çã♦ ❞❛ ❝✉r✈❛ C✳

P♦rt❛♥t♦✱ ♣❡❧❛s ✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ❡♠ ✭✸✳✹✳✸✮✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s (α1, α2, ν, β)
t❛✐s q✉❛✐sXα1,α2,ν,β /∈ ΣΓ,∆(1; 1) ❡stã♦ ❝♦♥t✐❞♦s ♥❛ ✉♥✐ã♦ ✜♥✐t❛ ❞♦s ❝♦♥❥✉♥t♦s {(α1, α2, ν, β) ∈
R4 : (ν, β) ∈ ck}✱ k ∈ 1, 2, . . . , 9✱ ♦s q✉❛✐s sã♦ ❝♦♥❥✉♥t♦s ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳

P❛ss♦ ✷✿ ❱❛♠♦s ❛❣♦r❛ ❛♥❛❧✐s❛r ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ✜♥✐t❛s✱ ♣❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛
❝é❧✉❧❛ Γi ×∆j ❞❛ ♠❛❧❤❛ (Γ,∆)✳ ◆❡st❛ ❝é❧✉❧❛✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é ❡s❝r✐t♦ ❝♦♠♦

Xi,j(x, y) = X(x, y)
∣

∣

∣

Γi×∆j

= Aij

(

x
y

)

+ bij.

❱❛♠♦s ❡s❝r❡✈❡r

Aij =

(

aij11 aij12
aij21 aij22

)

❡ bij =

(

bij1
bij2

)

.

❈♦♠ ✐ss♦✱ ♥❛ ❝é❧✉❧❛ Γi ×∆j✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β é ❞❛❞♦ ♣♦r

(

aij11 + ν aij12 − β

aij21 + β aij22 + ν

)(

x
y

)

+

(

bij1 + α1

bij2 + α2

)

.

P❛r❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β ♣♦ss✉✐r s✐♥❣✉❧❛r✐❞❛❞❡s ♥ã♦ s✐♠♣❧❡s ♥❛ ❝é❧✉❧❛
Γi ×∆j✱ ❞❡✈❡ ♦❝♦rr❡r

det

(

aij11 + ν aij12 − β

aij21 + β aij22 + ν

)

= 0,

✐st♦ é✱
fij(ν, β) = ν2 + β2 + tr(Aij)ν + (aij21 − aij12)β + detAij = 0. ✭✸✳✹✳✹✮

❙❡♥❞♦ ❛ss✐♠✱ ♦s ✈❛❧♦r❡s ❞❡ (α1, α2, ν, β) ♣❛r❛ ♦s q✉❛✐s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β ♣♦s✲
s✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥ã♦ s✐♠♣❧❡s ❡♠ Γi × ∆j ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ❝♦♥❥✉♥t♦
{(α1, α2, ν, β) : fij(ν, β) = 0}✱ ♦ q✉❛❧ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳

❆❣♦r❛✱ ♦❜s❡r✈❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β ♣♦ss✉✐ s✐♥❣✉❧❛r✐✲
❞❛❞❡s ♥❛ ❢r♦♥t❡✐r❛ ❞❛ ❝é❧✉❧❛ Γi ×∆j✳ ❋❛③❡♠♦s ♦ ❡st✉❞♦ s✉♣♦♥❞♦ q✉❡ ❛ ❝é❧✉❧❛ é ✜♥✐t❛✱ ❡ ♦
♦✉tr♦ ❝❛s♦ é s✐♠✐❧❛r✳

❈♦♥s✐❞❡r❡ (γi, δj) ❡ (γi, δj+1) ♣♦♥t♦s ❞❡ ❡sq✉✐♥❛ ❞❛ ♠❛❧❤❛ ❝♦♥t✐❞♦s ❡♠ Γi×∆j✳
P❛r❛ t❡r♠♦s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❞❡❧✐♠✐t❛❞♦ ♣♦r ❡ss❡s ♣♦♥t♦s✱ ❞❡✈❡♠♦s
t❡r

(

aij11 + ν aij12 − β

aij21 + β aij22 + ν

)(

γi
δj + t(γj+1 − δj)

)

+

(

bij1 + α1

bij2 + α2

)

=

(

0
0

)

,

♣❛r❛ t ∈ [0, 1]✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ ❡❢❡t✉❛r♠♦s

α1(ν, β, t) =− (bij1 + (aij11 + ν)γi + (aij12 − β)[δj + t(δj+1 − δj)]),

α2(ν, β, t) =− (bij2 + (aij21 + β)γi + (aij22 + ν)[δj + t(δj+1 − δj)]),
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t❡♠♦s q✉❡ ♦s ♣♦♥t♦s (α1, α2, ν, β) ♣❛r❛ ♦s q✉❛✐s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β ♣♦ss✉✐ ♣❡❧♦
♠❡♥♦s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❞❡❧✐♠✐t❛❞♦ ♣♦r (γi, δj) ❡ (γi, δj+1)✱ ❡stã♦
❝♦♥t✐❞♦s ♥❛ s✉♣❡r❢í❝✐❡

Z(ν, β, t) = (α1(ν, β, t), α2(ν, β, t), ν, β),

❛ q✉❛❧ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❢❛③❡♠♦s
✐ss♦ ♣❛r❛ ♦s ♦✉tr♦s ❧❛❞♦s ❞❛ ❝é❧✉❧❛✳

P♦rt❛♥t♦✱ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❡ ♣❛ss♦ ✷ ♣❛r❛ ❛s ♦✉tr❛s ❝é❧✉✲
❧❛s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦s ♣♦♥t♦s (α1, α2, ν, β) ∈ ΣΓ,∆(1; 2

′) ❡stã♦ ❝♦♥t✐❞♦s ❡♠ ✉♠ ❝♦♥❥✉♥t♦
❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳

P❛ss♦ ✸✿ P❛r❛ ❢❛③❡r♠♦s ❛ ❛♥á❧✐s❡ ❞❛s t❛♥❣ê♥❝✐❛s ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β ❝♦♠ ❛
♠❛❧❤❛✱ ♥♦s r❡str✐♥❣✐♠♦s às t❛♥❣ê♥❝✐❛s ❤♦r✐③♦♥t❛✐s✱ ♣♦✐s ❛s ✈❡rt✐❝❛✐s ❣❡r❛♠ ✉♠ r❡s✉❧t❛❞♦
s✐♠✐❧❛r✳

❋✐①❡ ✉♠❛ ❧✐♥❤❛ ❤♦r✐③♦♥t❛❧ y = δj✱ j ∈ {1, 2, . . . ,m}✱ ❡ ❛ ♣❛rt✐r ❞❡❧❛ ❝♦♥s✐❞❡r❡
❛ ❢✉♥çã♦ fj : R2 → R ❞❛❞❛ ♣♦r fj(x, y) = y − δj✳ ❚❡♠♦s q✉❡ ✉♠❛ t❛♥❣ê♥❝✐❛ ❤♦r✐③♦♥t❛❧
♦❝♦rr❡ q✉❛♥❞♦

Xα1,α2,ν,βfj(x, δj) = 〈Xα1,α2,ν,β(x, δj),∇fj(x, δj)〉 = 0,

♦✉ s❡❥❛✱ q✉❛♥❞♦ ❛ s❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xα1,α2,ν,β s❡ ❛♥✉❧❛ ❡♠ ✉♠ ♣♦♥t♦
❞❛ ❢♦r♠❛ (x, δj)✳ ❙❡♥❞♦ ❛ss✐♠✱

α2 + νδj + βx+Q(x, δj) = 0.

❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ x0 ✜①❛❞♦✱ ♦s ✈❛❧♦r❡s ❞❡ (α1, α2, ν, β) t❛✐s q✉❡ Xα1,α2,ν,β ♣♦ss✉✐ ♣❡❧♦
♠❡♥♦s ✉♠❛ t❛♥❣ê♥❝✐❛ ❤♦r✐③♦♥t❛❧ ❡♠ (x0, δj) ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ❤✐♣❡r♣❧❛♥♦ Hx0 ❞❛❞♦ ♣♦r

α2 + νδj + βx0 +Q(x0, δj) = 0.

▲♦❣♦✱ ♣❛r❛ q✉❡ ❛s t❛♥❣ê♥❝✐❛s ❝♦♠ ❛s ❡sq✉✐♥❛s ❞❛ ♠❛❧❤❛ (Γ,∆) ♥ã♦ ♦❝♦rr❛♠✱ t❡♠♦s q✉❡
❞❡s❝♦♥s✐❞❡r❛r ♦s ♣♦♥t♦s (α1, α2, ν, β) ❝♦♥t✐❞♦s ♥♦s ❤✐♣❡r♣❧❛♥♦s Hγi ✱ i ∈ {1, 2, . . . , n}✳

❆❣♦r❛ ♣❛r❛ ♦❜t❡r♠♦s t❛♥❣ê♥❝✐❛s q✉❛❞rát✐❝❛s✱ ❝♦♥s✐❞❡r❛♥❞♦ (α1, α2, ν, β) ∈ Hx✱
❞❡✈❡ ♦❝♦rr❡r

X2
α1,α2,ν,β

fj(x, δj) 6= 0,

✐st♦ é✱

X2
α1,α2,ν,β

fj(x, δj) =〈Xα1,α2,ν,β(x, δj),∇Xα1,α2,ν,βfj(x, δj)〉
=〈(α1 + νγi − βy + P (γi, y), 0), (β +Qx(x, δj), 0)〉
=(α1 + νγi − βy + P (γi, y))(β +Qx(x, δj)) 6= 0.

❉❡s❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛ (x, δj) é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥❛ ♠❛❧❤❛
(Γ,∆)✱ t❡♠♦s q✉❡ α1 + νγi − βy + P (γi, y) 6= 0 ❡✱ ❧♦❣♦✱ ♣❛r❛ ❛ t❛♥❣ê♥❝✐❛ s❡r q✉❛❞rát✐❝❛
❞❡✈❡ ♦❝♦rr❡r Qx(x, δj) 6= −β✳

◆♦t❡ q✉❡ Q(x, δk) é ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ❡♠ ❝❛❞❛ s❡❣♠❡♥t♦ Γi✱ i ∈ {1, 2, . . . , n}✳
▲♦❣♦✱ Qx(x, δj) ❛ss✉♠❡ ♥♦ ♠á①✐♠♦ n+ 1 ✈❛❧♦r❡s✳ ❈♦♥s✐❞❡r❡ v1✱ v2✱ . . . ✱ vn+1 ❝♦♠♦ s❡♥❞♦
♦s ✈❛❧♦r❡s q✉❡ Qx(x, δj) ♣♦❞❡ ❛ss✉♠✐r✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ ❞❡s❝♦♥s✐❞❡r❛r♠♦s ♦s ♣♦♥t♦s ♥❛s
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r❡t❛s (α1, α2, ν, vk)✱ k ∈ {1, 2, . . . , vn+1}✱ ❣❛r❛♥t✐♠♦s q✉❡ ♦ ❝❛♠♣♦Xα1,α2,ν,β ♣♦ss✉✐ s♦♠❡♥t❡
t❛♥❣ê♥❝✐❛s q✉❛❞rát✐❝❛s ❝♦♠ ❛ r❡t❛ ❞❛ ♠❛❧❤❛ y = δj✳

❋❛③❡♥❞♦ ❡ss❡ ♣r♦❝❡ss♦ ♣❛r❛ t♦❞❛s ❛s r❡t❛s ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s✱ ❡♥❝♦♥tr❛♠♦s
q✉❡ ♦s ♣♦♥t♦s (α1, α2, ν, β) t❛✐s q✉❡ Xα1,α2,ν,β /∈ ΣΓ,∆(1; 3) ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦
❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ❡♠ R4✱ ♣♦✐s ❡❧❡ é ❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ r❡t❛s ❡ ❤✐♣❡r♣❧❛♥♦s✳

P❛ss♦ ✹✿ P❛r❛ ✜♥❛❧✐③❛r✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ ór❜✐t❛ ♥♦ ✐♥✜♥✐t♦✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xν,β

♣♦ss✉✐ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♥♦ ✐♥✜♥✐t♦ s❡ Aν,β
1 (θ, 0) 6= 0✱ ∀θ ∈ [0, 2π]✳ ❈♦♥s✐❞❡r❡♠♦s M

❡ m ♦ ♠á①✐♠♦ ❡ ♦ ♠í♥✐♠♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ ❢✉♥çã♦ −A1(θ, 0) r❡str✐t❛ ❛♦ ✐♥t❡r✈❛❧♦
[0, 2π]✳ ❚❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ β ∈ R✱ β /∈ [m,M ]✱ ❛ ❢✉♥çã♦ Aν,β

1 (θ, 0) ♥ã♦ s❡ ❛♥✉❧❛ ❡♠
[0, 2π]✱ ✐ss♦ ♦❝♦rr❡ ♣♦r ❝♦♥t❛ ❞❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ✭✸✳✹✳✷✮✱ ❧♦❣♦ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xν,β

♣♦ss✉✐ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♥♦ ✐♥✜♥✐t♦✳

❉❛❞♦ (ν, β) ∈ R2✱ β /∈ [m,M ]✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✺ q✉❡ ♦ ♠❛♣❛ ❞❡
P♦✐♥❝❛ré ❛ss♦❝✐❛❞♦ à ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Xν,β é

π′
ν,β(0) = exp

[

4
∑

l=1

∫ θl

θl−1

−
Rν,β

1,l (θ)

Aν,β
1,l (θ)

dθ

]

= exp

[

4
∑

l=1

∫ θl

θl−1

−ν +R1,l(θ)

β + A1,l(θ)
dθ

]

.

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✻ ♦❜t❡♠♦s q✉❡ ∂
∂ν
π′
ν,β(0) 6= 0✳ ❋✐①❛❞♦ β✱ ❛ ❢✉♥çã♦ π′

ν,β(0)
é ❝r❡s❝❡♥t❡ ♦✉ ❞❡❝r❡s❝❡♥t❡ q✉❛♥❞♦ ✈❛r✐❛♠♦s ν✱ ❛ss✐♠ ❡①✐st❡ ♥♦ ♠á①✐♠♦ ✉♠ ✈❛❧♦r ♣❛r❛ ν
❞❡ ♠♦❞♦ q✉❡ ❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♥♦ ✐♥✜♥✐t♦ ♥ã♦ s❡❥❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❯t✐❧✐③❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❛
❢✉♥çã♦ ✐♠♣❧í❝✐t❛ ♣❛r❛ π′

ν,β(0) = 1✱ ❝♦♥st❛t❛♠♦s q✉❡ ♦s ♣♦♥t♦s (ν, β) ♦♥❞❡ Xν,β ♣♦ss✉✐ ✉♠❛
ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♥ã♦ ❤✐♣❡r❜ó❧✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❡stã♦ ❝♦♥t✐❞♦s ❡♠ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ❞❛ ❢♦r♠❛
(ν(β), β)✱ ❝♦♠ β /∈ [m,M ]✳

❆ss✐♠✱ ♣❡❧❛s ✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ❡♠ ✭✸✳✹✳✸✮✱ ♦s ♣♦♥t♦s (α1, α2, ν, β) ♣❛r❛ ♦s
q✉❛✐s Xα1,α2,ν,β /∈ ΣΓ,∆(2; 2) ❡stã♦ ♥♦ ❝♦♥❥✉♥t♦ {(α1, α2, ν, β) ∈ R4 : ν = ν(β)}✱ ♦ q✉❛❧ é
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R4✳

P♦rt❛♥t♦✱ ♣❛r❛ ✜♥❛❧✐③❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❜❛st❛ ✉♥✐r♠♦s t♦❞♦s ♦s ❝♦♥❥✉♥t♦s
❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ♦❜t✐❞♦s ❡♠ ❝❛❞❛ ♣❛ss♦✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✷✳ P❛r❛ q✉❛❧q✉❡r X ∈ ΣΓ,∆(1; 1, 2
′, 3) ∩ ΣΓ,∆(2; 2)✱ ❛ ❢❛♠í❧✐❛ ❞❡ r♦t❛çã♦

Xω(x, y) = RωX(x, y)

✐♥t❡rs❡❝t❛ ♦ ❝♦♥❥✉♥t♦ ΞΓ,∆ \ ΣΓ,∆ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ P❛r❛
♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❛s r❡❢❡rê♥❝✐❛s ❬✽❪ ❡ ❬✶✺❪✳

❚❡♦r❡♠❛ ✸✳✹✳✸✳ P❛r❛ q✉❛❧q✉❡r X ∈ ΞΓ,∆✱ ❛ ❢❛♠í❧✐❛ ❞❡ ❝✐♥❝♦ ♣❛râ♠❡tr♦s Xα1,α2,ν,β,ω(x, y)
❞❡✜♥✐❞❛ ♣♦r

Rω

[

X(x, y) + α1
∂

∂x
+ α2

∂

∂y
+ ν

(

x
∂

∂x
+ y

∂

∂y

)

+ β

(

−y ∂
∂x

+ x
∂

∂y

)]

,

❡♥❝♦♥tr❛ ♦ ❝♦♥❥✉♥t♦ ❜✐❢✉r❝❛çã♦ Ξ′
Γ,∆ = ΞΓ,∆\ΣΓ,∆ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡

♥✉❧❛✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ X ∈ ΞΓ,∆ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

U(X) = {(α1, α2, ν, β, ω) ∈ R5 : Rω(Xα1,α2,ν,β) ∈ Ξ′
Γ,∆}.

❉❡✈❡♠♦s ♣r♦✈❛r q✉❡ m5(U(X)) = 0✱ ♦♥❞❡ m5 ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡
❡♠ R5✳ ◆♦t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ U(X) é ❢❡❝❤❛❞♦✳ ❉❡ ❢❛t♦✱ s❡ t♦♠❛r♠♦s ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

F : R5 −→ R6+2(n+m)

(α1, α2, ν, β, ω) 7−→ Rω(Xα1,α2,ν,β),

t❡♠♦s q✉❡ U(X) = F−1(Ξ′
Γ,∆)✳ ❈♦♠♦ Ξ′

Γ,∆ é ❢❡❝❤❛❞♦ ❡♠ ΞΓ,∆✱ ♣♦✐s ΣΓ,∆ é ❛❜❡rt♦ ❡♠ ΞΓ,∆

✭✈❡❥❛ ♦ s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✳✺✮✱ ♦❜t❡♠♦s q✉❡ U(X) é ❢❡❝❤❛❞♦ ❡♠ ΞΓ,∆✳ ❉❡ss❡
♠♦❞♦✱ U(X) é ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦✱

m5(U(X)) =

∫

R5

X (U(X)) dm5,

❡♠ q✉❡ X (A) ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ A✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡
❋✉❜✐♥✐ ✭✈❡❥❛ ❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪✮ ♣❛r❛ ❛ ❢✉♥çã♦ X (U(X))✱ ♦❜t❡♠♦s

m5(U(X)) =

∫

R4

(∫

R

X (U(X;α1, α2, ν, β)) dm1

)

dm4,

♦♥❞❡ m1 ❡ m4 sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡s❜❡❣✉❡ ❞❡ R ❡ R4✱ ❡

U(X;α1, α2, ν, β) = {ω ∈ R : Rω(Xα1,α2,ν,β) ∈ Ξ′
Γ,∆}.

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ❝♦♥❥✉♥t♦

V(X) = {(α1, α2, ν, β) ∈ R4 : Xα1,α2,ν,β ∈ ΞΓ,∆ \ ΣΓ,∆(1; 1, 2
′, 3) ∩ ΣΓ,∆(2; 2)},

❡♥tã♦ m5(U(X)) é ✐❣✉❛❧ ❛

∫

R4\V(X)

(∫

R

X (U(X;α1, α2, ν, β)) dm1

)

dm4+

∫

V(X)

(∫

R

X (U(X;α1, α2, ν, β)) dm1

)

dm4.

❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♥❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧✱ ♦❜t❡♠♦s m5(U(X)) ✐❣✉❛❧ ❛

∫

R4\V(X)

(∫

R

X (U(X;α1, α2, ν, β)) dm1

)

dm4 +

∫

R

(∫

V(X)

X (U(X;ω)) dm4

)

dm1,

♦♥❞❡
U(X;ω) = {(α1, α2, ν, β) ∈ R4 : Rω(Xα1,α2,ν,β) ∈ Ξ′

Γ,∆}.

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✷✱ ❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ s❡ ❛♥✉❧❛✱ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✶✱
❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ s❡ ❛♥✉❧❛✳ P♦rt❛♥t♦✱ t❡♠♦s q✉❡ m5(U(X)) = 0✱ ❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛
❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✹✳✹✳ ❖ ❝♦♥❥✉♥t♦ ΣΓ,∆ = ΣΓ,∆(1)∩ΣΓ,∆(2)∩ΣΓ,∆(3) t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡
t♦t❛❧✱ ❡♠ ♣❛rt✐❝✉❧❛r ΣΓ,∆ é ❞❡♥s♦ ❡♠ ΞΓ,∆✳
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♠♦str❛r q✉❡ Ξ′
Γ,∆ ♣♦ss✉✐ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠

R6+2(n+m)✱ ♦✉ s❡❥❛✱ mN(Ξ
′
Γ,∆) = 0✱ ♦♥❞❡ mN ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ R6+2(n+m)✳

❈♦♥s✐❞❡r❛♠♦s ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

F : R6+2(n+m) × R5 −→ R6+2(n+m)

(X, (α1, α2, ν, β, ω)) 7−→ Rω(Xα1,α2,ν,β),

❡ ❛ ♣❛rt✐r ❞❡❧❛ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦

G(X, (α1, α2, ν, β, ω)) = X (Ξ′
Γ,∆) ◦ F (X, (α1, α2, ν, β, ω)).

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✳✸✱ t❡♠♦s
∫

R6+2(n+m)

(∫

R5

G(X, (α1, α2, ν, β, ω)) dm5

)

dmN = 0.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♣❛r❛ ❛ ❢✉♥çã♦ G✱ ♦❜t❡♠♦s q✉❡
∫

R5

(∫

R6+2(n+m)

G(X, (α1, α2, ν, β, ω)) dmN

)

dm5 = 0.

❊♥tã♦✱ ❛ ♠❡♥♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡♠ R5✱ t❡♠♦s
∫

R6+2(n+m)

G(X, (α1, α2, ν, β, ω)) dmN = 0. ✭✸✳✹✳✺✮

❋✐①❡ (α1, α2, ν, β, ω) ∈ R5 ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r s❡❥❛ s❛t✐s❢❡✐t❛✳
◆♦t❡ q✉❡✱ ❞❛❞♦ Y ∈ Ξ′

Γ,∆ tê♠✲s❡

G(X, (α1, α2, ν, β, ω)) = 1 ⇔ Rω(Xα1,α2,ν,β) = Y ⇔ Xα1,α2,ν,β = R(−ω)(Y ). ✭✸✳✹✳✻✮

❈♦♠♦

Xα1,α2,ν,β(x, y) = X(x, y) + α1
∂

∂x
+ α2

∂

∂y
+ ν

(

x
∂

∂x
+ y

∂

∂y

)

+ β

(

−y ∂
∂x

+ x
∂

∂y

)

,

♦❜t❡♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ✭✸✳✹✳✻✮ ❡q✉✐✈❛❧❡ ❛

X(x, y) = R(−ω)(Y )(x, y)−α1
∂

∂x
−α2

∂

∂y
−ν
(

x
∂

∂x
+ y

∂

∂y

)

−β
(

−y ∂
∂x

+ x
∂

∂y

)

. ✭✸✳✹✳✼✮

❙❡❥❛ X0 ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ ΞΓ,∆ ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦

X0(x, y) = −α1
∂

∂x
− α2

∂

∂y
− ν

(

x
∂

∂x
+ y

∂

∂y

)

− β

(

−y ∂
∂x

+ x
∂

∂y

)

.

▲♦❣♦✱ ❛ ❡①♣r❡ssã♦ ✭✸✳✹✳✼✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

X = R(−ω)(Y ) +X0.

❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ♦ ♣♦♥t♦ (α1, α2, ν, β, ω) ✜①❛❞♦✱ G(X, (α1, α2, ν, β, ω)) é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡✲
ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ R(−ω)(Ξ

′
Γ,∆)+X0✱ ♦♥❞❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦R(−ω) ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r ❡♠ R6+2(n+m)✳
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P❡❧❛ ❝♦♥❝❧✉sã♦ ❛❝✐♠❛ ❡ ✉t✐❧✐③❛♥❞♦ ✭✸✳✹✳✺✮✱ t❡♠♦s q✉❡

0 =

∫

R6+2(n+m)

X (R(−ω)(Ξ
′
Γ,∆) +X0) dmN = mN(R(−ω)(Ξ

′
Γ,∆) +X0).

❈♦♠♦ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✱ ♦❜t❡♠♦s

mN(R(−ω)(Ξ
′
Γ,∆) +X0) = |❞❡tR(−ω)|mn(Ξ

′
Γ,∆).

❈♦♠♦ |❞❡tR(−ω)| 6= 0✱ t❡♠♦s q✉❡ mN(Ξ
′
Γ,∆) = 0✳

P♦rt❛♥t♦✱ ❝♦♠♦ Ξ′
Γ,∆ = ΞΓ,∆ \ ΣΓ,∆ ❡ mN(Ξ

′
Γ,∆) = 0✱ ♦❜t❡♠♦s q✉❡ ΣΓ,∆ t❡♠

♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ t♦t❛❧ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ é ❞❡♥s♦ ❡♠ ΞΓ,∆✳ ❉❡ ❢❛t♦✱ s❡ ΣΓ,∆ ♥ã♦ ❢♦ss❡
❞❡♥s♦ ❡♠ ΞΓ,∆✱ ❡①✐st✐r✐❛♠ X ∈ ΞΓ,∆ ❡ δ > 0 t❛✐s q✉❡ Bδ(X) ⊂ Ξ′

Γ,∆✳ P♦ré♠✱ ✐ss♦ ❣❡r❛r✐❛
✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ Ξ′

Γ,∆ ♣♦ss✉✐r ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦
s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧✳

❚❡♦r❡♠❛ ✸✳✹✳✺✳ P❛r❛ ♦ ❝♦♥❥✉♥t♦

ΣΓ,∆ = ΣΓ,∆(1) ∩ ΣΓ,∆(2) ∩ ΣΓ,∆(3)

✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✶✳ ΣΓ,∆ é ❛❜❡rt♦ ❡♠ ΞΓ,∆✱

✷✳ ΣΓ,∆ é ❞❡♥s♦ ❡♠ ΞΓ,∆✱

✸✳ ΣΓ,∆ ❡stá ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ SΓ,∆✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ ❞♦ ♣r✐♠❡✐r♦ ✐t❡♠ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠ ❞❡t❛❧❤❡s ♥❛s r❡❢❡rê♥❝✐❛s ❬✽❪
❡ ❬✶✺❪✳ ❏á ❛ ❞❡♠♦♥str❛çã♦ ❞♦ s❡❣✉♥❞♦ ✐t❡♠ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✳✹✳

P❛r❛ ♣r♦✈❛r ♦ t❡r❝❡✐r♦ ✐t❡♠✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ t♦❞♦ X ∈ ΣΓ,∆ é ❡str✉t✉r❛❧✲
♠❡♥t❡ ❡stá✈❡❧✳ ■ss♦ s❡❣✉❡ ❞♦s ✐t❡♥s ❛♥t❡r✐♦r❡s✱ ♣♦✐s ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ΣΓ,∆ é ❛❜❡rt♦ ❡ ❞❡♥s♦
❡♠ ΞΓ,∆ t❡♠✲s❡ q✉❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡✐s✳

P❛r❛ ✜♥❛❧✐③❛r✱ ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡ s❡r
✈✐st♦ ♥♦ ❧✐✈r♦ ❞♦ ❯t❦✐♥ ❬✶✽❪ ✭❈❛♣ít✉❧♦ ✸✱ ♣á❣✐♥❛ ✷✾✮✳
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❬✶❪ ❆♥t♦s✐❡✇✐❝③✱ ❍✳ ❆✳❀ ▲❡❢❡s❝❤❡t③✱ ❙✳ ❙t❛❜✐❧✐t② ♦❢ ♥♦♥❧✐♥❡❛r ❝♦♥tr♦❧ s②st❡♠s✳ ▼❛t❤❡♠❛t✐❝s
♦❢ ❈♦♠♣✉t❛t✐♦♥✱ ✷✵✿✻✸✷✱ ✶✾✻✺✳

❬✷❪ ❇r♦✉❝❦❡✱ ▼✳ ❊✳❀ P✉❣❤✱ ❈✳ ❈✳❀ ❙✐♠✐➣✱ ❙✳ ◆✳ ❙tr✉❝t✉r❛❧ st❛❜✐❧✐t② ♦❢ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤
s②st❡♠s✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ✫ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✿✺✶✕✽✾✱ ✷✵✵✶✳

❬✸❪ ❉♦❡r✐♥❣✱ ❈✳ ■✳❀ ▲♦♣❡s✱ ❆✳ ❖✳ ❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳ ❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛
❯♥✐✈❡rs✐tár✐❛✳ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ✷✵✵✺✳

❬✹❪ ❋❡ÿ❧❡r✱ ❘✳ ❆ ♣r♦♦❢ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ▼❛r❦✉s✲❨❛♠❛❜❡ st❛❜✐❧✐t② ❝♦♥❥❡❝t✉r❡ ❛♥❞ ❛
❣❡♥❡r❛❧✐③❛t✐♦♥✳ ✻✷✿✹✺✕✼✹✱ ✶✾✾✺✳

❬✺❪ ●♦♠✐❞❡✱ ❖✳ ▼✳ ▲✳ ❈✐❝❧♦s ▲✐♠✐t❡ ❡♠ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ❙✉❛✈❡s ❡ ◆ã♦✲❙✉❛✈❡s✳
❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ✷✵✶✺✳

❬✻❪ ●r❛♠❛✱ ▲✳❀ ▼✐r❛♥❞❛✱ ❘✳ ▼✳ ❚❤❡ ❘✐❝❝✐ ✢♦✇ ♦❢ ❧❡❢t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝s ♦♥ ❢✉❧❧ ✢❛❣
♠❛♥✐❢♦❧❞ ❙❯ ✭✸✮✴❚ ❢r♦♠ ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠s ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❇✉❧❧❡t✐♥ ❞❡s s❝✐❡♥❝❡s
♠❛t❤❡♠❛t✐q✉❡s✱ ✶✸✸✿✹✻✸✕✹✻✾✱ ✷✵✵✾✳

❬✼❪ ●✉❛r❞✐❛✱ ▼✳❀ ❙❡❛r❛✱ ❚✳ ▼✳❀ ❚❡✐①❡✐r❛✱ ▼✳ ❆✳ ●❡♥❡r✐❝ ❜✐❢✉r❝❛t✐♦♥s ♦❢ ❧♦✇ ❝♦❞✐♠❡♥s✐♦♥
♦❢ ♣❧❛♥❛r ❋✐❧✐♣♣♦✈ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✷✺✵✿✶✾✻✼✕✷✵✷✸✱ ✷✵✶✶✳

❬✽❪ ❏❛❝ó✐❛✱ ❇✳ P✳ ❊st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s❡❝❝✐♦♥❛❧♠❡♥t❡ ❧✐♥❡❛r❡s ♥♦
♣❧❛♥♦✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡
❙ã♦ P❛✉❧♦✱ ✷✵✶✸✳

❬✾❪ ▲❛rr♦s❛✱ ❏✳ ❋✳ ❙✐st❡♠❛s P❧❛♥❛r❡s ❞❡ ❋✐❧✐♣♣♦✈ ❡ ❇✐❢✉r❝❛çõ❡s ●❡♥ér✐❝❛s ❞❡ ❇❛✐①❛ ❈♦❞✐✲
♠❡♥sã♦✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠✲
♣✐♥❛s✱ ✷✵✶✷✳

❬✶✵❪ ▲❧✐❜r❡✱ ❏✳❀ P♦♥❝❡✱ ❊✳❀ ❘♦s✱ ❏✳ ❆❧❣❡❜r❛✐❝ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❧✐♠✐t ❝②❝❧❡s ✐♥ ❛ ❢❛♠✐❧② ♦❢
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ s②st❡♠s✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✳ ❚❤❡♦r②✱
▼❡t❤♦❞s ✫ ❆♣♣❧✐❝❛t✐♦♥s✳ ❆♥ ■♥t❡r♥❛t✐♦♥❛❧ ▼✉❧t✐❞✐s❝✐♣❧✐♥❛r② ❏♦✉r♥❛❧✱ ✼✹✿✻✼✶✷✕✻✼✷✼✱
✷✵✶✶✳

❬✶✶❪ ▲❧✐❜r❡✱ ❏✳❀ ❚❡✐①❡✐r❛✱ ▼✳ ❆✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞s ✐♥ ❞✐♠❡♥s✐♦♥
t❤r❡❡✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✸✿✷✸✺✕✷✹✶✱ ✶✾✾✼✳
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❬✶✷❪ ▲❧✐❜r❡✱ ❏✳❀ ❚❡✐①❡r✐❛✱ ▼✳ ❆✳ ●❧♦❜❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❢♦r ❛ ❝❧❛ss ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s
✈❡❝t♦r ✜❡❧❞s ✐♥ R2✳ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✷✷✿✶✸✸✕✶✹✻✱ ✷✵✵✼✳

❬✶✸❪ ▼❛❦❛r❡♥❦♦✈✱ ❖✳❀ ▲❛♠❜✱ ❏✳ ❙✳ ❲✳ ❉②♥❛♠✐❝s ❛♥❞ ❜✐❢✉r❝❛t✐♦♥s ♦❢ ♥♦♥s♠♦♦t❤ s②st❡♠s✿
❛ s✉r✈❡②✳ P❤②s✐❝❛ ❉✳ ◆♦♥❧✐♥❡❛r P❤❡♥♦♠❡♥❛✱ ✷✹✶✿✶✽✷✻✕✶✽✹✹✱ ✷✵✶✷✳

❬✶✹❪ P❡✐①♦t♦✱ ▼✳ ❈✳❀ P❡✐①♦t♦✱ ▼✳ ▼✳ ❙tr✉❝t✉r❛❧ st❛❜✐❧✐t② ✐♥ t❤❡ ♣❧❛♥❡ ✇✐t❤ ❡♥❧❛r❣❡❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❆♥❛✐s ❞❛ ❆❝❛❞❡♠✐❛ ❇r❛s✐❧❡✐r❛ ❞❡ ❈✐ê♥❝✐❛s✱ ✸✶✿✶✸✺✕✶✻✵✱ ✶✾✺✾✳

❬✶✺❪ ❙♦t♦♠❛②♦r✱ ❏✳❀ ●❛r❝✐❛✱ ❘✳ ❙tr✉❝t✉r❛❧ st❛❜✐❧✐t② ♦❢ ♣✐❡❝❡✇✐s❡✲❧✐♥❡❛r ✈❡❝t♦r ✜❡❧❞s✳ ❏♦✉r♥❛❧
♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✶✾✷✿✺✺✸✕✺✻✺✱ ✷✵✵✸✳

❬✶✻❪ ❙♦t♦♠❛②♦r✱ ❏✳❀ ❚❡✐①❡✐r❛✱ ▼✳ ❆✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞s✳ ■♥t❡r✲
♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ▲✐s❜♦❛✱ ✶✾✾✻✳

❬✶✼❪ ❙♣✐✈❛❦✱ ▼✳ ❈❛❧❝✉❧✉s ♦♥ ▼❛♥✐❢♦❧❞s✳ ❇❡♥❥❛♠✐♥ ❈✉♠♠✐♥❣s✱ ✶✾✻✺✳

❬✶✽❪ ❯t❦✐♥✱ ❱✳ ■✳ ❙❧✐❞✐♥❣ ▼♦❞❡s ✐♥ ❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✷✳

❬✶✾❪ ❱❡❧❛s❝♦✱ ❊✳ ❆✳ ●✳ ●❡♥❡r✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♣♦❧②♥♦♠✐❛❧ ✈❡❝t♦r ✜❡❧❞s ❛t ✐♥✜♥✐t②✳ ❚r❛♥s❛❝✲
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